
South Dakota State University South Dakota State University 

Open PRAIRIE: Open Public Research Access Institutional Open PRAIRIE: Open Public Research Access Institutional 

Repository and Information Exchange Repository and Information Exchange 

Electronic Theses and Dissertations 

1972 

Lyapunov Stability Analysis of Power Systems Lyapunov Stability Analysis of Power Systems 

R. Unnikrishnan 

Follow this and additional works at: https://openprairie.sdstate.edu/etd 

Recommended Citation Recommended Citation 
Unnikrishnan, R., "Lyapunov Stability Analysis of Power Systems" (1972). Electronic Theses and 
Dissertations. 4845. 
https://openprairie.sdstate.edu/etd/4845 

This Thesis - Open Access is brought to you for free and open access by Open PRAIRIE: Open Public Research 
Access Institutional Repository and Information Exchange. It has been accepted for inclusion in Electronic Theses 
and Dissertations by an authorized administrator of Open PRAIRIE: Open Public Research Access Institutional 
Repository and Information Exchange. For more information, please contact michael.biondo@sdstate.edu. 

https://openprairie.sdstate.edu/
https://openprairie.sdstate.edu/
https://openprairie.sdstate.edu/etd
https://openprairie.sdstate.edu/etd?utm_source=openprairie.sdstate.edu%2Fetd%2F4845&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openprairie.sdstate.edu/etd/4845?utm_source=openprairie.sdstate.edu%2Fetd%2F4845&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:michael.biondo@sdstate.edu


L\:-APUNOV STABILITY ANALYSIS 

OF POWER SYSTEMS 

BY 

R. UNNIKRISHN/.\..N 

A thesis submitted 
in partial fulfilkie.nt of tht: requiremeE�s-_- for the· 

degree of Master of Se:ienc�, Major in 

Electrical Engineering, South Dakota 
State University 

1972 

_SOUTH DMO!A STATE UffiVERSITY LIB.RARY· 



LY APUNOV STAB I LI TY  AN ALYSIS 

OF POWER SYS TEMS 

Thi s  the s i s  is approved as a c red i tab l e  and i nd ependent  

inve s tigat i on by a candida te  for the degree , Mas ter of S c i ence , and 
·-

i s  ac ceptab le a s  mee t i ng the the s is requir emen t s  for th i s  degree,  bu t 

withou t  implyi ng tha t  the conc l us i ons reache d by th e c andidate  are 

nece s sa r ily the c onc l u s i ons of the maj or  de par tment. 

The s i s Adt.J._6efr Date 

-

Head , E l ectr i cal Engi neering { -
De par tment 



ACKNOWLEDGEMENTS 

The au thor wi s hes to expre s s his  apprec ia t i on a nd gra t i tud e t o  

D r . R .  A .  Higgi ns  for h i s  i nva luab le s ugges t i ons  and he l p  du r i ng 

the devel opment and ed i t i ng of thi s  thes i s  and to. Dean J .  0. S tar ry 

and Dr . F .  C .  Fi tchen for their enc ouragement throughou t the graduat e 

program . 

RU 



TABLE OF CONTENTS 

CHAPTER 

I 

II 

INTRODUCTION 

PART A.  LYAPUNOV STABILITY CRI TERION 

PART B. TRANSIENT STABILI TY PROBLEM OF A 
POWER SYSTEM 

III  THE SYSTEM MODEL . . . 

IV STUDY OF A S ECOND- ORDER SYSTEM . 

V ANALYSIS OF .AN ACTUAL POWER SYSTEM 

VI CONCLUS I ONS . . . , . . . 

REFERENCES . 

APPENDIX A • 

APPENDIX B 

APPENDIX C . .  

APPENDIX D 

APPENDIX E . .  

APPENDIX F . 

PAGE 

1 

4 

7 

9 

17 

3 7  

46 

5 1  

54 

55 

57 

60 . 

6 3  

. . . 6 6  



LI ST OF ILLUSTRATI ONS 

F IGURE PAGE 

2 . 1 . De fini t i on of s tabi l i ty in the Lyapunov s ense  . � . 5 

2 . 2 .  De f i ni t i on of  a s ymptotic  s tab i l i ty i n  the Lyapu nov 
s e ns e  . . . . 

4 . 1 . S e c o nd- order powe r s ys t em . . 

5 

1 7  

4 . 2 .  Pha s e - p lane portra i t  for a s ec ond- order powe r s ys t em: . 2 0  

4 . 3 .  �vs . t for  var i ou s  va lue s of  i ne r t ia c ons tants . 3 1  

4 . 4 .  � vs . t for  d i f fe rent Pm 

5 . 1 . A thre e - mach i ne sys tem 

. . . . 3 2  

39 



LI S T  OF TAB LES  

TABLE 

4 . 1 Pm.v_r i npu t  = 0 . 8  p . u .  

4 . 2 Pe r formanc e .wi t h  va r i ou s powe r i nput:s . 

4 . 3  Performanc e wi t h  var i ou s  i ne r tia  c on s t ants  

4.4 Pe rformance wi t h  r e c l os ing arrangement 

5. 1 Da ta for th e s y s tem s hown in Fig . 

5 . 2 I ni t ia l  operat ing c ondi t ions 

5 . 3 Pos t - fau l t  c o nd i t i on s  . . . . .  

. 5 . 1  

5 . 4 Run ge -Ku t t a  four th- order approximat ion 

. 

PAGE 

2 2  

2 3  

2 7  

34 

3 9  

40 

4 3  

4 5  



CHAPTER I 

I NTRODUCTION 

1 

Over the pas t ten ye ar s , a vas t  ou tflow of re s earch and 

pub l i c at i ons ha s r e s u l te d  from the use of Lyapunov ' s  "s e c ond or d irect  

me thod" o f  s tab i l i ty ana lys i s .  Thi s re s earch t re nd s tems from the 

appearance of  the origina l  work of Lyapunov i n  1892 , more than three  

quarte r s  of a c en tury ago ; bu t only recent ly has thi s c onc e pt been  

apprec iated t o  the po int whe re r e sear chers i n  the  area  o f  s tabi l i ty of  

dynamic sys tems are  awar e  of its  po ten t ia l i t ie s . 

La Sa l le and Le fs c he t z  wrote the firs t comprehens ive b o ok i n  

Eng l i s h  about Lyapunov s tab i l i ty theory ( 1 ) . Thi s  wa s imme d i a te ly 

fo l l owed by a s e ri e s  o f  pape r s ,  both or igi na l t re a t me n t s  and 

t rans la t i ons  from Ru s s ian and German . Gure l and Lapi du s  have given an 

exhau s t ive b ib l i ograpqy
_ 

o f  al l thi s  l i te rature ( 2 ) . 

The d i ffi c u l ty i n  the appl icat ion of Lya punov ' s  d i re c t  me thod i s  

that , in gene ral, there is  no  obvious c hoice  for a fu nc t i o n  s ui tab l e 

for us e as  a Lya punov fu nc t i on .  I n  mos t  cas e s  de s c ri b i ng a phys i c a l 

sys te m, the e ne rgy s tored in the sys tem appears t o  be a na tura l 

candida te.  Thi s  i s  ne i ther a neces sary nor a su ffi c ie nt c r i te r ion 

for choos i ng a fu nc t i on and many exampl e s  of .s ta b le s y s tems are known 

where the energy i s  no t a s u i ta b l e  Lyapunov func t i on .  Thou gh no t 

c omp l e te ly d e f in i tive , five maj or ca t egori e s  of c ons t ru c t i on me thods 

can b e  s ugge s t e d  ( 2 ) . The y  are : 

1 .  Che taev integral me thods . 

2 .  Kras ovski i quadra t i c forms . 
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3 .  Zubov- type par t i a l  di fferent i a l equa t i ons . 

4 .  Lur'e canonic al forms . 

5. Mi s ce l l aneous me thods . 

A c onunon ob j e ctive i n  the s e  vari e d  .t echniqu es i s  the d
_
eve l opment 

of a Lyapun ov func t ibn wh ich need not  be re lated t o  the s ys tem energy. 

The ex tens i on o f  thi s  abs tract theory to the ana l ys i s  of rea l -

wor ld  problems has pos e d  ye t another prob l em ;  the conf l i c t  be twee n  

t h e  the ori s t  and the prac ti t ioner . Thos e who are mathema t i ca l l y  i ncl i ne d  

have s e en o the rs as  i n  re treat from-r igor whi le the o the rs have 

thou ght those who mani pu l ated  s ymb o l s  imprac t i ca l . 

However,  direct me thods l ike Lyapunov's s e c ond the orem yi e ld 

s tab i l i ty condi t ion s  wi thou t re c ourse t o  a c omp l e t e  s olu t ion of l arge 

s ys tem di f fe re n t i a l  equa t i ons c onunonl y e nc ountered in pra c t i ce . 

The mi nimi z a t i o n  o f  c ompu t e r  t ime wi thou t sacri fic ing accuracy i s  
,. 

a very important c ons idera t i on and i n  thi s  re s pec t the promi s i ng 

app l i cat i ons o f  d i rect me th ods are obvious . 

In re c ent years a numb e r  o f  pape rs have bee n  wri t �e n  i nd i c a t i ng 

the pos s ib i l i t y  o f  u si ng Lyapu nov's di re c t  me thod t o  a na lyz e  the 

power s ys t em trans i e nt s tabi l i ty prob lem . Gl es s ( 3 )  deve l op e d  Lyapunov 

func t i ons  for s ing l e-mach i ne s ys tems and extended the s e  func t i ons  

t o a hypothe tica l thre e-machi ne prob l em.  El-Ab iad and.Nagappan (4)  

c ons idered the ge nera l  mu l t imachine powe r s ys tem and propos e d  an  energy-

based Lyapunov funct i on . Fa l ls ide and Pate l (5 ) al s o  c ons i dered a 

s ing le -machine s ys tem . Yu and Vongsuriya (6) app l ied Z�b ov's me thod o f  

generating a s u i tab l e  Lyapu nov funct ion, bu t th i s  s cheme proved t o  b e  



q u i t e  unwie ldy whe n hand l i ng mu l t imachine s ys tems . Pai , Mohan and 

Gopa l Ra o ( 7 )  u s e d  t he Popov c r iterion and app l ie d  Kalman ' s  

c ons truc t ion proc edu re t o  generate Lu r ' e-type Lyapunov fu nc t ions.  

Howeve r ,  thi s  approach wa s res t ri c ted t o  s ys t ems wi t h  a s ing l e  

n onl ine ari ty . 

3 

I t  wa s W i l l ems ( 8) who appl ied Popov ' s  cr i te ri�n t o  ana lyz e the 

mu l t imachi ne transi e n t  s tab i l i ty prob lem. Ander s on a na lyz e d  the 

s tabi l i ty of con t ro l  sys t ems wi th mu l t ip le non l ine ar i t ie s  and , later  

with Moor e , ( 9 )  gen e ra l iz ed the  Popov cr i t er i on . The s e  te chni que s 

we re u s e d  in Wi l l ems ' paper wh ich a l s o  reduce d the power s y s tem t o  t he 

Aizerman- Popov mode l .  Wi l l ems and Wil l ems ( 1 0 )  extended the s e  ideas 

to a mu l timach i ne s y s t em. 

Thi s trea t i s e  e nvisa ge s  the s tudy of l arge power sys t em s tabi l i ty 

with  the a i d  of Lyapunov func t ions . The primary purpo s e  o f  the 

i nve s t iga t ion is  a n  e�ns ive s tudy of Wi l l ems ' conje c ture (di s cu s s ed 

in  Chapt'e r I II )  for the d e riva t i on of  Lyapunov func t i on s  for mu l t imachine 

power sys tems . The s tu dy ex te nds the Lyapunov me thod t o  analyze  

operat ions of prac t i ca l s ign i f icance such  as  aut oma t i c  c ircu i t  rec los i ng .  

An i nve s t iga t ion  i s  made i nt o  the e f fe c t s  o f  parame ter  var iati o n  o n  the 

ext e n t  · of  s tab i l i ty ( 1 1) . New me thods o f  ge nerat ing Lya punov func t ions 

have a l s o  been  a t t empted . Wa l l ' s  energy me t r i c  a lgori thm ( 12) is  s hown 

to yie ld a sui tab l e  func t i on for the ana ly s i s  of a s e c ond- order sys tem . 

Two sys t ems have b e e n  s tu died  using Lyapunov s tab i l i ty ana l ys i s . The 

advantage s and dis advantage s of  Lyapu nov ' s  method are di s cu s sed  and 

s ome sugge s t ions are offe re d  for furthe r res earch . 
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CHAPTER I I  

PART A 

LYAPUNOV S TABILITY CRITERION 

Lyapunov ' s  s tab i l i ty s tudy i s  bas e d  on the formu l a t i on o f  the 

s ys tem s tate di f fere n t i a l  e qua t i on of the form 

X = A X, 

whe re X i s  an n d ime ns i ona l s t a te ve c t or, X i s  the s ta t e  ve c t or 

deriva tive and A is an nxn c oe f fic ient mat r ix . The obje c t ive is t o  

i nve s t igate  t h e  s tab i l i ty · o f the equil ibr ium point i n  s ta t e  s pace , En,' 

by cons truc t i ng a s u i t ab l e  func t i on V (X) , or  by devi s i ng a s u f f ic ient 

c ond i t i on fo r pre d i c t i ng the qua l i ta tive behavi or o f  ·the s y s tem in 

the ne ighb orhood of  t he or igin wi thou t ac tua l ly s o lving the sys tem· 

d i f feren t i a l  equat ion (13) . 

The point of e qu i l ibr ium X = 0 i s  s tab le i n  the Lya punov s e ns e  
,,. 

i f  for e > o the re can b e  chosen 8 (e )  > o such that fr om the f o l l owi ng 

re la t ion II X (t0) II < 8 (e), for a l l  t > o. I t  fol l ows tha t , 

II X(t) JI < e 

A graphica l inte rpre tat ion· i s  s hown in Fi g .  2 . 1 . The x l - x2. 

pl ane is Eor t = t0• I f  II X0 IJ i s  in the inte rior o f  the c ir c le of 

radius 8 , the curve X { t )  in the mo t i on s pace  rema ins for a l l  fu ture 

time s in s ide the c y l i nder  o f  rad ius e . 

I f  the eq ui l i b r ium point i s  not only s tab le in the Lyapu nov s e n s e , 

but a l s o  

Lim 
t -roo 

II X ( t)  II 0, 
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t 
e 

Fig .  2 . 1 . De f i ni t i on of s tab i l i ty in the Lyapunov s e ns e .  

t 

Fig . 2 . 2  De f i ni t ion of  asymptotic s tabi l i ty in the Lyapunov s e ns e . 



. . . .  

6 

the equi l i br ium poi nt i s  s aid  t o  be as ymptot i ca l ly s tabl e . An a s ympto-

tica l ly s tab l e  s ys t em re s ponse  is s hown in F i g . 2 . 2 .  

Sta t ement o f  the th e orem · 

I n  the ne ighborhood o f  the ori gin o f  the c o-ordi na t e s  x1, a s sume 
/' 

there exi s t s a d i f feren t i ab l e ,  reai, v�r i ab le func t i on V that sat i sfie s 

the fo l l owing c ond i t ions:  

I 

1. 

2 .  

and V = 0 on ly for Xi = 0 (i = 1,  2 ,  . . . n) 

i . e . ;  V is pos i t ive defi nite ·. 

n 
dV = L: av dx; < 0 
d t  i = 1 a;:- d t  1. 

f or a 1 1  x i ::f 0 and t > 0 

i . e . , dV i s  ne gative defini te . 
d t  

Or 
n 

dV L: � dx· < = _J.. 0 
dt i = 1 a x· d t  l. 

i . e . ,  negative s emi defi ni t e  and not ident ica l l y e qua l t o  z e ro 

on the traje c t ory o f  the given e qua t ion • . 

3. v -+ 00 where If X IJ i s  the n orm o f  xi . 

Then the poin t X = 0 i s  as ympt ot i ca l ly stab l e  i n  the s en s e  

o f  Lyapun ov and V i s  ca lled  a Lyapunov funct i on f o r  the 

s ys t em .  Lyapunov' s s tab ility theorem can be  pr oved 

ge ometri c a l ly (1 3 ) ,  but the proof i s  omi t ted he r e  for  the s ake 

of b r ev i ty . 
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PART B 

TRANSIENT STABILITY PROBLEM OF A POWER S YS TEM 

Trans ient  s ta b i l i ty re fers to the amount of powe r  that ca n b e  

t ransmi t t e d  wi th s ta b i l i ty whe n  the sys tem i s  s ubj e c t e d  t o  an ''ape r i odic  

d i sturbanc e . "  By  ape riod i c  di s turbanc e is  me ant one tha t d o e s  not  

c ome wi th regu l ari ty and on ly after interva l s  s uc h  that the s y s tem 

reache s· a cond i t i on of equi l i b r ium b e twe en d i s turbance s . The three 

princ i pa l  type s of trans ient  d i s turbanc es  tha t rece ive cons iderat i on 

in  transient  s ta b i l i ty s tudie s are: 

1 .  Load i ncrea s e s . 

2 .  Swi tchi ng operat ions . 

3 .  Fau l t s  wi th s u b s e quent c i rcu i t  i s o l at ion . 

Focu s s ing.at t e n t i on to the s eve res t and perhaps the mos t  frequent  

trans ient d i s tu rbanc e , the  fau l t; i t  i s  eas i ly s e en tha t the 

s t ab i l i ty of the s y s tem is comple te ly dependent on : 

{i) the i nitial cond i ti on immedi a t e ly pr ior to the fau l t  

{ii )  c ond i t i on during the faul t and 

(i i i ) c ondi t i on s u b sequent to the i s o la t i on of the fault .  

An i mpor tan t prac t i c a l  quanti ty in this context i s  the cri t ica l 

c learing t ime . Th i s  may be b r ie fly define d  a s  the maximum t ime the 

s ys tem can s u s tain  a di s turbanc e before be ing i s ol a t e d  from the fau l t  

i f  s t ab i l i ty i s  t o  be re tained . From a Lya pu nov s t ab i l i ty s tandpoint 

a be t t e r  c once p t i s  o b t a i ned . If  a maximum bound for s tabi l i ty i s  

e s tab l is hed , the c r i ti c a l  c leariug time i s  the t ime requ i re d  for the 

V fu nc t ion t o  reac h thi s bou ndary , s tarting from the s ta b l e  
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equi l ib rium point a t  the or igin . A very c lear idea o f  qua l i ta t ive 

as wel l  as -qu an t i ta t ive fac t ors c oncerni ng power system stab i l i ty c an 

be had from the equ a l  a rea cri terion.  However , thi s is somewha t 

rest ric t ed to a sec ond-order case.  Lyapunov stabil i ty ana l ysis can 

. be appl ied to higher-o rder systems . 



CHAPTER III  

THE SYSTEM MODEL 

Con s ider a mu l t imachine powe r  s 'ys tem .  I n  order t o  fac i l i ta t e  

the ana ly s i s , t h e  fol l owing as s u mpti ons a r e  made in the s tudy (4) :  

1 .  The i npu t power t o  a l l  the machine s  in the s ys tem re mai ns 

c o ns tant dur i ng the e nt ire trans i ent per i od . I n  o th e r  words 

t ime c ons tan t s  of the gove rnor s are c ons i de red.la rge wi t h  

re s pe c t  to · t h e  pe r i od under s tu dy .  

