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Chapter I 

I NTRODUCT ION 

Growing conce rn fo r the preservati on of the .natural  beauty o f  this 

country has s p urre d  the deve l opment  of un de rgroun d cabl e .  Overhead · 

ci rcuits , which once c l utte re d  the l an ds cape , a re bei ng re ti red and 
• 

underground  circuits  a re being ins ta l l ed .  At  new deve l opme n t  sites , 

whethe r rural o r  u rban , the ques ti on o f  ins tal l i ng unde rgroun d circui ts 

is be i ng cons i de red . 

The adrantage of  added beauty i s  not the on l y  favora b l e con s i dera ... 

tion for undergro un d d i s tributi on sys tems . I n  the Mi dwes t� the  unpre­

dictabl e weathe r of ten becomes a formidabl e opponent o f  the  e l ectri c 

utility . Since the unde rgro und cab l e  i s  bu ri e d  i n  the earth , the haz­

ard s  of wind , ice , and l i ghtn i ng a re either  el i minated or  re duce d 

. con s i de rab ly . The added advan tage of service qua 1 i ty is a ugmented by 

the inc reased  sa fe ty o f  unde rground sys tems . The re a re no  pol es  to be 

struck by out-of-control  vehicl es , no l i ve wi res l yi ng on  the  ground  to  

endange r citi zen s ,  and  no  ove rhead  l ines  to  be  sna gged bv  large 

equ i pmen t . 

1 

Howeve r , to s i mpl y s tate the a dvan tages of  unde rgro un d di s tri bution 

systems wou l d be mi s l eading . The.re are d i sadvan tages wh i ch , t h rough 

added research , hope fu l l y  can be re sol ved . The major d i s a dv antage in 

employin g unde rgroun d sys tems i s  cos t .  To simp l y  revise  a l l o f  the 

existing ove rhe ad  sys tems by ins ta l l i n g  unde rground sys tems wou l d 

v i rtua l l y  be an impo s s i b i l i ty .  There fore ,  i f  there i s  to be a revis i on 

of  exi s ti ng systems , i t  wi l l  have to be a gra duaJ proce s s . The othe r 
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di sadva nta ge of unde rgrou nd d i s tri bu t i o n i s  i ts in acce s s ibi l i ty i n  ca se 

of a fau lt.  Re s e a rch is be i n g ca rri ed out to devel op new me thods of 

fa ult l ocation . On ce the s e  methods are es tabl ishe d, p a rt of t he probl e m  

of ina cces sibil i ty can be reduce d. 

Research i n  the a rea of unde rgroun d ca bl e is an exp a n d i ng  fi el d. 

The ne ver-en ding go a l  of de crea s ing the cos t of cabl e has re s ulted i n  
• 

various new de s i gns . The conce ntri c neutral  unde rground ca b l e i s  on e 

of thes e des ign s .  

The pu rpose o f  thi s t hes i s is to ma ke a s tudy of a s ingl e-pha se 

und ergroun d circu i t  co mp ri s e d  o f  thi s conce nt ri c neut ra l ca bl e ,  a n d  a 

study of a s i n gl e-pha s e  un de rgro un d s ys te m tha t i s  phys i ca l l y  p a r a l l el ed 

wi th a s ingl e-pha se overhe a d  circuit. Fonnul a s  wi l l  be d eve l op e d  for 

the i nductance and  cap a citance of e a ch of the s e  ca ses .  T he s e  formu l a s  

wil l be developed, ba s ed on the a s s ump ti on tha t  a l l of t he pha s e  cu rren t 

returns in t he n e u t r a l  conductor. An equiva l e nt circui t wi l l  be p ro­

posed for each o f  t he s e  ca s e s ,  and nume rical va l u�s fo r each of t he 

ci rcuit pa ramete rs will be ca l cu l a te d. Fi nal l y, s ol u t i o ns wil l be 

obtained u s in g  fo nnul a s  whi ch t a ke into a ccoun t the e a rt h-re turn pa th. 

Va l ues which a re obt a i ne d  from the s e  fo rmu l a s wi l l  be che cke d wi th d a ta 

mea sured in the fie l d. 



Chapter I I  

REVI EW OF L I TERATURE 

3 

El ectri ca l  characteri s ti cs of cables are d i ctated by the type , 

con fi gurati on , and app l i cat i on of the cab l e. Through the yea rs , the 

phys i ca l  cons tructi on of cab l e s  has changed con s i derab l y . These chanqes 

were brought about due to the need fo r i ncreas i n g  vol taqe l eve l s, 

h i gher curren t carryi n g  capac i ti es, more des i rab le  mechan i ca l  charac ­

teri s ti cs , and more economi ca l products . Through these tran s i t i ons , 

the e l ectri cal cha racte ri s ti cs have been a l tered . Modi fi cat i on s  of  the 

e l ectri ca l  characteri s ti cs affect the ci rcui t parameters wh i ch compri se 

the equi val ent  ci rcu i t .  Therefore, i t  is va l uab l e  to exami ne the 

deve 1 opment of these cab  1 es and review the theory beh i nd the pa rameters 

of the equi va len t  c i rcu i t .  

Depend i n g  on geograph i ca l  l ocat ion , earl y cab l es were i n s u l ated 

wi th rubber or paper . I n  the Un i ted States , l ocal  l eg i s l at i on some­

ti me s  imposed restri ct i on s  on trench i ng , l i mi t i ng i t  to an authori ty. 

The ducts  provi ded  by th i s  authori ty were not necessari l y  des i gned for 

e l ectri cal  ci rcu i try. For th i s  reason , rubber i nsu l ated cab l es, \-1h i ch 

were very fl ex i b l e , we re used extensi vel y .  In other parts of the worl d, 

wound paper i nsu l at i on was ch iefl y  adopted . Impregnated paper i nsu l a ­

t i on, thoug h  offeri ng a more ri g id  cons truct i on ,  posed no pa rt i cu l ar  

probl em, s i nce di rect buri a l  procedures were common . 

Worl d War I marked �he success fu l  i n troducti on of the bel ted 

cabl e s . These  cab l e s  were made up of three conductors whi ch were 

separate l y  i n s u l ated and wrapped wi th an i mpregnated paper . The enti re 
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assembly was then s urrounde d by a l e ad sheath . These cab l e s  we re ve ry 

good at vo 1 tage s  o f  22 kV  and be 1 ow , but  proved to be a d i  sma 1 fa i l ure 

at h i ghe r vo l tage s . The fai l ure of  the be l ted cabl e, due to l ong i tudi ­

nal e l ectri c stre s se s  acti ng on the re l at ive l y  weak pape r , was  correcte d  

wi th the i ntroduct i on o f  a cab l e des i gned by Hochs tadte r .  Th is  new 

des i gn i nco rporated con duct i ng core s h i e l ds �h i ch s urro un ded each  core , 

thus es  tab 1 i s h i  n g  a radi  a 1 fi e 1 d \'J i th respect to both the ea rth and the 

phase  vo ltage s . Hochs tadter's cab l e i s  be tte r knovm as  the H- type 

cabl e .1 

Wi th an i nc rease  i n  vo l tage l eve l s ,  probl ems such a s  t he  forma ti on 

of voi ds i n  the i n s u l at i on a nd  non -un i fo rm di e l ectri c q ua l i ty spurre d 

the deve l opment  of  the oi l -fi l l e d  and gas -pressure cabl e s . One o f  the 

advantages of  the o i l -fi l l e d  cab l e s  was that the i ns u l at i on th i cknes s  

coul d be  decreased . Anothe r advan ta ge was that moi s tu re coul d no t 

penetrate the i n s u l at i on , th us caus i ng an i ns u l ati on  fa i l ure . Both 

the o i l -fi l l �d cab l e and the gas -pre s s ure cab l e  are s ti l l  be i ng us ed  

at h i ghe r vo l tage l eve l s .  These  vo l tage l eve l s  are now ran gi ng to  ove r 

500 kV . 2 

Extens i ve rese arch i n  the area  o f  di rect buri e d  cab l e was i n i ti ated  

due to the i nc re a s i ng deve l opment  and h i gh cos t  of unde rgro un d d i s tri ­

bution i n  the· Uni ted States . Much o f  the work was done i n  the fi e l d  o f  

i ns u l ati on . A s  menti oned be fo re , rubbe r  was used e xtens i ve l y i n  the 

Uni ted  State s because i t  was fl ex i b l e  an d had acceptabl e  i ns u l at i ng  

chara cte ri s ti cs . Hm·1eve r ,  rub be r  ha d the tendency to a bs o rb mo i s ture 

and had to be j acke ted wi th l ead o r  treated  wi th fi brous  mate ri a l s . 

The l ea d  s heath9 wh i l e provi di ng  rooi s tu re-protecti on , a l s o  a dded 



phys i ca l  protect i on for i ns ta l l ati on and suppl i e d  an e l ectrostati c 

shi e l d .  Unfortunate l y, di s advantages such as s h i eld cu rrent , non ­

fl exi b i l i ty, and h i gh cos t, ove rs hadowed these  advantages. 

Worl d War I I  s t i mu l ated research with synthe ti c rubbers . Out o f  

th i s research, butyl was foun d t o  have exce l l ent  di e l ectri c properti e s 

as  wel l as tempe rature stabi l i ty .  However, l ike natura l  rubber, butyl  

had to be jacketed . Anothe r syn the ti c ,  neop rene, was di scove red to be 

a very good j acketi ng mate ri a l . Neoprene was fo und to have exce l l ent 

mechan i ca l  characteri s ti cs . Unfortunate ly , i ts use was l i mi ted  due to 

a hi gh  cos t of product i on . 3 

Unti l th i s  ti me, the l ead -s heathed cab l e was pri ma ri l y  used . 

Howeve r , because of  cos t and the deve l opmen t of  unde rground d i s tri b u ­

ti on, a new type of  cab l e  wa s i n troduced . Th i s  was t he  concentric  

neutra l  cab l e .  The ori gi na l  concentri c neu tra l cabl e ,  deve l oped for 

s i ngl e  phase di s tri but i on on a mul ti -grounded neu tral wye - type sys tem , 

was rubber i nsu l ated . I t  was  a #6 AWG copper pha se  con ductor wi th an  

un s h i el ded neoprene cove ri ng o r  jacket ove r the  rubbe r i n su l at i on . 

Wound concentri ca l l y  around the jacket, we re s i x #14 AWG wi res wh i ch 
4 

acted as the neutra l retu rn path . 

The concentri c neutra l cab l es were i n troduced  i n  the l ate 1940's .  

I n  the 1 950's , the deve l opment of  pl as ti cs proved to be vi ta l to the 

cab l e i ndu stry . Of al l the pl as ti cs to be deve l oped, po l yethyl ene has  

turned out to be the be s t .  Pol yethyl ene not on l y  has fi ne e l ectri cal 

cha racteri s ti c s, but  a l so pos se s ses  outs tandi n g  mechan i ca l  cha racter­

i sti cs .  Unl i ke rubbe r , po l yethylene absorbs practi cal l y  n o  moi s ture · 

and i s  ve ry to ugh . 
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Polye thyl e ne can be s ub d i vi de d i n to two catego ri es --hi gh -mol e cul a r 

weigh t and cros s l i n ke d  po l ye thyl e n e. Both o f  the s e  pol ye thyl e n es a re 

thermo-plas t i c compoun d s .  Howeve r, h i gh -mol ecul a r  we i gh t  po l ye thyl en e 

i s  cure d by coo l i ng, wh i l e  cros s l i n ke d  pol ye thyl e n e  i s  cured by h ea t i n g. 

The ma i n  d i ffe ren ce be tween t h e s e  two i n s ul a t i on s  i s  the  ma xi mum 

all m·1able con ducto r tempe rature rat i n gs .  Hi �h-mol ecul a r  \·1e i gh t  po l y­

ethylene has a con ducto r te mpe rature rat i n g  of 75 de gre es C ,  whi l e  

cros s l i nke d po l ye t h yl e n e  h a s  a con ducto r tempe ra ture rat i n g  of 90 
3 

de gree s C. 

The out s tan d i ng qua l i t i e �·that these  new i n s ul at i on s  po s �e s s ed 

we re i mmed i at el y use d  i n  the deve 1 opme n t  of a ne\·/ ca b 1 e .  Thi s ca b 1 e 

was called un dergroun d d i s tri but i on (UD) or un dergroun d re s i de n t i a l  

di s tri buti on (URD), a n d  wa s comp ri s ed o f  a s tran de d o r  s o l i d  con d ucto r, 

an ext rude d  s e mi con d uct i n g  s h i e l d, a po l yeth yl ene i n sul a t i on ,  a s e mi -

conducti ng po l yeth yl e n e  l a ye r, and a conce n tri ca l ly a n n ea l e d  copper 

ne utral . He re a ga i n ,  the po l ye t h yl e n e  i n s ul a t i on .may be cros s l i n ke d  

or hi gh-molecul a r  wei ght, depen d i n g  o n  t h e  a n t i ci p ated con d ucto r  

3 
temperature . 

Ele ct r i c cab l e s  have bee n  mo di fi e d , i mp ro ved , an d adapte d fo r 

va ri ous a pp l i ca t i on s s i nce the i r i n troduct i on .  The bas i c  l aws go v-

erni ng the s o l ut i on of e l e ctri c ci rcui ts ha ve not been a l tere d. How­

ever, the p a ra me ters wh i ch a re i n tegra l to the e qui va l en t  ci rcui ts h a ve 

be en rrodi fi e d. The fol l owi n g  d i s cus s i on e xami nes the e a rl y t h e o ry 

p ropos ed for cab l e s an d the a l te rat i on s  i n vo l ve d  i n  S\·li tchi n g  to und e r­

groun d dis tri but i on .  



Mos t of the the o ret i ca l  work deve l oped i n  conjuncti on wi th cab l es 

was presented i n  the ea rl y yea rs of  th i s  century .  Earl y i nves ti ga tors 

i n  cabl e theory were Dr . J .  R .  Carson and Dr . Rei nho l d RUdenbe rg . 

Carson publ i s hed  a s i gn i fi cant paper , i n  1926, e n ti tl ed "Wave 

Propagati on i n  Overhead  Wi re s  Wi th Ground
. 

Return11•
5 Si nce th i s  pape r 

di rectl y  i nc l uded the ground  re turn , Cars on recogn i zed the pro b l em o f  

current di s tri buti on th rough the earth . Th i s  probl em e xi s ts because o f  

the nonun i formi ty o f  t h e  earth and the l ack of  conduct i ve homogenei ty .  

To al l evi ate these obs tac l es , Carson ass umed that  the ea rth  was a p l ane  

of  homogeneous semi - i n fi n i te sol i d  materi a l .  

He con s i dered the ea rth to be a p l ane pa ral l e l  to the con ducto rs . 

Us i ng a three di me n s i ona l sys tem , the X -Z pl ane corresponded to the 

earth's s urface . The con ducto r  and conducto r ima ge were pos i ti oned on 

the y-axi s ,  equi di s tant from the ori g i n .  For y > 0, the conducti v i ty ,  

J\ , was a s sume d  to be ze ro , and for y 4'. 0, the con ducti v i ty was ass i gned 

a fi n i te val ue dependent  on soi l condi ti ons , wh i ch were determi ned from 

fi e l d  tes ts . 

Ca rson not on l y  de ri ved an expres s i on for the wave propa gat i on 

constan t , Y, but a l so  deri ved the rel ati on s , l ater to become Carson ' s  

fonnul as . Thes e  formu l a s descri be the se l f-i mpedance wi th ea rth - re tu rn 

and the mutual  impedance w i th colllllon earth-return . These equati ons, 

stated i n  a general form , are 

and 

Z = R + jX ab -g ab -g ab -g (2 -2 )  

7 



8 

where 

re = conductor res i s tance i n  nanoohms pe r cent i me te r  

x .  = conducto r i n te rna l  reactance i n  nanoohms per  cen ti me ter 1 

Ra a-g = res i s tance of the component of se l f-i mpedance wi th ea rth­
re turn exte rna l  to the conductor i n  nanoohms pe r centi mete r 

xaa-g 

R ab-g 

= 

= 

rea ctance of the component  of se l f-i mpedance wi th ea rth­
return external to the conductor i n  nanoohms pe r centi me te r 

re s i s tance of the mutua l  i mpedance with common e arth -retu rn 
between two conductors i n  nanoohms per centi meter 

= reactance o f  the mutua 1 i mpedance wi th common earth - re  turn 
between two con ductors i n  nanoohms pe r cent i me te r . 

The i nte rn a l  i mpedance of the se l f- i mpedance may be a s s umed to be 

g ive n  by the res i s tance of the conductor . 5 Wi th th i s i n  mi nd , the 

parameters wh i ch consti tute Carson ' s  fo nnu l as are 

whe re 

re = conducto r res i stance i n  nan oohms pe r cent i me te r  

R = 4wP i n  nanoohms per centi  roote r 

R 

x 

x 

a a-g 
= 4w P i n  nanoohms pe r centi  rooter ab- g 

4ha = 2w l og -· - + 4wQ i n  nanoohms per centi meter 
a a -g e d 

= 2wl og  Sa b  + 4w Q i n  nanoohms per centi meter 
ab -g e Sab 

f = frequency i n  Hertz -

h = he i ght above gro un d  of the conductor i n  cent i meters 

d = d i ame te r of the conductor i n  centi me te rs 

s = d i stance between  conductors i n  centi me te rs 

S = d i stance from one  conductor to the i ma ge of  the othe r, 
a s sumi n g  a pe rfect l y conducti ng earth, i n  cen t i me te rs 



P = res i sti ve co rrecti on factor  

Q = react i ve co rrecti on facto r6
• 

Carson's fonnulas were ori g i na l l y  deve l oped for use  i n  ove rhead 

cabl e des i gn .  These  equat i ons  may be adapted to undergroun d cab l e by 
• 

as s umi ng the he i ght of the con ductor above the ea rth to be equal to 

zero . Thi s  a s s umpt i on can be made i f  the se l f- and mutual  i mpedances 

of ca bles wi th ea rth - returns a re es sent i a l l y  the same va l ue be l ow the 

gro un d  as  they a re at the earth ' s  s urface . 7 The l atte r a s s umpti on can 

be made a s  a re s ul t of a pape r publ i s hed in  1 929 .8 Th i s  paper i nd i ­

cated that i f  a con ductor was p l aced reasona b l y  c l o se  to the s urfa ce 

of the earth, the devi at i on from the ci rcu l ar  symmetry of  earth  i n  al l 

d ire cti ons  had  l i tt l e e ffect on the i mpedance . The c i rcu l a r  symme try 

re ferred to i n  th i s  case, de al t wi th the fi n i te d i s tance of  so i l  above 

the conducto r, i n  re spect to the i n fi n i te di s tance be l ow the conducto r .  

