
South Dakota State University South Dakota State University 

Open PRAIRIE: Open Public Research Access Institutional Open PRAIRIE: Open Public Research Access Institutional 

Repository and Information Exchange Repository and Information Exchange 

Electronic Theses and Dissertations 

1987 

The Effect of Steel Fibers and Compressive Reinforcement on the The Effect of Steel Fibers and Compressive Reinforcement on the 

Plastic Rotation Capacity and Properties of Reinforced Concrete Plastic Rotation Capacity and Properties of Reinforced Concrete 

Continuous Beams Continuous Beams 

Nizam A. Qassem 

Follow this and additional works at: https://openprairie.sdstate.edu/etd 

Recommended Citation Recommended Citation 
Qassem, Nizam A., "The Effect of Steel Fibers and Compressive Reinforcement on the Plastic Rotation 
Capacity and Properties of Reinforced Concrete Continuous Beams" (1987). Electronic Theses and 
Dissertations. 4475. 
https://openprairie.sdstate.edu/etd/4475 

This Thesis - Open Access is brought to you for free and open access by Open PRAIRIE: Open Public Research 
Access Institutional Repository and Information Exchange. It has been accepted for inclusion in Electronic Theses 
and Dissertations by an authorized administrator of Open PRAIRIE: Open Public Research Access Institutional 
Repository and Information Exchange. For more information, please contact michael.biondo@sdstate.edu. 

https://openprairie.sdstate.edu/
https://openprairie.sdstate.edu/
https://openprairie.sdstate.edu/etd
https://openprairie.sdstate.edu/etd?utm_source=openprairie.sdstate.edu%2Fetd%2F4475&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openprairie.sdstate.edu/etd/4475?utm_source=openprairie.sdstate.edu%2Fetd%2F4475&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:michael.biondo@sdstate.edu


THE EFFECT OF  STEEL F I B ERS AND COMPRESS I V E  RE I NFORCEMENT 

ON THE PLAST I C  ROTAT ION  CAPAC ITY AND PROPERT I ES 

OF RE I N FORCED CONCRETE CONT I NUOUS B EAMS 

by 

N I ZA�1 A. QASSEM 

A thesis s ubmitted 
i n  partial ful fil lmen t of the requirements for the 

Degree Ma s te r  of Science 
Major in Civil Engineeri ng 

Sou th Dakota Sta te University 

l " ... . r • r 
[I I I 

1987 

. l '  � ."..':.Y 



THE EFFECT OF STEEL F IB ERS AND COMPRESS IVE  RE I NFORCEMENT 

ON THE PLAST I C  ROTATION  CAPAC ITY AND PROPERTI ES 

OF  RE I N FORCED CONCRETE CONT I NUOUS BEAMS 

Th i s  thes i s i s  approved a s  a c red i tabl e and  i ndependent 

i nvesti gati on  by a candi date for t he degree , Mas ter o f  Sc i ence , and  i s  

acceptabl e for meet i ng the thes i s  requ i rements for th i s  deg ree . 

Acceptance o f  thi s t hes i s  does n o t  i mpl y tha t the �onc l us i ons  rea ched 

by the candi date are neces s a ri l y  the conc l u s i o n s  of the maj o r  

depa rtment .  

Dr . M .  N ad im  Hassoun  
Maj o r  Adv i sor 

Dr . Dwa e A . Ro l l ag 
Head , C1 i l  Eng i neeri ng 
Depa rtment  

Date 

'Date 



DED I CAT ION  

I wi s h  to ded i ca te th i s the s i s to my fami l y  fo r the i r 

encouragement ,  s upport and  pati ence  thro ughou t my s tudy . 



ACKNOWL EDGEMENTS 

The a uthor wi s hes to expres s s i ncere a pprec i a ti on to Dr . M .  Nadi m 

Ha s so un for h i s a s s i sta nce a nd  gu i dance  throughout  the course o f  thi s 

s tudy .  

Ac knowl edgements a re extended to Dr . Dwayne .A .  Ro 1 1  �g ,  Hea d o f  

the C i v i l Eng i neeri ng  Departmen t for h i s s up.port a n d  enco u ragemen t ,  

Dr . Robert J .  Lac her for h i s a s s i s ta nce wi th the s ta ti st i ca l a na l ys i s 

o f  the da ta . Ma ri l yn Ei g hmy fo r expertl y typ i ng thi s thes i s ,  Roger M .  

Tol rud , l a bo rato ry techn i c i a n  fo r h i s hel p i n  handl i ng the neces sa ry 

l aboratory equ i pment ,  Jea nne Les i n s k i  for co rrecti ng th i s  ma nuscr i p t ,  

a n d  to Bekaert Steel Wi re Co rpo ra t i o n  fo r s uppl yi ng  the s teel f i b�rs . 

The a u tho r wi s hes  to tha n k  the fa cu l ty and s tudents fo r the i r 

s ugges ti ons  and a s s i s tance dur i ng test i ng . 

NAQ 



TABLE  O F  CONTENTS 

L I ST OF  TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  i v  

L I ST OF  F IGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  � . . . . . . . . . . .  X 

NOTATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv i  

CHAPTER 1 - I NTRODUCT ION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

1 . 1 A G e n era 1 0 v e r v i ew . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 
1 . 2  Conc ept o f  L i m i t-S ta te Des i gn . . . . . . . . . . . . . . . . . . . . . . . . . 2 
1 . 3  Hi s tor i ca l  Backgro und . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 
1 . 4 Effect o f  Re i nfo rcement o n  Duc ti l i ty of  Co nc rete . . . . . .  4 

1 . 4 . 1 Compres s i on S teel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4 
1 . 4 . 2 S ti rru ps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 
1 . 4 . 3  S teel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 

1 . 5  Defi n i ti o n  o f  Steel F i bers a nd F i brous  Concrete . . . . . . .  7 
1 . 6  Compres s i ve Strength of  F i brous  Concrete . . . . . . . . . . . . . .  8 
1.7 Defl ec ti o n  and C ra c k  Control . . . . . . . . . . . . . . . . . . . . . . . . . .  8 
1 . 8 St i ffness  ( F l exura l  Ri g i d i ty ) . . . . . . . . . . . . . . . . . . . . . . . . .  9 
1 . 9  Appl i ca ti o n s o f  Steel  F i bers . . . . . . . . . . . . . . . . . . . . . . . . . .  10  
1 . 10 Obj ec t i ves a nd Sco pe of I n ves ti gati on . . . . . . . . . . . . . . . . .  1 1  

CHAPTER 2 - ELASTO- PLASTIC ROTAT ION O F  R E I NFORC ED CONCRETE 
B EAMS . . . . . .  � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  � 1 3  

2 . 1  Ro tat i on  Capac i ty o f  Re i nforc ed Co ncrete Beams . . . . . . . .  13 
2 . 2  Ro tat i o n  Compa ti b i l i ty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  18 
2 . 3  Moment C urva ture Rel a t i o n s h i p . . . . . . . . . . . . . . . . . . . . . . . . .  2 1  
2 . 4 Pl a st i c H i nge . . • . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  � . . 27  

C HAPTER 3 - SPEC IMENS , MATER IALS , AND FABR I CATION . . . . . . . . . . . . . . . 29 

3 . 1  Tes t  Spec i mens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 
3 • 2 Ma t e r i a 1 s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 9 

3 . 2 . 1 Conc rete Co nst i tuents . . . . . . . . . . . . . . . . . . . . . . . . . .  29  
3 . 2 . 2  Steel  F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 
3- . 2 . 3  M i xes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  33 
3 . 2 . 4 M iX  Des i g n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 5 

3 . 3  Fa bri cati o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 
3 . 3 . 1 Steel  Rei nfo rc emen t  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  40 
3 . 3 . 2  Beam Prepara t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  45 

i 



TABLE  O F  CONTENTS ( Conti nued ) 

P age 

CHAPTER 4 - I N STRUMENTATION  AND TEST P ROCEDURE . . . . . . . . . . . . . . . . . .  5 0  

4 . 1  I n s trumentati on  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 0  
4 . 1 . 1  Tes ti ng  Frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  50  
4 . 1 . 2  Hydrau l i c  Conso l e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  50  
4 . 1 . 3 Hydrau l i c  J ac ks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  50 
4 . 1 . 4 Stra i n  Gages . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  52 
4 . 1 . 5  Portab l e  Di g i ta l  S tra i n I ndi cato r . . . . . . . . . . . . . .  54 
4 . 1 . 6 Di a l  Gage s  . . . . . . . . . . . . . . .  · . . . . • . . . . . . . . . . . . . . . . .  57 

4 . 2  Test  P rocedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  57 

CHAPTER 5 - BEAM DES IGN  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  60  

5 . 1  Beam Loadi ng Sys tem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  60  
5 . 2  Beam Ana l ys i s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  62  

5 . 2 . 1 E l a sti c Ana l y s i s of  Beams . . . . . . . . . . . . . . . . . . . . . .  6 2  
5 . 2 . 2  P l a s ti c Ana l ys i s o f  Beams . . . . . . . . . . . . . . . . . . . . . .  6 2  

5 . 3  Fl exure Des i gn  of  the  Beams . . . . . . . . . . . . . . . . . . . . . . . . . . .  66  
5 . 4 Shea r Des i gn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  73  

CHAPTER 6 - TEST RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  77 

6 . 1  
6 . 2  
6 . 3  
6 . 4  
6 . 5  
6 . 6  

6 . 7  

6 . 8  

Compress i ve Streng th . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Modu l u s  o f  El a s ti c i ty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Spl i t  Cyl i nder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Modul u s  of Rupture . . . . . .  : ........................ � ... . 
Load Carry Capac i ty o f  B eams . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Rotati ons  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6 .  6 . 1  I ntroducti o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
6�6 . 2  P l a s ti c H i nge  L eng th ( H L ) . . . . . . . . . . . . . . . . . . . . . . 
6 . 6 . 3  Curvatu re Di s tri b ut i o n  Facto r  (s) ............. . 
6 . 4 . 4  Cal cu l a ti on s  o f  P l a st i c Ro ta ti ons  ( Tabl e 6 . 7 ) � .  
Defl ecti ons  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
6 . 7 . 1 I n t ro d u c t i o n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6 . 7 . 2  Theoreti ca l  Defl ecti o n  Ca l cu l a ti o n s  . . . . . . . . . . . . 
Cracks  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
6 . 8 . 1 I ntrodu cti o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
6 . 8 . 2  Cal c u l a ti on s  o f  C ra c k  Wi dths at Servi ce Load . .  . 

7 7  
7 7  
88 
9 3  
9 5  
98 
98 

102  
1 02 
1 1 2  
1 20 
1 2 0  
1 2 1  
1 24 
1 24 
1 3 7  

CHAPTER 7 - D I SCUSS ION O F  RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  146  

7 . 1  Compres s i ve Strength  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 
7 . 2  Modul us of  E l a st i c i ty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  146 
7 . 3  Spl i t  Cyl i nder Tes t  . . . . . . .  ; . . . . . . . . . . . . . . . . . . . . . . . . . . .  152  
7 . 4  Modu l us  of  Ruptu re . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  157  
7 . 5  Load Carryi ng Capa c i ty o f  Beams . . . . . . . . . . . . . . . . . . . . . . .  1 60  

7 . 5 . 1 Yi el d and  U l t i ma te Lo ads . . . . . . . . . . . . . . . . . . . . . . .  1 60  
7 . 5 . 2  Load Redi stri bu ti on  Factor ( r ) . . . . • . • . . . . . . . . . . 164  

i i 



L I ST OF TABL ES 

Tabl e 

CHAPTER 2 

2 . 1  Compa ri son o f  P l a st i c  H i nge Length Va l ues . . . . . . . .  28 

CHA PTER 3 

3 . 1 Bea� Arrangement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  30  

3 . 2  Ten s i on Tes t Resu l t s  . . . . . .  � . . . .  - . . . . . . . . . . . . . . . . . .  4 1  

C HAPTER 5 

5 . 1  Moment Di s tri but i o n  for D i fferent Load i ng 
Sys tems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1  

5 . 2  Beam Propert i es  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 5  

5 . 3  Ul t i mate Moment  Capaci ty . . . . . . . . . . . . . . . . . . . . . . . . .  76  

CHAPTER 6 

6 . 1  Compres s i ve S treng th  o f  Concrete . . . . . . . . . . . . . . . . . 78 

6 . 2  Modul u s  o f  El a s ti c i ty o f  Concrete . . . . . . . . . . . . . . . ·. 89 

6 .  3 Sp l i t  Cyl i nder Tes t  Res u l ts . . . . . . . . . . . . . . . . . . . . . .  92 

6 . 4  Modu l us  o f  Rupture ( fr ) for Beams ( 6x6x24 i n ) . . . .  94 

6 . 5  Load Carryi n g  Capa c i ty o f  Beams . . . . . . . . . . . . . . . . . . 96 

6 . 6  U l t i ma te Moment  Capac i ty o f  t he Mi ddl e Suppo rt . � .  97 

6 . 7  Req u i red and  Ava i l a bl e  Rotat i on Capac i ty . . . . . . . . . 1 16 

6 . 8  E l a st i c and  P l a s ti c Rota t i ons  . . . . . . . . . . . . . . . . . . . .  1 1 7  

6 . 9  P l a st i c H i nge Lengths  . . . . . . . . . . . . . . . .  � . . . . . . . . . . .  1 18 

6 . 1 0 Curvatu re D i s tri but i on  Factor  . . . . . . . . . . . . . . . . . . . .  1 1 9  

6 . 1 1 Ca l cu l a ted Beam Parameters for Defl ecti on 
Cal cu l at i on s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 2 5  

6 . 1 2 Cal cu l a ted and  Actu a l  Deflecti on  at  Servi ce 
Load . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 26 

i v  



Tabl e 

6 . 1 3  

6 . 14 

6 . 1 5  

6 . 16 

6 . 1 7  

CHA PTER 7 

l i ST O F  TABLES  (Cont i nued ) 

Ca l cu l a ted Beam P arameters for Crack Wi dth 
Ca l cu l a ti o n s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  141 

Max i mum Actu a l  a nd  Ca l c u l a ted Cra ck Wi dth a t  
Ass umed Servi ce  Load ( 0 . 6  pu ) · · · · · · ··· · · · · � ·· · · · · 142 

I n i ti a l  Crac ki ng Loads  and  Strengths . . . . . . . . . . . . .  143 

Max i mum and M i n i mum C rack  Spa ctng s at Mi ddl e 
Suppo rt ( Negati ve Moment  Reg i on ) at  Servi ce 
Load { 0 .  6 P u ) . . . . . . . . . . . . . . . . . . . . .  � . . . . . . . . . . . . . . 144 

Max i mum and M i n i mum C rack  Spac i ng s  a t  Mi dspan 
( Po s i ti ve Moment Regi o n ) a t  Serv i ce Load 
( 0 . 6  Pu ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  14 5 

7 . 1  Summary o f  Ac tua l  Compres s i ve Strength Res u l ts . . .  147  

7 . 2  Summary o f  Actual  Modu l u s  o f  E l a st i c i ty 
Res ul ts  . . • . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .  147  

7 . 3  Actual  and  P red i c ted Va l ues fo r Modul u s  o f  
E l  a s t i  c i ty . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 1 5 1 

7 . 4 Actua l and Predi cted Sp l i t  Cyl i nders Streng ths  . . .  1 55 

7 . 5  Actua l and  Pred i cted I n i t i a l  and  U l t imate 
Modu l u s  o f  Ruptu re . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 63  

7 . 6  Load Redi s tri buti o n  Facto r  . . . . . . . . . . . . . . . . . . . . . . . .  1 66 

7 . 7  Actual and Pred i c ted Pl a s ti c  Hi nge Leng th . . . . . . . .  1 7 3  

7 . 8 Compa ri son o f  e Val ues  . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 77 

7 . 9 Actua l and Pred i c ted e Va l ues ........ � . . . . . . . . . . .  1 78 

7 . 10 Ducti l i ty I n dex  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 80 

7 . 1 1 Actua l and  Pred i c ted Duct i l i ty I ndex . . . . . . . . . . . .. 182 

7 . 1 2  Actua l a nd  Pred i c ted P l a st i c Rotati o n  Capac i ty . . .  185  

7 . 1 3 Summary o f  Actua l  a nd Ca l c u l a ted Defl ecti ons  . . . . .  188 

v 



L I ST O F  TABL ES  ( Cont i n ued ) 

Tabl e 

7 . 14 Effect i ve Moment  o f  I nert i a and  Sti ffness 
Va l ues  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  190 

7 . 1 5 Actua l  and  P red i cted  Effect i ve Moment of I nerti a 
and Defl ecti ons  . . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . .  193 

7 . 16 Compari son Between Actua l  and  P redi cted 
Effecti ve Momen t of I nerti a Between th i s 
Research  Resu l ts a nd  Res u l ts  Repo rted by 
Sahebj am ( 50 ) .  . . . . . . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . 195  

7 . 1 7 Actua l and P red i c ted  Max i mum Crack W i dth a t  
Mi ds pan a n d  Mi dd l e Support  . . . . . . . . . . . . . . . . . . . . . . .  201  

7 . 18 Actua l Stra i n s  i n  Ma i n and Compress i o n  Steel 
at Serv i ce Load . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 1 1  

7 . 19 Actua l Stra i n s  i n  Concrete a t  Serv i ce and 
Ul t imate Load . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 14 

Append i x A 

A . 1 Actua l Rota t i on  a t  the  Cr i t i ca l  Secti o n ,  2#4 , 
2#3  and  0 . 0% S teel F i bers . . . . . . . . . . . . . . . . . . . . . . . .. 

A . 2 Actua l Rotati on  at  the Cr i t i ca l Secti on , 2#4 , 
2#3  and 0 . 8% Steel  F i b ers . . . . . . . . . . . . . . . . . . . . . . . .  

A . 3 Actua l Rotat i on  a t  t he  Cr i t i ca l  Secti on , 2#4 , 
2#3 and  1 . 2% Steel  F i bers . . . . . . . . . . . . . . . . . . . . . . . .  

A . 4  Actua l  Rota ti on at  the Cr i ti ca l  Secti on , 2 #5 , 
2#3 and  0 . 0% Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . .  

A . 5 Actua l  Ro tati on  a t  t h e  C ri t i  c a  1 Secti on , 2 #5 , 
2#3 and  0 . 8% Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . .  

A . 6 Actua l Ro tation a t  the  C ri t i ca l  Secti on , 2 # 5 , 
2#3 and  1 . 2% S teel F i bers . . . . . . . . . . . . . . . . . . . . . . . .  

A . 7 Actua l Rotat i on a t  t he C ri t i ca l  Sec ti on , 2#6 , 

2 2 7  

2 28 

229 

2 30 

2 3 1  

2 32 

2#3  and 0 . 0% Steel F i bers  . . . . . . . . . . . . . . . . . . . . . . . .  2 33 

A . 8  Actua l Rota t i on a t  t he Cr i t i ca l  Sect i on , 2#6 , 
2#3 and  0 . 8% Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . . 2 34 

v i  



Tab l e 

A . 9 

A . 1 0 

L I ST O F  TABL ES ( Conti nued ) 

Actua l Rota t i on a t  t he Cri t i ca l  Secti on , 2#6 , 
2#3  and 1 .  2% S tee 1 F i bers . . . . . . . . . . . . . . . . . . . . . . . . . 2 35  

S teel and  Concrete Stra i n s ,  2 #4 , 2#3  and 0 . 0% 
S teel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 3 6  

A . 1 1  S teel a n d  Concrete Stra i ns ,  2 #4 , 2#3 and 0 . 8% 
Steel F i bers . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . • . . . . . .  237  

A . 1 2  Steel a n d  Concrete Stra i n s , 2#4 , 2 # 3  a n d  1 . 2% 
Steel  F i bers . . . . . . . . . . . . . . . . . . . . . . .  · . . . . . . . . . . . . . .  238 

A . 1 3  Steel a n d  Concrete Stra i ns ,  2 #5 , 2#3  a nd  0 . 0% 
Steel  F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 39 

A . 14 Steel and  Concrete Stra i n s ,  2#5 , 2#3  and 0 . 8% 
Stee 1 F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240  

A . 1 5  Steel a n d  Con crete Stra i n s ,  2 #5 , 2#3  a n d  1 . 2% 
Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  241  

A . 16 Steel and Concrete Stra i n s ,  2#6 , 2#3 and 0 . 0% 
Steel  F i bers . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .  242  

A . 1 7  Steel a n d  Concrete Stra i n s , 2 #6 ,  2 # 3  and 0 . 8% 
S teel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  24 3 

A . 18  Steel and Concrete Stra i n s ,  2 #6 , 2#3  and 1 . 2% 

Appendi x  B 

Steel F i bers . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .  · . .  244 

B . 1 Level  Read i ng s fo r the Beams . . . . . . . . . . . . . . . . . . . . .  246 

B . 2 Defl ecti ons  for Beams w i th  2#4 and 2#3  Ba rs . . . . . .  24 7 

B . 3  Defl ect i ons  for Beams w i th  2#5  and 2#3  Bars . . . . . .  248 

B . 4  Defl ect i o n s  for Beams w i t h  2#6 and 2#3  Bars . . . . . .  249 

Append i x  C 

C . 1 Crack  Read i ngs  a t  N egat i ve  Sect i on , 2#4 , 2#3  
and 0 . 0% S teel F i bers . :  . . . . . . . . . . . . . . . . . . . . . . . . . . 2 5 1  

v i i 



L I ST O F  TABL ES  ( Cont i nued ) 

Tab l e Page 

C . 2  Crack Readi ngs  at  N ega t i ve Secti o n ,  2#4 , 2#3 
and  0 . 8% S teel F i be rs  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  252  

C . 3 Crack  Read i ngs at Negat i ve Secti o n , 2#4 , 2#3  
and  1 . 2% Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 53  

C . 4 Crack Read i ngs a t  N egati ve Sect i on , 2#5 , 2#3  
and 0 . 0% Steel F i bers . . . . . . . . . . . . . . . . . . . . . .. . . . . . .  254 

C . 5  Crack  Read i ngs at Nega ti ve Sect i on , 2#5 , 2#3  
and  0 . 8% Steel F i bers . . . . . . . . . . . . . . · . . . . . . . . . . . . . .  255  

C . 6  Crack Rea di ngs a t  N egat i ve Sect ion , 2#5 , 2#3  
and  1 . 2% Stee l  F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  256 

C . 7  Crack Read i ngs at Negat i ve  Secti on , 2#6 , 2#3  
and 0 . 0% Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 57 

C . 8  Crack Readi ngs at Negat i ve  Secti on , 2#6 , 2#3  
and  0 . 8% Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 58 

C . 9  Crack Readi ngs at Negati ve  Sect ion , 2#6 , 2#3  
and 1 . 2% Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 59 

C . 1 0  Crack Read i ngs  a t  Pos i t i ve  Secti on , 2#4 , 2#3  
and 0 . 0% Stee l F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  260 

c . 1 1 Crack Readi ngs  a t  Po s i t i ve  Secti on , 2 #4 , 2#3  
and 0 . 8% S teel  F i bers . . . . . . . . . . . . . . . . . . . . . . . . .  • . .  26 1  

C . 1 2  Crack Read i ng s  a t  Po s i t i ve Secti on , 2#4 , 2 #3  
and  1 . 2% S teel  F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  262 

C . 1 3 Crack Readi ngs  at  Pos i t i ve  Secti on , 2#5 , 2 # 3  
a nd  0 . 0% Steel  F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  263  

C . 14 Crack  Read i ngs  at  Po s i ti ve Sect i on , 2#5 , 2 # 3  
a nd  0 . 8% S tee l F i bers . . . . . . . . . . . . . . . . . · .... . ... . . .  264 

C . 1 5 Crack  Read i ngs  a t  Pos i t i ve Secti on , 2#5 , 2 #3  
and  1 . 2% S teel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 65  

C . 16 Crack Readi ng s a t  Pos i t i ve Secti on ,  2#6 , 2 #3  
and  0 . 0% S teel  F i bers.- . . . . . . . . . . . . . . . . . . . . . . . . . . .  266 

v i i i  



L I ST O F  TABL ES ( Cont i nued ) 

Tab l e Page 

C . 1 7 Crack Read i ngs  at  Pos i t i ve  Secti on , 2#6 , 2#3 
and 0 . 8% Steel F i b ers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 6 7  

C . 18 Crack Readi ng s at Po s i t i ve Secti on , 2#6 , 2#3  
and 1 . 2% Steel F i b ers . . . . . . . . . . . . . . . . . . . . . . . . . . . .  268 

Appendi x D 

D . 1 Sta ti sti ca l Ana l y s i s for Modu l us of  El a s ti c i ty . . . 2 79 

D . 2 Sta ti sti ca l Ana l ys i s for Spl i t  Cyl i nder 
Strength.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 79 

D . 3 Stati sti ca l  Ana l ys i s fo r F i rs t Modu l u s  of  
Ruptu re . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 79  

D . 4  Stati sti ca l  Ana l ys i s fo r U l t ima te Modul u s  
o f  Rupture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280 

D . 5 Sta ti st i ca l  Ana l ys i s  for P l a s ti c H i ng e  Leng th . . . .  281 

D . 6  Stati st i ca l Anal syi s fo r Curvature Di stri bu t ion  
Factor  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  282 

D . 7  Stati sti ca l  Ana l ys i s  for Ducti l i ty I ndex . . . . . . . . .  284 

D . 8  Stat i st i cal  Ana l syi s fo r P l a s ti c Ro ta ti on 
Capac i ty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  286 

0 . 9  Stat i st i ca l  Anal ys i s for Effecti ve Moment of  
I nerti a . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  288 

0 . 10 Stat i st i ca l  Ana l ys i s for Effecti ve Moment o f  
I nert i a  o f  th i s Resea rc h  Data and  Data o f  
Ref .  ( 50 ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  289 

0 . 1 1  Stati st i ca l ,Ana l ys i s fo r Max i mum Crack Wi dth . . . . .  290 

Append i x  E 

E . l Ca l i brat i on o f  Ram v s . Test i ng  Mach i ne . . . . . . . . . . . 2 92 

i x  



L I ST O F  F I GU RES 

F igure 

Chapter 1 

1 . 2 Typ i ca l Commerc ia l l y  Ava i l a bl e  Steel Fi bers . . . . . .  6 

Chapter 2 

2 . 1  P l a sti c Ro tat i o n  from Moment- Curvature and  
Moment Grad i en t  . . . . . . . . . . · � · · · � · · · · · · · · · · · · . . . . . . 14 

2 . 2  Typ i ca l  Rel a ti o n  Between Stra i n  and  Curvature . . . .  14 

2 .  3 Typ i  ca 1 F l  exura 1 Member . . . . . . . . . . . . . . . . . . . . . . . . . . 17 

2 . 4 U l t i mate Stra i n  Di agram . • . . • . . . . . . . . . . . . . . . . . . . . .  17 

2 . 5  Ful l Momen t  Red i s tr i but i on  . . . . . . . . . . . . . . . . . . . . . . .  19  

2 . 6  Parti a l  Momen t Red i s tri bu ti o n  . . . . . . . . . . . . . . . . . . . .  20  

2 . 7 U n i t Rota ti on o f  Fl exu ra l Member . . . . . . . . . . . . . . . . .  2 2  

2 . 8 Idea l i zed M-¢ Curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 2  

2 . 9  Actual  and Ideal i zed Moment-C urvature . . . . . . . . . . . .  24 

2 . 10 Tri l i nea r Momen t-C u rvature . . . . . . . . . . . . . . . . . . . . . . .  24 

2 . 1 1 C urvature a t  L i mi t State L 1 . . . . . . . . . . . . . . . . . . . . . .  26 

Chapter 3 

3 . 1 Steel F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  · . .  32 

3 . 2  Steel Fi ber Length  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  32 

3 . 3  3 . 0  Cubi c Foo t M ixe r  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  34 
, 

3 . 4  Concrete Fi n i s h i ng . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  36 

3 .  5 Compl ete Wo rk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  36 

3 . 6  Rei nfo rcement  Deta i l s  o f  Cont i n uou s  Beams 
1 ,  4 and  7 .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42  

3 . 7 Rei nforcement  Deta i l s  o f  Conti nuous  Beams 
2 ,  5 and 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  43  

X 



.
L I ST O F  F I GURES ( Conti nued ) 

Fi gure 

3 . 8  Rei nforcement Deta i l s  o f  Conti nuous  Beams 
3 , 6 and  9 . . . . . . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . . . . . 44 

3 . 9  Man ua l  Tyi ng o f  Steel Gage . . . . . . . . . . . . . . . . . . . . . . .  46  

3 . 10 Po l i s hed Steel Surface . . . . . . . . . . . . . . . . . . . . . . . . . . .  46 

3 . 1 1 Concrete C uri ng  . . . . . . . . . . . . . . . . . .  · · · · · · · · · � · · · · · ·  47 

3 . 12 Bra s s  Studs Arrangement  fo r Crack  Read i ng . . . . . . . .  4 9  

C ha pter 4 

4 . 1 Test i n g F r arne . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1  

4 . 2  Hydraul i c  Con so l e . . . . . . . . . . . . . . . . . . .  · . . . . . . . . . . . . .  5 1  

4 . 3  Locati on  o f  Stra i n Gages . . . . . . . . . . . . . . . . . . . . . . . . . 5 3  

4 . 4  Covered Stra i n Gage s  a t  Negati ve Moment  Secti on . .  53  

4 . 5  Waxed Stra i n Gages . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 5  

4 . 6  Wi ri ng  Sys tem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 5  

4 . 7 Port�b l e  Di g i ta l Stra i n  I nd i cato r  . . . . . . . . . . .  � . . . .  56 

4 . 8  Defl ect i on Di a l  Gage . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  58 

4 . 9  Crack  Wi dth Di a l  Gag e . . . . . . . . . . . . . . . . . . . . . . . . . . . .  58 

C ha pter  5 

5 . 1  Load i ng  Sys tem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  60 

5 . 2  El a s t i c  Ana l ys i s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  6 3  

5 . 3  P l a st i c Analys i s . . . . . . . . . . . . .. . . . . . . .  ; . . . . . . . . . . .  6 5  

5 . 4  Stres s  and  Stra i n D i a g ram fo r Beam # 1  . . . . . . . . . . . .  7 2  

5 . 5  Stres s  and  Stra i n D i a g ram for Beam #2  . . . . . . . . . . . .  7 2  

5 . 6  Stres s and  Stra i n  D i a g ram for Beam #3 . . . . .. . . . . . .  7 2  

x i  



L I ST O F  F IGURES ( Conti nued ) 

F i gure 

C hapte r  6 

6 . 1  Cappi ng the Cyl i nders . . . . . . . . . . . . . . . . . . . . . . . . . . . .  80  

6 . 2  Compres someter to Determi ne  the Modul us  of 
El a st i c i ty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  8 1  

6 . 3  S tres s v s . Stra i n D i agram Cyl i nder C 1 1 , 0 . 0% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2  

6 . 4 S tres s v s . Stra i n Di agram Cyl i nder C 1 2 , 0 . 0% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3  

6 . 5  Stres s vs . Stra i n D i agram Cyl i nder C2 1 , 0 . 8% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  84 

6 . 6  · Stres s vs . Stra i n D i agram Cyl i nder C22 , 0 . 8% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 5  

6 . 7  Stres s vs . Stra i n D i agram Cyl i nder C31 , 1 . 2% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  86 

6 . 8  Stress  vs . Stra i n D i agram Cyl i nder C32 , 1 . 2% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  · . . . . . . . . . . . . . . 87 

6 . 9  Spl i t  Cyl i nder Tes t  Set Up  . . . . . . . . . . . . . . . . . . . . . . .  9 1  

6 . 1 0 Stre s ses  i n  a Sp l i t  Cyl i nder . . . . . . . . . . . . . . . . . . . . .  9 1  

6 . 1 1 Curvature Measurement  ( Method! ) . . . . . . . . . . . . . . . . .  99  

6 . 1 2 P l a s t i c H i nge a t  Mi ddl e Suppo rt of a Cont i nuous · 
Beam . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 9  

6 . 13 Defl ecti on and Ro tat i on  a t  Di fferen t Loadi ng 
Stages (Method 2 ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 0 1  

6 . 14 Moment v s . Curvature Beam No . 1 ,  2#4 , 2#3 ,  0 . 0% 
Fi bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 0 3  

6 . 1 5 Moment vs . C urvature Beam No . 4 ,  2#4 , 2#3 , 0 . 8% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 

6 . 1 6 Moment  vs . C urvature Beam No . 7 ,  2#4 , 2#3 ,  1 . 2% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 05  

x i i 



Fi gure 

6 . 1 7 

L I ST O F  F IGU RES ( Cont i nued ) 

Moment vs . Curvature Beam No . 2 ,  2 # 5 , 2#3 , 0 . 0% 
Fi bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 06 

6 . 1 8 Moment vs . C urvature Beam No . 5 ,  2#5 , 2# 3 ,  0 . 8% 
Fi bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 0 7  

6 . 1 9 Moment v s . C urvature Beam No . 8 ,  2#5 , 2#3 , 1 . 2% 
F i be rs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . � . . . . . . 1 08 

6 . 20 Moment  vs . Curvature Beam No . 3 ,  2#6 , 2#3 , 0 . 0% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  · . . . . . . . . . . . . . .  1 09 

6 . 2 1 Moment v s . C u rvatu re Beam No . 6 ,  2#6 , 2#3 , 0 . 8% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 10 

6 . 22 Moment v s . C urvatu re Beam No . 9 ,  2#6 , 2#3 , 1 . 2% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 1 1  

6 . 23 Load vs . Defl ecti on Beam No . 1 ,  2 #4 , 2#3 , 0 . 0% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 2 7  

6 . 24 Load vs . Defl ecti on  Beam No . 4 ,  2#4 , 2#3 , 0 . 8% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 28 

6 . 25 Load vs . Defl ecti o n-Beam No . 7 ,  2 #4 , 2#3 , 1 . 2% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 29 

6 . 26 Load vs . Defl ecti o n  Beam No . 2 ,  2#5 , 2#3 , 0 . 0% 
Fi bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 30 

6 . 2 7 Load vs . Defl ecti o n  Beam No . 5 ,  2#5 , 2#3 , 0 . 8% 
F i bers . . . . . . . . . .. . ... . . . . . . . . . . . . . . . . . . . . . . . . . . · . .  1 3 1  

6 . 28 Load vs . Defl ecti o n  Beam No . 8 ,  2#5 , 2#3 , 1 . 2% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 3 2  

6 . 29 Load vs . Defl ecti on  Beam No . 3 ,  2#6 , 2#3 , 0 . 0% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 33 

6 . 30 Load  vs . Defl ecti o n  Beam No . 6 ,  2#6 , 2#3 , 0 . 8% 
F i bers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 34 

6 . 3 1 Load vs . Defl ect i on  Beam No . 9 ,  2#6 , 2 #3 , 1 . 2% 
F i bers . . . . . . . . . . . . . . . .  · . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 3 5  

x i i i  



L I ST O F  F I GURES ( Con ti nued ) 

F igure 

C hapter 7 

7 . 1  Fai l u re of P l a i n  Concre te i n  Compres s i on . . . . . . . . .  148 

7 . 2  Fa i l ure of Fi brou s  Concrete i n  Compres s i on . . . . . . .  148 

7 . 3  Ee/ 33w1·5�v s . % S teel  F i bers . . . . . . . . . . . . . . . . . .  1 50 

7 . 4 f c t/ 6 . 7 � v s . % S tee 1 F i be rs . . ·. . . . . . . . . . . . . . . . . . 1 5 3  

7 . 5  Fa i l u re o f  P l a i n Concrete i n  I ndi rect  Tens i on . . . .  1 56 

7 . 6  Fai l u re of Fi brou s  Concrete i n  I nd i rect  Ten s i on . .  1 56 

7 . 7  Fa i l ure of P l a i n Conc rete i n  Fl exure . . . . . . . . . . . . .  1 58 

7 . 8  Fa i l ure of F i brous  Concrete i n  Fl exure . . . . . . . . . . .  1 58 

7 . 9  fri / 7 . 5� vs . % Steel F i bers . . . . . . . . . . . . . . . . . . . .  16 1 

7 . 1 0 fru/7 . 5� vs . % Steel F i be rs . . . . . . . . . . . . . . . . . . . .  1 62  

7 . 1 1 Load Redi s tri but i on Factor vs . % Steel F i bers . . . .  1 67  

7 . 12 Fo rma ti on  of F i rst P l a s t i c H i nge a t  Mi ddl e 
Sup  po r t . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 6  9 

7 . 13 Forma ti on  of Second P l a st i c H i nge a t  Mi dspan . . . . .  1 69  

7 . 14 Actua l Curvature D i str i but i on Al ong the 
P l ast i c H i nge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 7 5  

7 . 1 5 Rotati on of  P l a i n  Concrete . . . . . . . . . . . . . . . . . . . . . . .  186 

7 . 1 6 Rotat i on o f  F i brous  Conc rete . . . . . . . . . . . . . . . . . . . . .  186 

7 . 1 7 Max i mum Actua l C rack  Wi dth  v s . % Steel Fibers 
at Mi ddl e Su�port . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 98  

7 . 18 Max i mum Actua l Crack  W i dth  vs . % Stee l F i bers 
a t  Mi d span . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 

7 . 19 Crack Wi dth  v s . % Steel F i b ers . . . . . . . . . . . . . . . . . . . 202 

7 . 20 I n i t i a l  Crack i ng Load v s . % Steel F i bers . . . . . . . . . 204 

x i v  



F i gure 

7 . 2 1 

7 . 22 

7 . 23 

7 . 24 

7 . 25 

7 . 26 

7 . 27 

Append i x C 

L I ST O F  F I GURES ( Conti nued ) 

P age 

P;/ Pu v s. % S teel F i bers . . . . . . . . . . . . . . . . . . . . . . . . .  205  

Crack D i s tri buti on s  a t  Mi ddl e Suppo rt . . . . . . . . . . . .  2 07 

Crack  D i s tri b ut i ons  a t  Mi ds pan . . . . . . . . . . . . .  · . . . . . .  2 08 

Cracks  i n  P l a i n  Concrete . . . . . . . . . . . . . . . . . . . . . . . . .  209 

Cracks  i n  F i b rous  Concrete . . . . . . . . . . . . . . . . . . . . . . .  2 09 

Fai l ure of P l a i n Concre te . . . . . . . . .  � . . . . . . . . . . . . . .  2 16 

Fa i l ure of Fi bro u s  Concrete . . . . . . . . . . . . . . . . . . . . . .  2 16 

C . 1  Crack Pattern i n  Beam No . ! . . . . . . . . . . . . . .. . . . . . . .  269 

C . 2  Crack Pattern i n  Beam No . 2 . . . . . . . . . . . . . . . . . . . . . .  2 70 

C . 3  Crack Pattern i n  Beam N o . 3 . . . . . . . . . . . . . . . . . . . . . .  2 7 1  

C . 4  Crack Pattern i n  Beam No . 4 . . . . . . . . . . . . . . . . . . . . . .  2 7 2  

C . 5  Crack Pattern i n  Beam No . 5 . . . . . . . . . .. . . . . . .  � . . . .  2 7 3  

C . 6  Crack  Pattern i n  Beam No . 6 . . . . . . . . . . . . . . . . . . . . . . 2 74 

C . 7  Crack Pattern i n  Beam No . 7 . . . . . . . . . . . . . . . . . . . � . . 2 7 5  

C .  8 Crack  Pattern i n  Beam No . 8 .  . . . . . . . . . . . . . . . . . . . . . 2 76  

C . 9  Crack Pa ttern i n  Beam No . 9 . . . . . . . . . . . . . . . . . . . . . .  2 7 7  

XV 



NOTATIONS 

a = depth of the equ i va l ent rectangu l a r  stres s  b l o c k  

a 1 , a2 = the l ength o ver wh i ch c urvature i s  mea s ured a t  mi ddl e s uppo rt 

A = effecti ve ten s i o n  area of concre te s urroundi ng o ne ba r ( th i s va l ue 
i �  used fo r contro l  o f  crack i ng )  

AC I = Ameri can Concrete I n st i tute 

As = area o f  ma i n  s teel ( tens i on s teel ) 

A� = area o f  compres s i on s teel 

ASTM = Ameri can Soc i ety fo r Tes t i ng Materi a l s 

A = cross  sect i on a rea of  one  s t i rrup v 

b = wi dth o f  the beams 

c = d i s tance from extreme compress i on f i bers to neutra l  ax i s 

Cc 
= compres s i on force i n  a concrete compress i on b l oc k  

cs = compres s i on force i n  compre ss i on s teel 

d = d i s tance from the extreme compre s s i o n  fi bers to the centro i d  of 
the ten s i on s teel 

d1 = d i s tance from the extreme compres s i on fi bers to the centro i d of 
the compres s i on  s teel 

d = d i s tance from ten s i o n  extreme f i ber to center of cl osest  ba r c ( used i n  crack contro l ) 

D = di ameter of s tandard cyl i nder 

Ec 
= modu l us o f  el a s ti c i ty of concrete = 33w1·5 1f� 

Eca 
= actual  modu l us of el a st i c i ty from test i ng 

Ec s  
= pred i cted modul u s  of el a s t i c i ty of fi brous  concrete 

Ec ie 
= fl exural  st iffnes s of the beams 

Es = mo dul us  of el a st i c i ty of s teel = · 2 9 , 000 ks i 
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f = fl exure stress  = MC/ I 

fc = concrete stres s a t  work i ng l oad 

fct  = sp l i t  cyl i nder s trength = 6 . 7� 

fcta i  = actual  i n i ti a l  s pl i t  cyl i nder ten s i l e  streng th 

fctau  = actua l  u l t i mate sp l i t  cyl i nder tens i l e  strength 

fcts = predi cted u l t i mate spl i t  cyl i nder ten s i l e  s trength of fi bro u s  
concrete 

f '  = 28-day compres s i ve s trength of concrete ( Standard Cyl i nder c Strength ) 

fr = modul u s  of rupture of concrete = 7 . 5 1f� 

fri = actual fi rs t modu l u s  of rupture from tes ti ng 

frsi  = predi cted fi rst modul us  o f  rupture of fi brou s  concrete 

fru = actua l  u l t ima te modu l u s  of rupture from test i ng 

frsu = pred i cted u l t i mate modu l u s  of rupture o f  fi brous  concrete 

fs = ma i n  s teel s tres s  

f� = compress i on s teel s tres s 

fy = yi e l d s trength of s teel rei n fo rcement  

h = tota l depth of the  secti o n  

HL = p l a sti c h i nge l ength 

I = moment of i nerti a 

I cr  = moment of i nerti a o f  a c rac ked transfo rmed secti on  

Icrl ' I cr2 = moment of i nerti a o f  a c racked transformed doub l y and  
s i ngl y rei nforced secti o n  res pecti ve l y  

Ie = effecti ve moment of i nert i a to compute defl ect i on 

I el' I e2 = effecti ve  moment of i nerti a to compu te defl ecti on  fo r do ubl y 
. and s i ng l y rei nforced secti o n s  res pecti vel y 

ref = regres s i on mul ti pl i er fac to r  for pred i ct i ng effecti ve moment  of 
i nert i a of fi brous  concre te 
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I = moment of  i nerti a of  c ro s s  sect i o n  of  concrete negl ecti ng s teel  g 

k = a facto r  rel a l i ty the pos 1 ti on o f  neutra l  .ax i s  to d 

k1 = k for doubl y re i nfo rced s ecti on  

k1d = depth of  neu tra l  ax i s for do ubly rei n fo rced sect ion  

k2 = k fo r s i ng l y re i nfo rced secti on  

k2d = depth of  netural ax i s for s i ng l y  rei n fo rced sect i on  

ku = k at ul ti ma te 

kud = depth of  neu tra l ax i s a t  u l t i ma te 

k i ps = ki l opounds  ( 1000 pounds ) 

L = span l ength , l ength o f  t he cyl i nder 

L1 = l i mi t s tate when s teel yi el ds 

M = des i gn bend i ng moment 

Ma = moment of  serv i ce l oad  a t  mi d s pan  

MA , MB = pl a s ti c. moment  at  A and  B 

MFA ' MFB  = fi xed end moment a t  A and  B 

Me r  = crac ki ng moment 

M
P 

= p l a st i c moment 

Mu = ulti mate momen t  capac i ty at a secti on  

Myl = yi e l d moment  a t  sec t i o n  1 (mi ddl e s u pport ) 

My2 = yi e l d moment  a t  secti o n  2 (mi ds pan ) 

m = regres s i o n  mu l t i pl i er for p redi ct i ng the modul u s  e l a st i c i ty o f  
fi brous conc rete 

n = modul a r  rati o = Es/Ec 

p = appl i ed l oad 

Pu = u l ti ma te load 
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p = y yi el d l oad  

Pyl = yi el d 1 oad of  sect i o n  1 ( mi ddl e s u pport ) . 