2 .  Eac h mac hi ne i s  re pre s e nted by a c ons tant vo l tage behind 

the t rans ient reac t anc e . Sta tor re s i s tanc e s  of the mac hine s 

a re ne g le c ted . 

3. Da mpi ng in the s y s te m is dire c t ly propor t i ona l t o  the rat e  

of cha nge o f  rotor ang le s . 

4 .  Loads o ther  tq�n s ynchronous mac hines are repre s e n t e d  a s  

c ons ta nt impe danc e s . 

5 .  S a l i e ncy of the rotat ing mach ines i s  negle c te d . 

Under  the s e  c ond i t i on s , the dynamic equa tion de s c r ib i ng the 

. th b 1 machi ne i s  g ive n y :  

0 ;  i 1 ,  2 ,  . . .  n . (3 .  1 ) 

where 

<\ = Angu lar diverge nc e of the i th machine . 

. Mi = Inert i a  con s tant of the i th machine . 

i - Dampi ng c oe fficie nt of the i th ma ch i ne . 

·Pe i  = E l e c trical power ou tpu t  o f  the i th mac hi ne 

9 



1 0  

Pmi = Mechani c a l  power i nput to the i th machine . 

The e le c trica l powe r ou t pu t  for round-rotor machine s  i s  g iven by: 

• 
2 n 

Pe i  
= E· Gi 

+ 
L: E· Ej Y ·· {cos e .. - ( 0 i 

- Oj)} (3 . 2 }  1. l. l.J lJ j=l 
jfi 

i = 1 ,  2 n ' 

He re , Ei i s  the i nt e rna l vo l tage and Gi i s  the shor t  c ircui t  c onduc tance 

of the i th machine.  Yi j and eij are res pe c t ive ly the modu l u s  a nd 

phas e ang l e  of the s hor t c i rcu i t  trans fe r admi ttance be tween the i th 

and jt h  machine s .  

I n  mos t pra c t i ca l  cas e s , the transfer condu ctances Gij = Yij  

whe re , i f j, are ne g l i gib le and only the transfer su s Geptance 

te rms ne ed  be t aken i n t o  c ons ideration . The n the e l e c tri c a l  power  

out pu t is  give n  by 

= E? G· · + l l.l 
n 

L: E. E · B. · S i n  ( o i· - o J.), . l J 1.J j ==l 
(3 .3 )  

jfi 
i = 1 ,  2 ,  . . . n 

0 0 0 
Let ( o l , o 2 , · .  • • 

o 11 ) be the equilibrium ang l es for whi ch 

s tabi l i ty ha s to be de te rmined . The dynamic e quations de s c ribi ng 

the mot i on of the mu l t imach ine powe r  s ys te m  can be wri t ten  i n  the s ta t e  

form as (10} 

dX ( t) = AX ( t) - Bf {ex ( t )} 
d t  

(3 . 4 )  

Here a 2n d imens ional ve c tor wh ich i s  the s ta t e  of the 

sys tem, the c omponent s of the ith e lemen t s  being: 

Z i = o i - 0 .o 
]_ 



a(2nx2n) matrix 

M =diagonal (Mi), R =diagonal (-ai) and On and In 
are respectively zero and identity matrices 

c = [onm n] 

11 

where Omn is a zero (m x n) matrix and D is a (m x n) matrix such that 

a= D Z 

with components a 1 = .zl - Z2, a 2 :;: Z1 - Z3 . • •. 

a = n a 2 - a 3' 0 n+l = Zz - 24 

The vector-·valued function f( a) has m elements and is of the 

diagonal type which means that the i th component a i of a depends on 

the i th component of f { . .° ) . 

where 

Also 

0 0 
Sin ( a i -. a i ) - Sin a i , 

0 • th ai is the 1 component of 

0 
a . /J. D 

B = 

i = 1, 2, . . .  n 

where E = diagonal (ek) with ek = Ei Ej Bij for which· i and j are the 

indices of the components of Z on which a k is dependent, i
. e . 
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For a typical three- machine system, the values of the above 

matrices are given in Appendix A. 

By means of the technique explained in Appendix B-�Lur'e-type 

Lyapunov functions are generated for the set of equations 3.4 .  

According to the definitions of the matrices B and C in the above 

discussion we have, 

Hence, from the equations in Appendix B- a, it follows that 

'(w is defined in Appendix B-a . ) A set of matrices should be now 

determined so that (N + Qs) C (Is - A)-l B is a positive real matrix. 

One solution is N = Omm and Q =Im, since sC(Is - A) -l B is positive 

real if all damping coefficients are non-negative. This choice leads 
.. 

to Lyapunov functions with a negative semidefinite derivative ( 8 ) . 

With the solution above, the equations in Appendix B are simplified 

to obtain 

PA + AT P = -LL T 

PB = ATcT 

L is an auxiliary square matrix . Let P be partitioned into four 

n x n matrices as 

{3.5) 

{3. 6)  



The n ,  equa t i on ( 3 . 6) i s  e qu iva len t to  

The  ne gat ive s emide f i ni te ne s s  of  

= 

i s  required py equa t io n  ( 3 . 5 ) and i t  fol l ows tha t 

R M-1 p T 
2 

The s o lu t i on for P 1 c a n  b e  obtaine d  by means of  the re s u l t s  o f  

Append ix B-b . · 

Equat i on ( 3 . 7 ) y i e l d s , 

onm and , 

S i nc e  (M-l pl M-l - M-
l ) i s  symme tric , Appe ndix B- b  give s  

Pl = M + l..l MlM 

1 3  

( 3 . 7 )  

( 3 . 8) 

( 3 . 9) 

( 3 . 10) . 

( 3 . 1 1 )  

whe re 1 i s  a s quare ma t r i x  o f  orde r n whos e  e l eme n t s  are  a l l  equa l 

t 'o 1 . µ i8 a s c a l ar numb e r . P1 i s  pos i t i ve definite i f  lJ> l1 0 

where µ 0 i s  the s o l u t i on of 

n 
de t (M + µ 0 MlM) = 0 = ( 1  + µ r Mi) 

i=l 

n 
( ir Mi) 

i=l 

272175 
_SOUTH QAKOTJ\ �TATE UNJVE.R3iTY LIBRARY 
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Henc_e_ , µ 0 

From e qua t i on ( 3 . 8) and ( 3 . 10) , 

and henc e , 

P3 = y R lR 

P2 = - y RlM 

( 3 . 1 2 )  

( 3 . 1 3 )  

where Y is  a s c a lar c ons tant . 

SYSTEMS WITHOUT DAMPING TORQUES (8) 

In a t ransmi s s i on sys tem the dampi ng torque s due to a sy nchronou s  

torque s  are u s ua l l y ne g l igib l y  smal l.  A t  lea s t from the po i n t  o f  

v i e w  of  a s tabi l i ty s tu dy ,  neg le c t ing dampi ng torque s r e s u l t s  i n  a 

more cons e rva tive res u l t  thu s j u s t ifyi ng the a s s ump t i o n . 

Whe n  the da mping t o "'rque s are ne gl ec ted,  R = 0 and henc e ,  

By Appe ndix B-a , the Lyapunov fu nc t i on 

V(X) = xT PX + 2 j� f ( o ) T Q d o 

i s  ob taine d .  Her e ,  

XT PX = w T M w + l-1 J MlM w 
where µ i s  an arb i trary c on s tant sa t i s fying µ> l-1 0 whe re 

(3 . 14) 

ll 0 = - 1 / (E Mi ) .  The de r iva tive of thi s Lyapunov func t i o n along the 

i 
s olution of  the s y s tem equa t ion (3 . 4) i s  

V (X) = 0 
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T wo c ondi t i ons are o f  spec i a l  i ntere s t: (a) I f  µ = O ,  the 

Lyapunov func t i on be c ome s , 

rcx . 
V (X) = w T M w+ 2 Jo d o  ( 3 . 15 ) 

Not e  tha t Q = Im . 

(b)  I f  µ = l-h, 

V (X) = 1 ---
L Mi 

i 

n 
L: 

j =i+l 
d o  

( 3 . 1 6 )  

Whe n o n e  of  the mac hines  in t h e  sys 'tem become s an infinite  bu s ,  

equa t i ons ( 3 . 1 5 )  and ( 3 . 1 6 )  be c ome ide nti�a l .  Equa t i o n  (3.1 6)  

developed through Wi l lems ' c on j ec ture i s  a s ys tema t i c  way of  gene r�t i ng 

a Lyapunov func t i on for a mu l t imach ine power s ys t em .  Equa t i on ( 3 . 1 5 )  

i s  equal  t o  twi c e  the ene rgy func t i on of the sys tem and s o  i s  

d i f fe rent from tho s e  de�e l oped b y  G le s s  ( 3 )  and E l-Ab iad and 

Nagappan (4) . Howeve r ,  i n  compu t i ng critic a l  c lear i ng time . thi s  doe s  

n ot c au s e  any d i f ferenc e  a t  a l l .  

STABILITY DOMAINS ( 10)  

Le t V (X) be a s  give n  and V(X) a l ong s o lu tions nonpos i t ive 

f or a l l  x .  Cons ide r  the surfac e s  V (X) = k _: 0 .  For sma l l  va lue s of  

k the surfac e s  are bounde d s inc e by  as sumpt i on ° i f ( 0 i ) :_ 0 

(Re fe r t o  Appe ndix B- a)  for O i suffic iencly sma l l .  Le t k - kmax 

be the sma l le s t  non - ze ro va lue of k for wh i ch 

av av _  av _ _ av = O  
a x 1 = ax2 

- 8x3 
- . . . . - axz n 



has a s o lu t i on for s ome X such  tha t V (X) = k. Then the r eg ion 

containing the or igin  and enc l os e d  by the sur fac e V (X) = �iax be l ong s  

t o  the doma in of  a t trac ti on of the origi n .  

The func t i on V (X) van i s hes a t  the or igin and i s  cup- s hape d  near 

the origin for I ! X /I s u ffic ient ly sma l l . Thus the s u r fac e s  V (X) = k 

are b ou nded for sma l l va lue s o f  pos i t ive k .  Whe n  k increa s e s , the . 

surfac e remains  bounded u nt i l  the s urfac e V (X) = k pas s e s  through 

1 6  

a.point whe re V (X) has a re lative minimum , :.a...:L_ = ·1 = = � = O 
a x 1 ax2 

I n  othe r word s , V(X) = · k rema i ns bounded. unti l the nex t equ i l i b r ium 

point  c l o s e s t  to the origi n i s  reache d .  Thi s  equ i l i br ium point  i s  

uns tab l e  and the va lu e of  kmax is  ob tained by s ub s t i tu t i n g  the  

co- ord i na t e s  of  th i s  po int into  the V (X) func t i on . Thu s ,  the  te s t  

for s tab i l i ty wi l l  be t o  che ck whether V (X) has rea.c he d  �ax o r  not  

as the  s y s tem traje c t ory trave l s  from the origi n .  

. 



CHAPTER IV 

STUDY OF A S ECOND-ORDER SYSTEM 

PART 1 .  

The Lyapu nov s t abi li ty conc ep t s  d i s cuss ed i n  Chapt e r  III wi l l 

be applied i n  thi s  c hapte r  to  the ana lysis of a sec ond- orde r system . 

Cons i der the s ys t e m  shown i n  Fi g . 4 . 1 (15}. A 2 5  MVA , 60  He r t z  

wa te r - whe e l  ge ne ra t or  i s  de l ive r ing 20 MW over a dou b l e  c ir cu i t  

0 . 20 

xd = 0 . 30 

H = 0 . 10 0 . 10 

H 00 

Ground 

Fig . 4 . 1 .  Sec ond-order power s yst em . 

1 7  

transmiss ion l i ne t o  a l arge me tropo l i tan s y s t em wh ich  may b e  r egarded 

as  an in f i nite bus .  The ge ne ra t i ng unit  has a kine t ic  e ne rgy o f  

2 . 7 6 M . jou le s / MVA a t  rated s peed .  The dire c t -axis  reac tance o f  the 

gene rator is 0 . 3  per uni t. The transmiss i on c i rcu its·have neg l i gi b le 

re s i stanc e and each has a reac ta nce of 0.2 p . u .  on a 2 5  MVA base . 

The vol tage beh i nd the t ransie nt reac tanc e of the ge nerat or i s  



1 . 03 p.u . and t he vol tage o f  the me t ropol i tan sys t em i s  1 . 0 0  p . u .  

A three- pha s e  s hor t c i rcui t occurs at the midd le of  one t ransmi s s i on 

c ir cu i t . The fau l t  i s  c leared by the s imu l tane ous ope ni ng ·of . the 

c ir cu i t  breake rs  a t  b oth ends of the line . 

The power angle e qua t i ons givi ng the ou t pu t  of genera t or A a s  

a func tion of  t h e  ang l e  o b e twe e n  voltage s  EA and EB c a n  b e  e a s i ly 

derived a s  

PUA= 2 . 5 8 s ine 

= 0 . 93 6 s ine 

= 2 .  06  s in o 

before fau l t  

-dur ing fau l t  (4 .  1 )  

after  fau l t  c le ar ing . 

The pre - fau l t  e qu i l ibr ium s t ate i s  c a l cu la ted to be 1 8 . 1 °. The 

s . -1 I 6 pos t- fa u 1 t s tab 1 e e qu i 1 i b r i um i s  8 = s in 0 . 8 2 . 0 . The pos t -

fau l t uns tab l e  e qu i l i b rium point i s  cS u = TI - s i n"'." 1 0.8 / 2 . 0 6 . 

A s u i tab l e  V func tion for this  sys t em i s  d eve l oped through 

Wi l lems ' te chni que . 

V = w 2 + 1 (-Pmx - Pe c os (x+ cS sj + Pe c os o s
) 

M 
(4 . 2 )  

V i s  ob ta ined by subs t i tu t i ng the c o- ordina t e s  o f  the uns tab le  
max 

e quilibr ium s tate  int o  the above equa tion . 

v max = 2 ( - pm y - p e cos  (Y + 8 s ) + Pe cos cS s ) 
M 

(4 . 3 ) 

1 8  

Note tha t d cS 
dt 

w = O a t  eq u i l ibrium c ond i tions . I n  the s e  equa t i on s 

x = 0 - 0 s and y = 0 u 
- 0 s . Th is  means that the c·o- ordi na t e s  

have b een shif t ed  s o  tha t the pos t - fau l t  stable  e qu i l ibrium s ta t e  

forms the new o r ig in . 



For de termi ning the c r i t ica l c l earing t ime for the s y s tem , t he 

s ys t em diffe r e nt ia l equa t i o n  i s  numeric a l ly int egra ted from the pre -

fault s table  e qu i l ibrium s ta te a l ong. the fau lt tra j e c tory .  The 

i ntegra t i on i s  carr ied ou t unti l the V func t i on e qua l s  the maximum 

1 9  

va lue , V max The t ime a t  which V equa l s  V i s  the c r i t i c a l c l eari ng max 

t ime . 

The c once p t s  inv o lved i n  this ana lys i s  c an be e xp l a i ne d  with  the 

aid of a pha s e - p lane p ortrai t of w ' the ve l oci ty , vs x ' t he 

d i s p lac eme n t , for the s ys t em .  Re ferring to  Fig . 4 . 2 , V i s  e va luated 

at a point A on the d i s turbance tra j ect ory OACB where A i s  the poin t  

at  whi ch the d i s turbance i s  removed . As OA<-OC, the fau l t  c le ar i ng 

a t  A res u l ts i n  a s tab le pos t - fau l t  sys tem . For a c lear ing a t  B, 

i . e .  OB > OC , Lyapu nov the ory as  applied  here fa i l s  as a n  i ns tabi l i ty 

crit erion . The t ime c orre s pond ing to C ,  whe re V = V give s  t he ma� 

cri t i c a l  c learing t ime . 

Summari zing , the Lyapunov fu nct ion V ,  as a s c a lar func t i on of 

the sys tem s ta te variab l e s , c orres ponds to a hype rs urfac e in the 

s tat e- s pac e co- ord ina te s  ( o 1 , o 2 , . . • o n, w 1 , w 2 ' · · • w n) 
• 

Ac c ord ing to  the s e c ond  me thod of Lyapunov , i f  the ini tia l s ta te o f  

the pos t - di s turbance  powe r s y s t em i s  i ns i de the .surfac e V = Vmax' t he 

s ys tem tra j ec t ory wi l l  tend to the equ i librium s ta te as  t ime appr oaches 

i nfi ni ty and the sys tem i s  asymptotica l ly s table . The ini t ia l  s ta te 

ext erna l to  v = vrnax c ou l d  be e i ther s tab l e  or uns tab le s i nc e  a val i d  

Lyapunov func t i on i s  only a s trong , conse rvat ive and suffic i ent  but 

not neces s ary condi t i on for s ome type of s t ab i li ty . 



w 

v = 

V (O , O) 

S tab l e  e qu i l i br ium : s = 8 s - 8 s 
= 0 x 

Uns tab l e  e qui l ibrium : u 8 
u 

0 
s x 

WU = s 
= 0 w 

Ftg .  4 . 2 . Pha s e - p lane por t ra i t  for a sec ond-order powe r s ys tem . 

20 
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A ppe ndix C g ive s the c ompu ter program for the s tudy of  the 

previou s sys tem.  The resu l t s  are tabu lated i n  Tab l e  4 . 1 .  T�e s tudy 

i s  carr ied ou t f or var i ou s  va lues of .i ner tia  c ons tan t s  i n  the range 

2 . 5 to 4 and var i ous  va lues  of powe r i npu t s  from 0 . 8  to 1 . 4 .  

A t  thi s poi nt , a s tab i l i ty measure �i s d e f i ne d  a� � = 1 - v (1 1 ) . 

� ha s a numbe r of interes t ing propertie s . 
vmax 

Fir s t ,  for s tab l e  or · 

asympt otica l ly s ta b l e  s ys tems , �wi l l  take on  va lue s  rangi ng from 

1 at  the pre - d i s tu rba nc e s t a t e ,  decreas i ng mono toni ca l ly t o  z ero 

at the surfa c e  Vmax· The monot onic  decrea s ing property i s  due t o  

t he fac t tha t  dV/dt  i s  nega t ive de fini t e  ins i de Vmax· In Fi g .  4.2,  

� = 1 a t  point  0 and � = 0 at  point C .  I n  a prac t i ca l cas e whe n  

s wi tc hing i s  done be fore C ,  � i s  eva luated only onc e , a t  the t ime 

of  the las t d is turbanc e ( e . g .  at  the t i me of the r emova l of th� fau l t) . 

Thus �i s a func t i on of the time of the la s t . d i s turba nc e , t he s ta t e  

o f  the s ys tem at t hat t ime , and the parame ters o f  the p os t - d i s turb�nc e 

sys tem . Further  e xami na t i on of  � reve a l s  that it  i s  d imens i on l e s s 

and norma l iz ed and tha t for a s tab le sys tem , � has the s ame range of  

va lue s (O� � � 1 ) , regardles s of the numbe r of machine s  or c omp l ex i ty 

of the p ower s ys tem . 