The deviati on from the c i rcula r symme try was s o  smal l that Carson  

stated that  the correction factor deve l oped i n  h i s paper mi g h t  no t be  

justi fi e d. 

L ike Carson , Dr. Rei nhol d RUdenbe rg as s umed that  the ea rth  has a 

uni fonn res i sti  v i  ty � . However-, Riidenberg attacked the se  1 f- and 

mutua l impedance prob l em from a qi ffe rent vi ewpo i n t .  RUden berg  

a s sumed that a con ducto r of d i ameter 11d11, whether ove rhead  at a 

di stance 11 h 1 1 abo ve the ea rth's su rface, or un de rground  at a d i s tance 

"h" from the surroun d i n g  earth , cou l d be repl aced  by a conducto r of  

9 



di ameter ud 1 1 i n  a semi c i rcu l ar trough i n  the earth of rad i us  "h "  . 6 

The radi u s  ' 1 h11 o f  the  semi c i rcu l ar  trough  corresponds· d i rect l y to the 

he i ght  of the cab l e above ground or to the radi us of the sheath of  a 

cable d irec t l y bur i e d  i n  the earth . 

RUdenberg 1 s equat ion for se l f-i mpedance of a con ductor takes  i n to 

account not on l y  the i mpedance due to the flux i n  the ea rth , but a l so  

the i mpedan ce due to the fl ux  wi thi n the trough menti oned  above . The 

equati on for se l f- i mpe dance wi th earth -re turn was g i ve n  as  

· where 

z = (r + 7T2 f)  + j ( 2wloge 0.178 re + x. ) aa -g c da V f 1 
7 

r = res i s tance of  the conductor c 
f = frequen cy i n  Hertz 

da = d i ame ter of the conductor 

x .  = i ntern a l  reactance·of the conductor. 
1 

( 2 -3 ) 

The equat i on for t he mutua l  i mpedance wi th a common ea rth -re turn con ­

s i s ts o f  the i mpedance due to the fl u x  i n  the ea rth a n d  the i mpedance 

due to the fl ux wi th i n  the trough . Th i s  equati on was g i ven  as  

Z = 7T2 f + j 2wl og O,JlS fe 
ab-g e sa b V7 ( 2 -4 )  

where sab was  the s pac i ng  between the cen ters of the conductors . 6 

As m i g h t  be expected , Riidenber g ' s  equati ons  show an i n de pe ndence 

from the he i gh t  or  the de pth of the cab l e .  Compa ri s on of Ruden berg's 

and Carson ' s  wo rk s hows on l y  an i nc rease  in the reactance  term of 

1 0  
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Carson's formu l a. Th i s  i ncrease is on l y 0 . 01 9  for a frequency of 60 Hz. 

Essent i a l l y ,  th i s  showed that the i r wo rk cou l d be used for underground , 

as we 1 1  as for overhead sys terns. 

M. C. Gray proposed a deri vati on for both fi n i te and i n fin i te 

power l i nes  wh i ch devi a ted from that of Riidenberg.and Carson .9'1 0 

Gray's work di ffered from that of Rudenberg pnd Carson i n  that he did 

not assume the earth to be un i forml y conducti ng .  Ins tead , Gray made 

the assumpti on that the conducti vi ty of the earth vari es expo nenti all y 

as the depth i nc reases. Thi s  assumpt ion was gi ven as 

z � 0 (2 -5 ) 

where"'· was the conduct i v i ty at the surface of the earth , whi ch  was 

the X-Y p l ane . 

Mayr proposed that the ea rth be rep l aced by a thi n  conduct i ng  

surface layer. Haberl a nd , R i ordan and Sunde s tudi ed the idea of two­

layer hor izontal strat i fi cat i on Ni th a thi n  surface l ayer .  The two­

layer strati f i cat i on has been extended to three l ayers, but an accurate 

study of so i l condi ti ons must be ava i labl e to use these i deas.11 

W i th the advent of the concentri c neutra l cabl e, the equ at i ons 

developed by the peop l e  previ ous ly menti oned , had to be adapted to the 

new cabl es . R. C .  Ender publ i shed a recent pape r  updat i n g  thes e  

fonnulas.12 Ender si mpl y adapted Carson's formu l as for use i n  under­

ground d i s tri buti on and extended them to take care of the concentri c 

neutral. The derivat i on s  for these formu l as wi l l  be developed i n  the 

append ix. 



F. C. Van Worme r publ i shed a paper i n  1 967 dea l i ng wi th approxi -
. 1 3  mate impedance ca l c u l at i ons  for underground cabl es. Van Wonner made 

several assumpti on s  wh i ch a l l owed him to s i mp l i fy the impedance equa­

ti ons , and at the same t i me , yi e ld suffi c i ent accuracy. The firs t of 

1 2 

the s e  ass umpt i on s  was that a l l of the current i n  the phase conductor 

would return i n  the neutra l conductor. Thi s.meant that the i mpedance 

of the earth cou l d be neg l ected. The second assumpti on was that the 

current was d i s tributed un i fonnly in the phase and neutral conductors. 

This a s s ured a un i fonn magnetic fi e l d. Van Wormer further a s sumed that  

the concentric ne utra l  strands , whi ch make up  the tota l return ci rc ui t, 

coul d be approxi mated by a very thi n  conti nuous she l l .  As a resu l t ,  

Van Wonner stated that the impedance of the return ci rcu i t cons i s ted 

only of the res i s tance of the neutra l  s trands. 

L i ke Van Wormer ,  D. L. Stone as s umed that the concentri ca l l y  wound 

neutral coul d  be represented by a thi n  she l l .1 4  However ,  Stone con­

sidered two cases: (1 ) earth neg l ected, and (2) .ea rth con s i dered. By 

neglecti n g  the earth , a l l of  the current i n  the phase  conductor i s  

assumed to return i n  the neutral conductor. The equati ons that resu l ted 

were simil a r  to those of Van Wormer. Stone proposed that  the i mpedance 

of the earth cou l d  be taken i nto account by pa ral l e l i n g the neutral 

impedance and the ea rth's i mpedance. I n  order to obtain the total 

impedance of the c i rcu i t, the phase conductor i mpedance wou l d have to 

be added i n  s e ri e s wi th the paral l e l  combi nati on. Thi s i s  expre ssed as 
1 4 ZnZe z = z + ( 2-6 )  P Zn+Ze 



where 

�=RP + j.004657f log {h/GMR) in ohms/mile 

� = R
0 

+ jO.O in ohms/mile 

Ze = .00159f + j.004657f log(De/h) in ohms/mile 

RP = phase conductor resistance in ohms/mile 

f = frequency in Hertz 

GMR = geometric mean radius of the phase conductor in feet 

h = distance from the center of the phase conductor to the 
center of the neutral in feet 

R = neutral resistance in ohms/mile 
n 

D = 2160/f. 
e 

= earth res is ti vi ty in meter-ohms. 

Stone concluded that neglecting the effect of the earth-return 

resulted in a considerable error for small cable sizes. However, a 

graph that was presented for a #4/0 AWG cable showed that this error 

was not as great for larger cable diameters. 

J. V. Barger and D. R. Smith presented a paper in October, 1971, 

at the IEEE 1971 Conference on
.
Underground Distribution.15 

This paper 

dealt with two methods of solving for the series impedance of the com­

bined  circuit. Each of these methods required the application of 

Carson's formulas, which were adapted for use with underground cables. 

One of the methods presented made use of the uniform, thin sheath 

representation of the concentric neutral . .  In this case, the mutual 

impedance between each strand need not be considered. The second 

method considered each strand separately. This meant that the mutual 

2 6 9 ti 2 3 STATE U i ·;.:. c-. 1TY LlBRARY SOUfti DAKOTA .... �1 
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impedance between.each strand must be calculated. Smith and Barger 

cone 1 uded that the re was not an appreci ab 1 e error be tween the f i na 1 

results of these two rre thods. 

14 



Chapter I I I  

DEVELOPMENT 0 F THE INDUCTANCE FO R:1ULAS FOR AN UNDERGROUND CIRCUIT 

ALONE AND AN OVERHEJ\D-UNDERGROUND PARALLEL CIRCUIT 

1 5  

Concentric neutra l  cab le  i s  bei ng widely  accepted by the e l ectric 

utility i ndus try as a primary suppl y ci rcuit to underground residenti ai 

di stributi on sys tems . 1 3 An il l us tration of �his cabl e is shown i n  

fi gure ( 3-1 ) .  The concentric neutra l consi sts of s trands of #1 4 AWG 

annea l ed copper. The n umber of s trands compris i ng the neutral  norma l l y  

depends o n  the s i ze of the phase conductor. A ru l e  of thumb di ctates 

that the return path shou ld  be capab le  of handl i ng as much cu rrent as 

the phase conductor . 1 2 Thi s  means th.at for a three phase sys tern , the 

number of s trands c an be reduced to provi de approximatel y one- th i rd of 

the circu l ar mi l a rea of one of the phase conductors. However , the 

Rural El ectrifi cation Admi ni s trati on has speci fied a reduced neutral 

for si n g l e-phase as \•1e 1 1  as for three phase systems . 1 6 Th i s  can be 

specifi ed since on l y  part of the phase current returns in the neutral 

con ductor. The rema i nder of the retu rn current uses the ea rth as a 

conducti ng  path . The fonnul as devel oped in this chapter are based on a 

reduced neutra l for a si ngl e -phase system . These formu l as a re: (1 )  the 
inductance and i nductive reactan.ce for underground cables a l one, and (2) 
the inductance and i nduct i ve reactance for paral l e l overhead-underground 

circuits . 

The equat i on s  to be devel oped for both the underground c i  rcu;-t 

al one and the paral l el ed underground-overhead circuit a re based on  the 

same basic as sumptions .  Firs t, the cu rren t den s i ty in the phase 
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conductor and the neutra l conductor i s  con stant. It i s  a l so as sumed 

that a l l of the cu rrent i n  the phase conductor returns i n  the concen ­

tric neutra l .  Si n ce each of t he  strands compri s i ng the neutral return 

is i dent i cal and e l ectri ca l l y  i n  pa ra l l e l , the return current s p l i ts 

equal l y  between each strand of the ne utral . 

17 

The unde rground s i ngl e -phase c i rcu i t i s, si mi l a r to the overhead 

si ngl e-phase c i rcu i t  in that both have a phase conductor and a neutra l  

return . The phase conductor of the underground ci rcu i t wi l 1 be 

design ated as conducto r 3 . The neutra l return conductor, con s i sti ng of 
11s 11 number of s trands, wi l l  be des i gnated as conductor 4. Each strand 

of the neutra l return wi ll be des i gnated by a sma l l l ette r  as foll ows: 

a ,  b ,  c, d ,  e, and f. Fi gure (3-2 ) shows a cross secti on of a concen ­

tric neutral cab l e .  The l i nes connecti ng the center of each strand 

i l l ustrate a geometri c di stance gi ven by a cap i tal l etter 11011, wi th 

subs cri pts i ndicat i ng  the strands or conductors be i ng des cri bed . Thus, 

Dab represents a di stance between the centers of strand 11a11 _and strand 

"b " of conductor 4. oa3 represents a di stance between the center of 

strand "a" of conductor 4 and the center of the sol i d  conductor 3 . 

The same procedures deve l oped i n  Appendi x  A are us ed i n  developi nq 

an exp res s i on for the i nductance of an underground cab l e .  In order to 
cal cu l ate the tota l  i nductance of a s i ngl e -phase c i rcu i t, the i nduc­

tance of each conductor must be cons i dered . The i nductance of ea ch 

co�ductor depends on the fl ux li nka ges whi ch descri be the magneti c 

fi e l d .  The expre s s i on sh�wn i n  Appendix A ,  whi ch re l ates the flux 

l i nkages and i nductance of a conductor, i s  gi ven as 



d 

Figl!,re (3-2) 

GEOMETRIC DISTANCES USED TO DETERMINE 

THE INDUCTANCE OF AN UNDERGROUND CABLE 
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L = rp 
I 

henrys/meter, ( 3-1 )  

where JI' represents the tota 1 flux 1 i nkages of a conductor i n  weber-

t d I t th t . th d . 1 7  
urns an represen s e curren 1n e con uctor 1n amps. The re -

fore, the total  flux linkages of  the conductor, both internal and 

external, must be defined in order to derive an expression for an 

equivalent inductance. 

19 

The inductance of conductor 3 will be considered first. The total 

flux linkages, which describe the magnetic field about the phase con-

ductor, can be given as 

Tota 1 flux 1 i nkages = Intern a 1 flux 1i nkages of conductor 3 
due to the current in conductor 3 +external flux linkaqes 
of conductor 3 due to the cu rre n t  i n  conductor 3 + external 
flux linkages of conductor 3 due to the current in strand 
"a" + external flux 1 inkages of conductor 3 due to the 
current in strand "b" + externa 1 flux 1 i nkaqes of conductor 
3 due to the current in strand "c" +external flux linkages. 
of conductor 3 due to the current in strand 11d11·+ external 
flux linkages of conductor 3 due to the current in strand 
11e" +external flux linkages of conductor 3 due to the cur­
rent in strand 11 f 11

• 

The currents in each strand of the concentric neutral  are opposite i n  

direction of the phase conduc tor current. This direction is considered 

by inserting a minus sign in the expression for the flux linkages when 

con s i de ri ng  the return currents.- Initially, the flux linkages can be 

wri tten as 
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(3-2 ) 

where 11s11 represents the number of strands whi ch comprise conductor 4 ,  

and "q" i s  some fi nite poi nt i n  space. · Integrati ng equation (3-2), and 

combi ni ng the i nternal and external components of flux linkages, as is 

done in Appendix A, yi elds 

7 
D3n 14 Da 14 Dbg j'-'3 

= 2 x 10- ( I log � - - log � - - log 3 e r3 s e D3a 
s e D3b 

Combini ng tenns, equati on (3-3) becomes 

(3-3 ) 



(3-4 ) 

The logarithm of the product of two quantities can be expressed as the 

sum of the natural logarithms of the quantities. Applying this state­

ment to equation (3-4) yields 

1/s 
D D ) 
eq fq (3-5) 

Since the return current in conductor 4 is equal in magnitude to the 

phase current in conductor 3, and the difference of two natural loga­

rithms can be expressed as the logarithm of a quotient, equation (3-5) 

can be rewritten as 

(3-6 ) 

As the point 11q11 moves farther away from the conductor, the ratio of 

21 
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0 39 
l/s 

approaches unity. Since the natural logarithm 
(Daqobqo cqodqDeqo fq ) . 

of un i ty is zero, the latter term of equation (3-6) has n o  e ffect  on the 

i nductance of  conductor 3. The flux linkages of conductor  3 are 
• 

written as 

r / 
3 

weber -turns . 

( 3-7 ) 

Substituting equation (3-7) i n to equation (3-1) results in the expres­

sion for the inductance of conductor 3, which is 

( 3 -8 ) 

The above expression is the inductance of conductor 3, i f  it is a solid 

conducto r . 

The inductive reactance o f  a conductor can be written as 

ohms/meter ( 3 -9)  

where f is the frequency in Hertz. Substituting equati on (3-8) in 

equati on (3-9) yields 

( 3-1 0 )  



which simplifies to 

ohms/meter . 

(3-11) 

Equation (3-1 1) represents the inductive reactance of conductor 3 in 

ohms/meter. 

The inductance of conductor 4 is dependent on deriving an expres­

sion for each strand of 11s" strands which comprise the conductor. An 

expression for strand "a1' will be developed and extended to give an 

equation for the inductance of the reduced concentric neutral. The 

same principles can be applied here as were applied previously. Since 

all of the current in the phase conductor is assumed to return in the 
I 

neutral, the current in each strand is equal to --4. . 

is 

s 

The expression for the flux 1 i nkages of strand "a 11 of conductor 4 

Flux linkages of strand 11a11 = Internal flux linkages of 
strand 11a11 due to the current in strand "a" + external flux 
linkages of strand 11a 11 due to the current in strand "b" + 
external flux linkages of strand "a'1 due to the current in 
strand "c" +external flux linkages of strand 11a11 due to the 
current in strand 11d 11 + externa 1 flux 1 inkages of strand "a 11 
due to the current in strand "e11 + external flux linkages 
of strand "a11 due to the current in strand 11f11 + external 
flux linkages of strand "a 11 due to the current in conductor 3. 

This expression is rewritten in integral form and appears as 

23 



r 
a 

Dcq 
dx + �I4 f 

x 2 175 . 

Ddq D Of eq q 
+ .. M.14 f dx + _µ.. I4 J dx + .. c ... <_I4 J dx 

27rS X 217"S X 2 71"S X 

dx -
x 

(3-12} 

where the algebraic signs are the result of the relative direction of 

the flux linkages. Integrating equation (3-1 2 ) and combining like 

terms gives 

(3-13 ) 

-1 
where r' 

= r e 
4

• Remembering that the total current in both conduc-
a a 

24 

tors is equal in magnitude, and applying the proper rules in simplifying 

the logarithmic expression, a new expression for Y' a results. This new 

expression becomes 



(3-14) 

1/s 
(DaqDbqDcqDdqDeqDfq) 

where the quotient approaches unity as the D3q 

25 

finite point 11q11 approaches infinity. This means that as 11q 11 moves 

farther away from the conductor, the flux linkages of strand 11a 11 simpli­

fy to 

<fa = 2 x 10-7 I log 
0a3 

4 e (r/ D D D D D )l/s 
a ab ac ad ae af 

weber -turns . 

(3-15) 

The inductance of strand 11a11 is obtained by su·bstituting equation 

(3-15) into equation (3-1). The inductance of strand 11a 11 is given as 

-
s henrys/meter. 