Py2 = yi el d l oad  of  sect ion  2 ( mi d s pan )  

p' = actual  yi el d l oad y 

p' = actua l ul ti ma te 1 oad u 

p s i  = pounds per square i nch  

pcf  = pounds per  cubi c foo t 

r' = experi men ta l l oad  red i s tr i but i on facto r  p'/ p' · u y 

R = radi us  o f  cu rvature 

smi n = mi n i mum di s tance between s t i rrups  

S . F .  = s teel fi ber 

T = ten s i on force i n  ma i n  s teel 

V u = max i mum sheari ng fo rce 

vc = concrete s heari ng  s trength  2� 
vs = shea r  s trength res i s ted by s hear  re i nfo rcement  

vu = u l ti ma te s hear s tres s  V u/ bd 

w = wi dth of  crack ; uni t wei gh t  o f  concrete 
--

wl ,w2 = ca l c�l ated c rack  wi d th fo r doub l y and  s i ngl y rei nforced 
sect1on 

wE = externa l  work 

w 1 = i nterna l  work 

w/ c = wa ter cement ra ti o 

x = the d i s ta nce from the l oad  to o u ts i de suppo rts  

Yt = d i s tance from cen tro i da l  ax i s  o f  cross secti o n , neg l ec ti ng 
. rei nforcement ,  to extreme to p fi ber 

z = factor  rel a ted to crack wi d th = fs
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a =  regres s i on mu l ti pl i er facto r  for p redi cti ng curvatu re d i str i bu ti on  
factor  o f  fi brous  concrete 

y = regres s i on mu l ti pl i er fac to r  fo r p redi ctor  duct il i ty i ndex o f  
fi brous  concrete 

s = curvature di s tri buti on  facto r  

s',S11 = rati o o f  a l l d i s ta nces from netura l  ax i s  k d ,  k2d to ten s i on 
face  and to the s teel cen tro i d  respecti vely1 

�
al = cha nge i n  l ength a1 due to rota t i o n  

�
a 2  = cha nge i n  l ength a2 due to ro ta t i o n  

�L = ax i a l  deformati on  

� = defl ecti on at  serv i ce load  

�p = pl a sti c defl ecti on  

£ = �L / L  

£c = concrete stra i n 

£s = ma i n  s teel s tra i n 

£' = compress i on s teel s tra i n s. 

£ sy = compres s i on s teel s tra i n a t  l i mi t s tate L 1 

£ = 

£ cu 

pl a s ti c  s tra i n = £cu-£
cy 

= u l ti mate concrete s tra i n 

= concrete s trai n when ma i n  s teel y i eld 

= concrete stra i n a t  l i mi t s ta te L 1 

a = 

¢ = 

¢e = 

¢u = 

¢y = 

= s teel s tra i n a t  l i mi t s tate L 1 (y i el d stra i n o f  ma i n  s teel ) 

s tress l oad/ a rea 

curvatu re £c/ kd 

el a s ti c curvature 

ult imate curvature 

yi eld cu rva ture 
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8 = rotati on  i n  rad i an 

8 c = total  rotat i on i n  rad i ans  when concrete sta rted to fa i l  at mi dd l e 
s uppo rt 

8e = el ast i c ro tat ion  

8
P 

= ca l cu l a ted rota ti on capa c i ty 

8 pc  = magn i tude of pl a st i c rota ti on  ca paci ty = 8 u- 8y 

8 p s  = pred i c ted pl a s ti c rotati on  c apac i ty of  fi bro us concrete beams 

8 r = total  rotat i on i n  rad i ans  pri o r  to ru pture 

8
Y 

= tota l rota ti on i n  rad i an s  at  l i nea r l i m i t ( fi rst yi el d ) 

8 u = tota l rotat i on i n  rad i an a t  u tl i ma te ( s econd yi el d ) 

81 , 82 = ca l �u l a ted requ i red ro tat i o n s  fo r doubl y and s i ng l y rei nfroced 
sec t1on 

A = regress i on mu l ti p l i er for p red i c ti ng  p l a s t i c h i nge of fi brous 
concrete beams 

� = ducti l i ty i ndex �u/�
Y 

�· = duc ti l i ty i ndex for fi brous  concrete 

p = rati o of  ma i n  s teel = As/ bd 

P b = ba l anced s teel rati o 

p' = rati o o f  compress i on s teel  

% = percen tage 

f = i ntegrati on symbo l 
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1 . 1  A Genera l Overvi ew 

C HA PTER 1 

I NTRO DUCT ION  

1 

A rei n fo rced co ncrete s truc tu re mu s t  sa ti sfy adequate s treng th 

at u l t ima te l oad  stage a nd s erv i c eab i l i ty at serv i c e  l oa d ,  a nd i t  mu s t  

meet the ducti l i ty req ui remen ts . U n fo rtu.na tely re i nfo rced concrete , 

u nl i ke s teel , tends  to fa i l  i n  a rel a t i ve l y  br i ttl e ma nner due to i ts 

l im i ted duct i l i ty ,  wh i c h ha s l ed to a l i mi ta ti o n  i n  s teel quant i ti es 

to be used by the AC I Code . An o ver-rei n fo rced concrete s ect i o n  wi l l  

fa i l  by c rus h i ng o f  concrete befo re the y i e l d i ng o f  s teel , wherea s i n  

u nder-rei n forced sect i on the s teel  w i l l  y i el d before the c ru s h i ng o f  

conc rete . Ducti l i ty p l ays a s i g n i f i ca nt ro l e  i n  s tructu res , espec i a l 

l y  tho se  b u i l t  i n  se i smi c zo nes o r  tho s e  s u bj ected to bl a s t  o r  s udden

ly a pp l i ed l oads . N umero u s  i nves tiga ti o n s  ha ve dea l t wi th . d ucti l i ty 

i n  re i nforced concrete s tructures , t hus  1 ea d i  ng to i mpro ved eco nomy ,  

a n d  someti mes to s i mp l i fi ed des i g n pro cedures . New des i g n  concepts 

have been devel o ped , espec i a l l y  the u s e  o f  the 1 i mi t s ta te des i g n  

concep t ,  whi c h  rel i es hea v i l y  o n  t h e  i ne l a s ti c  beha v i o r  o f  rei n fo rced 

co ncrete . Fo r the l im i t s ta te des i gn co ncept to be va l i d ,  a conc rete 

s tructure mu s t  ha ve a deq ua�e ro ta ti o n  capac i ty tha t  exceeds wha t i s  

req u i red by the pl a s t i c h i nges . P l a s t i c h i nge rotat i o n  depends 

pri mar i l y  on  concrete compres s i on fa i l u re .  A l ow compre s s i ve  s tra i n 

i.n co ncrete wi 1 1  reduce t he degree o f  momen t red i str i bu t i o n ; 
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therefore , a col l a p se mecha n i sm  w ill devel op  wi t hout  reac h i ng the 

u l t i ma te l oad  capac i ty ,  un l e s s  the u l t i mate stra i n can be i ncrea sed i n  

some way , as  addi ng  fi bers to the concrete mi x .  

1.2 Concept of L i mi t  State De s i gn 

A re i nforced concrete s truc tu re rema i ns i n  the el a st i c  range 

when l oaded under l ow stres s .  B u t  when l oad s  a re i ncreased to h i gher  

stages , it  dev i ates from el a s t i c beha v i or. Therefore , mo re theori e s  

were devel oped to desc ri be s uc h  behav i or , and  the theory that rece i ved 

the most attenti on i s  the concept of l i m i t s ta te des i gn ,  whi c h  g i ves a 

real i st i c i dea  of the s trength o f  the s tructure a t  fa i l ure . A great  

dea l  of  resea rch on  p l ast i c con cepts  wa s done by many i nvesti gators , 

s uch a s  Baker ( 7 ) , a s  earl y a s  1 94 9 . 

Fo r the l i mi t  des i gn method to be val i d ,  i t  s hou l d sati sfy the 

fol l owi ng condi t i ons : 

1 .  Mec ha n i sm cond i t i on : s u ffi c i ent pl a st i c h i nges 

are formed to convert the s t ructure to a mechan i sm .  

2 .  L i mi t equ i l i br i um :  the bend i ng moments must  be i n  

equ i l i bri um wi th  the app l i ed l oads . 

3 .  Y i e l d cond i t i on : the ul t i mate moment  i s  not 

exceeded at  any po i nt i n  the s tructure . 

4 .  Rotati on compati b i l i ty :  the rotat i on requ i red by 

the pl ast i c h i nge i s  l es s  than the rota ti on a va i l a bl e 

for the member to al l ow the
-·'

structure to devel op a 

mechan i sm . 
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The advantage of 1 i mi t desi gn method over the conven t i on  a 1 

e l ast i c method i s  twofo 1 d :  F i rst , i t  reduces the amoun t  of  rei n

forcement so as to ach i eve economy ; second , i t  reduces the congest i on 

of  rei nforcement whi ch often occurs i ·n h i gh-momeni areas , such  as a t  

the j uncti on of  g i rders wi th  col umns .  

1 . 3 H istori ca l Background 

Re i n forced concrete has been recogn i zed to behave i ne l asti c a l 

l y  fo r a l ong  ti me ,  and  a consi de ra b l e research e ffort was estab l i sh ed 

to descri be such  behav i o r .  In  t he 1 940 ' s ,  Professor A . L . L. Bake r ( 7 ) ,  

studi ed the con cept o f  i ne l asti c behav i o r  of  rei nforced concrete . He 

showed tha t structures a re a b l e to suppo rt addi t i ona l l oa ds a fter 

fi rst yi el di ng ,  espec i a l l y  i n  under-re i nforced concrete secti ons .  

S i nce that  t i me ,  many resea rchers have concu rred wi t h  the 

con cept of  pl ast i c ana l ysi s i n  re i n forced concrete and · proposed 

hypotheses on contro l  an d eval ua t i on of the behavi or  of pl ast i c  h i nges 

i n  concrete . 

I n  1 955 , ·chan ( 16) conc l u ded  that the pl ast i c  rotat i ons may be 

i ncreased by usi ng l a tera l  b i n d i ng . He a l so conc l uded that 

unde r-re i nforced secti ons tend to devel op h i gh pl asti c rotat i on . 

S i mi l a r conc l usi ons were dr,awn by Nawy ,  Danesi and .C rasko (40). I n  

1 96 3 ,  Cohn (19) establ i shed a test program o n  redundant re i nfo rced 

concrete beams and conc l uded that as l ong as the ma i n  steel (p) i s  

l ess than 2 and the d i  stri buti  o n  factor  P u/ P  
Y 

does not exceed 1 .  6 ,  
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fu l l  moment  redi stri but i on can be  obta i ned . I n  1980, Ka us k i k ,  

Ramamurthy and Kokeuj a (32 ) concl uded that  u l ti ma te l oad  capa ci ty can  

be a tta i ned as  l ong  as  percenta ge of  re i nforcement i s  l es s  than  2 and 

the rati o of  test  and cal cu l a ted u l t i ma te l oad i s  greater than or 

equa 1 to 1 . 2 5 . In  1984 Has so un a n d  Sahebjam (28 ) cone  1 uded tha t  the 

p l a st i c rotati on s i s  s ub stan ti a l l y  i mproved by us i ng steel fi bers  a s  

secondary re-inforcement .  

1 . 4 Effect o f  Re i nforcement o n  Ducti l i ty of Concrete 

Ducti l i ty i s  an i mportan t factor i n  the des i gn of rei nforced 

concrete structu re s . Many i nvest i gators have conc l uded tha t ducti l i ty 

can be i mproved by u s i n g  three d i fferen t types of  re i nfo rcemen t :  

compress i on stee l , st i rrups  and fi bers . 

1 . 4 . 1 Compres s i on Stee l  

Compress i on steel ha s been u sed i n  certa i n concrete sect i ons  

where the d imen s i on s  a re l i mi ted and app l i ed moments exceed the  

i ntern al moment capac i ty for s i ng l y  rei n forced secti on . Compress i on 

steel reduces the l ong  t i me defl ecti on and  hol ds s t i rrups , wh i ch a re 

used to res i st  s hear forces. 

On work rel a ted to i �p ro vement  of ducti l i ty ,  A . L . L .  Ba ker ( 7 ) 

s uggested tha t the use  o f  s ho rt 1 engths  o f  compress i on stee 1 can 

s i gn i fi can tl y  i nc rease rotati on c apa c i ty .  Re searchers (12 , 52 ) ha ve  

conc l uded tha t addi t i on of  secondary s teel  to  the ma i n  rei nforcement  
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adds great ly  to the ducti l i ty o f  re i nfo rc ed concrete members and  ca n 

ensure the redi stri buti on of  moments . Thoma s Hsu  ( 30) conc l uded that  

the  duct i l i ty factor decreases w i th  th e i ncrease  of  tens i l e  s tee l , b ut  

i t  i ncreases  wi th t he  i ncrease  o f  comp re s s i on s teel . 

1 . 4 . 2  S ti rrups 

Al though st i rrups a re used to res i s t s hea r ,  they have been 

found to be a very effect i ve re i nfo rcement  for i mprovi ng  duct i l i ty .  

Shah  (52 ) conc l uded tha t  the u se  o f  c l o se l y s paced st i rrups s i gn i f i 

cantl y i nc reases  duc ti l i ty . Burn s  ( 1 2 )  a l so conc l uded tha t c l o se l y 

s paced c l o sed s t i rrups  i n  the zone where p l a s t i c a ct i on i s  con 

centrated p l ay a key ro l e .  He a l so fou nd tha t these st i rrups a re 

effect i ve i n  s upport i ng the compres s i on s tee l  aga i ns t  buck l i ng . Ba ke r 

( 7 ) i ndi cates tha t  i f  s pec i a l  b i nd i ng  i s  used , the u l ti ma te cru s h i ng 

s tra i n i n  bound  conc rete may be  a s  h i gh a s  0.0 12 .  

1 . 4 . 3 Steel Fi bers 

Use of stee 1 fi bers i n  concrete i s  known to i mprove the  

strength and ducti l i ty of concrete i n  fl exure .  

Swamy and Al -Noori  ( 59) s tu d i ed the  behav i or o f  re i nforced  

concrete beams wi th fi ber con cre te a nd concl uded that  fi ber concrete 

i n  ten s i on zones control s the wi d th of  crac ks and defl ec ti on  a nd 

enab l es the beam to devel op  p l a st i c deformat i ons  a t  fail ure .  Tests 

(60)  have shown that the stra i n of  concrete o n  the compres sive face at 
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l oads  prio r  to fa i l u re ha ve ranged from 524 to 6620 x 10
-6 ( i n/ i n ) fo r 

beams rei nfo rced wi th s teel fi bers . Sa hebj am ( 50 )  concl uded tha t 

fi brous  concrete can have ma x i mum s tra i n o f  u p  to 5800 x 10- 6 i n/ i n .  

Therefo re ,  i t  i s  i mpo rta n t  to s tudy the properti e s  o f  fi bro u s  

concre te a nd to descri be t he ro l e  o f  s teel fi ber i n  re i nfo rced 

conc rete . 

1 . 5  Defi n i ti o n  o f  Steel F i bers a nd Fi bro u s  Co ncrete 

Steel fi bers a re sma 1 1  t h i n materi a 1 s tha t a re produced from 

s teel i n  va ri o u s  s ha pes and  s i ze s . They ca n be s tra i g ht ,  cri mped , 

twi s ted and deformed wi th hoo ked o r  paddl ed ends ( Fi gu re 1 . 2 ) . They 

are bes t  desc ri bed by thei r a s pect ra ti o ,  wh i ch  i s  defi ned a s  the 

l eng th of fi ber d i v i ded by an equ i va l ent  d i ameter . A typ i ca l  a spect  

rat i o  ra nges from 30  to 1 50 fo r l eng th d i mens i o n s  o f  0 . 2 5 to 3 i n .  

Fi brous  conc rete i s  a compos i te ma teri a l  tha t  i s  ma de of  fi ne , 

coa rse aggrega te cemen t ,  wa ter and  d i sco nti nuou s  di screte fi bers . I n  

genera l , concretes ha v i ng s teel fi bers d i ffer from convent i o na l  

conc rete i n  hav i ng a h i gher cemen t  co ntent and  a sma l l er agg rega te 

s i ze .  In mos t  a ppl i ca ti on s  con s i dered to da te , fi ber conten t ha s 

ranged from a bout  0 . 3  to 2 vo l ume percent .  

The i dea o f  u s i ng f i  pers  to s trengthen  concrete i s  no t new .  

I t  bega n wi th Po rter i n  1 9 1 0 ,  a nd  t he majo r tu rn i ng po i nt wa s ach i eved 

by Romna l d i a nd Ba tson ( 4 9 ) i n  1963 , who s howed tha t by u s i ng s teel 

fi bers i n  concrete the c rack i ng s trengt h  i s  i ncreased . They co nc l uded 
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that thi s strength i s  i n versel y propo rt i ona l  to square root of the 

fi ber s pac i ng .  S i nce that t i me , research  was ca rri ed out by many 

i nvest i gators , and the fol l owi ng  a spects were tested u s i ng s teel  

fi bers . 

1 . 6 Compressi ve·strength of Fi brous  Con c rete 

The effect  of stee 1 fi be rs  on the compre s s i ve streng th of  

concrete ha s been tested by  many i nvest i ga tors duri ng the past  two 

decades . In J une  1979 , Ha l vo rsen and  Kes l er  ( 25 )  con c l uded that the  

compress i ve s trength i s  unaffected by fi ber type or  content .  

An i l  ( 3 3 ) i n  1 9 72 a l so conc l u ded that the i ncrea se i n  com

pres s i ve s trength of  fi brous  con c rete wa s not  a pprec i a bl e .  S i mi l a r 

observati on s were made by Sahebj am ( 50 ) i n  1 984 . That same yea r ,  

Rav i ndra ra ja h  ( 47 ) and Tam ( 47 )  con c l u ded  that the compress i ve cube 

strength of  concrete i s  not s i gn i fi c an tl y  a ffected by the add i t i on of  

steel fi bers . 

1 . 7 Defl ecti on  and Crack Con tro l  

Two i mportant  factors affect i ng the servi  ceab i  1 i ty o f  rei n 

forced concrete fl exu ral  members i nc l u de cracks  a n d  defl ecti on . 

Exce s s i ve  deflecti on wi l l  l ea d  to l arge cracks , thus  damag i ng the 

stru cture . Therefore the AC I Code recogn i zes  the u se  of steel u p  to a 

yi e l d streng th of  80 k s i  and  the u se o f  h i gh strength concrete . 
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The presence of s teel fi bers i n  concrete i mp roves  

serv i ceabi l i ty .  Tes ts repo rted by Swamy and  A l -Noori ( 59 ) s howed that 

the presence o f  steel fi bers ena bl es  h i gh- strength steel , much h i gher  

than current ly  al l owed by ACI Code , t o  be  used wi thout  excess i ve 

crack i n g  and defl ecti on  under servi ce  1 oad .  Swamy , A 1 - taan and A 1 i 

( 60 )  a l so concl uded ·
that the addi t i on of  steel fi bers to concrete 

beams wi l l  i ncrease the sti ffness  at s erv i c� l o�d thu s  res u l t i ng i n  a 

s ubstant i al  decrease  i n  defl ecti on . . They a l so conc l uded tha t the 

presence of  steel fi ber transforms the i nherent l y unstab l e and  uncon

tro l l ed crack i ng i n  p l a i n concrete i nto s l ow ,  con tro l l ed crack  wi dth . 

1 . 8  Sti ffness  (fl exura l ri gi d i ty) 

Sti ffness  of a fl exura l  member can be determi ned by the pro

duct of the moment of  i nerti a an d the modu l us  o f  e l ast i c i ty .  C racked 

and uncracked secti ons  can occu r a l ong  the l eng th of  fl ex ura l  member , 

res u l ti ng i n  vari ab l e moment o f  i nert i a E I ; therefore i t  i s  neces sary 

to use  a proper val ue of E I .  Th e AC I adopted an average va l ue for the 

fl exural  ri g i d i ty us i ng an e ffecti ve momen t of i nert i a., Ie. 

Swamy and A l -Noori ( 59 )  repo rted i n  1975  tha t the add i t i on o f  

steel fi ber to  concrete wi l l  i n crea se i ts st i ffness  due t o  crack  

contro l  i n  fi bro u s  concrete . A s i mi l a r conc l u s i on wa s reported i n  

1 979 by Swamy , Al -taan and  A l i ( 60 ) .  They conc l uded that the 

sti ffnes s of  the beams at serv i ce l oads i s  i ncreased , resu l t i ng i n  a 

reducti on of  defl ect i on . 
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1 . 9  Appl i cat i o n s  o f  Steel F i bers 

Cont i n ued research  a nd u ti l i za ti o n  of the pro perti es  of  fi be r 

re i nforced concrete ha ve l ed to a g rowi ng a ccepta nce o f  th i s ma t�ri.a l  

a s  a n  a l terna ti ve to con venti o n a l l y  rei n fo rced co ncrete . Steel fi bers 

a re used i n  many a ppl i ca ti on s , s uc h  a s  t he fo l l owi ng : 

1 .  Bri dge dec k o verl ays a nd constructi o n : s teel 

fi bers were u sed i n  these o verl ays to ta ke a dvantage 

o f  i ncrea sed s trength  a nd  to i mp ro ve t he perfo rma nce . 

2 .  H i ghway , s treet a nd a i rfi e 1 d pa vements : fi ber 

overl ays were u sed on s uc h  a pp l i ca ti on s  to res i s t  the 

i mpa c t  l oads , to i mprove  cra c k  contro l and  to reduce 

thi c kness , thus l eadi ng  to i mpro ved economy . 

3 .  t4a i n tena nce a nd repa i rs :  s teel fi bers a re found 

to be effi c i ent i n  repa i ri ng de teri ora ted po rti o n s  of 

co nc rete s l a bs ,  pa vements , c u l verts and  ma ny o thers . 

4 .  Co nc rete p i  pes : t he benefi ts o f  s tee 1 fi bers i n  

concrete p i  pes i nc l ude i n crea se  i n  s treng th , reduced 

wa l l  secti ons  and better performa nce . 

5 .  I ndus tri a l  fl oors : t he benefi ts o f  s teel fi bers 

i n  th i s a ppl i ca ti on i nc l ude  a reduct i o n  i n  concrete 

vol ume per un i t  fl o� r area a nd  a reduc t i o n  i n  con

s tructi o n  a nd repa i r co s ts . 

6 .  Struc tura l  un i ts : t he benefi ts  o f  s teel f i bers i n  

thi s app l i cati o n  are i nc rea s ed cra c k  res i s tance , 



ducti l i ty a t  fa i l u re ,  h i gher l oa d  ca pac i ty and sma l l er 

concrete secti o ns . 

7 .  Other a ppl i ca ti ons : s teel fi bers a re u sed i n  s u c h  

app l i cati ons  a s  mi ni ng a nd  tunnel i ng ,  roc k  s l o pe 

s tab i l i za ti ons , concre te p i l e s a nd severa l  p reca st  

products . 

1 1  

I t  i s  l i ke l y  to s ee new app l i ca ti on s  o f  s teel fi bers i n  the 

fu ture due to con ti n ued resea rc h a nd i mpro ved  testi ng methods . 

1 . 1 0 Objecti ves and Scope o f  I n ve st iga t i o n  

The ma i n  o bj ect i ves o f  t h i s i nves t i gat i o n  a re to s tudy the 

effect of  bo th compres s i on s teel a nd s teel fi bers i n  a ddi t i o n  to t he 

ma i n  s teel on  the pl a st i c ro ta ti o n  o f  re i nforced concrete i n  co n 

ti n uou s  beams . Th i s  s tudy i s  l i m i ted to the ca se o f  bend i ng ,  

u t i l i z i ng two - span , co nti nuo us  beams l oaded a t  the mi ddl e o f  ea c h  s pa n  

to fa i l u re . Thi s resea rch a l so s tu d i es t h e  effect o f  steel fi bers o n  

crack i ng  a n d  defl ec ti on  beha v i o r  o f  these  beams a n d  the p hys i ca l  

properti es of  fi brou s  rei n forced co ncrete . T he  empha s i s wi l l  ma i n l y 

be o n  the modu l us  o f  e l a s ti c i ty ,  compress i ve s trength , ten s i l e  

strength  ( modu l us  of  ruptu re tes t  a n d  s p l i t  cyl i nder te s t ) ,  c ra c k  

wi dth  di stri buti on , ducti l i ty and  defl ecti on .  

Fo r the purpo se of  t h i s re sea rch , n i ne beams were ca s t  a nd 

tes ted to fa i l u re . The beams were under-rei nfo rced and  ha d the same 

compre s s i on  s teel a nd d i fferent comb i na ti on s  of ma i n  s teel a nd s teel 
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fi bers . The effect of  the va r i a bl es , s teel fi bers p s ' compres s i o n  

s teel p '  and ma i n  s teel p o n  the l ength of  the pl as ti c h i nge , c urva 

ture d i s tri but i on  factor , ducti l i ty and  pl a s ti c ro tat ion  capac i ty o f  

rei nforced concrete w i l l  be  ana l yzed. I n  addi t i on , concrete cyl i nders 

and sma l l beams were ca st  and tes ted to determi n e  the phys i ca 1 pro

pert i es of p l a i n  a nd fi brous  concrete u sed i n  th i s  i nvesti gati o n. 
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CHAPTER 2 

ELASTO- PLASTI C  ROTATION  O F  R E INFORC ED CONCRETE  B EAMS 

2. 1 Ro tati o n  Capa c i ty o f  Re i nfo rced Concrete Beam� 

Ca l cu l a ti o ns o f  ro ta ti o n capac i ty o f  re i nfo rced co ncrete tend 

to be compl ex ; therefo re many res ea rchers tri ed to devel o p  methods 

wi th some reasonabl e a s s umpti on s  i n  o rder to a r-r i ve  at  sa ti sfacto ry 

res ul ts tha t cou l d be compa red to the a ctua l  ro ta ti ons . I n  genera l , 

ro tati o n  can be expressed a s  the i n tegra l  o f  curva ture . The c u rva ture 

ca n be ca l c u l ated a t  any s tage  o f  l oad i ng a nd be i ntegra ted over  a 

fi n i te l ength to g i ve the  ro ta ti o n  acc rued o ver a des i red l eng th . 

The to ta l ro ta t i o n  u p  to fa i l u re that  occurs  at  a cri t i ca l 

sect i o n  can be approx i ma ted by the  s um of  two ma jo r pa rts : 

1 .  El as ti c rota ti o n  11 8 e " wh i c h  i s  the ro ta ti o n up  to 

the fi rs t y i el d o f  ma i n  re i nfo rcement ( F i gure 2 . 1 ) .  

2 .  Pl a s ti c ro tati o n  1 1 8 p
1 1  from f i rst  y i el d  u p  to 

fa i l ure . The pl a s t i c ro ta ti o n  e p i s  a much grea ter 

amount  when compa red to e l a s ti c ro ta ti on s i mpl y 

becau se  the s ecti o n  i s  no t ta k i ng a ny extra moment , 

and therefo re further 1 oad i  ng  merel y p roduces exces -

s i ve rota ti o n  ( F i gure 2 . 1 ) . 

The cal cu l ati o n  o f  el as ti c ro ta ti on can be eva l ua ted a t  any 

stage  from the fol l owi ng equa t i o n : 

e = ( ¢ ) ( ,q_ ) e e 

H : · - - : r  .. f · , . ... .. , .�: �y 
t:::: · ' ' ,  . .  . ' . : '  · · :/ 

l v ... . .  ' - • ' � ) : ' � � ; - ; c. .:3 

( 2 .  1 )  
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where 4> = e 

R, = 

£ = c 

Kd = 

the el ast i c curvatu re 

des i red l ength 

con crete stra i n  

di s tance from neu tra l 

{M/ E I ) o r  ( Ec/Kd ) ( Fi gure 2 . 2 )  

ax i s to extreme compress i on fi ber 

E I = fl exura l  ri gi d i ty a s s umed con stant throug hout the e l asti c 

range 
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Ass umi ng  that a l l the i nel a sti c rel at i on s  are concen trated 

wi thi n the pl asti c h i nge l ength  ( HL ) '  i t  i s  po ss i bl e to express  the 

pl ast i c rotati on  ep i n  terms of h i nge l ength , cu rvature at yi el d ,  and 

curvature at  u l ti mate a s  fol l ows : 

( 2 . 2 )  

The pl a st i c ro ta t ion  i s  represented by the s haded area i n  

F i gure ( 2 . 1 ) .  I t  i s  appa rent tha t the cu rvature a l ong the pl a st i c 

hi nge vari es s i gn i fi can tl y ,  and i n  most  rotat i on computati on the 

curvature wi thi n the pl asti c l ength i s  taken un i formly  to be ( <t>u -

�
Y

) , wh i ch l eads  to an over e s t i mat i on of  the p l asti c h i n ge . 

Therefo re i ntroduc i ng a curvature d i s tri but i on factor f3 mu st be done 

when cal cu l ati ng  the pl a sti c rotat i on . 

Therefore , Equati on ( 2 . 2 )  becomes 

( 2 . 3 )  

The curva ture d i  stri b uti  o n  factor can be cal cu l ated from t he 

experi mental  va l ues e p , �p and  HL as  i n  the fo l l owi ng  equati on : 

S = 6 p/ <t>pH L ( 2 . 4 )  
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In  o rder to  ha ve a compl ete red i stri buti on of  moments , the 

requ i red pl ast i c ro tati on at t he a s sumed h i nge po s i t i on s  must  not 

exceed the rotati on capac i ty of  the sect i on .  

The req ui red rotat i on for p l a st i c  h i nges i n  a n  i ndetermi nate 

re i n forced concrete structure a l l ow other  pl ast i c h i nges to devel op , 

and the structure to reach a mec han i sm can  be determi ned by s l ope 

defl ect i on a s  fol l ows ( 26 ) ( F i gure 2 . 3 ) :  

where : 

eAB = L [ 2 ( MA-MFA ) + ( M8-MFB ) ] /6 Ec
i 

MA and M8 = u l t i ma te moments  a t  A and B respecti vel y 

MFA and  FFB  = e l a st i c  fi xed end  moments at  A and B 

( 2 . 5 )  

E c = modul us o f  e l a s t i c i ty o f  concrete = 33w 1 · 5� 
I = momen t of  i nerti a o f  a c racked secti on 

Baker ( 7 ) est i mated that the ang l e of rota t i on as fo l l ows : 

Therefore : 

e p = <t> pHL 

<P = s / K  d p p u 

e p = s pHL/ Kud 

As s umi ng HL = d then e p = s p/ Ku = sc u- s cy/ Ku 
s cy = ssy ( Ku/ 1 -Ku ) = ( fy/ Es ) ( Ku/ 1 - Ku ) from Fi gure ( 2 . 4 )  

Therefore : 

( 2 . 6 )  

From Equa t i on ( 2 . 6 )  the rotat i on c apac i ty i s  i nversel y propo r-

ti ona  1 , for a gi ven momen t di s tri b ut i  on ,  to depth at neutra 1 ax i s ,  

where rotat i on capac i ty i s  i n s uffi c i en t  to meet the requ i red rotat i on . 
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Add i ti o n  of compres s i o n  s teel c an  be  made  at p l a st i c h i ng es to 
·
reduce  

the  neu tra l ax i s ;  therefo re ,  i t  can  br i ng a marked i nc rea se i n  

ro ta ti o n  ca pac i ty ,  espec i a l l y  i f  i t  i s  u sed wi th c l o se ly  s paced 

s ti rru ps . 

2 . 2  Ro tat i o n  Compa ti b 1 l i ty 

Fo r the red i s tri but i o n  o f  momen ts , compa ti b i l i ty condi ti o n  

dema nds s uffi c i ent  pl a sti c ro ta ti o n  a t  c r i ti ca l  sect i ons  to a l l ow the 

member to s u s ta i n  a further i nc rea s e  i n  c u rva ture . Cons i der  the 

two-span , cont i n uo us beam i n  F i g u re ( 2 . 5 ) . 

The beam i s  under symmetri ca l  l oad i ng wi th a concen tra ted l oa d  

at  the mi dpo i n t o f  each  s pa n . Th i s type  o f  l oad i n g  wi l l  produce  a 

nega ti ve momen t a t  secti o n  ( 1 ) h i g her  t ha n  the po s i t i ve momen t  a t  

sect i on  ( 2 ) . 

F i g ure ( 2 . 5a ) shows tha t bo th  M1 a nd M2 fi rst i nc rea se  

l i n�arl y i n  t he  e l a s t i c range . W hen  the  moment  at  sec ti o n  ( 1 )  reac hes  

the yi el d moment  ( ta ken as M 1 acco rd i ng to F i g ure 2 . 5b ) the ca r-y . 
res po nd i ng l oad  wi l l  be Py1 , a p l a s t i c  h i nge begi ns  to form . A t  th i s  

s tage o f  yi e l d l oa d  P 1 , the sec ti o n s  o f  max i mum pos i t i ve moment ha v e  . y 

no t fa i l ed and the reserve c a pac i ty MY2 can  s t i l l be u ti l i zed . 

Further i ncrea s e  i n  l oad beyond  PY 1 req u i res  a redi stri but i o n  of  

moments . Thi s means  tha t moments a t  the  max imum pos i ti ve momen t  

sect i o ns con ti nue to i ncrease , b u t  the  negati ve moment  a t  secti o n  ( 1 ) 
rema i ns con s ta n t  (momen t MY 1 ) .  Therefo re ,  i t  i s  es sent i a l  tha t the  

pl a sti c ro ta ti o n  capa c i ty of  sect i o n  ( 1 )  be adequa te to permi t M2 to 
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reach MY2 . When secti on ( 2 ) yi e l ded , M
Y2 i n  ( F i gure 2 . 5c ) ,  the l oad 

wa s P . The ul t imate 1 oad capa ci ty o f  the structure and further 
u 

deformati on  wi l l  occur  under constant  l oad  un t i l one of  the h i nges i s  

destroyed by the cru s h i ng of  the concrete . 

I t  can be seen tha t to a ch i e ve the  above condi ti on ,  the actua l 

p l asti c rotati on e P u at · fa i l u re has  to be l e s s  than or  eq ua l to the 

avai l abl e pl ast i c rotati on capac i ty o f  t he s ect i on ep . 

e P  u � e P  

When the actual  p l a st i c rotati on  exceeds the cal cu l ated or  

avai l abl e rotati on capac i ty e Pu > e P ,  t he  member wi l l  n ot  be abl e to 

redi stri bute enough forces  to reach  a mechan i sm and  devel op  the yi e l d 

poi nt  at mi d- span , F i gure ( 2 . 6 ) . Th i s  c a se wi l l  be  con s i dered a 

parti a l  momen t redi stri buti on and  the mi d- s u ppo rt un dergoes l oc a l  

fracture .  The u l t ima te l oad Pu tha t the structure can support i s  l e s s  

than the P u when a fu l l  redi stri buti on o f  momen ts  occurs . 

I l l u strati on of  the above d i scu s s i on  i s  shown i n  fi gures ( 2 . 5 )  

and ( 2 . 6 ) ,  fu l l and parti a l  moment  redi stri but i on of the structu re , 

res pecti ve l y .  

2 . 3 Moment Cu rva ture Re l ati on sh i p 

I f  a short segmen t of re i nforced con crete member i s  s ubj ected 

to a bend i ng moment ,  curvature of  the beam ax i s wi l l  re su l t ,  as shown 

i n  F i gure ( 2 . 7 ) ,  and there wi l l  be a corre s pon d i ng rotati on of the one 



I, I, 
1 uni t 1 ength1 

Fi gure 2 . 7 .  Un i t rota ti on of  f l exura l member . 

M M 

¢y ¢u ¢ ¢y 
a b 

F i gure 2 . 8 .  I dea l i zed M - ¢ c urve . 

¢u 
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face of  the segmen t wi th  respect  t o  a nother .  Therefore , a repre-

sentati ve rel ati on between momen t  a nd  c urvature i s  an i mpo rtan t aspect  

when s tudyi ng  the  i nel a s t i c behavi o r  o f  re i nforced concrete . 

The M-<t> curve can be i deal i zed  i n to two stra i g ht l i nes a s  

shown i n  F i gure ( 2 . 8a ) . One stra i ght  l i ne s ta rts from the or i g i n a n d  

ends  a t  the yi el d moment M
Y 

( or yi e l d c u rvature <Py ) .  Ano ther strai ght  

l i ne wi th a sma l l sl ope starts  from M
Y 

and  ends a t  the  u l t i ma te 

moment , M ( o r  ul ti mate cu rvature <P ) .  Such  a curve has  been used by u u 

some i nvest i gators (32 , 29 ) .  Howe ve r ,  a further s i mpl i fi cat i on ha s 

common 1 y been made by a s s umi n g  the second stra i g ht 1 i ne to be hori 

zonta l  ( a ) ,  a s  s hown i n  Fi gure ( 2 . 8b ) . The fi rst  stra i ght  l i ne of  

th i s  M- <t> curve starts a t  t he  or i g i n and  ends  a t  a po i n t wi th an  

o rdi nate Mu an d absc i s sa ¢y · The  secon d s tra i ght l i ne i s  ho ri zonta l  

at the  l evel Mu , sta rti ng from <Py and  end i ng a t  <Pu · 

The b i l i near  ( M- <t> ) re l at i on sh i p dev i ate s  from the actua l  

behav i or of rei nforced concrete s i n ee  re i nforced concrete does not  

have a compl ete e l ast i c and  l i near  ( M - <t> ) rel a t i on i n  t he  e l ast i c  

range . F i gure ( 2 . 9 )  g i ves a comp a ri son between an i deal b i l i nea r 

el asto-p l ast i c ( M- <t> ) to t he actua l  ( M- <P ) rel at i on s h i p of  re i n forced 

concrete . 

The rei nfo rced concrete beam i n  the actua l ( M- <t> )  curve beha ves  

el ast i ca l l y  up  to  the  crack i ng momen t .  As  t he l oad  i ncrea ses the  beam 

cont i n ues to beha ve e 1 ast  i ca  1 1  y b u t  w i th  a fl a tter s l ope u p  to the  

yi e l d momen t .  An add i ti ona l  i n crea se  i n  l oad wi l l  cause  the  beam to 



--___;.- a ctua l 

i dea l i zed 

F i gure 2 . 9 � Actua l and i dea l i zed moment-c urva ture . 

c 

¢y ¢ u 
Fi gure 2 . 10 .  Tr i l i nea r  Moment

Curva ture . 
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beha ve d i s pro port i o na te l y  unti l i t  reaches  i ts u l ti ma te ca pac i ty ,  

l i mi t s ta te L2 . An i dea l i zed tri l i near (M-¢ ) ha s been used by some 

i nves ti ga to rs ( F i g ure 2 . 1 0 ) . I t  i s  c l o s er to the actua l  curve tha n a 

b i l i nea r M-<1> curve . But  o ne can i mag i ne the compl ex i ty o f  the a ctua l  

M-<1> curve wi th res pect to  ca l cu l a t i o n  of  E I  between l i mi t s tate L 1 a nd 

l i mi t sta te L2 . Therefore ,  the i deal i zed b i l i nea r cu rve has been 

found to be co ns i derab l y s i mpl er  to ma nage tha n the actua l M- ¢ c urve . 

Al so the b i l i nea r M-<1> wa s fo und to o veres t i ma te the defo rma ti on o f  a 

g i ven secti o n , wh i c h  i s  bel i eved to b e  o n  the conserva ti ve s i de ( 8 ) . 

The curva ture can  be ca l c u l a ted from the s tra i n  d i agram i f  the 

po s i ti on of the neu tra l ax i s ,  rep resented by K,  i s  known as  shown i n  

Fi gure ( 2 . 2 ) , or  from the eq uat i on  ¢ = M/ E I . 

I t  i s  o bv i ou s  tha t  the val ue  o f  cp i nc rea ses  a s  l oadi ng  i s  

i ncrea sed to u l ti ma te l oad ; conseq uen tl y the  compres s i ve s tra i n of  the 

conc rete i nc rea ses . 

The fl exura l  ri g i d i ty o f  conc rete dec reases  when exces s i ve 

cracks devel o p  beyond the yi el d po i nt of s teel . Eval uati on  of a 

co rrect and sa fe va l ue of  fl exura l  ri g i d i ty i s  necessary when ca l cu l a 

ti ng the  pl a s t i c  defo rma ti o n . Therefo re the va l ue o f  E I  wa s a s s umed 

to be con s tant  throughout  the e l a s t i c  a nd  pl a s t i c  s ta ges i n  some 

experi men ts ( 7 ) ,  wh i ch wi l l  l ea d  to a con serva ti ve o veres t ima ti n g  of  

the  pl a s ti c ro tati o n . 

A . L . L . Ba ker ( 7 )  defi nes E I  fo r cra c ked rec ta ng ul a r  sec ti on  i n  

Equati on ( 2 . 7 ) ,  wh i ch i s  ba sed o n  the pro per�i es  of  the ma ter i a l , 



d 

F i gure 2 . 1 1 . 

N . A. 

( d - Kld ) = d ( l- Kl ) 

Curva ture a t  l i m i t s ta te L 1 . 
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geometry of  the secti on , and the curvatu re a t  a pa rt i cu l ar  l i mi t state 

L 1 ( Fi gure 2 . 1 1 ) . 

<t> = M 1/E I = 1 / R  

<P = sc 1 / K1 d = ss 1 / d ( 1 - Kl ) 

Therefore : 

( 2 . 7 )  

where : K1 = rat i o of the neutral  ax i s depth to the effect i ve depth 

M1 = moment l i mi t state L 1 

2 . 4  P l ast i c H i nge 

T he i deal i zed a s s umpti on o f  i nel a s t i c ro ta ti on concen tra ted at  

th i s  po i nt i s  on l y  theoreti ca l . I n  fac t ,  the pl ast i c deformati on s a re 

concen tra ted over a fi n i te l en g th ca l l ed 1 1 p l a st i c h i nge l ength , HL 1 1 • 

Th i s  l en g th i s  dependent on  the shape of the bend i ng moment di agram at 

the u l ti mate stage . Spec i fi cal l y  i t  i s  fou nd to vary wi th the 

di stance between po i nt of contrafl exure when the  fi rst h i nge forms 

over  the suppo rt ; and  i n  the case when the h i nge fo nns fi rst i n  the 

span , i t  vari es  wi th the d i stance· from e n d  s uppo rt to the po i n t o f  

contrafl exu re ( 32 ) .  

Referri ng to F i gure ( 2 .  1 ) ,  the 1 eng th  HL /2  rep resents  the 

pl ast i c h i nge l ength on one s i de of �he cen te r  of s upport .  Therefore 

HL can be ca l cu l ated from moment-c u rva ture a nd  ben d i ng moment di agram . 

The expe ri men tal  va l ues  of HL tha t ha ve been p ropo sed by severa l 

i n ve sti gators a re s umma ri zed i n  Ta b l e ( 2 . 1 ) .  



TABLE  2 . 1  

COMPAR I SON  OF PLAST I C  H I NGE  L ENGTH VALU ES 

REFERENC E 

Baker 1 956 

Chan  1955  

Chan  1962  

Co hn  and  Petcu  1963 

Wri g h t  a nd Berwanger 1960 

I .  C .  E .  1 962  

Corl ey 1967  

Ma ttock  1967  

Sawyer 1964 

Kaus h i k et  a l  1980 

Sa hebj am 1984 

where d = effect i ve depth of beam 

P LAST I C  H I NG E  L ENGTH 

HL = 1 . 0d 

HL < s pan/ 10  

HL = 0 . 4d - 2 . 4d 

HL = 0 . 3d - 0 . 9d 

HL = 1 . 0d 

HL = K1 K2 K3d ( Z/ d ) 0 . 2 5 

HL = 0 . 5d + 0 . 2 /d ( Z/ d )  

H L  = 0 . 5d + 0 . 05Z  

HL = 0 . 25d  + 0 . 0 7 5Z 

HL = 0 . 2 5d - 1 . 0d 

HL = 1 . 06 d  

28 

( H L ) 

Z = d i s tance from the sect ion  o f  max i mum moment  to the secti on 
of  zero moment  

K1 = 0 . 7  ( mi l d  s teel ) ;  0 . 9  ( co l d form . s tee l ) 

K2 = 1 i nfl uence o f  ax i a l  l oad 

K3 = 0 . 6  ( f�=6000 ps i ) ,  0 . 7 5 ( f�=4000 p s i ) ,  0 . 9 ( f�=2000 p s i ) 
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CHAPTER 3 

SPEC IMENS , MATER IALS ,  AND FABR I CAT ION  

3 . 1 Tes t Spec i mens 

A to ta l of n i ne recta ngu l a r rei n fo rced co nc rete conti nuo u s  

beams were tes ted i n  th i s  resea rc h . Al l the beams were 5 x 8 i n .  i n  

cro s s  sect i o n , 1 1  ft . l o ng , wi th two s pa n s  o f  5 ft . ea ch � The beams 

were rei n fo rced wi th three d i fferent  ma i n  s tee l  rei nforcements and  

wi th three d i fferen t s teel f i ber percen tages . A 1 1  the  beams a 1 so  

conta i ned two #3 ba rs a s  to p s teel . The  beams we re a rranged a s  s hown 

i n  Tabl e 3 . 1 and F i gures  3 . 6  through  3 . 8 .  A l l tes ts were conducted 

under syrm1etri ca l l oad i ng  w i th a co ncentra ted l o ad  a t  the mi dpo i n t  o f  

each  s pa n . 

3 . 2  Ma teri a l s 

3 . 2 . 1 Co ncrete Co n s ti tuen ts 

Concrete i s  ba s i ca l l y  a mi xture o f  two pa rts : aggrega tes and 

pa s te . · The pa s te i s  compr i sed of Po rtl a nd c emen t and  wa ter .  

Aggrega tes a re genera l l y  d i v i ded i n to two g roups : fi ne and 

coa rse .  The fi ne  aggrega tes co n s i s t of na tu ra l  or  ma nufactu red sand  

wi th pa rti c l e s i zes up  to 1/4  i n .  a nd  s ho u l d meet  the g rada ti o n  

requ i remen ts g i ven i n  ASTM C 33 . The coa rse  agg regates  a re tho se wi th 

pa rti c l es reta i ned on  the No . 16  s i eve a nd s ho u l d be ASTM C33 s i ze no . 



