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Chapten 1
INTRODUCTION

PoYlutiony 'im its various'foemsisirapidly becoming a
major social and economic preblem. It isanreconomic preblem
because it affects society's common property’ resources sidch
as<a¥r and -water. The topic 'of Follwt ientaFise s vindconenie
Ifférature tas'it 'reaches dangerdus levelsiin mamprparts of
the world and its relation to production and consumption is
recognized.

Of the many terms economists use in discussing quanti-
pigdsand typessef pollution, the term residuals will be usgd
most often in this paper. A residual can be defined as a by-
ptodict waste material that 'is not predwectively usedfbut . whiich
is somehow disposed. To this definition can be added compar-
ablé 'tangible' and intangible side efifectsw Thewéffcot GEN
residual in society is to lessen physical well-being and/or
the psychic satisfaction of living.1

The effecté of pollution in the form of residuals on
physical and mental well-being relate directly to welfare
theory. It has been suggested that social welfare will in-
crease with growth in the economy (and the accompanied growth

in pollution) until a point is reached beyond which social

1Jce S. Bain, Environmental Decay (Boston: Little,
Brown and Company, 1973), pp. 9-10.




welfare declines.? This point of viewuregands somermix ;of
growth and pollutioh as optimalas related ta  sogialdsuc 16arhs
This optimal mix.can be determined jbyigan gnaliyysis. of (the jtgade-
off between pollution and per capita consumption.

An optimum point can also be determined in welfare
theory by equating the private .cost of ,prnedyetien withaihe
social cost of production. - Pollution is . agumally notsgionsid-
ered .a cost by the producer since he is onlysinterested im
the relevamnt direct costs. The social cost of production on
the other hand includes all direct and imadiisect pedsis shiliiie
indirect costs include any costs imposed on othews ;suchias
noise, heat, smoke, etc.

A flow of residuals in ithe productigmsprocess e igan
be ,seen to cause a non-optimal welfare positiidmiSncesecial
cost of production will be  greater than pwmivate .coSith o fapiie
duction. In this case marginal social benefit will be less
than marginal social cost and welfare will not be maximized.

Because of the relationship between welfare and pollu-
tion there is a natural desire to limit the flow of residuais.
Two often mentioned solutions to the problem of envircnmental
degradation are a reduction in the growth of real output, and

the use of polluticn abatement equipment.

2D. Donaldson and P. Victor, "On the Dynamics of Air
Pollution', Canadian Journal of Economics, August, 1970, pp.
422-431.




Current discussions often link economic growth as a
causative factor in the increase 'of pollutiOn." Growth 1In*theE
ecconomy has a number of causes. These include technological
innovation, resource discovery and population growth along
with the most widely discussed, investment. Economic growth
in its advanced stages can cause severe depletion of raw
materials, environmental pollution from energy use, and over-
taxing of the environment's capacity to absorb and recycle
waste products.3

A simple solution to growth related pollution would be
to reduce the rate of growth and thereforé reduce "polTatiIOA:
Aeteifi"1ies a4 diTémma. Edwin L. Dolt RasS WITELEN THET" Mo
ing production would cause massive unemployment. His basis
for 'this statement 1is that "the United States Tabor IOTCe "PTOwS
at approximately one percent a year and potential per worker
productivity increases by as much as three percent per year.
Maintaining full employment then, requires the economy to grow
at four percent a year. Reduction in population growth and
improvement 1in pdllution reducing technology dte posSiBEcTalter-
natives he offers to reducing pollution.

Use of pollution abatement equipment is another alterna-
tive in the attempt to return society to an optimum welfare

position. Abatement equipment 1is used to eliminate or reduce

3Matthew Edel, Economics and the Environment (Englewood
Cliffs: Prentice Hall, 1973), p. 58.

41bid., p. 66.



residuals in the environment. Residuals may be recycled,
assimiliated into the environment, or reduced by means of tech-
nologically better production:techniques; HAll of,these megthods
require produeers to recognize.indineci‘cosis ineurred. duento |
residual flows and. take positive actiom,fofcrgategabatencnt
processes.