(3-16) 

Equation (3-16) represents the- inductance of only strand "a". There 

are 11s 11 number of strands which comprise the concentric neutral. · There­

fore, the average inductance of 11s 11 strands must be ca 1cu1 a ted in order 

to derive an expression for the total inductance of conductor 4 .  The 
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average i nductance o f  a stran ded conducto r con s i s ti n g o f  11s 11 s trands i s  

Lave = La + Lb + Le + Ld + Le + Lt 
s • ( 3-1 7 )  

S i n ce t he re a re "s 11 s trands wh i ch a re geometri ca l l y  synmetri c and i den­

ti cal  i n  cons t ru ct i on, the i nductance of  each stran d i s  eq u a l . Equa ­

ti on ( 3- 1 7 ) can then be s i mpl i fi ed to 

sla Lave = - = L s a· ( 3-18) 

The tota l i nductance o f  conductor 4 i s  ca l cul ated us i ng the re l ati on shi p 

L = Lave = !:a. 
4 s s • ( 3- 1 9 )  

Subs ti tut i n g  the express i on fo r La i nto equati on (3-19)  and s i mp l i fyi n g, 

y i e l ds 

henrys/meter, 

( 3-2 0 ) 

which i s  the i n du ctance of  conductor 4. 

The i nducti ve reactance o f  conducto r 4 can be deri ved by s u bs ti ­

tut i ng eq uati on (3-20) i nto eq uati on (3-9) and s i mpl i fyi ng . The re­

s ulti ng  equat i on for the i nducti ve reactance of conducto r 4 i s  

o hms /me.ter . 

(3-2 1 ) . 
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The tota l i n ductance and tota l reactance of the c i rcui t can be 

derived by addi n g  the two i nductance terms gi ven in eq uati ons  (3-8) and 

(3-20) and s ubsti tut i ng  the res u l t i n  equati on (3-9). The total ci rcui t 

inductance and the total  i nducti ve reactance are gi ven as 

henrys/meter 

(3-22) 

and 

ohms/meter. 

(3-23) 

The i nductance and i nducti ve reactance formul as , wh i ch have been 

derived thus far , hol d true on l y  i f  the overhea d  ci rcu i t and the under­

ground ci rcui t are cons i dere d i nd i vi dual l y .  The equati on s whi ch follow 

perta i n  to the s i tuati on whe re the overhead and the unde rgro und  c i rcu i ts 

are physi ca l l y  para l l e l ,  but on l y  the neutra l s of  each a re e l ectri ca l l y  

parallel. For s i mp l i fi cati on purposes, i t  i s  ass ume d  th at  one span of  

overhead cable i s  equal to one s pan  of  undergroun d cabl e. The same 

assumpti on s  used  previ ous l y  app ly  i n  th i s  case. These  as s umpti o ns are: 

( 1 ) the current den s i ty in each conductor i s  cons tan t ,  and (2) the tota l 

current i n  the phase  con ductor return s  i n  the paral l e l ed neutral s. The 

·methods requi red to deri ve the new express i on s  are exact l y the same as 



the previ ous deri vati ons . F i gure ( 3-3) i 11 us trates the con fi gurati on 

to be anal yzed . As be fo re, the di s tance between each  conducto r, o r  

strand , i s  des i gnated by a 11D11 ,  wi th subscri pts i ndi c at i ng  the conduc­

tor or s trands  in  ques tion . 

I llus trated i n  fi gure (3-3) are the di s tan ces to be cons i dered 

28 

when deri vi n g  an e xpre s s i on for the i nductance of conductor 1 o r  con ­

ductor 2. I n i t i a l l y , the fl ux l i nkages of conducto r 1 can be wri tten as  

Flux l i nkages o f  conductor 1 = I nte rn a l  fl u x  l i n kage s  of  
conductor 1 due to  the current in conductor 1 + e xte rna l 
flux l i n ka ges  o f  con ductor  1 due to the current  i n  con­
ductor  1 +externa l  fl ux  l inkages of  conductor 1 due to 
the current  i n  con ductor 2 + exte rnal fl ux l i nkage s o f  
conducto r 1 due to the cu rrent i n  conductor 3 + exte rna l 
fl ux l i nkages o f  con ducto r 1 due to the current  i n  strand 
"a" +exte rn a l  fl ux l i nkages of  conducto r  1 due to the 
current i n  s t rand 11b 11 + exte rna 1 fl ux 1 i nkages  of conduc­
tor 1 due to the current in strand 11 c 1 1 + exte rn a 1 fl ux  
1 i n kage s  of  conductor 1 due to  the current i n  strand 1 1 d 11 

+exte rn a l  fl ux l i nkages of conductor 1 due to the current  
i n  s trand 11e 11 + extema 1 fl ux 1 i nkages  of  conducto r 1 due 
to the current  i n  strand 11f 11• 

The poi n t  "q1 1  i s  not s h own i n  fi gure (3-3) but i s  as s umed  to be· 

located at a fi n i te di s tance i n  s pace . The re fo re, the e xp ress i on for 

the fl ux l i n kage s  o f  conducto r 1 can be wri tten as  



' 
1 

Figure (3-3) 

GEOMETRIC DISTANCES USED TO DETERMINE THE 

INDUCTANCES OF CONDUCTOR 1 AND CONDUCTOR 2 OF A 

PARALLELED OVERHEAD-UNDERGROUND SYSTEM 
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Integrating and combining like tenns yi elds 

'f'1 = 2 x 10
-7 

{11 log � - I log � + I log � e r { 2 e o1 2 
3 e o1 3 

-1 

{3-24) 

{3-25) 

, 4 
where r1 = r1e • The algebraic si gns are a result of the relati ve 

direction of the flux linkages. Equati on (3-25) can be rewri tten as 

ljJ 1 .. 
2 x 10-7 [11 loge r�� + 11 loge Co1q

l- 12 loge 0�2 

12 loge (o2q
)+ 13 loge 0�3 

+ 13 loge (D3ql 

1 1 /s 
- 14 loge )l/s - 14 loge (DaqobqDcqDdqDeqofql ]. 

{DlaDlbDlcDldDleDlf 
(3-26) 
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As the point 11q 11 moves farther away from the conductors and approaches 

infinity, the distances Dlq' o2q, o3q' Daq' Dbq' Dcq' Ddq' Deq' and Dfq 

can be assumed to be approximately equal. Therefore, the terms per­

taining to point "q" in equation (3-26) can be written as 

I1 
loge (Dlq) - 12 loge (Dlq) + 13 loge (Dlq) - 14 loge (Dlq) . 

(3-27) 

Since 11 + 13 = 12 + 14, equation (3-27) can be rewritten in terms of 

the logarithm of a quotient. The resulting quotient is 

( 11 + 13
} 1 og � (3-28} e Dlq 

which is equal to zero, since the logel = O. As a result, equation 

(3-26) simplifies to 

c/J1 = 2 x 1 0-7 [11 log -1- - 12 log -1- + 13 .log -1-r e ri/ e D12 e D13 

weber-tu ms. (3-29) 

Substituting equation (3-29) into equation (3-1) and simplifying, yields 

-7 1 L = 2x10 [I l log _l _ _ I log _1_ + 13 log -0 1 1
1 

e q' 2 e D12 e 13 

henrys/meter. (3-30) 



The inductive reactance of conductor 1 can be derived by once 

again utilizing equation ( 3-9). Substituting equation ( 3-30) into 

equation ( 3-9) and simplifying, yields 

X = 
4rrf 

10-7  (I log _l_ - I log -1- + 1
3 

log -1-
LI I x 1 e r / 2 eo eo 

1 1 12 13 

ohms/meter, 

(3-31) 

whi ch i s  the inductive reactance of conductor 1. 
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The inductance of conductor 2 is derived in exactly the same manner 

as i s  conductor 1. In order to avoid repetition, the formal derivation 

for the inductance of conductor 2 will not be given. However, the final 

fonnulas for the inductance and for the inductive reactance will be 

given below. They are 

and 

-7 L = 2 x 10 (-11 log -1- + 12 log -1- - I ·log -1-
2 12 

e 02 1 
e rf 3 e 023  

henrys/meter (3-32 ) 

7 1 1 1 
X = 4-n-f x 10- (- 1  log - + r2 log -� - 13 log -0 -
L2 12 

1 e D2 1 e r 2 
e 23 

ohms/meter. 

(3-33 ) 
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Due to the pre sence of the ove rhead ci rcu i t ,  the i ndu ctance of the 

undergro un d  pha se conductor i s  modi fi ed . Th i s  a l terati on  i s  taken  i nto 

account by i n c l ud i n g  the fl ux l i n kages due to the currents i n  conducto r  

1 and conductor 2 .  The new express i on for the fl ux l i n kages  o f  conduc­

tor 3 becomes 

• 

Tota l fl u x  l i n ka ge s  = Interna l  fl ux l i nkages  of  conducto r 3 
due to the cu rrent  i n  conductor 3 + external fl ux l i n kages 
of conductor 3 due to the current  in  conductor 3 + e xte rna l 
fl ux l i n k ages  of  conductor 3 due to the current  i n  conducto r 
1 +exte rn a l  fl ux  l i nkages of conductor 3 due to the cu rre n t 
i n  conductor 2 + exte rna l fl ux l i nkages of conductor 3 due 
to the current  i n  each of  the strands of conductor 4 .  

Fi gure ( 3 -4 )  i l l u strates the d i s tances wh i ch descri be the l i mi ts of 

i ntegrati on used i n  de te rmi n i ng the fl ux l i nka ges of conductor 3. The 

poi nt 11q 11 i s  not  shown i n  fi gure ( 3-4 ) , but i s  as s umed to be a fi n i te 

poi nt i n  space . Anal yt i cal l y , the tota l fl ux l ·i n ka ges  o f conducto r 3 

can be exp res sed  as  

(3-34 ) 
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1 2 

Fi gure (3 -4 ) 

. GEOMETR.I C  D I STANCES USED TO DETERM I NE THE I NDUCTANCE  

O F  CONDUCTOR . 3 OF A PARALLELED OVERHEAD-UNDERGROUND SYSTEM 



After i ntegrating and combining corrmon terms, equation (3-34) become s 

-7 D1 n 02 D }" 3 = 2 x 10 ( 1 1 log _:.i _ r 2  log � + 13 loge r
3� e 013 e D23 3' 

I - ..! l og s e 

whi ch , as before, can be simplified to 

th 3 = 2 x 1 0-7 ( 1 1 log -0
1 - 12 log -0

1 + r3 log 1 
r e 13 e 23 e r ' 3 

( 3-35 )  

weber-turns .  

(3 -36 }  

Equati on (3-36 ) is the final expression represe nting the flux lin kages 

of conductor 3 due to all of the currents in the other con ductors which 

compri s e  the parallel combination. Now that the total flux lin kages 

have been determined, an expres sion for the inductance of con ductor 3 

can be devel oped. Subs tituting equation ( 3 -36 ) into equation (3-1 )  an d 

s impl i fyi n g , resu l ts in an equation for the inductance of a · solid con ­

ductor • . Thi s expression is 

henrys/meter. (3 -37 ) 
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The inductive reactance of conductor 3 can be obtained by substi ­

tuti ng equation ( 3 -37 ) into equation ( 3 -9 ) . After simplifying , the 

expression becomes 

4 f 1 o-7 X = 77 x 0 1 loge _1_ - 12 log J- + I3 log _l_ L3 I3 01 3 e u23 e r 3 

ohms/meter. ( 3 -38 )  

Fina l ly , the last o f  the four inductances to be considered 1 s  
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the neutral return path con sisting of 1 1s " identical strands . Figure 
(3-5 ) illustrates the distances to be considered in de te rminin g the 

total fl �x lin kages of strand 1 1a 1 1 •  Again, the as s umption is made that 

a poi nt "q" exis ts at a finite distance in space . The flux lin kages of 

strand 1 1a 11 include 

Total flux lin kage s = Internal flux lin kages of · strand "a " 
due to the current in s trand ' 1a ' 1 + externa l fl ux lin kages 
of strand "a 1 1 due to the current in strand "a 1 1  + exte ma 1 
fl ux lin kages of strand 1 1a 1 1 due to the currents in strands Ub I I ' I I C I I ' I I  d I I ' 11 e I I  ' and I I f  : I + e X tern a l fl U X l ; n k age S 0 f 
strand 1 1a 11 due to the curren t in conductor 3 + externa 1 flux 
1 inkages of strand 1 1a 1 1 due to the current  in conductor- 1 + 
externa l flux lin kages of strand 1 1a 1 1 due to the current in 
conductor 2, 

which can be expres sed analytically as 
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1 
2 

-
Figure (3-5) 

· GEOMETR I C  D I STANCES U S E D  TO DETERM I N E  THE I NDUCTANCE 

OF STRAND 1 1a " OF A PARA L L ELED OVERHEAD -UNDERGROUND S Y STEM 



f 
I 

Daq Dbq Dcq 
d t;J = _i x 1 0-7 + P< I4 J dx + -""' l4 J dx + """I4 J dx 

a 2 s 2 7T s x 2 7T" s x 27r s --x-
r D D a ab ac 

D D D 
_ .. .c.<-13 J 

3q dx + ,µ. I2 j 2q 
dx _ -""' 1 lj l q dx 

27r x 277" x 27r x • 

�3 �2 
. 

�1 

( 3-39 )  

After el i mi nat i n g  the tenns perta i n i ng to po i nt "
q 1 1 , as was previ ous l y  

accompl i shed , and si mp l i fyi n g , equati on ( 3-39 ) become s 

lu 7 1 1 1 
r = 2 x 1 0- (-1 l og - + 12 l og - - I3 l oge D a 1 e Da 1 e Da2 a3 

weber-turn s .  

( 3-40 ) 

Aga i n ,  uti l i zin g  equat i on ( 3-1 ) ,  the i nductance of s trand 1 1a " can be 

Wri tten as 

-7 1 
L = 2 x 1 0 s [-11 l og ___ 

D
l + 12 l og _1_ - 13 l og D 

a 14 e al e Da2 e a3  

henrys/meter . 

(3-41 )  
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The total i nductance of conductor 4 can be deri ved by fi rs t appl yi n g  

equation ( 3-1 7 ) , and then equati on ( 3 - 1 8 ) . I n  th i s  part i c u l a r  case , due 

to symmetry , the i nductance of each s trand can be assumed to be equ a l .  

Thi s wi l l  not i ntroduce an appreci a bl e erro r .  Therefore , the average 

i nductance i s  equa l  to the i nductance of any one of the 1 1s 11 s tran ds . 

The total i nductance of conductor 4 , made up of "s  11 s tran ds , i s  then 

gi ven as 

-7 
L = 2 x 10 ( -1 l og _1_ + I l oge � - 1

3 
l oge u!:-4 14 l e Dal 2 a2 a3 

henrys/meter .  

(3-42 ) 

Substi tuti ng  equat i on ( 3 -42 ) i nto equati on ( 3-9 ) and s i mp l i fyi ng , 

resul ts i n  an expre s s i on for the i nducti ve reactance of conducto r 4 . 

Thi s  express i on i s  

X = 4 rrf x 1 0 -7 ( - I  l og _1_ + I2 l og _1_ - I 3 l oge a1--
L4 I 

4 
1 e Da 1 e Da2 a 3  

ohms/meter .  

{ 3 -43 ) 



Cha pter IV 

DEVELOPMENT OF THE CAPAC ITANCE FORMULAS FOR AN UNDERGROUND 

C I RCUI T ALONE AND AN OVERHEAD -UNDERGROUND PARALLEL C I RCU I T  

The capaci tance be tween two con ductors i s  defi ned a s  t he cha rge 

per un i t  of potenti a l  d i ffe ren ce between the two conducto rs . The un i t  

of cha rge , Q , wh i ch i s  the cou l omb , i s  equal  to 1 ampe re -second and  

wi l l  repel  a l i ke charge at a di s tance of one  me te r wi th a force o f  

9 x 109 j oul es .
1 8 The po tenti a l  di ffe rence be tween two poi nts  i s  

equal to the wo rk nece s s a ry to move a cou l omb of charge be twee n  two 

poi nts .17 Thi s potenti a l  di ffe rence can be des cri bed i n  te rms o f  the 

el ectri c fi e l d be tween the se two oppos i te l y  cha rged con ducto rs . 
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Capac i tan ce , un l i ke i n  uctance , i s  des c ri bed by the e l e ctri c fi e l d .  

The di s ti nct di ffe rence be tween the e l ectri c fi e l d  an d the ma gne ti c  

fi el d i s  that the e l ectri c fi e l d ori g i nates at a po i nt o f  pos i ti ve 

charge and ·te nni n ate s at  a po i nt of oppos i te charge . The l i ne s o f  e l e c ­

tri c  fl ux whi ch eman ate from t h e  pos i ti ve l y  cha rge d con ducto r a re n u ­

·neri cal l y eq ual t o  t h e  total cha rge o n  the conducto r .
1 7  

S i nce t h e  con ­

ductors o f  a powe r l i ne a re pri ma ri l y  i so l ated , and the cha rge wi l l  be 

assumed to be un i fo nnl y  di s tri buted on the s urface of the conducto r , the 

l i nes of fl ux de sc ri b i n g  the e l ectri c  fi e l d wi l l  be di rected rad i a l l y  

outwa rd . For thi s i deal  ca se , poi nts l ocated at equal  di s tances  on 

these l i nes of fl ux ha ve the same potenti a l  and the same e l ectri c fl ux 

dens i ty . The e l ectri c  fl ux den s i ty ,  D ,  i s  de fi ned as the cha rge pe·r 

un i t area . For a conducto r , th i s i s  gi ven as 



D = _Q_ 
2 -rrx 

2 cou l ombs /mete r , (4 - 1 )  

where Q i s the charge on the con ductor i n  cou l ombs pe r meter and x i s  
the radi us i n  meters of the area be i ng cal cul ated . The e l e ctri c fi e l d  

i ntens i ty i s  equal to the e l ectri c fl ux dens i ty di v i de d  by the penni t­
ti vi ty , k .  Th i s i s  gi ven a s  

q, = Q = Q 
k 277'" kX 

vo 1 ts/meter .  ( 4 -2 ) 
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The permi tt i vi ty ,  k ,  i s  de fi ne d  as k = krk0 , whe re k0 i s  the permi t ­

ti vi ty of  free space and kr i s  th e re l a ti ve permi tti v i ty o r  the d i e l ec ­

tri c con s tan t o f  the i n su l at i ng  rredi um . 1 7  The el ectri c fi e l d i n ten s i ty 

i s  a force pe r un i t  cha rge wh i ch , when i ntegrated betwee n  two poi nts , 

resu l ts i n  an exp re ss i on repre senti n g the work done i n  movi n g  a cha rge 

from one poi n t  to anothe r .  Thi s work i s  i ndependent  of the path take n . 