* 
Beam No . 

1 

4 

7 

2 

5 

8 

3 

6 

9 

* 
b = 5 i n . 

% Steel 
(p s ) 

0 . 0  

0 . 8  

1 . 2  

0 . 0  

0 . 8  

1 . 2  

0 . 0  

0 . 8  

1 . 2  

F i ber 

TABLE 3 . 1 

BEAM ARRANGEM ENT 

Ten s i o n  Stee l (
As ) 

2 #4 

2 #4 

2 #4 

2 #5  

2 #5  

2 #5  

2 #6  

2 #6  

2 #6  

a nd h .  = 8 i n  for a l l beams . 
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Top Stee l 
d i n .  ( A I ) s d '  i n .  

6 . 5 2 # 3  1 .  44 

6 . 5 2 #-3 1 . 44 

6 . 5 2 #3  1 .  44 

6 . 3 1 2 #3  1 . 56 

6 . 3 1 2 #3 1 . 56 

6 . 3 1 2 #3 1 . 56 

6 . 2 5 2 #3  1 . 56 

6 . 25 2 #3 1 . 56 

6 . 2 5 2 #3 1 . 56 
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8 or  equ i va l ent  for nomi na l 3/8 i n .  max i mum s i ze aggregate mi xtures 

and s ho u l d be s i ze no . 67 or  eq u i va l ent  fo r 3/4 i n .  max i mum s i ze 

aggrega te mi xtures . Aggrega te o f  3/8 i n .  max i mum s i ze i s  genera l l y 

used i n  s teel fi brou s  re i n fo rced conc rete ( 1 7 ) . 

Po rtl a nd cemen ts a re hydrau l i c c emen ts ; tha t i s , they set  a nd 

ha rden by react i ng c hemi ca l l y  
·
wi th wa ter .  They a re ava i l a bl e i n  

· di fferent types to meet d i fferent phys i ca l  a nd chemi c a l  requ i rements , 

fo r spec i fi c  purpo ses s uch  a s : Type I no rma l , Type I I  modera te , Type 

I I I  h i g h  ea rl y s treng th , Type I V  l ow hea t o f  hydrati on  a nd Type V 

su l fate res i s t i ng . H i g h  cemen t co ntent i s  genera l l y  u sed i n  s teel 

fi brous  re i nfo rced concrete . 

3 . 2 . 2 Steel F i bers 

The · s tee 1 fi bers u sed i n  th i s experi ment  were prov i ded by 

Bekaert Steel  Wi re Co rpo ra ti on and  ma de from l ow ca rbon  s teel wi th a 

tens i l e  s trength  o f  181 - 232  k s i , el a s ti c modu l u s  o f  28-30 ks i  and 

spec i fi c  g rav i ty o f  7 . 8 l b/ ft3 . 

I n d i v i dual  fi bers were 2 i n .  l o ng  a nd 0 . 02 i n .  i n  d·i ameter , 

g i v i ng the fi ber a n  as pect ra t io  o f  100 . The s teel fi bers were hoo ked 

wi th 65 degree bends at eac h  end and s h i pped g l ued together s i de by 

s i de i n  bund l es  of 2 5 . · When s teel fi bers a re added to the wa ter i n  

the mi x ,  the gl ue  d i s so l ves a nd the f i bers wi l l  be sepa rated and  di s 

tri buted un i fo rml y thro ug hout  the concrete mi x du ri ng mecha n i ca l  

mi x i ng . 



3 2  

F i g ure 3 . 1 .  Stee l fi bers . 

F i g ure 3 . 2 .  Stee l fi ber l ength . 
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The hoo ked end stee l fi be rs were u s ed to  a l l ow a proper  

ancho rage between fi bers a nd concrete ( F i gure s  3 . 1 and 3 . 2 ) . 

3 .. 2 .  3 M i xe s  

Al l concrete mi xes conta i ned t he  fo l l owi ng :  

1 .  Type I Portl and  cement . 

2 .  F i ne a ggregate wi th a fi nes s modu l us  o f  2 � 90 .  

3 .  Coarse  aggregate maxi mum s i ze o f  3/ 8 i nc h .  

4 .  Water .  

Three mi xes were made i n  th i s  experi ment . Eac h  mi x wa s ma de 

i n  fi ve  batche s of  2 .  7 cub i c  foo t ; therefo re each mi x was 

approx i ma tel y 13 . 5  cubi c foot of conc rete . Two stee l fi ber mi xes were 

made u s i ng  di fferent fi be r percentages , 0 . 8% a n d 1 . 2% .  To compare the 

propert i es  of fi brous  conc rete w i th p l a i n con c rete , o ne p l a i n  concrete 

mi x was a l so made . Al l three mi xes we re made u s i ng the same mi x 

propo rt i ons . Al l the ba tches were mi xed i n  a drum mi xe r of  3 cub i c . 

foot capac i ty ( F i gure 3 . 3 ) . For each  ba tch o f  the s tee l fi ber mi xes , 

the a ggregates , cement - and  wa ter were mi xed thoro ug h l y  fo r about 4 

mi nutes and  the steel fi be rs were s u bs eq uent l y  added i n  sma l l 

quanti t i es  i n  order to mi n i mi ze ba l l i n g and  i n terl ock i ng between 

fi bers . 

The fol l ow i ng s pec i men s were ma de from eac h  co ncrete mi x :  

th ree ( 5  x 8 x 1 32 i n . ) ma i n  beams , s i x ( 6  x 1 2  i n . ) cyl i nders fo r the 

comp res s i ve s trength , mo du l u s  of e l a s t i c i ty a n d  s p l i t  cy l i nder tests , 

a nd two ( 6  x 6 x 24 i n . ) sma l l beams fo r the modu l u s  of  rupture tes t .  



F i gure 3. 3 . 3 . 0  c u b i c foot mi xer . 
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For each batch o f  fresh  concrete , a s l ump test  wa s performed 

i n  a cco rdance wi t h  ASTM s tanda rds ( C- 143 ) . The concrete mi x wa s 

scooped i n to the wooden forms and rna 1 d s . The fonns  were fabr i cated 

for a vari ab l e un i form wi dth and l ength ( up  to 1 1  feet ) and a max i mum 

depth of 10 i nches . The wooden frames we re su ppo rted by steel 

brackets  for l atera l  support aga i nst  conc rete press ure . The use of a 

. v i brator was neces sary to ens ure d i spe rs i on a n d  penetrati on of  the 

aggregates and s teel fi bers wi th i n  the steel  re i nforcement gage . 

One-i nch  cement  b l ocks  were wi red to s tee l  re i nfo rcemen t gage to 

ensure a one- i nc h  conc rete cover and to p revent movement duri ng 

pl acement of the concrete . The excess  co ncrete wa s then scraped off 

the surface and  smoothed by us i ng a trowe l  ( Fi g ures  3 . 4  and 3 . 5 ) . 

3 . 2 . 4  M i x Des i gn 

The method used for the concrete mi x �es i gn wa s the absol ute 

vol umetri c method . The ca l cu l a t i on s  were ba sed on a cub i c ya rd bas i s .  

Depend i n g  on the vol ume requ i red , a l l ca l c u l at i ons  were converted to 

pounds per cubi c foo t .  The cal cu l at i on s  are a s  fo l l ows : 

Spec i fi c  Gra v i ty ( from testi ng ASTM C- 12 7 ,  1 28) 

Fi ne Aggrega te � 2 . 62 

Coa rse  Aggregate = 2 . 63  

Port l and  Cement  Type I = 3 . 1 5  
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F i gure 3 . 4 .  Concrete fi n i s h i ng .  

Fi gure 3 . 5 .  Comp l ete work . 



Aggregate Absorpti on (from test i ng ASTM C- 12 7 ,  128)  

Fi ne Aggregate 

Coarse Ag gregate 

= 1 . 45%  

= 1 . 9% 

Mo i iture Content  o f  Aggregates a nd Known Pa rameters 

Fi ne Agg regate 

. Coarse Aggregate 

Water Content 

W/ C 

% F i ne Agg rega te 

Ca l c u l a t i on s  

= 3 . 0% 

= 0 . 35%  

= 285  l b/yd3 

= 0 . 65 

= 45% 

Vo l ume o f  Water = u n i t we i ght/ un i t we i ght  of water 

= ( 285 l b/yd3 ) / ( 62 . 4 l b/ ft 3 ) = 4 . 5 7 ft3/yd3 

Wei ght and  Vo l ume of  cement : 

C = W/0 . 6 5 = 285/0 . 65 = 438 . 46 1 b/yd3 
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Vo l ume o f  Cement = we i ght/ [ ( s p . g r . ) ( 62 . 4l b/ ft3 ) ]  = 438 . 46/ ( 3 .  1 5x62 . 4 )  

= 2 . 2 3  
._
ft3yd3 

Vo l ume of  Agg regate = ( 27 ft3/yd3 ) - V wa ter - V cemen t 

= 27 -4 . 5 7 -2 . 23 = 2 0 . 2  ft3/yd 3 

We i g ht of  Agg regate = ( V  agg ) x ( 62 . 4  1 b/ !t3 ) x ( s p .  g r .  o f  aggregate ) 

x ( % aggregate ) 

We i gh t  o f  Fi ne Agg = ( 20 . 2  ft3/yd3 ) x ( 62 . 4  1 b/ ft3 ) x ( 2 . 62 ) x ( 0 . 45 )  

= 1 486 . 1 1  l b/yd3 



We i ght of Coa rse Agg = ( 20 . 2  ft3/yd3 ) x ( 62 . 4 l b/ ft3 ) x ( 2 . 63 ) x ( 0 . 55 ) 

= 1 823 . 28 l b/yd3 

Moi stu re Correct ion s  

Correct i on We i g ht = [mo i s ture content - a b sorpt i on ]  

x [we i g ht of aggregate/ ( 1  + a b sorpt i on ) ]  
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Fi ne Correct i on = [ 0 . 03 -0 . 0 1 45 ] [ 1 486 . 1 1 / ( 1 +0 . 0 1 45 ) ]  = 22 . 7 1 l b/yd3 

Coarse Correct i on = [ 0 . 0035 -0 . 0 1 9 ] [ 1 823 . 28/ ( 1 +0 . 0 1 9 ) ] = -27 . 73 l b/yd3 

Component 
We i g h� 

( l b/yd ) 
Correct�on 

( l b/yd ) 

Cement 438 . 46 

Water 285 . 00 +5 . 02 

Fi ne Aggrega te 1 486 . 1 1  +22 . 7 1 

Coarse Agg rega te 1 82 3 . 28 - 2 7 . 7 3 

Ca l cu l at i ons  for Stee l F i ber We ight s 

Spec i f i c  Grav i ty of  Stee l Fi bers = 7 . 8  

Un i t  We i g ht of  F i bers = ( s p .  g r . ) x ( 62 . 4  l b/ ft3 ) 

= 7 . 8x62 . 4  = 486 . 72 l b/ ft 3 

Vo l ume of  Each  Concrete Mi x = 1 3 . 5  ft3 

We i ght of  steel  fi be rs u sed i n  eac h m i x :  

a )  when 0 . 8% i s  u sed : 

Corrected 
We i g h� 

( l b/yd ) 

438 . 46 

290 . 02 

1 5 08 . 82 

1 795 . 5 5 

= ( 486 . 72 l b/ ft3 ) x l 3 . 5  ft3 x ( 0 . 8/ l 00 )  = 52 . 5 7 l b s 



b )  when 1 . 2 % i s  u sed : 

= (486 . 72 l b/ft3 ) x l 3 . 5  ft3x ( l . 2/ 1 00 )  = 78 . 85 l bs 

Therefore the tota l we i g ht of  stee l f i bers u sed : 

% Steel  Fi bers 

0 

0 . 8  

1 .  2 

Batch We ight 

Wt . of Stee l Fi ber 
per Cu b i c Ya rd 

0 

1 05 . 1 4  

1 5 7 . 7 

Wt . of  Stee l F i bjr 
per Mi x ( 0 . 5 cy ) 

0 

52 . 57 

78 . 85 

Tota l We i g ht = 1 3 1 . 4  l bs 
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Three m i xe s  were u sed i n  th i s  expe r imen t ;  each  mi x has  0 .  5 

cub i c  ya rds of concrete . The refore , a tota l  of  1 . 5 c ub i c  yards of 

concrete was u sed . 

Component We i g ht l b s/yd3 Overa 1 1  We i g ht ( 1 bs/ 1 . 5  yd3 ) 

Cement 438 658 

Water 290 435 

Fi ne · Agg rega te 1 509 2 263 

Coarse Agg rega te 1 796  2693 
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3 . 3 Fabr i cat i on 

3 . 3 . 1 Steel  Re i nforcement 

Adequa te rei nforcement wa s p rov i ded to res i st the two ma i n  

stresses , shea r and  fl exure . A 1 1  the beams i n  t h i s experi ment were 

made wi t h  to p and  bottom bars . Eq ua l percentages  of steel were 

provi ded a t  span and  s upport cr i ti cal  s ecti on s . 

Two #4 , two #5  and  two #6 deformed bars  we re used as  the ma i n  

re i nforcement  on the ten s i on s i de .  Two # 3  defo rmed ba rs we re used as  

compres s i on steel or st i rrup su ppo rts on the compres s i on s i de .  The 

steel re i nfo rcemen t deta i l s  a re shown i n  F i g ure s  3 . 6 through 3 . 8 .  

The top and  bottom bars we re marked and cut  off wi th an 

acetyl ene torch at  the proper po i nts . A two - i nch  cover wa s a l l owed 

between the end  of the bars and the en d of the concrete beams ( F i gures 

3 . 6 through  3 . 8 ) . 

A 2 0  i nch  l ong  test samp l e  wa s c ut  from ea ch  bar  re i n forcement 

and a ten s i on test  wa s conducted on each  samp l e .  Y i el d and u l ti mate 

streng ths  were determi ned and tabu l a ted  i n  Tab l e 3 . 2 .  

For beams re i n forced wi th two #5 and  two #6 , h i g her shea r  wa s 

expected , therefore , two k i nds  of  st i rrups  were u sed : #3  over  the 

expected p l a s t i c  h i nge reg i on an d #2 beyond  the expected p l a st i c i ty 

zone .  For beams re i nforced wi th  two #4 , # 2  s t i rrups  were adeq uate and 

were used th roughout .  



41  

TABLE 3 . 2 

TENS I ON TEST RESULTS 

V i e  1 d ' Stres s U l t i ma te Strength 
Ba r S i ze f Y ( ks  i ) f u ( ks  i ) 

#2  5 1 . 0  66 . 0  

#3 72 . 4  1 1 5 . 0  

#4 64 . 9  99 . 8  

# 5  6 3 . 2 1 05 . 8  

#6  6 7 . 0  10 3 . 2  
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Al l s hear rei nfo rcements were made i nto c l osed recta ngul a r  

sti rrups  wh i ch were spaced a t  3 i n .  i nterva l s .  The s t i rrups  we re c ut 

at 2 1  i nch  1 e ngth s and bent ma nua l l y  o n  e spec i a 1 1  y des i gned and 

fabri cated equ i pment . Adequate s hea r rei nforcements  were pro v i ded i n  

the reg i on o f  p l a st i c _ h i ngi ng to a vo i d  any s hea r fa i l ure .  F i gu res 3 . 6 

thro ugh  3 . 8  show the st i rrup arrangement a n d  beam cros s secti ons . 

The l o ng i tudi na l ba rs a nd s t i rrups  were t i ed ma nua l l y  u s i ng 

5 . 5 i nch l ong  ti e wi res ( F i gure 3 . 9 ) . The s u rface of the top and 

bottom ba rs were fi l ed a nd smoothed a t  the po i nts o f  max i mum moments 

for the  purpose  o f  attach i ng stra i n ga ges . . The smoothed s urface wa s 

then c l ea ned a nd degrea sed ( Fi gu re 3 . 10 ) 

3 . 3 . 2 Beam Prepa ra t i o n 

The beams we re demo l ded at 2 days a n d  co vered wi th wet burl ap  

( Fi gure 3 . 1 1 ) .  The curi ng was done by s p ri n k l i n g water duri ng th ree 

weeks . The beams were carefu l l y  p l aced i n  a l oad i ng frame of 120 ton 

capac i ty .  Concrete stra i ns were obta i ned from e l ectri ca l re s i stance 

gages type A- 1 attached to the top of  concrete compress i on zone 

l ocated · at mi ddl e of  eac h  s pa n  a nd o n  the u nder su rface an i nc h  from 

the ·mi d- reacti on  bear i ng p l ate . Al l connect i ng w i res were then 

sol dered to the stra i n  gages a nd connected to the a utoma t i c stra i n  

ana l yzer .  

Cra c k  mea s u rements on  beams were done u s i ng cyl i ndri ca l  bra s s  

studs ( 3/ 8  x 3/ 8 )  wi th con i ca l ho l e s . The bra s s  s tuds were gl ued a t  

one i nc h  i nterva l s  over  the 20 - i nch  l ength  o n  a s tra i ght  l i ne  



4 6  

F i gure 3 . 9 .  Manua l tyi ng of s tee l  gag e . 

F i g ure 3 . 10 .  Po l i s h ed s tee l  s u rface . 
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F i g ure 3 . 1 1 .  Con c re te c u r i n g . 
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drawn on the center of  the beam at  the cri t i ca l  s ect i on  over the 

mi ddl e s uppo rt . The same bra s s  a rrangement s were u sed on  the under  

su rface of  the  beam ( u nder t he  a ppl i ed l oads ) . T he  bra s s  s tuds we re 

a l so gl ued on the s i de at  the mi ddl e s uppo rt fo r curvature 

measurements . A compl ete i l l u s trat i o n  of  bra s s  s tuds a rra ngement i s  

shown i n  F i g u re 3 . 12 .  The vert i ca l  l oads  were a pp l i ed on a stee l 

p l atform tha t ha s a concave sea t  tha t a l l ows the po i n t head of  each 

jack  to h i t un i forml y .  H i gh  stren gth denta l p l a s ter of pa ri s or 

gypsum wa s u sed under the l oad i ng  p l ates to ens ure a u n i fo rm bea ri ng .  

The beams were ma rked a t  te n po i n ts fo r l evel  readi ngs . A 

sca l e w i th a n  accu racy of  1/ 100 of a n  i nch  wa s u sed to read the actua l 

el ast i c cu rves and  i n  pa rt i c u l a r  the p l a s t i c deforma t i on of  the 

cri ti ca l sect i on u p  to fa i l ure .  The beams were ma rked a t  t he po i n t of  

maxi mum defl ect i o n . A d i a l  gage wi th an  acc u ra cy o f  1 / 1000 of  a n  i n ch 

was u sed to read the actua l defl ecti on . 
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CHA PTER 4 

I N STRUMENTATION AN D TEST P ROCEDURE 

4 . 1 I n strumen tati on 

4 . 1 . 1 Test i ng Frame 
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The steel g i rder frame used i n  the experi men t ha s a capac i ty 

of 120 tons w i th a maxi mum end reacti on o f  6 0  ton s ,  and i t  . ha s a 

capa ci ty o f  han dl i ng spec i mens up to twen ty feet i n  l eng th , fi ve feet 

in wi dth , and three feet in depth ( Fi gure 4 . 1 ) . 

4 . 1 . 2 .  Hydrau l i c  Consol e 

A l ow and h i gh dua l range hydra u l i c  con so l e w i th a ca pac i ty of 

10 , 000 ps i  was used .  The  l ow range i s  from zero to 2000 p s i  w i th  an 

i ncrement o f  20 ps i . The h i gh range i s  from zero to 10000 p s i , w i th 

· an i nc remen t of 100 ps i . An a i r pre s sure system wa s connected to the 

hydrau l i c  conso l e  to re l ease the l oad from the beams . Thi s pres sure 

system i s  energ i zed by the bu i l di ng ' s  a i r s upp l y  system , wi th an a i r 

pressure o f  about 120 po unds per square i nch ( F i gu re 4 . 2 ) .  

4 . 1 . 3 Hydrau l i c  Jacks 

A 1 1  beams were tested i n  a 1 oad i  ng frame wi th a man u a 1 1  y 

pumped 30  ton hydra u l i c  j ack at each s pan  ( Fi g ure 4 . 1 ) .  The j ac ks 

were conn ected w i t h  h i gh  pres s ure hydrau l i c  hoses  w i th a se l f- sea l i ng 



5 1  

F i g ure 4 . 1 .  Tes t i ng  frame . 

F i g ure 4 . 2 . Hydra u l i c  c o n s o l e .  
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coup l er to the outl ets on the l oad i ng frame . The o i l  wa s pumped 

manua l l y  i nto the jack s  from the ma i n  hydra u l i c  contro l  conso l e .  

Pr i or to the actua l  tes t i ng the jack s  were ca l i brated by u s i n g a Ti nus 

Ol sen tes ti ng mach i ne .  The two j ack s  proved to behave i dent i ca l l y . 

Testi ng the Ti nus Ol sen testi ng mac h i ne a ga i ns t  a prov i ng ri ng s howed 

an a ccuracy of about 0 . 1 5% .  The ca l i bra t i on c ha rt of the j ack s  v s .  

·the test i ng mach i ne i s  s hown i n  Appendi x E .  

4 . 1 . 4 Stra i n Gages 

Three d i fferent types of SR-4 stra i n  ga ges were u sed : 

1 .  A-8 stra i n  ga ges w i th a res i s ta nce o f  1 195  � 0 . 3 

ohms a nd a ga ge factor of  1 . 7 3 + 2%  when u s ed fo r ma i n  

bars . 

2 .  A- 19  stra i n ga ges wi th a res i s tance o f  60 . 0 � 0 . 5  

ohms and a ga ge factor of 1 .  66 + 3% were u sed  for #3 

ba rs . 

3 .  A1 -S6 s tra i n  gages w i th res i s tance of  120 . 4  � 0 . 2  
-

ohms a nd a gage fa cto r of 1 .  94 + 1%  were used for 

concrete compre s s i on stra i ns .  

The l ocati ons of  the stra i n ga ges a re s hown i n  F i gu re 4 . 3 .  

The s teel stra i n  gages were g l ued a t  the pol i s hed po i nt s  a nd 

l eft 24 hou rs , then covered wi th a s pec i a l  ma te ri a l  S R- 4  ca rr i er E to 

prevent mo i stu re penetrat i on to the s tra i n  ga ges ( Fi gu re 4 . 4 ) . A 



compres s i on s teel 
/--- stra i n gages 

F i g ure 4 . 3 .  Loca ti on o f  s tra i n gage s � 
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concrete 
stra i n gages 

ten s i on s tee l 
s tra i n gages  

F igure 4 . 4 .  Covered s tra i n gages  at  nega ti ve moment  sect i on . 
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hot mel t gl ue was used to s ea l  a nd protect t h i s ca rri er and  the stra i n  

gages from a ny damage o r  mo i stu re seepage ( F i g ure 4 . 5 ) .  S pec i a l  

standa rd # 22 wi res were sol dered t o  the s tra i n  gages . F i gure 4 . 6  

shows a s i mpl i fi ed d i a g ram of the wi r i n g  from the s tra i n  ga ges to the 

d i g i ta l s tra i n  i nd i cato r .  

4 . 1 . 5  Po rtab l e D i gi ta l Stra i n  I nd i cator 

Conc rete a nd s teel stra i n  gage read i ngs were obta i ned by us i ng 

a s tra i n  ga ge scann i ng system ( F i gure 4 .  7 ) . I t  con s i sts  of  fou r  ma i n  

pa rts : 

1 .  Di g i ta l  s tra i n  i nd i cator wh i ch g i ve s  the d i rect 

stra i n  read i ngs  from the cha nne 1 be i ng u sed .  The 

co rre spond i ng ga ge factor  i s  a l so set o n  th i s un i t .  

2 .  A pri nter wh i c h cou l d be set  to p ri n t  a l l the 

s tra i n  rea d i ngs . 

3 .  Scann i ng modul e un i t to whi c h  a l l the s tra i n  ga ge 

wi res a re hoo ked . The c ha nnel s a re a l so on  th i s un i t .  

4 .  A contro l l er wi th a three-way pos i t i o n  mode swi tch 

a nd fo ur  push  butto n  swi tches  for ma nua l s top , s top , 

reset a nd sta rt . The mode swi tch  se l ects one  of the 

three scann i ng modes : 

a .  Ma nua l mode used  for i nd i vi dua l  readi ngs . 

b .  S i ng l e sca n mode cyc l es  thro ugh  every 

cha nnel  and  stops . 
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Stra i n gage 
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F i gure 4 . 7 .  Porta b l e d i g i ta l  s tra i n i nd i cater . 



c .  Automat i cal l y  sca ns a n d  s top s  a fter the 

l a s t  c ha nnel read i ng has been p ri n ted o ut . . 

4 . 1 . 6 Di a l  Gages 
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Three d i a l  gages were used i n  t he beam tes ti n g . Two w i t h  an 

accu racy of  1/ 1000 i n .  were u sed · for defl ec t i on rea d i ngs u nder the two 

l oad  po i nt s  ( Fi gu re 4 . 8 ) . The th i rd d i a l , wh i c h has  ·mechan i ca l  

demounta bl e extensometer gages of  2 and  8 i n . gage l en gths , wa s used 

for crack  a nd curva ture measurements , res pect i ve l y .  Read i ngs of  th i s 

gage were o bserved wi th a n  accuracy of  1/ 1 000 i n .  ( F i g ure 4 . 9 ) . 

4 . 2 Tes t  Procedure 

The same test  procedu re was adopted to tes t  a l l beams . Befo re 

commenc i ng the tests , a l l the equ i pment  was rec hecked a n d  zero read

i ngs  were ta ken fo r s tra i n  ga ge s , defl ect i ons. , cra c ks , l e vel a nd 

· curvatu re . The l oad  wa s a pp l i ed gra dua l l y  by i nc rements of  1 . 02 k i p s . 

The fo l l owi n g  mea surements  were recorded dur i n g  the tes t : 

1 .  The s tra i n s - of  the s teel a nd the concrete a t  

cri t i ca l  s ect i ons . 

2 .  Defl ecti o ns i n  the s pa n  cri t i c a l  s ec t i ons  ( u nde r 

the concentrated l oads ) . 

3 .  Cu rvature a l ong the beam s i de a t  c r i t i ca l  sect i on s  

(mi ddl e suppo rts ) .  

4 .  Leve l rea d i ngs at  ma rked po i nts . 

5 .  Cra c k  wi dth a t  cri ti cal  sect i o n s . 
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F i g ure 4 . 8 .  Def l ect i on  d i a l  gage . 

F i g u re 4 . 9 .  C rac k  w i dt h  d i a l  gage . 
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5 . 1 Beam  Load i ng System 
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The l oadi n g  system used i n  thi s re s ea rc h p roject  i s  s hown i n  

Fi gure 5 . 1 . I t  s hows a con ti n uou·s beam wi th two i denti ca l s pan s . A 

concentrated  l oad  i s  app l i ed on the m i dpo i n t o f  each s pan . Three 

di fferen t l oadi n g  po s si b i l i ti es were con s i de red before choo s i ng the 

opti mum case : 

1 .  Load a t  x = 0 . 45L when maxi mum po s i t i ve moment i s  

obta i ned . 

2 .  Load at  x = 0 . 55L  when maxi mum n ega ti ve momen t at  

mi ds upport i s  obta i ned . 

3 .  Load  a t  mi ds pan  ( x = 0 . 50L ) .  

The momen ts  at B and C were computed an d tabu l ated  i n  terms o f  

P ,  where L = 60  i n c he s  ( Tabl e 5 . 1 ) . 

The  redi st ri buti on  factor  r wa s determi ned for ea ch  case . As 
-

i t  i s  obv i ous  when x = 0 .  45L , r = 1 .  07 where there i s  not  enough 

redi s tri buti on of moments to di scu s s  the p l a s t i c rotat i on capac i ty of 

the cri t i ca l s ec ti on . W hen x = 0 . 35L  the  va l ue of r = 1 . 35 ,  mean i ng 

35% moment red i str i buti on  i s  requ i red fo r the  cr i t i ca l  secti on to 

deve l o p  a co l l apse  mecha n i sm tha t i s  re l at i ve l y h i gh .  

Therefore , an · opti mum x va l ue a t  0 . 5L wa s c hosen to re s u l t i n  

a reasonab l e 20% moment red i str i b ut i on , so  the  rota t i on capac i ty of  

the mi ddl e s up po rt can  be dete rmi ned wi thout  a p rema tu re fa i l u re .  
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Fi gure 5 . 1 .  Load i ng system . 

TABLE 5 . 1 

MOM ENT  D I ST R I BUTI ON  FOR D I F FERENT LOAD I NG S YSTEMS 

X 0 . 45 L  0 . 55 L  0 . 50L  

MB  

MC  

r 

lOP  

10 . 76P 

1 . 07 

8 . 53P  

1 1 . 6P 

1 . 3 5 

9 .  38 

1 1 . 2 5P  

1 . 2 

61  
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5 . 2  Oeam Ana l ys i s 

5 . 2 . 1 E l a st i c Ana l ys i s  of Beams 

The th ree-momen t theo rem wa s used fo r the  e l as ti c  an a l ys i s of  

. the beams . 

The general  equa ti on u sed fo r th i s ana l ys i s i s  a s  fo l l ows : 

MA + 4Mc + ME = - EP 1 L ( K1 - Ki ) - E P2L ( K2 - K� ) 

I n  thi s case equa l  concen trated l oa d s  e x i st a s  wel l as eq ual  

spans and the 1 oad i s  at  the cen ter of  the  s pan ( K 1 = K2 = 0 .  5 )  

( F i gure 5 . 2 ) . Therefo re , the above equati on i s  reduced as fo l l ows : 

MA + 4Mc + ME = - 2PL ( 0 . 5  - 0 . 53 ) 

MA + 4Mc + ME = - 2PL ( 0 . 375 ) 

MA = ME = 0 

There fore 4Mc = - 0 . 75PL  

for L = 6 01 1  

Me = - 1 1 . 2 5 P  

Reacti on s were ca l cu l a ted by s tat i cs  ( refe r  t o  F i gure 5 . 2 )  

RA = RE = 0 . 3 1 3P 

RC = 0 . 688P + 0 . 688P = 1 . 38P 

Shea r force and ben di ng  momen t d i agrams are s hown i n  F i g ure 5 . 2 . 

5 . 2 . 2  P l as t i c Ana l ys i s 

The v i rtua l d i s p l acemen t pri n c i p l e i s  u sed  to ana l yze the 

two- s pan  con ti nuous  beam wi th  the con cen tra ted l oads  at the cen ter of 

the span s . 
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F i g ure 5 . 2 . E l a st i c a na l ys i s .  

S hear  D i a gram 

0 . 3 1 3P 

Moment  D i a gram 
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In the v i rtua l wo rk method , the externa l  wo rk done by app l i ed 

l oads i s  equa l  to the i nterna l  wo rk absorbed by the p l a st i c h i nges . 

Therefore 

where 6 = ve rti ca l  d i s pl acemen t of h i nge s  

62 = 64 = L/ 2 ( 8 ) 

WE = P ( L /2 ) ( 8 ) + P ( L/ 2 ) ( 8 )  = 2 P ( L/ 2 ) ( 8 )  

The i n te rna l  wo rk i n  the structure wi l l  be the sum of  the 

vi rtua l  wo rk done  at the p l a st i c h i n ges . 

K 
W I = �Mp 8 ; = Mp �=8 i  

where 8 i = the angl e through wh i ch the h i n ge s  rota te . 

From F i gure 5 . 3 the fo l l owi ng i s  obta i ned : 

W I = Mp x 2 8  + Mp x 2 8  + Mp x 2 8  

Sect i on 2 Secti on 3 Secti on  4 

Wl = 3Mp X 2 8  

W I = WE 
2P ( L/ 2 ) 8  = 3Mp x 2 8  

Pu = 6 Mp/ L  

where L = 6 0  i nches  

Th erefore Mp = 1 0  Pu 



p p 
1 �2 

L/ 2 

3 � 4 

L/ 2  J l 
L/ 2 'I L/ 2 

Mp 

P L/ 4  

1 3 

F i g ure 5 . 3 . P l a s t i c ana l ys i s .  

5 

l 

5 

5 
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a )  Bendi n g  Moment  
D i agram 

b )  Mecha n i sm 

c )  Moment  d ue to 
determi n a te l oad i ng 

d )  Moment  due to 
redunta n t  l oad i ng 

e )  Compo s i te moment  
d i a gram 
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Th i s  re su l t can be checked by the eq ui l i br i um eq uati on by 

addi ng the momen ts a t  secti on  2 on F i gure 5 . 3 ( c , d , e ) . 

P ul/4 = Mp + Mp/ 2 

P u = 6Mp/ L 

where L = 60  i n . 

Mp = 1 0  P u 

5 . 3  F l exure Des i gn of  the Beams 

The method used fo r des i gn of the beams i s  ba sed on the 

u l t i ma te strength theory of rei nforced concrete acco rdi ng to the AC I 

Code ( 3 18-83 ) .  I n  the fo l l owi ng  cal cu l ati on s  the con tri but i on of 

steel fi bers to the u l ti mate momen t capac i ty of the beam i s  neg l ected . 

8# 1 : A s = 2#4  ten s i on steel , A� = 2 # 3  compres s i o n  steel  and 0 . 0% 

s tee l fi bers . 
I I 

fc = 4970  p s i , fy = 64 . 9 k s i , fy = 7 2 . 4  k s i 

i n2 , 
I 

i n2 As = 0 . 39 As = 0 . 22 

d = 6 . 5  i n , d l  = 1 . 44 i n  

U l ti ma te momen t capaci ty Mu i s  ca l c u l a ted  accordi ng to F i gure 

5 . 4 .  

1 .  I n te rn a l  fo rces :  
I 

c
c = 0 . 85 fcab 

cc = 0 . 85 ( 4 . 9 7 ) ( a ) ( 5 )  = 2 1 . 1 2 3a k i ps  

cs = the force i n  compress i on s teel 



I I 
= As fs - fo rce i n  d i sp l aced concrete 

= A ' f ' - A '  ( 0  85 f ' ) = 0 . 22 fs' - 0 . 2 2 x 0 . 85 x 4 . 97  s s s . c 

= 0 . 22 f� - 0 . 929  

T = T1 + T2 = As fy = 0 . 39 x 64 . 9 = 2 5 . 3 1  k i ps  

S i nce T = Cc + C s 

Therefo re :  

26 . 2 4  = 0 . 22 f� + 2 1 . 1 2 3a 

By tri a l  and  e rror c = 1 . 505 i n  

a = s ( c ) where s = 0 . 8  s i nce f� � 5000 p s i 

a =  0 . 8 x 1 . 505  = 1 . 2 04 i n  

From force tri a ng l es ( F i gure 5 . 5 )  

f� = { [ ( c - d ' ) ( cc ) ] /c } Es = 

{ [ ( 1 . 505 - 1 . 44 ) ( 0 . 003 ) ] / 1 . 505 } 29000 = 3 . 7 6  k s i  

T = C 2 s 

As 2fy = A� f� 
A = A ' f ' / f = ( 0 . 2 2  x 3 . 76 ) / 64 . 9 = 0 . 0 1 2 7 5 i n2 

s 2  s s y 

As l  = As - As2  = 0 . 3 9 - 0 . 0 1 2 75  = 0 . 3 7 7 3  i n 2 

-
2 . Check i f  sect i o n  i s  underre i nforced : 

P ba l a nce = 0 . 85 x S [f�/fy] [87/ (87  + fy ) ]  
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P ba l ance = 0 . 85x0 . 8 [4 . 97/64 . 9 ] [87/ ( 8 7+64 . 9 ) ]  = 0 . 02989 = 2 . 9 9% 

Pmax = 0 . 7 5 P ba l ance = 0 . 75 x 0 . 02989 = 0 . 02242  = 2 . 24% 

Pm i n = 200/ fy = 200/64900 = 0 . 00308 

P l 
= ( As - As 2 ) / bd 

= 0 . 3 7 73/ ( 5x6 . 5 )  = 0 . 0 1 1 6 1 < P ba l ance = 0 . 02 989 < pmax 



Therefore , the sect i on i s  underre i nforced 

p / pmax = 0 . 0 1 1 6 1 /0 . 02242 = 0 . 5 1 8  

p/ p ba l ance = 0 . 0 1 1 6 1 / 0 . 02989 = 0 . 401 

3 .  Ca l cu l a te the u l t i mate moment u s i ng the fo l l ow i ng equat i o n : 

Mu = [As l fy ] [d - ( a/ 2 ) ]  + ( A�f� ) ( d -d ' ) 

= [0 . 3 7 73x64 . 9] [6 . 5 - ( 1 . 204/ 2 ) ]+ ( 0 . 22x3 . 76 ) ( 6 . 5 - 1 . 44 )  = 

1 49 . 73 k . i n  

4 .  Ca l cu l ate P
Y 

a nd Pu 
py = 1 49 . 7 3 / 1 1 . 2 5  = 1 3 . 3 1 k 

Mp = 1 . 2 Mu ( Ta b l e 5 . 1 )  

M p = 1 . 2 ( 1 49 . 73 )  = 1 79 . 68 k i n 

But Mp = 1 0  Pu 
Therefore Pu = 1 79 . 68/ 1 0  = 1 7 . 97 k 

8#2 : As = 2#5 ten s i on stee l , A� = 2#3 compress i on stee l  and 0 . 0% 

stee l f i bers . 

f� = 4970 ps i ,  fy = 63 . 2  ks i , fy = 72 . 4  ks i 

As = 0 . 6 1 i n2 , A� =  0 . 22 i n2 

d = 6 . 3 1  i n ,  d '  = 1 . 56 i n  
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U l 't ima te momen t capac i ty M i s  ca l cu l ated accord i ng to Fi g u re u 

5 . 5 .  

1 .  I n terna l forces : 

c 1 = 0 . 85 f�a b 

c1 = 0 . 85 ( 4 . 9 7 ) ( a ) ( 5 )  = 2 1 . 1 2 3a k i p s 

c2 = the  force i n  comp re s s i o n  stee l 



= A�f� - fo rce i n  d i sp l aced con crete 

= A ' f ' - A ' ( O 85 f ' ) = 0 . 22 fs' - 0 . 22x0 . 85x4 . 9 7 s s s . c 
= 0 . 22 f� - 0 . 929 

T = T1 + T2 = As fy = 0 . 6 l x63 . 2 = 38 . 55 k i p s 

S i nce T = Cc + Cs 
Therefore : 

39 . 48 = 0 . 22 f� + 2 1 . 1 23a 

By tri a l a nd  e rror c = 2 . 06 1 i n .  

a = s { C )  where s = 0 . 8 s i nce f ' 5000 p s i  c 
a = 0 . 8x 2 . 06 1  = 1 . 649  i n 

From force tri a ng l es ( F i gu re 5 . 6 ) 

f � = { [ ( c - d ' ) ( e: c ) ]  I c }  Es 
f� ·= { [ ( 2 . 0 61 - 1 . 5 6 ) ( 0 . 003 ) ] / 2 . 0 6 1 } 29000 = 2 1 . 1 6 k s i 

T2 = Cs 
A f = A ' f ' s 2  y s s 
As 2  = A� f� / fy = ( 0 . 22x2 1 . 2 6 ) / 63 . 2  = 0 . 074 i n2 

As l  = As - As2 = 0 . 6 1 - 0 . 0737 = 0 . 536 i n2 

2 .  Chec k i f  sect i on i s underre i nforced 
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P ba 1 ance = 0 . 85 { 0 . 8 ) [4 . 9 7/ 63 . 2 ] [87/ ( 87+63 . 2 ) ] = 0 . 0 3 1 09 = 3 . 1 1 % 

Pmax = 0 . 75 P ba l an ce = 0 . 75x0 . 03 1 09 = 0 . 0 2332 = 2 . 33% 

Pm i n  = 200/ fy = 200/ 63200 = 0 . 0031 7 

P 1 = ( As - As2 ) / bd 

. = 0 . 5 3 6/ ( 5x6 . 3 1 )  = 0 . 0 1 699  < P ba 1 a nce = 0 . 03 1 09 

P I Pmax = 0 . 0 1 699/0 . 02332 = 0 . 7 2 9 

p / p ba 1 a nce = 0 . 0 1 699/ 0 . 031 09 = 0 . 546 



3 .  Ca l cu l ate the u l t imate momen t us i ng t h e  fol l ow i ng equat i on : 

Mu = [As l fy] [d - ( a /2 ) ]  + ( A� f� ) ( d -d 1 ) 

= [0 . 536x63 . 2 ] [ 6 . 3 1 - ( 1 . 649/ 2 ) ]+ ( 0 . 2 2x2 1 . 1 6 ) ( 6 . 3 1 - 1 . 56 )  = 

207 . 9  k . i n  

. 4 .  Ca l cu l ate PY and Pu 
py = 207 . 9/ 1 1 . 25 = 1 4 . 48 k 

Mp = 1 . 2 ( 207 . 9 ) = 249 . 48 k .  i n  

Mp = 1 0  Pu 
Pu = 249 . 48/ 1 0 = 24 . 95 k 

8#3 : As = 2#6 ten s i o n  s tee l , A� = 2#3 compre s s i o n  s teel and 0 . 0 % 

s tee l fi bers . 
I I 

fc = 4�70 p s i , fy = 67 . 0  k s i ,  fy = 72 . 4  k s i 

As = 0 . 88 i n 2 , A� = 0 . 22 i n2 

d = 6 . 2 5 i n ,  d 1  = 1 . 56 i n  
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U l t i mate moment ca pa c i ty Mu i s  ca l cu l ated a cco rd i ng to F i g ure 

5 . 6 . 

1 . I nterna l force s : 
I 

Cc = 0 . 85 fcab 

Cc = 0 . 85 ( 4 . 97 ) ( a ) ( 5 )  = 2 1 . 1 23a k i ps 

Cs = the fo rce i n  d i s p l a ced co ncrete 

= A 1 f 1 - A 1 ( 0  85f 1 ) = 0 . 22 fs1 - 0 . 22 ( 0 . 85x4 . 97 ) s s s . c 
= 0 . 2 2 f� - 0 . 929 

. � = As fy = 0 . 88x67 = 58 . 96 k i ps 

T = C + C c s 



Therefore : 

59 . 89 = 0 . 22 f� + 21 . 1 2 3a 

By tri a l  a nd error c = 3 . 0 i n  

a = s ( c )  where s = 0 . 8  s i nce f� 5000 p s i  

a = 0 . 8x3 . 0 = 2 . 4  i n  

From force tr i a ng l e s  { Fi gu re 5 . 6 ) 

f � = { [ ( c - d • ) ( e: c ) ]  I c } Es = 

{ [ ( 3 . 0 - 1 . 5 6 ) ( 0 . 003 ) ] / 3 . 0 } 29000 = 4 1 . 76 k s i 

T2 = Cs 
As2  fy = A� f� 

A52 = A� f�/ fy = ( 0 . 22x41 . 76 ) / 6 7 . 0 = 0 . 1 3 7 i n2 

A5 1  = As - As2  = 0 . 88 - 0 . 1 3 7 = 0 . 743 i n2 

2 .  Check i f  s ect i on i s  underre i nforced 

P ba l ance = 0 . 85 { 0 . 8 ) [4 . 97/6 7 . 0] [87/ ( 87+67 . 0 ) ] = 0 . 02859= 2 . 86% 

Pmax = 0 . 75 P ba l ance = 0 . 75x0 . 02859 = 0 . 0 2 1 44 = 2 . 1 4% 

Pm i n  = 200/ fy = 200/67 = 0 . 00299 

P 1 = ( A5 - As2 ) / bd = 0 . 743/ ( 5x 6 . 25 ) = 0 . 02378 

p ' = As2/bd  = O . l 37/ 5x6 . 2 5 = 0 . 438 

P/ Pmax = 0 . 02378/0 . 02 1 44 = 1 . 1 1 . 

P I P ba l a nce = 0 . 023 78/ 0 . 02859 = 0 . 832 

3 . Ca l cu l a te the u l t i mate . moment us i n g the fo l l ow i n g  equat i on 

Mu = [As fy] [d - ( a/2 ) ]  + ( A� f� ) ( d-d ' ) 

Mu = [ 0 . 743x67 . 0 ] [6 . 25 - ( 2 . 4/ 2 ) ]+ ( 0 . 22x41 . 7 6 ) ( 6 . 2 5 - 1 . 56 )  = 

294 . 48 k . i n  
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F i g ure 5 . 4 .  Stre � s  and s tra i n d i agram for Beam # 1 .  

� 5 "--l 
Fi g ure 5 . 5 .  Stre s s  and s tra i n  d i agram for Beam #2 . 

F i gure 5 . 6 .  Stre s s  a nd s tra i n d i agram for Beam # 3 .  

7 2  



4 .  Ca l cul ate PY and Pu 
PY = Mu/ 1 1 . 25 

PY = 2 94 . 48/ 1 1 . 2 5  = 26 . 1 8  k i p s  

Mp = 1 . 2 ( 294 . 48 )  = 353 . 38 

Mp = 1 0  Pu 
Pu = 353 . 38/ 1 0 = 35 . 34 k i ps  
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Beam pro perti es and u l ti ma te moment capac i ty of the tes ted 

beams i n  th i s experi ment are s ummari zed i n  Tab l e s  5 . 2  and 5 . 3  

respecti vel y .  

5 . 4  Shea r  Des ign 

The fo l l owi ng s hea r des i gn ca l cu l a ti on i s  done for the most  

cri ti ca l ca se  when two # 6  ba rs are used a s  ten s i on re i nforcement and 

two #3 ba rs are used as compres s i on re i nfo rcemen t .  