Tab l e s  4 . 2  and 4 . 3  give the re su l ts of  the · s tudy o f  the g iven 

sys tem for d i f ferent va lues  of ine r t ia and mechanica l p ower i nput 

res pec tive l y in the range men t ioned .  The va lues of � a ls o  are  

c alcu lated .  It  i s  e as i ly seen  tha t � always has t�e �ame l imits . 

Graphs a re p l otted to  s how the variat ion of � and swi tching time . 

The x ( t ime ) axis cros s ove r point corre s ponds to  critica l c le aring 

t ime . Thes e  curve s are give n  in  Fig . 4 . 3  for variou s va lues  of  i ne r t ia 



TABLE 4. 1. POWER INPUT = 0.80 0 P.U. 
Vmax = 1 31. 2 300 1 

TIME VEL DELTA PT v ZETA 

0 . 0 20000 377.685 30 3  18-. 46 1945 0 .2 96 4 2 1 0.6248 o.9 9 5 2 39 
0 .040000 378.36181 6 19.646 46 9  0.314686 1.142 7  0 .9912 92 
0.06 0 0 00 379.0 056 1 5  2 1. 5 8882 1  o . 344358 2 .0 5 9 0  0 . 984310 
0.080000 379 . 6 0 1 5 6 3  2 4.2 4 2 935 0 .3842 70 3.4432 0.973762 
0 . 1 0000 0 380 . 136 9 6 3  27.5 46 29 5 0 .4 32 79 3  

I 
5.3 7 5 6  0.9 5 9 0 37 

0.120 0 00 380.60131 8 31.4 2 3401 0.487 9 0 5 7. 9 315 0 .9395 6 0  
0.140000 380.987061 35.78817 7  0 . 5 472 73 11.16 6 5. 0 . 91490 9  
0 . 1 60 0 00 381.290283 40 . 5 4-,9 4 3  o .  6 083-88 1 5 . 1 0 56 0 .88 489 2  
0 . 1 8 0000 381 . 5 1 02 5 4  45.6 07 2 6 9  0 .6 6 87 4 3  19.732 8  0.8496 32 
0.200000 381.649 658 .. 5 0.87 2192 o . 7 2 6 019 2 4 .9 920 0 . 80 95 5 6  
0 . 220 0 00 3 8 1 .7 1 41 1 1 

l 
5 6 . 2 5 3265 0.7 782 2 5  30.7891 0 .76 5 380 

0.240000 38 1 . 7 116 7 0  6 1.6 6 8930 0 .82 3839 37.0 031 0.110029 
0.260000 381.652100 - 6 7.0 48096 0.86186 7 43.497 6 0.668539 
0.2800 0 0  381.546143 72 . 331207 0.891826 5 0 .1333 0.6 17974 
0 .300000 381.404785 7 7 . 471710 0.9 1370 2  5 6 . 780 2 0 .5 6732 3 
0 . 3 2000 0  381.238770 82.4 350 74 o. 9 2 7849 63.325 2 0 . 517449 
0 . 34 0 0 0 0  381.058350 87.1 9 9142 o. 93'488 1 6 9 .6 7 92 0.469 030 
0.360000 380. 872 8 03 91 . 7526 0 9  0 .9 3556 2 75 . 77 7 3  0 . 422 561 
0.380000 380.690186 9 6.094 3 15 0 .9 30709 81. 5 7 86 0. 37 83 5 4 
0 . 4 0000 0 380. 5 1 7578 100 . 2320 2 5 0 . 9 2 1110 87.0644 0.336 5 51 
0 . 4200 00 38 0.360840 104 . 180496 0 .907 4 7 1  92 . 23.3 2 0 . 2 9 716 4 
0.44 0 000 380.22534 2 107 . 9609 6 8  0 . 890373 97.09 9 5  0.2 60081 
0.460000. 380.115234 1 11 . 6 0 0388 0.870252 10 1 .686 9 0.225 1 2 5  
0 . 480000 380 . 034 424 . 1 l 5 • 1 30 0 8 l 0.847382 106.0269 0 . 192053 
0. 500 0 0 0 37 9 . 98657 2 l l8.58S7 85 0 . 8218 75 1 10.156 2 0 . 160587 
0.52 00 00 37 9�975586 1 2 2.007217 0 . 7 93676 114.1135 0.130 431 
0 . 540000 380.004883 125 . 438904 o .  76 2552 . 117. 936 4 . 0 . 101300 
0.560000 380.079102 128.929352 . 0 . 728086 121 •. 6 6 15 0.0 72 91 4 
0.580000 380 . 20 2881 132.532791 0.6 89 6 75 125.3190 0 .04 5 0 43 
0.600000 380 . 382 324 136.3093 7 2  0.6 46489 1 28 . 9 319 o. 017 5 1 2  
0 . 62 000 0 380.624512 140.326782 0 . 5 97 47 2 132.:510 0  -.009753· 
0 . 6 4 0000 380. 93g47-7 144.661804 0 .541290 13.6 .  04 5 3  - .0 36 6 93 
0.660000 381.334961 149.402710 0.476314 139.5006 ...,.06 3 0 2 4  



TABLE 4 . 2 . 

TIME 
0.020000 
0.04000 0  
0. 0 6 00 0 0 

0 . 0 80 0 0 0 
0 . 100 000 
0. 1 20000 

0.14 0 0 0 0  

0 . 1 600 0 0  
0 . 1800 0 0  

0.20 000 0 

0.220000 
0.240000 

0 . 260 000 

0.280000 

0 . 3 0 0 0 0 0 

0 . 3 20000 

0.340000 

PERFORMANCE WITH VARIOUS INPU� POWERS-

V EL D E LTA P T  v 
377 . 858887 2 3 .302597 0.370284 1. 0 0 36 

378.705322 2 4.78 3844 0.392353 l . 8119 
379. 512207 2 7 . 2141 5 7  0 . 4280 10 ' 3 . 2 388 
380.2 6 1 963 30 .537888 0 . 47 55 2 5 5 . 3883 
380 .940 1 8 6 34 .6 8 09 08 0.532 508 

' 
8.3789 

381. 5 3 5 64 5  39.55467 2 0 . 595 968 12 . 3174 

382.04 1 992 45. 0 6 0 0 89 0 . 662457 17 . 2798 
382.457520 51 . 09352 1 0 . 7 2 82 -87 2 3 . 2 908 
382.78 5 645 57 .552567 0 . 78980 9  30 . 31 5 6  
3 8 3.034 66 8  

« 
64.341263 0 . 8436 52 38 . 260 8 • 

383.21704 1 71. 375916 0 . 886956 4 6.9 840 

383.348877 78 . 5 8874 5 0 . 9174 84 56 . 3106 
3 83.448730 85.932434 0 .933640 66. 0 52 8 
3 83.5368 65 93 . 38 20 0 4  0 . 934370 76 . 025 0 
383. 6350 1 0  100.9360 2 0  0 . 918996 86 . 0588 

3 83 . 765381 108 . 6 1895 8  0 . 886992 96 . 0 030 
383.951 1 72 116 . 480789 0 .  831775 5 1 05.7222 

V MAX = 100 . 67679 

MECHANICAL POWER INPUT = l . 000 P.U . 

ZET A  
0 . 990 031 
0 . 98 2003 
0 . 967830 
0 . 946480 
0 . 9167 7 5  
0. 8776 54 
0 . 828363 
0 . 7686 58 

0 . 698 8 82 
0. 619964 

0 . 533319 
0 . 44 0679 
0 . 3439 13 

0 .2 44861 
0 . 145197 
0 . 0464 2 3  
-.050115 

N w 



MECHANICAL POWER INPUT = 1.20 0 P.U • . 

T I M E  V E L  DEL T A  PT v 
0.020000 378 . 032227 28 . 3149 2 6  0 . 44 3979 1•4998 
0 . 0 4000 0 3 7 9 .0 4 9316 30 . 0 930 0 2  0 . 469302 2 . 66 1 9  
0 . 06 0 0 00 3 80.02 0996 3 3 .0 12 665 0 . 50 9 9 1 0 4. 70 80 
0. 0 8 0 0 00 380 . 9 2 8 2 2 3  37 . 01 0 39 1  0 . 5 6 3367 7 . 78 0 3 

0 . 10 00 0 0  381. 7553 71 42 . 0 0 309 8 0 . 6262 63 ·12 . 0 334 . 
0 . 120 0 0 0  3 82 .49 2 6 76 47 . 892822 0. 6943 2 8  17. 60 53 

0.140000 3 8 3.1362 3 0  5 4 . 5 7376 1 0 . 76 2 6 34 2 4 . 5 799 
0 . 16 0 0 0 0  3 8 3 . 68 9 2 0 9  6 1 . 9 3966 7  0 . 82 5 9 1 6 32 . 9 651 
o. 1 aoooo 3 8 4 . 16 2 3 5 4  6 9 . 89 2 1 2 0  0 . 8789 1 0 4 2 . 68 38 
0 . 20 0 0 00 384.572998 78. 3 489 0 7. 0.916697 5 3 . 5 71 2 ' 
0.220 000 3 8 4 . 94482 4 87 .. 2 51 5 26 0 . 9349 2 1 65.3 9 11 

0.240000 385 . 30 7373 96 . 571 701 0.92 9 85 0 77 . 856 3 
0 . 260000 385 . 6 9 45 8 0 106.318130 0.898279 9 0 . 6 38 1 

VMA X = 73 . 1 6 322 

TA BLE 4. 2 (cont inued) 

Z E T A  
0 . 9795 0 1 

0.96 3616 
0 . 9 3 5 6 5 1  
0 . 893658 
0.835526 
0 . 75 9 37 0 
0 . 66 40 4 0  
0 . 5 49 43 0  
0 . 4 1 6 5 9 5  

0 . 267785 
0 . 1062 2 9  
- . 0 6 4 1 4 5 

-. 2 38847 

N .p-. 



MECHANICAL POWER INPUT = 1 . 40 0 P.U. 

TIME 
0 . 020 0 00 
0 . 0 40 000 
0 . 0 6 0000 
0 . 08 0 0 0 0  

0 . 100000 
0 . 120000 
0. 1 4 0 0 00 
0 . 1 6 0 0 00 

0.180000 

V E L 
378 . 2 06055 
37 9 . 39 4287 
380 . 532 9 5 9  
38 1 . 6 0 1 807 
382 . 58618 2 
383 . 478 516 
38 4 . 280029 

385 . 0 019 5 3  

385. 6 6 5 52 7  

DEL TA 
33 . 5 5 9 937 
3 5 . 6 3 560 5 
39 . 0 46631 
43 . 724091 

49 . 579 071 
5 6 . 509 6 13 
64 . 410 1 10 

. 73 . 1 8 19 15 
82 . 7 4 4 9 19 

P T  . 

0 . 517447 
o . 54532 5 
o. 58959 2  
0 . 6 46884 

0 . 712 5 0 5  
0 . 780535 
0.84 4133 
o. 89 5 93.4 
0 . 9 2 84 97 

v 
2 .1471 
3.7258 
6 . 4969 

10.6384 
16.34 0 3  
2 3 . 7 555 
32.9 5 61 
43. 9 0 1 2  

56. 4171 

VMAX = 48 . 9 2 2 85 

TABLE 4 . 2 ( c ontinued) 

ZE TA 
0 . 95 6113 
0 . 9 2 3844 
0 . 86 7 2 01 
0 . 7 8 2 547 
0 . 6659 9 9  
o . 51442 9 
0 . 326366 

0 . 102 6 4 4  

-.1 53185 

N V1 



MECHA�ICAL POWER INPUT = 1 . 600 P.U. 

TIME VEL DELTA PT v 
0.020000 3 78 . 3 7 9 883 39 . 123871 - o . 590 63 3  3 . 0073 
0.040000 -379.740479 4 1.4 976 2 0  0 . 620168 5 . 0647 
0.060000 381.048828 45.402695 0.666445 8 . 662 2  
0 . 080000 382 . 284 9 1 2  50.76 734 9  0 . 7 249 5 2 14 . 0 083 

0.100000 38 3 . 436 2 79 57.500549 0 . 789 3 58 21 . 311.-6 
0 . 12 0000 3 84 . 500000 65 . 502716 0 . 8516 93 30 . 7281 
0.140000 385 . 485 35 2  74.6 773 9 9  0 . 902 701 42 . 2 730 

V M A X  = 28.31735 

TABLE 4.2 (c ont i nued )  

ZETA 
0 . 893801 
0 . 8 2 11 4 6  
0.69 4 104 
0 . 505311 

0 . 247297 
- . 08 5 1 32 
- . 4928 3 1  

N 0\ 



TABLE 4.3 . PERFORMANCE WITH VARIOUS INERTIA CONS TANTS 

THE IN�RTIA.CONST�NT H = 2.500 
TIME VEL DELTA PT v ZETA 

0 .. 020000 3 77. 75b34S lB.SJ3a34 o.297614 0.7018 0.995156 
0.040000 376. 500244 l q .. 8'd826 0.317717 1. 3.36 2 0.9407H 

0.060000 379.204346 21.9B0240 0.350289 2.4640 0.982993 
0.080000 379 .. 850586 2�.8'H9fi3 0.393902 4.1762 0.971174 

0.100000 380.424072 28.503784 0. 't4b 587 6.5760 0.95't610 
0.120000 380. H2598 32c725128 0.505908 9 . 75 4 3 0.932672 

0.140000 381.308350 37.453644 o.569093 13. 112q 0 . 9 0493 5 

0.1600 00 38l.b07910 42.�80643 0 . 6 3 3 219 1 8 . 64 73 0.8 1 1290 

o. 1130000 38l.lill7b8 47.qCJS850 o.b95444 2 4. 3366 0.832020 
0.200000 3Bl.924805 53.5<11965 o.7�3223 30�7469 o. 787774 
0.2200 0 0  3Bl.95556b 59.269516 0. 80450 5 H. 7409 o. 739't99 
0.240000 381. 914795 64.940140 0.847846 45.1500 0.688358 
0.260000 381.815186 70. 529236 o.oa2444 52.7967 0.635578 

0.280000 381.670166 75.976929 0.908090 60.5089 0.582345 

0.300000 381.493164 8l.2387j9 0.925072 68. 1 351 0.529101 
0.320000 38 L. 296631 8&.285324 0.934032 75.5522 0.478511 

0.340000 381.0�2285 91.101227 0.935827 82.6713 0.429372 
0.360000 380.089893 95.683289 0.931398 89.4344 0 . 3826 91 

-

0.3.80000 3 6 0 • b 9 8 It 6 b 100.0:)6757 o.921660 95.8147 0 .. 338652 
0.40000� 380. 525l't6 l04.l6lt616 0 . 9074 5 4 101.8069 0.297278 

0.420000 380.370221 lOB.145309 0.889439 107.4344 0.258448 
Q. L�40l)Q(} 380.256836 111.951874 0.868118 112. 7220 0.2 2 1951 
0.4&0000 380.171875 115.640961 o. 8 43799 117.7133 0.187500 

o .• 480000 380.125732 119.254410 0.81&588 122.4550 0.154771 

0 .. 500000 380.123047 122.839508 0.7£?6380 1 26.9 974 0.123417 

o.520000 380 .. 166213 l2b.448395 0.752861 1 3 1 . 3878 0.093113 

0.5ft0000 360.26�846 130.139175 o·. 7154% . 1 35.6716 0�063545 

o.500000 380.425049 133.9./6456 o.&n5oo 139.6844 0.03'•467 
o.sdoooo 380.650635 138.032861 0.625827 144.0504 0.005111 
0.600000 380.9533&9 142 .. 390732 o.s11111 140 .. 1742 -.022753 
0.620000 381. 344971 147.145325 o.so1673 152.2300 .... 0507'•7 

VMAX •.144. 87784 
N 
........ 



TABLE 4 . 3 (cont i nued) 

T H E  l � E R T I A  C O N S T AN T  H = 2 . 76 0  
T I M E V E L  D E L T A  P T  v Z E T A  

0 . 0 2 0 0 0 0  3 7 7 . 6 8 4 5 7 0  1 8 . 4 9 7 5 5 9 0 . 2 9 6 9 72 0 . 6 1 8 1  0 . 9 9 5 2 9 0  

0 . 0 4 0 0 0 0  3 7 8 . 3 6 0 3 5 2 1 9 . 6 8 0 9 0 8  0 . 3 1 5 2 1 6 1 . 1 3 6 4  0 . 9 9 1 3 4 1 

0 . 0 6 0 0 0 0  3 7 9 . 0 0 3 4 1 8 2 1 . 6 2 1 2 6 2  o . 3 4 4 8 5 1 2 . 0 5 3 0  0 . 9 8 4 3 5 5 

0 . 0 8 0 0 0 �  3 7 9 . 5 9 8 8 7 7  2 4 . 2 7 2 5 3  7 0 . 3 8 4 7 1 2 3 . 4 3 7 8 0 . 9 7 3 8 0 3  

0 . 1 0 0 0 0 0  3 8 0 . 1 3 3 7 8 9  2 1 . 5 7 2 5 2 5  0 . 4 3 3 1 7 3 5 . 3 7 0 4  0 . 9 5 9 0 7 7  

0 . 1 2 0 0 0 0  3 8 0 . 5 9 7 6 5 6  3 1 . 4 4 5 6 3 3 0 . 4 8 8 2 1 6 7 . 9 2 5 6 0 . 9 3 9 6 0 5 

0 . 1 4 0 0 0 0  3 8 0 . 9 8 3 1 5 4  3 5 . 8 0 5 9 6 9 0 . 5 4 7 5 0 9 1 1 . 1 5 9 5 0 . 9 1 4 9 6 2 
0 . 1 6 0 0 0 :)  3 8 1 . 2 8 6 1 3 3  4 0 . '76 1 0 6 6 0 . 6 0 8 5 5 0 1 5 . 0 9 6 2 0 . 8 8 4 9 6 4 

0 . 1 8 0 0 0 0  3 8 1 . 5 0 6 1 0 4  4 5 . & 1 5 6 0 1 0 . 6 6 8 8 3 9 1 9 . 7 2 0 8 0 . 8 4 9 7 2 3  

0 . 2 0 0 0 0 0  3 8 1 . 6 4 5 5 0 8  5 0 . 8 1 5 6 2 0  0 . 7 2 6 0 5 3 2 4 . 9 7 6 0 0 . 8 0 % 7 8 

0 . 2 2 0 0 0 0  3 8 1 . 7 0 9 9 6 1 5 6 . 2 5 1 8 4 () o. 7 7 8 2 1 0  3 0 . 7 6 8 0 0 . 7 6 5 5 42 
0 . 2 4 0 0 0 0  3 8 1 . 7 0 7 5 2 0 b l . 6 6 2 7 5 0 0 . 8 2 3 7 9 1  3 6 . 9 7 6 0  o .  7 1 8 2 3 5  

0 . 2 6 0 0 0 0 3 8 1 . 6 4 7 9 4 9  6 7 . 0 3 7 2 1 6 0 . 8 6 1 7 9 8 4 3 . 4 64 0  0 . 6 6 8 7 9 5 

0 . 2 8 0 0 0 0  3 8 1 . 5 4 1 9 9 2  7 2 . 3 1 5 7 96 0 . 8 9 1 7 5 0 5 0 . 0 9 3 0 0 . 6 1 8 2 8 1 