Formation of a stock of pollution abatement equipment
will require either increased saving (and therefore investment)
and/or substitution of other (productive) capital to pollution
abatement use. Since capital is now required for productive
and non-productive purposes, the formation of abatement capital
will have a definite influence on the process of capital accum-
ulation. The most obvious result will be smaller increases in
productive capital than would be possible with no requirement
for investment in abatement equipment. Through this mechanism
there will be an impact on the growth of income and consumption.

Presently there are few economic growth models which
tformally take into account residual flows and investment in
pollution abatement capital. One such model was developed by
Ralph C. d'Arge.5 This is a Harrod-Domar type model which in-

cludes variables for waste flow, abatement capital and changes

in pollution.

5Ralph C. d'Arge, "Essay on Economic Growth and Environ-
mental Quality'", The Swedish Journal of Economics, March, 1971,
pp- 25-41.




The purpose of thisg paper . is te develop & ipoowth model
that incorporates residual flows and pollution abatement capi-
tal using a neoclassical growth model which is less restric-
tivé in nature than that set forth by d'Arge. The follhowiig
chapters will include a discusslion of 'ChéTd "AQSS Modeil, = Piic
sentation of the neoclassical model, and finally a comparison

of the results obtained in the two models.



Chapter®2

POLLUTION AND THE HARROD-DOMAR
GROWTH MODEL!

D'Arge bases his analysis on a simple Harrod-Domar type
of economic growth model. In this type of model it is assumed
that saving is a fixed proportion of income, S = sY, where S
is saving, Y is income, and s is the average and marginal pro-
pensity to save. The change in income is dependent upon the
marginal productivity of capital, or %%, the change in imnciome
divided by the change in capital. If %% is denoted as o and
AK is equal to investment, I, then AY = oI. It is also assumed

that planned saving is equal to planned investment, or

Y NS E=l I (1)
We can now obtain:
_ AY
sY = = (Z)
since I = AY , and
o
AY _ o4 (S5}
Y

This equation shows that the growth rate of income, is a func-

tion of the marginal propensity to save and the productivity

of capital.

1The analysis presented in this chapter is based on the
model discussed in "Essay on Economic Growth and Environmental
Quality'", by Ralph C. d'Arge, in the Swedish Journal of Eco-

nomics, March, 1971, pp. 25-41.




D'Arge introduces to tHe basi¢ model thetasSumptions
that pollution can be reduced by!investment'in abatement
¢dpital 'and the greater that stock''of abatement.eapitaly; €he
lower the level of pollution. He begins with the relationship
between residual flows, R, and income, Y.

REnTERNIEEE er (4)
Residual flow is related to consumption (income minus saving)
and total income. r.'is the residual flow per*déllariofiedn:

sumption and r_, is residual flow per dollar of income.

y

It is then postulated that environmental quality 1is
determined by changes in the level of pollution, P. Changes
in the level of pollution aré giveéen'in equation (5), and are
determined by the flow of residuals, investment in pollution
abatement equipment, and the natural assimilative capacity of
the environment.

P =R - hir - A - (5)

P is the change in the level of pelilduti®n slitoiwg il ine,
g%, Ir is investment in pollution abatement!éequipment , s
the rate at which:pollution is abated per dollar of investment,
and X is the ability of the environment to assimilate residual
flows, or a natural rate of decay of residuals per year. By
combining equation (3), (4), and (5), a relation is shown be-
tween changes in pollution, investment in abatement equipment,

saving, and output. This is shown in equation (6).

p = (rC + ry)Y - 1S - hIir - A (6)



It can be noted in equation (6) /that ewven' ifisawvinguand
investment associated with pollutioen ;abatementsarenbothy zeroy
there is a rate of omtput which' ¢duldjcaysetliouchingelin dep-
sity of pollution. D'Arge equates this«levell of productien
with a biological equilibrium in which man's production of
residuals is in balance with nature's ability to absorb them.

If Iy is used. to designate, investmenss iniprodidet ime
ecapital, tetal investment ¢an be shewn'das the“stmfof ' rprédus=
tive and non-productive (abatement) capital.