Beam #3 As = 2#6 ba rs , A� = 2#3 ba rs and 0 . 0  s teel fi bers 

Pu = 35 . 0  k i ps  

Vu = 0 . 688 Pu ( from s hear d i a gram F i gure 5 . 2 ) 

vu = Vu/ bd 

vu = 0 . 688 ( 35 ) ( 1 000 ) / 5 ( 6 . 2 5 )  = 770 . 56 ps i 

v = 21f' = 2� = 1 41 p s i  c c 
V5 = 770 . 56 - 1 4 1 = 629 . 56 p s i  

S . d = A  f /V b = 0 . 22 ( 72 . 4 ) ( 1 000 )/ 629 . 56 ( 5 )  = 5 . 06 i n  req u 1 re v y s 

d/ 2  = 6 . 2 5/ 2  = 3 . 1 3  i n  
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The s pac i ng u sed for a l l beams wa s 3 i n .  The refore , adequate 

shear re i nforcement wa s prov i ded i n  a l l beams . S hear re i nforcement 

deta i l s  a re s hown i n  Fi gures  3 . 6 throug h  3 . 8 . 



TABLE 5 . 2 

BEAM PROPE RT I ES 

TENS I ON STE E L  
Y i e l d Ul t imate 

* % Stee l Stres s Stres s 
Beam No . Fi be rs Ba rs f 

Y 
( ks i )  f u ( ks i ) Ba rs 

1 0 . 0 2#4 64 . 9  99 . 8  2#3 

4 0 . 8  2#4 64 . 9  99 . 8  2#3 

7 1 . 2  2#4 64 . 9  99 . 8  2#3 

2 0 . 0  2# 5 63 . 2  105 . 8  2#3 

5 0 . 8  2# 5 63 . 2  105 . 8  2#3 

8 1 . 2 2# 5 63 . 2  105 . 8  2#3 

3 0 . 0 2#6 67 . 0  103 . 2  2#3 

6 0 . 8 2#6 67 . 0 103 . 2 2#3 

9 1 . 2 2#6 67 . 0  103 . 2 2#3 

* 
b = 5 i n .  a nd h = 8 i n .  for a l l beams . 

TOP STEE L  
Y i e l d Ul t imate 
Stres s  Stre s s  

f y' ( ks i )  f u ( ks  i )  

72 . 4  1 1 5 

72 . 4  1 15 

72 . 4  1 1 5  

7 2 . 4  1 1 5 

72 . 4  1 1 5 

7 2 . 4  1 1 5  

7 2 . 4  1 1 5  

7 2 . 4  1 1 5  

72 . 4  1 15 

Compres s i ve 
Strength 
f� { ps i ) 

4970 

5 180 

52 75  

4970 

5 180 

5275  

4970 

5 180 

5275 

........ 
U"l 



TABL E 5 . 3 

ULT I MATE MOMENT CAPAC I TY 

· % Steel b i n  · d i n  d • i n  p = f '  s 
Beam No . F i bers i nches i nches i nc hes As/ bd ( p s i  ) 

1 0 . 0  5 6 . 5  1 . 44 1 . 20 3 . 76 

4 0 . 8  5 6 . 5  1 . 44 1 . 20 2 . 3 5 

7 1 . 2  5 6 � 5  1 . 44 1 . 20 1 . 54 

2 0 . 0  5 6 . 3 1 1 . 56 1 . 93 2 1 . 1 6 

5 0 . 8  5 6 . 31 1 . 56 1 . 93 19 . 8 1 

7 1 . 2  5 6 . 3 1 1 . 56 1 .  93  19 . 14 

3 0 . 0  5 6 . 2 5 1 . 56 2 . 82 4 1 . 76 

6 0 . 8  5 6 . 2 5 1 . 56 2 . 82 40 . 69 

9 1 . 2  5 6 . 2 5 1 . 56 2 . 82 40 . 04 

* 
Bars act as s ti rrup hol ders on l y ;  s tress  i s  very l ow .  

p ' =A / bd s 2  �1 u 
i n  ( % )  k .  i n .  

* 149 . 7 3 

* 1 52 . 4 1 

* 1 53 . 87 

* 207 . 9  

* 209 . 2  

* 209 . 56 

0 . 438 294 . 48 

0 . 427 296 . 6 5 

0 . 421  297 . 5 

py 
k i ps  

13 . 3 1 

1 3 . 5 5  

13 . 68 

18 . 48 

18 . 60 

18 . 63 

26 . 18 

26 . 37 

26 . 44 

Pu 
k i ps 

1 7 . 97 

18 . 29 

18 . 46 

24 . 95 

2 5 . 10  

2 5 . 1 5 

35 . 34 

35 . 60 

35 . 70  

-....J m 



6 . 1 Compre s s i ve Strength 

CHAPTER 6 

TEST RESULTS 
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Conc rete i s  a bri ttl e ma teri a l , -and  i ts a b i l i ty to res i st 

compre s s i ve stre sses  i s  much h i gher t han  ten s i l e  stres se s . Therefore 

compre ss i ve strength tha t  depends  ma i n l y  on the wate r/cement · rat i o  and 

curi ng  con d i t i on i s  con s i dered the ma i n  meas u re o fthe st ructural  

qual i ty o f  concrete . The compres s i ve stren gth  of  concrete i s  deter

mi ned by test i n g  a 28-day stan da rd s i ze cyl i nder o f  6 i n .  acro s s  and 

12  i n .  h i gh a t  a s pec i fi ed l oad i ng rate . I n  presen t practi ce ,  com

press i ve s tren gth between 3000 and 6000 p s i  i s  u s ua l l y  s pec i fi ed fo r 

rei n fo rced concrete structures , va l ues between 3000 and  4000 ps i  be i ng  

the  most  common . Fo r prestres sed conc rete , h i g her  s trengths ,  between 

4000 and 8000 p s i  a re des i gna ted , wi t h  f� = 5 000 - to 6 000 ps i the mo st 

customa ry . 

I n  t h i s research  6 "  x 12 "  con tro l  cyl i nders we re ca st and 

tested accordi ng  to ASTM standa rds ( C 39 ) i n  a s pec i a l l y  man u factu red 

l oadi ng  mach i ne . Compres s i ve strength wa s determi ned  fo r p l a i n and 

fi brou s  concrete wi th d i fferent percen tages of s tee 1 fi bers . The 

resu l t s  and compa ri son s are s hown i n  Ta bl e 6 . 1 . 

6 . 2  Modu l u s  o f  E l a st i c i ty 

The modul u s  o f  e l a sti c i ty o f  concre te , Ec , i s  defi ned a s  the 

ra ti o o f  no rma l stres s to correspon d i n g  s tra i n  for ten s i l e  or  



TABLE 6 . 1 

COMPRESS IVE  STRENGTH OF  CONCRETE 

Ac tua l 
Actua l Average  

% Des i gna ted Uni t Un i t % I ncrease  
Cyl i nder Steel fo r Wei ght We i g ht  from 

Number F i ber Beams (Qcf) {Qcf) 0 . 0% F i ber 

C 1 1  145 . 2  
C 1 2  146 . 0  

0 . 0  81 , 82 , 63 146 . 3  - - -

C 1 3  147 . 0  
C 14 14 7 . 0  

C21  149 . 0  
C22 0 . 8  84 , 85 , 86 149 . 5  148 . 8  + 1 . 7 
C23 148 . 0  

C3 1  1 50 . 0  
C32 1 . 2  67 , 68 , 89 1 50 . 5 1 50 . 2 +2 . 7  

. C33 1 50 . 0  

*
R l a ti ve Strength = compress� ve s trength of conc rete w� th fi be�s e compress 1 ve s trength o f  co ncrete w1 thout  f1 bers 

Ac tua 1 
f ' (Q§ i } 

4986 
5023 

4925  
495 1  

5182  
5 1 96 
5 1 60 

5234 
5305 
5287 

Average 
f '  ( Q� i ) 

4970 

5 1 80 

5275  

Rel a ti ve  
S trength* 

1 . 0  

1 . 04 

1 . 06 

......... (X) 
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compre ss i ve strength . It  i s  i mportant i n  des i gn i ng members to res i st 

defl ecti on . S i nce con crete i s  not  perfec tl y e l a s t i c ,  the stre s s

s tra i n  re l at i on s h i p i s  a curved l i ne . The v a l ue o f  the modu l u s  o f  

el ast i c i ty depen ds o n  the strength  o f  the con c rete a n d  the proporti on 

and ri g i di ty of the aggregate . 

The modu l u s  of  e l a st i c i ty o f  concrete can  be descri bed a s  the : 

a )  I n i t i a l  tangen t modul us , wh i c h  i s  the  s l o pe o f  the 

stres s - stra i n di a gram at  the o ri g i n .  

b )  Tangent modul u s  o f  e l a st i c i ty ,  wh i c h  i s  the s l ope 

o f  stre s s - stra i n  d i agram at  g i ven s tre s s  f� . 

c )  Se cant modul us  of  e l ast i c i ty ,  wh i c h  i s  t he s l ope 

o f  stres s - stra i n  d i a gram at  a stre s s  f�/ 2 .  

I n  th i s  re search , three groups  o f  cyl i nders were cast wi th 

di fferen t pe rcentages of stee 1 fi bers . Be fo re test i ng,  the cyl i nders 

were dri ed and capped to en s ure paral l e l and smooth s urfaces ( F i gure 

6 . 1 ) . Standard 6 i n .  gage l ength wa s marked o n  the  cyl i n der s i de to 

read the deforma ti on o r  change i n  the gage l ength ( F i gure 6 . 2 ) . The 

readi n gs were ta ken at  regul ar i nterva l s .  The res u l ti ng  s tress  and 

stra i n  coo rd i nates  were pl otted to determi ne the stre s s - stra i n  di a gram 

and modul u s  o f  e l a st i c i ty o f  concrete ( F i g ures 6 . 3  through  6 . 8 ) . 

The fo l l owi ng fo rmul a s  were used to ca l c u l ate the modul us . of  

el a st i c i ty con s i deri ng  the  secant modu l us a l eve l o f  stress f�/2 : 

a = P/A 

s = �L/ L 

Ec a  = 0 . 5 f�/ s 
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F i gure 6 . 1 .  Ca pp i ng the cy l i nders . 



F i g u r e  6 . 2 . Compres someter to d e t e rm i n e  t h e  
mod u l us o f  e l a s t i c i ty .  

8 1  
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where : 

a = stres s  { p s i ) 
P = app l i ed l oad ( l bs ) 

A = cro s s  sect i on a rea ( 28 . 2 7 i n 2 ) 
E = average stra i n  o f  a cyl i nder ( i n/ i n ) 

�L = de fo rma ti on ( i n ) 
L = gage l en gth ( 6  i nc hes ) 

Eca 
= actua l secan t Modu l us  o f  E l ast i c i ty ( p s i ) 

88 

The AC I Code ( 3 18-83 ) Sect i on 8 . 5 adopted a s i mp l e fo rmu l a  for 

cal cul at i n g  the modul u s  o f  e l ast i c i ty at  l e ve l  o f  s tre s s  f�/ 2 : 

where : 

E = 3 3w1 · 5 1fT ( 6 . 1 ) c c 

E c = secant Modu l us of  E l a st i c i ty ( p s i ) 

w = un i t  we i ght o f  con crete ( pcf ) 
f� = compres s i ve strength o f  conc rete ( p s i ) 
The resu l ts  o f  Modul u s  of  E l a st i c i ty and  the  e ffect  of  steel 

fi bers a re tabu l a ted i n  Tabl e 6 . 2 .  

6 . 3 Spl i t  Cyl i nde r 

Al though t he ten s i l e streng th o f conc rete i s  much l es s  than 

i ts compres s i ve s tren gth , · i t  can be  i mportan t as i t  i n fl uen ce s the 

spac i ng and con tro l  of c racks  in s tructures . 

Ten s i l e  st ren gth i s  mea s ured i n d i rectl y by s p l i tti n g  a 6 "  x 

12 1 1 cyl i nder (ASTM C- 78 )  , the same type o f  cyl i nders  a s  used  fo r the 



% Des i gnated Un i t 

Cyl i nder Steel fo r Wei g ht  

Number F i bers Beams {PC F}  

C 1 1  14 5 . 2 , 
0 . 0  B 1 , B2 , B3 

C 12  146 . 0  

C2 1 149 . 0  
0 . 8 B4 , B5 , B6 

C22 149 . 5  

C3 1  1 50 . 0  
1 . 2  B7 , B8 , B9 

C32 1 50 . 5  

TABLE  6 . 2  

MODULUS O F  ELAST IC I TY OF  CONCRETE 

Ac tua 1 

f • 
c Ecax 10 

{PS I }  { PS I }  

4986 3 . 97 

5023 4 . 02 

5 182 3 . 80 

5196  3 . 62 

5234 3 . 00 

5305 3 . 30 

6 

AC I 
Code Actua l 

Ecx 106 Average 

33w1 · 51f1 E x 1 06 
c ca 

( PS I }  {PS I }  

4 . 08 
4 . 00 

4 . 1 3 

4 . 32 
3 . 7 1 

4 . 35 

4 . 39 
3 . 1 5 

4 . 40 

% .. 

AC I Dev i a -
Code t i o n  

Average  from 

Ecx 1 06 AC I 

{ PS I }  Code 

4 . 1 1 -2 . 7  

4 . 34 - 14 . 5  

4 . 40 -28 . 4  

* . . . _ Modul u s  o f  el a s t i c i ty o f  concrete w� th f i be�s Rel at1 ve modul us  of  el ast 1 c 1 ty - Modu l u s  o f  el a st i c i ty of  concrete w 1 thout  f1 bers 

Rel ati ve  

Modul u s  of  

El  as  ti c i t.l:* 

1 . 00 

0 . 928 

0 . 788 

00 \.0 
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compres s i on  test . The test i s  usua l l y  ca l l ed the s p l i t- cyl i nder test .  

I n  th i s test  the concrete cyl i n der i s  i n serted i n  the . ho ri zonta l  

pos i t i on in  a compres s i on test i ng mach i n e .  The l oad i s  appl i ed 

un i forml y t h rough  two p l ywood pads a l ong · two o ppos i te l i nes on the 

surface of the cyl i nder ( Fi gure 6 . 9 ) .  P l a i n conc rete cyl i nders a s  

we l l a s  cyl i nders wi t h  d i fferen t s teel f i ber percentages were tested 

unt i l fa i l u re took  p l ace . I t  can be s een from F i gure 6 . 10 . that the 

tens i l e  s t res s  exi st i ng i n  the cyl i nder i s  nearl y un i fo rm .  The 

tens i l e  s t rength i s  ca l cu l ated by the fo l l owi n g  formu l a :  

where : 

fct  = 2P/ n DL ( 26 ) 

P = app l i ed l oad o f  fa i l u re ( l bs )  

0 = di ame te r  o f  cyl i nder ( i n )  

L = l en gth o f  cyl i nder ( i n )  

The s p l i tti ng s t reng th can be re l a ted to the compres s i ve 

s trength o f  con c rete i n  that  i t  vari e s  between 6 and  7 t i mes � for 

normal wei ght  conc re te . The AC I Code ( 3 18-83 ) Secti on  1 1 . 2 ado pted an 

average val ue of  

where : 

fc t  = the s p l i t - cyl i nder ten s i l e  s trength  ( p s i ) 

f� = 28-day compre s s i ve s t rength  ( p s i ) 

( 6 . 2 )  

The res u l ts o f  s pl i t-cyl i nder test  and  the  effect  of  steel 

fi bers a re s hown i n  Tab l e 6 . 3 . 



F i gure  6 . 9 .  Spl i t  cy l i nder tes t  s et up . 
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TABL E 6 . 3  

S PL I T  C YL I NDER TEST RESULTS 

I n i ti a l Ul t ima te AC I 
Des i g- Tens i l e  Tens i l e  Code 

% nated Uni t Streng th Streng th fct  = 
Average Average 

Cyl i nder Steel fo r We i ght f ' c f e ta i f cta i  f cta u  fctau  6 . 7� 
Number Fi bers Beams ( PCF ) ( PS I ) ( P S I ) ( PS I ) ( P S I ) ( PS I ) ( P S I ) 

C l 5  14 7 . 0  445 445 
0 . 0  B 1 , B2 , B3  4970  451  451  472  

C16  146 . 5  4 57 4 57 

C24 149 . 0  542 573  
0 . 8  B4 , B5 , B6 5 180 546 575  482 

C25 148 . 5  5 50 577  

C34 1 5 1 . 0  574 6 7 1  
1 . 2  87 , 88 , 89 5275  583 681  487 

C35. 1 50 . 0  592 69 1  

* . T . = Tens i l e  s trength of concrete wi th fi bers Rel atl ve ens l l e  Strength Tens i l e  s treng th of concrete wi thout  fi bers 

% 
Dev i a ti on 

from Code 
f cta i  fc tau  

-4 . 4  -4 . 4  

1 3 . 3  + 19 . 3  

19 . 7  +39 . 8  

Rel a t i ve 
Tens i l e  

Strength* 
f cta i  fctau  

1 . 0  1 . 0 

1 . 2 1 1 . 27 

1 . 29 1 . 5 1 

1..0 N 



TABL E 6 . 3 

S PL IT CYL I NDER TEST R ESULTS 

I n i ti al  Ul t imate AC I 
Des i g - Tens i l e  Tens i l e  Code 

% nated Un i t Strength Streng th fc t  = 
Average Average 

Cyl i nder Steel fo r We i ght f ' 
c f c ta i  f cta i  fcta u  fctau 6 .  7 /f � 

Number F i bers Beams ( PCF ) ( PS I ) ( P S I ) ( PS I ) ( PS I ) ( PS I ) ( P S I ) 
C15  14 7 . 0  445 445 

0 . 0  B1 , B2 , B3 4970 4 5 1  4 5 1  472  
C 16  146 . 5  4 57 4 57 

C24 149 . 0  542 5 73  
0 . 8 84 , 85 , 86 5 180 546 5 7 5  482 

C2 5 148 . 5 5 50 5 7 7  

C34 1 5 1 . 0  5 74 6 7 1  
1 . 2  B7 , B8 , B9 5275  583 681  487 

C35 150 . 0  592 69 1 

* . . _ Tens i l e  s trength of concrete w� th fi be�s Rel at 1 ve Tens 1 l e  Strength - Tens i l e  s treng th of  concrete w1 thout  f1 bers 

% 
Dev i a ti o n  

from Code 

f c ta i  fctau 

-4 . 4  -4 . 4  

1 3 . 3  +19 . 3 

1 9 . 7  +39 . 8  

Rel a ti ve 
Tens i l e  

Strength* 

fcta i  fctau 

1 . 0 1 . 0  

1 . 2 1 1 . 27 

1 . 29 1 . 5 1 

\0 
N 
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6 . 4  Modu l us  o f  Rupture 

Concrete max i mum tens i l e  s tres s i n  bend i ng · i s  known a s  the 

modu l u s  o f ruptu re .  The modul u s  of ruptu re f r i s  i mportant  when 

con s i der i n g  the c rac k i ng and defl ect i o n  of beams . I t  i s  compu ted from 

the genera l  fo rmu l a f = MC/ I ,  and i t  u sua l l y  g i ves  h i g her va l ues fo r 

tens i l e  s trength  tha n the sp l i t-cyl i nder  tes t pr imari l y  because  

· concrete compres s i ve s tres s  d i s tr i but i o n  i s  no t l i nea r when tens i l e  

fa i l ure i s  i nm i nent ,  as i t  i s  a s s umed i n  the computati o n · o f the 

nomi na l MC/ 1 s tres s .  

I n  th i s  experi ment ,  6 x 6 x 24 i nc h  concrete beams re i nforced 

wi th varyi ng percentages o f  s teel f i ber were tes ted for  fl exure i n  a 

two po i n t l oa d i ng  mach i ne ( S6 beam tes ter ) w i th a c l ea r span  o f 18 i n .  

The beams were l oaded to rupture acco rd i ng to ASTM Standa rd C - 78 . 

Di rect rea d i ngs  i n  pound  per square i nc h  were recorded from the S6 

model tes t i n g  mac h i ne . 

The AC I Code ( 3 1 8-83 ) Sec ti on  9 .  5 .  2 .  3 accepted an  a verage 

va l ue  fo r the  modu l u s  o f rupture fr for no rma l wei g h t  concrete : 

where : 

fr = 7 . 5/f� ( 6 . 3 )  

f� = 28-day compres s i ve s treng th , p s i  

The resu l ts o f ·modu l us  o f  ru pture w i th t h e  effect o f  s teel 

fi bers a re tabu l a ted i n  Tab l e 6 . 4 .  



TABLE 6 . 4  

MODULUS OF  RUPTURE ( fr ) FOR BEAMS ( 6 x 6 x 24 i n ) 
AC I 

Des i g- F i rst Crack  U l ti mate Code 
% na ted Uni t Average Average f = r 

Beam Steel fo r Wei ght f •  c f r i  fri  fru fru 7 .  5/f� 
Number F i bers Beams ( PCF ) { PS I ) ( PS I ) ( PS I ) ( P S I ) ( PS I ) ( PS I ) 
BF1 1 146 . 0  500 500 

0 . 0  B l , B2 , B3 4970 5 08 508 529 
BF1 2 146 . 5  5 1 6  5 1 6  

BF2 1 148 . 0  620  790 
0 . 8  B4 , B5 , B6 5 180 6 1 0  7 70 540 

BF22 149 . 5  600 7 50 
-

BF31 1 51 . 0  750 940 
1 . 2  87 , 88 , 89 5275 7 1 5  890 545 

BF32 . 1 50 . 5  680 840 

*
R l a ti Mod 1 s f R pt re = Modul us o f ru�ture of concrete wi th fi bers e ve u u 0 u u Modul us o f rupture of concrete wi thout  fi ber$ 

% 
Dev i a ti on 

From Code 

f ri fru 

- 3 . 97 - 3 . 97 

+1 3 . 0  +24 . 0  

+31 . 0  +63 . 0  

Rel a ti ve 
Modu l u s  o f  

Rupture* 

fr i  fru 

1 . 0  1 . 0 

1 . 2  1 . 52 

1 . 41 1 . 7 5 

U) � 



6 . 5 Load Ca rryi ng Capac i ty o f  Beams 
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The beha vi or  o f  cont i n uous  beam to  two i dent i ca l s pan s under 

symmetri cal  l oad i n g  i n  ben d i ng ( Fi gure 2 . 5 )  was exp l a i ned i n  Sect i on 

2 . 2 o f  Chapte r  2 .  Ca l c u l ated y i e l d and u l t i ma te l oads o f  the beams 

were shown i n  Tabl e 5 . 3 and presen ted i n  col umn s 5 and  6 of Tabl e 6 . 5 ,  

where Py i s  ca l cul ated on the assumpti on that  the  beha v i o r  o f  the beam 

t s  e l ast i c up  to the forma ti on o f  the  f i rst h i nge i n  the mi ddl e 

support , and  P u i s  ca l c u l ated on the a s s umpt i on  o f  the formati on o f  

the second h i n ge i n  the mi d- span ( pos i t i ve sect i on ) . E xperi men ta l P Y 
co rres pond i n g  to t he yi e l d  o f  ma i n  steel i n  the mi ddl e s uppo rt and P � 
correspond i n g  to y i e l d o f  steel at  m i d s pan were both observed and 

presen ted i n  co l umn s 7 and 8 of  Tabl e 6 . 5 ,  res pecti vel y .  The redi s

tri buti on facto r r ,  wh i ch i s  the  rat i o o f  u l t i ma te to y i e l d l oad both 

theo ret i ca l l y  and experi men ta l l y  wa s cal c u l a ted  and p resented i n  

co l umn s  9 and 10 . The rati o o f  e xper i men ta l l oads to theoret i cal  

l oads wa s a l so p resen ted i n  col umn s 1 1  and 1 2 . 

Ac tua l  momen ts  at  mi ddl e s upport u s i n g  actual  l oads were 

computed an d p resented i n  Tab l e  6 . 6 .  The ra ti o o f  actua l to ca l 

cul a ted negat i ve momen ts i s  presen ted i n  co l umn 7 .  The percen t 

i ncrease i n  the u l ti mate momen t due to the presence o f  steel  fi bers i s  

presented i n  co l umn 8 .  



Ten s i o n  To p 
Beam % Steel Steel Steel 

No . F i bers As A '  s 
( 1 ) ( 2 ) ( 3 ) ( 4 ) 

1 0 . 0  2#4 2#3 

4 0 . 8  2#4 2#3  

7 1 . 2  2#4 2#3 

2 0 . 0  2#5 2#3  

5 0 . 8  2#5 2#3  

8 1 . 2  2#5  2#3  

3 0 . 0  2#6 2#3 

6 0 . 8  2#6 2#3 

9 1 . 2  2#6 2#3  

TABLE 6 .  5 

LOAD CARRY l NG CAPAC l TV OF  BEAMS · 

CALCULATED TESTED p Pu 
p • p • y y u 

( Ki ps ) ( Ki ps )  ( Ki ps ) ( Ki ps ) r=Pu/ P
Y 

( 5 ) ( 6 ) ( 7 ) (8 ) ( 9 ) 

, 1 3 . 31 1 7 . 97 1 7 . 00 2 1 . 80 1 . 35 

1 3 . 55  18 . 29 18 . 40 24 . 80 1 . 3 5 

1 3 . 68 18 . 46 2 0 . 79 28 . 90 1 . 35 

18 . 48 24 . 95 2 3 . 93 2 8 . 00 1 . 3 5 

18 . 60 2 5 . 1 0  2 5 . 92 32 . 40 1 . 35 

18 . 63 2 5 . 1 5  2 7 . 1 6 34 . 50 1 . 35 

26 . 18  3 5 . 34 28 . 00 3 5 . 00 1 . 3 5 

2 6 . 37 35 . 60 30 . 00 38 . 28 1 . 3 5 

26 . 44 3 5 . 70  3 3 . 60 43 . 40 1 . 3 5 

r ' =P ' / P ' 
u y P ' / P ' y y 

( 1 0 ) ( 1 1 ) 

1 . 28 1 . 28 

1 . 36 1 . 36 

1 . 39 1 . 52 

1 . 1 7 1 . 29 

1 . 25 1 . 39 

1 . 27 1 . 46 

1 . 2 5 1 . 07 

1 . 27 1 . 14 

1 . 29 1 . 2 7 

. p I / P  u u 
( 1 2 ) 

1 . 2 1 

1 . 36 

1 . 56 

1 . 1 2 

1 . 29 

1 . 37 

0 . 99 

1 . 07 

1 . 2 1 

'-0 en 



Tens i on 
Beam No . Steel Ba rs 

( 1 ) (2 ) 

1 2#4 

4 2#4 

7 2#4 

2 2#5  

5 2#5  

8 2#5 

3 2#6 

6 2#6 

9 2#6 

TABL E  6 . 6  

ULT IMATE MOMENT CAPAC I TY OF  THE M I DDLE SUP PORT 

C a l cul a ted Actua l Rat i o o f  
U l t ima te U l ti ma te Actua l to 
Nega t i ve Negati ve Ca l c u l a ted 

Top % Steel Moment Moment Nega ti ve 
Steel Ba rs F i bers ( K- i n ) ( K- i n ) r-1oment  

( 3 ) ( 4 ) (5 ) (6 ) (7 ) 

2#3 0 . 0  149 . 73 1 9 1 . 2 5 1 . 28 

2#3  I 0 . 8  1 52 . 4 1  207 . 00 1 . 36 

2#3  1 . 2  1 53 . 87 2 33 . 90 1 . 52 

2#3  0 . 0  207 . 90 269 . 20 1 . 29 

2#3  0 . 8  2 09 . 20 291 . 60 1 . 39 

2#3 1 . 2  209 . 56 305 . 60 1 . 46 

2#3 0 . 0  2 94 . 48 3 1 5 . 00 1 . 07 

2#3 0 . 8  296 . 65 337 . 50 1 . 14 

2#3 1 . 2  297 . 50 378 . 00 1 . 27 

% 
I n crea se of  
Actua l U l t i -
mate Moment 
F rom 0 . 0% S . F . 

J!U 

8 . 24 

2 2 . 30 

8 . 32 

1 3 . 52 

7 . 14 

20 . 00 

� ""'-J 
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6 . 6 Rotat i ons 

6 .  6 . 1 I n troducti on 

The rotat i on capa c i ty of the p l a st i c h i n ge ep i s  def i ned as 

the i ne l a st i c  rota t i on recorded from the f i rst y i e l d to the fa i l ure of  

the  compre s sed concrete o f  the  c r i t i ca l  sect i on .  Beca u s e  s tudy i ng the 

rota t i on ca pac i ty of re i nfo rced concrete i s  a p r i ma ry a i m  of th i s  

res e arch , i t  wa s exp l a i ned tho roug h l y  i n  Cha pter 2 .  

Actua l  rotat i on was meas u red  i n  t h i s  expe r i ment and p res en ted 

in th i s  cha pte r and Ap pend i x  A . · 

The rotat i on at m i ds u pport i n  the d i s tance equa l to the 

effect i ve d wa s meas u red by the fo l l ow i n g methods : 

1 ) Bra s s  s t uds were g l ued on th e s i de o f  t he  beam as s hown i n  

F i gu re ( 6 . 1 1 ) . I n  th i s  method the cu rva tu re s  were ca l c u l ated from 

meas u r i ng the 1 ength of the top s i de of t he  beam by the use of a 

mecha n i ca l  d i a l  of 8 i n .  gage l eng th a s  d i s cu s sed i n  Cha pte r 4 . 

where : 

Th e c urvature wa s ca l cu l a ted as fo l l ows : 

2 2 
¢ = r � 6a i / a i ] [ l / d ]  = _ [ 1 / d] E 6a/a = [ l / d ] [ ( 6a 1 ; a 1 ) + ( 6a 2;a 2 ) J 

1 = 1 1 = 1 

6a . f a . = the stra i n  at the s ect i on 1 1 

6a = d i a l  rea d i n g  i n  1 0- 4 i n .  

a = 8 i nche s 

d = effect i ve depth o f  the s e ct i on 



CL �. 2 �. 1 a l L . 2  " -.: 
f 

tr � II " 4 

. .._. t · -· · 

. 
d I 

F i g ure 6 . 1 1 .  Curva ture mea surement (Method 1 ) . 

d 

ma i n  stee l T s econda ry s teel  

l 
- · · · - · - · · · · /. _ _  -

F i g ure 6 . 1 2  P l a s t i c  h i nge a t  m i dd l e s upport  of 
a cont i nuous beam . 
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The p l a s t i c  ro tat i on e p  occurs over a na rrow reg i on ca l l ed the 

pl a st i c  h i nge reg ion . The l en gth of the  p l ast i c  h i n ge · reg i on i s  

de fi ned as the p l a st i c  h i nge l en gth , H L . 

I n  th i s  resea rch , a p l a st i c  h i nge  deve l o ped  a t  m i ddl e su pport 

afte r  the f i rs t  y i e l d of  stee l , and  the  s pac i ng o f  c racks  over the 

f i rst c r i t i ca l  h i nge sect i on wi l l  seem to i nd i ca te the  p l a st i c  h i nge  

length ( Fi gu re 6 . 1 2 ) .  Therefore ep , the  p l as t i c  rotat i on over  the  

h i nge l en gth i s  e p  = cppHL . Res u l ts a re i n  Ap pen d i x A Tab l es A . l 

t hrough  A . 9 .  

2 ) By u s i ng a l eve l and a sca l e  the  beams were ma rked at 

d i fferen t  sect i ons  and the defl ect i o n  of ea ch  po i nt was determ i ned at 

each l oad  i nc rement . Th i s  met hod  wa s mos t  a ppro pr i ate for determ i n i ng 

the  p l a st i c  defonnati on  s i n ce l eve l read i ng s  were ta ken at  a l l l oa d  

stages u p  to fa i l u re . 

Us i ng the abo ve method the ex per imenta l  rota t i on wa s ca l 

cu l a ted  acco rd i ng to F i gure ( 6 . 1 3 )  as  fo l l ows : 

e pc = �� l p ) / ( L/ 2 )  + ( �2 P
) / ( L/ 2 ) 

where : 

�
l p ' �2 P 

= p l as t i c  defo rma t i o n  

�
l , �2 = d i fferenti a l  l eve l rea d i n g s  at  any s tage 

e = the tangent l i ne drawn to  t he cu rve at  the c r i t i ca l  

s ect i on  

Both the  theo re t i ca l  and exper imenta l  rota t i on ca pac i ty 

( Method 2 ) were de te rm i ned and  p resented i n  Tab l e  6_ . 7 , co l umns 1 3  and 

1 4  res pect i ve l y . The ra t i o  o f  exper imenta l  to theore t i ca l  rotat i on 



p 

6 • 0  p 

L 

F i gure 6 . 1 3 . Defl ect i on  a nd ro ta t i on a t  
d i fferent l oad i ng s ta ges  
( Method 2 ) .  

1 0 1  

f ir s t  y ield 

ul t ima t e  
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capac i ty i s  shown i n  the  l a st  co l umn o f  Tab l e 6 . 7 . Tab l e 6 . 8  l i s ts 

the va l ues of to ta l e l a sti c rotati o n  ey , the i ncrementa l pl a s ti c 

rota ti on  e pc ,  and the tota l rotati on  e u  = e pc + ey . 

The actual  moment-curvature d i ag rams a re s hown i n  F i gu res 

6 . 1 4- 6 . 22 fo r d i fferent ma i n  s teel , s econda ry s teel and steel fi bers 

combi nat i ons . The c u rvatu res were meas u red  u s i ng  actua l  s tra i ns u s i ng  

Method 1 ( F i gure 6 . 1 3 ) .  Moments were determi ned u s i ng the actua l  l o ad 

appl i ed on  the beam ( Tab l es  A . l through  A . 9 ) . 

6 . 6 . 2  Pl ast i c  H i nge Length ( HL ) 

The actual  p l a st i c rotati on  at  a p l a s t i c h i nge po i n t devel ops 

over a short l ength  i n  the v i c i n i ty of the  a s s umed h i nge pos i t i on .  

Th i s l ength  va ri e s  ma i n l y  wi th the fonn o f  bend i ng d i a g ram ( 3 ) . 

Severa 1 ex pe ri men ta 1 va 1 ues pro po sed by severa 1 i n ves t i gators were 

shown i n  Tab l e ( 2 . 1 ) .  I n  th i s research  actua l h i nge  l eng ths were 

meas ured as shown i n  F i gure ( 6 . 1 2 ) to the  nea rest  o ne-ha l f i nch . The 

resu l t s  a re presented i n  Tab l e 6 . 9 .  

6 . 6 . 3 Curvature D i s tri buti on Factor (s) 

The cu rvature d i stri but i o n  factor B wa s i n tro duced i n  Cha pter 

2 .  Th i s facto r  i s  i gno red i n  mo s t  rota t i o n  es ti ma t i on , wh i c h l eads - to 

o ver- e s ti mat i o n  of the pl a st i c rotati o n . Therefore ,  to g i ve an  actua l  

va l ue o f  pl a st i c rotati on i n  thi s research , the d i s tr i bu ti o n  factor  

wa s ca l cu l ated from ha v i ng  experi men ta l va l ues  ¢ p , HL and  e pc Ta bl e 
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6 . 1 0  a s  fo l l ows s = e pc/ e pHL . Where e pc wa s ca l cu l a ted u s i ng Method 2 

( l evel  a nd the s ca l e ) . Va l ues of  s are s hown i n  the l a st  col umn of 

Tab l e 6 . 1 0 .  

6 . 6 . 4  Ca l c u l a t i on s  of  P l a s t i c  Rota t i o n s  ( Tab l e 6 . 7 ) 

B# l : As = 2 #4 ma i n  s teel , 2#3 , to p s teel , a nd 0 . 0% steel f i bers 

d = 6 . 5  i n  d '  = 1 . 44 i n  n = 7 . 2 5 

Pl a s t i c  moment = 1 0  P� ( P� i s  from Ta bl e 6 . 5 ) 

= 1 0 x 2 1  . 8 = 2 1 8 k .  i n  ( co 1 umn 3 )  

F i xed end moment = PuL/8 = ( 2 1 . 8x60 ) /8 = 1 63 . 5  k . i n  ( co l umn 4 )  

k1 d = po s i t i o n  of  neutra l  ax i s  when the  to p steel i s  con s i dered 

k1 = k1 d/d  ( co l umn 8 )  

k1 d i s  ca l c u l a ted from the fo l l ow i ng 

b ( k 1 d ) 2/ 2+ ( 2n - l ) A� ( k 1 d-d ' ) - nAs ( d- k1 d )  = 0 

5 ( k 1 ct ) 2/ 2+ ( 2x7 . 2 5- 1 ) ( 0 . 2 2 ) ( k 1 d- 1 . 44 ) -7 . 2 5 ( 0 . 39 ) ( 6 . 5- k1 d )  = 0 

2 2 . 5 kl d +5 . 8 k l d - 22 . 66 

k1 d = 2 .  07 i n  

kl = 2 . 07 / 6 . 5 = 0 . 3 1 3  

k2d = po s i t i on of  neutra l ax i s  when the to p steel i s  neg l ected 

k2d i s  ca l cu l a ted from tne fo l l ow i ng 

2 b ( k2d )  / 2- nAs ( d - k2d )  = 0 

5 ( k2d ) 2/ 2- 7 . 25 ( 0 . 39 ) ( 6 . 5- k2d )  = 0 

2 2 . 5 ( k2d )  +2 . 83 ( k2d ) - l 8 . 38 

k2d = 2 .  2 i n  

k2 = k2d/d  ( co l umn 9 )  
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k2 = 2 . 2/6 . 5  = 0 . 338 

kud  = po s i t i on of  neutra l ax i s  at u l t i ma te s ta ge 

kud  = a/ a 1 

ku d  = 1 . 51 i n  ( from fl exura l  a na l ys i s of  beams , B# l , Cha pter 5 ) 

ku = kud/d ( co l umn 1 0 ) 

ku = 1 . 5 1 / 6 . 5 = 0 . 232  

I crl  = moment  of  i nert i a  of  c rac ked sect i on when the  top steel 

i s  con s i dered ( co l umn 5 )  

Ic rl = b ( k1 d ) 3/ 3+ ( 2n - l )A� ( k1 d-d ' ) 2+nAs {d - k 1 d ) 2 

= 5 { 2 . 07 ) 3/ c+ ( 2x7 . 2 5- 1 ) ( 0 . 22 ) · ( 2 . 07 - 1 . 44 ) 2 

+7 . 2 5 ( 0 . 39 ) ( 6 . 5-2 . 07 ) 2 = 71 . 45 i n4 

I c r2 = moment of  i nert i a  of  c rac ked s ec t i o n  when the top steel 

i s  negl ected ( co l umn 6 )  

I cr2 = b ( k2d ) 3/ 3+nAs ( d- k2d ) 2 

= 5 ( 2 . 2 ) 3/ 3+7 . 2 5 { 0 . 39 ) ( 6 . 5- 2 . 2 ) 2 = 70 . 42 n4 

I p  = moment of  i nert i a  of u l t i mate s tage  ( co l umn 7 )  

= b ( k  d ) 3/3+nA  ( d- k d ) 2 
u s u 

= 5 ( 1 . 51 ) 3/ 3+7 . 25 ( 0 . 3 9 ) ( 6 . 5 - 1 . 5 1 ) 2 = 76 . 1 4 i n4 

To ca l cu l a te the requ i red rota t i o n  u s i ng Equa t i on ( 2 . 5 ) , the sma l l er 

va l ue of  the  moment of  i nert i a  i s  u sed to requ i re h i g her rotat i o n s . 

e = L [ 2 (MA-MFA ) + ( M8-MFB ) ] / 6Ec i 

e 1 = requ i red pl a s t i c  rota t i on when the  to p s teel i s  con s i der

ed ( Co l umn 1 1 ) 

e 1 = 60[2 ( -2 1 8 . 0+1 63 . 5 ) + ( 0+1 63 . 5 ) ] / b ( 4x l 03 ) ( 7 1 . 4 5 )  

= 1 . 9 1  x l o-3 rad i an s  
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82 = requ i red pl a st i c rota t i on when the  top s teel i s  negl ected 

( co l umn 1 2 )  

8 2 = 60 [2 ( 2 1 8 . 0+1 63 . 5 ) + ( 0+1 63 . 5 ) ]/ 6 ( 4x l 03 ) ( 7 0 . 4 5 )  

= 1 . 94 x 1 0-3 rad i an s  

Rota ti o n  capac i ty u s i ng Equat i on ( 2 . 6 )  ( co l umn 1 3 )  

8 p  = �cu/ ku - fy/ ( Es ) ( l - ku ) 

8 p  = 0 . 003 5/ 0 . 232 - 64 . 9/ 29000 ( 1 - 0 . 232 ) = 1 2 . 27 x l n-3 rad i a n s  

8#2 : As = 2 # 5  ma i n  s teel , compress i on s teel 2#3 , a nd 0 . 0% steel 

f i bers 

d = 6 . 3  i n  d '  = 1 . 56 i n  n = 7 . 2 5 

P l a st i c  moment  = 1 0  P '  ( P ' i s  from Ta bl e 6 . 5 ) u u 

= 1 0  x 28 = 280 k . i n 

F i xed end moment = P L/8 = 28 x 60/8 = 2 1 0 k . i n  u 

5 ( k 1 d )2/ 2+ ( 2x 7 . 2 5- l ) ( 0 . 22 ) ( k 1 d- l . 56 ) -7 . 25 ( 0 . 6 1 ) ( 6 . 3 1 - k1 d )  = 0 

2 2 . 5 kl d +4 . 42 k2 d- 27 . 9 1 

k2d = 2 .  57 

k2d = 2 . 57/6 . 3 1 = 0 . 407 

kud = 2 . 06 i n  ( from fl exu ra l  ana l ys i s of beam , 8#2 , Cha pter 5 ) 

Ku = 2 . 06/ 6 . 3 1 = 0 . 3 26 

I = 5 ( 2 . 42 ) 3/ 3+ ( 2x 7 . 25- l ) ( 0 . 22 ) ( 2 . 42- l . 56 ) 2 
crl  

+ 7 . 2 5 ( 0 . 61 ) ( 6 . 31 - 2 . 42 ) 2 = 92 . 74 i n4 

I 2 = 5 ( 2 . 57 ) 3/ 3+7 . 25 ( 0 . 61 ) ( 6 . 3 1 - 2 . 57 ) 2 = 90 . 1 5  n4 
cr 

Ip  = 5 ( 2 . 06 ) 3/ 3+7 . 25 ( 0 . 6 1 ) ( 6 . 3 1 - 2 . 06 ) 2 = 94 . 4 5 i n4 



Requ i red rota t i on u s i ng Equat i on  ( 2 . 5 ) 

e 1 = 60[2 ( - 280 . 0+2 1 0 . 0 )+ ( 0+21 0 ) ] / 6 ( 4x l 03 ) ( 9 2 . 74 )  

= 1 . 89 x 1 0 -3 rad i a ns 

e2 = 60[2 ( -280 . 0+2 1 0 . 0 } + ( 0+2 1 0 ) ] / 6 ( 4x l 03 ) ( 90 . 1 5 ) 

= 1 . 94 x 1 0-3 rad i ans 

Rotat i o n  capac i ty u s i ng Equat i on ( 2 . 6 )  

e p  = 0 . 0035/ 0 . 326-63 . 2/ 29000 ( 1 - 0 . 326 ) = 7 . 5 x 1 0-3 r�di ans  

1 1 5  

B#3 :  As=2#6 ma i n  s teel , 2 # 3  compres s i o n  s teel , a nd 0 . 0% steel fi bers 

d = 6 . 25 i n  d '  = 1 . 56 i n  n = 7 . 2 5 

Pl a s t i c  moment = 1 0  P� ( P� i s  from Ta bl e 6 . 5 )  

= 1 0  X 35  = 350 

F i xed end momen t = P�L/8 = 3 5 ( 60 ) /8  = 262 . 5 k . i n  

5 ( k1 d ) 2/ 2+ ( 2x 7 . 25- 1 ) ( 0 . 22 ) ( k 1 d- 1 . 56 ) - 7 . 2 5 ( 0 . 88 ) ( 6 . 2 5- k1 d )  

2 2 . 5 kl d +9 . 35 k, d-44 . 51 

k 1 d = 2 . 7 5 i n  

k l = 2 . 75/6 . 2 5 = 0 . 44 

ku d = 3 . 0  i n  ( from fl exu ra l  a na l y s i s  o f  beam , 8#3 , Chapter 5 )  

Ku = 3 . 0/ 6 . 25 = 0 . 0480 

I cr l  = 5 ( 2 . 7 5 ) 3/ 3+ ( 2x7 . 2 5- 1 ) ( 0 . 22 ) ( 2 . 75- 1 . 56 ) 2 

+7 . 25 ( 0 . 88 ) ( 6 . 2 5-2 . 7 5 ) 2 = 1 1 7 . 0  i n4 

I p  = 5 ( 3 . 0 ) 3/ 3+ ( 2x7 . 2 5 ) ( 0 . 22 ) ( 3 . 0- 1 . 56 ) 2 

+7 . 25 ( 0 . 88 ) ( 6 . 2 5-3 . 0 ) 2 = 1 1 8 . 54 i n4 



F i xed 
t P l a s t i c  End 1 crl  1 c r2 

I
p 

Beam S teel Moment Moment 

No . F i bers 1<. i n  k .  i n  i n
4 i n4 i n4 

( 1 )  ( 2 ) ( 3 ) ( 4 )  ( 5 ) ( 6 )  ( 7 )  