0 . 3 0 0 0 0 0  3 8 1 . 4 0 0 6 3 5 7 7 . 4 5 1 5 9 9  0 . 9 1 3 6 3 1  5 6 .  7 3 2  9 0 . 5 6 7 6 8 4 

0 . 3 2 0 0 0 0  3 8 1 . 2 3 4 8 6 3  8 2 . 4 1 0 2 7 8 o .  9 2 7 7 9 6  6 3 . 2 7 1 9 o . 5 1 7 8 5 5  

0 . 3 4 0 0 0 0  3 8 1 . 0 5 4 6 8 8  8 7 - 1 6 9 9 2 2  0 . 9 3 4 8 5 8  6 9 . 6 2 0 5  0 . 4 6 9 4 7 7  

0 . 3 6 0 0 0 0  3 8 0 . 8 6 9 1 4 1 9 1 . 7 1 9 1 9 3 0 . 9 3 5 5 7 9 . 7 5 .  7 1 3 0 0 . 4 2 3 0 5 1 
0 . 3 8 0 0 0 0  3 8 0 . 6 8 6 5 2 3 9 6 . 0 5 6  7 0 2  0 . 9 3 0 7 7 4 8 1 . 5 0 9 1 0 . 3 7 8 8 8 3 

0 . 4 0 0 0 0 0  3 8 0 .0 5 1 3 9 1 6  1 0 0 . 1 9 0 2 1 6 0 . 9 2 1 2 3 1 8 6 . 9 9 0 3  0 . 3 3 7 1 1 6  

0 . 4 2 0 0 0 0  3 8 0 . 3 5 7 1 7 8  1 0 4 . 1 3 4 2 62 0 . 9 0 7 6 5 6  9 2 . 1 5 5 0  0 . 2 9 7 7 6 0 

0 . 4 4 0 0 0 0  3 8 0 . 2 2 1 1 9 1  1 0 7 . 9 1 0 2 9 4  0 . 8 9 0 6 2 9 9 7 . 0 1 6 0  o . 2 6 0 7 1 8  

o . 4 6 o o o a  . 3 8 0 . 1 1 0 5 9 6  1 1 1 . 5 4 4 6 6 2  o . 8 1 o s a o  1 0 1 . 5 9 8 3  0 . 2 2 5 8 0 0  

0 . 4 8 0 0 0 0  3 8 0 . 0 2 9 2 9 7  1 1 5 . 0 6 8 6 8 0 0 . 8 4 7 8 0 7  l. 0 5 . 9 3 3 4 0 . 1 9 2 7 6 5 . 
0 . 5 Q O O O O  3 7 9 . 9 8 0 9 5 7  1 1 8 . 5 1 8 2 5 0 0 . 8 2 2 4 0 2 1 1 0 . 0 5 8 1 0 . 1 6 1 3 3 5 

0 . 5 2 0 0 0 0 3 7 9 . 9 6 8 9 9 4  1 2 1 . 9 3 2 8 4 6  0 . 7 9 4 3 2 1  1 1 4 .  0 0 9 8  0 . 1 3 1 2 2 1 

0 . 5 4 0 0 0 0  3 7 9 . 9 9 7 3 1 4  1 2 5 .  3 5 6 4 6 1  . o .  7 6  3 3 3 0 1 1 7 . 8 2 7 2 0 . 1 0 2 1 3 2 

Q . 5 6 0 0 0 0 3 8 0 . 0 7 0 3 1 3  1 2 6 . 8 37 4 9 4  0 . 7 2 9 0 3 0  1 2 1 .  5 4'6 5 0 . 0 7 3 7 9 0  

0 . 5 8 0 0 0 0  3 8 0 . 1 9 2 6 2 7  1 3 2 .  4 3 0 0 5 4  0 . 6 9 0 8 0 8  1 2 5 . 1 9 8 1  o .  0 4 5 9 6 5  
0 . 6 0 0 0 0 0  3 8 0 . 3 7 0 36 1  1 3 6 .  l. 9 3 8 9 3  0 . 6 4 7 8 5 3  1 2 8 . 8 0 5 5  0 . 0 1 8 4 7 5 

Q . 6 2 0 0 0 0 3 8 0 . 6 1 0 5 9 6  1 4 0 . 1 9 6 4 5 7  0 . 5 9 9 1 0 9  1 3 2 . 3 7 9 3  - . 0 0 8 7 5 7 

0 . 6 4 0 0 0 0  3 8 0 . 9 2 2 1 1 9 1 4.! h  5 1 4 0 6 9 o . 5 4 3 2 5 8  1 3 5 • 9 1 1 5 ' - . 0 3 5 6 7 4 

0 . 6 6 0 0 0 0  3 8 1 . 3 1 5 6 7 4  1 49 . 2 34 5 4 3  0 . 4 7 8 6 7 7  1 3 9 . 3 6 6 8 . - . 0 6 2 0 0 3 

N 
V M A X  -= 1 3 1 . 2 3 0 0 1 (X) 



TABLE 4 . 3  (continued) 

T H E I N E R T I A  C ON S T AN T  H = 3 . 0 0 0 

T I M E V E L  D E L T A P T  v Z E T A  
0 . 0 2 0 0 0 0  3 7 7 . 6 2 9 3 9 5 1 8 . 4 6 5 8 0 5  0 . 2 9 6 4 7 8  o . 5 5 6 3  · o . • 9 9 5 3 9 2 

0 . 0 4 0 0 0 0  3 7 8 . 2 5 2 6 8 6  1 9 . 5 5 5 3 1 3  0 . 3 1 3 2 8 5 0 . 9 9 3 7 0 . 9 9 1 7 6 9 

0 . 0 6 0 0 0 0  3 7 8 . 8 4 8 1 4 5 2 1 . 3 4 4 3 9 1 0 . 3 4 0 6 5 0 1 . 7 6 4 2 0 . 9 8 5 3 8 7 

0 . 0 8 0 0 0 ::>  3 7 9 . 4 0 2 8 3 2 2 3 .  7 q 3 7 1 6  0 . 3 7 1 5 7 5  2 . 9 2 2 3  0 . 9 7 5 7 9 5 

0 . 1 0 0 0 0 0  3 7 9 .  9 0 6 0 0 6  · 2 6 . 8 5 0 0 3 7 Q . 4 2 2 6 8 8  4 .  5 3 3 4  0 . 9 6 2 4 5 1 . 

0 . 1 2 0 0 0 0  3 B 0 . 3 4 8 1 4 5  3 0 .  4 4 8 6 8 5 . 0 .  4 7 1t 2  5 9  6 . 6 5 9 5 0 . 9 4 4 8 4 0 

0 . 1 4 0 0 0 0  3 8 0 . 7 2 2 4 1 2 3 4 . 5 1 5 7 6 2 0 . 5 3 0 2 8 8  9 . 3 5 0 7  0 . 9 2 2 5 4 9 

0 . 1 6 0 0 0 0  3 8 1 . 0 2 4 6 5 8  3 8 . 9 7 0 5 6 6  0 . 5 8 8 5 8 8 1 2 . 6 3 4 6  0 . 8 9 5 3 5 0 

0 . 1 8 0 0 0 0  3 8 1 . 2 5 3 4 1 8 4 3 . 7 2-9 6 3 0  0 . 6 4 6 9 3 8  1 6 . 5 0 8 8  0 . 8 6 3 2 6 0 

0 . 2 0 0 0 0 0  3 8 1 . 4 0 9 9 1 2 4 8 . 7 � 9 2 4 4 0 . 7 0 3 2 1 4 2 0 . 9 3 8 7 0 . 8 2 6 5 6 8 

0 . 2 2 0 0 0 0  3 8 1 . 4 9 8 0 4 7  5 3 . 8 2 8 4 9 1  0 . 7 5 5 5 3 0  2 5 . 8 5 9 3 o . 1 s s a 1 2  
0 . 2 4 0 0 0 0  3 8 1 . 5 2 3 6 8 2  5 9 . 0 1 2 3 6 0 0 . 8 0 2 3 6 6 3 1 . 1 8 0 4 0 . 7 4 1 7 3 8 

0 . 2 6 0 0 0 0 3 8 1 . 4 9 4 6 2 9 6 4 .  1 9 3 3 5 9 0 . 8 4 2 6 1 6 3 6 . 7 9 6 1 0 . 6 9 5 2 2 4 

0 . 2 8 0 0 0 0  3 8 1 . 4 1 9 4 3 4  6 9 . 3 1 3 9 0 4  0 . 8 7 5 6 3 2 4 2 . 5 9 3 0 0 . 6 4 7 2 0 9 

0 . 3 0 0 0 0 0 3 8 1 . 3 0 7 3 7 3  7 4 . 3 2 6 2 1 8  0 . 9 0 1 1 8 1  4 8 . 4 6 0 3 0 . 5 9 8 6 1 1  

0 . 3 2 0 0 0 Q  3 8 1 . 1 6 7 9 6 9  7 9 . 1 9 3 5 1 2  0 . 9 1 9 3 9 4  5 4 . 2 9 8 3  0 . 5 5 0 2 5 6 

0 . 3 4 0 0 0 0  3 8 1 . 0 1 0 0 1 0 8 3 . 8 8 9 5 4 2 0 . 9 3 0 6 8 0 6 0,. 0 2 1 5  0 . 5 0 2 8 5 2 

0 . 3 6 0 0 0 0  3 8 0 . 8 4 2 0 4 1 8 8 . 3 9 8 1 6 3 0 . 9 3 5 6 3 4 6 5 . 5 6 4 7 0 . 4 5 6 9 3 8 

0 . 3 8 0 0 0 0 3 8 0 . 6 7 1 3 8 7 9 2 . 7 1 2 0 5 1 0 . 9 3 4 9 5 1 7 0 . 8 8 0 3  0 . 4 1 2 9 1 0 

0 . 4 0 0 0 0 0  3 8 0 . 5 0 4 & 3 9 9 6 . 8 3 2 1 2 3 0 . 9 2 9 3 5 2 7 5 . 9 3 9 3  Q . 3 7 1 0 0 7  

0 . 4 2 0 0 0 0  3 8 0 . 3 4 7 6 5 6  1 0 0 . 7 6 6 2 9 6  Q . 9 1 9 5 2 0  8 0 . 7 2 9 8  0 . 3 3 1 3 2 8  

0 . 4 4 0 0 0 0  3 8 0 - 2 0 5 5 6 6  1 0 4 . 5 2 8 4 2 7  0 . 9 0 6 0 6 3 8 5 . 2 5 3 8 0 . 2 9 3 8 5 7 

0 . 4 6 0 0 0 3- 3 8 0 . 0 8 2 2 7 5  1 0 8 . 1 3 8 3 0 6 0 . 8 8 9 4 7 7  8 9 . 5 2 2 7 o . 2 s a 4 9 a  
o . .. a o o o o  3 7 9 . :} f H 6 8 9  1 1 1 . 6 1 9 5 0 7 0 . 8 7 0 1 3 7 9 3 . 5 5 7 3 0 . 2 2 5 0 8 0  

0 . 5 0 0 0 0 0  3 7 9 . 9 0 & 9 8 2  l l  5 .  0 0 0 0 6  l 0 . 8 4 8 2 8 3  9 7 .  3 8 3 3 · 0 . 1 9 3 3 8 9  

0 . 5 2 0 0 0 0 3 7 9 .  8 6 1 0 8 4  1 1 8 . 3 1 1 1 4 2 0 . 8 2 4 0 1 5  1 0 1 . 0 2 9 8 0 . 1 6 3 1 8 6 

0 . 5 4 0 0 0 0  3 7 9 . 8 4 7 4 1 2 1 2 1 . 5 8 7 7 2 3  0 . 7 9 7 2 9 3  1 0 4 . 5 2 8 9 0 . 1 3 4 2 0 4 

0 . 5 6 0 0 0 0  3 7 9 . 8 6 8 8 % 1 2 4 . 8 6 8 5 0 0 0 . 7 6 7 9 2 2 l 0 7 . 9 1 Q q 0 . 1 0 6 1 9 1 

o . s a o o o o  3 7 9 . 9 2  8 9 5  5 1 2 8 . 1 9 5 6 7 9  o. 7 3 5 5 6 6 l U . 2 0 5 3  0 . 0 7 8 9 0 5  

0 . 6 0 0 0 0 0  3 8 0 . 0 3 1 9 8 2  1 3 1 . 6 1 5 7 8 4 0 . 6 9 9 7 1 9  1 1 4 . 4 3 8 6  0 . 0 5 2 1 2 4 

0 . 6 2 0 0 0 �  3 8 0 . 1 8 2 3 7 3  1 3 5 . 1 8 0 7 5 6  0 . 6 5 9 7 0 4  l l 7 . 6 3 0 1 0 . 0 2 5 6 8 9 

0 . 6 4 0 0 0 0  3 8 0 . 3 8 6 2 3 0 1 3 8 . 9 4 8 0 1 3  0 . 6 1 4 6 4 5  1 2 0 .  7. 9 2 3 - . 0 0 0 5 0 3 

0 . 6 6 0 0 0 0 3 8 0 . 6 5 0 3 9 1 1 4 2 . 9 82 6 6 6  0 . 5 6 3 4 4 6  1 2 3 . 9 2 3 2  - . 0 2 6 4 3 5  
O . b B O O O O  3 8 0 . 9 8 3 39 8  1 't 7 . 3 5 8 5 6 6 0 . 5 0 4 7 6 8 1 2 7 . 0 0 2 4  - . 0 5 1 9 4 0 

N 
V M A X  2 1 2 0 . 7 3 1 5 5  "'° 



T H E  l � E R T I A  C O N S T A N T H • 3 . 5 0 0 
TABLE 4 . 3  {continued) 

T I M E V E L D E L T A  P T  v Z E T A . 
0 . 0 2 0 0 0 0  3 7 7 .  5 3 8 5 7 4- 1 8 . 4 1 3 63 5  0 . 29 5 6 6 8  0 . 4 59 3  . 0 . 99 556 2 

0 . 0 4 0 0 0 0  3 7 8 • 0 ·7 4 7 0 7 1 9 . 3 4 8 6 4 8 0 . 3 1 0 1 0 3  0 . 7 7 8 9 0 . 9 9 2 4 7 3 

0 . 0 6 0 0 0 0  · 3 7 8 . 5 9 0 3 3 2  2 0 . 8 8 7 1 6 1 0 . 3 3 3 6 8 9 1 . 3 3 7 8 0 . 98 7 0 7 2 
0 . 0 8 0 0 0 0  3 79 . 0 7 592 8 2 3 . 0 0 0 2 1 4  . 0 . 3 6 5 6 9 1 2 . 1 7 1 9 0.979013 

0 . 1 0 0 0 0 0  3 7 9. 5 2 2949 2 5 . 6 4 8 3 6 1 0 . 4 0 5 0 9 8  3 . 3 2 3 9 0.96 7 8 8 0  

0 . 12 0000 3 7 9 . 9 2 4 0 7 2  2 8 . 7 8 3 2 0 3 0 . 4 50625 4 . 8 3 8 1 0 . 9 5 3 2 4 8 

0 . 1 4 0 0 0 0 3 8 0 . 2 7 3 4 3 8  3 2 . 348 4 6 5 0 . 5 0 0 7 5 9 6 . 75 2 6  0.9 3 4 7 4 7 

0 . 1 6 0 00 :) 3 8 0. 5 6  7 1 3 9  3 6 . 28 2 4 5 5 0 . 5 5 3 8 2 9 9 .  0 9 4  8 0 . 9 1 2 1 1 4  
0 . 1 8 0 0 0 0 3 8 0 . 6 0 2 9 7 9  4 0 . 5 1 9 9 4 3  0 • . 6 0 8 0 6 0  1 1 . 8 74 9  0 . 8 0 5 2 4 9 

0 . 2 0 0 0 0 0  3 8 0 . 9 8 0 4 & 9 4 4 . 9 9 42 4 7 0 . 6 6 1 7 2 5  1 5 . 0 .8 2 8 0 . 6 5 4 2 5 0  

0 . 2 2 0 0 0 :> 3 8 1 . 1 0 1 3 1 8  4 9 . 6 3 9 1 3 0 o .  7 1 3 1 60 1 8 . 6 8 9 1 0 . 8 1 9 4 0 2 

0 . 2 4 0 0 0 0  3 8 1 . 1 & 9 4 5 7 54 . 39 1 4 6 4  0 .7 6 0 9 3 5 2 2 . 6444 0 . 7 8 1 1 0 0 J 
Q . 8 0 3 8 8 5  2 6 . 8 8 6 5  0 . 7 4 0 1 8 7 0 . 2 6 0 0 0 0  3 8 1 . 1 8 6 7 6 8  5 9 . 1 � 2 2 9 1 

0 . 2 8 0 0 0 0  3 8 l . L & l 8 6 5  6 3 . 9 8 8 6 6 3 0 . 8 4 1 1 6 2 3 1 .  3 1t 2  l 0. 6 9 71 3 2  

0 . 3 0 0 0 0 0  3 8 .1 . 1 0 0 0 9 8  6 8 . 7 34 8 1 8 0 . 8 7 2 2 5 1 3 5. 9 3 4 1 0 . 6 5 2 7 5 8 
0 . 3 2 0 0 0 0  3 8 1 . 0 0 8 3 0 1  7 3 . 3 9 2 2 2 7 0 . 8 9 6 9 4 2 4 0 . 5 8 6 8  0 . 6 0 7 7 9 7  
::> . 3 4 0 0 0 0 3 8 0 . 8 9 3 3 1 1 7 7 . 9 3 0 6 3 4  o . 9 1 5 3 0 3 4 5 . 2 3 0 1 o . 5 6 29 2 1 

0 . 3 6 0 0 0 0  3 8 0 . 7 6 1 % 3  8 2 . 3 2 7 1 3 3  0 . 9 2 7 6 1 7 4 9 . 8 0 5 7  0 .5 1 8 7 1 2 
0 . 3 8 0 0 0 0 3 8 0 . 6 2 0 3 6 1 8 6 . 5 6 6 6 5 0 0 . 9 3 4 3 1 9 5 4 .2 627 0 . 4 7 5 6 4 2  
0 . 4 0 0 0 0 0  3 8 0 . 4 7 4 3 6 5  9 0 . 6 4 ::> 8 6 9 0 . 9 3 5 9 4 1 58 . 5 6 4 9  0 . 4 3 4 0 6 9  

0 . 4 2 0 0 0 0 3 8 0 . 3 2 9 1 0 2  9 4 . 5 4 7 8 3 6  0 . 9 3 3 0 5 2 6 2. . 6 8 77 0 . 3 9 4 2 3 0 
0 . 4 4 0 0 0 0 3 8 0 . 1 8 6 % 5 9 8 . 2 9 0 9 2 4 0 . 9 2 6 2 1 5  6 6 . 6 1 6 1 0.3 5 6 2 6 7  

0 . 4 6 0 0 0 ::>  3 8 0 . 0 5 8 1 0 5  1 0 1 . 8 7 8 3 5 7  0 . 9 1 5 9 5 3 70 . 3 4 6 7 0 . 3 2 0 2 1 7  

0 . 4 8 0 0 0 0  3 7 9 . B 9 94 1 1 0 5 . 3 2 2 8 0 0  0 . 9 0 2 7 2 0  7 3 . 8 8 2 9  0 . 2 8 6 0 4 6  

o . s o o o o o  3 7 9 . 8 3 7 4 0 2  1 0 8 . 6 4 0 5 6 4 0 . 8 8 6 8 9 0 7 7 . 2 34 3  0 . 2 5 3 6 6 1 