142 Ty ¥ I¥ (7)

And ‘according toe equations (1) and (2):

sY = Iy + Ir (8)
AY = oly £9)
i that aY = &Y = y
given a 3 .
Y = oly ({16}

where Y equals %%, and Iy now equals %%X1 where Ky represents

productive capital. From equations (8) and (LO) can.be obg

tained an equation similar to the Harrod-Domar growth equation
in equation (3).
L= s0 - ol (11)
Without investment in pollution abatement, the results
are the same as the Harrod-Domar solution in equation (3),
which is the warranted rate of growth, %} = sog. With invest-
ment in abatement equipment the growth of income is reduced by

this investment.



To examine the relationship between growth and pollu-
tion, an equatien for change in pollution is obtained by using
equations (6Jus J68Jis and  (11). Solving equaitian Lk o ke
substituting sinto equation (6), and substituting sX «fQn saving
from equation (8) into equation (6) yields:

P = [r.(1-s) + 1, - hs]Y + &y _ . diz)

y
To obtain a rate of growth, set ﬁ equal to zero, multi-
ply through the equation by o, and divide each term by h, which
yields:
Y + o[3 (1-5) + X -s] Y-Ag = 0. (13)
Equation (13) is a first order differential equation of the
form:

Y +aY -n =0 (14)
where a = o[%% (1-s) + §¥ - s], and n = %%. The solution to
equation (14) is:

Yt 5 Ze'at+g2 (15)
where Z is a constant determined by initial conditions. Equa-
tion (15) determines the growth path of income when the change
in polhgtion 1is aésumed to be zero. In this ecase income will
grow at a positive rate if the bracketed term in equation (13)
(a in equations (14) and (15)) is negative. This term will be
negative 1if:

rc(l-s) + ry < hs. (16)

2Ralph C. d'Arge, "Essay on Economic Growth and Environ-
mental Quality", The Swedish Journal of Economics, March, 1971,

p. 33.




10

To clarify the meaning of the model, the h term in
equation (16) can be defined as the reduction in pollution per
dollar of abatement investment. Using current estimates for
the United States, riTpres Ty is approximately equal to six
pounds per dollar, and s is equal to .20. The criterion for
a positive rate of growth can then be determined by changing

eqiiat fen' (16Y to:

¢ + Ty - TS < hs (74
) o ry - T <M (18)
s
ifl T = o P ry, then:
g oy A h. (19)

Usimg the estimates previcus?y Sehteds ="30r " Thele¥§¥FeTNADr

;A
s
positive growth, h must be greater than 30 - r.. Assuming r_
is two pounds per dollar, a dollar of investment in pollution
abatement must reduce pollution a minimum of 28 pounds. It
can also be seen that if the propensity to save, and therefore
the rate of investment, is decreased, the productivity of in-

vestment must increase substantially to maintain positive

growth.

D'Arge's major conclusions concerning this model are:
1. In the long run the propensity to save influences
whether a positive rate of growth is warranted when a con-

straint is imposed on utilization of the environment.
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2. Shifts in the ptiopensity to save not only increase
growth potential, but provide necessary investment for pollu-
tion abatement.

3. There is overutilization of the natural environment
due to the common property character of almost all environmen-
tal resources. If there is a failuretie' def ihie: connoli proEerty
rights, there is mno, incentiwe to,investsin pellutien Bbatbtatat
equipment.

4. A high efficiency of abatement in¥eSthment (Twe.p
high productivity of) abatememt capital)is mec¢essary"teo main-
tain growth with a minimum of non-productive investment.

S. There is a high degtlghof interdependénce beéeTtweti
decisions on economic growth and the environment.

6. Economic growth and environmental quality are only
compatible in the long run provided that asilithe g#oweh in
output occurs, a significant proportion of investment is

directed toward pollution abatement.



Ghapten 3

POLLUTION AND THE NEOCLASSICAL
GROWTH MODEL

SIMPLE NEOCLASSICAL GROWTH

The simple neoclassical model used in this discussion
is based on an analysis of monetary growth by Jerome L. Stein.
In this model, full employment of the jlabogn,  fiokce.s s aaumed.
and jreal, putput is dependent,upon capital gndslabais e @Euo-
duction function is linear and homogeneous and is given in

equation (1).