0 . 0  2 18 . 0  163 . 5 7 1 . 4 5  70 . 1 4 76 . 3 1 

4 0 . 8  248 . 0  186 . 0  75 . 9  74 . 18 82 . 26 

1 . 2  289 . 0  2 1 6 . 8  86 . 36 83 . 40 96 . 2 7 

-

2 0 . 0  280 . 0  2 1 0 . 0  92 . 74 90 . 1 5 94 . 4 5 

5 0 . 8  324 . 0  24 3 . 0  99 . 80 94 . 92 1 05 . 53 

8 1 . 2  34 5 . 0  258 . 8  1 1 0 .  7 7  105 . 80 1 1 7 . 70 

0 . 0  350 . 0  262 . 5  1 1 7 . 0  - - - 1 1 8 . 54 

6 0 . 8  382 . 8  287 . 1  1 2 3 . 4 5  - - - 1 2 3 . 82 

9 1 . 2  4 34 . 0  325 . 5  1 38 . 4 5  -- - 1 38 . 50 

TABL E 6 . 7 

REQU I RED AND AVA I LABLE ROTAT ION CAPAC I TY 

Requ i red Requ i red 
Ro ta- Rota-

t i on by t i on by 
Eq . ( 2 .  5 )  E q .  ( 2 . 5 )  

k
1 

k
2 

ku O l X 1 0  
- 4  

tJ
2 

X 1 0-4 

rad i a ns rad i a ns 
( 8 )  ( 9 )  ( 10 )  ( 1 1 )  ( 1 2 )  

0 . 3 1 8  0 . 338 0 . 232 1 9 . 4 1 9 . 4  

0 . 326 0 .  349 0 . 228 22 . 0  2 2 . 5  

0 . 34 2  0 . 372  0 . 226 26 . 6  2 7 . 8  

0 . 384 0 . 40 7  0 . 326 1 8 . 9  19 . 4  

0 . 393  0 . 4 1 8  0 . 320 2 1 . 9  2 3 . 1 

0 . 4 1 2  0 . 44 5  0 . 3 1 7  24 . 8  25 . 9  

0 . 440 - - - 0 . 480 1 8 . 7  - - -

0 . 4 50 - - - 0 . 469 24 . 6  - - -

0 . 4 7 0  -- - 0 . 462  24 . 9  - - -

Ro ta t i on Ac tual 
Capa - Ro ta t i on 

c i ty by from 
Eq . ( 2 .  6 )  tes t i ng 

e 1 0-4 
p 

X o
pe 

x 1 0  

rad i ans  rad i a n s  
( 1 3 )  ( 1 4 )  

1 2 1 . 7  164 

1 24 . 5  1 168 

1 26 . 0  1 6 1 5  

7 5 . 0  1 20 

7 7 . 3  527  

78 . 5  762 

28 . 3  1 3 7  

3 1 . 1  7 2 2  

32 . 8  840 

- 4  
e

p
/ u

p 

( 14 ) / ( 1 3 )  
( 1 5 )  

1 .  35  

9 . 4 

1 2 . 8  

1 . 6  

6 . 8  

9 . 7 

4 . 8  

2 3 . 2 

2 5 . 6  

Rel a t i ve 
Ac tua 1 

I nc rease  

from 0 . 0% 

S teel F i ber  
( 1 6 )  

1 . 0  

7 . 1 2 

9 . 85 

1 . 0  

4 . 39 

6 . 35 

1 . 0 

5 . 2 7 

6 .  1 3  

....... ....... 
0\ 



TABL E  6 . 8  

ELA ST I C  AND PLAST I C  ROTAT IONS 

Ten s i on e To p 
1 x

y
l0-4 Beam % S teel S teel S teel  

No . F i bers As A '  s ( Rad i ans ) 

( 1 )  ( 2 )  ( 3 )  ( 4 )  ( 5 )  

0 . 0  2#4 2 #3  103 

4 0 . 8  2#4 2#3  354 

7 1 . 2  2#4 2#3  1 56 

2 0 . 0  2#5  2#3  86  

5 0 . 8  2#5  2#3  1 97 

8 1 . 2 2#5  2#3  4 1 9  

3 0 . 0  2 #6 2 #3  93  

6 0 . 8  2 # 6  2#3  262 

9 1 . 2 2 # 6  2#3  2 6 2  

t 'y = to ta l ro ta t i on i n  rad i a n s  a t  l i nea r l i m i t ( f i rs t  y i e l d ) .  
f 1  = to ta l ro ta t i on i n  ra d i ans  a t  u l t i ma te ( s econd y i e l d ) .  u 
o = ma g n i tude o f  pl a s t i c ro ta t i o n c a pac i ty = e - u . pc u y 

8 u 
1 X 10-4 

( Ra d i a n s ) 
( 6 )  

267 

1 522 

1 7 7 1  

206 

724 

1 181  

230 

984 

1 102 

uc = to tal  ro ta t i on i n  ra d i a n s  when conc rete s ta r ted to fa i l  a t  m i d d l e s uppo rt .  
o r = to ta l ro ta t i on i n  rad i a n s  pr i o r  to rup ture . 

e pc 
1 X 10-4 

( R a d i a n s ) 
( eu- e

y ) 

( 7 )  

164 

1 1 68 

16 1 5  

1 20 

527 

762 

137  

722  

840 

e e 
c 

1 X 10-4 r 
1 X 10-4 

{ Rad i an s ) ( Radi ans ) 

{ 8 )  { 9 )  

787 1050 

1903  303 1 

2335  381 1  

6 70 839 

1 522 1785  

1522  2205 

7 50 950 

1676  197 1 

1667 2257  

� � 
'..J 



1 18 

TABLE 6 . 9  

P LAST IC  H I NGE L ENGTHS 

Ten s i on To p P l a s t i c 
% Steel Steel Steel H i nge Leng th 

Beam No . F i bers As A '  s ( i n )  HL/ d  

1 0 . 0  2 #4 2#3  6 . 0  0 . 92 

4 0 . 8  2#4 2#3  7 . 5  1 . 1 5 

7 1 . 2  2#4 2#3  8 . 0  1 . 2 3 

2 0 . 0  2#5  2#3  6 . 0  0 . 95 

5 0 . 8  2# 5 2#3  8 . 0  1 . 2 7 

8 1 . 2  2 # 5  2#3  9 . 0  1 . 43 

3 0 . 0  2 #6 2#3  6 . 5  1 . 04 

6 0 . 8  2#6 2#3  9 . 0  1 . 44 

9 1 . 2  2#6 2#3  9 . 5  1 . 52 



% Steel Tens i on 

Beam No . F i bers Steel 

As 
(1) (2 ) ( 3) 

1 0 . 0  2 #4 

4 0 . 8  2#4 I 

7 1 . 2 2#4 

2 0 . 0  2#5  

5 0 . 8  2#5  

8 1 . 2 2#5  

3 0 . 0  2#6 

6 0 . 8  2#6 

9 1 . 2  2#6 

TABL E  6 . 10 

CURVATURE D I STR I BUTION FACTOR 

Top ape x 104 

Steel Rad i a n s  4' P  X 10- 4 

A '  s 
(4 ) (5 ) (6) 
2#3  164 6 1  

2#3  1 168 401  

2#3  1 6 1 5  631  

2#3  1 20 46 

2#3 527 200 

2#3  762  324 

2#3  1 37 50 

2#3  722  261 

2#3 840 366 

4'PHL X 10-4  

HL i n .  Rad i a n s  

(7) (8) 
6 . 0  366 

7 . 5  3008 

8 . 0  5048 

6 . 0  276 . 

8 . 0  1 600 

9 . 0  29 16  

6 . 5  325  

9 . 0  2 349 

9 . 5  34 77 

6 = 8 pC/ 4' pHL 

(9) 
0 . 4 5  

0 . 39 

0 . 32 

0 . 44 

0 . 3 3 

0 . 26 

0 . 42 

0 . 3 1 

0 . 24 

...... ...... 
� 



Requ i red rota t i o n  us i ng Equat i o n  ( 2 . 5 )  

e 1 = 60[2 { - 3 50 . 0+262 . 5 ) + { 0+262 . 5 ) ]/ 6 { 4x l 03 ) ( 1 1 7 )  

= 1 . 87 x l o-4  rad i an s  

Ro ta t i o n  ca pac i ty us i ng Equa t i o n  ( 2 . 6 )  

e p  = 0 . 0035/0 . 48-67 . 0/ 29000 { 1 - 0 . 48 )  = 28 . 4  x 1 0-4  rad i an s  

6 . 7  Defl ect i o n s  

6 . 7 . 1  I n troduct i o n  

1 20 

A r i g i d  body moves when i t  i s  su bj ected to a l oad  and the 

resu l t i ng d i s pl acement  of  va r i o u s  po i nts  from the i r  o r i g i na l  port i o n s  

a re ca l l ed defl ect i on . Defl ect i o n  i s  con s i dered an  impo rta nt factor 

tha t affect s  the serv i ceab i l i ty of  re i nfo rced concrete fl exura l  

members . Exces s i ve beam and  s l a b  defl ect i o n s  can l ead  to obj ect i o n-

a bl e crac k i ng  o f  part i t i on s , poo r fi tt i ng o f  door frames and w i ndows , 

poo r  dra i nage , exces s i ve v i brat i on s , etc . Therefo re , to m i n im i ze the 

preced i ng pro bl ems adequate s t i ffnes s of members  i s  n eces sa ry to 

prevent  exces s i ve defl ect i on . The s t i ffnes s ,  f l exura l  ri g i d i ty ,  of  

re i nfo rced concrete cons i sts of  the modu l u s of  e l a st i c i ty a nd the 

moment  of i nert i a  of  the sec t i on . Therefo re ,  i t  i s  impo rta nt  to u se a 

correct and sa fe va l ue fo r the moment o f  i nert i a when ca l cul at i ng the 

defl ect i on . The AC I Code ( 3 1 8 . 83 )  Sec t i o n  9 . 5 . 2 . 3 presents a n  

equa t i o n  to detenn i ne a n  effect i ve moment o f  i nert i a  to be u sed i n  

ca l cu l at i n g  defl ect i o n  i n  fl exura l  members : 

Ie = ( Mcr/Ma ) 3 1
g + [ l - ( Mc r/ Ma ) 3 ] 1 cr l g ( 6 . 4 )  



where : 

I e = effect i ve  moment of  i nert i a  

M
er = c rac k i ng moment ( fri g/ Yt ) 

fr = modu l u s  of ruptu re a t  concrete ( 7 . 5/f� ) 

1 2 1  

Ma 
= max i mum moment i n  member a t  s tage  fo r wh i c h  the defl ec

t i on i s  compu ted 

I g 
= gro s s  moment of i nert i a  negl ect i ng s teel 

Ic r  
= moment of i nert i a  of crac ked t ra nsfo rmed sect ion  

6 . 7 . 2  Theoret i ca l  Def l ect ion  Ca l cu l a t i o n s  

If  a beam i s  s u bj ected t o  d i fferent types o f  l oad s  o r  su bj ec t

ed to end moments , t he defl �ct i on may be  ca l cu l a ted s epa ratel y for 

each  type o f  l oa d i ng or force a ppl i ed o n  the  beam and the tota l 

defl ect i on i s  ca l cu l ated by su perpo s i t i on . 

In  t h i s research  al l the beams were l oaded under symmetr ica l 

l oa d i ng wi t h  a concentrated l oad at  t he m i d po i nt o f  ea ch  s pan . The 

ca l cu l at i on  o f  t heoret i ca l  defl ect i on  for t he  p reced i ng ca se i s  a s  

fo l l ows : 

PI 2 PI 2 PI 2 PI 2 a P 1 2 PI 2 �M � J j ! �� - - :;1- - - �  • - - - - ::z - - l _ - • = A 
.. 

>B + A r ..... s M g  
A - -

B 
- - - -

C ... - - - - - "'  J., 6 It 6 v ..., p v v v 
1 L ?\ L 11 "f L /1 /1 L 71 



1 2 2  

The  correct va l ue of  defl ecti on  w i l l be the  summa t i o n  o f  the defl ec-

ti o n  due to concentrated l oad  P and due to M6 . 

�p = { ( P/ 2 ) L3 [ ( 3a/4L ) - ( a/L ) 3 ] } / 6 E le 
where : 

where :  

a = 0 . 45L 

�p = { ( P/ 2 ) L3 [ (3x0 . 45L/4L ) - ( 0 . 4 5L/ L ) 3 ] }/ 6 E le 
�p = ( P/ 2 ) L3 ( 0 . 2464 ) / 6 E le 
6M = ( ML2/ 1 6 E ie ) 

M8 = 1 1 . 25 P  = 0 . 1 87 5 PL ( Refer to momen t d i agram F i gu re 5 . 2 ) 

6M = - 0 . 1 87 5 PL3/ 1 6E ie = 0 . 0 1 1 PL3/ E ie 

6n et = 6p + 6M = [ ( 0 . 02 1  - O . O l l ) ( PL3 ]/ E l e = O . Ol PL3/ E i e 

Ca l cu l a t i o n  o f  defl ect i on a t  serv i ce l oa d 

B#l : As = 2 #4 ma i n  steel , 2#3 to p s tee l , a nd 0 . 0% s teel  f i bers 

d = 6 . 5  i n  d '  = 1 . 44 i n  n = 7 . 2 5 Eca = 4x l 06 ps i 

k1 d = 2 . 07 i n  ( fro� Ta bl e 6 . 7 )  k2d = 2 1 2 i n  ( from Ta bl e 6 . 7 )  

I c rl = 7 1 . 45 i n4 ( from Tabl e 6 . 7 )  I cr2=70 . 42 i n4 ( from Ta bl e 6 . 7 )  

l
g 

= b h3/ 1 2 = ( 5  X 83 ) / 1 2 = 2 1 3 . 33 i n4 

Me r = fr l g/ Yt = ( 508 x 2 1 3 . 33 ) /4 = 2 1 . 1  k . i n  

Ma = 9 . 38 ( 0 . 6  P� ) = 9 . 38 ( 0 . 6  x 2 1 . 8 )  = 9 . 38 ( 1 3 . 08 )  = 1 22 . 7  k . i n  

( M  / M  ) 3 = ( 27 . 1 / 1 22 . 7 ) 3 = 0 . 01 08 
cr  a 

Ie = ( Mcr/ Ma ) 3 I g+[ 1 - (Mcr/Ma ) 3 ] Icr  

Ie 1  = Effect i ve moment o f  i nert i a  when  the  to p  s teel i s  
con s i dered 



Ie l = 0 . 01 008 ( 2 1 3 . 33 )  + ( 1 -0 . 01 08 ) { 7 1 . 45 )  = 72 . 98 i n4 

Ie2 = Effect i ve  moment o f  i nert i a  when t he top s teel i s  
neg l ected 

I e2  = 0 . 01 08 ( 21 3 . 33 ) + ( 1  - 0 . 01 08 ) ( 7 0 . 42 )  = 7 1 . 96 i n4 

� = PL3/ 1 00Ec le 
�l = ca l cu l ated defl ect i on when the to p s teel i s  con s i dered 

�l = ( 1 3 . 08xl OOOx603x l 000 ) / ( 1 00x4xl 06x72 . 98 )  = 97 . 0  x 1 0-3 i n  

�2 = ca l cu l a ted defl ect ion  when the to p s teel i s  neg l ected 

�2 = { 1 3 . 08x l OOOx603xl 000 ) / ( 1 00x4x l 06x70 . 42 )  = 98 . 0  x 1 0-3 i n  

8#2 : As = 2#5 ma i n  s teel , 2#3 top s teel , and 0 . 0% steel f i bers 

d = 6 . 3 1 i n  d •  = 1 . 56 i n  n = 7 . 25 Eca = 4xl o6 ps i 

1 23 

k1 d = 2 . 42 i n  ( from Ta bl e 6 . 7 ) k2d = 2 . 57 i n  ( from Ta bl e 6 . 7 )  

I c rl =92 . 74 i n4 ( from Tabl e 6 . 7 )  I cr2= 90 . 1 5  i n4 ( from Ta bl e 6 . 7 )  

1 9 = bh3/ 1 2 = { 5  X 83 ) / 1 2 = 2 1 3 . 33 i n4 

Mer = fr i 9/ Yt = ( 508 x 2 1 3 . 33 ) / 4  = 2 1 . 1  k . i n  

Ma = 9 . 38 ( 0 . 6  P� ) = 9 . 38 ( 0 . 6  x 28 ) = 9 . 38 ( 1 6 . 8 )  = 1 57 . 58 k . i n  

( Mc r/Ma ) 3 = ( 2 7 . 1 / 1 57 . 78 ) 3 = 0 . 0051 

I e = ( Mcr/ Ma ) 3 1
g+[ 1 - ( Mcr/Ma ) 3 ] 1 cr 

Ie1 = ( 0 . 005 1 ) ( 2 1 3 . 33 )  + ( 1 -0 . 0051 ) 92 . 74 = 93 . 3 6 i n4 

Ie2 = ( 0 . 0051 ) ( 2 1 3 . 33 )  + ( 1  - 0 . 005 1 ) 90 . 1 5  = 90 . 7 7 i n4 

�1 = ( 1 6 . 8x 1 000x603x1 000 ) / ( 1 00x4x 1 06x93 . 36 )  = 97 . 0  x 1 0-3 i n  

�2 · = ( 1 6 . 8x 1 000x603x 1 000 ) / ( 1 00x4x l 06x90 . 77 )  = 1 00 . 0  x 1 0-3 i n  



B#3 : As = 2#6 ma i n  s teel , compres s i on s teel 2#3 , and 0 . 0% steel 

f i bers 
- 6 d = 6 . 2 5 i n  d '  = 1 . 56 i n  n = 7 . 2 5 Eca - 4 x 1 0  ps i 

1 24 

k1 d = 2 . 7 5 i n  ( from Tabl e 6 . 7 )  I crl = l l 7 . 0  i n4 ( from Ta bl e 6 . 7 )  

Me r = fr l g/ Yt = ( 508 x 2 1 3 . 33 ) /4 . 0  = 2 7 . 1  k . i n  

Ma = 9 . 38 ( 0 . 6  P� ) = 9 . 38 ( 0 . 6  x 3 5 )  = 9 . 38 ( 2 1 . 0 ) = 1 96 . 98 k . i n  

( Mc r/Ma ) 3 = ( 2 7 . 1 / 1 96 . 98 ) 3 = 0 . 0026 

I e l  = 0 . 0026 ( 2 1 3 . 33 )  + ( 1 -0 . 0026 )  1 1 7 . 0  = 1 1 7 . 2 5 i n4 

�l = ( 2 l x l OOOx603x l 000 ) / ( l OOx4x l 06x l l 7 . 2 5 )  = 97 x 1 0-3 i n  

Theo ret i ca l  and exper imen ta l  defl ec t i on a t  serv i ce l oad are 

presen ted i n  Tabl e 6 . 1 2 .  The percent decrea s e  from 0 . 0% steel fi ber 

i s  s hown in the l a st co l umn of  Ta b l e 6 . 1 2 .  Typ i ca l  experi menta l 

l oad-defl ect i on curves a re s hown i n  F i gures  6 . 23 throug h  6 . 3 1 . Actua l 

va l ues of  defl ect i on at l oad  i ncrements  are 1 i sted i n  Append i x  B ,  

Ta bl es 8 . 4  to 8 . 7 .  

6 . 8  Cracks 

6 . 8 . 1 Introduct ion 

Exces s i ve ten s i o n  i n  the re i nforcement can cau s e  exces s i ve 

crac k i ng i n  the adj acent concrete . Due to t he l ow ten s i l e  s trength of  

conc rete , beams su bj ected to f l exura l ten s i o n  exh i b i t a ser i es of 

d i s tr i bu ted fl exura l cracks  even at  s erv i ce l oad . In genera l , these 

crac ks a re harml ess , un l e s s  the wi dth becomes exces s i v e .  Therefore , 

the max i mum crack  wi dth under s erv i ce  l oa d  mu s t  be 1 i m i ted to a 



TAB L E  6 .  1 1  

CALC ULATED B EAM PARAMETERS FOR DEFLECT ION  CALCULAT I ONS 

% S teel Ten s i o n  Top 
k 1 d k 2d 1 9  f ri Me r  

Beam No . F i bers S teel A Steel  A �  ( i n )  ( i n )  ( i n  4 ) ( ps i ) ( k . i n )  
( 1 ) ( 2 ) ( 3 ) s ( 4 ) ( 5 ) ( 6 ) ( 7 } ( 8 ) ( 9 ) 

0 . 0  2 #4 2#3  2 . 07 2 . 2  2 1 3 . 33 508 27 . 10 

4 0 . 8  2#4 2#3  2 . 1 2 2 . 27 2 1 3 . 3 3 6 10 32 . 53 

7 1 . 2  2#4 2#3  2 . 22 2 . 42 2 1 3 . 33 7 1 5  38 . 1 3 

2 0 . 0  2#5  2#3  2 . 42  2 . 57 2 1 3 . 33 508 1 7 . 1 0  

5 0 . 8  2#5  2#3  2 . 48 2 . 64 2 1 3 . 33 6 10 32 . 5 3 

7 1 . 2  2#5 2#3  2 . 6 2 . 81 2 1 3 . 33 7 1 5  38 . 1 3 

3 0 . 0  2 #6 2#3 2 . 75 - - - 2 1 3 . 3 3 508 27 . 1 0  

6 0 . 8  2#6 2#3 2 . 8 1  - - - 2 1 3 . 3 3 6 10  32 . 53 

9 1 . 2  2#6 2#3  2 . 94 - - - 2 1 3 . 33 7 1 5  38 . 1 3 

Ma ( Mc / Ma )
3 

k .  i n )  
( 1 0 ) ( 1 1 ) 

1 22 . 7  0 . 0 1 08 

1 39 . 57 0 . 0 1 2 5  

162 . 65 0 . 0 129  

1 57 . 58 0 . 0051  

182 . 35 0 . 0057  

1 94 . 1 7 0 . 0076 

196 . 98 0 . 0026 

2 1 5 . 46 0 . 0034 

24 7 .  63 0 . 0037 

1 c r1 

( i n4 ) 
( 12 ) 

7 1 . 4 5 

75 . 90 

86 . 36 

92 . 74 

99 . 80 

1 1 0 . 7 7 

1 1 7 . 0  

123 . 45 

1 38 . 4 5 

1 cr2 

( i n4 ) 
( 1 3 ) 

70 . 4 2  

74 . 10 

83 . 40 

90 . 1 5 

94 . 92 

105 . 8  

� 
N c..n 



TAB L E  6 . 1 2 

CALCULATED AND ACTUAL DEFLECT I ON AT SERV I CE L OA D  

Serv i ce 
Load I e 1  

% S teel  P= 0 . 6P u 
( i n

4
) Beam No . F i bers ( k i p s }  

( 1 ) ( 2 ) ( 3 ) ( 4 ) 

0 . 0  1 3 . 08 72 . 98 

4 0 . 8  1 4 . 88 7 7 . 62 

7 1 . 2 1 7 . 34 88 . 00 

2 0 . 0  1 6 . 80 93 . 36 

5 0 . 8  1 9 . 44 1 00 . 4 5 

8 1 . 2 20 . 70 1 1 1 . 55 

3 0 . 0  2 1 . 00 1 1 7 . 25 

6 0 . 8 22 . 9 7 1 2 3 . 75 

9 1 . 2  26 . 04 1 38 . 7 3 

* C a l c u l a ted defl e c t i on c o r re s pond i ng to I e l · 

* * C a l c u l a ted de f l ec t i o n c o r re s po nd i ng to I e 2 . 

fl 1 X 10- 3 I e2 
Ecax 1 06 Ca l c u l a ted* 

( i n  
4 ) ( p s i ) ( i n )  

( 5 ) ( 6 ) ( 7 ) 

7 1 . 96 4 . 00 9 7  

7 5 . 84 3 .  7 1  1 1 2  

85 . 1 0 3 . 1 5  1 3 1  

90 . 7 7 4 . 0  97  

95 . 59 3 .  7 1  1 1 3  

1 06 . 62 3 . 1 5 1 2 7  

- - - 4 . 0  97  

- - - 3 .  7 1  1 1 0 

- - - 3 . 1 5 1 30 

- 3  fl X 1 0- 3  % De-
fl2 X 10 c re a s e  F rom 

C a l c u l a ted** Actua l 0 . 0% S teel  
( i n )  ( i n )  F i bers  
( 8 ) ( 9 ) ( 1 0 ) 

98 95  

1 1 5  8 5  - 1 0 . 5 3 

1 35 80 - 1 5 . 79 

1 00 85 

1 1 8 84 - 1 . 1 8 

1 34 83 - 2 . 3 5 

- - - 95 

- - - 88 - 7 . 37 

- - - 87  -8 . 4 2 

......... 
N 0\ 
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FBJI! 8.23 
P IPU-OEfLEC110N RELA TIONSHP 

� STEEL-214 TOP ST'EF' ·213 1.STEEL FIERS-0.0 
BEAM 11 
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FIGLIE 8.23 LOAD VSJEFLECllON 
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FIGURE 8-24 
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FIGURE 8.26 
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BEAM 17 
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D E F L E C T I O N 1 / 1 0 0 0  I N  
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F1GURE 6.26 
PIPU-OEFlECT10N RElA TIONStF 

�AW STEEL•215 TOP STEB..-213 i'STEB. FEERS.O.O 

BEAM 12 

2 0 0 4- 0 0  6 0 0 8 0 0  1 0 0 0 1 2 0 :) 
D E F L E C T I ON 1 / 1 0 0 0  I N  

F1GURE 6..26 LOAD VSDEFLECT10N 
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FIGURE 6.28 
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FtGUAE 8.29 

P /PU-DEFLECTION RaA TIONSI-F 
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FIGURE 5.30 

PIPU-OEFLECnoN RELA TK>NSHP 
t.fAW STEEL-218 TOP STEEL•213 ZSTEEL FEERS.O.S 

BEAM 16 
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FlGURE 6.31 
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spec i f i ed va l ue to prevent corro s i on at  the rei nforcement and ensu re 

water t i g htnes s of b r i dge dec k s  a nd res ervo i rs .  

Many factors i nfl uence the wi dth o f  cracks , bu t the s tres s  i n  

the re i nforcement , the bar d i ameter , t he percenta ge o f  steel , and bond 

cond i t ions a re the pr i nc i pa l  ones . Therefore a h i gh strength s teel 

deve l o p s  h i gh stre s s  at s erv i ce l oad , wh i c h  cou l d cause v i s i bl y l a rge 

crac ks . 

In 1 968 Gergel y and Lu tz devel o ped the fo l l ow i ng equat i o n , 

wh i ch i s  u sed by the AC I code for 1 i mi t i ng cra c k  w i dth fo r s teel 

stre s se s  u p  to 60 percent of y i el d stres s of  the s teel : 

where : 

W = 0 . 07 6  s f;I(A)(dc ) ( 6 . 5 )  

s = rat i o  of the d i stances from the neutra l  ax i s  to the 

ten s i on face and to steel centro i d  

fs = the stres s i n  the steel ba r s  ( k s i ) 

d = th i c knes s of concrete cover mea su red from extreme ten s i o n  c 
f i ber  to the center of  c l o se st  ba r ( i n ) 

A = the effect i ve ten s i o n  area of  concrete a round the ma i n  

re i nforc i ng bars hav i ng the same re i nfo rcement centro i d ,  

d i v i ded by the number o f  ba rs 

The AC I Code ado pted the preced i ng equat i on  and used a va l ue 

of s = 1 . 2  w i th the cro s s  sec t i o n  pro port i o na l  so tha t  the formu l a Z = 

f3� i s  l i mi ted to 1 7 5 k i ps per i nch  fo r i nter i o r  members and 1 45 s . c 
k i p s  per i nc h  fo r exter i o r  members . These  l f m i t i ng va l ues a l l ow a 



1 37  

max imum crack  wi dth of  0 . 01 6  i n .  fo r i nter i o r  members and 0 . 01 3  i n .  

for exteri or  members . 

Cra c k  Wi dth  and  Crack  Spac i ng Measu rements  

As ex pl a i ned i n  Cha pter 4 the  c ra c k  w i dths  were mea su red a t  

d i fferent l oad s  by u s i ng a mec ha n i ca l  d i a l  gage w i t h  a n  accuracy of  

one  ten tho usandth  of  an  i nc h . T he  c rac k w i dths  were determi ned a t  

both  t he  negat i ve (over t he  mi ddl e s u ppo rt ) a nd t he  po s i t i ve sect i o n s  

( u nder t he  l oad ) . The d i fference between the  stra i n  read i ngs  before 

and  a fter crack i ng wa s con s i dered a s  t he w i dt h  of the c rack . Ca l 

cu l a ted and  experimenta l crack  w i dths  a re s hown i n  Ta bl e 6 . 1 4 .  The 

d i fferent i a l  of a l l read i ng s  i srecorded i n  Ta b l es  C . l throug h C . l 8  i n  

Append i x  C .  

The fi rst crac k i ng l oad  wa s noted a n d  pres ented i n  Ta b l e 6 . 1 5 . 

The s pa c i ng s  of  the cracks  were a l so mea s u red . The max imum and 

mi n i mum cra c k  s pac i ng a s  wel l a s  t he n umber o f  c racks  at  eac h  cr i t i ca l  

sect i on a t  serv i c e  l oad , a nd u l t i ma te ,  a re s hown i n  Ta bl es  6 . 1 6  a nd 

6 .  1 7 . 

6 . 8 . 2  Ca l cu l a t i ons  of Crac k W i dth s at  Serv i ce Load 

B#l : As = 2#4 ma i n  steel , 2 #3 top steel , a nd  0 . 0% s teel f i bers 

b = 5 i n  h = 8 i n  d = 6 . 5 i n  fy = 64 . 9  k s i  

k1 d = 2 . 07 i n  ( from Ta bl e 6 . 7 ) k2d = 2 . 2  i n  ( from Ta bl e 6 . 7 )  

3 � -3 W = 0 . 07 6  Sfs y ucXM x 1 0  

s •  = ( h - k 1 d ) / ( d - k1 d ) ( co l umn 1 2  o f  Ta bl e 6 . 1 3 ) 



s •  = ( 8 - 2 . 07 ) / ( 6 . 5 - 2 . 07 )  = 1 . 34 

de = h - d = 8 - 6 . 5  = 1 . 5 i n  ( co l umn 1 0  of Tabl e 6 . 1 3 )  

A =  ( 2  x de x b ) / n  ( co l umn 1 1  o f  Tab l e 6 . 1 3 ) 
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where : 

where : 

where : 

n = n umber of  ba rs i n  the sec t i o n  

A =  ( 2  X 1 . 5 X 5 ) / 2  = 7 . 6  i n2 

fs = 0 . 6  fy = 0 . 6  ( 64 . 9 )  = 38 . 94 k s i ( co l umn 7 o f  Tabl e 6 . 1 3 ) 

Z = f; /Adc = 38 . 943 / 1 . 5 x 1 . 7 5  = 87 . 3 k/ i n  

S "  = ( h - k2d ) / ( d - k2d )  ( co l umn 1 3  of Ta b l e 6 . 1 3 ) 
s "  = ( 8- 2 . 2 ) / ( 6 . 5-2 . 2 )  = 1 . 3 5  

w1 = 0 . 07 6  s ' f�l dcxAcx 1 03 ( co l umn 6 o f  Tabl e 6 . 1 4 )  

w1 = ca l cu l a ted cra c k  wi dth when t he to p s teel  i s  cons i dered 

w1 = 0 . 07 6xl 0x l . 34x38 . 94 f;/ 1 . 5x7 . 5xl o-3 = 89 x 1 0-4 i n  

W = 0 07 6  S 1 1 f3 1 d xA x l o- 3 ( col umn 8 o f Ta bl e 6 . 1 4 )  2 . s c c 

w2 = cal cu l a ted c rac k w i d th when the to p s teel  i s  n eg l ec ted 

W2 = 0 . 07 6xl 0xl . 3 5 ( 38 . 94 ) 3 / 1 . 5x7 . 5  X 1 0-3 = 90 X 1 0-4 i n  

8#2 : As = 2 #5 ma i n  steel , 2#3 top s teel , a nd 0 . 0% s teel f i bers 
b = 5 i n  h = 8 i n  d = 6 . 3 1 i n  fy = 63 . 2  ks i 

. k 1 d = 2 . 42 i n  ( from Ta bl e 6 . 7 ) k2d = 2 . 57 i n  ( f rom Ta bl e 6 . 7 )  

W . = 0 . 076  Sf� / dcxAc x 1 0-3 



where : 

8 I = ( h - k l d )  I ( d - kl d )  

8 ' = ( 2 - 2 . 42 ) 1 ( 6 . 3 1 - 2 . 42 ) = 1 . 43  

d
e

= h - d = 8 - 6 . 3 1  = 1 . 69 i n  

A = ( 2  x de x b ) l n  

n = n umber o f  ba rs i n  the sec t i o n  

A = ( 2  X 1 . 69 X 5 ) 1 2 = 8 . 4 5  i n2 

fs = 0 . 6  fy = 0 . 6  ( 63 . 2 )  = 37 . 92 ks i 
z = t3 /Ad s c 
Z = 37 . 92 3 1 1 . 69 x 8 . 45 = 92 kl i n  

8 1 1 = ( n - k2 d ) l ( d- k2d )  

8 1 1 = ( 8- 2 . 57 ) 1 ( 6 . 3 1 - 2 . 57 )  = 1 . 4 5  
w1 = 0 . 076x1 0x1 . 43x3 7 . 92 3 / 1 . 69x8 . 45x1 o- 3 = 1 00 x 1 0- 4  i n  

W2 = 0 . 076xl 0x1 . 4 5x37 . 92 3 / 
,
1 . 69x8 .45 X 1 0- 3 = 1 01 X 1 0-4 i n  

1 39 

8#3 : As = 2 #6 ma i n  steel , 2 #3 compre s s i on s teel  a nd 0 . 0% steel fi bers 

b = 5 i n  h = 8 i n  d = 6 . 5 i n  fy = 67 . 0  k s i  

k1 d = 2 . 7 5 i n  ( from Tabl e 6 . 7 )  

W = 0 . 07 6  8f;l dcxAc X 1 0-3 

8 I = ( h - k l d )  I ( d - kl d )  

8 ' = ( 8 - 2 . 7 5 ) 1 ( 6 . 2 5 - 2 . 7 5 )  = 1 . 5 
. de = h - d = 8 - 6 . 2 5 = l . 7 5 i n  

A = ( 2 x de x b ) / n  



where : 

n = number o f  ba rs i n  the sec t i o n  

A = ( 2  X 1 . 7 5  X 5 ) / 2 = 8 . 7 5 

fs = 0 . 6  fy = 0 . 6  ( 67 )  = 4 0 . 2  k s i 

- 3 
,--,;-:r z - f s ., Mdc 

Z = 40 . 2  3 1 1 . 75  x 8 . 75  = 9 9 . 8  k/ i n  

w1 = 0 . 07 6  s '  fs 
31 de X A

c X l o-3 

w1 = 0 . 07 6x1 0x1 . 5x40 . 2  3 1 1 . 75x8 . 7 5x1 o-3 = 1 1 4 x 1 0-4 i n  
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Ac tua l 
Tens i on Top U l t i ma te 

Beam % Steel Steel Steel l oad  

No . F i bers A
s 

A '  s k i ps 

( 1 ) ( 2 ) ( 3 )  ( 4 ) ( 5 )  

0 . 0  2#4 2#3  2 1 . 80 

4 0 . 8  2#4 2 # 3  24 . 80 

1 . 2  2#4 2#3  28 . 90 

2 0 . 0  2#5 2#3  28 . 00 

5 0 . 8  2#5  2#3  32 . 40 

8 1 . 2  2#5 2#3 34 . 50 

3 0 . 0  2#6 2#3 35 . 00 

6 0 . 8  2#6 2#3  38 . 28 

9 1 . 2  2#6 2#3 4 3 . 4 

TABLE  6 . 1 3  

CALCULATED BEAM PARAMETERS FOR CRACK  W I DTH CALCULAT IONS 

Serv i ce 
l oa�  

P=0 . 6P f s 
= 06 f y kld ks d d

e u 
k i ps ks i  i n  i n  i n  

( 6 ) ( 7 ) ( 8 )  ( 9 ) ( 10 ) 

1 3 . 08 38 . 94 2 . 07 2 . 2  1 . 5  

14 . 88 38 . 94 2 .  1' 2  2 . 27 1 . 5  

1 7 . 34 38 . 94 2 . 22 2 . 42 1 . 5  

16 . 8  37 . 92  2 . 42 2 . 57 1 . 69 

19 . 44 37 . 92 2 . 48 2 . 64 1 . 69 

20 . 70 37 . 92 2 . 6  2 . 8 1 1 . 69 

2 1 . 0  40 . 2  2 . 75 - - - 1 .  75 

22 . 97 40 . 2  2 . 8i -- - 1 .  75 

26 . 04 40 . 2  2 . 94 - - - 1 .  75  

Ac 
i n2 

( 1 1 )  

7 . 5  

7 . 5  

7 . 5  

8 . 45 

8 . 45 

8 . 45 

8 . 75 

8 . 75 

8 . 75 

B '  = h-1< 1 d/d-k 1d 

( 12 ) 

1 . 34 

1 . 34 

1 . 35 

1 . 43 

1 . 44 

1 . 46 

1 . 50 

1 .  5 1  

1 .  5 3  

a �  = h-k2d/ d-k2d 

( 13 ) 

1 .  35 

1 .  35 

1 .  37 

1 . 4 5  

1 . 46 

1 . 48  

...... 
� ...... 



TABLE 6 . 14 

MAX IMUM ACTUAL AND CALCULATED CRACK W I DTH AT ASSUMED SERV I CE LOAD ( 0 . 6  Pu ) 

At Mi ddle Support 
% % 

Ca l cu- Dev i a- Cal cu- Dev i a- % Decrease  Ca l cu-
Ac tual l ated t ion  l a ted t i on i n  actua l Actua l l a ted 

Tens i on To p crack crack ( 5 )  c rack  ( 5 )  crack wi dth crack  crack  
Beam % S teel S teel Steel wi dth w idth from wi dth from f rom 0 . 0% wi dth wi d th 

No . F i bers As A '  s l x 104 i n  1 x l04 i n  ( 6 )  1 x 1 04 i n  ( 8 )  Steel F i bers 1 x 1 04 i n  l x 104 i n  

( 1 ) ( 2 ) ( 3 )  (4 ) ( 5 ) ( 6 )  ( 7 )  ( 8 )  ( 9 )  ( 10 ) ( 1 1 ) ( 1 2 )  

0 . 0  2#4 2#3 87 89 - 2 . 3  90 -'3 ,  3 -- - 80 89 

4 0 . 8  2#4 2 #3  68  89 - 2 3 . 6 90 -3 . 3  -2 1 . 8  65 89 

1 . 2 2#4 2 # 3  5 5  90 - 38 . 9 9 1  - 39 . 6  - 36 . 8  50 90 

2 0 . 0  2#5  2 #3  104 100 +4 . 0  1 0 1  + 3 . 0 -- - 98 100 

5 0 . 8 2#5 2#3  84 101  - 1 6 . 8  1 02 - 1 7 . 6  - 19 . 2  78 1 0 1  

8 1 . 2  2#5  2#3  78  102 - 23 . 5  103 -24 . 3 -25 . 0  7 3  102 

3 0 . 0  2#6 2#3 107  1 14  -6 . 1 -- - -- - -- - 103 1 14 

6 0 . 8  2#6  2#3  92  1 1 5 - 20 . 0  - - - -- - - 14 . 0  85 1 1 5  

9 1 . 2  2#6  2#3  87  1 16 - 25 . 0  - -- - - - - 18 . 7  80 1 1 6  

At Mi dspa n  
% 

Dev i a - Ca l cu-
t ion  l a ted 
( 1 1 )  cra c k  
from w i d th 

( 1 2 )  1 x 1 0- 4 i n  

( 1 3 )  ( 14 )  

- 10 . 1 90 

-27 . 0  90 

-44 . 4  9 1  

-2 . 0 1 0 1  

-22 . 8  102 

-28 . 4  103 

-9 . 6  

-26 . 1  -- -

- 3 1 . 0  - - -

% 
Dev i a -

ti on  
( 1 1 )  
f rom 

( 14 )  

( 1 5 )  

- 10 . 1 

-27 . 0 

-45 . 1 

- 3 . 0  

-23 . 5  

-29 . 1 

-- -
---

% Decrea se 
in a c tua l  

crack  wi dth 
from 0 . 0% 

Steel F i bers 

( 16 )  

- 1 8 . 8  

- 37 . 5  

-20 . 4  

- 2 5 . 5  

- 1 7 . 5  

-22 . 3  

...._. 
� 
N 



Actua l 
Ten s i on Top Load 

% Steel Steel Steel . P ' u 
Beam No . F i bers As A '  s { k i ps )  

( 1 ) ( 2 ) ( 3 ) ( 4 )  ( 5 )  

0 . 0  2#4 2#3 2 1 . 80 

4 0 . 8  2#4 2# 3 24 . 80 

7 1 . 2  2#4 2 # 3  28 . 90 

2 0 . 0  2#5 2#3 28 . 00 

5 0 . 8  2#5  2#3  32 . 4  

8 1 . 2 2#5  2#3 34 . 50 

3 0 . 0  2#6  2#3  35 . 00 

6 0 . 8  2#6 2#3 38 . 28 

9 1 . 2  2#6  2#3  44 . 00 

TAB L E  6 . 1 5 

I N I T IAL C RACK I NG LOADS AND STRENGTHS 

I n i t i a l  
Crac k i ng 
l oad ( P i ) 

k i ps 
{ 6 )  

3 . 96 

6 . 02 

8 . 1 3  

4 . 68 

7 . 05 

8 . 64 

5 . 49 

7 . 59 

9 . 7  

p . / P  1 u 
{ 7 ) 

0 . 1 8  

0 . 24 

0 . 28 

0 . 1 7 

0 . 22 

0 . 2� 

0 . 1 6  

0 . 1 9  

0 . 22 

Actua l 
I n i t i a l  

Crack 
Strength AC I 
For R . C .  Code 

Beams fr= 7 . 5 1f� 
{ ps i ) { ps i ) 

{ 8 )  { 9 )  

835 529 

1 26 7  540 

1 7 1 5  545 

987 529 

1487 540 

1823  54 5 

1 1 58 529 

1 6 0 1  540 

2046 54 5 

% f r for 
Dev i a t i on Sma l l  

from Concrete 
AC I Beams 
Code p s i  
( 10 )  { 1 1 ) 

+57 . 8  508 

+ 1 34 . 6  6 1 0  

+214 . 7  7 1 5  

+86 . 6  508 

+ 1 7 5 . 4  6 1 0  

+234 . 5  7 1 5  

+ 1 18 . 9  508 

+ 1 96 . 5  . 6 10 

+2 7 5 . 4. 7 1 5  

% 
Dev i a t i on 

from 
AC I 
Code 
( 12 )  

- 3 . 97 

+ 13 . 00 

+ 3 1 . 00 

- 3 . 97 

+ 13 . 00 

+ 3 1 . 00 

- 3 . 97 

+ 1 3 . 00 

+ 3 1 . 00 

% 
Dev i a t i on 

( 8 )  
from { 1 1 ) 

( 1 3 )  

+64 . 4  

+ 1 07 . 7  

+ 139 . 9  

+94 . 3  

+ 14 3 . 8  

+ 1 55 . 0  

+ 128 . 0  

+ 1 62 . 5  

+ 186 . 2  

...... 
+=:o w 



% Steel 
Beam No . F i bers 

( 1 )  ( 2 )  

1 0 . 0  

4 0 . 8  

7 1 . 2  

2 0 . 0  

5 0 . 8  

8 1 . 2  

3 0 . 0  

6 0 . 8  

9 1 . 2  

TABL E 6 . 16 

MAX I MUM AND M I N IMUM C RACK S PAC I NGS AT M I DDL E SUPPORT ( NEGAT I V E  MOMENT REG I ON ) 
AT SERV I C E  LOAD ( 0 . 6  Pu ) 

Max i mum Mi n i mum Average Rel a t i ve 
Tens i on Top Steel Spac i ng Spa c i ng Spa c i ng Average 
Steel A5 Steel A� ( i nches ) ( i nches ) ( i nc hes ) S pa c i ng* 

( 3 )  (,4 )  ( 5 )  ( 6 )  ( 7 )  ( 8 )  

2#4  2#3  6 . 0  6 . 0  6 . 0  1 . 0 

2 #4 2 # 3  4 . 0  2 . 5  3 . 5  0 . 58 

2#4 2 # 3  3 . 5  2 . 0  3 . 0  0 . 50 

2 # 5  2 # 3  5 . 0  2 . 8  3 . 6  1 . 0  

2#5  2#3  3 . 5  2 . 5  2 . 7 0 .  7 5  

2#5  2#3  3 . 5  1 . 5  2 . 4  0 . 67 

2#6 2 # 3  5 . 5  2 . 0  3 . 0  1 . 0 

2#6 2 # 3  3 . 5  1 . 5  2 . 5  0 . 83 . 

2#6 2 # 3  3 . 0  1 . 0  2 . 2  0 . 7 3 

Numbe r  o f  C ra c k s  

A t  Befo re 
Serv i ce Load Fa i l u re 

( 9 )  ( 10 )  

3 4 

6 6 

7 8 

4 6 

6 10 

7 1 0  

5 7 

7 1 0  

8 1 1  

*Re l at i ve Spac i ng = average c rack spa c i ng of  beams w i th f i bers/a verage c rack s pa c i ng o f  beams wi.thout f i bers 

-Nega t i ve Moment  Reg i on i s  1 6 . 34 from each  s i de o f  cente r o f  mi ddl e s upport  ( Refer to F i gure 5 . 3 )  

- Spac i ng of cra ck s were mea sured a t  d i s ta nce 1 0 '  from eac h  s i de o f  center o f  mi ddl e s upport . 