There fore , the potenti  a 1 di ffe rence between two poi nts can be expre s s ed 

as 

vol ts . ( 4 -3 ) 

The capac i tan ce be tween two paral l e l  conductors of  a s i n g l e - ph a s e  

system ,  separated by a di s tance 1 1 0 1 1 , can be deve l oped us i ng equat i on 

{4-3 ) ,  fi gure (4- 1 ) ,  and 

c = Q 
v 

farads /rreter . (4 -4 }  



1 

-1 r tllll!�--- D1 2  

Figure (4-1) 

CROSS SECT I ON OF TWO PARA L L EL CONDUCTORS 

Figure { 4-2 )  

CROSS SECTI ON OF AN UND ERGROUND CABLE 
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which , when i nte grated , becomes 

Q --2- dx 
2 .,,. kx 

(4 -5 )  

(4 -6} 

For a cl osed  sys tem , the s um of  the cha rges o1 and o2 mus t equa l zero . 

There fore , i f  no othe r cha rges e xi s t  i n  the vi c i n i ty ,  o1 = -02 a n d  v1 2  

becomes 

vol ts . (4 -7 ) 

The capaci tance can then be de ri ved by subs ti tut i n g  equat i o n  (4 - 7 ) i n to 

equation (4-4 ) to yi e l d  

farads/meter. (4 -8 ) 

It is e vi den t  from th i s  e xpres s i on th at  the magn i tude of  the capa c i tance 

i s dependen t on the spac i n g o f  the conductors , the rad i us o f  the conduc ­

tors , and the re l at i ve pe rmi tt i vi ty o f  the medi um . 

An unde rground con centr i c neutra l cabl e i s  ve ry s i mi l a r to the 

singl e-pha s e  ci rcu i t  j u s t  des c ri bed . Th� ca b l e cons i s ts of a pha se con - · 

ductor and a con cen t ri c a l l y  wound neutra l  re turn path . A so l i d  i n s u l a ­

ti on separate s  the pha s e  conducto r from the neutra l  con ducto r .  A 
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capaci tance i s  created  between the phase conducto r and the neutra l  

re t u rn  when the cab l e i s  ene rgi zed .  The s i n usoi da l vol tage i mp res s e d  

on the newl y formed capaci to r  causes a current  th rough the  capa ci to r .  

Thi s  current ,  wh i ch i s  ca l l ed a chargi n g  current , i s  depende nt o n  the  

rate of chan ge of the  vo l tage and  the magn i tude of  the  capac i tance . 1 9 

The magn i tude o f  the capaci tance i s  dependent on the spac i n g  be tween 
• 
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the two conductors , the phys i ca l  s i ze of the conductors , and the magn i ­

tude of the d i e l ectri c con s tant . 

S i nce a cab l e i s  a capac i tor ,  l i nes  o f  fl ux  radi a te o utward from 

the cen te r conductor .  These  l i ne s  of fl ux , wh i ch a re ass ume d to be 

uni forml y di stri buted , pene trate the i n s u l ati on an d seek a po i n t  o f  

oppos i te charge . 20 I n  orde r to con ta i n the e l ectri c fi e l d ,  a gro un de d  

semi cond ucti n g  s h i e l d i s  prov i ded . Th i s  sh i e l d i s  extruded a roun d  the 

i nsu l ati on  surface and provi des an i nti mate contact wi th the i n s u l at i on . 

Cl ose con tact o f  the s h i e l d wi th the i n s u l a ti on he l ps to preven t  corona , 

Wh • h • . . 
1 d . t . 2 1 i c  can i n 1 t1 ate cab e ete r1 o ra i on .  S i nce the semi con duct i n g  

shi e l d  i s  groun ded  and un i fo rml y di s tri bute d around  the i n s u l ati o n , the 

radi at i n g  e l ectri c fi e l d te rmi nates at the outer edge of  the i ns u l ati on 

surface . Thi s means  that the cha rge i s  un i forml y di s tri buted ove r the 

outer surface of the i n s u l at i on . Anothe r con duct i n g  s h i e l d i s  e xt ruded  
-

around the conductor .  Thi s sh i e l d al so a i ds i n  the preve n t i o n  of coro n a  

and he l ps to  un i fonnl y di s tri bute the charge a ro u n d  the  i ns i de of  the 

i nsul ati on surface .  The va ri ous components di s cuss ed above are s h own 

i n fi gure ( 3- 1 ) of Chap te r I I I .  Si nce the el ectri c fi e l d i s  con ta i ned 

Wi th i n the i nsu l at i on , the capaci tance of the cab l e i s  d i rectl y affected  

��"'"'b.y the th i cknes s  of the  i n s u l a t i on .  
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Figure (4-2 )  is a simplified cross section of an underground cable . 

The potential difference between the outer edge of the conductor and 

the outer edge of the insulation i s  given as 

vol ts. ( 4 -9 )  

Integrating equation ( 4-9 )  results · n  

volts. ( 4 -1 0 } 

Substituting equati on {4-1 0 ) i n to equati on ( 4 -4 ) and simplifyin g ,  yields 

c = f rads/meter, ( 4 -1 1 ) 

which is the capacitance be tween the phase conductor and the grounded 

shiel d. The pennittivi ty of free space , k0 , i s  8 . 85 x 1 0- 1 2 farads/ 

meter , which, when converted to farads/ 1 000 feet, becomes 2 . 71  x 1 0-9 

farads/1 000 feet. Substituti n g  thi s new value for k0 i nto equation 

(4-1 � ) ,  and changi ng  the natural logari thm to a base 10 logari thm ,  

results in a new expressi on for the capaci tance. Thi s  expressi on is 

0 . 00736 kr C = ----
04 l ogl O o 
3 

µ. farads/1000 feet ( 4 -1 2 )  



wh�re kr i s the di e l ectri c cons tant of the i nsu l ati on . Th i s  equati on 

i s  the same equat i on wh i ch i s  gi ven i n  the Rome Cabl e URD Tech n i cal  

Manual . 21 
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Fi gure (4-3 )  represents a para l l e l ove rhead si n gl e -phase  ci rcui t 

and an underground s i ngl e -phase ci cui t .  The neutra l  conductors of  

these two ci rcu i ts a re el ectri cal l y  connected i n  paral l e l . I f  the cur­

rent in  conductor 3 is  as s umed to  be  equa l to  zero , the  rema i n i n g  

ci rcui t con s i s ts of the overhead ph a s e  conductor and the two para l l e l ed 

neutral conductors . Si n ce the neutral s of the two ci rcu i ts a re con -

nected , current  wi l l  exi s t  · n  both o f  the conductors . Because there i s  

current , a charge wi l l  ex i s t  wh i ch i s  probabl y  not equal i n  magn i tude . 

However·, s i nce the re i s  a cha rge on each of the return conducto rs , a 

capaci tance wi 1 1  be formed be tween the phase conductor and each o f  the 

two return paths . Aga i n ,  i t  is  ass umed that al l of the current  i n  

conductor 1 return s  i n  conductor 2 and conductor 4 . Thi s means  that 

there i s  not a return current  path i n  the earth . 

The potenti a l  between conducto r  1 and conductor 2 , due to cha rges 

Ql ' Q2 , and o4 , can be wri tten as 

(4-1 3 }  

Where r
1 and r2 are the rad i i o f  conductor 1 and condu ctor 2 , res pec ­

ti vely . I nte grat i n g  equati on ( 4 - 1 3 ) yi e l ds 

Q D 02 r2 04 . D24 
Y1 4 = __]_ l og ..l1. + - l og - + 2T l oge -D -2 "k e r1 2� k e D1 2 -rr 1 4  

vol ts . 

( 4-1 4 ) 
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Figure (4-3 ) 

CROSS SECTI ON OF A PARAL L E LED OVERHEAD - UNDERG ROUND SYSTEM 
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The potenti a l between  conductor 1 and conductor 4 ,  due to cha rges Q1
, 

Q2 , and Q4 , can be g i ven  as  

( 4-1 5 )  

whi c h  can be i ntegrated and rewri tten as 

vol ts . 

(4- 1 6 ) 

Equati on (4- 1 4 ) and equa t i on ( 4- 6 )  both express  the potent i a l  between  

two conducto rs i n  te rms of charge s  an d geome tri c di s tances . I n  order 

to cal cu l ate the ca pac i tance be tween these  conductors , cha rge Q2 and  

charge Q4 must  be  expressed  i n  te rms of  cha rge Q1 . For a cl osed sys tem 

wi th no other i n fl uenc i n g  charge exi s ti ng exte rnal  to the th ree con ­

ductors , the s um o f  the charges  i n  the sys tem mus t  equal ze ro . Thi s 

means that 

(4-1 7 )  

Normal l y ,  i f  on l y  conducto rs 1 and 2 we re be i ng cons i de red , the cha rge 

Q2 woul d
. 

be equa l  i n  ma gn i tude an d oppos i te i n  s i gn from that o f Q1 . 

In thi s  ca se , th i s  i s  not true , s i nce the return current  sp l i ts between  

the two neutra l  conducto rs . The amount of charge on
_
Q2 can be  expres sed  

· as  a fracti on of o
1 

by 

(4 -1 8 ) 



whe re K1 i s  a fract i o n  to be determi ned .  The charge Q4 can be si mi ­

larl y  exp ressed by 
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where K2 i s  aga i n a fracti on to be determi ned . One more equat i on can be 

deri ved by sub s ti t ut i ng the fracti ona l  expre � s i ons for Q2 and Q4 i nto 

equati on ( 4 -1 6 ) . The res u l ti ng equati on i s  

K1 + K2 = -1 . ( 4 -20 )  

The vol tage from 1 to 2 an d from 1 to 4 i s  equal i n  magni tude . The re ­

fore ,  by eq uat i n g equat i on s  (4 - 1 4 )  an d ( 4 - 1 5 )  and uti l i zi ng equat i on 

(4 -20 ) , each of t he fracti onal  constants can be determi ned . O nce t hese 

val ues are known , the capaci tance between each of  the conductors can be 

cal cul ated . 

The capaci tance between conductor 1 and conducto� 2 can now be 

defi ned in te nns of the constants K1 , K2 , and the geometr1 c di s tances .  

The capaci t ance c1 2 can be de fi ned as  

'•, 
fa rads/me te r .  

( 4 -2 1 )  

Simi l arl y , the capaci tance between conductor 1 and conductor 4 can be 

defi ned as 



c = _01_ = ______ 2_7T_k ______ _ 
1 4 V 1 4 Dl 4 D24 r 4 [l oge -r + K 1 l o g -· + K l og -] 

1 e D1 2 2 e D1 4 
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farads/mete r . 

( 4 -22 ) 

I n  both cases , the ma gn i tude of ea ch ca pa ci tance i s  depe nden t  on the 

spaci ng  o f  the conductors and the fracti on of charge on each con ducto r .  



Chapte r V 

THE OETER1 1 l tJAT I ON OF AN EQU I VAL ENT C I RCU I T  

AND TH E CALCU LAT I ON OF THE C I RCU I T  PARAMETERS 

A fi n i te l e n gth of  a powe r l i ne_ can be represen te d  by a n  equ i va ­

l ent c i rcu i t .  Thi s equi va l e n t  c i rcui t cons i s ts of· ci rc u i t parame te rs , 
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whi ch approxi mate l y  de scri be the sys tem . 
• 

The pa rame ters wh i ch norma l l y  

are con s i de re d  to be s i gn i fi cant  are : ( 1 ) res i s tance , ( 2 ) i n du ctance , 

and (3 ) capac i tan ce . In  pre cedi n g  chapte rs , expre s s i ons  for the i nduc­

tance and  the capaci tance of  vari ous ci rcu i ts have been  deve l oped . I n  

thi s chapte r , these c i rcui ts wi l l  be mode l ed us i ng the formu l a s t hat  

were de ri ved . These  mode l s wi l l  be accompan i e d  by a nume ri ca l a na l ys i s 

of the paramete rs based  on data obtai ne d from the Rome Cab l e URD 

Techni ca l  Manua l . 
2 1 The c i rcu i ts to be represented  a re : ( 1 ) a n  ove r­

head s i ng l e - phase  c i rcui t ,  ( 2 ) an unde rground s i ng l e -pha se  c i rcu i t ,  and 

(3 )  an ove rhe a d  s i n g l e -phase ci rcu i t phys i ca l l y para l l e l wi th an under-

ground c i rcui t . 

B oth the ove rhe ad s i ng l e -phase  ci rcu i t an d the unde rground s i ng l e -

pha se ci rcui t can be re presented by the same equi va l ent  ci rcui t .  The 

proposed  mode l  i s  common ly  cal l ed the nomi na l - 7r eq ui va l ent  c i rcui t .  

Thi s  model i s  shown i n  fi gu re ( 5--1 ) , where Z represents  the se ri e s  

impedance o f  t h e  l i ne ,  and y represents the shunt  a dmi ttance  t o  neutral  

of the ·
l i ne . The se ri es  i mpedance i s  ca l cul ated by fi nd i ng  the s um o f  

the total re s i s tan ce an d the total i nducti ve reactance o f  the conduc­

tors . The s h un t  admi ttance requ i res  the  de ri vati on of the capac i tance 

between phase  and ne utral . 



y 
2 

F i  g u re ( 5 - l ) 

Nrn1 I NAL- EQU IVALENT C I RCU IT  

y 
2 

• 

> 
+ ... -----1\f'v----ro ro 0----... 

Z2 
___r;;v-trv�·�-------� 

Fi gure ( 5 -2 )  

C I RCU I T  D IAGRAM FOR A SHORT-C I RCU I TED 

OVERHEAD s rnGL E -PHASE L INE 
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Fi gure ( 5 -2 )  represen ts a s i ngl e -phase ove rhead ci rcu i t wh i ch has 

been short -c i rcu i te d  from phase to neutra l . · Accordi ng  to Ki rchhoff ' s  

vol tage l aw 

( 5 -1 )  
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where z1 and z2 rep rese nt the eq ui va l ent i mpedances o f  con ducto rs 1 and 

2 , respect i ve l y .  The vol tage drops r 1 z1 and 12z2 can  be expre s s ed as  

( 5 -2 )  

and 

( 5 -3 )  

However ,  s i nce 'f/ =  I L , equat ·i ons  ( -2 ) an d ( 5 -3 ) can be rewri tten as 

( 5 -4 ) 

and 

(5-5 ) 

Therefore , the equat i ons  wh i c h we re de ri ved i n  Appendi x A for the fl ux  

l i nkages of  conducto r 1 an d conductor 2 can be used to detenni ne the 

series i mpedan ce of the c i rcui t ,  s i nce 

( 5 -6 ) 

and 

( 5 -7 }  



The res u l t i n g  expre s s i on fo r the se ri e s  i mpedance of a s i n g l e - pha se  

overhe ad c i rcu i t i s  
2 

Z = ( R1 + R2 ) + j 2 . 2 9 x 1 0 - 2 l oge 
0� 2

, r1 r2 
ohms/ 1 000 fee t .  

( 5 -8 )  

The res i s tance s  fo r a l l o f  the cases  to be con s i de red a re d -c res i s ­

tances co rrecte d to so0 c . The neutral re s i s tance of the underground 

conducto r i s  co rrected  to 40°c . 
The s h un t  admi ttan ce i s  g i ven  as  

Y = 0 . 0  + j w C  ( 5-9 ) 

where C i s  the capac i tan ce be tween the phase con ductor and neutral . 

Equati on (4 -8 ) can be sub s ti tuted i n to equati on ( 5 -9 )  to yi e l d 

y = o . o  + j mhos/ 1 000 feet , ( 5 - 1 0 )  

whi ch i s the shun t  admi ttan ce fo r the overhea d s i n gl e - phase  c i rcu i t .  
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The n ume ri cal  va l ue s
. fo r th i s  s pec i fi c case can be ca l c u l ated by 

subs ti tut i n g  the data  found i n  tabl e ( 5 - 1 ) i n to eq uati on ( 5 -8 ) and  

equati on ( 5 -1 0 ) . The se ri es i m2edance for two #1 /0  AWG a l umi n um conduc ­

tors was found to be equa l  t o  0 . 362 + j 0 . 282 ohms / 1 000 fee t .  Fo r two 

12 A\alG a l umi num conductors the seri e s  i mpedance was found to be equ a l  

to 0 . 574 + j 0 . 2 94 ohms/ 1 000 fee t .  The shunt  admi ttance be t\'Jeen two 

-7 
11 /0 AWG a l umi num conducto rs was  de te rmi ned to be 0 . 0  + j 5 . 4  x 1 0  

mhos/ 1 000 feet ,  an d  be bieen two #2 AWG al umi num conductors to be 



Tabl e ( 5 -1 ) 

GE CMETR I C  D I STANCES F OR CALCU LAT I ON OF C I RC U I T  PARAMETERS 

Geometri c Di s tance 

Dl 3 Z Dl a � D 1 b � Dl c  :::: D1 d .::: 

01 e z D1 f :::: D23 ;::: D2a :::: D2b Z 

D2c Z D
2d -::::- D2e z D2f 

D3a = D3b = D3c = D3d � D3e = D 3 f  
For #1 /0  A\1JG a l umi n um "o n ducto rs 
For #2 AWG a l umi num con d u c t o rs 

r, = rz = r3 
For #1 /0  AWG a l umi num con ducto rs 
For #2 AWG a lum i n um conducto rs 

Di s tance i n  Fee t 

5 . 0 

33 . l  

0 . 0393 
0. 0360 

0 . 0 1 35 
0 . 0 1 0 7  

0 . 00266 
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-7 
0 . 0  + j 5 . 1 8 x 1 0  mhos / 1 000 feet . Th i s  i n formati on , as wel l  as othe r 

numeri cal  val ues to be ca l cu l ated , wi l l  be presented  i n  tabl e (5 -2 ) a t  

the end of th i s  chapte r .  

The nomi na l - 77"  equ i va l ent  c i rc u i t i s val i d  for the s i n gl e -pha s e  

underground ci rcu i t ,  a s  we 1 1  o Fi gu re ( 5-3 )  i s  a representati  o·n of  the 

two conductors wh i c h  compri se the un derground ci rcu i t when i t  i s  s hort ­

ci rcui ted from phase  to n e u tra l Q Ki rchhoff ' s  l aw can be appl i ed to the 

ci rcui t i n  fi gure ( 5 - 3 ) to yi e l d 

( 5 -1 1 ) 

The same procedure used  to o b ta i n the se ri e s i mpedance for the ove rhead 

ci rcu i t  can  be app l i e d  i n  th i s  ca e .  Equat i on s  ( 3 -7 ) and ( 3- 1 5 ) , 

devel oped i n Chapte r  I I I  fo r the fl ux l i n kages  of conductor 3 an d con ­

ductor 4 , can be s ubs ti tu ted  i nto the expre s s i on s  for z
3 and z4 , 

respecti ve l y .  The res u l t i n g  eq uati o n  for the se ri es i �pedance of an 

underground s i n gl e -phase c i rcui t become s  

ohms/l  000 feet .  