£ (K,N) (1)

—
[}

where:
> nt
N = Nge (2)
K equals capital, and N equals the.labor feorce.y Equation

(2) shows the labor force grows exponentially at rate n. The

assumption of linear homogeneity allows:

8Y = £(08K,6N) (3)
and, ethimg 6 = %'
Y = Nf(%) (4)
Qi
y = £(k) (3)
where k = g, the capital-labor ratio.

= i % Growth in Perspective',
Jerome L. Stein, ''Monetary G(r
American Economic Review, LX, No. 1, (March, 1970), 85-106.
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The equilibrium equation for output is:

y=C+i (6)
where y = % , per capita output, i = % , per capita investment,
and c = % , per capita consumption where:

C = c(K,N) &
and it can again be shown that with linear homogeneity that
c = c(k). (8)
Per capita investment, i, can be considered as the sum
of two parts: the investment per worker to maintain the cur-
rent capital-labor ratio, nk, plus the rate of change of the

capital-labor ratio through time, Dk(D = é%). Since

i= (9)
we have
i=%=nk+Dk (10)
By sutstituting equation (10) into equation (6) we obtain
y = c + nk + Dk ‘ (BLd
or rearranging
Dk = (y - nk) - c (12)

Equation (12) is graphed in Figure 1.

The curve (y-nk) represents the amount of per capita
output available for per capita consumption plus the change in
the capital-labor ratio (i.e., total net production). The
shape of this curve is based on the fact that capital is re-

quired for production and the law of diminishing returns oper-

ates. The c curve reprecsents consumption as a linear function
of k, which was also shown in equation (8). Equilibrium 1is
302822

SOUTH DAKOTA STATE UNIVERSITY LIBRARY



y-nk,c

(@]

k#*

Figure 1

Neoclassical Equilibrium
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attained at k* since, if the capital-labor ratio was below k*,
(y-nk) would exceed c, and per capita output would be avail-
able to raise the capital-labor ratio. If the capital-labor
ratio was above k*, it would decline since c would -exceed
(y-nk).

In equilibrium there will be no change in the capital-
labor ratio, so |

Dk =y - nk - ¢c =0 (1039

and equation (13) can be used to establish a function of the

equilibrium capital-labor ratio, ¢(ko).

Dk = ¢(ky) = £(kj) - nky - c(ky) (14)
Differentiating (14) with respect to k gives

dDk ! - - - _ _ oC

D= 97 (k) = £7(Kg) - n - 3R < 0 (15)

Equation (15) is the slope of the phase line acquired by plot-
ting the values of the distances between the two lines in
Figure 1. This phase line is shown in Figure 2.

It can be seen that to have a stable equilibrium at k#*,
equation (15) must be less than zero (the slope of the phase
line being negative). With any positive level of k, it can be
seen that the movement in the model will cause a convergence
on k*, the equilibrium capital-labor ratio. Maintenance of
the equilibrium capital-labor ratio will require that capital,
and therefore investment, increase at the same rate as the

labor force so as to maintain k*. This implies that capital

must grow 4t rate n.



Dk

kf\N*\ k
Figure 2

Phase Line
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NEOCLASSICAL GROWTH WITH
ABATEMENT CAPITAL
Pollution abatement capital’ is" introduced " intethetmodel
by means of splitting capitfal, K, into"proditctivesEapi oy Mnd
abatement capital which is also considered non-productive in
the output sense. Productive capital is denoted as Kl’ and
K; = XK. (16)

Abatement capital is denoted as KZ’ and

K2 = ¢K (27)
K = K1 + K2 (18)

and
P = | (18a)

Equations (1), (3), (4), and (5) then become

Y = £(K;,N) (19)
8Y = £(0K;,6N) (20)
Y = Nf(xg) (21)
y = f()k) (22)

Substituting equation (22) into equation (14), we have

Dk = ¢ (k) = f£f(Ak) - nk - c(k) &4
This substitution can be made since a new production function
is used but the same overall capital-labor ratio is still being

used. Again, this capital-labor ratio influences consumption,

and investment (%F) is stiil made up of the two parts, nk and

Dk,'as discussed in equation (10). Differentiation with re-

spect to k yields

$7(k) = £7(Ak) - n - ZE <0 g
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Equation (24), as equation (15), must be less than zero. This
will again cause an equilibrium position as did the mechanism