� � � 



TABLE 6 . 1 7 

MAX IMUM AND M I N I MUM CRACK SPAC I NGS AT M I DSPAN ( POS I T I V E  MOMENT REG I ON )  
AT SERV ICE  LOAD ( 0 . 6  Pu ) 

Number  o f  Cracks  
Max i mum Mi n i mum Average Rel at i ve 

% Steel Tens i on Top Steel Spa c i ng Spac i ng Spac i ng Average At Befo re 
Beam No . F i bers Steel A5 Steel A� { i nches ) { i nches ) ( i nches ) Spac i ng* Serv i ce Load Fa i l u re 

( 1 )  ( 2 )  . ( 3 )  ( 4 )  ( 5 )  ( 6 )  ( 7 )  ( 8 )  { 9 )  { 10 )  

0 . 0  2 #4 2#3  8 . 0  5 . 0  5 . 0  1 . 0  6 8 

4 0 . 8  2 #4 2#3  3 . 0  1 . 0 2 . 5  0 . 5  7 12 

7 1 . 2  2 #4 2#3  2 . 5  0 . 8  2 . 0  0 . 4  8 10 

2 0 . 0  2#5  2#3  5 . 0  2 . 8  3 . 8  1 . 0  7 9 

5 0 . 8  2#5  2#3  4 . 5 2 . 5 2 . 8  0 . 8  7 9 

8 1 . 2  2#5  2#3  4 . 0 1 . 0 2 . 0  0 . 57 8 13  

3 0 . 0  2 #6 2#3  3 . 5  3 . 0  3 . 1 1 . 0 7 10 

6 0 . 8  2#6 2#3  4 . 5  1 . 5  2 . 8  0 . 9  9 13  

9 1 . 2  2 # 6  2#3  2 . 9 1 . 0  2 . 3 0 .  74 7 10 . 

*Rel a t i ve Spac i ng = a verage c rack s pac i ng o f  beams wi th f i bers/a verage crack spac i ng of  beams wi thout fi bers 

- Pos i t i ve moment reg i on ha s a l ength = 4 3 . 66 i nches mea sured from each end of  the beam ( Refer to F i gure 5 . 3 )  

...... 
� 
U"l 



7 . 1 Compress i ve Strength 

CHAPTER 7 

D I SCUSS I ON O F  RESULTS 
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Sta ndard s i ze concrete cyl i nders ( 6 1 1 x 1 2 1 1 ) were ca st  to 

determi ne the compress i ve s trength o f  pl a i n a nd  fi brous  conc rete � The 

percenta ges  of s teel fi bers u sed were 0 . 0 , 0 . 8  and 1 . 2 .  Tabl e 7 . 1 

s umma ri zes the compress i ve s trength res u l ts .  The percentage i ncrease 

i n  compress i ve s trength was 4 . 2  and  6 . 1 for 0 . 8  a nd 1 . 2  percentage of 

s teel fi bers respecti vel y .  It  can  be conc l uded from these res ul ts 

tha t the i ncrea se i n  compress i ve s treng th i s  no t apprec i abl e by the 

presence of s teel fi bers . S i m i l a r o bs ervat i o n s  were repo rted by 

o thers ( 2 5 , 33 , 50 , 47 , 39 )  who fou nd a n  i n s i gn i f i ca nt  i ncrea se  o r  no 

i ncrea s e  i n  compres s i ve s trength when u s i ng s teel fi bers . Neverthe

l es s , the type of fa i l u re vari es wi th  the addi ti on  of steel f i bers . 

The pl a i n concrete fa i l ed s udden l y  wi th some p i eces fa l l i ng a pa rt 

( Fi gu re 7 . 1 ) ; o n  the o ther hand , the  fa i l u re o f  fi brous  conc rete 

produced a duc ti l e  mode o f  fa i l u re where the p i eces  d i d not fa l l  a pa rt
. 

( F i g ure 7 . 2 ) 

7 . 2  Modu l u s  o f  El a s ti c i ty 

S i x s ta ndard s i ze cyl i nders were tes ted to determi ne  the 

modu l u s  of  e l a s t i c i ty of pl a i n and f i brou s co ncrete . Tab l e 7 . 2  s um

mari zes the res u l ts o f  the actua l  p l a i n and  f i brou s  modu l u s o f  
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TABLE  7 . 1 

SUMMARY OF . ACTUAL COMP RESS I V E  STRE NGTH RESULTS 

% 
Steel  F i bers 

Compres s i ve S t rength  
(P S I ) 

% I nc rea se from 
0 . 0% Steel  F i bers 

% 

Steel  

0 . 0  

0 . 8  

1 . 2  

Fi bers 
0 . 0  

0 . 8  

1 . 2  

4970 

5 180 

52 7 5  

TAB L E  7 . 2  

4 . 2 

6 . 1 

SUMMARY O F  ACTUAL MODULUS OF  ELA ST I C I TY RESULTS 

% 
Ca l cu l a ted Dev i a t i o n  % Decrease 

Actu a l  Ecx 1 06 ( p s i ) F rom From 
Ecax 1 06 ( p s i ) AC I -Code AC I - Code F rom 0 . 0% 
From Test i ng ( Eg . 6 . 1 ) ( Eg . 6 . 1 ) Steel  Fi bers 

4 . 0 4 . 1 1 - 2 . 7  
3 . 71 4 . 34 - 14 . 5  - 7 . 3  
3 . 1 5 4 . 4  - 28 . 4  - 2 1 . 3 



F i gure 7 . 1 .  Fa i l ure  of  p l a i n  concrete i n  compres s i o n .  

F i gure  7 . 2 .  Fa i l ure  of  f i brous  conc rete i n  compres s i o n .  

148 
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e l a sti c i ty o f  concrete . A dec rea s e  i n  the modu l us  o f  el a st i c i ty o f  

7 . 3 and 2 . 13 percen t wa s found when u s i ng  0 . 8  a nd 1 . 2  s teel fi bers 

percentage res pec ti vel y .  S i mi l ar o b servat i ons  were repo rted by o thers 

( 50 , 39 , 5 ) . I t can a l so be concl uded from Tab l e 7 . 2  tha t the actu a l  

modu l u s  o f  el a s t i c i ty o f  fi brous  concrete i s  con s i derab l y l es s  than  
the  one  ca l cu l a ted by the  AC I fo rmu l a  Ec = 3 3w1 · _5� ( 6 . 1 ) .  Thi s 
percen tage reduc t ion  i n  the modu l u s  o f  e l a s ti c i ty o f  fi brous  co ncre te 
cyl i nders wa s 14 . 5  a nd 28 . 4  compa red to the AC I formu l a ,  when 0 . 8  and 
1 . 2  percent s teel fi bers were u s ed . 

A s ta ti s ti ca l  ana l ys i s o f  the data wa s do ne to the modi fy the 

AC I fo rmu l a  s i nce the fo rmul a  o veres t i ma tes  the fi brous  concrete 
modul u s  of  el a s ti c i ty .  A s i mpl e regre·s s i o n  u s i ng the best fi t l i ne 
through  the ra ti o s  Eca/33w1 · 5� and  vo l ume percentage of  steel  fi bers 
wa s eval uated ( F i gure 7 . 3 ) . The AC I formul a a s  s hown by Equati on  6 . 1 
may be mod i fi ed as  fo l l ows : 

E = m 33w 1 · 5 ;rr cc  c 
where : 

m = 1 - 0 . 2  p s 
o r :  

( 7 . 1 ) 

where : 
Ecc = mo dul us  o f  el a s ti c i ty o f  fi b ro u s  concrete ( ps i ) 

The co rrel at i o n  coeffi c i ent  between • m • and  P s wa s 0 . 93 .  Th i s  s hows 
abou t 87 percen t ( r2 = 0 . 87 )  of the va ri at i on · i s  accounted fo r by the 
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1 5 1  

TABL E 7 . 3  

ACTUAL AND P RED I CTED VALUES  FOR MODULUS  O F  ELAST I C ITY 

% Un i t  Eccx 106 % 
6 Cyl i nder S teel Wei ght  f '  Ecax 10 ( PS I ) Devi a ti o n  c 

Number F i ber { PCF�  {PS I }  { PS I }  { Eg . 7 .  1 )  from Actua l 

C 1 1 0 . 0  145 . 2  4986 3 . 97 4 . 08 +2 . 8  

C 1 2  0 . 0  146 . 0  5023  4 . 02 4 . 1 3 +2 . 7  

C2 1 0 . 8  149 . 0  5 182 3 . 80 3 . 6 3 +4 . 5 

C22  0 . 8  149 . 5  5 196 3 . 62 3 . 65 +0 . 83 

C 3 1  1 . 2  1 50 . 0  5234 3 . 00 3 . 33 +1 1 . 0  

C32  1 . 2  1 50 . 5  5 305 3 . 30 3 . 3 7 +2 . 12 
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l i near rel a t i o n s h i p and an  ' F ' val ue o f  35 i n d i ca tes tha t the fi rs t 
o rder model (eq ua t ion  7 . 1 )  i s  very u s eful  fo r pred i c ti ng  the modu l u s  

o f  e l a s ti c i ty at h i g hl y  s i gn i fi ca n t  l evel ( Tab l e 0 . 1 ) . 

Actual  and predi cted val ues  u s i ng Eq ua t i on  7 . 1 are compa red 
and presented i n  Tabl e 7 . 3 . 

I t  can be seen from Eq ua ti on 7 . 1 tha t the mo du l u s  o f  e l a s ti 

c i ty i s  a func ti on o f  compres s i ve s trength ; therefo re ,  the s l i ght  

i nc rea se  i n  comp res s i ve s trength due to  the p resence o f  s teel fi bers 

can onl y i ncrea s e  the mod u l u s  of e l a s ti c i ty theoreti ca l l y  s i nce the 
add i ti on o f  s teel fi bers dec rea ses  t he actua l  mo dul us  of el a s ti c i ty .  

From the res ul ts o f  t h i s re sea rch ,  i t  i s  conc l uded tha t  
· s tra i n s i n  fi brous  co ncrete cyl i nders  we re h i g he r  than  tho se o f  pl a i n  

co ncrete a t  a g i ven s tres s  l evel ( F i g ures 6 . 3 through  6 . 8 ) . Th i s 

i nc rea s e  i n  s tra i n when s teel fi bers a re u s ed i s  fu rther evi dence of · 
the l a rge defo rma ti on  and ducti l i ty o f  f i bro u s  concrete ov er tha t o f  
t h e  pl a i n  co ncrete . 

7 . 3  Spl i t  Cyl i nder 
S i x concre te cyl i nders wi t h  percen tage o f  s tee l fi bers va ryi ng 

from 0 . 0  to 1 . 2  percen t were ca s t  and tes ted i n  i n d i rec t ten s i on 
( s p l i tt i ng tes t )  a ccord i ng to ASTM S ta n da rd s  C - 78 . 

Tabl e 6 . 3  s hows the i n i t i a l  a n d  u l t i ma te ten s i l e  s treng th 

resu l ts . I t  can be seen , at the u l t i ma te s tage ,  tha t  the percen tage  

dev i a t i o n  o f  actua l va l ues  from the AC I Code  ·fo nnu l a  fo r no rma l we i g h t  
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co nc rete ( fc t  = 6 . 7 /f� ) i ncrea ses  by 1 9 . 3  and 39 . 8  percent fo r 0 . 8  and 

1 . 2  percent s teel fi bers respec ti vel y .  Therefo re a mod i fi ed fo rmu l a  

u s i ng s ta ti s ti ca l  regress i o n ana l ys i s i s  needed to acco unt  for the 

effect of s teel fi bers . The res u l ts a l so s how tha t  the i nd i rec t ten -

s i l e  s treng th o f  fi bro u s  concrete i s  con s i dera b l y  g reater tha n tha t 

fo r the pl a i n  concrete ha v i ng  the same mi x pro po rt i o n s . Tha t a 0 . 8  

and 1 . 2  percent o f  s teel fi bers p ro du ced an  i mpro vement o f  2 7  and 5 1 

percen t was no ted . Si mi l a r o bs e rva t i o n s  were repo rted by o thers  

( 5 0 , 47 , 39 , 5 ) . 

A l i near regress i o n s ta ti s t i ca l  a na l ys i s  wa s perfo rmed fo r the 

ra ti o fc tu/ 6 . 7 /f� a nd the vari ab l e p s res ul t i ng i n  the best  fi t l i ne 

through  the da ta ( F i gu re 7 . 4 ) . I t  wa s a l so  fo und  tha t the correl ati o n  

coeffi c i en t  b_etween ( fctu/ 6 . 7 /f� ) and  ( p s ) i s  0 . 9849 ( Ta bl e 0 . 2 ) ,  

wh i ch means tha t 9 7 . 2  percen t ( r2 = 97 . 2  perc en t )  o f  the va ri at i on i s  
acco unted fo r by u s i ng the l i nea r rel a ti ons h i p wi th the va ri a bl e P s ' 

and an F va l ue o f  1 39 , wh i c h i nd i ca tes tha t the fi rs t o rder model  i s  

very usefu l  fo r pred i c ti ng the ten s i l e  s trength a t  h i g h l y s i gn i fi cant  

1 evel . 

Therefo re ,  the fi bro us  co ncre te s pl i t  cyl i nder ' s streng th can 

be ca l cu l a ted as 
( 7 . 2 )  

where : 
fcts  = ul ti ma te sp l i t  cyl i nder s treng th o f  f i brous  co ncrete ( ps i ) 

p s = % s teel fi bers 
f '  = compres s i v e  strength ( ps i ) c 
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TABL E  7 . 4  

ACTUAL AND PRED I CTED S PL I T  C Y L I NDER 1 S  STRENGTHS  

Ac tu a l  % 
Average Ca l cu l a ted Devi a ti on 

% U l ti ma te f cts  ( PS I ) From 
S teel F i bers f l 

c fc tu ( PS I ) ( Eq .  6 . 2 ) Actua l  V a l ue 

0 . 0  4970  4 5 1  4 7 2  +4 . 7  

0 . 8 5 180 475 620 +7 . 8  

1 . 2  5275  681  696 +2 . 2  
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F i g u re 7 . 5 . Fa i l u re of  p l a i n  concrete i n  i nd i rec t ten s i on .  

F i g u re 7 . 6 .  Fa i l ure  of  fi brou s  concrete i n  i nd i rec t ten s i o n . 
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A compari son o f  the pred i c ted va l ues u s i ng Equati on  7 . 2  co u l d 

be made wi th the meas ured va l ues u s i ng the s pl i t  tests  for the con

cretes  u sed i n  th i s  research ( Tabl e 7 . 4 ) . 

I t  was found duri ng  the testi ng  tha t the fa i l u re o f  the pl a i n  

concrete cyl i nde r wa s sudden . They fa i l ed w i th a s i ng l e c rack  ( Fi g ure 

7 . 5 ) ; on  the o ther hand , fi brou s  concrete cyl i �ders _ d i d  no t fa i l  wi th  

a s i ng l e crac k :  they had two s tages a f i rst c rack  and  a ducti l e  

co l l a pse  ( Fi gure 7 . 6 ) . 

7 . 4  Modu l u s  o f  Rupture 

S i x 6 1 1 x 6 1 1 x 24 1 1 conc rete beams ha v i ng a fi ber con tent 

varyi n g  from 0 . 0 to 1 . 2  percen t were ca s t  and  tes ted i n  fl exure i n  a 

two po i n t l oad i ng  and wi th a c l ea r s pa n  o f  18 1 1  i n  a tes ti ng mach i ne 

accord i ng  to ASTM Standards C- 78 . 

I t  was obs erved duri ng  tes t i ng tha t  the fa i l ure of beams wi th

ou t fi bers wa s s udden wi th a s i ngl e c rac k ,  wh i ch i s  cha racteri s t i c  of 
bri ttl e ma teri a l s .. ( Fi gure 7 . 7 ) . The fa i l u re of fi brous  concrete beams 
wen t  through two s tages ; a fi rs t c ra c k  s ta ge fo l l owed by a ducti l e  
col l a pse  ( Fi gu re 7 . 8 ) . The fi rs t c rac k s tage  wa s c l earl y noti ced when 
a fi rst crack  appeared and the l oa d  dro p ped a certa i n  amo u n t .  The re
fo re the l oad  pri or  to th i s drop i nd i ca ted the fi rst  c rack  strength or 
an i n i ti a l modu l us  of rupture ( fri ) . After the fo rmati on of  fi rst  

. crac k ,  the beams were ab l e  to w i ths tand  an  i nc rease  i n  l oad up  to  a 
fa i l u re ,  thus  res u l t i ng i n  u l ti ma te modu l u s · o f  ruptu re fru · 



F i g u re 7 . 7 .  Fa i l ure of p l a i n  conc rete i n  f l exure . 

F i g u re 7 . 8 .  Fa i l ure  of fi brous  conc rete i n  f l ex ure . 
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Tes t  res ul ts of  bo th i n i t i a l and  u l t i ma te modul us  of  rupture 
a re s hown i n  Tab l e 6 . 4 .  I t  can be s een tha t both the i n i ti a l and 

u l t i ma te modu l u s  o f  rupture i nc rea s e  w i th i ncrea s e  i n  fi ber con tent .  

Fo r a fi ber content o f  0 . 8 percent these va l ues were 2 0  and  5 2  percent  

h i gher tha n  those  for the pl a i n concrete res pect i ve l y ,  and fo r a fi ber 
co ntent o f  1 . 2  percent these va l ues  were 4 1  and 75  percent h i g her tha n 

those o f  pl a i n  concrete beams . 

Actua l tes t  res u l ts  were compa red w i th  AC I Co de formu l a  fr = 

7 . 5� for norma l wei ght  concrete . The percenta ge dev i at ion  ranged 

from - 3 . 97 to 3 1 . 0  percent . Fo r the i n i ti a l mo du l us of  ru pture and  
the  u l t i ma te modu l u s  of  ruptu re , the  percentage dev i a ti on ranges from 
- 3 . 97 to 63  percent . Th i s noti ceab l e dev i a ti on suggests  tha t the AC I 

Code fo rmu l a  shou l d be mod i fi ed to a ccou n t  fo r the i nc l u s i on o f  s teel 

fi bers . 
A regress i on ana l ys i s wa s performed s epa ra te l y  fo r bo th rati o s  

fr i / 7 . 5� and fru/ 7 . 5� a n d  the vo l ume o f  percentage o f  s teel 
fi be rs . 

whe re : 

a )  I n i t i a l  modu l us  o f  ruptu re can  be mod i fi ed as : 
frs i = ( 7 . 5 + 2 . 1  p s ) � 

frs i = fi rst modul us  o f  ruptu re ( p s i ) 
p s = percentage o f  s teel fi bers  by vol ume 
f •  = compre s s i ve streng th ( p s i ) c 

( 7 . 3 )  

Eq uati on 7 . 3  i nd i ca ted an  i n tercept  o f  7 . 5  and a s l ope of 2 . 1 
wi th  a good co rrel a t i o n  ( co rrel ati on  coeffi c i ent  of  0 . 93 )  between the 
i n i ti a l modul u s  of ru ptu re and the s teel  f i ber  con ten t  ( Tab l e  0 . 3 ) . 
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b )  U l ti ma te modu l us  o f  rup�ure can  be mod i fi ed to : 
frs u = ( 7 . 5  + 4 . 2  p s ) � ( 7 . 4 )  

where : 

frsu  = u l t i ma te mo du l us o f  ruptu re ( ps i ) 

P s = % s teel fi bers 

f '  = compres s i ve s trength ( p s i ) c 
Eq uat i o n  7 . 4 i nd i cates an  i ntercept  o f  7 . 5  and a s l ope o f  4 . 2  

wi th  a goo d co rrel at i on ( corre l at i on  coeffi c i en t  o f  0 . 97 )  between the 
u l t i ma te modu l us  of ru pture and f i ber  co n tent  ( Tab l e 0 . 4 ) . 

Therefo re ,  the modu l us o f  rupture a t  fi rst crack  and u l t i mate 
mo du l s o f  rupture i ncreased l i nea rl y w i th  the vol ume percen tage o f  
s teel  fi bers up  to 1 . 2  percen t .  S i m i l a r o bs e rvat i ons  we re obta i ned by 
Mu sa ( 39 ) , Sahebj am ( 50 ) , Aj i na ( 5 ) , and  Swamy ( 58 ) . 

F i gu res 7 .  9 and  7 . 1 0  s how the trends of fi rs t and u l ti ma te· 

modu l us  o f  rupture a s  the percentage of  s teel fi bers vari es between 
0 . 0  to 1 . 2  percen t . 

Compa ri son s between pred i cted  va  1 ues  u s i ng Eq ua ti ons  7 .  3 and 
7 . 4  and obs erved va l ues of both i n i ti a l and  u l t i ma te modu l us  o·f 
ru pture a re presen ted i n  Tab l e 7 . 5 .  

7 . 5  Loa d Carryi ng Capaci ty of  Beams 
7 . 5 . 1 Y i e l d  and U l t i mate Loads  

A compa rati ve s tudy o f  theoret i ca l  and o bs e rved va l ues regard
i ng· l oads  and momen ts o f  yi e l d and  u l t i ma te s tages  can be made from 
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TABL E 7 . 5  

ACTUAL AND PRED I CTED I N I T IAL AND U L T I MATE MODULUS  OF  RUPTUR E  STRENGTHS 

Actua l  % Ac tua l  
Ave rage Ca l cu l a ted Dev i a ti on Average Cal c u l a ted 

% f •  c I n i t i a l  frs i ( PS I ) From U l ti ma te frsu  ( PS I ) 
Steel Fi bers ( PS I ) f ri ( PS I ) ( Eq .  7 . 3 )  Actua l f ru ( PS I ) ( Eq .  7 .  4 )  

0 . 0  4970  508 529  +4 . 1 0 508 529 

0 . 8  5 180 6 10 66 1 +8 . 4  7 70 782 

1 . 2  52 7 5 7 1 5 728 + 1 . 8  890 9 1 1  

% 
Dev i a ti on 

From 
Actua l 

+4 . 10 

+ 1 . 6  

+2 . 4 

� 
0'\ w 
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Tab 1 es 6 .  5 and 6 .  6 .  By exami n i ng Ta b 1 e 6 .  5 ,  the fo 1 1  owi ng becomes 

appa ren t : 
Ex peri menta l  y i el d and u l ti ma te l oads  are l arger tha n theo 

reti ca l  o n e s  ( co l umn s 1 1  a n d  1 2 ) .  

Fu l l moment red i s tri b uti on occu rred i n  a l l cases s i nce a l l the 

beams reac hed thei r u l ti mate l oads , P ' / P > 1  ( co l umn 1_ 2 ) . u u 
The yi el d and u l ti ma te l oads a re found to be h i g her wi th the 

addi t i o n  of h i gher percen tages of s teel fi bers . Th i s  s hows the 

advan tage of fi ber re i nfo rced concre te vers u s  no n- fi ber re i nfo rced 

concre te i n  obta i n i ng h i gher l oad  carryi ng  capa c i ty .  

The h i ghes t percentages o f  i nc reas e  i n  yi e 1 d and u 1 t i rna te 

l oads  we re obta i ned i n  beams re i nfo rced wi th 2 #4 ten s i l e  re i nforcemen t  

a n d  2#3  top s teel , a n d  t h e  l owes t  percen tages  o f  i ncrea se were obta i n

ed i n  beams re i n forced wi th 2#6 tens i l e  re i n fo rcement and 2#3  top 
steel . Th i s  s hows tha t the addi ti on o f  s teel fi be rs i s  mo st  effect i ve 
i n  obta i n i ng h i gher 1 oads when 1 ess  ten s i 1 e re i nforcement i s  u sed . 

Si mi l a r concl u s i o n s  were reported by Sahebj am ( 50 ) , who concl uded tha t 

the s teel fi bers are mo s t  effecti ve when the percen tage of  ma i n  

rei n fo rcement  i s  l es s  tha n 1 .  

7 . 5 . 2  Load Redi s tri buti on Factor  ( r) 

The redi s tri buti on factor ( r ) i s  defi ned as  the ra ti o of  
u l ti ma te to  yi el d l oad . The  va l ues o f  the  experi menta l di str i buti o n  
fac to r are s ummari zed i n  Ta bl e 7 . 6 .  From exami n i ng Tabl e 7 . 6  the 

fo l l owi n g  become apparen t :  



The l oad red i s tri buti on fac to r  ( r )  i s  i ncrea sed wi th 

the use of s teel fi bers . 

1 6 5 

The l o ad red i s tri but i on fac to r ( r )  ranged from 1 . 1 7 to 1 . 28 

for p l a i n  co nc rete beams and 1 . 25 to 1 . 39 for f i brous  concrete beams . 
The h i ghes t l oad  red i s tri buti on fac to rs were o b ta i ned i n  beams · re i n
forced wi th the 1 east  rei nforc i ng rat i o ( F i gu re 7 . 1 1 ) . Thi s wou l d  
mean tha t a grea ter duc ti l i ty and  g rea ter reserve ca paci ty i s  expected 
i n  tho s e  beams . 

Sah ebj am ( 50 )  used beams o f  s i m i l ar des i gn ,  wi thout  compres
s i on s teel , and reported sma l l er v a l ues o f  l oad red i s tri buti o n  
fac to rs . They vari ed from 1 . 08 to 1 . 33 fo r p l a i n co ncrete and 1 . 02 to 
1 . 2 .  Th i s wou l d pro ve the s uperi o ri ty o f  beams wi th compres s i on steel 
i n  g rea ter reserve defo rma ti on  capa c i ty befo re fa i l u re o ver beams  

wi tho u t  compress i on s teel . The  AC I Co de ( s ect i on  8 . 4 . 3 )  req u i res tha t 
the redi stri buti on o f  momen ts be permi t ted on l y  i f  stri ct  l i mi ts  are 

p l aced on the net of  tens i on re i n fo rcement  used at  the cr i ti ca l  
s ect i on ; i t  req u i res p -�  < 0 . 5  p b .  

7 . 6  Rotati ons  
The  theo reti ca l va l ues  o f  the req u i red and a va i l aal e p l a st i c 

rota ti on were cal cu l ated fo r eac h beam tes ted and presented i n  col umns  

1 1  and 13  of  Tab l e 6 . 7 .  Whether s uch  rota t i ons  wi l l  be deve l o ped o r  

no t i s  dependent  o n  s uc h  i mpo rtan t  fac to rs a s : ten s i on rei nforcement  

ra ti o ( 50 , 1 9 ) ,  compres s i on rei nfo rceme n t  r� ti o ( 1 2 , 24 , 1 5 ) , confi nement  
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TABL E  7 . 6  

LOAD RED I STR I BUT I ON FACTOR 

% Steel  Ma i n  Steel Top Steel 
Beam No . F i bers As A '  s r '  = p ' / p ' 

u y 

1 0 . 0  2 #4 2#3  1 . 28 

4 0 . 8  2#4 2#3  1 .  36 . 

7 1 . 2  2#4 2#3 1 . 39 

2 0 . 0  2#5  2#3  1 . 1 7 

5 0 . 8  2#5 2#3 1 . 2 5 

8 1 . 2  2#5  2#3  1 . 27 

3 0 . 0  2#6 2 # 3  1 . 2 5 

6 0 . 8  2#6 2# 3 1 . 2 7 

9 1 . 2  2#6 2#3 1 . 29 



'>
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o f  concrete by l atera l rei nfo rcemen t ( 40 ) , yi e l d s treng th of  the ma i n  

s teel ( 50 , 28 ) , l ength o ver wh i c h pl a s ti c i ty o r  · yi el d ta kes pl a c e  
( 50 , 28 ) , ducti l i ty i ndex ( 50 , 28 ) , and  c u rvature di stri b ut ion  factor 

·, 

( 50 , 28 ) . Therefo re the o bj ec t  o f  th i s  secti on  i s  to s tudy some 

fac to rs a ffecti ng the ro ta ti on capac i ty o f  rei nfo rced concrete pl a s t i c 

h i nges , pa rti cu l arl y the effect o f  bo th s teel fi bers ( p s ) ,  re i nfo rce
ments i n  the compress i on zone o f  p l a s t i c i ty and  ma i n  rei nforcements on  

the l ength o f  p l ast i c h i nges ( H L ) '  the curvature d i stri buti o n  facto r 

(S ) ,  a nd p l a s ti c rotati ons  and the ducti l i ty o f  rei nfo rced conti n uo u s  
beams . 

The wel l - known SAS ( S ta t i s ti ca l  Ana l ys i s Sys tem ) wi l l be 
u ti l i zed to anal yze the col l ected data from  actual  tes ti ng to eva l ua te 

the a ffec t of the preced i n g factors . 

7 . 6 . 1 Pl a s ti c H i nge ( HL ) 

The l engths o f  pl a s ti c h i nges  deduced from tes ts were mea s u red 
to the nea rest  one hal f i nch and the res u l ts are shown i n  Tab l e 6 . 9 .  

Predi c ted l ocati ons  o f  h i nges i n  a l l the  beams were fou nd to agree 
wel l wi th the observed l ocati ons . The fi r s t  h i nge fo rmed at the 
mi ddl e s uppo rt ( F i gu re 7 . 1 2 ) , fol l owed by the fo rma ti o n  of a second  
hi nge i n  the  s pan ( under concen trated l oad ) F i g u re 7 . 1 3 . 

I t  can be seen from Tab l e 6 .  9 tha t the 1 engths  of pl a s t i c 
. h i nges vari ed  from 6 to 9 . 5  i n .  Ra t i o s  o f  HL/ d  va ri ed from 0 . 92 to 

1 . 04 for p l a i n  re i nfo rced concrete beams , wh i l e  fo r fi brou s rei n fo rced 

concrete they vari ed from 1 . 1 5 to 1 . 52 .  
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The s tepw i se  max i mum R2 i mp ro vement ( MAXR ) techn i qu e  was 

perfo rmed on  the experi men tal  va l ues  o f  HL/ d and the fo l l owi ng i n

dependent vari ab l es were i nc l uded : 
x1 = fi ber content i n  percent ( p s ) between 0 . 0  and 1 . 2  perce n t  

x2 = mai n  steel percentage ( p ) 

x3 = a dunmy vari  a b  1 e to exp 1 a i n  the effect o f  compress·i on  

s teel (0  fo r beams re i nfo rced w i th  2#4 and 2# 5 ma i n  bars , 

1 fo r beams rei nfo rced wi th 2 #6 mai n ba rs ) 

x4 = x1x2 = to expl a i n  whether the mai n s teel percentage 

i nteracts  w i th f i ber conten t ,  i . e . ,  whether the 

ma i n  s teel  percen tage  shou l d not be recommended 
wi tho u t  s pec i fyi ng the f i ber con tent ( p p 5 ) 

x5 = x1x3 = shows  whether there i s  a d i fference between beams 

tha t ha ve compres s i on s teel i n  the y i el d range and 

beams tha t have compress i on s teel  i n  the el a s t i c 
range a t  vari o u s  s teel  fi ber content rega rd l ess  o f  

_ the ma i n  s teel rat i o 
The MAXR method tri es to fi nd  the best one vari ab l e model  

produc i n g the hi ghes t R2 , the bes t two vari ab l e  model , and s o  fo rth . 
I n  o rder to sel ect the bes t  regre s s i on mo de l , the fo l l owi ng F tes t  
stati s ti c ( 38 )  wa s adopted fo r th i s p u rpose . 

F = [ ( SS E1 - S S E2 ) / ( k-g ) ]/ [ SS E2/ n- { k+l ) ] 

.where : 
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F = F s tat i s ti c to be compa red w i th some cri ti ca l  val u e , F 

SSE 1 = sum o f  squared erro rs fo r the reduced mo del 
SSE2 = s um o f  squared erro rs fo r the  compl ete model 
k g = number  o f  va ri ab l e s  be i ng tes ted 

k + 1 = number  of var i a bl e s  i n  t he compl ete model  i nc l udi ng 

the i n tercept  

n = sampl e s i ze 

v1 = k g = degrees o f  freedom fo r the numera to r 

v2 = N ( k  + 1 )  = degrees o f  freedom fo r the denomi nator 

The above tes t  wi 1 1  tes t whether  the  camp 1 ete mode 1 pro v i  des  

better pred i ct i ons  o f  Y than the reducedmo del . 

I n  th i s res earch , i t  wa s fo und  tha t  HL can  be  ex pres sed i n  the 
fo l l owi ng fo rm : 

H L = A . d  

where : 

A =  F ( x1 , x 2 , x3 ) 

By conducti ng the F tes t  s evera l t i mes , a regre s s i on model wa s 
f i n a l l y  devel o ped fo r pl a s t i c h i nge  l eng th , a nd the bes t  wa s dec i ded 
to be an  i n terac ti on model wi th  ( F  = 1 56 )  ( Tab l e D- 5 ) . Therefo re : 

A = 0 . 98 + 18 p p s 
HL = ( 0 . 98 + 0 . 18 p p s ) d ( 7 . 5 )  

I t  can be noti ced tha t the  ma i n  s teel percen tage i n teracts 
· wi th the s teel fi ber  con ten t .  I n  o ther  wo rds , a s  the percent o f  s tee l 
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fi bers i nc rea s es , the effect o f  t h e  percentage o f  the ma i n  s teel o n  HL 
becomes prono unced ; therefo re ,  o ne s ho u l d recommend the percent o f  

s teel fi bers when s peci fyi ng t h e  percen t o f  ma i n  s teel . Thi s i nter

acti on i s  h i gh l y  s i gn i fi cant at a = 0 . 05 .  
The abo ve conc l u s i on i s  i n  a g reement wi th  Sahebj am ( 50 ) . 

Tab l e · 7 .  7 compares the observed and  predi c ted va l ues o f  HL u s i ng 

Eq uati on ( 7 .  6 )  . 

7 . 6 . 2  Cu rvature D i s tri buti on Factor ( S ) 

Accept i ng an a verage con s ta n t  va l ue o f  the curvature a l o ng the 
pl a s ti c h i nge , the ro ta t i o n  capa c i ty may be ded uced a s : 

e pc = S ( �u- �y ) HL = S�pH L 
In th i s  i nves ti ga ti on experi mental  va l ues � p ' HL and e pc we re a l l 
mea s ured for each beam and the res u l ts a re s hown i n  Tabl e 6 . 9 . The 
actua l  curva ture d i s tr i but ion  factor s wa s then ca l cu l ated as fo l l ows : 

S = e pc/ ( �u - �y ) HL ( co l umn 9 o f  Ta b l e  6 . 1 0 ) . 
I t  was no ted from Tab 1 e 6 .  1 0  that va  1 ues fo r the curva ture 

di s tri bu ti on  fac tor  range from 0 . 24 to 0 . 4 5 .  I t  i s  a l so apparent tha t 
va l ues o f  s fo r fi bro u s  re i nfo rced con c rete beams are l es s  tha n the 
val ues fo r pl a i n  rei nfo rced concre te beams . A s i mi l ar o bservat i on  wa s 
reported by N .  Hassoun  and K . J .  Saheb j am ( 28 ) . The actua l  c u rva tu re 
d i s tri but i on a l ong  the pl a st i c h i n ge fo r each beam i s  p l otted acco rd

. · i ng to res u l ts i n  Tab l e 6 . 9  as s hown i n  F i g u re ( 7 . 14 ) . The factor s 

represents  the rati o o f  the a rea under  ea�h c u rve to the a rea of  the 
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TAB L E  7 . 7  

ACTUAL AND P RED I CTED  PLAST I C  H I NG E  LENGTH 

% Steel  Ten s i on To p 
Beam F i bers S teel Steel Mea s u red Ca l cu l a ted Dev i ati o n  

No . P s As A I 
s HL ( i n ) HL ( i n ) % 

1 0 . 0  2#4 2#3  6 . 0  6 . 3  +5 

4 0 . 8 2#4 2#3  7 . 5  7 . 5  0 

7 1 . 2  2#4 2#3  8 . 0 8 . 0 0 

2 0 . 0  2#5  2#3 6 . 0  6 . 2  +3 

5 0 . 8 2#5  2#3 8 . 0 7 . 9  - 1 

8 1 . 2  2#5  2#3  9 . 0  8 . 8  - 2  

3 0 . 0  2#6 2#3  6 . 5  6 . 1 -6 

6 0 . 8  2#6 2#3 9 . 0  8 . 6  -4  

9 1 . 2  2#6 2#3 9 . 5  9 . 9  +4 
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I t  wa s s ugges ted from th i s  res ea rch  tha t  the curva ture d i s tr i -

buti on fac to r  fo r p l a i n  rei n fo rced concrete wou l d ha ve a n  average  

va l ue of  0 . 44 .  Therefo re the S factor can be wr i tten a s  s = a S  . 0 

where : 

S0 = curvatu re d i s tri but i o n  factor fo r p l a i n  rei n fo rced 

concrete 

Aga i n ,  the stepwi se max i mum R2 i mpro vement  ( MAXR ) techn i q ue  

wa s performed fo r the  ra t i o  m ,  s evera l  model s were obta i ned by 

conduct i ng  the F test  severa l  t imes , a nd  the best  was dec i d ed to be a 

two va ri ab l e model wi th F = 1 1 5  ( Tab l e 0 . 6 ) . 

Therefore , the ma gni tude o f  s can  be eva l u ated from the 

fo l l owi ng  express i on . 

where : 

a = 1 -. 0 .  1 7 1  x4 + 0 .  1 06 x 5 

x4 and  x5 are defi ned i n  s ect i o n  7 . 6 . 1 .  

S = a S0 = 0 . 44a 

or s = 0 . 44 - 0 . 07 5  x1 x2 + 0 . 047  x 1 x3 ( 7 . 6 )  

I t  can  be no ti ced tha t the s teel f i ber content a ppears i n  eac h  

i n tera c t i o n  beam . I n  o ther wo rds , t h e  effec t o f  t h e  percentage o f  

ma i n  s teel o r  the effect o f  compres s i on s tee l becomes pro no unced o n l y  

i n  the presence o f  steel fi bers ; therefo re s u bst i tuti ng  0 for beams 

re i nfo rced wi th 2#4 and 2#5 ma i n  s teel  a nd 1 for beams rei nforced wi th  

2#6  Eq uati o n  ( 7 . 6 )  becomes : 

s = 0 . 44 - 0 . 075  p p  fo r beams re i nfo rced wi th 2 #4 and  2#5 s 

s = 0 . 44 - 0 . 075  p p s + 0 . 047  p s fo r beams re i n fo rced wi th 2#6  
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Sahebj am ( 5Q }  s ugges ted a 13 v a l ue o f  0 . 56 fo r no rma l we i g ht  

concrete wi tho u t  s teel fi bers . I n  th i s  resea rch a 27  percen t reduc

t i on  i n  ' 13 ' occurs when s teel ba rs a re p ro v i ded i n  the compres s i o n  

s i de o f  fl exura l members . Chan  ( 16 )  repo rted a 34 percent reduc ti o n  

i n  • 13 • occ u rs when secondary rei n fo rcemen t was u sed i n  concrete a s  ha s 

been concl uded i n  th i s researc h .  The v a l ue  o f  13 for non ... f i bro u s  

rei nfo rced concrete f l  exura 1 members tha t  were recorrmended by o ther  

resea rchers are s hown i n  Tab l e 7 . 8 .  

I t  i s  wo rth not i n g  tha t the reducti on  o f  c urva ture d i s tri b u 

t i on  facto r (s) o f  fi brou s  concrete doe s  no t i mpl y that the rota ti o n  

capa c i ty o f  fi brous  concrete i s  l ower tha n  t ha t  o f  p l a i n  concrete . I t  

i s  apparen t from Tab l e 6 . 8 tha t the p l a s t i·c ro tati on  o f  fi bro u s  

concrete i s  s ubs tanti a l l y  h i g her  t h a n  tha t o f  p l a i n concrete . Th i s 

conc l u s i on i s  found  to agree wel l wi th Sa hebj am 1 S  ( 50 )  o bs ervat i on . 

Tab l e 7 . 9  compa res the actua l  a n d  p redi c ted curva ture d i str i 

buti on  facto rs u s i ng Eq uati o n  ( 7 . 6 } .  

7 . 6 . 3  Duct i l i ty I ndex 

The ducti l i ty i ndex ( � )  of any c ro s s  secti o n  i s  the ra ti o o f  

u l ti ma te c u rva tu re ¢ u to the y i el d c u rvature ¢y · I t  i s  a mea s ure o f  

the ducti l i ty o f  materi a l  i n  fl exu re .  I n  o ther wo rds , i t  denotes the 

ro ta ti on  capab i l i ty of the cro s s  sect i o n . A l a rge  val ue o f  ducti l i ty 

· i ndex i nd i cates a grea ter capa c i ty to s u s ta i n fu rther i ncrea ses i n  

curvatu re , and  a l ower va l ue , the l a c k  o f  i t . 
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TABL E  7 . 8  

COMPAR I SON O F  S VAL U ES 

Refe rence s 

C ha n  ( 1 6 )  0 . 2  

Chan  ( 16 )  0 . 35 

Kau s h i k e t  a l  ( 32 )  0 . 22 - 0 . 81 
Co hn  and Petcu  ( 19 )  0 . 34 - 0 . 97 
Au tho rs ( 8 )  Recommended Va l ue 0 . 5 
Ha s soun  and Sahej am ( 28 ) 0 . 56 
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TAB LE  7 . 9  

ACTUAL AND PRED I CTED  ' S ' VAL U ES 

Ten s i on  Top % Dev i a ti o n  
Beam % Steel Steel Steel  Actua l  Pred i cted From Actua l 
No . F i bers As A '  s s s Val ue 

1 0 . 0  2#4 2#3  0 . 4 5 0 . 44 - 2 

4 0 . 8 2#4 2#3 0 . 39 0 . 37 - 5 

7 1 . 2  2#4 2#3  0 . 32 0 . 33 +3  

2 0 . 0  2#5  2#3  0 . 44 0 . 44 0 

5 0 . 8  2#5  2#3 0 . 33 0 . 3 2 - 3 

8 1 . 2 2#5  2#3 0 . 26 0 . 2 7 +4 

3 0 . 0  2#6 2 #3  0 . 42 0 . 44 +5  

6 0 . 8  2#6 2#3 0 . 3 1 0 . 31 0 

9 1 . 2  2#6 2#3  0 . 24 0 . 24 0 
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The ducti l i ty i ndex for ea c h  tested beam wa s ca l cul a ted and 

p resented i n  Tab l e 7 . 1 0 .  From a n  exami n at i on o f  Ta bl e 7 . 10 ,  the 

fo l l ow i ng  became appa rent :  

The ducti  1 i ty i ndex o f  beams wi th  s tee 1 fi bers i s  

h i gher than o f  tha t of  p l a i n concrete , b u t  wi th s teel 

f i bers the ducti l i ty i ndex i ncreases  wi th  the i ncrea se 

of percentages of s teel fi bers . 

H i gher ducti l i ty i ndex deno tes h i g her  pl ast i c ro tati o n  

capa b i l i ty .  

Th i s i s  true , s i nce beams re i nfo rced wi th 2#4 ma i n  steel ha ve 

the h i g hes t ro tati on  capac i ty .  

A stepwi se ( MAXR ) techn i que  wa s perfo rmed o n  actua l  va l ues  o f  

duc ti l i ty i ndex a s  fo l l ows : 

where : 

11 1 = Y ll  

11 = the ra ti o of u l ti ma te to y i e l d curvature fo r p l a i n  

concrete ( an a verage va l ue  o f  5 . 8  wa s u sed ) 

� ·  = ducti l i ty i ndex o f  f i bro u s  concrete 

The ra ti o y wa s en tered wi th  s evera l i ndependen t vari a b l es ( x1 , x2 , 

x 3 ) thro ug h  regres s i on model . By u s i ng  the F tes t  s tat i st i c the best  

model wa s fo und , wi th the three var i a b l es wi th an  F va l ue = 46 and 

coeffi c i en t  o f  determi nati on  ( R2 ) = 9 7  percent ( Tab l e D .  7 ) . There-

. fo re , the fo l l owi ng expres s i o n  wa s u s ed to eva l uate the ducti l i ty 

i' ndex : 
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TAB L E  7 . 1 0 

DUCT I L I TY I ND EX 

% cl>y X 10- 4 cpu x 10"" 4 
Beam Steel S teel Steel 

No . F i bers (As ) ( A I ) 
s ( Ra d i a n ) ( Rad i an ) 1.1 = ct>u l ct>y 

1 0 . 0 2#4 2#3 10 . 2  7 1 � 2  7 

4 0 . 8  2#4 2#3  1 0 . 0  4 1 1 . 0  4 1  

7 1 . 2  2#4 2#3  14 . 3  645 . 0  4 5  

2 0 . 0  2#5  2#3  1 5 . 3  6 1 . 3  4 

5 0 . 8  2# 5 2#3  1 1 . 8  2 1 1 . 8  18 

8 1 . 2  2# 5 2#3 1 3 . 5  338 . 0  2 5  

3 0 . 0  2#6 2#3 9 . 0  59 . 1  6 . 6  

6 0 . 8  2#6 2#3 1 0 . 8  2 7 1 . 0  2 5  

9 1 . 2  2#6 2#3 1 1 . 8  378 . 0  32 
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� · = 1 . 1 2 + 1 1 . 7 5 x 1 - 4 . 76 x 1x2 + 1 . 14 x 1x3 ( 7 . 7 )  

I t  was found tha t  s teel fi bers had a h i gh l y s i gn i fi cant  i mpact  

o n  the  ducti l i ty i ndex . Al so t he i mportance o f  s teel fi bers became 

evi den t s i nce i t  a ppea red i n  eac h  i nteract i o n  term . Therefore the 

p resence o f  s teel fi ber� enhances  the duct i l i ty .  Therefore ,  s ubst i tu 

ti ng fo r x1 , x2 , x3 a s  they a re defi ned i n  Sect i_on 7 .  6 .  2 . , · Eq uat i on  

( 7 . 7 )  becomes : 

� · = 1 . 1 2 + 1 1 . 7 5 P s - 4 . 76 P P s fo r beams re i nforced wi th 2 #4 

and  2# 5 ba rs 

� ·  = 1 . 1 2 + 1 1 . 7 5 p s - 4 . 76 + 1 . 14 P s 

= 1 . 1 2 + 12 . 89 p s - 4 . 76 p p s fo r beams re i nfo rced wi th 2 #6 

ba rs 

Burn ( 12 )  conc l ude9 tha t t he u s e  o f  compres s i o n  s teel i n 

c reased the ducti l i ty o f  t he beams a s  compa red wi th  beams wi thout  

compre s s i on  steel . S i mi l a r observat i o n s  were repo rted by o thers ( 52 ) .  