( 5 -1 2 )  

The nume ri cal  res u l ts fo r the se ri es i mpedance can agai n be ca l cu ­

: l ated us i n g the i n forma� i on i n  tabl e ( 5- 1 ) .  The seri es i mpedance fo r a 

#1 /0 AWG al umi num phase conductor and a .:� 1 4 A\,IG anneal ed  coppe r concen ­

tri c neutral  was ca l cu l ate d to be equa l to 0 . 6805 + j 0 . 0346 ohms / l OOO 



+ 

+ 
• 

Fi gure ( 5 - 3 )  

CI RCU I T  D IAGRAM FOR A S H ORT - C I RC U I TE D  

UNDE RGROUND S I NGL E - P HA S E  L I N E  

Fi gure ( 5 -4 ) 

C I RCU I T  D I AG RAM FOR A PARA L L E L ED 

OVERHEAD-UNDERGROUND S I NG L E - PHASE L I N E 
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feet . The seri e s  i mpe dance for a #2 A\m a l umi num phase con ductor was 

cal cul ate d  to be equal  to 0 . 787 + j 0 . 0362 ohms/ 1 000 fee t .  I n  both 

cases , the res i s tance of  the concentri c neutra 1 was mu l ti p 1 i ed  by 1 .  1 o 
to a 1 1  ow for strandi ng .

1 6  

The shunt  admi ttance can be ca l cul ated  by uti l i zi ng equat i on ( 5 -9 )  

and the express i on deve l oped fo r the capaci tance of an underground  

cabl e i n  Cha pte r  I V . The expre s s i on for the shun t  admi ttance  can  be 

wri tten a s  

Y 0 [
0 . 00736 kr ] 

= . o  + j CA) 
0

2 l ogl O  -o, 

mhos/ 1 000 feet . ( 5. - 1 3 )  

where o2 i s  the d i s tance from the center  of  the conductor to the out­

s i de edge of the i n s u l at i on , and o
1 

i s  the di s tance from the  cente r of  

the conductor to  the i n s i de edge o f  the i n s u l at i on . I f  a #1 /0  AWG 

al umi num ph� se conducto r i s  con s i dered , the s hunt  admi ttance can be 

-5 cal cul ated to be equal  to 0 . 0  + j 1 . 6 x 1 0  mhos / 1 000 fee t .  The s h un t  

admi ttance for a #2 AWG a l umi n um phase conductor i s  equal  to 0 . 0  + 

j 1 -5 . 39 x 1 0  mhos/ 1 000 feet .  

Formul a s  we re de ri ved i n  Chapter  I I I  for a s i ng l e -phase overhead 

ci rcui t phys i cal l y  paral l e l to a s i ngl e -phase underground .c i rc u i t . The 

neutral s of these two ci rcu i ts are connected el ectri ca l l y  i n  para l l e l . 

Fi gure ( 5 -4 ) i s  a ci rcu i t di agram wh i ch i l l us trates th i s  part i c u l a r  

si tuati on .  Two vari at ions  o f  th i s  ci rcu i t wi l l  be cons i de red . 

Fi rs t , ass ume that the phase conductor of  the ove rhead c i rcu i t  i s  

physi ca l l y sho rt -c i rcu i ted to the neutral conductors an d the curren t  i n  



conductor 3 i s  zero . Fi gure ( 5 -4 ) wi l l  be al tered  as shown i n  fi gure 

(5-5 ) .  I t  i s  ass ume d  that the current i n  the phase conductor re turns  

enti re l y i n  the neutral conductors and  not i n  the earth . There fo re , 

a node equat i on repre se n ti ng  the currents i n  the conductors can be 

wri tten . Thi s equat i o n  i s  

(5-1 4 }  

Furthenno re , uti l i z i n g  Ki rchhoff ' s  vol tage l aw ,  two l oop equat i ons  can  

be wri tten . These equati ons  are 

( 5-1 5 ) 

and 

{ 5-1 6 )  

S i nce 13 = 0 ,  the equat i ons  fo r the fl ux l i n kages o f  conductor 1 ,  

conductor 2 ,  and conducto r 3 become 

-5 1 l <f 1 = 6 . 096 x 1 0  [ 1 1 l og
e -r 

� - r 2 l og - - 14 l oge 
1 

e 0
1 2  

( 5 -1 7 } 
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F i gure ( 5 -5 )  

C I RCU IT D I AG RAr 1 FOR A PARAL L E L E D  OV ERHEAD - UN D E RG R OU ND 
S I NGL E - P HASE L I NE W I TH I 3 = 0 

1 1 > 
+ 
El 1 2 ( 

+ > 

Z1 

--' 0 

F i gure ( 5 -6 ) 

C I RCU I T  D IAGRAM FOR A PARALL E LE D OV E R H EAD - UNDERGROU ND 

s rnG L E - P HASE L I N E · iH TH I i  = 0 
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and 

$'-' 2 = 6 .  096 x 1 o -5 [ -I 1 l o g -1- + r 2 1 age _1_ + I 1 og 
e D1 2  r " 4 e 2 

II./ -5 1 1 r 3 = 6 . 096 x 1 0 [ - I
1 

l og - + r 2 l o g -0 - + r4 l oge e 01 a e 2a 

1 / s  ] . 
(r D D D D D ) 

a ab a c ad  ae a f  

1 

( 5 - 1 8 ) 

( 5 -1 9 )  

Substi tuti ng the se  exp re s s i on s  i n to equa t i on s  ( 5 - 1 5 )  a nd  ( 5 - 1 6 ) and  

el i mi nat i n g  a l l of  t h e  c u rren ts except  1
1

, y i e l ds an eq ua t i on in  te rms 
of E1 and  r

1 . Th i s  e q u a t i on i s  g i ven a s  

E1 [R  + j 2 .  2 9  x 1 0
-2 

1 o g  
D

2 1 ] + c [R2 + j 2 .  2 9  x 1 o -2 
� = 1 e r{ 1 

1 og 
D1 2 ] 

e r � 2 

( 5 -20 )  

6 1  



where cl i s  equal  to 

[ 
R4 + j 2 . 29 x 1 0-2 l oge 

Ol a  ( D2aD2bD2cD2dD2eD2f ) l /s ] 
s ( � 1 /s ra DabDacDadDaeDaf ) D1 2 
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Substi tuti n g  the nume ri ca l val ues l i s ted i n  tabl e ( 5 - 1 ) i n to 

equati on ( 5 -20 ) res u l ts  i n  a nume ri ca l  val ue for the se ri es i mpedance . 

Two numeri cal  va l ues  we re obta · m�d fo r the seri es  i mpedance . F i rs t ,  a 

case was cons i de red  whe re bot t  the ove rhead c i rcui t and the underground 

ci rcui t cons i s ted  of #1 / 0  At�G a l urn fo um conductors . The seri e s  i mped­

ance for thi s case was ca l cu ated to be equal to 0 . 31 7 + j 0 . 2 30 ohms/ 

1 000 feet .  The second va l ue wa s obta i ned fo r  both the ove rhead  an d 

underground ci rcu i ts con s i s ti ng  of #2 AWG al umi num conduc to rs . The 

seri e s  i mpedance for th i s  case wa s found to be equa 1 to· O .  4698 + 

j 0 . 2324 ohms/ 1 000 fee t .  

The shun t  admi ttance , when 1 3  = 0 ,  wi l l  now be cons i de red . S i nce 

the neutral  conductors of  the two ci rcui ts are e l ectri ca l l y  connected 

i n paral l e l ,  a porti on of the charge on conductor 2 wi l l  exi s t  on con ­

ductor 4. . The re fore , the tota l capaci tance wh i ch defi nes the shunt  

admi ttance cons i s ts of two paral l e l  capac i tances . These pa rame ters were 

defi ned i n  Chapte r  IV . I f  the ove rhead c i rcui t and the unde rgro und  

ci rcui t  cons i s t  of #1 /0  .t\WG al umi num conductors , nume ri cal  va l ues can  

be cal cul ated for each  of these capaci tances . The proport i on of cha rge 

, on conductor 2 and on con ductor 4 mus t  be de termi ned be fo re the 
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capaci tances can be eval uate d . The vol tage from conductor 1 to conduc ­

tor 2 i s equa l to the vol tage from con ductor 1 to conductor 4 .  There ­

fore , equat i ng the se potenti a l s yi e l ds an express i on i n  terms o f  K1 and  

�· These constants descri be th propo rt i on of  the charge on  c on ductor 

2 and conductor 4 .  Once th i s  e xpr s s i on i s  de termi ned , equat i on ( 4 -20 ) 

can be appl i ed to eval uate K1 and K2 i nd i vi dua l l y .  For #1 /0  ArlG a l u ­

mi num conductors , K1 
= -0 . 528 an d � = -0 � 472 . 

The capaci tance be tween c o r  duct o r  1 an d conducto r 2 was determi ned 

to be 1 . 885 x 1 0
-3 ....cA. farads/ 1 00 ee t .  The capaci tance be tween  conduc -

-3 
' 

tor 1 and conducto r 4 wa s de te nni oe d to be 1 .  50 x 1 O _µ.. farads /1 000 

feet . There fore , the total  ca p a c i tance wa s ca l cu l ated to be 3 . 38 x 1 0-3 

-M farads/ 1 000 feet .  The shun t  { dmi ttance was then ca l cu l ated to be 

numeri ca l l y  equal  to 0 . 0  + j 1 . 27 x 1 0-6 mhos/ 1 000 feet .  Once aga i n , 

the ci rcu i t  jus t  des cri b d can be _ epresented by the nomi na l - 77: 

The l ast  vari at i on of fi gu re ( 5-4 ) i s  a short ci rcu i t of the under­

ground phase con ducto r  to the underground neutra l , wi th the curren t 

I1 = 0 . As be fo re , a node equ a t i on re presen t i ng the currents i n  the 

conducto rs can be wri tten . Th i s  equat i on i s  

(5-21 ) 

Thi s equati on i s  true on l y  when  al l of the current returns  i n  the neutra l  

conductors and  not  i n  the earth . App l yi ng Ki rchhoff ' s  vo l tage l aw t o  

fi gure ( 5 -6 ) ,  wh i ch represents the new short ci rcu i t ,  two l oop equa ti on s  

can be wri tten whi ch wi l l  ai d i n  the ci rcui t sol uti on . These equati on s  

are 



( 5 -22 } 
and 

(5-23 } 

Si nce 1 1 = 0 ,  the equat i on s  fo r the fl ux l i n kages  of  cond ucto rs 2 , 3 , 
and 4 ,  res pect i ve l y , can be rewri tten as  

and 

p3 = 6 . 096 x l o -5 [ - I l og -1- + r  l o g -1- - 14 l og 2 � e o2 3 3 e r 3, e 

111 · = 6 . 096 x 1 0 -
5 

[ I l og -1- - 13 l oge a1- + 14 l og
e r 4 2 t;. D2a 3a 

(5-24 ) 

(5-25 ) 

(5-26 ) 
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Subs ti tut i n g  the se  equat i o n s  i n to equat i on (5 -22 } an d equa t i on ( 5 -23 ) 

and e l i mi nat i n g  a l l of the curren ts except 13 , res u l ts i n  an  equati on 

in  te rms of E3 and  1 3 . Th i s  equa ti on i s  
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EJ = [R3 + j 2 . 29 x 1 0 -2 l og 
DJa ] + c

2 
[ R45 + j 2 . 2 9  x 1 0 -2 l og

e 13 e r3� 

where c2 i s  equa l  to  

D D 
[R2 + j 2 . 29  x 1 0 -2 l og 23 2a  ] 

e r2' D3a 

( 5 -27 ) 

Tabl e { 5 - 1 ) was ut i l i ze d  to ca l cu l ate nume ri cal  val ues fo r th ree cases . 

In the fi rs t  ca se , the un de rgro un d cabl e cons i s ted  o f  a #1 /0 AWG a l u­

mi num pha se conducto r an d the  ove rhead ci rcu i t con s i s te d  o f  two # 1 /0 

AWG a l um i num con ducto rs . The se_ri es  impedance was ca l cu l a te d to be 

0. 3857 + j 0 . 1 76 ohms / 1 000 fee t .  The second  case va ri e d  from the  fi rs t  

by chang i n g the #1 /0 AWG a l umi num ove rhead conducto rs to #2 AHG a 1 umi n um 

conducto rs . The seri e s  i mpedance wa s eva l uated and found to be 0 . 387  

+ j 0 . 1 78 ohms /1 000 fee t .  Fi na l l y ,  both  ci rcu i ts we re ass ume d  to  be  
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compri sed  of #2 AWG a l umi n um conductors . The se ri e s  i mpedance  for th i s  

case was found to be 0 . 52 + j 0 . 1 5  ohms/ 1 000 fee t .  

The s hunt admi ttance fo r th i s p art i cu l a r  ci rcu i t wou l d b e  de ter­

mi ned on l y  by the capac i tan ce be t\·1ee n  the phase con ducto r a n d  the  

grounded  c onduct i n g s h i e l d  o f  the  unde rground  cabl e . Th i s  wo u l d be 

true s i nce  the e l ectr i c fi e l d te rmi nates  on the oppos i te l y  cha rged 

sh i e l d .  Aga i n ,  the eq u i va l e n t  c i rcu i t \·mu l d be the nomi na l - 71"" equ i va ­

l ent  shown i n  fi gure ( 5 - 1 ) .  
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Tabl e { 5 - 2 ) 

NUMER I CAL VALUES  OF THE SER I ES IMPEDANCE  AND 

SHUNT ADM I TTANCE  FOR VAR I OUS C I RCU I TS 

Type of  C i rcu i t 
and Conductors 

Si ngl e -ph a se ove rhead 

#1 /0 AWG a l umi n um 
#2 AWG al umi num 

Si ngl e -phas e  unde rground 

#1 /0 AWG al umi num 
#2 AWG al umi num 

Paral l e l s i ng l e -phase  
undergroun d -ove rhead  
ci rcu i ts , 13 = o 

# 1 / 0  AWG a l umi n um 
#2 AWG al umi num 

Paral l e l s i n gl e -phase 
underground -ove rhead 
ci rcui ts , 1 1 = O 

#1 /0  AWG a l umi num 
#2 AWG a l umi num 
#1 /0 AWG al umi num} 

ove rhead  
#2 Ai�G a 1 umi  n um  

unde rground 

z (Ohms / 1 000 Fe� 

0 . 362 + j 0 . 282 
0 . 574 . + j 0 . 294 

0 . 6805 + j 0 . 0346 
0 . 787 + j 0 . 0362 

0 . 31 7  + j 0 . 230 
0 . 4698 + j 0 . 2324 

0 . 3857 + j 0 . 1 76 
0 . 520 + j 0 . 1 5  

o . 387 + j o . 1 78 

y (Mhos/l 000 Fee t) 

0 . 0  + j 5 . 4  x 1 0-� 
0 . 0  + j 5 . 1 8  x 1 0-

0 . 0 + j 1 . 6 x 1 0-� 
0 . 0  + j 1 . 39 x 1 0-

0 . 0  + j 1 . 2 75  x 1 0-6 

0 . 0  + j 1 . 6 x 1 0 -5 
0 . 0  + j 1 . 39  x l o

- 5 

0 . 0  + j 1 . 39 x 1 0-5 



Chapter V I  

DERI VAT i m� OF THE C I RCU I T  H1P E DAt�CE  O F  A s rnGLE -PHAS E 
UNDERGROUND  C I RCU I T  W I TH EARTH -RETURN AND A 

PARALLELED S INGLE - PHASE UiWERG RO U N D -OV E RH EAD C I RCU I T  
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In a prev i ous  chapter , equat i on s  we re deve l oped for the i nductan ce 

of a s i ng l e -phase  unde rground ci rcu i t and fo� a pa ra l l e l ed s i ng l e -pha s e  

underground and ove rhead  ci rcu i t .  These  equati ons  were base d  o n  t h e  

assumpti on that a l l o f  the c u rre n t  i n  the phase conductor wo u l d return 

in the ne utra l  con ductors , or that none o f  the current  wo ul d re turn i n  

the e a rth . Howeve r ,  i t  i s  genera l l y  accepted that  a port i on o f  the 

phase current return s  i n  the ea rth  i n  a conventi ona l l y  grounde d d i s tri ­

buti on sys tem . Formul as  have been  de ve l oped by othe r authors wh i ch 

des cri be the i mpedan ce of  conductors wi th ea rth -re turn for o ve rhead 

ci rcui ts .
6 

These equat i on s we re based  on i n formati on deve l ope d  by Dr . 

8 
John R .  Carson . Recentl y , these equat i on s  have been m6di fi e d  to 

1 2  
descri be the i mpedan ce s  of concentri c neutra l  unde rgroun d cab l e s . I n  

thi s  chapte r ,  the se eq uati ons , wh i ch ha ve been deri ved i n  Appendi x B ,  

wi l l  be use d  to des cri be a s i ng l e -phase  un de rgroun d  ci rcu i t an d a 

s i n gl e -phase  ove rhead  ci rcu i t .
· 

The underground s i ng l e -phas-e ci rcui t i s  compri s ed o f  a phase con -

ductor and a concentri c neutra l  return path . The ci rcu i t di agram for 

th i s case i s  i l l us trate d i n  fi gure ( 5 -3 ) . I f  the ea rth - re turn i s  n o t  

negl ected , anothe r retu rn path for the ph ase current mus t b e  con s i dered .  

Fi gure ( 6 -1 )  repre sents  a s i n gl e - phase  concentri c neutral un de rg ro un d  

ci rcu i t wi th ea rth - return . The i mpe dance s sho�n i n  fi gure { 6 - 1 ) 
��·--' 
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F i  g u re ( 6 - l ) 

C I RC U I T  D I AG RAM OF AN UNDERGROUND S I NGLE -PHASE L I NE  
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S I NGLE -PHASE L I NE W ITH THE EARTH-RETURN PATH RETA I NED 
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represent  the se l f- i mpedance s of each conducto r wi th ea rt h - re turn and 

the mutua l  i mpedance be twee n  the two conducto rs wi th common ea rt h - return . 