Which caused k*, in Figure 2, teibe lamieguilibriumneapital 4

abori i ratio. 'If we call the equilibriumidapitalslabey hEtio
ko, the equilibrium equatien jhecomées
Dk = £(hkg) x= kg .- c(ko) =10, (25)

To show the relationship of A to the equilibrium k, we

now differentiate totally for kO and «X ¢~ Thésgpipelds

fkodko + f£ydA - ndko - ckodk0 = 0 * (26)
=a_f_ =8_f_ d :ac I P21 3
wheTe £y, 3k’ fA a2 and ¢y SE; By rearranging
terms we can obtain
dko(fko - n - cko) = —fXdA. (27)

dko . -£3 ik
dx fko"n‘CkO

£xamining equation (28), we see that the divisor (fko-n-cko),
must be less than zero by equation (15), and since -f, 1is nega-
tive, the entire term is positive. Therefore

dkA > 0 (29)
This term is the change in the capital-labor ratio related to
a change in the proportion of capital devoted to production.
It indicates that to maintain equilibrium, if ,the .propertipn
of capital going to productive purposes is increased, there is
an increase in the capital labor ratio.

Concentrating on contributions to pollution abatement

then, we can see that since A =1 - 8, dA = -dé and from equa-

fion (28):
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dkg -£)

-dé fko—n—-cko (30)

In this case %ég must be negative, indicating ak incrgase in
the proportion of capital going to pollution abatement will
cause a decrease in the capital-labor ratio. 1In Figure 3 we
can see that the original k* will necessarily decrease due to
the mechanism discussed above, when increases are made in the
proportion of capital going to pollution abatement.

Such an increase could cause a decrease in the equilib-
rium capital-labor ratio along with the indicated decreases in
both (y-nk), or net production, and c, per capita consumption.

This position can be compared to d'Arge's situation in
equation (11) of Chapter 2. D'Arge shows that capital invest-
ment will reduce growth of income. In the case of Figure 3 a
mechanism including capital and labor reduces production and

consumption and therefore reduces growth.

RESIDUAL FLOWS

To introduce residual tlows to the analysis a general

pollution function is added.
P = p(Y,K;) (31)
Pollution is a function of both output, Y, and pollution abate-

ment capital, K,. There are two means of minimizing pollution.

Investment in K, can be increased, or Y can be decreased. A

form fer per capita investment which includes residual flows

must now be found. First, the total differential of equation

B1) is:



y-nk,c

k** k*

Figure 3

Equilibrium with Abatement
Investment

20
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dP = 38 gy e 2Ra
Y . 3K, dk, (32)

The desired state is no change in pollution, so we postulate
dP =0 (33)

and therefore

Py (34)
where P_ = 3P J lafd B A 9P Transforming to time derivitives
y 9Y k BKZ. .

we now have

DK, = - 5% D (35)
From equation (18) we can obtain

DK = DK, 4+ DK 3

N N R had |
and incladimg (35) ;i (3G)

DK _ DK;  P,DY (37)

N N PN
From equation (10), productive investment can be changed to the

form:

DK - nak + ADKk (38)
N
since DK; = nkj + Dk;, and Dk = ADk, k; = Ak. Substituting

)
equation (38) into equation (37), .gives total mmestment a9

. DK = nxk + ADk - PyDY (39)
N PkN

A form must now be found to express DY in equation (39) in

terms of output. Since

Y = Nf(xk) (40)

from equations (21) and (22), then
DY = NfyDk + yDN (41)
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where f; = %f . THerefdre ) id ividing By N
~ = £y Dk + yn 42)

N
since DN is simply the rate of increase in labor, n. Substi-

tuting (42) into (39)

DEs_ PAK+ RDR e EX(kak * (43)
N Py
and substituting this into the equilibrium equation, y = ¢ + i,
y = ¢ + nik + ADk - Y (£fiDk + yn) (44)
Py
Rearranging terms
y(1 + Pyn) _ mik - ¢ = Dk(r - Pyfy) (45)
Pk Pk

In equilibrium, Dk, the change in the capital-labor

ratio, will be zero, so

(1 + E{n)y - mk - c = 0 (46)