Sa hebj am ( 50 )  found tha t ducti l i ty i ndex va l ues fo r beam re i n fo rced 

wi th  ten s i on re i nfo rcement o n l y var i ed  between 3 and 36 . I n  th i s  

resea rch on  s i mi l a r beams but wi th s teel  rei nforcement i n  the compres

s i ve s i de ,  the duc ti l i ty i ndex va l ues  v ari ed from 4 to 4 5 .  Th i s  

conc l u s i on s uppo rts observ a t i o n s i n  va r i o u s  references ( 1 5 , 52 ) .  Tab l e 

7 . 1 1  compa res the actua l  a n d  pred i cted  duct i l i ty i ndex u s i ng Eq ua ti on 

( 7 . 7 ) .  
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TABLE  7 . 1 1  

ACTUAL AND PRED I CTED DUCT I L ITY I NDEX 

Pred i cted 
% Steel Actual  � U s i ng  % Dev i a ti on  

Beam No . Fi bers � Eq . 7 .  7 F rom Actua l  

1 0 . 0  7 6 . 6  -6 

4 0 . 8 4 1  3 5 . 0  - 1 5  

7 1 . 2  4 5  49 . 0  +8 

2 0 . 0  4 6 . 6  +65 

5 0 . 8  18  18 . 6  +3  

8 1 . 2  2 5  24 . 7  - 1 

3 0 . 0  6 . 6  6 . 6  0 

6 0 . 8  2 5  24 . 0  -4 

9 1 . 2  32 3 2 . 7  +2 
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7 . 6 . 4 P l a st i c Ro tat i on  Capac i ty ( epc ) 

The rota ti on capac i ty o f  eac h  tes ted beam i s  presented i n  

co l umn 1 3  o f  Tab l e 6 . 7 .  S tudy o f  Tab l e 6 . 7 i nd i cates the fo l l owi ng : 

The pl a st i c rotati on  capac i ty o f  beam wi th f ibers i s  con

s i derab l y h i gher tha n  t�at of con c rete wi tho ut  fi bers . 

The pl a s ti c rota ti o n s  become l a rger , . the. grea ter the s teel 

fi ber percenta ge . 

The h i ghe st  p l a s t i c rota ti on s  were i n  beams re i nfo rced wi th 

the l ea s t  rei n fo rcement ( Beams # 1 , #4 , # 7 ) .  

I t  may be i nteres ti ng to no te tha t the p l a s t i c rotat i o n  of  

beams re i nfo rced wi th 2#6  ma i n  s teel i s  h i g her tha n  tha t of  beams 

rei n fo rced wi th 2#5  ma i n  s teel ; th i s cou l d be a ttri bu ted to the fac t  

that the top ba rs ( 2 #3 ) reached  the yi el d range i n  beams rei nfo rced 

w i th 2#6 . 

I n  order to s tudy facto r s  a ffecti ng  the p l a s ti c  rota ti on a 

s ta ti s t i ca l  ana l ys i s was performed . A MAXR  tec hn i q ue  wa s ado pted and 

several  model s were obta i ned .  After repeat i ng the F tes t  s ta ti st i c ,  a 

three va ri a bl e model wi th F = 287 a nd  coeffi c i ent  o f  determi nati o n  R2 

= 0 . 99 was cho sen ( Tab l e 0 . 8 ) . Eq uat i on  ( 7 . 8 )  can  be used to est i ma te 

the pl a s t i c ro ta ti on of  fi brou s  co ncrete : 

( 7 . 8 ) 

where : 

x1 , x2 and  x3 a re defi ned i n  s ec t i on  7 . 6 . 2 .  

Therefo re 
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e ps  = 150 + 2450 P s - 1 0 10  P Ps for beams rei nforced wi th 2#4 

and 2#5  

e ps  = 1 50 + 2450  P s - 1 0 1 0  P P s + 1 020 p s 

= 1 50 + 3470 p s 10 10  P P s fo r beams rei nforced wi th 2#6 . 

I t  wa s found tha t the s teel fi be r percentage i s  a h i g h l y 

s i gn i fi cant  factor  i n  i nc rea s i ng  the  p l a s ti c  .rotati on of  pl a i n 

conc rete . I t  i s  a l so c l ear  tha t the s teel fi bers .appea r i n  eac h  

i nte racti o n  tenn .  Thi s s hows how muc h  t he  steel fi bers i n  t he  pre

s ence of o ther rei nforcement a ffec t the p l a s t i c rota ti o n . 

Tab le  7 . 1 2 compa res the a ctua l  and  pred i cted p l a st i c ro ta ti o n  

u s i ng Equat i on ( 7 . 8 ) . 

Tests  repo rted by Sa hebj am ( 50 )  ha ve s hown tha t  the p l a s t i c 

rota ti on  o f  s i mi l a r beams rei n fo rced w i th ma i n  s teel , but wi thout  any 

rei nfo rcement on  the compres s i ve s i de a t  the cr i t i ca l  sect i on , var i ed 

from 78 to 6 16 x 10
-4 rad i ans . However , i n  th i s research  the val ues 

o f  p l a s ti c  rotat i on were found  to v a ry from 120  to 16 1 5  x 1 0- 4 

radi a n s . Therefo re i t  can  be conc l uded tha t beams re i nfo rced wi th 

. s teel bars on the compress i ve s i de whe re the  p l a s t i c i ty zone may occur  

have h i gher  pl a s t i c rota ti o n  than  t ho s e  wi thout any compres s i ve 

re i nfo rcemen t .  

Severa l researchers ( 12 , 1 5 )  conc l uded tha t  u s i ng compress i on 

s teel can  bri ng about  s i gn i fi cant  i nc rea s e  i n  p l ast i c rotat i o n  over 

beams tha t do no t ha ve compres s i on  s teel . 

F i gures 7 . 1 5 through  7 . 1 6 s how the ro tat i on of  pl a i n a nd 

fi brou s  concrete . 



% Steel Ma i n  
Fi bers Steel 

Beam No . P s As 

1 0 . 0  2#4 

4 0 . 8  2#4 

7 1 . 2  2#4 

2 0 . 0  2#5  

5 0 . 8  2# 5 

8 1 . 2  2# 5 

3 0 . 0  2#6 

6 0 . 8 2#6 

9 1 . 2  2#6 

TABLE 7 . 1 2 

ACTUAL AND PREDI CTED PLAST IC  ROTAT ION CAPAC ITY 

Top Actual P l a s ti c P l asti c 
Steel Rotati on Capaci ty from Rotat ion  Capaci ty U s i ng 

A '  s Testi ng 1x10-4 ( radi ans ) Eq . ( 7 . 8 ) 1x 10-4 ( radi ans ) 

2#3 164 1 50 

2#3 1 168 1 1 39 

2#3 1 6 15  1634 

2#3 120 1 50 

2#3 . 52 7 548 

2#3 762 748 

2#3 137 1 50 

2#3 722 644 

2#3 840 892 

% Dev i a ti on 
From Actua l  

I 
e pc 

-

-8 . 5  

-2 . 5  

+ 1 . 2 

+2 . 5  

+4 . 0  

- 1 . 8 

+9 . 5  

- 10 . 8  

+6 . 2  

� 
(X) 
01 



F i g ure 7 . 1 5 .  Rota t i o n  o f  p l a i n  c o nc rete . 
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F i gure  7 . 16 .  Ro ta t i o n  o f  fi bro u s  conc rete . 
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7 . 7 Defl ect i o n s  

Experi men ta l  a nd  theoreti ca l  defl ect i on o f  ea ch  tes ted beam 

wa s determi ned . A s umma ry o f  the  res u l ts i s  s hown i n  Tab l e 7 . 1 3 .  

By s tudyi ng  Tab l e 7 . 1 3 ,  the fo l l ow i ng become a pparen t :  

Actua l  defl ecti o n s  a t  s erv i ce l oad  a re l es s  than theoreti ca l 

ones ( co l umn 7 ) .  The max i mum dev i a t i on o f  a c tua l  from theoreti ca l  

ones wa s 3 9  percent ,  tha t  i s  for beam #7 , wh i c h i s  re i nforced wi th  the 

l ea s t  vo l ume of rei nfo rc i ng bars , 2#4 ma i n  s teel , 2#3  seconda ry s teel 

and h i ghest  s tee l fi ber conten t ,  1 . 2 p ercent . 

Beams wi th s teel f i bers s howed sma l l e r defl ect i ons  than con

venti ona l beams at  the actua l  s e rv i ce l oa d , w i th a max i mum decrea se  o f  

1 6  percent i n  beam #7 , wh i ch i s  rei n fo rced wi th 2#4 ma i n  s teel , 2 # 3  

secondary s tee l a n d  1 . 2 percen t s teel  f i bers . Fo r t h e  same serv i ce  

l oad  the  fi b ro u s  conc rete beam defl ect i on s  a re much  l es s  tha n  con

vent i ona l ones . 

Typ i ca l  experi men ta l l oa d  defl ect i on  curves fo r the te sted 

beams were s hown i n  F i gu res 6 . 23 throug h 6 . 3 1 .  S tudyi ng the defl ec

t i on pa ttern at a cr i ti ca l  sect i o n  i n  a ny beam s hows tha t the tota l 

defl ec ti on can  be d i v i ded i n to two pa rts : ( a )  el a st i c defl ect i on , 

wh i c h sta rts from zero l oad  to e l a s t i c l i mi t l o ad , and  ( b )  i ne l a s t i c 

defl ect i on , wh i c h s ta rts from e l a s t i c l i mi t l oa d  to co l l a p se  l o ad . 

The observed u l t i mate defl ec ti on  i nc reas ed a s  t he s teel fi ber con tent  

i nc rea sed . The to ta l i nel a s ti c defl ect i o n  wa s h i ghest  fo r the l owe st  

re i nforcement  percentage . Thi s i s  t r-u e  beca use of  the  g rea ter 

duct i l i ty i ndex . 
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Prev i ou s  researchers ( 60 , 58 , 50 )  conc l uded tha t when s teel 

fi bers a re u sed i n  convent iona l  re i nforced concrete beams , they 

i ncrease  the s ti ffness and can therefore resu l t  i n  a s ub s tanti a 1 

reducti o n  o f  defl ecti o n s  a t  s erv i ce  l oad . I n  t h i s research the actual  

s t i ffness  val ues  of beams E� I �  ( e l a s ti c modu l u s  t i mes effecti ve  moment  

of  i nerti a )  were ca l cu l a ted a s  fo l l ows : 

E '  actua l = Q .  5 f�/ E ( refer to Secti on 6 . 2 )  c 

I I e actua l  = ( PL3 ) / ( 1 00Ec
� actu a l ) ( refer to Secti on  6 . 7 . 2 . ) 

Tab l e 7 . 14 s hows a compar i son between the ca l c ul a ted effec t i ve 

moment  o f  i nerti a ba sed on  AC I code ' s  equati on  and the actua l ones . 

Va l ues o f  actual  E� I �  are a l so p resented i n  Tab l e 7 . 1 3  ( co l umn 9 ) .  

From an  exami nati o n  of  Tabl e 7 . 14 ,  the fo l l owi ng can be made : 

Actua l s ti ffnesses .o f the beams a re h i gher  than  ca l cu l a ted 

ones ( co l umn 1 2 ) .  

The presence of  s tee 1 fi bers  i n  the conventi on  a 1 beams i n

creases the effecti ve moment o f  i nerti a co l umn ( 13 ) . Th i s  i ncrease i s  

ma i n l y  caused by : ( a )  the i nc reas e  i n  the modu l us o f  ruptu re wh i ch 

i nc reases  the c rack i ng moment , and  ( b )  the i nc rease i n  modu l a r  rat i o 

( n ) wh i ch i ncreases the c rack i ng moment  ( I c r ) .  

The presence o f  s tee 1 f i bers  i n  the concrete i s  seen to 

i ncrease  the st i ffness  o f  the beams ( co 1 umn 14 ) and reduces defl ec -

ti ons  at  wo rki ng l oads . The h i g he st  i nc rease i n  st i ffness i s  57 

percent and i t  i s  noti ced i n  beam #7  wh i ch i s  re i nfo rced wi th 2#4 ma i n  

s teel , 2#3  secondary s teel and  1 . 2  percent s teel fi bers , and the 
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percentage i nc rease  i n  s ti ffnes s  vari e s  from 2 0  t o  60  percent compa red 

to the beams wi tho ut fi ber  re i nfo rcemen t .  Reference ( 60 ) repo rted a 

50 to 70 percen t i ncrea s e  i n  s t i ffnes s when s teel fi bers a re u sed i n  

conven ti onal  re i n fo rced concrete beams . 

Therefore ,  a mod i fi ca ti on o f  the AC I Code eq uati o n  fo r ca l 
cu l a t i on of  the effecti ve momen t o f  i nert i a  i s  req u i red when fi bro u s  

concrete i s  used . The mod i f i ca t i on  i s  a s  fol l ows : 

wh ere : 

I = n i  ef e 

I e = effect i ve momen t o f  i ne rt i a  ba sed o n  AC I Code ' s eq ua ti on 
n = the fac to r  tha t e s t i ma te s  I e f  fo r fi brou s  conc rete . 

I n  o rder to choo se the best  mo del  fo r es t i mati ng n ,  the s tepwi s e  
maxi mum R2 i mprovement  ( MA XR ) tec h n i qu e  ( def i ned i n  Secti on  7 . 6 . 1 )  wa s 
u sed o n  the co l l ected da ta I �/ I e . The fo l l owi ng i ndependent vari ab l e s  
were co n s i dered i n  t h e  compa rat i ve ana l ys i s :  

x1 = fi ber  content i n  percen t ( p s ) 
x� = s hows whether t he f i ber con ten t  has  a q uadrat i c  res po n s e  

cu rve ( non - l i nea r ) .  
Two model s fo r m we re obta i ned . Therefo re ,  the F test  s ta ti s t i c wa s 
adop ted i n  order to se l ect  wh i c h model  i s  mos t  usefu l . The bes t  wa s 
fou n d  to be a one  vari ab l e q uadrat i c model wi th ( F  = 89 . 58 ) , Tabl e 

( 0 . 9 ) .  

Therefo re :  
2 n = 1 + 0 . 3 7p s 
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From the  precedi ng , the effect i ve momen t of  i nert i a can be  predi cted 

by u s i ng  Equati on  ( 7 . 9 ) : 

I ep = ( 1  + 0 . 37 p� ) I e 

where : 

o r : 

( 7 . 9 )  

The above model s howed a h i g h l y  s i gn i fi cant  i ncrease i n  the 

effecti ve moment  o f  i nert i a  by the u se o f  s teel fi bers up  to 1 . 2  

percen t .  A coeff i c i ent  of  determi nat i on  of  93 percent wa s found , 

wh i ch means  tha t 93  percent o f  the  vari a b i l i ty i n  the data i s  

expl a i ned by the above model . I t  a l so s hows the fi ber content ha s a 

q uadrat i c response curve . · 

Tab l e 7 . 1 5 s hows a compar i son  between actual  and pred i cted 

effecti ve moment  of i nerti a ,  s t i ffness  a nd  defl ecti o n . 

Sahebj am ( 50 )  stud i ed the  defl ecti ons  o f  s i mi l ar beams , bu t 

wi thout  the i ncl us i on o f  compre s s i ve rei nforcement .  I n  order to 

perfo rm a comparati ve s tudy between te sts  repo rted i n  thi s researc h  

a n d  tes ts reported by Sa h.ebj am ( 50 ) , the modi fi cat i on o f  the AC I 

code ' s  equat i on fo r cal cu l a ti ng o f  the effecti ve moment of  i nerti a 

becomes di fferen t tha n the preced i ng  model . The stepwi se maxi mum R2 

i mpro vemen t ( MAXR ) techn i q ue wa s perfo rmed o n  the co l l ected da ta 

I�/ I e . The fo l l owi ng i ndependent  var i ab l es  were con s i dered i n  the 

compa rat i ve ana l ys i s :  



% Ma i n  Top 

Beam Steel Steel Steel 

No . F i bers (As ) (A I ) 
s 

( 1 )  ( 2 )  ( 3 )  {4 ) 

0 . 0  2#4 2#3  

4 0 . 8  2#4 2#3 

7 1 .  2 ' 2#4 2#3  

2 0 . 0  2#5 2#3 

5 0 . 8  2#5  2#3 

8 1 . 2 2#5  2#3  

3 0 . 0  2#6 2#3  

6 0 . 8  2#6 2#3 

9 1 . 2  2#6 2#3  

TABLE 7 . 1 5 

ACTUAL AND PRED ICTED EFFECT IVE  MOMENT OF I NTER I A  ST I FFNESS AND DEFLECTION 

Pre- Pre-
d i e ted Actual d i e ted % 

1 ef Defl ec- Defl ec- Dev i a ti on 

Actual Us i ng Actua l Pred i c ted t ion  t i on Co l umn ( 6 )  

I I Eq . 7 . 9  E ' I '  Ec i e lx10- 3  lxl0- 3  from e c e 
( i "4 ) ( i n4 ) 1x106 1 b .  i n2 1x106 .l b . i n2 ( i n ) Ec ie Co1 umn ( 5 )  

( 5 )  ( 6 )  ( 7 )  ( 8 )  ( 9 )  ( 10 ) ( 1 1 ) 

7 3 . 9  7 3  296 300 95 94 - 1  

101 . 0  96 376 349 85 92  - 5  

148 . 0  135  466 4 52 80 83 -9 

106 . 0  93 424 382 85 95 - 1 2  

134 . 0  124 498 4 5 1  84 93  -7 

1 7 1 . 0  1 7 1  539 5 7 3  83  78  0 

1 1 9 . 0  1 1 7 4 76 48 1  95  94  +2  

1 5 1 . 0  153 562 557  88 89 +1  

205 . 0  2 1 2  646 7 10  87  80 +3  

% 
Oev h t i on 
Col umn ( 8 )  

from 

Co 1 umn ( 7 )  

( 12 )  

+1 

-7 

-3  

- 10  

-9 

+6 

+1  

- 1  

+ 10 

% 
Dev i a ti o n  

C o  1 umn ( lO )  

from 

Col umn (9 )  

( 1 3 ) 

- 1  

-4 

+4 

+ 1 2  

+ 1 1  

- 6  

- 1 

+ 1  

-8 

...... 
� 
w 
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x1 = P s = steel fi bers c ontent i n  percen t 

x2 = dummy vari ab l e = 1 for beams wi th compress i on s teel ; 0 

fo r beams wi thout  compres s i on s tee l 

xi = s hows whether the f i ber  con tent  ha s a q uadrat i c res ponse  

curve ( non- l i nea r )  

xix2 = expl a i ns whether t h e  rate o f  c urvature o f  the fi ber  

content i s  d i fferen t between beams wi th and wi thout  

compres s i on s teel 

After conducti ng the s ta t i st i ca l  a na l ys i s ,  several model s were 

obta i ned and by u s i ng the F tes t  s ta t i s t i c on these model s ,  the bes t  

model wa s dec i ded to b e  Step 2 model ( Ta bl e 0 . 10 ) wi th F val ue = 99 . 5 5 

and R2 val ue = 9 3  percent .  Therefo re , the  effecti ve momen t of  i nert i a 

fo r the combi ned data of  bo th resea rch  i s  a s  fo l l ows : 

I ef  = [ 1  + 0 . 2 6x� + 0 . 096x2xf J i e ( 7 � 1 0 ) 

where : 

su bs t i tut i ng xy and  x2 a s  defi ned a bove  equat i on  7 .  1 0 becomes : 

1 ef  [ 1  + 0 . 26 2 fo r beam repo rted by reference 1 3  = P s ] I e 

1 ef [ 1  + 0 . 37 2 fo r beams repo rted i n  th i s resea rch  = P s ] I e 

Therefore i t  can  be noti ced tha t beams w i th  bo th compres s i on s tee l and 

s teel fi bers conten t i ncreases can  br i ng  a s i gn i fi cant  i ncrease i n  the 

effec ti ve moment of i nerti a .  

Tabl e ( 7  . 1 6 ) s hows a compa ri son  between actua l and  pred i cted 

· effecti ve moment of i nert i a fo r tes ts  · repo rted by Sahebjam ( 50 )  and  

tes ts repo rted i n  th i s researc h . 



TABL E  7 . 16 

COMPAR I SON BETWEEN ACTUAL AND P RED I CTED E FFECT IVE  MOMENT OF I NERT IA BETWE EN TH I S  RESEARCH 
RESULTS AND RESULTS REPORTED BY SAHEBJAM ( Ref . 50 ) 

Cal cu l a te Actual  % Devi at i on 
Servi ce Ma i n  , Top I Defl ecti on Actual Predi cted From 

e 
1 X 10- 3 Beam % Steel Load Steel Steel AC I Code I I I ef Actua l  I � 

( i n4 ) 
e 

No . Fi bers ( k i ps )  As A '  ( i n ) ( i n4 ) ( ;  n )  ( i n )  s 
( 1 ) ( 2 ) ( 3 ) ( 4 ) ( 5 ) ( 6 ) ( 7 ) ( 8 ) ( 9 ) ( 10 ) 

1 0 . 0  13 . 08 2#4 2#3 72 . 98 75  74 73 - 1 
4 0 . 8  14 . 88 2#4 2#3 77 . 62 85  101  96 -5 
7 1 . 2  17 . 34 2#4 2#3 88 . 00 80 148 135  -9  
2 0 . 0  16 . 80 2#5 2#3 93 . 36 85 106 93  - 1 2  
5 0 . 8  19 . 44 2#5 2#3 100 . 4 5 84 1 34 1 24 -7 
8 1 . 2  20 . 70 2#5 2#3 1 1 1 . 55 83 171  1 71 0 
3 0 . 0 21 . 00 2#6 2#3 1 1 7 . 2 5 95  1 19 1 1 7  -2 
6 0 . 8 22 . 97 2#6 2#3 1 23 . 75 88 1 51 153  + 1  
9 1 . 2  26 . 04 2#6 2#3 138 . 73 87 205 2 1 2 +3 

1 0 . 0  8 . 45 2#3 - -- 54 . 00 82 56 54 -4 
4 0 . 8  9 . 6  2#3 - - - 60 . 20 70 75 70 - 7 
7 1 . 2  11 . 2  2#3 - - - 66 . 00 9 1  92 9 1  - 1  
2 0 . 0  1 1 . 0  2#4 - - - 77 . 00 87 81 77  -5 
5 0 . 8  13 . 6  2#4 - - - · 8 1 . 00 93  104 95 -9 
8 1 . 2  14 . 0  2#4 - -- 9 1 . 00 - - 1 29 125  - 3 
3 0 . 0  16 . 0  2#4 - - - 98 . 00 10 1 103 98 - 5 
6 0 . 8  18 . 0  2#5· - - - 104 . 00 106 130 121  -7 
9 1 . 2  20 . 0  2#5 1 1 5 � 00 120 1 60 1 58 - 1  

I--A - -
-

'-0 0'1 
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Referenc� ( 50 )  a l so repo rted that maxi mum defl ecti ons  o f  

fa i l u re fo r pl a i n concrete vari ed from 0 . 4  to 1 i nc h ,  and for fi bro us  

concrete i t  vari ed from 2 to  5 i nches . I n  th i s resea rch o f  s i mi 1 a r  

beams but wi th the i nc l us i on of  compress i ve s tee l , t he  max i mum defl ec-

ti o n  o f  fa i l ure vari ed from 1 . 3  to 1 . 7  i nc h  for pl a i n concrete and  

from 3 to  6 i nches for f i brou s  concrete beams . The  h i g her u l  t i  rna  te 

defl ecti on  i n  thi s research i s  another i nd i cati o n . of the g rea ter 

ducti l i ty and s tra i n  energy absorpti o n  capac i ty tha t i s  caused by the 

secondary rei n fo rcement i n  the compres s i on zone of cri t i ca l  sect i ons . 

7 . 8  C racks  

7 . 8 . 1 C rack  Wi dths at  Serv i ce Loa d 

Ca l cu l ated and mea s u red c rac k wi d ths a t  a serv i ce l o ad o f  0 . 6  

and  u l ti ma te l oad  were s hown i n  Tab l e 6 . 14 .  Exami n i ng Tabl e 6 . 14 ,  the 

fo l l owi ng  ca n be conc l uded : 

The addi t i on  o f  s teel f i bers to the convent i o na l l y  re i nforced 

concrete reduced the c rack  wi dth , for a g i ven l oad  and a g i ven rei n-

forcement rati o p .  

Actual  c racks  wi dths a re l es s  tha n  ca l cu l a ted ones u s i ng the 

Gere l y-L utz fo rmu l a .  

1 )  At mi ddl e s upport 

a ) When 2#4 ma i n  s teel and 2#3  to p s teel were used , the 

max i mum crac ks  wi dths ranged from 87  to 5 5  x 10- 4 i nc h  for 0 . 0  to 1 . 2  

percen t s teel fi ber wi th a max i mum decrea se  of  3 7  percen t .  
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b ) When 2#5  ma i n  s teel a n d  2#3  to p s teel were u sed , the  

maxi mum cracks  wi dths ranged from 78  to  1 04 x 10-4 i nch for 0 . 0 to  1 . 2  

percent  s teel fi bers wi th a max i mum decrease  o f  24 percent .  

c ) When 2#6  ma i n  s teel a n d  2 #3  compress i on steel were used , 

the max i mum c racks  wi dths ranged from 87 to 107 x 1 0- 4 i nch fo r 0 . 0  to 

1 . 2  percen t s teel fi bers w i th  a max i mum decrease  of  2 5  percerit .  

2 )  At mi dspan 

a ) When 2#4 ma i n  s teel  and 2# 3 top stee l a re used , the 

maxi mum cracks  w i dths  ranged from 50  to 80 x 1 0- 4 i n  for 0 . 0  to 1 . 2  

percent s teel fi bers w i th a max i mum decrea se o f  37 . 5  percent .  

b ) When 2#5  ma i n  s teel a n d  2# 3 top s teel were used , the 

max i mum cracks  wi dths ranged from 98 to 7 3 x 10-4 i nch for 0 . 0  to 1 . 2  

percent s teel fi bers wi th  a. max i mum dec rea se of  28 . 4  percent .  

c ) When 2#6 ma i n stee l and  2#3  compress i on s teel we re u sed , 

the maxi mum cracks  wi dth s ranged from 80 to 103 x 10-4 i nch fo r 0 . 0  to 

1 . 2  percent  s teel fi bers wi th a max i mum decrease  of 22 percent .  

From tne above d i s cuss i on i t  can  b e  concl uded tha t the hoo ked 

end s tee 1 fi bers proved thei r abi 1 i ty to reduce crack  wi dth . The 

reduct i on  i n  crack  wi dth was h i ghest  fo r the l owes t  rei n fo rc i ng  ba rs . 

Therefore ,  the max i mum reduct i o n  was o bta i ned i n  beam #7 , wh i ch i s  

rei n fo rced wi th 2#4 ma i n  bars , 2 # 3  top bar s  and 1 . 2  vo l ume percent o f  

s teel fi bers . 

F i gu res 7 . 1 7 and 7 . 18 s how the max i mum actual  c rack  w i dth V s . 

the s teel fi bers for a g i ven ma i n  s teel rat i o p . 
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A stati sti ca l  ana l ys i s  u s i ng  a s tepwi s e  ( MAXR ) techn i que  wa s 

performed fo r the max i mum crack  wi dth  data g i ven i n  Ta bl e 6 . 1 2 . A 

fo rm o f  the Gerel y- Lutz equat i o n  wa s ado pted , taki ng i nto con s i dera 

ti on several i ndependent vari ab l es . D i fferent s ta ti st i cal  model s were 

tes ted , fo r one , two or  three vari a bl es u s i ng F tes t  s ta ti s t i cs , and 

the bes t was dec i ded to be a one var i abl e model  wi th an F va l ue of 68 

and R2 of  8 1  percent ( Tab l e 0 . 1 1 ) .  Therefo re ,  the fo l l owi ng model wa s 

ado pted to e va l uate the maxi mum c rac k wi dth  o f  concrete . 

w = ( 1 - 0 . 2 3 p s ) ( 0 . 076 ) Sfs
3/Adc 

o r , 

( 7 . 1 1 ) 

where : 

S, fs , de and Ac a r€ defi ned i n  sect i o n  6 . 8 . 1 .  

The a bove model  s howed tha t the reduc ti on i n  crack  wi dths by 

add i ng s teel fi bers i s  h i gh l y s i gn i f i cant  a t  the 95  percent confi dence 

l evel . These res u l ts  a re i n  a greemen t  w i th the fi nd i ngs  of  ( 59 , 50 , 

58 , 35 ) . 

Tabl e 7 . 1 7 compa res the actu a l  and  predi cted va l ues of  max i mum 

crac k  wi dths u s i ng the p roposed mo di f i ed equat i on ( 7 . 1 1 ) .  

F i gure 7 . 19 s hows the trend o f  c rack  wi dth for s teel fi ber 

content wh i ch va ri es  between 0 . 0  and  1 . 2  percent .  

7 . 8 . 2  I n i ti a l  Crac k i ng Load  

The  v i s i b l e fi rs t c rack  l oad s  o f  a l l the  beams were reco rded 

and presented i n  co l umn 6 of Ta bl e 6 . 1 5 .  U pon  exami n i ng Tab l e 6 . 1 5  

the fo l l owi ng  becomes a p pa rent : 



% 
Beam Steel 
No . Fi bers 

1 0 . 0 

4 0 . 8  

7 1 . 2  

2 0 . 0  

5 0 . 8  

8 1 . 2  

3 0 . 0  

6 0 . 8  

9 1 . 2  

TABL E 7 . 1 7  

ACTUAL AND PREDI CTED MAX IMUM CRACK W I DTHS AT M I DSPAN AND M I DDLE SUPPORT 

Tens i on To p AT M I DDLE SUPPORT ( 1 x 10-4 i n ) AT M I DSPAN ( 1 x 10-4 i n ) 
Steel Steel % Devi a t ion  % Dev i a ti on 

As A '  s Actual Cal cu l a ted From Actua l  Actual  Ca l cul ated From Actua l 

2#4 2#3 87 85 -2 . 3  80 85 +6 . 3  

2#4 2#3 68 69 + 1 . 5  65  69  +6 . 2  

2#4 2#3 55 62 + 12 . 7  50 62 +24 . 0  

2#4 2#3 104 96 - 7 . 7  98 96 -2 . 0 . 

2#4 2#3 84 78 ' - 7 . 1 78 78 0 . 0  

2#4 2#3 78 69 - 1 1 . 5  7 3  69 -5 . 5  

2#4 2#3 107 109 + 1 . 9 103 109 +5 . 8  

2#4 2#3 92 89 - 3 . 3 85 89 +4 . 7  

2#4 2#3 87 79 -9 . 2  80 79 - 1 . 3  

N 0 ...... 



1 .  0 4  

1 .  03  
1 . 0 1  

0 . 9 9 
0 . 9 7  

0 . 9 5 
0 . 9 3 

0 .  9 1 w 0 . 8 9 I 0 0 . 8 7 
0 . 8 5 

0 0 .  8 3 -7 0 . 8 1  
6 0 .  7 9  
s J . 7 7 

. 0 . 7 5 f 0 . 7 3 s 0 . 7 1  
J[ 0 6 9  

3 0 . 6 7 
0 .  6 5 -

0 . 6 3 
0 . 6 1  

0 .  5 9 -
0 . 5 7 
0 .  5 5 -
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* 

* 
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fi GURE 7 . 1 9  
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The l oads  at  fi rst c rack  for f i b ro u s  concrete beams a re h i g her  

than that of  conven t iona l  re i nfo rced concrete beams . 

I ncrea s i ng the vo l ume o f  fi bers i nc rea ses the fi rs t crac k i ng 

l oads . 

The v i s i bl e fi rst  c rack  l oa d  var i ed from 0 . 16 to 0 . 28 o f  the 

experi menta l fa i l ure l oads  ( Col umn 7 ) . 

Beams wi th  h i gher ten s i l e  re i n forcement have h i g her  f i rst  

c rack i ng  l oads . However ,  the  rat i o o f  fi rs t crack i ng  l oad  to experi -

menta l fa i l u re l oads  wa s fo und to b e  the h i g hest at  l ower tens i l e  

re i nforcement  ( col umn 7 ) . Thi s mean s  that add i ng s tee l fi bers i s  mos t  

effect i ve wi th l ower rei nforcement .  

I n  a l l the beams tes ted , the v i s i b l e  fi rs t crack  a ppea red a t  

t he  s upport secti on . 

S i mi l a r observa ti ons  were repo rted by Herager and Doherty 

( 2 1 ) .  

F i g ure 7 . 20 s hows the rel a t i on  between the l oad at the fi rst  

c rack  a nd  the  � teel f i ber content ,  wh i l e  F i gu re 7 . 2 1 s hows t he rel a -

t i on between the ra ti o o f  the l oa d  a t  t h e  fi rst c rack  to the exper i -

menta l fa i l ure l oad and the steel fi ber conten t .  

7 . 8 . 3 Cracks  Spac i ngs 

Test  resu l ts on s pac i ng s  a re s hown i n  Ta b l es 6 . 16 and 6 . 1 7 .  

By studyi ng these ta b l es the fo l l owi ng become appa rent : 

Addi ng  s teel fi bers to t he concrete mi x reduces the a ve rage  

c rack  s pac i ng .  Th i s can be attri bu ted to  a better stra i n d i s tr i bu t i on  
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at the ten s i on zone of the fl exura l  member . The. reduc ti on wa s h i g he st  

fo r the l owest vo l ume o f  rei n fo rc i ng  ba rs ( col umn 8 ) . The h i gher t he 

steel fi be r con tent the l ower the  c rack  spac i ng ;  the h i gher t he 

tens i l e  re i n fo rcemen t the l ower the c ra c k  s pac i ng . The max i mum cra c k  

s pa c i ng was abo ut 6 "  · i n  t h e  conventi ona l  beams a n d  i t  vari es  from 

abo u t  4 . 5 " i n  the 0 . 8  percent  fi ber  mi x to abo ut 3 . 5 " i n  the 1 . 2  

percent fi ber  mi x ( col umn 5 ) . The mi n i mum c rack  s pac i ng was 2 "  i n  the  

conven ti ona l  beams and var i es  from a bo u t  1 . 0 " i n  the  0 . 8  percent fi ber  

mi x to a bo u t  0 . 8 " in  the  1 . 2 percent f i ber  mi x ( co l umn 6 ) . 

The number o f  cracks  devel o ped i n  fi brous  concrete be�ms were 

greater tha n  those  i n  conc rete beams wi thout fi bers ( col umn s 9 a nd 

1 0 ) ,  and th i s number i ncrea ses  wi th  an  i ncrea sed s teel fi ber 

percentage . Al tho ugh fewer c racks  deve l oped i n  p l a i n concrete they 

were o f  h i gher i ntens i ty and  more cr i ti ca l . S i mi l a r  conc l u s i on s  were 

reported by Sahebj am ( 50 )  and Korme 1 i ng , Re i nha rdt and Sha h ( 35 ) . 

F i gures 7 . 22 and 7 . 23 show crack  spac i ng progres s fo r s teel fi ber fo r 

a g i ven ma i n  s tee l rati o o f  m i ddl e s upport and mi dspan  secti ons  

respect i vel y .  F i gures 7 . 24 a nd  7 . 2 5 s how the  cracks i n  pl a i n  and  

fi brous  concrete . 

7 . 9  Stra i ns  

7 . 9 . 1 S teel S tra i ns  

S tra i n s i n  the ten s i on  and  compres s i on s teel fo r each beam 

were mea s ured wi th e l ectri c s tra i n gag es . The va l ues of  vari o u s 

s tra i n s at  servi ce l oad a re l i s ted i n  Tabl e 7 . 18 .  
.. 
'· 
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F i g ure 7 . 24 .  Cra c k s  i n  p l a i n  concrete . 

F i gure 7 . 2 5 .  C ra c k s i n  f i b ro u s  concrete . 
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Upon exami na ti on o f  Tab l e 7 . 18 t he fo l l owi ng become appa rent :  

1 ) At the mi ddl e s uppo rt 

a )  Beams rei nforced wi th  2 #4 tens i on s teel a nd 2#3  com-

press i on s teel : The s tra i ns  i n  ten s i o n  s teel ranged from 1680 to 1 1 00 

x . 10-6 i n/ i n  fo r 0 . 0  and  1 . 2  percent f i ber wi th a redu ct i on o f  35  

percent ; the  stra i n s i n  compres s i on steel rang ed from 30 1 to 465 x 

10- 6 i n/ i n  fo r 0 .  0 a nd 1 .  2 percen t fi ber wi th an  i ncrease  o f  54 

percent .  

b )  Beams re i n forced wi th  2 # 5  tens i o n  s teel and  2#3  com-

pres s i on s teel : The s tra i ns  i n  tens i on stee l ranged from 1600 to 1 18 5  

x 10-6 i n/ i n  fo r 0 .  0 a n d  1 .  2 percent  f i ber wi th a reducti on of  2 6  

percent ;  the stra i n s  i n  compress i o n  s tee l ranged from 4 9 6  to 6 94 x 

1 0- 6 i n/ i n  for 0 . 0 and 1 . 2 · percent  wi th an  i nc rease of  40 percent .  

c )  Beams re i nfo rced wi th  2#6  ten s i on s teel a nd 2#3  com-

press i o n s teel : The s tra i n s  i n  ten s i on s teel ranged from 1800 to 14 1 0  

x 1 0-6 i n/ i n fo r 0 . 0  a nd 1 . 2  percent fi bers wi th a reduc ti on of  2 2  

percent ;  the s tra i ns  i n  compres s i o n s teel ranged from 1400 to 1 720  x 

10- 6 i n/ i n for 0 . 0  and 1 . 2  percen t f i ber , wi th a n  i nc rease  o f  2 3  

percent .  

2 ) At mi d- span  

a )  Beams re i nforced wi th  2 #4 ten s i on s teel and 2# 3 com

press i on steel : The s tra i n s  i n  the ten s i on s teel ranged from 1 375  to 

7 5 5  x 10-6 i n/ i n  for 0 . 0  and 1 . 2  percen t fi ber wi th a decrea se of 4 5  

percen t ;  s tra i ns  i n  compres s i o n  s teel ranged from 2 7 1  to 280 x 10 -6 

i n/ i n  fo r 0 . 0  and 1 . 2  percen t fi ber w i th a n  i n crea se o f  7 percen t .  .. 
"· 

l 



% 
Beam Steel 0 . 6  Pu 

No . F i bers ( k i ps )  

1 0 . 0  13 . 1  

4 0 . 8  14 . 9  

7 1 . 2 ' 1 7 . 3  

2 0 . 0  16 . 8  

5 0 . 8  19 . 4  

8 1 . 2  2 1 . 3  

3 0 . 0  2 1 . 0  

6 0 . 8  2 3 . 0  

9 1 . 2  26 . 0  

\. •  --�" 

TABLE  7 . 18 

ACTUAL STRA INS I N  MA I N  AND COMPRESS I ON STEEL AT SERV ICE  LOAD 

ACTUAL STRA I NS AND STRESS IN MA IN  STEEL ACTUAL STRA I NS AND STRESSES IN  COMPRESS ION STEEL 
M IDDLE SUPPORT M IDSPAN M I DDLE SUPPORT M IDSPAN 

% % % % 
Decrease Decrease I nc rease I nc rease 

in s tra i n  i n  stra i n  i n  s tra i n  i n  stra i n  
E s fs from E s fs from E ' 

s f '  s from E I 
s from 

� i n/ i n  ( k s  i )  0 . 0% S . F .  � i n/ i n  ( k s i ) 0 . 0% S . F .  � i n/ i n  ( ks i ) 0 . 0% S . F .  u i n/ i n  f '  s 0 . 0% S . F .  

1680 48 . 7  - -- 1375  39 . 9  --- 301 9 --- 271  8 

1335 38 . 7  -2 1  1040 30 . 2  -24 401 1 2  +33 280 8 + 3  

1 100 31 . 9  - 35 7 55 2 1 . 9  -45 465 8 +54 290 8 +7 

1600 46 . 4  - - - 1250 36 . 3  - -- 496 14 -- - 363 11 

1 395 40 . 5  - 13 1200 34 . 8  -4 576 1 7  +16  480 14 +32 

1 185 34 . 4  -26 1080 31 . 3  - 1 14 694 20 +40 508 15  +40 

1800 52 . 2  - - - 1 560 45 . 2  - - - 1400 4 1  -- - 1200 35 

1600 46 . 4  - 1 1  1 260 36 . 5  - 19 1600 46  + 14  1450 4 3  +2 1 

14 10 40 . 9  - 22  1200 34 . 8  -2 3  1 720 50 +23 1600 46 +33 

N 
� 
� 
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b ) Beams rei nforced wi th  2#5  tens i on s teel and 2#3  com

pres s i on s teel : The s tra i ns i n  the ten s i on s teel ranged from 1 2 50 to 

1 080 x 1 0-6 i n/ i n  for 0 . 0  and 1 . 2  percen t fi ber  wi th a decrease of 14 

percen t ;  s tra i ns  i n  compres s i on s teel ranged from 363 to 584 x 10- 6 

i n/ i n  for 0 . 0  and 1 . 2  percent fi ber  w i th a n  i ncrease  o f  40 percent .  

c ) Beams re i nforced w i th 2#6 tens i o n  s teel and 2# 3 com-

pres s i on s teel : The s tra i ns  i n  the ten s i on s teel ranged from 1 560  to 

1 200  x 10-6 i n/ i n  for 0 . 0  and  1 . 2  percent fi ber wi th a decrease of 2 3  

percent ; the s tra i ns i n  compres s i on s tee 1 range from 1200 to 1600 x 

1 0- 6 i n/ i n  for 0 .  0 and 1 .  2 percen t fi ber wi th an i ncrea se o f  9 5  

percen t .  

F rom the preced i ng d i scus s i on , i t  ca n be concl uded tha t the 

p resence o f  s teel f i bers ·· i n  concre te beams reduces the ma i n  s teel 

stra i n at serv i ce l oad . The h i ghest  reducti on  wa s 45 percent fo r beam 

#7 wh i ch wa s re i nforced wi th the h i g hest  percent of s teel fi ber , 1 . 2 ,  

and the l owest  re i nforc i ng ba rs 2 #4 and  2#3 . Th i s  reducti on  i n  ma i n  

stee l s t ra i n  i s  a ttri b uted to the fac t  t ha t fi brous  concrete i s  more 

affecti ve i n  wi thstand i ng ten s i on tha n i s  p l a i n  concrete . The 

reducti on  i n  ma i n  s teel s tra i n co n fi rms the c rack contro l  cha racter-

i s t i cs  o f  t he s teel fi bers ; therefo re ,  t he s teel f i bers a re a b l e to 

mob i l i ze the cracked sect ion  zone to res i s t defo nnat i on to a mu ch  

greater extent tha n can  p l a i n  concrete . 

The conc l u s i on s uppo rts the observati on  by Sahebj am ( 50 ) ,  who 

reported a max i mum decrea se  o f  24  percent  i n  the ma i n  s teel s tra i n .  

The reduct i ons  i n  ma i n  s teel s tra i n i n  th i s research were h i gher  than 
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reducti ons  repo rted by Refe rence ( 50 )  on  s i mi 1 a r  beams , but  wi thout  

compress i on s teel . Th i s  fu rther s u ppo rts the greater duct i  1 i ty of  

beams  wi th compress i o n s teel o ver  tho se wi thout  compres s i on  s teel . 

S i mi l ar fi ndi ngs were repo rted by o thers ( 60 , 58 ) . 

7 . 9 . 2 .  Co ncrete Stra i n s  

The va l ues of  t he  var i o u s  compres s i ve concrete stra i ns o n  the 

top of the beams were mea s ured w i th  e l ectri c s tra i n gages . Tab l e 7 . 19 

shows concrete s tra i n s a t  s e rv i ce  and  u l t i mate l oa d .  By studyi ng 

Tab l e 7 . 19 the fo l l owi ng  becomes a pparen t :  

The presence o f  s teel fi bers i n  the concrete beams i nc rea ses  

compres s i ve concrete stra i n s a t  s erv i ce l o ad . 