These parameters are de fi ned  i n  Appendi x B .  The i de n t i ty o f  the e arth 

i mpedance , Z , i s  re ta i ned  i n  f i g u re ( 6 - 1  ) . I f  a short c i rcui t i s  g 

appl i e d  acros s te rmi na l s b ,  d ,  and f ,  and anothe r short c i rcu i t acros s 

termi na l s c and e ,  the fol l owi n g  vo l tage equati on s can be wri tten : 

and  

The current , I , c an  be  expre s sed  as 
g 

I = 1 3 - 14 · g . 

There fore , equat i on s  ( 6- 1 ) and ( 6 - 2 ) can be reduced to 

and 

0 - I Z - I4 Z · - 3 an -g nn -g 

( 6 -3 } 

( 6 -4 } 

( 6 -5 }  

T d d S ,· n g l e - ph a s e  c i rcu i t can be he se ri es i mpe dance o f  an un ergroun 

eval uate d by uti l i z i n g equat i ons ( 6 -4 )  and ( 6-5 ) . Sol vi ng  these  two 

equat i ons for the s i ngl e -phase i mpedance of the ci rcu i t y i e l ds 

2 

z = E3 = z _ Zan -g ohms / 1 000 feet .  ( 6 -6 }  
a a -g z 

1 3 nn -g 
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Subs ti tuti ng  equati on s  ( B -20 ) , ( B-23 ) , and ( B-34 ) i nto eq uati on ( 6-6 ) 
resul ts i n  an expres s i on i n  terms o f  geome tri c di s tances and  res i st i v i ty .  

A compute r program was wri tten , wh i ch woul d sol ve equati on ( 6 -6 )  
gi ven i n fo rmati on from tabl e ( 5 - 1 ) an d val ue s of res i s ti vi ty .  Th i s  pro ­

gram was des i gned  t o  yi e l d res u l ,.,s fo r  vary i ng va l ues o f  res i s ti vi ty .  

The res i s ti vi ty wa s vari e d  s · n e e  the conducti v i ty of the so i l was 

i nverse l y  proporti onal  to the re.s i s ti vi tv .  Thi s pa rame te r was  vari ed  

be tween va 1 ues  of 1 00 mete r -o h ms a n d  1 000 meter-ohms for cab 1 e s i zes  of 

#1 /0 AWG a l umi num and #2 AWG a l umi n um . The ci rcu i t i mped an ce was ca l cu ­

l ated for each val ue o f  re s i s t·i vi ty .  fhe rea l  part o f  Z was p l otted i n  

graph ( 6 - 1 ) and the i ma g i na ry � a rt o f  Z was p l o tted i n  graph  ( 6 - 2 ) as  

the res i s ti vi ty wa s i n c re a s e d  i n  s teps o f  1 00 meter-ohms . The re was a 

sl i ght i ncrease i n  ma gn ' tude c; f the c i rc u i t impedance a s  the res i s ti vi ty 

was i ncreased . 

The c i. rcu i t  i m pedan ce fo r an underground s i n gl e -phase  c i rcu i t ,  

pa ral l el ed wi th an ove rhe· d s i n gl e -phase ci rcu i t ,  can be deve l oped by 

ap pl yi ng the same proce u re s  as w . re ap p l i ed previ ous l y .  The ci rcu i t 

di agram for th i s  case i s  h own i n  fi gu re ( 6 -2 ) . Once agai n ,  the i den ­

ti ty of  the earth - retu rn i s  re ta i ne d .  The current i n  the ove rhea d phas e  

conducto r i s  a ssumed t o  b e  equa l to ze ro . The mutua l i mpedan ces between 

the conductors wi th earth -return a re s hown i n  fi gure ( 6 -2 ) . These 

impedances a re defi ned  by equat i ons ( B -22 } and  ( B -2 3 )  i n Append i x B .  I f  

a short ci rcu i t  i s  app l i e d  acros s the te rmi nal s d ,  f ,  h ,  and j and 

another sho rt ci rcu i t acros s e and  g ,  the fo l l owi n g  vol tage equati ons 

can be wri tten : 
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and 

In thi s  c a s e , the cu rre n t  I ca n b e  e x p re s s e d  a s  g 

( 6 -7 ) 

{ 6 -8 )  

( 6 -9 )  

( 6 -1 0 )  

These e q u a t i on s  can be s o l ve d s i mu l taneous l y  to e l i mi n a te a l l o f  the 

curren ts b u t  r3 .  The e q u at i o n wh i ch re s u l t s  i s  g i ven i n  te rms of E3 

and 13 • The c i rc u i t i mpe d a n ce c a n  be o b ta i ned by d i v i d i n g E3 by 1 3 • 

The e xp res s i o n wh i c h re s u l t s  i s  

E [ j zn 2 _9 2bn l -g2n l n 2 -g 
-1. = z _ 2bn 1 -g _ 

- - Zn 1 -g I3 bb-g Zn l -g Zn l n 2 -g2 
Zn 2 -g -

z nl -g 
ohms/1 000 fee t .  

( 6 - 1 1 )  
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Due to the s pac i n g  d i s tance be tween conductor 2 and conducto r 3 ,  a n d  

conducto r  2 a n d  con ducto r 4 ,  the mu tua l  i mpedance s be tween  thes e  condu c ­

tors wi th ea rth -re turn can b e  a s s umed t o  be equa l . The c i rcu i t i mped ­

ance fo r  th i s  case wa s · ca l cu l ated by sl i de ru l e  for two di ffere n t  

conductor s i ze s . F i rs t , i t  wa s a s s ume d that the pa ra l l e l ed c i rcu i t 

cons i s ted of #1 /0  AWG al un1i n um conduc tors . The c i rcui t i mpedance wa s 

ca l cul a te d  to be 0 . 295  + j 0 . 24 7  wh · c h was cons i s tent wi th prev i o u s  

resu l ts . When the C 'i rcu i t wa s as s 1Jl 1 ed to be compri sed  of #2 Al�G a l umi ­

num conductors ,  the c i rc u i t i mpeda 1ce wa s ca l c u l ated to be 0 . 3984 + 

j 0 . 2462 . Both of th" se va l ues we e ca l c u l a te d  for a res i s ti v i ty of  1 00 

meter-ohms . 

S ioux Val l ey Emp i re E l e c t r i c F s soc i at i on ,  l ocated at Col man , 

South Dakota , re qu e s ted thil t s h o rt c i rc u i t tes ts be ma de on vari ous  

lengths of  i n sta l l ed unde rgroun d cabl e �  The test wh i ch wa s performed 

requ i red the phase con d u c t o r  and the neutra l to be short -ci rcu i ted . A 

vol tage was  appl i ed to the shorted cab l e and the vol tage , current , a n d  

watts were mea s u red . Tabl e ( 6 "· 1 ) co n a i n s i n formati on from one of  these 

tests .  From the measured q u a n t i t i e s  i t  wa s pos s i b l e  to cal cu l ate the 

real and i ma gi nary components  of the c i rc u i t i mpedance . The res u l ts of 

th i s tes t  wi l l  be di scussed  i n  the fol l owi ng  chapter . 
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Tab l e  ( 6 - 1 ) 
SHORT CI RCU I T  TEST DATA 

LOCAT I ON : Near Val l ey Spri ngs , South Dakota 

DISTAfJCE : 9 , 2 1 0 fee t 

E I p z cos g R x 

{VOLTS ) (AMPS ) ( KH )  (OW1S ) ( RAD I AtlS ) 
( OHMS PER ( OHMS PER 
1 000 FEET ) 1 000  FEET )  

45 . 0  1 1 . 44 0 . 48 3 . 94 . 939 . 402 . 1 46 

49 . 9  1 2 . 72 0 . 60 3 . 92 . 945 . 404 . 1 38 

55 . 0  1 3 . 96 0 . 79 3 . 94 . 935 . 399 . 1 47 

72 . 0  1 8 . 0  1 . 20 4 . 0 1 . 925  . 404 . 1 52 

80 . 0  20 . 0  1 . 50  4 . 00 . 939 . 408 . 1 48 

84 . 9 2 1 . l 1 . 64 4 . 02 . 9 1 8  . 399 . 1 72 

90 . 0  22 . 5  1 . 84 4 . 0  . 9 1 0 . 396 ' . 1 79 

95 . 0  23 . 8  2 . 05 3 . 99 . 908 . 393 . 1 83 

1 00 . 0  2 5 . 0  2 . 30 4 . 0  . 9 1 8  . 398 . 1 71 

1 05 . 0  26 . 4 2 . 5 1 3 . 98 . 908 . 392  . 1 83 

1 09 . 9  27 . 5  2 . 75 3 . 99 . 9 1 4  . 396 . 1 76 

1 1 2 . 0 28 .  1 2 . 88 3 . 98 . 91 4  . 396 . 1 75 
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A s i ng l e -pha se conce n tri c neutral cab l e cons i s ts of a phase  conduc­

tor and a neutral  con ducto r .  Equati on ( 3- 1 1 ) represents the  i nducti ve 

reactance of the phase conducto r  in  terms of geometri c di s tances . These  
• 

di s tance s , wh i ch a re ta bul ated  i n  tab l e ( 5 - 1 ) , we re s ubs t i tuted i n to 

th i s  equat i on . The ca l cu l ate d  val ue of the i nducti ve reacta n ce for a 

#2 AWG a l umi num conducto r was found to be 0 . 0335 ohms/ 1 000 fee t .  The 

cal cu l ated val ue for a #1 /0  AWG al umi num conductor was found  to be 

0 . 0300 ohms /1 000 fee t .  Both of these va l ues are based  on the a s s umpti on 

tha t al l of  the phase  cu rren t return s  in the neutral  conductor . These  

val ues we re found  to  be  t he  same va l ues gi ven i n  the Rome Cab l e URD 

Techn i c� l  Manua 1 .
2 1  

Equati on ( B -20 ) represents an e xpre ss i on for the 

sel f- i mpedance of a conducto r wi th earth -re turn . Th i s equati on wa s 

sol ved uti l i z i ng d ata from tabl e ( 5 - 1 ) . The i nducti ve 
'
rea ctance , of a 

12 AWG a l umi n um conducto r wi th earth -return was foun d to be 0 . 2928 

ohms/1 000 feet .  The i n ducti ve reactance of a #1 /0  AWG al umi n um conduc­

tor wi th earth -retu rn was fou n d  to  be  0 . 28694 . Both of  thes e va l ues 

were ca l c u l ate d  for a va l ue of earth  res i s ti v i ty equal  to 1 00 me ter­

ohms . These ca l cu l ati ons  i n d i cated that  when  the  earth- re turn was 

cons i de red , the rea ctance of the cabl e i ncreased . 

Some authors as sume that the i n ducti ve reactance of the concentri c 

neutral  i s  equal  to zero . 1 3 Equati on ( 3-21 ) represents the i nducti ve 

reactance of the neutral conductor of a concentri c neutral cabl e .  As 

before ,  these equat i ons  we re sol ved u ti l i z i ng the data i n  tab l e  ( 5 - 1 ) . 
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The i nducti ve reactance , negl ect i ng the earth -return , o f  a #1 /0 AWG 

al umi num conductor was foun d  to be 0 . 0043 ohms/ 1 000 fee t .  The val ue 

ca l cul ated for a #2 AWG al umi num con ductor was found to be 0 . 0040 ohms/ 

1 000 feet . When the e a rth -re turn wa s con s i dered , the val ue for the 

i nduct i ve reactance of  a #1 /0 AWG al umi num conductor was found  to be 

0 . 26798 ohms/ 1 000 feet . The va l ue obta i ned  fo r the i nducti ve rea ctance 

of a #2 AWG a l umi n um conductor was found  to be 0 . 26963  ohms / 1 000 feet . 

These  magn i tudes refl e ct the fact  that the true i nducti ve reactance 

of the con centri c neutral  is not equa l  to zero . When the earth -return 

i s  negl ected , the i nducti ve reactance of the re turn current  i s  approxi ­

mate l y  1 1 . 8% o f  the total i n ducti ve reactance o f  a s i ng l e -phase  c i rcu i t .  

The equat i on s  wh i ch were deri ved to descri be the i nduct i ve rea c­

tance o f  a concent ri c neutra l  cabl e we re used to ca l cu l a te the seri es 

impedance of the s i n gl e -phase underground ,ci rcui t . . These equati ons  

negl ect the eart h-return path .  The seri es  i mpedance for a #1 /0 AWG 

al umi num conducto r was cal cul ated  to be 0 . 6805 + j 0 . 0346 ohms / 1 000 

feet . The val ue obtai ned for a #2 AWG al umi num cabl e was 0 . 787 + 
j 0 . 0362 ohms/ 1 000 fee t .  As expected , the res i s ti ve tenn i ncreased 

substant i a l l y s i n ce a sma l l e r cabl e was used . The reacti ve componen t  

di d not chan ge s i gn i fi cantl y .  

The se ri es i mpedance of the same s i ngl e -phase ci rcu i t was ca l cu -

l ated us i ng the formu l as de ri ved i n  Appen di x B .  These fonnul as cons i der 

the earth a s  a return path for the current . The ci rcui t i mpedance for· 

a 11 /0 AWG a l umi num cab l e  and a #2 AWG al umi num cab l e  was cal c u l ated 

for val ues of re s i s ti v i ty ran g i ng from 1 00 me ter -ohms to 1 000 me ter-

ohms .  The . t of the #1 /0 AWG al umi n um cab l e ranged 
reacti ve componen  
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from 0 . 22 1 0 ohms/ 1 000 fee t  to 0 . 23206 ohms/ 1 000 fee t .  Th i s  i ncrease  i n  

i nducti ve reactance represented on l y  a 4 . 7% ri se ove r  a ran ge of 900 

meter-ohms . The va l ue s  of  ci rcu i t i mpedan ce for a #2 AWG a l umi n um cab l e 

ran ged from 0 . 22 528 ohms/ 1 000 feet  to 0 . 236 2 1 ohms / 1 000 fee t .  Th i s  

i nc rease re presented  a 4 . 68% ri se over a range . o f  900 me ter-ohms . The 

rel at i ve magn i tudes and the ri s e  i n  magn i tud�s ove·r a range o f  varyi n g  

res i s ti v i t i e s  a re  d i sp l ayed i n  graph ( 6 � 1 ) .  Graph ( 6 -2 ) repre s e n ts the 

magn i tudes of the res i s ti ve components of the ci rcu i t i mpedances for 

both  the #1 /0  AWG al umi num cabl e and the #2 AWG a l umi num cab l e as  the 

res i s ti v i ty i nc reases . Th i s  graph shows a ri se  i n  res i s ta n ce of 

approxi mate l y  3 . 7% for #2 AWG al umi num cabl e an d a ri s e  o f  approxi ma te l y  

5 .  1 % fo r # 1  /0  AHG a 1 umi num cab l e .  The ma gn i tude of  the reactance wi th 

earth -return was found to be much greate r  than the reactance neg l ecti n g  

an earth -return . Howeve r , the res i s ti ve component o f  the c i rcu i t i m­

pedance wi th earth -re turn was found to have a val ue wh j ch was smal l er 

than that o f  the res i s t i ve component wi thout an eart h - re turn . 

The i n format i on that wa s rreasured  i n  the fi e l d was tabu l ated  i n  

tabl e ( 6- 1 ) .  The cab l e  that was tes ted cons i s ted of a #2 AWG a l umi num 

cabl e and s i x  #1 4  M�G an nea l ed  copper s tran ds wh i ch compri s e d  the 

neutral . The data wa s  accumul ated ove r  a range of vol tages . No par­

ti cu l a r patte rn was obse rved wi th an i ncrease in  vol tage . The  va l ues 

obta i ned were rel ati ve ly. cl ose i n  ma gn i tude to the res u l ts obta i ne d  

from the compute r program wh i ch sol ve d the ci rcui t impedance wi th earth ­

return . The rel at i ve magn i tudes of the fi el d data , when compared to 

the cal cul ated  val ues , mi ght  sugges t that the soi l i n  the te s t  area had 
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a res i s ti v i ty of approxi matel y 1 00. meter-ohms . Vari ous  method s  have 

been dev i sed  to rreasure the res i s ti vi ty of  the earth . I f  th i s  me a s u re ­

me n t  was made befo re the tes ts were conducted , re l at i ve ma gn i tudes o f  

the components  of the c i rcu i t i mpedance cou l d b e  cal cu l ated . 

The rati o of the current  i n  the neutra l to the current  i n  the 

phase conducto r , fo r a ci rcu i t cons i deri ng  an ea rth -re turn , can be 

wri tten as 

( 7- 1 ) 

I f equat i on s  ( B -23 ) and ( B -24 ) are substi tuted i nto equati on ( 7 - 1 ) ,  

resul ts can be obtai ned fo r va ri ous va l ues of res i s ti v i ty and cab l e 

di men s i on s . 

Thi s ca l cu l at i on was pe rformed us i ng data obta i ned from the com­

pute r program that was wri tten . The cab l e that was c�osen  was a #2 AWG 

al umi num cabl e .  The re s i s ti v i ty of the earth was ass umed to be 1 00 

meter-ohms . The val ue of Z was computed to be 0 . 01 805 + j 0 . 258 
an -g 

ohms/ 1 000 feet an d the val ue of Z was found to be 0 . 5 1 7  + j 0 . 269 
nn -g 

ohms/ 1 000 feet . Subs ti tuti n g  these val ues i nto equati on ( 7- 1 ) and 

s i mpl i fyi n g , re s u l ted in  a rat i o  of 0 . 233 + j 0 . 38 .  The magn i tude of  

thi s rati o  \va s ca l cul ated to  be  approxi mate ly  . 4455 . Thi s  means . that  

about 44 . 5%  of the  pha se current re turns i n  the neutra l conducto r .  A 

magni tude of th i s  s i ze i nd i cates that the assumpti on of 40% re turn 

current i n  the neutral conducto r ,  as sugges te d by the REA , was j us ti ­

fi ed . Th i s al so  means that a s i gn i fi cant savi ngs i n  the cos t of  the 



cab l e  can be rea l i zed  by the ut i l i ty s i nce a reduced neutral can  be 

speci fi ed . 
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Equat i ons  ( 3 -30 ) , ( 3 - 32 ) , ( 3-37 ) , and ( 3 -42 ) repre s e n t  the i nduc­

tance o f  each conducto r , wi th earth -re turn , of a phys i ca l l y  paral l e l ed 

ove rhea d-unde rground s i ng l e -phase ci rcui t .  The neutral s o f  thes e  two 

ci rcui ts are e l ectri ca l l y  connected i n  para l J el . These  equati ons  a re 

dependent on the geometri c d i s tances of the cab l e and the magn i tude of 

the current  i n  eac h conductor . Si nce these equati ons are dependen t  on 

the current ,  they · can be al te red  to descri be other c i rcui ts . By 

assumi n g  13 and 14 to be equa l  to zero , the equati ons s i mpl i fy to 

equat i on s  (A -27 ) and ( A-28 ) wh i ch represent the i nductance  of  conductor 

1 and conductor 2 of an overhead s i ng l e -phase ci rcu i t .  L i kewi s e , i f  1 1 
and 12 are a s sumed to be equa l  to zero , the equati ons for the i nductance 

o f  an underground s i ng l e -phase c i rcui t can be defi ned . 