0 . 5 2 0 0 0 0  3 7 9 . 7 5 3 1 7 4 1 1 1 . 8 5 1 0 8 9  0 . 8 6 8 74 0 8 0 . 4 1 5 7 0 . 2 2 2 9 1 8  

0 . 5 4 0 0 D D  3 79.6 8 9 697 1 1 4 . 9 7 6 8 2 2  0 . 8 4 8 't 4 8  8 3 .4 4 5 3 0 . 1 9 3 642 
0 . 5 6 0 0 0 0  3 7 9 . 6 4 9 1 7 0 1 1 8 . 0 4 2 7 2 5  0 . 8 2 6 0 9 1  8 6 . 34 3 2  0 . 1 6 5 6 3 9 

0 . 5 8 0 0 0 0 3 79. 6 H 0 3 3  1 2 1 . 0 7 6 2 9 4  0 . 8 0 1 6 4 3 8 9. 1 3 0 7 0 . 1 3 8 1 0 2 
0 . 6 0 0 0 0 0 3 7 9 . 6 4 5 2 4 0  1 2 4 . 1 0 8 1 7 0  o .  7 7 4 9 6 2  9 1 . 8 2 8 8  0 . 1 1 2 6 2 9 
0. 6 2 00 0 :.J  3 79 .  6 8 8 477 1 2 7 . 1 7 0 9 5 9  0 . 7 4 S 8 07 9 4 . 4 5 7 9 0 .0 8 72 2 4  
0 . 6 400 0 0  3 7 9 .  7 6 3 6 7 2  1 3 0 . 3 0 0 659 0.7 1 3 8 1 5  9 7 . 03 & 5 ' 0 . 0 6 2 3 06 
0 . 6 6 0 0 0 0  3 7 9 . 8 7 5 0 0 0  1 3 3 . 5 3 6 9 8 7  0 . 6 7 8 4 9 3 9 9 . 5 7 9 9  0.0 3 7 7 2 8  

O . b B O O O D  3 8 0 . 0 2 6 3 6 7 1 3 6 .  9 2 3 3 1 0  0.6 3 9 2 1 6  1 02 . 0 9 8 6 . 0 . 0 1 3 3 8 9 

0 . 1 0 0 0 0 0  3 8 0 . 2 2 2 b 5 6  1 4 0 . 5 0 8 3 1 6  o . 595 2 0 8  1 0 4 . 59 7 0  - . 0 1 0 7 5 4 

o .  72 0 0 0 0  38 0 . 4 6 9 2 3 8 1 44 . 3 4 65 2 7  0 . 5 4 5 5 1 1 1 0 7 . 0 6 8 7  - . 0 3 4 6 3 7 . 
0 . 7 4 0 0 0 0 3 8 0 .  7 7 2 94 9  1 48 . 4 9 9 3 9 0  0.4 8 8 9 8 9 1 09 . 49 44 - . 0 5 8 0 7 8  

V M A X  z l 0 3 . 48 4 1 8 (,.rJ 0 
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and i n  Fig . 4 . 4  for var i ous  va lu es of mechani' ca l  · · t powe r inpu s .  For 

the .machine c ons tants  and i ni t ia l  c ond i t i ons i n  Kimbark ( 15 ) , . the 

c r i t i ca l  c learing t ime i s  found to  be 0 . 6 1 s e c onds by Lya pun�v ' s  

me thod (Tab l e  4 . 1 ) .  Thi s  resu l t  i s  exac t ly the s ame as  tha t fou nd 

by Kimbark through c onve n t i ona l technique s .  

CIRCUIT RECLOSING 

One intere s t ing as pe c t  of Lya pu nov s tab i l i ty ana lys i s  is tha t 

sys tem d i s turbanc e s  l ike c ircu i t  re c l os ing and s e ries  ca p.ac i t or  

s wi tchi ng whi ch occur  dur i ng the fau l t- peri·od · can be a c c ounted  for 

in the course of sys tem i nte gra t i on .  Thi s  is i l lus t rated  for the 

pre s e nt prob lem having , in add i t ion ,  a rec los ing arrangeme nt . 

I n  the mod i fied sys tem the re c l os e rs are as sume d t o  ope n on b o t h  

ends o f  t h e  fau l te d  l i ne after 4 cyc le s , rema in ope n for 2 cyc les  and 

the n re c l os e . At  t hi s  t ime the c ircu i t  i s  s ti l l  fau l ty wh ich res u l t s  

i n  a s e c ond ope n i ng a f t e r- ano the r 2 cyc les � fol lowe d by a s e c ond re -
' 

c los i ng after 2 more cyc l e s  whe n the trans ient  fau l t  has fina l ly been 

removed . The sys t em c ont inues  to have the capabi li ty of  transmi t t ing 

the pre - fau l t  maximum powe r fol lowi ng c learance of the fau l t . 

Append ix C g_ive s the c ompu ter program for thi s  case . He re t he 

pos t - fau l t  equi l ibrium s tates  coinc i�e wi t h  the pre - fau l t  e qu i l ibrium 

s tates . Res u l ts  are tabu lated i n  Tab l e  4 . 4 .  The sys tem was found t o  

be s tab le . A mec hani c a l  i npu t of 1 . 4 p . u .  was us ed . Re ferri ng to  

3 3  

Tab le 4 . 2 , wi thou t  a re c l os ing arrangement , the cr i t�ca � c lear ing t ime 

for th is sys tem was fou nd t o  be 0 . 1 7 sec ond . Howeve r ,  wi t h  the 

re c los ing scheme us ed , a t  the previou s c learing time of 0 . 1 7 s econd , 



TABLE 4 .  4. PERFOR¥u\NCE WITH RECLOSING ARRANGEMENT . 

M E C H A N I C A L  P O W E R  I N P U T  = 1 . 4 0 0  P . U .  

T I M E VE L D E L T A P T  v 
0 . 0 1 0 0 0 0  3 7 7 . 600 5 8 6 3 3 . 0 3 7 5 37 0 . 5 1 0 2 9 8 0 . 1 2 1 1 

0 . 0 2 0 0 0 0  3 7 8 . 2 0 5 8 1 1 3 3 . 5 5 9 8 9 1 o . 5 1 7 4 2 9 o . s 1 1 2  
0 . 0 3 0 0 0 0  37 8 . 8 04 6 8 8  3 4 . 4 2 7 2 9 2 0 . 52 9 1 7 4 1 . 1 6 0 7  

0 . 04 0 0 00 3 7 9 . 3 9 4 0 4 3 3 5 . 6 3 5 300 0 . 5 4 5 3 3 2 2 . 0 8 9 6 

o . o s o o o o  3 7 9 . 970 9 4 7  3 7 . 1 7 7 49 0 o . 5 6 5 6 0 6 3 . 3 1 5 6 

0 . 0 600 00 3 8 0 . 5 3 2 7 1 5 3 9 � 0 4 6 0 3 6  o . 5 8 9 6 2 0 4 . 86 0 4 

0 . 0 1 0 0 0 0  3 8 0 . 5 8 3 2 5 2  4 1 . 0 9 1 0 0 3 . 1 . 3 5 3 9 0 1  4 . 8 6 0 2 
0 . 0 8 0 0 0 0  3 8 0 . 5 9 5 7 0 3  4 3 . 1 5 4 00 7  

• 
1 . 4 0 8 9 1 6  4 . 8 5 9 7 

0.09 0 000 3 8 0 . 5 7 1 2 8 9 4 5 . 2 1 3 470 1 . 4 6 2 0 1 3  4 . 8 5 9 6 

0. 1 0 0 000 3 8 0 . 5 1 1 4 7 5  4 7 . 2 4 8 7 4 9  1 . 5 1 2 6 3 5  4 . 8 5 9 7 . 

0 . 1 1000 0 3 8 0 . 9 9 0 2 3 4  4 9 . 403 1 5 2 0 . 7 10 7 0 6  7 . 0 1 5 2 
0 . 1 2 0 0 0 0  3 8 1 . 4 5 2 3 9 3  5 1 . 8 2 7 2 0 9  0 . 7 3 5 8 3 1  9 . 5 2 4 8 
0 . 1 300 0 0  3 8 1 . 8 9 6 9 73 5 4 . 5 1 1 0 3 2  0 . 7 6 2 1 1 1 1 2 . 4 022 
0 . 1 40000 3 8 1 . 6 8 8 2 3 2  5 7 . 2 6 3 3 6 7 1 . 7 3 2 7 6 3  1 2. 4 0 2 0  

0. 1 50 0 00 3 8 1 . 4 4 3 6 0 4  59.8 8 5 5 9 0  1.781 9 2 3 1 2 . 4 0 1 1 
0.160000 3 8 1 . 1 6 7 7 2 5  6 2 . 3 5 8 4 9 0  1 . 8 2 4 8 6 4  1 2 . 4 0 1 0  

0. 1 7000 0 3 8 0 . 5 4 7 1 1 9  . 6 4 . 5 7 4 6 4 6  2 . 3 3 0 0 8 5  1 1 . 17 2 1 

VM A X  = 4 5 . 6 5 1 3 5 

Z E T A 

0 . 9 9 7 2 1 5  

0 . 9 8 88 0 2 
0 . 9 7 4 5 7 4  

0 . 9 5 4 2 2 7  

0 . 9 2 7 3 7 1  

0 . 8 9 3 5 3 1  

0 . 8 9 3 5 3 7  

0 . 8 9 3 5 4 7  

0 . 8 9 3 5 4 9  

0 . 8 9 3 5 4 7 

0 . 8 46 3 3 1  

0 . 7 9 1 3 5 7  

0 . 7 2 83 2 8 
0 . 7 2 8 3 3 1  
0 . 7 2 8 3 5 2 

0 . 7 2 8 3 5 4 
0 . 7 5 5 2 7 4 

w +' 



the stability measure � was equal to 0 . 7 6 , thus indicating a large 

amount of stable region ahead. 

Part 2. 

WALL ' S  ENERGY METRIC ALGORITHM 

The V function used in the previous analysis as derived by 

Willems ' conj ecture can be obtained also by the technique proposed 

by Wall and Moe (12) .  Accordingly, from equation ( 3 . 1 ) , with 

x2 = -1 (ax2 + Pe sin (x1 + o 8 )  - Pm) 
M 

Also , neglecting damping an? af ter cross-multiplying , 

· x2dx2 + 1 (Pe sin(x1 + O S ) - p ) m 
M 

V = 
r 

(Re sin( Tl 
+ 

os ) - Rm) 
M M 

where Tl and Tz are dummy variables . 

Integrating, 

dx1 = 0 

r 
dTl + 

0 

V x� 1 ( - P x 1 - p cos (x1 + o s) + Fe cos o s) 
=- + - m e 

2 M 

T2 d T2 

(4 . 4) 

(4 . 5 ) 

(4 . 6 ) 

I t  �s readily observed that the Lyapunov functions �re equival ent, 

differing only by a constant factor. When computing ·the critical 

35 



c lear ing t ime , this  cons tant fac tor appears b o th i n  the V fu nc t i on 

and  Vmax func t i on and hence  le ads to  i dent ica l  re s u l t s . 

3 6  



CHAPTER V 

ANALYSIS OF AN ACTUAL POWER SY STEM · 

In order t o  e s tab l i s h  the e f fective ne s s  of Lyapunov ' s  direc t 

me thod , a mu l t imach ine powe r sys tem is s tud ied in  thi s chap ter . The 

layou t of a 60 Hz . thre e - phas e ,  three -machine sys tem i s  give n i n  

3 7  

Figure 5 . 1 ( 15 ) . The reac tanc e s  of the l ine s , expre s s e d  i n  p . u . on  a 

100 MVA bas e , are marke d on the . figure . Line res is tanc e s  are neg l ec t e d . 

Data on the ge ne ra t ors and the ini t ia l gene rating s ta t i on ou t pu t s and 

bus vo l tage s are give n  i n  Ta b l e  5 . 1 .  A l l  l oads except tho s e  a t  Murphy 

and Wieb o ld t , which are each 200 MW at  unity p . f . , are neg le c te d .  

The prob l em c ons i s ts o f  the ana lys is o f  the sys tem t rans ient  s tab i l i ty 

whe n a thre e - phas e  short c i rcu i t  occurs at the point X i n  Fig . 5 . 1 .  

The f i rs t s te p  in the ana lys i s  i s  the ne c es sa ry ne twork redu c t i o n 

of the pre - fau l t  sys t em ¥ a s er ie s  of s tar-me s h  conve rs i ons . The 

ini t ial  ope ra t ing vo l tage s behi nd the trans ient reac tanc e s  and the i r  

ang l e s  are ca lcu lated . (In  the s tudy of a large powe r s y s tem a l oad  

f l ow s tu dy pr ior to  the  fau l t  wi l l  give all  the s e  va lues . )  The  fau l t  

a t  X i n  Fig . 5 . 1  i s  equiva l ent t o  a s hor t c ircu i t  o n  the Pa t t e n  bu s .  

The appl i ca t ion o f  the s h ort  c i rcu i t  can be repreiented by c onne c t i ng 

this node to the neu t ra l . S imi larly , the pos t - fau l t  c ond i t ions  

c orres pond to  s imu l tane ou s ope riing of  the c ircuit  bre�kers a t  b o th 

ends o f  the fau l ty l i ne thus i s o lating that l ine from the res t o f  the 

sys tem . The fau l t  and pos t- fau l t  powe r re lat ions are g ive n i n  

equat i ons 5 . 1 and 5 . 2  ( 15 ) .  
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POWER EQUATIONS 

i Fau l t  c ond i t i on 

Pia  
= 0 . 10 cos ( 86 . 0  ( 5 . 1 ) 

pi b  
= 0 . 24 + 0 . 1 0 cos ( 8 6 . 0  o b + 0 a) + 0 . 68 c o-s ° (84 . , ... � o b + cS 

c ) 

P . = 0 . 09 + 0 . 10 c os ( 8 6 . 7 - 0 + 0 ) + 0 . 68 cos ( 84 . 7 - cS + 0 
b) l.C c c 

ii Pos t - fau 1 t c ond i t i on  

P .  = 0 . 04 + 1 .  3 c os (7 9 . 5  - cS + 0 
b) + 0 . 5 9 c o s ( 7 9 . 2  0 + 8 

c
) 1a  a a 

pib 1 . 6 1 + 1 .  3 c os (7 9 � 5  . 0 + b 0 
a) + 3 . 09 c o s  ( 7 7  . 4  o h + 0 c 

) " (5 . 2 )  . 

P . = 0 . 3 3 + 0 . 5 9 c os ( 7 9 . 2  - 8 + o ) + 3 . 0 9 c os ( 7 7 . 4  - 8 + 0 b) l.C c a c 

The fau l t  and pos t � fau l t  s ys tem admi t tance ma trice s nee d e d  for the · 

s tudy we re ca lc u l a t ed a nd are tabu lated ( 15 ) : 

i Fau l te d  Sys tem Admi t tance ma trix 

A B c 

A 0 . 00 - j 1 . 84 ' 0 . 00 + j 0 . 086 0 . 00 + j 0 . 08 6  

B 0 . 00 + j 0 . 08 6  0 . 2 4 - j 10 . 13 0 . 06 2  + . j 0 . 6 68 

c 0 . 00 + j 0 . 086  0 . 062  + j 0 . 68 0 . 0 9 - j 4 . 66 

i i  Pos t - fau l t  Sys t em Admi t tance ma tr ix 

A B c 

A 0 . 03 - j 1 .  66  0 . 2 05 + j 1 . 10 0 . 0 93 + j 0 . 4 93 

B 0 . 2 05 + j 1 . 10 1 . 5 8  - j 4 . 54 0 . 6 6 + j 2 . 98 

c 0 . 0 93 + j 0 . 493 0 . 66 + j 2 . 98 . 0 . 3 3 - j 3 . 68 



Lu nt Fisk Pa t ten Mur phy 
Deer ing 

0 . 3  0 . 1 0 . 08 

0 1 0 . 08 

0 . 10 
0 . 16 

0 25 0 . 10 

Thorne Ward 

0 . 12 

0 . 12 

0 
.--_. 0_5_ Dye he 

0 . 05 

Load M 
200 MW 

__________ ........, .... __ .._.,.... ____ Wie b o l d t  

Load W 
200 MW 

Fig . 5 . 1 . A Three�Mach i ne Sys tem . Li ne reac tanc e s  are give n  on a 
100 MVA bas e .  

Iri i t ia l  I n i t i a l  
No . o f  Ra ting/u . xd H .  Ou t put Vo ltage 

S t a t i on Type u n i t s  M . V . A .  (p. u . )  Mj /MVA (MW) (p. u . )  
Lunt Hydro 3 35 0 . 35 3 . 00 80 1 . 05 
Mu rphy S t e arn 4 75 0 . 21 7 . 00 23 0  1 . 00 
Wie b o ld t S tearn 2 s o  0 . 18 8 . 00 9 0  1 . 00 

Tab le 5 . 1 . Da ta for the sys tem shown in Fig .  5 .  1 .  

3 9  
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The i ni t i a l  ope ra t ing c ond i t i on s  are tabu la t ed in Tab le 5 � 2 ( 15 ) . 

Havi ng thu s e s tab l i shed  the s y s tem cond i t i ons  be fore the fau l t  and the 

S ta t i on E c 0 
p. u .  deg. 

A 1 . 17 2 3 . 0  

B 1 . 0 1 10 . 4  

c 1 . 00 9 . 5  

Tab le 5 . 2 .  I ni t i a l  operating cond i tions . 

pm 
p. u .  

0 . 8  

2 . 3  

0 . 9 

behavi or ( re l a t e� to p ower ou t pu t  capaci ty) o f  the s ys tem dur i ng and 

a f te r  trans ient  d i s turbanc e s , there is  a s e r i e s  of sy� tema t i c  s te p s  

t o  be fol l owed i n  apply i ng the Lyapu nov s tabi l i ty cond i t i ons � 

1 .  De termi na t ion of  the pos t - fau lt  s tab le equ i l i b r ium c ondi t i ons , 

s pe c ifica l ly t he r �or a ng le s . 

2 . De t e rmina t i on of  the d ive rgenc e ang les  for the p o s t -·fau l t  

u ns tab l e  e qu i l i brium s tate  wh ich i s  c l os e s t  t o  the pos t - fau l t  

s tab l e  c ondi t ion . 

3 .  Es t ima t i o n  o f  the s t ab i lity doma i n  or , i n  other · wor ds , 

ca l cu la t i on o f  the l eas t maximum va lue of the V func t ion . 

4 .  Forwar d  s tep- by- s te p  integra t i on of the fau l t e d  s y s t em t o  

find t h e  c r i t i c a l  c l ear i ng t ime . 
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DE!ERMINATION OF THE POST- FAULT EQUILIBRIUM S TATES . 