If we set

Pyn - Px + Pyn =
1 + a (47)
?%‘ ””FF“_X_

ay - nAk - ¢ = 0 = Dk (48)

and substitute

The term, a, can now be analyzed. Py, the <chamge 'un
pollution due to change in output is > 0. P, the change in
pollution due to investment in abatement capital is < 0, and
n is a rate > 0. If we then assume that |Py| > [Pynl, the
entire term can be seen to be 0 < a < 1 in equation (48). This
is a valid assumption since sensibly, abatement capital will
be more efficient at decreasing levels of pollution than pro-

ductive capital will be at increasing levels of pollution.
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To derive an equation compatible to Figure 1, we can

divide equation (48) by A to get

1 1
aXf(Ak) - nk - 3¢ = Dk (49)
1
The term aX is equal to P + Pyn . The weptical axis
Pk

in Figure 4 is now used to graph a%y-nk, and %p_ Given equa-
tion (49), and setting the condition [PyA[| > [Py + Pynl, the
dotted lines in Figure 4 show the shift from y-nk to a%y—nk, and
from c to %c. These shifts create a decrease in the capital-
labor ratio from k* to k** when abatement investment and resid-
ual flows are included in the model. This capital-labor ratio
is indeterminate if [PypA| < [Py + Pynl. This may occur since
the inequality depends upon the value of A, the proportion of

capital devoted to productive use. A small ‘enbugh value of A

may cause the inequality to be untrue.



3D
A

y-nk,%c

Figure 4

"Equilibrium With Residual
Flows

24



Chapter 4
CONCLUSION

A primary difference between the two models discussed
1s of course the assumptions concerning the capital-labor
ratios. D'Arge assumes constant capital output and therefore
¢onstant capital-labor ratios. The 'néocPasSicalfmoderyigiidhe
other hand, is characterized by a continuous set of alternative
capital-labor ratios.

The d'Arge solution requires the ustd¥"¥r8zoréretigel
analogy. The growth rate must follow a ''razors edge' course
through time or the entire model crumbles. This problem 1is
caused by making output a function of capital alone. The neo-
classical model includes labor as a variable and therefore
the "razors edge'" time path does not arise.

Contrary to d'Arge, the neoclassical model's growth is
independent of the saving rate. Instead, a large number of
other variables play an important role. Figure 4, derived from
equation (49), indicates that both curves may shift to any
possible degree based on the values of Py’ Py, n, and A. To
maintain as high an equilibrium capital-labor ratio as we had

in Figure 1, the values of the above variables must be deli-

cately balanced.

Both Py and P, are highly influenced by the state of

the art concerning pollution abatement.

Nl of PkP; P:n I assumed that IPkI > IPynl which determiﬁed

In determining the
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that 0 < a < L (This is actualiddy o meGaasAny Gandis an haos
any equilibriumatrrall.! lvids Justh tedsh it cisepdlsn 2 waiilsid
assumption. We are then concerned mwithulf inding sproduetion
techniques which are as pollution free as possible, and devel-
oping pollution abatement processes which are highly efficient.
D'Arge was in agreement with ithils ideorwalu sionL] [ylhkils model il so
requires that! the growth nate .ofivlalionjmsi.and the productive
proportion of capital, A, be balanced so as to keep shifts in
the curves to a minimum. Both n and A influence shifts in
(y-nk). A also has an influence on the c cruve by way of its
reciprocal.

There is still no incentive te imvest iR abatement
capital present, and it is assumed that this incentive will
have to come from an outside source. The major conclusion
possible is that a high efficiency of abatement capital, and
pollution free production processes are necessary to maintain
a level of growth equal to that possible if pollution were
not a problem. In addition, an attempt must be made to balance
growth of labor and productive investment with these other two
variables so as to reach an optimum state.

There are a number of ways the analysis may be expanded
which may shed more light on the mechanism, and the balance
required. It would be beneficial to determine what happens to
k as there is a change in A. This would give an indication of

moves that may be made to increase growth.



b4

It is aiso possible to add a monetary sector by means
of another function. This would highly complicate the model,
but may add some significant results and allow more concrete
conclusions.

Finally, the model here, employs a non-changing produc-
tion function. If technological change is allowed to occur,

again a significant result may be obtained.
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