I n order to i nves ti gate whe ther the neutra l of  t�e un derground  

cabl e had a s i gn i fi can t effect on  the  ci rcui t impedance of the overhead 

ci rcui t , 1
3 

wa s assumed to be equal to zero . Th i s  meant  that the 

return i n g  phase current  wou l d have to spl i t  in some manner be tween the 

two para l l e l ed neutra l s .  Val ues fo r the ci rcui t i mpedance we re ca l c u ­

l ated fo r both a #1 /0 AWG a 1 umi num conductor and a #2 AWG a 1 umi num 
-

conductor . The resul ts of these ca l cu l ati ons we re l i s ted i n  ta bl e 

(5�2 ) . I n  compari ng  the resul ts of th i s  ci rcui t wi th that of  an ove r­

. head s i n gl e - phase ci rcui t ,  i t  was found that there appea re d  to be o n l y 

a s l i ght  decrease i n  the re l ati ve magn i tude of the components .  

Th i s same procedure was appl i ed to the underground ci rcu i t .  The 

bl  (5 2 ) In thi s case , i t  was found  resu l ts were agai n l i s ted  i n  ta  e - • 
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that the magn i tude of the reacti ve component i ncreased s ubstant i a l l y  

and the res i s t i ve component  decreased . Thi s woul d s uggest that c i rcu i t 

i mpedance wou l d .  be s i gn i fi cant ly  al te re d  when these neutra l s  a re 

pa ra 1 1 e 1  ed . 

I f  the current  i n  each conducto r i s  known , the ci rcui t i mpedance 

for the case whe re both the unde rground an d the ove rhead c i rcu i ts  are 

energ i zed cou l d be obta i ned . Howeve r ,  i f  these currents are not  known 

quanti t i e s , the probl em of ca l cu l ati ng  a ci rcui t i mpedance i ncrea s es . 

The comp l i c ati on re su l ts because the expres s i on for the ci rcu i t i mped ­

ance conta i n s  more than one unknown . Thi s i s  one a re a  wh i ch requi res 

further  resea rch . 

The capac i tance of  an underground cabl e exi s ts between  the  phase  

conductor and  the grounded semi con ducti ng  s h i e l d around the  i ns u l a ti on . 

The expres s i on wh i ch wa s de ri ve d for the capaci tance i s  g i ven  i n  equ a ­

tion  ( 4-1 1 ) . From th i s  equati on , i t  i s  evi dent that the magn i tude o f  

the capac i tance i s  dependent o n  the th i ckness  o f  the i nsu l at i on a n d  the  

magni tude of the  di e l ectri c constant .  

The cabl e  wh i ch was tes ted  cons i s ted  of a hi gh mol ecu l ar wei gh t  

po lyethy l ene i n s u l ati on . The re l ati ve di e l ectri c cons tan t  for th i s  

materi al  was ass umed to be 2 . 3 .  Va l ues were obtai ned for the capac i -
-

tance of the two s i zes tes ted . The #1 /0 AWG a l umi num cab l e was found 

to  have a capaci tance of 4 . 23 x l 0-2 ,,«- farads/ 1 000 feet .  The  #2 AWG 
-2 

al umi num cab l e  was found to have a capaci tance of 3 . 69 x 1 0  � fa rads/ 

1 000 feet .  Th i s  data . subs tanti ates the fact that as the separa t i on of 

· d eases Wi th an i n crease  the conductors i n creases , the  capaci tance ecr  · 

i n  capac i tance ,  the shunt admi ttance of the equi val ent c i rcu i t wi l l 
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i nc rease . There fore , as the phase conducto r  i ncreases i n  s i ze ,  the 

shunt a dmi ttance decreases in ma gn i tude . Magni tudes of  the s hunt  

admi ttance for the s i n gl e -phase underground ci rcui t were gi ve n  i n  tab l e 

{5-2 ) . 

· The capac i tance of the para l l e l ed unde rground -ove rhead s i n gl e - phase  

ci rcu i t ,  when 1 1 = 0 ,  is  gi ven as  the  ca paci �ance of  the un dergro und  

cabl e .  The val ues de ri ved for the  underground cab l e capac i tance a re 

appl i ca bl e i n  th i s  ca se . The shun t  admi ttance of the equ i va l en t  c i rcui t 

vari e s  s imi l a rl y , as we l l .  

The capaci tance of the paral l e l ed unde rground -ove rhead s i ng l e - phase 

ci rcu i t ,  when  13 = 0 ,  is  gi ven as the  equ i va l ent  capaci tance of two 

paral l e l  capac i tances . Equati ons (4-21 ) and (4 -22 ) represent  the two 

paral l el capaci tances . Li ke the express i on deri ved for the capa c i tance 

of an underground cab l e ,  these equati ons are dependent  on the geome tri c 

spac i ng and the magn i tude of the d i e l ectri c cons tant . . Howeve r ,  thes e 

equati on s  a re a l so  dependent on the manner i n  wh i ch the cha rge sp l i ts 

between conductor 2 and con ductor 4 ,  s i nce they are connected together .  

Nonnal l y , i t  wou l d  appea r that the capaci tance between conductor 1 and 

conductor 4 woul d be very sma l l due to the l arge separati on  d i s ta nce . 

Numeri cal  va l ues  we re obta i ned for the constan ts K1 and  K
2 

whi.c h  
-

i nd i cate the p roport i on of cha rge , Q1 , on conducto r 2 and conductor 4 . 

The val ue  of Kl wa s found to be -0 . 528 and the va l ue of � was found to 

be -0 . 472 .  The capaci tance between con ductor 1 and con ductor 2 was 

cal cul a ted to be 1 . 885 x 1 0 -
3 

_µ.. farads/1 000 feet .  The capac i tance . 
-3 between conductor 1 and conductor 4 was ca l cu l ated to be 1 . 5 x 1 0  
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,..t-<- farads/ 1 000 feet . The equ i va l ent  capaci tance was ca l cu l ated to  be 

3 . 38 x 1 0-3 _,µ. farads / 1 000 fee t .  The capaci tance be tween conduc to r  1 and 

con ductor 2 ,  neg l ect i ng  conducto r  4 ,  wa s ca l cu l ated and found  to be 

equa l to 1 . 05 x 1 0-2µ fa ra ds /1 000 feet .  Compari n g  the equ i va l en t  

capaci tance wi th the capac i tance between conducto rs 1 and 2 wou l d 

sugge s t  that a paral l e l ed neutra l  wou l d  tend. to decrease  the  capac i tance 

due to a sp l i t  i n  the charge . 

Throughout th i s  thes i s ,  one parti cu l a r  prob l em exi s te d . I t  was 

di ffi cul t to veri fy some of the resul ts that were obta i ned . There fore , 

i t  i s  recommended that i f  th i s  research i s  extended , one s pa n  o f  

pa ra l l e l ed  s i ng l e -phase  ove rhead -underground cabl e b e  con stru cted . 
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Appendi x A 

Thi s appen d i x deve l ops  an expre s s i on for the i nductance o f  two 

overhead  cond ucto rs sepa rate d a di s tance 1 1 0 1 1  apa rt . Thi s  deve l opment  

wi l l  i nc l ude the  de ri vati on of  a fun damenta l  expres s i on fo r the  i nduc­

tance paramete r ,  the de ri vati on of the i nte rna l  and exte rna l  i nductan ce 

of a conductor , and fi nal ly , an appl i cati on of these  de ri vati ons  to an  

overhead  ci rcu i t .  

A general  express i on de fi n i ng i n ductance can be deve l oped by con ­

s i de ri ng the magnet i c  fi e l d o f  a conducto r .  The magne ti c fi e l d  o f  a 

conducto r i s  de scri bed by the fl ux l i n kages , wh i ch rad i ate concentri ­

cal ly  outwa rd from the conducto r .  An i nduced vol tage i s  p roduced i f  

the re i s  a rate of change of these fl ux 1 i nkages . Thi s vo l tage i s  

gi ven as  

e = d 'Y 
dt 

vol ts , (A-1 ) 

where e i s  the i ndu ced  vol tage and -r re presents the fl ux l i n kages  i n  

weber-turn s . A magneti c fi e l d  can be produced by e i ther a chang i n g  

el ectri c fi e l d o r  a cu rrent . 22 If the current  is  a chang i ng  c urre n t , 

then the magneti c fi e l d wh i ch i s  produced wi l l  a l so  be chang i ng .  

There fo re , the numbe r . of the fl ux  l i nkages ,  wh i ch des cri be  the ch ang i n g 

magneti c  fi e l d , wi l l  be proporti ona l to the current  caus i ng the mag ­

neti c fi e l d i f  a con stant pe rmeab i l i ty i s  as sumed . 1 7  The i nduced 

Vol t�ge wh i ch i s  produced can now be descri bed as 

e = L di 
dt 

vo l ts , (A-2 )  



whe re L i n  hen rys i s  the con s ta n t  o f  propo rt i ona l i ty an d i i s  t h e  

cu r re n t  i n  amp s . Equ a t i n g  eq u at i o n s  (A-1 ) an d (A-2 ) a n d  s o l vi n g fo r L 

res u l t s  i n  

L = d � 
d i  hen rys . (A-3 )  

S i nce  a con s tan t pe rmea b i l i ty i s  a s s ume d , th i s  exp re s s i on can be  re ­
wri tte n  a s  

or 

,,., L = -; 

i' = L i  

hen rys 

(A-4 ) 

fl ux 1 i n k a ges . 

He re , the  te nns i a n d  -r re p re s e n t  i n s ta n taneous quan t i t i e s . I f t h es e  

te rms a re e x p re s s e d  a s  ph a s e r  q u a n t i ti e s , the re s u l ti n g  e xp re s s i on i s  

JV = L I  webe r - tu rn s . (A-5 ) 

From the a b ove e x p re s s i on , i t  ca n be seen t h a t  i f  the to ta l  fl ux  

l i n k a ge s  for a conducto r a re known a n d  t h e  curre n t  thro ugh t h a t  con d u c ­

to r i s  kn own , t h e n  t h e  i n d u c ta n ce c a n  b e  de te rmi ned . 

The tot a l  fl ux l i n ka ge s  o f  a con ducto r  con s i s ts o f  a n  i n te rn a l  

and e xte rn a l  compon e n t . Wi th the a i d of fi g u re (A- 1 ) ,  the i n te rn a l  

compone n t  o f  the fl ux l i n ka ge s  wi l l  be ob ta i ne d .  The c u rre n t  e n c l os e d  

wi thi n a con du ct o r  c a n  b e  exp re s s e d  a s  

f H • ds = I amp -tu rn s , (A-6 )  

whe re H ; 5 the ma gne ti c fi e l d i n te n s i ty i n  ampe re - tu rn s  pe r me te r , s 

i s the d i s ta nce a l on g the pa th i n  me te rs , and I i s  the en c l o s e d  cu rre n t  

86 



Fi gure (A-1 ) 

CROSS SECTI ON OF A CONDUCTOR FOR DETERM I N I NG 

THE I NTERNAL FLUX L I NKAGES 

Fi gure (A-2 )  

A CONDUCTOR AND TWO EXTERNAL PO I NTS FOR 

DETERM IN ING THE EXTERNAL FLUX L INKAGES 
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i n  ampe re s . Con s i de r  the current I fl owi ng th rough the enc l osed sec ­
x 

88 

ti on of the conductor&  The magneti c fi e l d i ntens i ty i n  th i s  a rea wou l d be 

H , and the exp res s i on fo r the enc 1 osed current  woul d be x 

JH ds :: I 
)'{ x amp -turns . {A -7 )  

I f the re i s  un i fonn cu rre n t  den s ·i ty , the current I can be expres sed  as 
x 

{ A-8 } 

wh i ch i s  a fract i on of the tot a l  cu rre n t  enc l osed .  S i nce j ds = 2 7TX , 

equati on (A-7 ) can be expre s s e d  a s  

2 
2 7'1){ H = x2 I • 

x r 

The fl ux dens i ty of a o:m ducto r , B ,  i s  de fi ned as 

B = µ. H 2 webers /me ters 

{A-9 }  

{A-1 0 }  

where � ; 5  the pe rmea b i l i ty con s tan t . The permeabi l i ty con s tant  for 

a i r i s  4 7T  x 1 0 -7 he nrys /me te r . The refore , the fl ux dens i ty i s  

B = µ H = �I-
x x 2 rrr2 

2 webers/meters . {A-1 1 }  

Si nce the fl ux per mete r  of l ength i s  the magneti c fl ux dens i ty ti mes  

the cross -secti onal  area of the  e l ement normal to th� fl ux l i nes , d� , 

· whi ch i s  the fl ux per meter of  l ength , can be expressed as 

M. x I 
dx d,S = B dx = x 2 rrr2 

1 7  webers /meter of l ength . (A-1 2 }  
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Fi n a l l y , the f1 ux  l i n ka ge s  pe r � te r  o f  l en gt h  c�n be e x p re s s e d  a s  a 
pro d uc t  o f  the fl u x  pe r rre te r  an d the fra c ti on o f  c u rre n t  1 · ,, i n  r ... e d , wh ; c h  
res u l ts  i n  

3 
d Y1 = .J.<. I x  d x  

4 
2 11" r  

1 7 
we be r-tu rn s /me te r .  

• 

(A- 1 3 ) 

I n  o rde r to fi n d  the i n te rn a l  fl ux o f  the conductor i n  fi g u re (A- 1 ) ,  

t h i s exp re s s i on mu s t  be i n te g rated from the cen te r  o f  the c o n d u c to r to 

the out e r  e d ge of the cond ucto r .  The re s u l ti n g  exp res s i on i s  

wh i ch s i mp l i fi e s to 

w I -7 
T i n t  = - X 1 0  2 

we ber -turns /me t e r  (A-1 4 )  

webe r -turn s /me te r . (A-1 5 )  

U ti l i z i n g e q u a t i on (A-5 ) ,  the i n te rn a l  i n ducta n ce c a n  ' be e xp re s s ed a s  

. 1 -7 
L m t  = - x 1 0  

2 
hen ry/meter . (A-1 6 ) 

The fl ux l i n kages  exte rn a l  to the con du ctor can be de te rmi ne d  i n  
the s ame mann e r  as  the i n te rn a l fl ux l i n ka ges . Hov1e ve r ,  the  c u r re n t  

en c l o s e d  by the path o f  i n te g rati on i s  the to ta l cu rren t ,  as s h own by 

fi g ure {A-2 ) . The expre s s i on s  fo r the fi e l d i n tens i ty ,  fl ux den s i ty ,  

fl ux p e r un i t  l e n g t h , an d the fl ux l i n ka ge s  wo u l d be : 

H = magn e t omot i ve force = ___!__ 
1 e n g t h  of conductor 2 -,rx 

amp -turn s /mete r ,  ( A- 1 7 )  



and 

B =� H  = AA. I 
2-n- x 

d¢ = Bdx = """" I dx  
2 7TX 

2 
webers/meters , 

webers/meter of l en gth , 

(A-1 8 ) 

(A-1 9 ) 

weber-turns/me ter .  

(A-2 0 ) 
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The extern a l  i nductance can be dete rmi ned us i ng equati on (A -5 ) . S i nce 

the re l at i ve pe nneabi l i ty of ai r ,  -" , is  equal  to l ,  the exp res s i on fo r r 

the e xte rnal  component of i nductance be tween two po i n ts becomes  

hen rys/meter . (A-2 1 ) 

The total  i nductance of  a con du ctor i s  equal  to the sum  o f  the  

i nte rn al and  external  components of i nductance . Methods of  ob tai n i ng 

these componen t s  have been deve l oped above , and wi l l  now be appl i ed to 

the s i tuat i on of  an  ove rhead s i ngl e -phase power l i ne . 

The probl em to be so l ved i s  s hown i n  fi gure (A-3 ) . Conducto r 2 i s  

the return ci rcu i t for conductor 1 ,  and i t  i s  ass ume d  tha t  these 

currents a re equa l  and oppos i te in  di recti on . The i n ductance of  con duc­

tor 1 can  be ca l cu l ated as before , by summi ng  u p  a l l of  the  fl ux 

l i nkages  and then appl yi n g  equati on (A-5 ) .  In genera l  terms ,  the sum 

of the fl ux l i n ka ges  can  be  wri tten as  



1 

r o, 2 

Ol p  D2p  

Fi gure (A-3 ) 

CROSS SECT I ON OF TWO PARALLEL CONDUCTORS AND AN EXTERNAL POI NT P 

p 

'° -J 



Total fl ux  l i n ka ge s = I n te rn a l  · fl ux l i n ka ges of co n du c to r  
1 due to t h e  cu rre n t  i n  con ductor 1 + e xte rn a l  fl ux l i n k a ges  
of  con d u ctor 1 d u e  to t h e  cu rre n t  i n  con d uctor 1 + e xtern a l 
fl ux  l i n ka ge s  of conducto r 1 due to the curre n t  i n  c o n d uc to r  
2 .  