De te rmina t i on of  the pos t- fau l t  equ i l i b i rium s tate s i s  the mos t  

c ruc ia l par t i n  the who l e  a na lys i s  and a prope r  eva lua t i on o f  the 

equi l ib r ium ang l e s  is impe ra t ive for the s uc c es s  of the me th od . The 

e qu i l i brium s ta te · o f  the pos t- fau l t  sys tem is found by the s te e pe s t 

de sc ent me thod u s ing Booth ' s  i nt erpolati on formu la ( 16)  .· 

The pos t - fau l t  p ower re lat ions given in e qua � i 6n 5 � 2 can  be wri tten  

in  the form 

• • 
on ) - p . m i  

De fine an index of pe r formanc e 

. <I> 
n 
L: 

i=l 

-
O ;  i 1 ,  2 n 

The func tion � has a mini�um a t  the s o lut ions of 5 . 3 and thi s  

(5 .  3 )  

(5 .  4 )  

minimum vci lue i s  z e ro . The re are , however ,  s eve ra l mi
.
nima and the 

me thod of  s te e pe s t d e s c ent  conve rges on ly to the loc a l  mi nimum , thu s 

dependi ng he avi ly on the s tarting va lue s for i te ration . Thi s  s imply 

ind icate s the nonl inear  nature of the sys tem equa t i ons . A s  a f i r s t 

gue s s  the s table  pos t - fau l t  equi l ibr ium i s  chos e n  . to  b e  the pre - fau l t  

0 
s tab l e equi l i b rium ,  s ay ,  ( cS 1 , 0 0 2 '  . • . 

0 cS ) . ·A l l co- ord i na te s  are  
n 

then incremen ted by a fac tor 

E r - <I>  ( o )  <I> I r 

n 
L: 

r=l 

s give n by r 

where <I> (o) i s  the va lue of  <I> at the ini t ia l  point and 

(r = 1 ,  2 , . . . n )  

( 5 . 5) 

(5 .  6 ) 
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i . e. ,  the gradient  o f  the index o f  performanc e  a t  the ini t ia l  c o nd i t i ons . 

I ncrements  are ca lcu la te d  as in  5 . 5 .  � . i s  eva luat e d  a t  the 

p oint g iven by app lying the s e  i nc� em�nts ( . � (1) ,  s ay)  a nd a ls o  a t  the 

point give n by app lying one-ha l f  o f  thes e  increments  s ay ;  � (1 / 2) .  

The fina l  c orre c t i ons on inc rements  are found by Booth ' s  inte rpo lat ive 

formu la :  

1 �(1 )  - 4 �(1 / 2 ) + 3 � ( o )  
4 �(1 )  - 2�(1 / 2 )  + � ( o) 

( 5 . 7 ) 

r= l 

The r e  i s  a danger , h oweve r ,  that the s olut i on might te nd t o  c onverge 

to a c o l  i ns tead of a va l le y ,  but knowing the minimum va lue of the 

i ndex o f  pe r formanc e to b e  z ero , a check can eas i ly be i nc or porated 

into the program . 

E l -Abiad and Nagappan (4) d i s cu s s  s ome opt imum s tar t i ng va lues  to 

f ind the uns tab le  e qui l ibrium s tate . Uns tab l e equi l i brium points are 

a l s o  fou nd by a random s e arch toge ther with the me thod of  s te e p e s t 

des cent . S evera l uns tab le equi librium poi nts ar e found in  thi s way 

and the one g iving the l eas t maximum va lue of Lyapunov fu nc t i on i s  

chosen . The compu t er program i s  given in  Append ix E and the re s u l t s  

are tabu lated i n  Ta b le 5 . 3 . The me thod o f  s te e pe s t  d e s c e nt c onve rge s 

rapid ly t o  the l oca l minimum . 

SYSTEM STABILITY 

The s ys terns of  d i f ferent i a l  equations ar.e numerical ly integra ted 

a l ong the fau l t  t ra j e c t ory us ing Runge -Ku t ta fourth- orde r approximat ion . 

For each iterat ion the value of the Lyapunov func t ion a l s o  i s  c a lculated . 
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TABLE 5 . 3 .  POST- FAULT CONDI TIONS 

(a) STABLE 

o a = 2 3 . 207 ° 0 = 9 . 2 2 3 ° 
c 0 b = 10 . 4 6 9 °  

( b )  UNSTABLE 

0 6 
a 0 0 

b 0 0 vmax c 

3 5 6 . 3 7 9  - 1 6 . 1 6 5  - 1 7 . 4 15 - 3 . 82 8  

1 74 . 4 7 9  1 6 1 . 95 2 160 . 6 6 7  - 5 . 3 30 

- 8 1 . 1 7 8  2 66 . 2 17 - 95 . 047 - 0 . 65 2  

83 . 26 2  69 . 2 94 6 7 . 634 - 2 . 084 7  

- 4 7 .  960 - 60 . 5 60 - 6 1 . 820  2 . 5 02 

- 2 7 . 96 0 - 4-0 . 5 60 - 4 1 . 7 80 1 . 7 98 
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The Lyapunov func t ion deve l oped by E l-Abi ad and Nagappan (4) i s  cho s e n  

i n  orde r t o  inc lud e  t h e  e f fe c t  of trans fer conduc tance s whi c h  are 

s pe c i f ica l ly g ive n i n  the prob lem . 

Acc ord ing ly , 

n- 1 n s � 
. s s ( ok - ok) ] + I I EkEJ. [ BkJ. { cos (ok-8J. ) - c o s ( ok-8 . ) }  k= l  j =k+l 

J 

+ Gkj { s in ( 8�- o; ) - s in ( cSk- cS i ) } ]  

The max imum va lue o f  V i s  V (  6i_ u , 
u 

cS 2 ' - cS u) ob ta ined by n 

(S . 8 )  

s ub s t i tu t i ng the co- ord i nates  of the uns tab l e  equ i l i br ium s ta t e  i nto 

e qua t i on 5 . 8 . The maximum va lue  of  V is ob taine d a s  1 . 7 98 . 

The c ompu ter pr ogram wh ich  inc lud es Runge -Ku t ta fourth- orde r 

approx ima te i n tegra t i on f or the three - machi ne sys tem and c a lcu l a t i on 

o f  V func t i on a t  every in�rement  of  t ime i s  g ive n in Append ix F .  

Ta ble  5 . 4 give s  the resu l t s  o f  this s tudy : the powe rs and powe r ang l e s  

o f  d i f fe re nt machine s  a s  t ime progre s s e s  a long the fau l t  tra j e c t o ry .  

From the tabu lated  res u l t s , the c r i t ica l c le ar ing time i s  fou nd t o  b e  

0 . 2 7 s ec onds . Thi s  re s u l t  i s ·  a conservat ive figu re bas e d  on  an  e s t ima te 

from Kimbark ( 1 5 ) . 



TAP.LE 5 . 4 .  
R U N G E - K U T T A  F O U R T H -OR D E R  A P P � Q X l � A T I O N 

T l  1-'E O E L T  A - ,'\ V E L - A  P tJ 'rl E R - A  C E L T A - B  V E L - B  P O W E R - [)  O E L T A - C  V E L -C ' P O W E R- C  
0 . 0 2 0 0 0 2 3 . 5 0 7 4 B  3 7 7 . 8 7 5 2 4  0 . 0 6 0 4 7 l 0 . 6 0 5 6 2 3 7 7 . 3 4 e a a  0 . 2 9 6 8 0 9 . 7 0 9 0 3  3 7 7 . 3 5 4 9 8  0 . 1 2 3 0 5 

o .  0 1, a o o  2 5 . C 2 B 0 5  3 / 8 . 7 5 7 3 2 0 . 0 6 5 4 2 l l . 2 2 £ 5 q 3 7 ? . 7 C 8 2 5  0 . 2 9 4 0 1  1 0 . 3 3 6 5 3  3 1 7 . 7 2 0 7 0 o . 1 2 c 1 2  

0 .  O L> O O O  2 7 . � 5 t � 9  3 1 9 . 6 3 4 0 3 O . C 7 2 2 3 l l . 2 5 l 6 5  3 7 3 . 0 6 7 8 7  0 . 2 9 0 1 4 1 1 . 3 8 3 6 9  3 7 8 . 0 8 7 4 0  o .  1 1 1 5 2  

0 . 0 1.1 0 0 0 3 1 . 0 8 5 8 0  3 d 0 . 5 0 2 9 3  0 . 0 8 0 7 9 1 3 . 6 9 3 1 4 3 7 8 . 4 2 8 2 2 0 . 2 8 5 2 0  1 2 . 8 5 1 8 4  3 7 8 . 4 � 5 5 7  0 . 1 1 3 5 3  

O . l G '.l C O  3 5 . 6 0 5 � 3  3 8 1 . 3 6 2 0 6  o . o 'rn ( H l 5 o 5 4 7 9 7  3 7 8 . 7 8 9 5 5  0 . 2 7 9 2 7  1 4 . 7 4 2 7 6  3 7 8 . 8 2 5 4 4 o . 1 o e a 1 

0 . 1 2 0 0 0  4 1 . 1 0 3 3 9 3 8 2 . 2 0 9 4 7 0 . 1 0 2 3 � 1 7 . 8 1 1 4 4  3 7 9 . 1 5 1 8 6  C . 2 7 2 4 2' 1 7 , 0 5 8 6 9  3 7 9 . 1 9 7 5 1 0 . 1 0 3 4 7 

0 . 1 4 0 0 0 4 7 . 5 6 4 8 7  3 8 3 . 0 4 14 6  0 . 1 1 4 92 2 0 . 5 0 2 7 2  3 7 9 .5 1 5 3 8 0 . 2 6 4 1 5  1 9 . 8 0 2 3 ?. 3 7 9 . 5 7 2 0 2  0 . 0 9 7 6 7 

O . l 6 C O O  5 4 . 9 7 3 8 6  3 b 3 . 8 6 2 7 9  0 . 1 2 8 \ 7 2 3 . 60 5 3 3  3 7 9 • 8 8 0 1 3 0 . 2 5 6 4 1 2 2 . 9 7 e 6 5  3 7 9 . 9 4 9 2 2  0 . 0 9 1 5 9 
O . l B C O O  6 3 . 3 1 3 0 3  3 8 4 . f 6 6 7 5  0 . 1 4 1 7 3 2 7 . 1 2 6 6 8  3 8 0 . 2 4 6 3 4 0 . 2 4 1 5 b  2 6 . 5 8 4 7 &  3 8 0 . 3 2 9 1 0 0 . 0 8 5 4 1 
0 . 2 0 0 0 0 7 2 . 5 6 4 3 2  3 8 5 . 4 5 4 5 9  O � l 5 5 l l  3 1 . 0 6 8 5 4  3 8 0 . 6 1 4 2 6 0 . 2 3 8 4 1 3 0 . 6 2 9 8 8  3 8 0 . 7 1 1 9 1  O .. O H4 0  

o . n c c o  8 2 . 7 0 9 2 l 3 8 6 . 2 2 6 5 &  0 . 1 6 7 7 8  3 5 . 4 3 2 9 5  3 8 0 . 9 8 3 6 4  C . 2 2 9 2 2  3 5 � 1 1 5 3 3 3 8 l e 0 9 7 6 6 0 . 0 7 3 8 1 

0 . 2 4 G O O  9 3 . 1 2 9 7 8 3 d 6 . 9 B 3 6 4  0 . 1 7 9 1 7  4 0 . 2 2 l 6 2  J S l . 3 5 4 7 4 c . 2 2 0 2 1  4 0 . 0 4 4 3 0 3 8 1 . 4 8 5 8 4 0 . 0 6 E 9 3  

o . 2 i c o o  1 0 5 . 6 0 9 7 4  3 s ; . 1 2 1 o s  0 . 1 8 8 6 6 4 5 . 4 3 6 4 2  3 8 ! � 7 2 7 5 4  o . 2 1 1 a s  4 5 . 4 1 9 4 9 3 8 1 . 8 7 6 46 0 .. 0 6 5 0 6  

0 . 2 ti C C O  1 1 8 . 3 3 4 5 &  3 8 8 . 4 5 8 9 8  0 .. 1 9 5 6 3  5 1 . 0 1 9 35 3 8 2 . l 0 1 8 l  0 . 2 0 4 3 2  5 1 . 2 4 3 5 6  3 8 2 . 2 6 8 8 0  o .. 0 6 2 5 3 

0 . 3 C C O O  1 3 1 . 8 9 2 4 9  3 8 9 ti l 8 2 1 3  0 . 1 9 9 4 5  5 7 . 1 5 1 9 3  ! 8 2 � 4 7 7 2 9  0 � 1 9 8 0 1 5 7 . 5 t 7 99 3 8 2 . 6 b 2 6 C  0 . 0 6 1 6 3  
0 . 3 2 G O O  1 4 6 . 2 7 5 3 6 3 8 9 . 9 C Q 3 q  O a l 9 9 5 1  6 3 . 6 5 5 � ?  3 8 2 4 6 5 � 0 0  O u i 9 3 l 7  6 � 0 2 4 4 0 �  3 8 3 . 0 5 0 6 8  0 . 0 6 2 0 8 
o . 3 4 C O o  l o l . 4 6 0 1 5  3 � 0 . 6 1 7 9 2  0 . 1 9 5 2 6  7 0 w 5 9 1 3 2  38 1 � 2 3 1 6 9 0 ,, 1 9 0 4 5  7 1 � 4 2 1 8 8  3 8 3 . 4 5 0 6 8  0 . 0 6 59 6  

O . l b O O O  l 7 7 . 5 0 8 6 l  3 9 1 . 3 3 9 8 4  0 . 1 8 6 2 1 7 7 . 96 0 2 2  3 8 3 -. 6 0 � 86 0 .. 1 8 9 8 9  7 9 . 0 5 0 4 2  3sj  .. a 4 3 0 2  0 . 0 1 1 7 0  

0 . 3 8 C O O  l q 4 . 3 6 8 9 7 3 9 2 . 0 7 1 7 8 0 .  l 1 l  9 4  8 5 . 1 6 2 7 4  l 8 3 . 9 8 8 Z B  o . 1 c w � o  8 7 . 1 2 7 3 5  3 8 4 . 2 32 9 1  o . o e o 1 2  

o . 4 t noo 2 1 2 . 0 16 0 1  192 . 8 1 9 6 2  0 . 15 2 1 7  ? 1 . 9 9 8 7 8  3 S � . 3�b2 l O &  196,n 9 5 . 64 9 1 7  384 . 6 19 1 4  o . 09 1 3 s  

Note : Time i s  i n  second s , ve l oc it ie s  are in radians / sec . , powe r is i n  
p e r  u n i t  and angles  are in degre e s . 

v 
0 . 0 0 9 9 
0 . 0 2 7 5 

o .  0 5 7 7  

0 . 1 0 2 0 

0 . 1 6 2 2 

0 . 2 4 0 7 

o .  3 4 0 0  

0 . 4 b 3 l 

0 . 6 1 3 0 

o .. 7 9 2 7  
l .. O C 4 9 

l .  2 5 1 9  

1 . 5 3 5 6  

1 . 8 5 6 9 

2 . 2 1 6 0 

2 . 6 1 1 9 
3 . 0 4 2 b  
3 . 50 4 7 
3 . 9 9 3 5 

4 . 5 0 2 7  

V M A X  

1 . 7 9 8 2  
1 . 7 9 8 2 

1 .  H 9 2  

i . 1 q a z  

t .  7 9 8 2  
1 .  7 9 8 2  
1 . 7 9 8 2 
t . 7 9 8 2  

1 . 7 9 8 2 

1 . 7 9 8 2 

1 . 7 9 8 2  

1 . 7 9 8 2 
1 . 7 9 8 2 

1 . 7 9 8 2 
1 . 7 9 8 2 

1 . 7 9 8 2  
l . 7 <; 8 2  
1 . 798 2 ' 
i . 1 9 e z  
i .  7 9 8 2  

+:-VI 



CHAPTER VI 

CONCLUS IONS 

Conven t i ona l me thods of s tab i l i ty ana ly s i s  i nvolve s ome fo rm o f  

numerica l i ntegra t i on of  t h e  sys t em di f fere n t ia l  e qua t i ons a nd 

p l o t t i ng of  the sw ing curves for a ra nge of fau l t  c l ear i ng times . 

Thi s techniqu e i s  advantageous i n  that  any ma thema t i ca l mod� l c a n  b e  

t ake n· into  ac count  wi thou t  much d i f f ic u l ty ,  bu t the re a r e  . three mai n  

d i s a dvant age s : 

1 .  T o  f ind the b ou ndary o f  the trans ient � tabi l i ty r e g i o ri the 

e qua t ions  mus t be in te gra ted for many i n i t i a l  c o nd i t i ons . Th i s  

i s  a n  expe ns ive and t ime - c ons umi ng task . 

46  

2 .  - The proce du re mu s t  b e  c arried  ou t se para.te ly for e ac h  

nume rica  1 . examp l e . Thi s  i s  part icu lar ly important a t  the des ign  

l eve l where  sys tem parame ters  are frequ ent ly chang e d . For d e s i gn 

purpos e s  i t  wou l d  be pre ferab le to  have ana ly t ica l expre s s i ons 

(even i f  c on s e rva t ive ) for the s tabi l i ty bou ndary in t e rm s  of the 

s ys tem parame ters . 

3 .  For lar ge i n te r c onne c te d  power sys tems extreme ly large 

c ompu ter  fa c i l i t i e s  are ne c es s ary to accurate ly re pr e s e n t  the 

high vo l tage grid . Becau s e  of large ine r t ias and l ong t ie s  i n  

such power sys tems , swi ngs mu s t  b e  ca lcu lated for s eve r.a l s e c onds , 

thu s i nvo lvi ng ex tens ive c ompu t e r time . 

Direc t  me thods l ike that  of  Lyapunov s tabi l i ty �na ly s i s  are the 

answer  t o  the s e  prob l ems . I t  shou ld be emphas i ze d , howeve r ,  tha t 

d irec t me thods do  not  exc lude s imu la t i o n . Lya pun ov ' s me th o<l ins tead of 
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extended s imu la t i on ,  subs t i tu t e s  c ompu t a t i on o f  the trans i e nt s tabi l ity 

re gion of the pos t - fau l t  sys tem . However , extens i�e p os t - fau l t  

s imu l a t i on i s  t he mos t cruc ia l and time - consuming pa rt  o f  s t ab i l i ty 

analy s i s  by c onve n t iona l c ompu ter  me thod s . 

Summar i z ing , the chie f advantage of  us ing Lyapunov ' s  dire c t  me thod 

i n  power sys tem s tabi l i ty ana lys i s  i s  tha t one need not  make t r i a l s  

f o r  t h e  va lue s  of  cr i t i c a l c lear ing t ime for a g ive n fau l t  type and 

l oca ti on .  A l te rna t ive l y ,  if the c lear ing t ime i s  a lready f ixed , i . e  

the c ircu i t  breaker has been  s e le c te d , i t  i s  not ne c e s s ary t o  ca l cu la t e  

t h e  swing cu rve dat a  beyond the swi tching t ime . Thi s adva ntage i s  

rea l i zed  becau s e  b y  ca lcu la t i ng the va lue o f  the V func t i on for the 

s t ate . var iab l e s  at  the c lear ing t ime and c ompar ing it w i th Vmax ' i t  

i s  pos s ib l e  t o  draw c onc lus ions abou t  s tabi l i ty .  Furthe rmo r e , i n  the 

c onve n t i onal technique , pred ic t i on of  s tab i li ty or ins tab i l i ty depe nds 

on s tudying the behavi o �f the swing curve over a s ma l l  i ni t ia l  per iod , 

wh i ch in  s ome c a s e s  may give fa l s e  re su lts . For examp l e , i t  may happe n 

that i ni t ia l ly the swi ng curve indicates  a tendency toward s ta b i l i ty and 

one may conc lude tha t the re s pe c t ive machine is s tab le ,  whe reas  the 

late r unc ompu ted par t  of the swi ng cu rve might have i nd ic a te d  

ins tab i l i ty . Such a s itua t i on cannot arise  wi th Lyapunov ' s  me thod 

b ecause  s a t i s fac t i on o f  this  crit erion predic ts · asympt o t i c  s tab i l i ty . 

The expre s s ions for v fu nc t i ons af ford a more quant i ta � i ve i ndica t ioq 

of the e f fe c t s  on the s ys tem s tabi l i ty for diffe re nt parame ter  variati ons . 

The s tab i l i ty measure t;. ,  de f ined and determined for var iou·s cond i t ions 

in Chapter IV , i s  a n  examp le of  thi s feature . From the res u l t s  o f  thi s 

s tudy i t  i s  shown tha t  the cri tica l cl ear ing time i ncreas e s  a s  the 
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i ne r t ia of  the mach i ne i s  i nc reased and de crea ses  a s  the me chanica l powe r 

i npu t  t o  the machi ne i nc rea s e s . Such a s tudy. can be  c ondu c ted  for the 

varia t i on of  �ny o ther s igni ficant sys tem parame te r and i s  . obvi ou s ly 

a ve ry u s e fu l  aid in de s ign . Convent iona l te chn iques wou l d  have 

resu lted  in an exce s s ive amount of c ompu ter t ime for an equ iva le nt 

s tudy . 

· Wi l l ems '  conj e c ture and the Lyapunov func t i ons de r ived i n  

Chapter I I I  resu l t  i n  a c ons iderab ly larger s tab i l i ty doma i n  than wha t 

was obtained by u s i ng the func t i on s ugge s ted by E l -Ab iad  and 

Nagappan (4) . Howe ve r , the forme r func t ions fai l  to inc lude  the e f fe c t s  

o f  trans fe r c onduc tanc e .  

One intere s t i ng but lab or i ous  as pec t of Lyapunov ' s  me thod whe n  

ana lyz ing mu l t imachi ne powe r s ys tems is  the eva lua t i o n  of  the pos t 

fau l t  s table  and u ns ta b l e  e qui l i brium s tates . The me thod o f  s tee pes t 

des cent  for s olution  and minimizat ion of s imu l taneou s  non l i ne ar 

equat i ons ( l 6) , thou gh pub l i shed as early as 1 94 9  and not  c i te d  in  

s t andard tex ts on opt imi z a t i o n ,  was found to be an exce l le n t  technique 

for eva lua t ing the l oca l minima . The me thod i s  of  irmne nse va lue whe n  

seeki ng l oc a l  mi nima i n  s imultane ou s  tr igonome tr ic equa.t i on s  wher e  a 

large number  of s olut i ons exis t . The rate of c onverge nce de pe nds 

s omewha t on the choice of  ini t ia l  c ondit i ons . I n  imp l eme n t i ng th i s  

te chnique the equi l i br ium point c lose s t to  the pre - fau l t  ini t i a l  

s tate was taken to b e  the s tab le  equi librium s ta t e . The uns tab le 

equi l ibrium s tate was eva lua ted by a random s earch . 
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The c r i tica l c learing t ime ob tained for the s i ngl e -mac hine s y s tem 

i s  exac t whi le that for the mu l t imachine sys tem s e ems rather 

c bn s erva t ive . One pos s ib le reas on is  tha t  the par t i cu lar V · fun c t i on 

chos e n  re l i e s  heavi ly on the tota l e nergy o f  the sys tem a s  vi ewe d from 

a synchronou s ly rota t i ng referenc e  and does not c ons ide r another 

s ign i f icant a s pe c t ,  the d i s t r ibu t ion o f  thi s e nergy i n  the sys tem . 

Addi t i onal te rms de s cr i b i ng the e f fe c t s  of  the d i s tribu t ion of  e ne rgy 

may be u s e d  t o  improve the Lyapunov func t i -0n to yi e ld a more ac curate 

figure for the c r i t i ca l  c lear i ng t ime-. 

An . a l terna t ive t o  the cu t - and - try me thod wou l d  b e  de s irab l e  f oi 

eva luating pos t - fau l t  s ta t e s . E l -Ab iad and Nagappan cons i dered  a n  

approx ima te  i ni ti a l  gue s s  b y  taki ng two machi ne s  a t  a t ime , find i ng 

the s tab l e  and uns tab le s ta t e s  for them and u s ing the s e  va lue s  fo r 

fur ther i terat ions u s ing the me thod of s te e pe s t  descent . Lud e rs ( 1 7 )  

a l s o  i nve s t iga ted this prob lem,  b u t  h i s  c ons ide rat i ons were  very 

g e nera l and c onc lu s ions  i nde finite . Appare nt ly th is  is a promi s ing area 

of  research and a l s o  the mos t s igni fi� ant in Lyapunov s tabi l i ty 

analys i s  o f  power s y s t ems a t  pre s ent . 

There are many oc currence s  i n · a time s eque nc_e of  eve n t s  fo l l owi ng 

a dis turbanc e , such as  ci rcu i re c l os ing ,  ge ne rator dr opping or s e ri e s  

c apac i t or swi tching . Mos t of  the s e  dis turbanc e s  can be take n c are o f  

ih a s tra i gh t - forward manner during the c ourse  o f  nume r ical  i ntegra tion 

a l ong the fau l t  tra j e c tory . The cas e of c ircu i t  rec l o� i ng i s  

i l lus trat ed i n  Chapter I V  and is shown t o  improve the s tabi l i ty meas ure 

a t the t ime c ons idered from a zero value to  more than 0 . 7 .  
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The nume r i c a l  inte gra t ion o f  the sys tem d i f ferent ia 1 equ a t i on s  wa s 

c arr ied ou t by Runge - Ku t ta fou r th- orde r approx ima t i on . · The s e l e c t i on 

was made on the bas i s  o f  c onve nience i.n compu ta t ion a:nd max imum 

a c curacy of re s u l t s . The t ime in terva l  was t ake n to be 0 . 02 s e c ond 

when the trans ient  per iod was. not sub j ec ted t o  a s e ri e s  of d i s turbanc e s  

a s  i n  the c a s e  whe re aut oma t i c  rec l os ing was emp l oye d . Wi th · the 

i n troduc t ion of  au t oma t ic rec l os ing the t ime i nterva l was r educed t o  

, 0 .  01  s e c ond t o  impr ove ac curacy . The ,res ul t s  o f  swi ng curve data  agree 

w i th c orre s pond ing va lue s  ob ta i ne d  through conventi ona l  t e chniques  

by Kimbark ( 15 ) , for the swi ng a l ong · the fau l t  t raj ec.t
.
ory � 

An ab s o lute ly accurate repre sentation of  a powe r sys tem i nvo lve s 

vol tage regu lators , gove rnor s , re lay ing s chemes , pha s e  s hi fte rs and 

o ther contro l devices . Thu s , the sys tem mode l no l onger appears 

s imp le and i n  seve ra l  cases  become s nonau tonornous .  Lyapu nov s tabi l i ty 
.. 

ana ly s i s for nonau ton omou s nonl i near systems i s  comp lex a nd not we l l -

deve l oped . Ge nera t i on of opt imum Lyapunov func t ion s i s  a pote nt ia l ly 

important area of res earch . However , at the pre s ent s ta te o f  the ar t , 

there . i s  no  doubt  tha t  Lyapunov s tab i li ty eva luation  i s  a very 

promi s ing and app l i cab le t echnique when a s omewha
.
t cons erva t ive re su l t  

i s  acc eptab le . The Lyapunov technique may be pre ferred ove r labori ou s 

and �xpens ive d igi ta l s imu l a t ion s , e s pec ia l ly a t  the de s ig n  l eve l , a nd 

i t  may be  re a s onab le  t o  fore see , wi thin the ne ar fu ture , the par t ia l  

o r  comple te rep lacement o f  convent iona l  techniques by this  new d irec t 

me thod . 
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APPENDIX .A 

EXAMPLE OF A THREE -MACHINE MODEL 

For a three-machine sys tem de s c ribed by the equ iva le nce  o f  the 

s ta te vec tor d i f fe ren t ia l  equa t i on ( 3 . 4) and the sys tem d i f fe rential  

e qua t i on ( 3 . 1 ) ' the ve c tors  a nd mat rice s bec ome : 

- a 1 /M1 0 0 0 0 0 

0 - a2 /Mz 0 0 0 0 

A = 0 0 - a
_
3 /M3 0 0 0 

. D = 

B = 

1 

0 

0 

CX ( t )  = O"' = 

1 - 1  0 

1 0 

0 1 

- 1  

- 1  

E i Ez B1 z lM1 

- E 1Ez B 1z lM2 

0 

0 

0 

0 

0 

1 

0 

z l - Z z 

Z 1 - Z 3 

Z z - Z 3 

E1 E3B1 3 /M1 

0 

- E1 E3B 1 3 /M3 

0 

0 

0 

0 0 0 0 

0 0 0 0 

1 0 0 0 

0 0 0 1 - 1  0 

c = 0 0 0 1 0 - 1  

0 0 0 0 l - 1  

0 

EzE3 Bz 3 IM2 

- EzE3 Bz 3 IM3 

0 

0 

0 

5 4  



A PPENDIX B 

a .  CONSTRUCTION OF LYAPUNOV FUN CTIONS 

Suppos e  N i s  a pos i t ive de fini te d iagona l (mxrn) ma t rix , Q a 

pos i t ive s emidefini te diagona l (mxm) ma trix , C an ,(mxn) ma t r:l. x , 

5 5  

B a n  ( nxm) matrix , A an ( nxn) ma trix and I t he (nxn) iden t i ty ma t r ix .  

The n there ex is t s  a pos i t ive defini te s ymme t ric ma t r ix- P s a t i s fying 

t he equa t i on s , 

PA + AT P = - LLT 

PB = C TN - LW + ATcTQ 

wTw = QCB + BTcTQ 

( B .  l ) 

wher e  W and L _are aux i l i a ry s quare matri ces . The above t he o rem has 

been prove n by Ander s on ( 9 )  and i s  used  to  c ompu te Lyapunov fu nc t i ons 

for the sys tems de f ine by equat�on ( 3 . 4 ) . A us e fu l  Lyapu nov fu nc ti on 

for thi s sys tem from Ander s on ' s  the orem i s  

v (x) = xTrx + 2f
x 

f (  a ) T Q d a 
0 

whi ch i s  pos i t ive definite  i f  oi fi ( o i ) > 0 for a l l  

cr . ( i = 1 ,  2 , . . . m) • 1 

(B . 2 )  

The· de riva tive o f  the V func t i on for the so lu tions o f  the sys tem 

e qua t i on ( 3 . 4 ) is  

V (X) = XT PX + XT PX + 2 f ( CX)
T 

CX ( B . 3 )  
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S ub s t i tu t i ng . from (3 . 4 ) and (B . l) ,  

(B -. 4 )  

a n d  i s  negat ive s emid e fini te i f  the same cond i tions  on  the non l i near i ty 

hold . I n  the par t i cu lar cas e tha t N = O nm ' 

V (X) = -[xTL - f (Cx) T wT} { LTX - Wf ( CX)} 
i s  n�gat ive s emide f in i t e  for any nonl inearity f ( a ) .  

b .  SOLUTION OF PARTICULAR MATRIX EQUATION 

C ons i der the e qua t i on 

YDT = 0 
run 

( B . 5 ) 

(B . 6 ) 

whe re Y i s  an unknown symme tric ( nxn) mat r ix ,  D i s  an (mxn) ma trix , 

a s  def ined in Chap ter I� , and Onm is  an ( nxm)  matrix wi th a l l  z e ro 

e l eme nt s . The matr ix DT conta ins m = n {n- 1 ) /2 c 6 lumns a nd each 

c o lumn conta ins only two non- z e ro e lements  (Appendix A) � + 1 on the 

i th  row and - 1  on the j th row, s o  tha t any ( i , j )  pai r  i s  i n c luded .  

· The n , . a l l the e l eme n t s  on the s ame row of Y are e qua l . Moreover ,  

s i nce y i s  symme t ri c , i t  fo l l ows tha t a l l  e leme nt s o f  Y are equa l . · 

Hence , a ne ces s ary and s u f fic ient cond i t i on for· a sym:ne tr ic ma trix t o  

b e · the s o lu t i on o f  ( B .  6 )  i s  tha t the ma trix has the f orm Y = l.1 1  

· whe re µ i s  a s c a lar cons tant and 1 i s  an nxn ma t�ix with a l l  

e l ements  equa l t o  1 .  

I . 



A P P E N D I X  C -

PE R F O RMA N C E O F  T H E  S E C O N D  O R D E R  P O W E R  S Y S T E M  

R E A L M , K , L 

D I M E N S I O N K ( 4 ) , L ( 4 )  

H = 2 . 7 6 

P M= 0 . 8  

K K= O  

7 7  K K = K K & l  

I F ( K K . E Q . 7 ) G O  T O  1 1 1  

W R I T E ( l 2 , 1 7 7 ) P M 

1 7 7  F O R M A T t l H l , l 2 X , 2 6H M EC H A N I C A L  P O W E R  I N P U T = , 1 F 5 . 3 , 5 H P . U . ) 

w R I T E ( 1 2 , 1 5 l  

1 5  F O R M A T t l H 0 , 1 2 X , 4 H T I M E , l O X , 3 H V E L , l O X , 5 H O E L T A , 8 X , 2 H P T , 1 2 X , l H V , 8 X , 4 H Z  

C E T A l  
A = 2 . * 3 . 1 4 l 6 * 6 0 . 

T = O .  

W = A 
C l = 2 . 5 8 

C 2 = 0 . 9 3 6 

C 3 = 2 . 0 6 

D E L = A T A N � ( P M / C l ) / ( S Q R T ( l . - t P M / C l ) * * 2 ) ) )  

D E L O = D E L 
C D T = 0 . 0 2 

I 40 J =  1 

M = H / ( 3 . 1 4 1 6 * 6 0 . )  

T = T & D T 
l f ( A B S ( T - 0 . 5 8 ) ) . L E . 0 . 0 1 ) G O T O  7 2  
T = T & O T  

G O  T O  4 4  
7 2  T = 0 . 6 0 0 0  

l.11 
........ 



4 4  I F C T . G T . l •. ) G O  to 1 0 0  
F = W  
D E L Z = D E L  
K ( J ) = ( W - A ) * D T  
G O  T O  6 0  

6 1  L ( J ) = l l . / M l • l P M - P T ) *D T  
D E L = D E L Z & K ( J ) / 2 .  
N = J 
J = 2  
K l J l = l l W & L ( N ) / 2 . ) - A l *D T  
GO T O  60 

6 3  L ( J ) = ( l . / M ) * l P M- P T ) * D T  
D E L = D E L Z f. K t J ) / 2 .  
N = J 
J = 3 
K ( J ) = ( ( W & L l N l / 2 . ) - A l * D T 
G O  T O  6 0  

6 5  L ( J ) = ( l . / M ) * ( P M - P T ) *D T  
D E L = D E L Z &K ( J ) / l .  
N = J  
J = 4  
K ( J l = l l W & L l N ) / 1 . ) - A ) * O T  
G O  T O  6 0  

6 7  L ( J ) = ( l � / M ) * ( P M- P T l * D T  
D E L = b E L Z & l l . / 6 ) * ( K { l ) & 2 . *K ( 2 ) & 2 . * K { 3 ) & K ( 4 ) ) 
D E G = D E L * l B 0 . / 3 . 1 4 1 6 
W = F f. ( l . / 6 . ) * l l ( l ) & 2 . * L ( 2 ) & 2 . * l ( 3 J & L ( 4 ) ) 
0 2 = A T A N ( l P M / C 3 ) / S Q R T C l . - < P M / C 3 ) * * 2 ) )

. 

X = D E L - 0 2  
Y = 3 . 1 4 1 6 - D 2 * 2 ·  
U= W- A 
V = ( U * * 2 ) / 2 . & l . / M* ( - PM • X - C 3 * C O S ( X & D 2 ) & C 3 * C O S { 0 2 J ) 
V M A X = ( l . / M l • t - P M • Y -C 3 * C D S C Y & 0 2 ) & C 3 * C 0 S l 0 2 ) ) 

C A S T A B I L I T Y  M E A S U R E  I S  D E F I N E D A S  Z E T A : ( l� V / V M A X ) 
C D I F F E R E NT . V A L U E S  O F  Z E T A  A R E  C O M P U T E D  F O R  D I F F E R E NT V A L U E S  O F . T I M E  
C A N D  D I F F E R E N T  V A L U E S  O F  M E C H A N I C A L  POW ER I N P U T 

V1 00 



C Z E T A  E Q U A L S  U N I T Y  A T  T H E  S T A B L E E Q U I L I B R I U M  P O I NT A N O  B E C OM E S  Z E R O 
C A T T H E  U N S T A B L E  � O I N T .  

Z E T A = l . - ( V / V M A X ) 

· W R I T E ( l 2 , 1 7 ) T , W , DE G , PT , V , Z E T A  

1 7  F O R M A T t l H , 9 X , 1 F l 0 . 6 , l f l 4 . 6 , 1 F l 3 . 6 , l F 1 2 . 6 , 2 X , l F 9 . 4 , 3 X , l F 8 . 6 )  

l f ( V . G T . V M A X . A NO . ( V - V M A X ) . G E . 5 . ) G O  T O  1 0 0 

G O  T O  4 0  

6 0  P T  = C 2 * S I N < D E L ) 

7 0  I F { J - 1 ) 6 1 , 6 1 , 6 2 

6 2  I F l J - 2 ) 6 4 , 6 3 , 6 4 

6 4  I F ( J - 3 ) 6 6 , 6 5 , 6 6 

6 6  l f  ( J - 4 ) 6 8 , 6 7 , 6 8 

6 8  G O  T O  7 0  
1 0 0  W R I T E ( l 2 , 9 9 ) V M A X  

9 9  F OR M A T ( 1 H O , S O X 9 6 H V M A X  = , l f 9 . 5 ) 

P M = P M & 0 . 2  
GO T O  1 1  

1 1 1  S T O P  
E ND 

V1 
\.0 



A P P E N D I X  0 

· P E R F O R M A N C E  W I T H A U T O M A T I C R EC L O S I NG 

R E A L M , K , L  

D I M E NS I O N K f 4 ) , L ( 4 )  
H = 2 . 7 6 

P M = l . 4  
K K = O  

7 7 K K= K K & l 
I F ( K K . E Q . 7 )  G O  T O  1 1 1  

W R I T E ( l 2 , 1 7 7 ) P M · 

1 7 7 F O R M A T t l H l , 1 2 X , 2 6 H M E C H A N I C A L  P O W E R  I N PU T = , l f 5 . 3 , 5 H P . U . ) 

W R I T E (  1 2 , 1 5 )  

1 5  F OR M A T ( l H 0 , 1 2 X , 4H T I M E , l O X , 3 H V E L , l O X , 5 H D E L T A , 8 X , 2 H P T , 1 2 X , l H V , 8 X , 4 H Z  

C E T A 1 
A = 2 . * 3 . 1 4 1 6 * 6 0 .  