In i ti a l l y , th i s  can be expres sed  as 

(�-22 ) 

where the po i n t 1 1p 1 1 re pre se nts a fi n i te poi n t  i n  space de fi n i n g a di s ­

tance be tween that po i n t  a n d  e a c h  o f  the conducto rs i n  the sys tem .  The 

negat i ve s i gn wh i ch a p p e a rs i n  e q u a t i on ( A -22 ) i s  a re s u l t o f the 

d i rect i on of the c u rre n t  in con d ucto r 2 . Afte r i n te gra t i n g  an d s i mp l i ­

fyi n g  equa t i on ( A-22 ) , the equ a t i on fo r the fl ux l i n kages o f  co n du c to r 

1 becomes 

f = !l_ x 1 o-7 + 2 x 1 0 -7 I l 1 og � - 2 x 1 0 -7 I 1 o ge 
02P 

1 2 e r1 2 o1 2  • 

(A-23 )  

I f 2 1  x 1 0-7  i s  fac to re d ou t of equat i on (A -23 ) a n d  i f  i t  i s  recog-
1 1 

ni zed th at the l o g ezr 
= l ,  then a n ew e xpress i on for the fl u x  l i n k a ge s 

e 4 -

of con ductor 1 can be gene rate d . Thi s expres s i on i s  

0, n 
D2p 

<? 1 = 2 x 1 0-7 [ I 1 l og --4;- - I 2 l og J 
e r1 e o1 2  

(A-24 ) 
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whe re r1 
, 

S i nce the re tu rn curren t  i s  eq ua l  i n  ma gn i tude to the 

phase cu rren t and the natura l  l ogari thm of  a quoti e n t  can b� e xp re s s ed 

as a d i ffe rence o f  two l oga ri thmi c quanti ti e s , equat i on (A-24 ) can  be 

s i mpl i fi e d to yi e l d 

P 1 = 2 x 1 0 -7 [ I 1 l og 
01� + I l og �] . e r1 1 e o2P 

( A-25 )  

As the po i nt "p " mo ve s fart he r  and fa rthe r  away from the conductor ,  the  

quotient of �1 � approaches  un i ty .  S i n ce the natura l l oqa ri thm o f  un i ty 
2 p  

i s  ze ro ,  t he fi n a l  express i on for the fl ux l i n kages of  conducto r 1 

becomes 

911 = 2 x 1 0 -7 I l og � 1 e / rl 
webe r -turns . ( A-26 )  

Subst i tuti n g  equat i on (A-26 ) i nto equati on ( A-5 ) yi e l ds the express i on 

for the i n d u ct a n ce o f  con ducto r 1 wh i ch i s  gi ven  as 

hen rys/mcte r. (A-27 ) 

S i mi l a rl y , the i nductance of condu ctor 2 can be deve l ope d to y i e l d 

hen rys/meter.  (A-28 ) 

· · t r1· sed of  two para l l e l con du cto rs , 
The i nd uctance of  the c1 rcu 1  comp 

se pa rate d by a di stance "D " , ; s g i ve n as the sum of  the to ta 1 i nd uctance 



o f  e a c h  con ducto r .  The i n d uctance o f  the c i rcu i t  i s  gi v e n  a s  

L 
TOTAL 

2 
-7 °1 2 = 2 x 1 O 1 og ,, ,, e r r 

1 2 
hen rys/me te r . (A-29 ) 

Thi s e q u a t i on re pre s e n ts the i n ductance fo r two p a ra l l e l so l i d  c o n d u c -

tors s e p a rated by a d i s tan ce "D  ' ' . I f  the s e  conducto rs a re s tran d e d , 
• 

then t h e  i nductan ce of ea c h  s t ra n d  mu s t  be cal c u l a te d . I n o rde r to 

ob ta i n an e xp re s s i o n fo r t h e  to t a l  i n d uctance of 1 1 n 1 1  e l e c t r i c a l l y  

pa ra l l e l s tran d s , t h e  fo l l owi n g  e q ua t i on i s  a p p l i ed : 

L a ve 
LTOTAL = 02 

whe re La ve i s  t he a ve ra ge i n d uctance o f  the 1 1n " s trand s . 

(A-30 ) 
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Append i x B 

R .  C .  Ende r pub l i s hed  a pape r i n  1 9 71  adapti n g  the  equat i on s  known 

as Cars on ' s  formu l a s  to de s c ri be unde rgroun d cab l es . 1 2  En de r use d  the 

s i mp l i fi ed eq uat i on s  found  i n  Edi th Cl a rke ' s  Vol ume I for the  bas i s  of 

h i s work . 6 

• 

The work that  C l a rke p resented  was a s i mp l i fi ed ve rs i on o f  the  

5 
ori g i na l  formu l as presente d  by Dr . Cars on . I n  a very genera l  fonn ,  

Cl a rke presented  these formu l as as 

whe re 

Z = z + j2  wl og  
4h a + 4w ( P  + jQ ) = ( r + R ) 

aa - g  e d . c aa-g  

+ · ( x + ) J aa-g  x i 

Z = j 2 w l og 
Sab + 4w ( P  + j Q ) = 

ab-g e sab 

R + j X  ab-g ab-g 

( B-1 ) 

( B-2 ) 

z = r + j x .  = con ducto r i n te rna l i mpe dance i n  n an oo hms pe r 
c 1 cen t i me te r  

= he i gh t  of 1 1a 1 1  and "b  1 1  above groun d , as shown i n  fi g ure 
( B - 1 ) , i n  cent i meters 

d = di ame te r o f  conductor i n  cent i rre te rs 

s = d i s tance be tween  ccmducto rs i n  cent i me te rs 

s = d i s tan ce from one conducto r to the i mag� o f  th� othe r ,  
as s umi n g  a pe rfect ly  con duct i n g  earth , 1 n cent i me te rs 

u.) = 2 77" f  

f = frequency i n  Hertz 

facto r . for res i s tance in nahoohms pe r 
P = co rrecti on 

cent i me te r  
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Q = correct i on factor for reactance i n  nanoohms pe r cent i mete r. 

The subsc ri pts 1 1 a 1 1 and " b 1 1 re fe r to the cab l es  i n . ques ti on an d the 

subscri p t  "g " i ndi cates a groun d re turn path . Therefo re , the  term 

Zaa-g i nd i cates the se l f- i mpe dance of cab l e "a " wi th an earth - re turn . 

The te rm Z b i nd i cates  a mutual i mpedance be tween the conducto rs a -g  
"a " and  1 1 b 1 1 , wi th a common ea rth - re turn . 

Carson a s s umed that the i n te rna l  reactance , x1 , wh i ch i s  a part 

of the total  i nternal  i mpedance , z ,  cou l d be negl ected wi thout appre ­

ci abl e e rror . 5 The re fore , the i n terna l  i mpedance was represented  on ly  

as a res i s tance . The sel f- i mpe dance of  a conductor wi th e a rth - re turn 

i s  gi ven a s  the sum of the con ductor i nte rnal  i mpedance an d the compo-
6 nent of  s e l f- i mpedance wi th earth -return exte rna l  to the conducto r .  

The refo re , the expres s i on fo r Z can be wri tten a s  aa -g 

where 

Z = r + R + J0 X  
aa -g c a a-g 

Raa-g = 4 w P  i n  nanoohms pe r centi me ter  

aa -g 

x = 2 wl og 
4ha + 4 w Q i n  nanoohms per centi me te r .  

a a -g e d 

( B -3 ) 

The P and Q are expressed i n  equat i on form i n  correcti on terms 

Cl arke ' s  Vo l ume I as  

p = 7T - _l_ k 
2 29  ( 0 . 6728 + l oge �) cos 9  + L cos 

8 3 2 1 6 ( B-4 )  
2 3 

- -,r k
4 

cos 49 + .!:___ 9 s i n  2 9  + � cos 39 1 536 1 6  4 5  2 



and 

Q = -0 , 0386 + � 1 og  � + __ 1_ k cos9 _ 7Tk2 cos  29 + k3 cos 39 
e k 3 2 64 4 5  2 

k49 s i n  4 9  
384 

k4. cos 49 2 6 
( l o ge -

k 
+ 1 .  0895 ) .  

384 
( B -5 ) 

For frequenc i e s of 60 Hz o r  l e s s , the co rrect i on terms P and Q can be 

g i ven by 

and 

P = n-+ � P 
8 

Q = -0 . 0 386 + l l 0 g £ + � Q . 
2 e k 

( B-6 )  

( B-7 ) 

Wi thout apprec i ab l e error 6 P and  � Q may be negl ected , a s  was done by 

Cl arke . 6 

The k ,use d  above i s  ac tua l l y  gi ven as r i n  the ori gi na l pape r a n d  

i s  defi ned as  

where 

o<= 4 ..,,.. ..,..... w 

( B-8 ) 

( B -9 ) 

� = con d u ct i vi ty o f  ea rth i n  nanoohms pe r centi me te r  cube 

E> '' = di  s tance from conducto_r 1 1 a 1 1  to the image of conducto r  "b 1 1 i n  
cent i mete rs 

w = 2 .,,-f.  

I f  the s ubs ti tut i ons  for -< and w are made , r becomes 

( B -1 0 ) 
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Fi gure ( B - 1 ) represents two con ductors , "a " and  " b  1 1 , and the i r i ma ge s . 

The angl e Q i n t h i s fi gure represents the ang l e formed between a l i ne 

drawn from con ductor " a " to i ts i mage , and a l i ne drawn from the  s ame 

conductor to the  i ma ge o f  c on d ucto r 1 1 b 1 1
• Th i s can be expre s se d  a s  

- 1  ha + h b 9 = cos 
S • ( B-1 1 ) 
ab  
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I f  9 = 0 ,  then ha 
r becomes 

The re fo re , th e  new expre s s i on for 

r = 4 ir h �2 �f.  a ( B-1 2 ) 

Remembe r i n g  that r and k a re one and the same , th i s expre s s i on becomes 

k = 4 77 h  v2 � f.  a ( B -1 3 )  

Mak i ng  t h e  abo ve s u b s t i t u t i on s fo r P and Q ,  the equ at i on for Z 
a a -g 

becomes 
4h 

. 
Z = r + 4 e&> ( 71') + j [2 w 1 o g  _a + 4 w ( -0 .  0386 
aa-g c 8 e d 

+ � l oge 4 7Tha
2
� ) ] • 

Afte r comb i n i n g te rms , the se l f- i mpedance ca n be e xp re s s e d  as  

z aa-g = r + 4 w ( .,,.) + j 2w (--l og _
d

_
..; 
_ _;.1 ___ - 0 . 0772 ) 

c 8 e 7'.. f ( 4 . 46 ) 
2 

( B-1 4 )  

( B-1 5 )  

whi ch shows the se l f-i mpe da n ce to be i n de pen de n t  o f  he i gh t .  I n  o rde r 

to rep resent  Z aa -g 
in  oh ms pe � 1 000 fee t ,  i t  i s  neces s a ry to e xp re s s  

11 d 1 1  i n i n ch es by mu 1 t  i p 1 Y i  n 9 

>-.. wi th 1 0 -l l / e , whe re � i s  

the  cen t i me te r  va l ue be 2 . 54 0 ,  an d rep l ace 

i n  o h ms pe r me te r  .cube . I f  the d i s ta n c e  
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Fi gure ( B -1 ) 

TWO CONDUCTORS 1 1a  11 AND "b 11 AND THE I R  IMAGES 
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"d " i s  to be expressed  i n  te rms of a Gi�Ra , the fo l l owi n g  con ve rs i on can 

be used : 

d ( i nches ) = 2 x radi us  ( i nches ) ( B -1 6 )  

rad i u s  ( i n ches ) = R ( ft )  x 1 2  i n che s ( B -1 7 )  feet 

rad i us  ( i nches ) = 1 2  R ( B -1 8 )  

d ( i n che s ) = 24 R ( B -1 9 ) 

whe re R = GMR i n  fee t .  F i n a l l y ,  Z must  be mu l t i p 1 i ed  by 3 .  048 
. a aa -g 

x 1 0
4 

cen ti me te rs per 1 000 fee t .  The res u l ti ng  equati on  becomes  

Z = ( re + 4 . 788 ( l o -5 ) • 2 77"f )  + j 2 77" f [6 . 6 1 8  ( l o -4 ) 
aa -g 

+ 6 . 096 ( l o -5 ) l og 1 {ff ] , e 24 GMRa 

wh i ch i s  the equat i on found i n  Ende r ' s  pub l i cati on . 

( B-20 )  

The express i on for the mutua l i mpedance wi th earth - re turn can  be 

s imi l a rl y  obta i ned by s ubs t i tuti n g  a di fferent  express i on for �,, i n  

equati on ( B - 1 0 ) , and  then comb i n i n g  terms i n  equat i on ( B -2 ) . Us i n g 

equati on ( B -1 1 ) ,  the an gl e g can be de te rmi ned . S i nce i n  t h i s case , 

(
,, i s  equa l to the d i s tance be tween con ductor "a " and the i ma ge o f  

1 1b 11 , k can be expressed  as 

( B -2 1 } 

I f th i s new val ue of k i s  subs ti tute d i n  equati on ( B -7 ) , and equa t i on s  

(8 -6 )  and ( B - 7 )  are s u bs ti tute d  i n  equa ti on ( B -2 ) and  s i mp l i fi ed ,  a new 

expre s s i on for z i n  nanoohms pe r cen t i rre ter i s  ob ta i ned . By us i ng 
ab -g 
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the same con ve rs i on a s  before , Z b can be expre s sed i n  ohms per 1 000 a -g 
feet .  If th i s  i s  done , Z b becomes  a -g 

zab-g = [4 . 788 ( l o-5 ) 2 7T f] + j 2 -rrf [4 . 68 1 ( 1 0 -4 ) 

+ 6 . 096 ( 1 0 -5 ) l og _l_ ff ]  e sab  J f 
( B-22 ) 

wh i ch , aga i n , i s  the express i on obtai ned by tnder .  

Acco rd i n g  to the Bul l e ti n o f  the Bureau  of Standards , a s  we l l  a s  

other authors , the  geome tri c  spad n g  facto r be tween two conductors i s  

the d i s tance between  thei r cen ters . 2 3  I n  th i s  case , sab i s  the d i s ta nce  

from the  cente r of the  phase  con ductor to  the center o f  the neutral  

wi re .  Th i s is  shown in  fi gure ( B -2 ) . Us i ng th i s  geome tri c s p ac i n g  

facto r ,  the express i on for Zan -g can be obta i ned  by subst i tut i ng sab = � 
i n  equat i on ( B -22 ) . The res u l t of  thi s subs ti tuti on i s  

(B-2 3 }  

wh i ch i s  the express i on used by Ender  to descri be the mutual  i mpedance 

wi th earth -re turn for a s i ng l e -phase  l i ne .  

The f i n a l  formu l a  Ende r a dapted  fo r si n gl e -phase concen tri c neutral  

underground cab l e dea l t wi th the se l f- i mpedance of the neutra l  wi th 

ea rth -return , z . Accord i n g  to Sun de and Cl a rke , an e xpre s s i on for 
n n -g 

Z can be found us i ng the equati on 
nn -g 

z00 _9 = l [Z + ( N - 1 ) z ] N aa-g an -g 
{ B -24 ) 

. t 1 5 , 1 1 
whe re N ; s the number  of  wi res compri s i n g the c.oncentr1 c neu ra • 
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The same expre s s i on s deve l oped  for Z and Z can be used  i n  the 
aa -g an -g 

fonnu l a  above . Hm·1e ve r ,  the ge ome tri c spaci ng  factor for Z mus t  
an -g 

a l so take i nto account  the fl ux l i n kages be twee n the neutra l wi res . 

Thi s can be done  by mu l t i p l yi n g  the ge ometri c spaci n g  factor by a new 

factor ,  K , whe re n 
1 

K = ( n ) n -1 • 
n ( B -25 ) 

K can be de ri ve d wi th the a i d of Cote ' s  Theorem and fi gure ( B -3 ) .  n 
Cote ' s  theorem s tates that 

where 

I f  the c i rcumfe rence of  a ci rc l e  i s  di v i ded i n to "n 1 1 
equa l  pa rts by th e po i n ts A , B , C ,  . . .  and M be any po i n t on  
the  l i ne th ro ugh OA ( i n s i de or  outs i de the  c i rc l e ) , then 
putti ng  OM = X 

n 24 
xn - a = MA • MB • • • MN 

a = radi u s  o f  c i rc l e  po i nts are l ocated on 

x = d i s tance from 0 to M .  

( B -26 ) 

From fi g u r,e ( B -3 ) , i t_ i s  evi den t  that  MA = x - a .  Subs ti tut i n g  th i s  

expres s i on i n  equat i on ( B -26 ) , the new express i on become s  

n - a" 
x 

wh i c h  i s  the same as 

n n 
x - a 
x - a 

= 

= 

( x - a ) MB • 

MB • MN . 

MN ( B -27 ) 

( B -28 ) 
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Therefore , 

O n -1 1 n -2 2 n -3 n -1 
a x + a x + a x · · · a = MB • MN • { B -29 ) 

Now l et the poi nt  "W co i nc i de wi th the po i nt " A " . Then the d i s tance 

de fi ned as  MA become s 

MA = a 

wh i ch mean s  

x = a 

and 

OM = OA . 

Subs ti tuti n g  the se new val ues i n  eq uati on ( B -29 ) yi e l ds 

nan -l 
= MB . MN ( B -30 ) 

where 

n = number o f  s trands  i n  the neutral . 

S i nce thi s exp re ss i on i s  representa ti ve for n - 1 terms , the GMO o f  n - 1  

terms i s  

Thi s  can al so  be expres sed a s  

whi c h  i s  equal  to 

1 
n - 1 

GMO = (MB · MN ) • 

1 

n -1 r. -1 GMO = (na  ) 

1 
n -1 · 

GMO = a (n ) • 

( B -31 ) 

( B -32 ) 

( B-33 ) 
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The d i s tance "a " i s equa l  to Q. ,  as  i s  s hown i n  fi g u re ( B -3 ) . 2 
The re fo re , the to tal geome tri c sp a ci n g factor  can be s p l i t  i n to two 

1 
pa rts : " a " and ( n )n:T. The l atter was de fi ned  by Ende r as kn . The 

1 05 

total  GMO was de fi ned as k -2
° . The e xp res s i on fo r Z i s  a l te re d by 

n aa - g  
the fo 1 1  owi n g  cha n ge s  : ( 1 ) the con due to r res i s ta nce r become s the a 
ne utra l re s i s tan ce r ,  and ( 2 ) the con ducto r. GMR be come s the ne utral  

n a 
GMR . Inse rt i n g  these  changes i n to the ori gi na l e xpres s i on fo r Z n aa -g 

and Z and s i mp l i fy i n g  equati on ( B -24 ) , yi e l ds an -g  

z = [ 
rn + 4 . 788 ( l o-5 ) • 2 7Tf] + j Z -rr f [6 . 6 1 8 { l o -4 ) 

n n -g  N N 

+ 6 . 096 ( l o-5 ) l og 1 /i
f 

+ ( N -1 ) 4 . 681 ( l o-4 ) 
e 24 GMRn 

+ ( N- 1 )  6 . 096 ( 1 0-5 ) l oge ( k20� ) ] .  ( B -34 ) 
n 

Thi s equat i on i s  the same as  that p roposed by R. C .  Ender .  
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