T = O .  

W = A  

C l = 2 . 5 8 

C 2 = 0 . 9 3 6  

C 3= 2  . 0 6 

D E L = A T A N ( { P M / C l ) / ( S Q R T ( l . - ( P M / C l ) * * 2 l t )  

D E L D = O E L  

D 2 = 0 E L O 
• 1 D T = O . O l  

4 0  J = l 
M = H /  l 3 . 1 4 1 6 * 6 0 ·. ) 

T = T & O T  

I F ( T . G T . 0 . 5 )  G O  T O  1 0 0  

F = W  

O EL Z = D E L  
K ( J ) = ( W- A l * D T 

GO T O  6 0  CJ\ 0 



c 

6 1  l ( J ) = ( l . / M ) * ( P M - P T ) * D T  
O E L = D E L Z & K ( J ) / 2 .  
N = J 
J = 2  
K ( J ) = ( ( W &l l N ) / 2 . ) - A ) * DT 
G O  T O  6 0  

6 3  L t J ) = ( l . / M ) * ( P M - P T ) * D T  
D E L = D E L Z & K t J ) / 2 .  
N = J  
J = 3  
K ( J ) = ( ( W & L ( N ) / 2 . ) - A ) * D T  � 
G O  T O  6 0  

6 5  L ( J ) = ( l . / M ) * ( P M - P T ) * D T  
D E L = D E L l & K ( J ) / l . 
N = J 
J = 4  
K ( J ) = ( ( W & L ( N ) / 1 . ) - A ) * D T 
G O  T O  6 0  

6 7  L ( J ) = { l . / M ) * ( P M - P T ) * D T  
D E L = O E L Z & ( l . / 6 ) * ( K ( l ) & 2 . *K ( 2 ) & 2 . * K ( 3 ) & K ( 4 ) J 
D E � = D E L * l 8 0 . / 3 . 1 4 1 6  
W = F & < l . / 6 . } * ( L ( l ) & 2 . *L l 2 ) & 2 . • L ( 3 J & L ( 4 } ) 
Y = 3 . 1 4 1 6 - 0 2 iet 2 . 
X = D E L- 0 2  
U = W- A 
V =. < U * � 2 ) / 2 . & l . / M * ( - P M * X - C 3 * C O S { X & 0 2 ) & C 3 * C O S l 0 2 ) ) 
V M A X = ( l . / M } * { - P M * Y -C 3 *C O S ( Y & 02 ) & C 3 * C O S ( 0 2 } ) 
Z E T A = l . - ( V / V M A X ) 
W R I T E f  1 2 , 1 7 ) T , W , D E G , P T , V , Z E T A 

1 7  F OR M A T ( l H t 9 X , 1 F l 0 . 6 , l F 1 4 . 6 , 1 F l 3 . 6 , l F 1 2 . 6 , 2 X � l F 9 . 4 , 3 X , l F 8 . 6 ) . 
I F { T . G E . t l . / b . ) J  G O  T O  1 0 0 
GO T O  4 0  

6 0  P T  = C 2 * S I N < D E L )  
A U T O M A T I C  C I R C U I T  R E C L O S I N G E M P L O Y E D  

0\ 
1-1 



. I 

I F ( T . G E . ( 8 . / 6 0 . ) . A N O . T . L T . l l . / 6 . 0 ) ) P T = C 3 * S I N ( DE l ) 
I F ( T . G E . ( 6 . / 6 0 . ) . A N D . T . L T . ( 8 . / 6 0  • . ) ) P T = C 2 * S I N ( O E L ) 
I F < T . G E . ( 4 . / 6 0 . ) . A N D. T . L T . ( 6 . / 6 0 . ) )  P T = C 3 • S I N < DE L ) 
l F ( T . G E . { 1 . / 6 . 0 ) ) P T = C l * S I N t DE l l 

1 0  I F ( J - 1 ) 6 1 , 6 1 . 6 2  
6 2  I F ( J - 2 ) 6 4 , 6 3 , 6 4 
6 4  I F ( J - 3 ) 6 6 , 6 5 , 6 6 
6 6  I F ( J - 4 ) 6 8 , 6 7 , 6 8  
6 8  G O  T O  7 0  

1 0 0  W R I T E l l 2 , 9 9 ) V M A X  
9 9  F O R M A T ( l H 0 , 5 0 X , 6 H V M A X  = , 1 F 9 . 5 )  

1 1 1  S T O P  

E N D  

O'\ N 



A P P E N D I X  E 

M I N I M I Z AT I O N B Y  T H E  M E T H O D  O F  S T E E P E S T D E S C E N T  

C B O O T H S  I N T E R P O L AT I O N F O R MU L A  I S  U S E D  T O  C O M P U T E T H E  I N C R E M E N T S I N  

C T H E  V A L U E S  O f  D I F F E R E N T  R O T O R  A N G L E S .  

R R = 3 . 1 4 1 6 * l . / 1 8 0 .  

K = O  

L = O  

K K = O  

W R I T E t l 2 , 6 6 )  

6 6  F O R M A T ( l H 0 , 2 0 X , 4 0 H P O S T  F A U L T S T A B L E  E QU I L I B R I U M C O N O I T I ON S t 

WR I T E l l 2 , 4 4 )  

4 4  F O R M A T l l H 0 , 3 0 X , 2 H O A , 1 3 X , 2 H O B , l 3 X , 2 H DC t 2 1 X , 2 H S O ) 
D A 0 = 2 3 . • 3 . 1 4 1 6 / l 8 0 .  

D B O = l 0 . 4 * 3 . 1 4 1 6 / 1 8 0 .  

D C 0 = 9 . 5 * 3 . 1 4 1 6 / l 8 0 .  

C T H E F I R S T G U E S S  F O R M S  T H E  A NG L E S  O F  T H E  P R E - F A U L T  E Q U I L I B R I U M  

C C O N D I T I O N S . T H E S E  V A L U E S  A R E  C L O S E  T O  T H E  P O S T- F A U L T E Q U I L I B R I U M 

T l = 7 9 . 5 * 3 . 1 4 1 6 / 1 8 0 .  

1 2 = 7 9 . 2 • 3 . 1 4 1 6 / 1 8 0 .  

1 3 = 7 7 . 4 • 3 . 1 4 1 6 / 1 8 0 . 

6 0  O A = O A O 

0 8 = 0 8 0  
D C = O C O  

I f  t l . G E . 1 2 ) G O  T O  1 1 1  

I F C K K . G T . 3 0 0 ) G O  T O  1 1 1 

P = l . 3 * C O S ( T l - O A & 0 8 ) & 0 . 5 9 *C O S C T 2 - D A & QC ) - 0 . 7 6 

Q = l . 3 * C O S ( T l - O B & O A ) & 3 . 0 9 * C O S C T 3 - D B & OC ) - 0 . 6 9 

R = 0 . 5 9 * C O S ( T 2 - D C & O A l & 3 . 0 9 * C O S ( T 3 - D C & D B ) - 0 . 5 7 

S O = P * * 2 & 0 * * 2 & R * * 2  

A D = D A * l 8 0 . / 3 . 1 4 1 6  °' w 



B D = D B* l 8 0 . / 3 . l 4 1 6 
C O = O C * l 8 0 . / 3 . 1 4 1 6  
W R I T E l 1 2 , 3 3 ) A O , B O , C O , S O  

3 3  F O R M A T ( l H 0 , 2 0 X , 3 F l 5 . 5 , l O X , l F 1 5 . 5 ) 

1 5 1 l F ( L . G T . l O . A N O . K . GT . 2 5 1  G O  T O  1 1 1 

I F ( L . G E . l . A N O . S O . L E • •  0 0 0 1 )  G O  T O  1 4 4 

I F l L . E Q . l . A N D . K . G T . 7 5 )  G O  T O  1 4 4 

I F ( L . G T . l . A N D . K . G T . 2 5 )  G O  T O  1 4 4  
l F l S O . L E . 0 . 0 0 0 1 ) G O  T O  1 0 0 
S A = 2 . * P * ( l . 3 * S I N t T l - D A & O B ) g . 5 9 * S I N f T 2- 0 A & D C ) ) & 2 . * Q * ( - l . 3 * S I N ( T l - D B 

C & D A ) ) & 2 . * R * ( - 0 . 5 9 * S I N ( T 2- 0 C & D A ) ) 
S B = 2 . * P * ( - l . 3 * S I N ( T l - D A & OB ) ) t 2 . * Q * ( l . 3* S I N ( T l- D B & O A ) & 3 . 0 9 * S I N < T 3- D  

C B & O C ) } � 2 . * R * l - 3 . 0 9 * S I N C T 3 - 0 C & O B ) }  

SC = 2 . * P * ( - 0 . 5 9 * S I N l T 2 - D A & O C ) ) & 2 . * Q * ( - 3 . 0 9 * S I N l T 3-D B & O C ) ) & 2 . * R * ( 0 . 5 

C 9 * S l N l T 2 - D C £ D A ) & 3 . 0 9 * S I N ( T 3 - 0C & O B ) ) 
U =- S 0 / ( S A * * 2 & S B * * 2 & S C * * 2 ) 

· E O A = U * S A 
E O B = U * S B  

E O C = U * S C 
DA = D A O & E O A / 2 . 

D B = D B O &· E O B / 2 . 

O C = O C O & E O C /2 .  
P = l . 3 * C O S ( T l - O A & O B ) & 0 . 5 9 * C O S C T 2 - D A & D C ) � 0 . 7 6 

Q = l . 3* C O S t T l -D B & D A l & 3 . 0 9 * C O S t T 3 - D B & OC ) -0 . 6 9  

R = 0 . 5 9 * C O S ( T 2 - 0 C t O A ) & 3 .· 0 9 * C O S t T 3- D C & O B ) - 0 . 5 7 
S H = P * * 2 & Q * * 2 & R * * 2  

D A = O A O & E O A _ 

D B = lJ B Of. E O B  

O C = O C O & E OC 
P = l . 3 * C 0 S t T l - O A & D B ) &0 . 5 9 * C O S t T 2- 0 A & O C ) - 0 . 7 6 
Q = l . 3 * C O S ( T l - D B & O A ) & 3 . 0 9 * C O S ( T 3- 0 B & OC ) - 0 . 6 9 
R = 0 . 5 9 * C O S ( T 2 - D C & D A ) & 3 . 0 9 *C O S ( T 3 - 0 C & D B > - 0 . 5 7  

S l = P* * 2 & Q * *2 & R * * 2  
0\ +' 



E = - ( ( S l - 4 . * S H S 3 . * S 0 ) / ( 4 . * ( S l - 2 . * S H & S O ) ) ) * ( S 0 / ( S A * * 2 S S B * * 2 & S C * * 2 ) )  

E A = E * S A 
E B = E * S B 

E C= E * S C  
D A O = D A O & E A  

O B O : O B O & E B 
D C O = OC O & E C 

K = K & l 

K K = K K & l 
G O  T O  60 

10 0 L = l & l 

K = O  

O A O = l 4 7 . 7 * R R 

D B 0 = 5 . 3 * R R 

OC 0 = 9 . 4 5 *RR 
W R I T E l l 2 , 7 7 l  

7 7  F OK M A T l l H 0 , 2 0 X , 4 2 H P O S T  F A U L T UN S TA B L E  E Q U I L I B R I U M C O N D I T I O N S ) 

GO T O  6 0  

144 L = L + l 

W R I T E ( l 2 , 7 7 )  

K :; Q 

.X Y = L * 5  

0 B O = l 0 . 4 * R R � x v • R R  
• !. D C 0 = 9 . 5 * R R - X Y * R R  

X X = L * 2 0  
O A 0 = 7 0 . * R R £ XX * R R  

I F ( L . L T . 3 )  D A 0 = 7 0 . * R R  

G O  T O  6 0  

1 1 1 S T O P  

E N O 

0\ V1 



c 

A P P E N D I X F 

S T A B I L I T Y A N A L Y S I S  O F  A M U L T I - M A C H I N E S Y S T E M  

I N T E G E R  H , Z 
R E A L M , L , K  

D I M E N S I O N 0 ( 3 ) , 0 0 ( 3 ) , 0 l ( 3 ) , F ( 3 ) , K ( 3 , 4 ) , L ( 3 , 4 ) , M ( 3 ) , P M ( 3 ) , P ( 3 ) , 0 E L (  

C 3 ) , S ( 3 ) , U ( 3 ) , E ( 3 ) , 8 ( 3 , 3 ) , G ( 3 , 3 ) , W ( 3 ) , Q ( 3 ) , C { 3 , 3 ) , Q ( 3 , 3 )  

R == 3 . 1 4 1 6 / 1 8 0 .  

D T = 0 . 0 2 

Q ( l , l ) = - l . 6 6 
Q ( 2 , 2 ) = - 4 . 5 4  

Q ( 3 , 3 ) =- 3 . 6 8  

Q (  l , 2 ) = 1 . 1 0 

Q ( l , 3 ) = 0 . 4 9 3  

Q ( 2 , 3 ) ::: 2 . 9 8  

C t l , U = 0 . 0 3 

C { 2 , 2 > = 1 . 5 8 
. C ( 3 , 3 ) = 0 . 3 3 

C < l , 2 > = . 2 0 5  

C C 2 , 3 ) = 0 . 6 6 

C ( l , 3 ) = 0 . 0 9 3  

D O  l 8 J :  l t  2 

· : DO  l 8 I = 1 ,  3 

C ( I , J ) = C  ( J ,  I } 
Q ( I , J ) = Q ( J , I )  

P M ( l ) = P ( l )  
1 8  C O N T I N U E  

A = 3 7 6 . 9 9  

V = O . 

"' "' 



T = O . 
D A T A  W / 3 * 3 7 6 . 9 9 / , L / 3 * 0 . /  
DO 9 H =  1 , 6 
R E A O t l l , 1 0 ) 1 , J , G G , P P , A A , B B , C C , O O , E E , F F  

1 0  F O R M A T C 2 I l , 7 F l 0 . 4 , l F 8 . 6 )  
l F ( H . GT . 3 1  G O  T O  8 

P M ( J ) = A A  

S ( J ) = B B * R 

U ( J ) = C C * R  

O ( J ) = D O * R  

E t J ) = E E  

M { J ) = F F  
D O ( J ) = O ( J ) 

8 G ( l , J ) = G G  
G ( J ,  I ) = G  ( I , J ) 
B ( l , J ) = P P  
B ( J , I ) = B  ( I , J )  
W R I T E t l 2 , 7 ) 1 , J , G G , P P , A A , B B , C C , O D , E E , F F 

7 F O R M A f ( l H  , 2 I 2 , 8 F l 2 . 4 )  
9 C O N T I N U E  

W R I T E  ( t2 t. 3 ) 
3 F O R H A T ( 1 H l , 3 5 X , 3 8 H R U N G E - K U T T A  F OU R T H  O R D E R  A P P R O X I M A T I O N > 

1 6  W R I I E C 1 2 , 8 9 )  
· 8 9 F O R M A T ( l H 0 , 4 X � 4 H T I M E , 4 X , 7 H O E L T A- A , 3 X , 5 H V E L - A , 5 X � 7 H P OW E R - A , 3 X , 7 H O E L 
.

. C T A - 8 , 3 X , 5 H V E L - B , 5 X , 7 H P O W E R - B , 3 X , 7 H D E L T A- C , 3 X , 5 H V E L - C , S X , 7 H P O W E R- C , 

C 6 X , 1 H V , 8 X , 4 H V M A X ) 
V M = l . 7 9 8 2  

4 0  N = l 

C C = O . 

T = T & O T  

°' 
........ 



I F ( T . G T . 0 � 4 >  G O  T O  1 1 1  
D O  5 1  I = l , 3  
F ( I ) = W  ( I ) 
O Z ( l ) = O ( I )  

5 1  C O N T I N U E  
D O  5 9  J = l , 4  
DO 5 2  I = l , 3 
K ( l , J ) = { W ( l ) & ( L ( l , N ) * C C ) - A ) * D T  

5 2  C O N T I N U E  
I F < J . E Q . l )  G O  T O  4 9  
D O  4 7  Z = l , 3 
I f ( J . L E . 3 )  O ( Z ) = O ( Z ) & K ( Z , J ) / 2 .  
I F ( J . E Q . 4 )  O ( Z ) = O ( Z ) & K t Z , J )  

4 7  C O N T I N U E  I 

4 9  P ( l ) = O . l * C O S ( 8 6 . * R - 0 ( 1 ) & 0 ( 2 ) ) & 0 . l * C O S ( 8 6 . 7 * R - 0 ( 1 ) & 0 ( 3 ) ) 
P ( 2 ) = 0 . 2 4 & . l * C O S ( 8 6 . • R - 0 ( 2 ) & 0 ( 1 ) ) & . 6 8 * C O S ( 8 4 . 7 * R - 0 ( 2 ) & 0 ( 3 J ) 
P ( 3 ) = . 0 9 & . l � C O S ( 8 6 . 7 * R - 0 ( 3 ) & C D ( l ) ) ) & . 6 8 * C O S ( 8 4 . 7 * R- D ( 3 ) & 0 ( 2 J )  
D O  7 0  I = l , 3  

L ( I , J ) = ( l . / M ( l ) ) * ( P M ( l l - P l l ) ) * O T  
7 0  C O N T I N U E  

N = J  

I F { J . L T . 3 ) C C = 0 . 5 

I F < J . E Q . 3 )  C C = l • 

. , 5 9  C O N T I NU E  
D O  7 5  I = l , 3  
D ( l ) = D Z l l ) & ( l . / 6 . ) * ( K ( I , l l & 2 . * K ( l , 2 l & 2 . • K ( l , 3 J & K t l , 4 ) ) 
W ( l ) = F ( l ) & ( l . / 6 . ) * ( L ( l , 1 ) & 2 . * L ( l , 2 ) & 2 . • L ( l , 3 ) & L ( l , 4 ) ) 
D E L { l ) :: Q ( l ) / R 

. 

O ( l ) = W ( l ) - A 
7 5  C O N T I N U E  

°' CX> 



V V = O . 

W W = O . 
D O  8 0  I = l , 3  
\.J W = W \� & O . S * M ( I  ) * ( 0 (  1 ) * * 2 ) fa ( ( £ (  I > * * 2 ) * C ( I ,  [ ) - P M (  I )  ) * ( 0 (  I > - S (  I ) )  

8 0  C O N T I N U E  
D O  9 2  Z = l , 2  
H = Z l: l  
D O  g z  J = H , 3 

V V = V V £ E ( Z ) * E ( J l * ( Q ( Z , J l * < C OS ( S ( l ) - S ( J ) ) - C Q S ( O ( Z ) - 0 ( J ) ) ) & C ( Z , J ) * ( S I 

C N ( S ( l ) - S ( J ) ) - S l N ( O ( Z ) - O ( J l J ) )  
9 2  C O N T I N U E 

V = V V + W W 

� � I T � ( l 2 , 8 8 ) T , ( O E L ( l ) , W ( l ) , P ( l ) , 1 = 1 , 3 ) , V , V M 

8 8  F U R M A T ( l H , l F 9 . 5 , 9 F l 0 . 5 , 2 X , 2 F l 0 . 4 )  

GO T O  4 0  
. 

1 1 1  S T O P  
E N O 

0\ \0 
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