The u l t imate compr�s s i ve s tra i n fo r fi brous  concrete i s  h i g her  

tha n  tha t of  p l a i n  concrete . The u l t i ma te concrete s tra i n ranged from 

3070 to 3205 x 10-6 i n/ i n  fo r p l a i n  concrete a nd from 4 090 to 5525  x 

1 0-6 i n/ i n  fo r fi bro us  conc rete . The AC I Code ( 3 18-83 ) a s s umes a 

max i mum compr�ss i ve concrete s tra i n o f  3000 x 10-6 i n/ i n ,  wh i c h i s  

l e s s  than u l ti mate s tra i n i n  fi bro u s  concrete beams . S i m i l a r res u l ts 

were obta i ned by prev i ous  res.ea rchers  ( 1 3 , 18 , 2 5 ) who reported tha t 

u l ti ma te s tra i ns  o f  fi brous  concrete beams a re much  h i gher  than tho s e  

of  p 1 a i n  concrete . Mo sa  ( 39 ) repo rted tha t the max imum compres s i ve 

stra i n  can reach up to 3055  x 10-6 i n/ i n  fo r p l a i n  concrete and 62 3 7  x 

1 0-6 i n/ i n  fo r fi brous  concrete beams . Saheb j am ( 50 ) concl uded tha t 

the max i mum comp ress i ve s tra i n  can  reach  up to 2 7 7 5  x 10- 6 i n/ i n  for 

. .. 



TABL E 7 . 19 

ACTUAL STRA I NS I N  CONCRETE AT SERV I C E  AND ULT IMATE LOAD 

ACTUAL STRA I NS AND STRESSES  I N  CONCRETE AT 0 . 6  p u % 

Servi ce M I DDLE SUPPORT M I D-SPAN Concrete I nc rea se  

% Load % I n crease  % I ncrease  Strai n s  i n  

Beam Steel 0 . 6 Pu E c fc i n  Ec E c fc i n  Ec E c u  U l ti mate 

No . F i bers ( k i ps )  � i n/ i n  ( ps i )  from 0 . 0 1 � i n/ i n  ( ps i ) from 0 . 0% � i n/ i n  Stra i ns 

1 0 . 0  13 . 1  1055  3400 - - - 895 3 580 - - - 3205 

4 0 . 8  14 . 9  1405 3700 +33 9 5 0  3 5 2 5  +6 4 180 30 

7 1 . 2  1 7 . 3  1630 3700 +5 5  980 3500 +9 4880 52  

2 0 . 0  16 . 8  1 290 3700 - - - 94 5 3400  - - - 3180 

5 0 . 8  19 . 4  1690 3800 +31 1 200 3400 +2 7  4090 29 

8 1 . 2  2 1 . 3  1800 3800 +40 1 51 0  3600 +60 46 10  45  

3 0 . 0  2 1 . 0  1360 3900 - - - 2 7 0  3000 - - - 3070  

6 0 . 8  23 . 0  1 7 7 5  4000 +31  1 340 37 00 +54 499 5 63  

9 1 . 2  26 . 0  2300 4 1oo · +70  1 700 3800 +9 5  5525  80  
N � 
� 

\ ., ....,..._;u 
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pl a i n concrete beams and  5800 x · 10- 6 i n/ i n  for fi brous  concrete , Swamy 

and  Al -Taan  ( 1 5 ) reported s tra i n s  o f  u p  to 5 780 x 10- 6 i n/ i n  for pl a i n 

conc rete and 6620 x 10-6 i n/ i n  for f i brous  concrete . 

The vi s i b l e  d i fference between the no n- fi brous  concrete beams 

and fi brous  concrete beams i s  tha t the v i s i bl e  damage i n  a non-f i brou s  

concrete beam wa s i n  the  form o f  s pa l l i ng  on t h e  to p of  t he  beam a t  

t he  cri t i ca l secti ons ( F i gure 7 . 26 s hows t he  appearance o f  pl a i n  

concrete beams a t  u l t i ma te ) . The fi brous  concrete beams wi th com-

press i ve  rei nforcement showed a d i fferent mode o f  fa i l ure , wh i ch 

res u l ted i n  a very ducti l e  fa i l ure . Fo r beams wi thout  compre s s i ve  

rei n fo rcement ,  t he i nterna l  compres s i ve force wi l l  be ca rri ed by the  

confi ned core and the  crus h i ng becomes very exten s i ve .  However , i n  

beams wi th compress i ve re i nforcement  the i nterna 1 comp ress i ve force 

wi 1 1  be carri ed by both the concrete and the compress i on steel . As 

cru s h i ng of the concrete prog res sed , the rei n forcement was forced to 

p i c k  u p  a l a rger pro porti on o f  the tota l compress i ve force . At 
-

u l ti mate s tage the compres s i o n s teel wi l l  a c t  wi th the s ti rrups  i n  

con fi n i ng the co ncrete co re . Therefore compres s i on s teel i s  not o n l y  

effect i ve i n  i ncreas i ng t h e  duct i l i ty ,  b ut a l so  i t  does n o t  reta rd the 

crack i ng of compres s i on concrete . ( F i gu re 7 . 2 7 s hows the appearance 

of  a fi bro u s  concrete a t  u l t i mate ) . 



F i gu re 7 . 26 .  Fa i l u re o f  p l a i n concrete . 

•. ·. \ 

i 't-: .. 1 ' - . I \ � � 

F i gu re 7 . 27 .  Fa i l u re o f  fi b rous  concrete . 
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CHAPTER 8 

CO NCLUS IONS  AND RECOMMENDAT IONS 

2 1 7  

Based o n  the res ul ts o f  t h i s exper imenta l  research , t he 

fo l l owi n g  co ncl u s i ons  . can be made : 

I .  P hys i ca l  P ropert i es :  

1 )  Compre s s i ve Strength : The i ncrea se· i n  compres s i ve 

s trength o f  concrete cyl i nders by the  presence o f  stee l fi bers wa s no t 

apprec i ab l e ( Sect i on 7 . 1 ) .  

2 ) Mod u 1 us o f  E 1 a s t i c i ty : The mod u 1 u s o f  e 1 as  t i c i ty 

of  fi bro u s  concrete wa s found  to be l es s  t ha n  tha t o f  p l a i n concrete . 

The reason fo r tha t decrease  cau l  d be  a ttri buted  to the h i g her  de

forma ti on and stra i n  of  fi�ro u s  concrete ( Sect i on 7 . 2 ) . 

3 )  Tens i l e  Streng th : The i nc l u s i o n o f  s teel fi bers i n  

a conc rete mi x s ubs tanti a l l y  i nc rea ses  the ten s i l e  s treng th o f  

concre te ( Sec ti on  7 . 3 ) . 

4 )  Modu l us  of  Rupture : The modu l us  o f  ruptu re o f  

fi bro u s  concrete wa s fo und  to have  two ma i n  va l ues , the i n i ti a l 

modu l u s  fr i  and the u l t ima te modu l u s  o f  ruptu re fru · Bo th  s treng ths  

a re i nc rea sed wi th the vo l ume of  the s tee l f i bers used . Howeve r ,  fo r 

p l a i n concrete , the modu l u s o f  ruptu re ha s o n l y  an  i n i ti a l  modu l us  o f  

ru pture f . . I t  wa s fo und  to b e  muc h 1 ess  than tha t o f  f i bro u s  r 1  

concrete ( Sect i on 7 . 4 ) . 



I I .  Load Ca rryi ng Capac i ty o f  Beams ( Sect i on 7 . 5 ) : 
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1 )  U l ti mate a n d  Y i e l d Loads : Y i e l d and  u l t imate l oa d s  

of  fi bro u s  conc rete beams were h i g he r  than those  of  p 1 a i n  conc rete . 

Compl ete red i s tri but i o n  occu rred i n  a l l the beams s i nce the ma i n  s teel 

yi el ded at  the l a s t  cr i t i ca l  s ect i o n . 

2 )  Load Red i str i b u ti on  Facto·r ( r ) : U l t imate to yi el d 

l oad  rat i o o f  fi bro u s  concrete beams were h i g her  than those of  p l a i n  

concrete ones , wi th the i nc l us i on o f  compres s i on s teel g rea ter res erve 

ca pa c i ty was a tta i ned ( Sec ti on 7 . 5 . 2 . ) .  

I I I . Ro ta ti on s  : 

1 )  P l a s ti c  H i nge Lengt h : The l ength of  the p l a s t i c 

h i nge can be rel a ted to the effect i ve depth o f  the secti on , and  the 

percentages of  ma i n  s teel a nd s teel fi bers . The effec t of compres s i on 

s teel on  the l ength of the p l a s t i c h i nge wa s mi no r ,  the magn i tude o f  

HL i ncreases  wi th the i ncrea se o f  ( p p s ) , a nd t he l ength o f  the p l a s t i c 

h i nge for pl a i n  conc rete beams i s  equ a l  0 . 98 d ( Secti on 7 . 6 ) . 

2 )  · C u rvature D i s tri bu t i on Factor : The fi brous  co n 

crete d i s tri but i on facto r i s  l es s  t ha n  tha t  o f  p l a i n  conc rete even 

tho ugh  the cu rva tu re of fi b ro u s  conc rete i s  s ubstanti a l ly  h i g her  tha n 

tha t of  p l a i n  conc rete . The va l ue o f  S can be  a s s umed to eq ua l 0 . 44 

for p l a i n  co nc rete beams wi th  compre s s i on s teel ( Sect i on 7 . 6 . 2 . ) 

3 )  Ducti  1 i ty I ndex : The duct i  1 i ty i ndex deno tes the 

ro ta ti on capab i l i ty .  I t  i s  found  tha t t he duct i l i ty i ndex for fi bro u s  

concrete i s  much h i gher tha n  that  fo r p l a i n  concrete , and i t  i nc reases  

wi th the  vo l ume o f  the  fi bers u s ed ( Sect i o n  7 . 6 . 3 ) .  
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4 )  Rotat i on Capac i ty :  The i nc l u s i o n  o f  s teel f i bers 

i n  the concrete i mpa rts a l a rg e  rota t i o n  capac i ty and wi th  the 

i nc l u s i o n of  compress i on s teel i t  becomes s ubstanti a l l y  h i g her than 

tha t  of conven ti ona l  beams . Th i s fact  can be used effect i vel y i n  the 

red i s tri buti on  of  moments i n  hyperstat i c beams and frames  ( Sec t i on  

7 . 6 . 4 . ) .  

IV . Defl ecti ons  ( Sect i on  7 . 7 ) : 

1 )  The s t i ffnes s o f  beams of serv i ce 1 oad i n creased 

wi th the vo l ume o f  steel fi bers i n  the  concrete . Wi th the i nc l u s i on 

o f  compress i on s teel the s t i ffnes s wa s h i g her  tha n tha t of  beams 

wi tho ut  compress i on s teel , l ea d i ng to a s u bs tant i a l  reduct i on  i n  

defl ect i ons . 

2 )  Beams · wi th h i g he r  percentages of  s teel  fi bers  

underwen t  l es s  defl ect i ons  a t  serv i ce  l oad , bu t h i g her  defl ecti on s  a t  

u l t ima te l oads . 

3 )  Beams rei nforced wi th compress i on s teel had  h i gher  

u l ti ma te defl ecti ons  tha n those  wi tho ut  compres s i on steel , therefo re 

the beams po s ses sed eno rmo us  duct i l i ty .  

V .  Cracks  ( Secti on 7 . 8 ) : 

1 )  The p resence o f  s tee l  fi bers i n  concrete red uces 

the max i mum c rack  wi dth at  serv i ce l o ads . 

2 )  The i n i t i a l c rac ks  i n  the fi bro us beams o cc u rred a t  

h i gher  l oads than i n  conven t i o na l  conc rete beams . 

3 )  The c racks  i n  the fi b ro u s  beams were mo re c l o se l y 

spaced tha n cracks  i n  the conven ti o n a l  co ncrete beams . 
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V I . Stra i ns  ( Secti on  7 . 9 ) 

1 )  Addi t i on o f  s teel fi bers s ubstanti a l l y  reduces  t he 

s t ra i n s  and s tres ses i n  the ma i n  rei nfo rcement fo r a g i ven l oad , thus  

l ead i ng to  a grea ter i ne l a st i c  defo rmati on pos sessed by f i brous  

concrete beams . 

2 )  Addi t i o n  o f  s teel fi bers to ·concrete i ncreases  the 

u l t i mate s trai n capac i ty of concrete much g reater· tha n  the a s s umed 

val ue of 0 . 003 . 

3 )  The presence o f  both s teel fi bers and compres s i on 

s teel preserved the s tructura l  i ntegri ty and  mi n imi zed the c rack  

reta rdat i on of  the members a fter fa i l u re .  

V I I .  Recommenda ti on s : 

1 )  I t  i s  cone 1 uded the benefi c i a  1 i nfl uences of  s tee 1 

fi bers i nc rea ses  wi th  the vo l ume o f  fi bers i n  the concrete ; therefo re , 

the use  o f  1 . 2  percent s teel f i bers i s  h i gh l y recommended , espec i a l l y  

i f  i t  i s  u sed wi th the l ea s t  vo l ume o f  the conventi o na l  re i nfo rcement . 

2 )  The yi e l d i ng o f  compress i on s teel  i s  recommended i n  

a l l beams s i nce i t  can br i ng  h i gher  u l t ima te defl ecti ons , c urvature 

and  p l a s ti c ro tati on s . 
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TABLE A . l 

ACTUAL ROTATION  AT THE CR I T I CAL S ECT ION  U S I NG METHOD 1 X 1 04 RAD IANS 

Ma i n  Steel = 2#4 To p Steel = 2#3 % Steel Fi bers = 0 . 0  HL = 6 i nches  

Load Momen t 
cp 1 cp2 cp 8 Ki ps Ki p- i n .  

1 . 02 1 1 . 48 0 . 5  0 . 5  1 . 0  6 . 0  
2 . 04 2 2 . 95 0 . 7 5 d .  75  . 1 . 5  9 . 0  
3 . 03 34 . 1  1 . 25 1 . 2 5 2 . 5  1 5 . 0  
4 . 9 7 5 5 . 9 1 1 . 7 5 1 . 7 5 ·3 .  5 2 1 . 0  
6 . 02 67 . 73 2 . 2 5 2 . 2 5 4 . 5  27 . 0  
8 . 1 3 9 1 . 46 2 . 8 2 . 8  5 . 6 3 3 . 6  

1 0 . 2 3 1 1 5 . 10 3 . 2  3 . 2  6 . 4  38 . 4  
1 2 . 4 2 139 . 7 3 3 . 8  3 . 8  7 . 6  4 5 . 6  
14 . 48 162 . 90 4 . 2 5 4 . 2 5 8 . 5 4 5 . 6  
1 7 . 0* 1 9 1 . 2 5 5 . 1  5 . 1  1 0 . 2  6 1 . 2  
1 7 . 72 1 9 1 . 25 1 5 . 0  20 . 0  35 . 0  2 10 . 0  
2 1 . 8** 1 9 1 . 2 5 3 1 . 2  40 . 0  71 . 2  4 27 . 2  

* = Fi rs t yi el d o f  mi ddl e s upport  
**  = Second yi el d at  mi d span 
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TABL E A . 2  

ACTUAL ROTAT ION AT THE C R I T I CAL S ECT ION  U S I NG METHOD 1 X 104 RAD IANS 

Ma i n  Steel = 2#4 To p Steel = 2#3  % S teel F i bers = 0 . 8 HL = 7 . 5 i nc hes  

Load Moment 
<P 1 <P2 <P 8 Ki ps Ki p- i n . 

1 . 02 1 1 . 48 0 . 5 0 . 5 1 . 0 7 . 5 
2 . 04 2 2 . 9 5  0 . 8  0 . 9 5 1 . 75 1 3 . 1 
3 . 03 34 . 1 0 1 . 25 1 . 25 2 . 5 18 . 8  
3 . 96 44 . 55 1 . 8  1 . 8  3 . 6  27 . 0  
4 . 97 55 . 9 1 1 . 8  2 . 2 4 . 0  30 . 0  
6 . 02 67 . 7 3 2 . 2  2 . 3 4 . 5  3 3 . 8  
7 . 0 5  79 . 3 1 2 . 7  2 . 8  5 . 5  4 3 . 0  
8 . 1 3 9 1 . 46 3 . 0  3 . 0  6 . 0  4 5 . 0  
9 . 16 103 . 1 3 . 0  3 . 5 6 . 5 48 . 8  

1 0 . 2 3 1 1 5 . 1  3 . 2  3 . 55 6 . 7 5 50 . 6  
1 1 . 29 127 . 0  3 . 6  3 . 7  7 . 5  54 . 8  
1 2 . 42 139 . 73 3 . 7  3 . 8  7 . 5  56 . 3  
1 3 . 43 1 5 1 . 08 4 . 0  4 . 0  8 . 0  60 . 0  
14 . 48 162 . 9  4 . 1 4 . 1  8 . 2  6 1 . 5  
1 5 . 53 174 . 71 4 . 2  4 . 3 8 . 5 63 . 8  
1 6 . 63 187 . 1  4 . 4  4 . 6  9 . 0  67 . 5  
1 7 . 7 2 199 . 35 4 . 8  5 . 0  9 . 8  73 . 5· 
1 8 . 4* 207 . 0  4 . 9  5 . 1 10 . 0  7 5 . 0  
20 . 8 1 207 . 0  40 . 0  50 . 0  90 . 0  675 . 0 
2 1 . 8  207 . 0  70 . 0  80 . 0  1 50 . 0  1 1 2 5 . 0  
2 2 . 85 207 . 0  1 1 0 . 0  140 . 0 2 50 . 0  1875 . 0  
2 3 . 88 207 . 0  1 50 . 0  1 70 . 0 320 . 0 240Q- . O  
24 . 8** 207 . 0  181 . 0  230 . 0 4 1 1 . 0  3083 . 0  

* = Fi rs t y i e l d of mi ddl e s uppo rt 
** = Second y i el d at  mi d spa n 
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TABLE  A . 3  

ACTUAL ROTATION AT THE C R I T I CAL  S ECT ION U S I NG METHOD 1 X 104 RADIANS 

Ma i n  Steel = 2#4 Top Steel = 2#3  % S teel  F i bers = 1 . 2  HL = 8 i nches  

Load Moment  
<P 1 <P2 <P e KiES Ki E- i n .  

1 . 02 1 1 . 48 0 . 4  0 . 4  0 . 8  6 . 4  
2 . 04 2 2 . 95 0 . 9  0 . 9  1 . 8  14 . 4  
3 . 03 34 . 10 1 . 1  1 . 1  2 . 2  1 7 . 6  
3 . 96 44 . 5 5  1 . 5  1 . 5  3 . 0  24 . 0  
4 . 9 7  55 . 91 1 . 7  1 . 8  3 . 5 28 . 0  
6 . 02 67 . 73 2 . 1  2 . 2  4 . 3  34 . 4  
7 . 05 79 . 31 2 . 5  2 . 5 5 . 0  40 . 0  
8 . 1 3 9 1 . 46 2 . 9  2 . 9  5 . 8  46 . 4  
9 . 16 103 . 1 3 . 4  3 . 4  6 . 8  54 . 4  

1 0 . 23 1 1 5 . 1  3 . 7  3 . 8  7 . 5  60 . 0  
1 1 . 29 127 . 0  4 . 1  4 . 2  8 . 3  66 . 4  
1 2 . 4 2  139 . 73 4 . 5  4 . 5  9 . 0  72 . 0  
1 3 . 43 1 5 1 . 08 5 . 0  5 . 0  10 . 0  80 . 0  
14 . 48 162 . 9  5 . 2  5 . 3  10 . 5  84 . 0  
1 5 . 53 174 . 7 1 5 . 5  5 . 5  11 . 0  88 . 0  
16 . 63 187 . 1  5 . 7  5 . 8  1 1 . 5  9 2 . 0  
1 7 . 7 2 199 . 3 5 6 . 0  6 . 0  12 . 0  96 . 0  
18 . 86 2 1 2 . 18 6 . 1 6 . 2  12 . 3  98 . 4  
1 9 . 94 224 . 33 6 . 5  6 . 5 13 . 0  104 . 0  
20 . 79* 233 . 89 7 . 1 7 . 2  14 . 3  1 14 . 4  
2 1 . 8  233 . 89 4 5 . 0  50 . 0  90 . 0  720 . 0 
2 2 . 8 5  233 . 89 6 5 . 0  8 5 . 0  1 50 . 0  1200 . 0  
2 3 . 88 233 . 89 1 00 . 0  1 20 . 0  220 . 0  1 760 . 0  
24 . 8  233 . 89 1 30 . 0 1 70 . 0  300 . 0  2400 . 0  
2 5 . 92 233 . 89 1 70 . 0  180 . 0  3 50 . 0  2800 . 0 
2 7 . 0  233 . 89 180 . 0  2 20 . 0  400 . 0  3 200 . 0  
28 . 0  233 . 89 230 . 0  260 . 0  490 . 0  3920 . 0  
28 . 9** 233 . 89 300 . 0  345 . 0  645 . 0  5 1 60 . 0  

* = F i rs t  yi el d o f  mi ddl e s upport  
**  = Seco nd yi e l d at  mi ds pa n  
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. TAB LE  A . 4  

ACTUAL ROTAT ION AT THE CR I T I CAL S ECTION  U S I NG METHOD  1 X 104 RAD IANS  

Ma i n  Steel = 2#5 Top Steel = 2#3  % Steel F i bers = 0 . 0  HL = 6 i nc he s  

Load Moment  
<P I <P2 <P e Ki ps Ki p- i n .  

1 . 02 1 1 . 48 0 . 5 6 . 1 1 . 1 6 . 6 
2 . 04 22 . 95 1 . 0  1 .  o ·  2 . 0  12 . 0  
3 . 03 34 . 10 1 . 4  1 . 4  2 . 8  16 . 8  
3 . 96 44 . 55 1 . 7  1 . 8 3 . 5  2 1 . 0  
4 . 97 55 . 9 1 2 . 2  2 . 3  4 . 5  2 7 . 0  
6 . 02 67 . 73 2 . 6  2 . 7  5 . 3  3 1 . 8  
7 . 05 79 . 31 2 . 7  2 . 8  5 . 5  33 . 0  
8 . 1 3 9 1 . 46 3 . 2 3 . 3  6 . 5  39 . 0  
9 . 1 6 1 03 . 1 0 3 . 6  3 . 7  7 . 3  4 3 . 8 

1 0 . 23 1 1 5 . 10 4 . 0  4 . 0  8 . 0  48 . 0  
1 1 . 29 127 . 0  4 . 0  4 . 4  8 . 8  52 . 8  
1 2 . 4 2  139 . 73 4 . 7  4 . 8 9 . 5  5 7 . 0  
14 . 48 162 . 90 5 . 0  5 . 0  1 . 0 60 . 0  
16 . 63 187 . 10 5 . 9  5 . 9  1 1 . 8  70 . 8  
18 . 86 2 12 . 18 6 .. 6 6 . 7  1 3 . 3  79 . 8  
20 . 8 1 234 . 1 1 . 7 . 2  7 . 3  14 . 5  87 . 0  
22 . 85 2 58 . 1 9 7 . 4 7 . 5 14 . 9  89 . 4  
23 . 9 3* 269 . 21 7 . . 6 7 . 7  1 5 . 3  9 1 . 8  
24 . 8  269 . 2 1 1 2 . 0  18 . 0  30 . 0  180 . 0  
2 5 . 92 269 . 21 2 0 . 0  2 5 . 0  4 5 . 0  270 . 0  
28 . 0** 269 . 2 1 3 1 . 3  3 5 . 0  6 1 . 3  367 . 8  

-

* = Fi rs t yi el d o f  mi ddl e support 
** = Second yi e l d at mi dspan  
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TAB LE A . 5  

ACTUAL ROTAT ION AT THE C R I T I CAL  S ECT ION US I NG METHOD 1 X 1 04 RAD IANS 

Ma i n  S teel  = 2#5 To p Steel = 2#3  % S teel F i bers = 0 . 8  HL = 8 i nches  

Load Moment 
<P 1 <1>2 <P 8 Ki QS Ki Q- i n .  

1 . 02 1 1 . 48 0 . 25 0 . 2 5 0 . 5 4 . 0  
2 . 04 2 2 . 95 0 . 5  . 0 .  5 . 1 . 0  8 . 0  
3 . 03 39 . 10 0 . 7 5 0 . 75 1 . 5  12 . 0  
3 . 96 44 . 55 1 . 0  1 . 0 2 . 0  1 6 . 0  
4 . 97 5 5 . 9 1 1 . 2  1 . 3  2 . 5  20 . 0  
6 . 02 67 . 73 1 . 42 1 . 48 2 . 9  2 3 . 2  
7 . 05 79 . 3 1 1 . 7 5 1 . 75 3 . 5  28 . 0  
8 . 1 3  9 1 . 46 2 . 0  2 . 0  4 . 0  32 . 0  
9 . 16 103 . 10 2 . 2 5 2 . 2 5 4 . 5  36 . 0  

1 0 . 2 3 1 1 5 . 10 2 . 5  2 . 5 5 . 0  40 . 0  
1 1 . 29 127 . 0  2 . 75 2 . 75 5 . 5  44 . 0  
1 2 . 42 139 . 73 3 . 0  3 . 0  6 . 0 48 . 0  
1 3 . 43 1 5 1 . 1  3 . 2  3 . 3  6 . 5  52 . 0  
14 . 48 162 . 90 3 . 4 3 . 6  7 . 0  56 . 0  
1 5 . 5 3 174 . 7 1 3 . 7  3 . 8  7 . 5  60 . 0  
1 6 . 6 3 187 . 1 0 . 3 . 9  4 . 1 8 . 0  64 . 0  
1 7 . 7 2 199 . 35 4 . 3  4 . 5  8 . 8  70 . 4  
1 8 . 86 2 1 2 . 18 4 . _6 4 . 7  9 . 3  74 . 4  
1 9 . 94 224 . 33 4 . 8 5 . 0  9 . 8 78 . 4  
2 0 . 8 1 234 . 1 1 5 . 1 5 . 2  10 . 3  82 . 4  
2 1 . 8  24 5 . 2 5 5 . 2  5 . 6  10 . 8  86 . 4  
2 2 . 85 2 57 . 1  5 . 3  5 . 8  1 1 . 3  90 . 4  
2 3 . 88 268 . 68 5 . 7  5 . 9  1 1 . 6  92 . 8  
24 . 8  279 . 0  5 . 8  6 . 0  1 1 . 8  94 . 4  
2 5 . 9 2* 29 1 . 6  5 . 9  6 . 1 1 2 . 0  96 .- 0 
2 7 . 0  291 . 6  1 7 . 0  2 3 . 0  40 . 0  320 . 0 
28 . 0  29 1 . 6  40 . 0  50 . 0  90 . 0  720 . 0  
29 . 0  29 1 . 6  60 . 0  80 . 0  140 . 0  1 1 20 . 0  
30 . 0  291 . 6  80 . 0  9 5 . 0  1 7 5 . 0  1400 . 0  
32  . 4** . 2 9 1 . 6  9 1 . 8 1 120 . 0  2 1 1 . 8  1 694 . 0  

* = F i rst  yi el d o f  mi ddl e s upport  
**  = Second yi e l d a t  mi dspa n  
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TABL E  A . 6  

ACTUAL ROTAT I ON AT THE CR I T I CAL  S ECTI ON  U S I NG METHOD 1 X 104 RAD IANS 

Ma i n  Steel = 2#5 To p Steel = 2#3  % S teel F i bers = 1 . 2  HL = 9 i nches  

Load Moment 4> 1 4>2 <P e Ki ps Ki p- i n .  

1 . 02 1 1 . 48 0 . 31 0 . 32 0 .  63 . 5 . 67 
2 . 04 2 2 . 9 5 0 . 55 0 . 55 1 . 1  9 . 9  
3 . 03 34 . 10 0 . 9 0 . 9  1 . 8  1 6 . 2  
4 . 97 5 5 . 9 1 1 . 45 1 . 45 2 . 9  2 6 . 1  
7 . 05 79 . 3 1 2 . 1  2 . 2  4 . 3  38 . 7  
9 . 1 6 103 . 10 2 . 65 2 . 65 5 . 3  4 7 . 7 

1 1 . 29 127 . 0  3 . 1  3 . 2  6 . 3  56 . 7  
1 2 . 42 139 . 73 3 . 2  3 . 3  6 . 5  58 . 5  
14 . 48 162 . 90 3 . 7  3 . 8  7 . 5  67 . 5  
1 6 . 63 187 . 10 4 . 2  4 . 3  8 . 5 76 . 5  
18 . 86 2 1 2 . 18  4 . 7  4 . 8  9 . 5  85 . 5  
2 0 . 81 2 34 . 1 1 5 . 1 5 . 2  10 . 3  92 . 7  
2 1 . 8  245 . 2 5 5 . 3  5 . 3  10 . 6  9 5 . 4  
2 2 . 85 257 . 10 5 . 6  5 . 6  1 1 . 2  10 1 . 0  
2 3 . 88 268 . 68 5 . 8  6 . 0  1 1 . 8  106 . 0  
24 . 8  279 . 0  . 6 . 1 6 . 2  1 2 . 2  1 1 1 . 0  
2 5 . 92 29 1 . 60 6 . 2  6 . 3  12 . 5  1 1 3 . 0  
2 7 . 1 6* 305 . 55 6- . 7  6 . 8  13 . 5  1 22 . 0  
28 . 0  305 . 55 1 8 . 0  2 2 . 0  40 . 0  360 . 0  
29 . 0  305 . 55 40 . 0  50 . 0  90 . 0  8 10 . 0  
30 . 0  305 . 5 5 6 0 . 0  80 . 0  140 . 0  1 260 . 0  
32 . 4  305 . 5 5 8 5 . 0  1 05 . 0 1 90 . 0  1 7 1 0 . 0  
33 . 0  305 . 55 1 1 8 . 0  140 . 0 2 58 . 0  2322 . 0  
34 . 5** 305 . 55 1 58 . 0  180 . 0  338 . 0  3393 . 0  

* = Fi rst yi el d of  mi ddl e s uppo rt 
** = Second yi el d  at mi dspan  
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TABL E  A . 7 

ACTUAL ROTAT ION AT THE C R I T I CAL S ECT ION US I NG METHOD 1 X 1 04 RAD IANS 

Ma i n  Steel = 2#6 Top S teel = 2#3  % Stee l F i bers = 0 . 0  HL = 6 . 5 i nc he s  

Load Moment 
<P1 4>2 ¢ e Ki ps Ki p- i n .  

1 . 02 1 1 . 48 0 . 25 0 . 2 5 0 . 5 3 . 3 
2 . 04 2 2 . 95 0 . 37 0 .  38 0 .  7 5  . 4 . 9  
3 . 03 34 . 1 0 0 . 65 0 . 65 1 . 3  8 . 5 
4 . 9 7 5 5 . 91 0 . 9  0 . 9  1 . 8  1 1 . 7  
7 . 05 79 . 3 1 1 . 2 5 1 . 2 5 2 . 5  16 . 3  
9 . 16 103 . 10 1 . 5  1 . 5  3 . 0  19 . 5  

1 1 . 29 127 . 0  1 . 7  1 . 8  3 . 5 22 . 8  
1 2 . 42 1 39 . 73 1 . 9 1 . 9  3 . 8  24 . 7  
14 . 48 162 . 90 2 . 2  2 . 3  4 . 5  29 . 3  
1 6 . 63 187 . 1 0 2 . 6  2 . 7  5 . 3  34 . 5  
1 8 . 86 2 1 2 . 18 2 . 9  2 . 9  5 . 8  3 7 . 7  
20 . 81 234 . 1 1 3 . 1 3 . 4 6 . 5  4 1 . 0  
2 1 . 8  245 . 2 5 3 . 4  3 . 5  6 . 8  44 . 2  
22 . 85 2 57 . 1 0 3 . 7 3 . 7  7 . 3  4 7 . 5  
23 . 88 268 . 68 3 . 7  3 . 8  7 . 5 48 . 8  
24 . 8  279 . 0  . 3 . 8  4 . 0  7 . 8  50 . 7  
25 . 92 2 9 1 . 6  4 . 0  4 . 3  8 . 3  54 . . 0 
27 . 0  303 . 7 5 4 . 2  4 . 6  8 . 8  57 . 2  
28 . 0* 31 5 . 0  4 . 3  4 . 7  9 . 0  . 58 . 5  
29 . 0  3 1 5 . 0  8 . 0 12 . 0  20 . 0  130 . 0 
30 . 0  3 1 5 . 0  1 2 . 0  18 . 0  30 . 0  195 . 0  
32 . 4  31 5 . 0  18 . 0  22 . 0  40 . 0  260 . 0 
33 . 0  3 1 5 . 0  2 3 . 0  2 7 . 0  50 . 0  325 . 0 
35 . 0**- 3 1 5 . 0 2 6 . 1  33 . 0  59 . 1  384 . 0  

* = F i rst yi el d o f  mi ddl e s upport 
** = Second yi el d at mi d s pan  
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TABLE  A . 8  

ACTUAL ROTAT ION AT THE CR I T I CAL S ECT ION U S I NG METHOD 1 X 104 RAD IANS 

Ma i n  Steel = 2#6 Top Steel = 2# 3  % S teel F i bers = 0 . 8  HL = 9 i nches  

Loa d Moment '1>1 '1>2 <P 8 Ki QS Ki Q- i n .  

1 . 02 1 1 . 8  0 . 25 0 . 25 0 . 5  4 . 5  
2 . 04 22 . 95 0 . 5  0 . 5  1 . 0  9 . 0 
3 . 03 34 . 1 0 0 . 5  0 . 65 1 . 3  1 1 . 7  
4 . 97 5 5 . 91 1 . 05 1 . 05 2 . 1  18 . 9  
7 . 05 79 . 31 1 . 4  1 . 4  2 . 8 2 5 . 2  
9 . 1 6 103 . 1 0 1 . 7 5 1 . 75 3 . 5  3 1 . 5  

1 1 . 29 127 . 0  2 . 1 5 2 . 1 5 4 . 3  38 . 7  
1 2 . 4 2  139 . 73 2 . 2 5 2 . 25 4 . 5  40 . 5  
14 . 48 162 . 90 2 . 6 5 2 . 65 5 . 3  4 7 . 7  
16 . 6 3 187 . 1 0 2 . 9  3 . 1 6 . 0  54 . 0  
18 . 86 2 1 2 . 18 3 . 4  3 . 6  7 . 0  6 3 . 0  
20 . 8 1 234 . 1 1 3 . 8  3 . 8  7 . 8  70 . 2  
2 1 . 80 24 5 . 2 5 4 . 1  4 . 2  8 . 3 7 4 . 7 
22 . 85 257 . 1 0 4 . 2  4 . 3  8 . 5  76 . 5  
2 3 . 88 268 . 68 4 . 5  4 . 5  9 . 0  8 1 . 0  
24 . 8  279 . 0  . 4 . 7  4 . 8  9 . 5  8 5 . 5 
2 5 . 92 291 . 60 4 . 8  5 . 0  9 . 8  88 . 2  
27 . 0  305 . 55 4 . . 9 5 . 1 1 0 . 0 . 90 . 0  
28 . 0  3 1 5 . 0  5 . 2  5 . 3 10 . 5  95 . 0  
29 . 0  326 . 2 5 5 . 3  5 . 5 10 . 8  97 . 2  
30 . 0* 337 . 5  5 . 4  5 . 7 1 1 . 0  99 . 0  
32 . 4  337 . 5  3 5 . 0  4 5 . 0  80 . 0  720 . 0  
3 3 . 0  - 337 . 5  6 0 . 0  80 . 0  140 . 0  1260 . 0  
3 5 . 0  337 . 5  80 . 0  1 10 . 0  1 90 . 0  1 7 1 0 . 0  
38 . 28** 337 . 5  1 00 . 0  1 7 1 . 0  2 7 1 . 0  

* = Fi rst  yi el d of  mi ddl e s u ppo rt 
** = Seco nd yi el d at mi dspa n  
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TABLE  A . 9 

ACTUAL  ROTAT ION AT THE C R I T I CAL S ECT I ON U S I NG METHOD 1 X 104 RAD IANS 

Ma i n  Steel = 2#6 Top Steel = 2# 3  % Steel F i bers = 1 . 2  HL = 9 . 5  i nche s  

Load Moment 
4> 1 4>2 <P 8 Ki QS Ki Q- i n .  

1 . 02 1 1 . 8  0 . 37 0 . 38 0 . 75 7 . 1 
2 . 04 2 2 . 95 0 . 75 0 . 75 1 . 5  14 . 3  
3 . 03 34 . 1  1 . 0  1 . 0  2 . 0  19 . 0  
4 . 97 5 5 . 9 1 1 . 4  1 . 4 2 . 8  26 . 6  
7 . 05 7 9 . 31 1 . 75 1 . 75 3 . 5 33 . 3  
9 . 1 6 103 . 10 2 . 2  2 . 3  4 . 5  4 2 . 8  

1 1 . 29 127 . 0  2 . 5  2 . 5  5 . 0  4 7 . 5  
1 2 . 42 139 . 73 2 . 6  2 . 7  5 . 3 50 . 4  
14 . 48 162 . 90 2 . 8  3 . 2  6 . 0  5 7 . 0  
18 . 86 2 1 2 . 18 3 . 6  3 . 7  7 . 3  69 . 4  
2 1 . 80 245 . 25 4 . 0  4 . 0  8 . 0  76 . 0  
2 2 . 85 257 . 10 4 . 2  4 . 3  8 . 5 80 . 8  
24 . 8  279 . 0  4 . 5  4 . 5  9 . 0  85 . 5  
2 5 . 92 29 1 . 60 4 . 7  4 . 8  9 . 5  90 . 3  
27 . 0  305 . 55 4 . 8  5 . 0  9 . 8 93 . 1  
28 . 0  31 5 .  0 ' 5 . 0  5 . 0  10 . 0  9 5 . 0  
30 . 0  337 . 5  5 . 2  5 . 3 10 . 5 99 . 8  
32 . 4  364 . 5 5 . . 6 5 . 9  1 1 . 5  . 109 . 0  
33 . 6* 3 78 . 0  5 . 8  6 . 0  1 1 . 8  1 1 2 . 0  
35 . 0  378 . 0  2 5 . 0  3 5 . 0  60 . 0  570 . 0  
36 . 8  378 . 0  50 . 0  70 . 0  120 . 0  1 140 . 0  
39 . 0  378 . 0  80 . 0  1 1 0 . 0  190 . 0  1805 . 0  
40 . 0  378 . 0 100 . 0  160 . 0  260 . 0  2470 . 0  
43 . 4** 378 . 0  1 30 . 0  190 . 0  320 . 0  3040 . 0  

* - Fi rst yi e l d of  mi ddl e s uppo rt 
** = Second yi e l d at mi d s pan  
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· TABL E  A . 1 0  

STEEL AND CONCRETE STRA I NS AT  C R I T I CAL S ECTIONS  

Ma i n  Steel  = 2#4 Compres s i on Steel = 2#3  
Steel F i ber  = 0 . 0  d = 6 . 5  i nches 

Ma i n Compres s i on 
Steel Stra i n s  Stee l Stra i n s Concrete Stra i n s 

Load  ll i n/ i n  ll i n/ i n  p i n/ i n  
( k i ps ) Nega ti ve Pos i t i ve Nega ti ve Po s i t i ve Negati ve Po s i t i v e  

2 . 04 240 160  5 5  30 90 80 
3 . 96 480 400 90 60 220  2 40 
6 . 02 700 600 1 30 80 270  320  
8 . 1 3  920 800 1 7 5  120  420  400 

1 0 . 23 1 200 1020 2 2 0  1 50 560 580 
1 2 . 42 1520  1260 280 200  800 800 
1 3 . 43 1690 1 3 7 5  30 1 2 7 1  1055  895  
1 5 . 53 2000 1 560  360 320 1380 1 1 2 0  
1 7 . 72 2237  1840  398 360 200 0  1 360  
1 9 . 94 2080 500 400 2480 2080  
2 1 . 80 2250  540 443 3205 2800 
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· TABL E A . 1 1  

STEEL AND CONCRETE STRA I NS A T  C R IT I CAL SECT IONS 

Ma i n  Steel = 2#4 Compre s s i on Steel = 2#3  
S teel F i ber = 0 . 8 d = 6 . 5  i nches  

Ma i n  Compress i on 
Steel Stra i n s S teel Stra i n s  Concrete Stra i ns 

Load ll i n/ i n ll i n/ in ll i n/ i n 
( k i p s ) Negati ve Po s i ti ve Negat i ve Pos i t i ve  Nega ti ve Pos i t i ve 

2 . 04 200 160 50 40 1 60 80 
3 . 96 360 320 80 65  360 160 
6 . 02 440 420 140 100 560 240 
8 . 1 3  580 540 200 1 1 5  720 400 

10 . 23 900 660 260 145  880 480 
1 2 . 42 1 1 20 840 340 220 1 1 20 640 
14 . 9  1335  1040 4 0 1  280 1450 895 
1 6 . 63 1680 1 200 460 340 1 760 1 080 
18 . 86 2 240 1440 540 380 2080 1440 
20 . 81 1 760 600 420 2 580 2 000 
2 7 . 85 1 94f) 630 500 2960  7 560  
24 . 8  2270  7 30 600 4 180 4 100 
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· TAB LE  A . 1 2  

STEEL AND CONCRETE STRA I NS AT C R I T I CAL S ECT IONS 

Ma i n  Stee l = 2#4 Compres s i on Steel = 2#3 
Steel  F i ber  = 1 . 2  d = 6 . 5 i nches  

Ma i n  Compress i on 
Steel Stra i n s Steel Stra i n s  Concr.ete Stra i n s  

Load l.l i n/ i n l.l i n/ i n  l.l i n/ i n 
( k i ps }  Nega ti ve Pos i t i ve Negati ve Pos i t i ve Nega ti ve  Po s i t i ve 

2 . 04 80 60 4 0  30 170  80  
3 . 96 180 160 1 00 80 240 200 
6 . 02 260 240 160  1 20 400 280 
8 . 1 3  360 280 200  1 50 640 320  

1 0 . 2 3  480 360 260  180 800 400 
1 2 . 42 640 480 320  2 20 1040 560 
1 4 . 9  880 590 380 260 1 280 720  
1 6 . 63 1 040 630 4 10  280 1 340 950 
1 7 . 3 1 100 7 5 5  465  290 1630 980 
1 8 . 86 1 540 880 490 3 1 0  1 720 1 200 
2 0 . 8 1 2 2 10  1 12 0  560 340 2000 1600 
2 2 . 85 1320 600 380 2320 2080 
24 . 8  1600 660 4 20 2800 2620 
2 7 . 0  2000 760  480 3840 3 500 
28 . 4  2 240  800 500 4880 4600  
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TABL E  A .. l3 

STEEL AND CONCRETE STRA I NS AT CR IT I CAL SECTIONS 

Ma i n  Steel = 2#5  Compres s i on Steel = 2#3 
Steel F i ber = 0 . 0  d = 6 . 5  i nches 

Ma i n  Compre ss i on 
Steel Stra i ns Steel Stra i ns  Concrete Stra i n s 

Load � i n/ i n � i n/ i n  � i n/ i n 
( k i ps )  Nega ti ve Po s i ti ve Negati ve Po s i t i ve Negati ve Po s i ti ve 

2 . 04 200 180 5 0  30 160 80  
3 . 96 400 390 1 1 0  80 240 160 
6 . 02 600 580 1 70  1 10 360 240 
8 . 1 3  800 640 220  1 50 480 360 

1 0 . 23 960 800 300 200 640 480 
1 2 . 42 1200 960 380 260 860 640 
14 . 48 1380 1 1 20 440 300 1 020 800 
1 6 . 63 1600 1250  496 363 1290 945 
18 . 86 1850 1480 560 4 10 1460 1040 
2 0 . 81 1920 1640  640 460 1560 1280 
22 . 85 2080. 1800 700 520 1720 1 520 
2 3 . 93 2 1 7 5  1880 730 540 1900 . 1680 
24 . 8  2000 760  560 2000 1900  
2 7 . 0  2 1 50 840 620 2600 2240 
28 . 0  2270  880 660 3180 2900 
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TABL E  A . 14 

STEEL AND CONCRETE STRA I NS AT C R I T I CAL SECT IONS 

Mai n Steel = 2#5  Compres s i on Steel = 2#3 
S teel F i ber  = 0 . 8 d = 6 . 5  i nches 

Ma i n  Compress i on 
Steel Stra i ns S teel Stra i ns Concrete Stra i n s  

Load � i n/ i n  � i n/ i' n  � i n/ i n  
( k i p s } Negati ve Po s i t i ve Negati ve Po s i ti ve Nega ti ve Pos i t i ve 

2 . 04 120 140 2 0  20 160 80 
3 . 96 280 260 8 0  70 320 160  
6 . 02 400 390 1 1 5 1 05 480 240 
8 . 1 3 440 420 180 180 640 320 

1 0 . 23 640 6 30 260 240 800 420 
1 2 . 42 720 690 340 300 960 5 70 
14 . 48 880 860 420  360 1200 800 
1 6 . 63 960 950 480 400 1360 880 
1 8 . 86 1240 1 1 20  540  4 50 1520 986 
1 9 . 4  1395  1200 576  480 1690 1200 
20 . 81 1480 1280 600 500 1 720 1240 
22 . 85 1780 1360 650  540 2320  · 13 1 0  
24 . 8  2080 1 540  7 20 590 2 160 1600 
2 5 . 92 2224 1600 740 6 10 2240  2000  
2 7 . 0  1820 8 10  670  2640 2240 
29 . 0  1920 860 7 1 0  3050 298 0  
3 1 . 28 2080  9 1 5  7 50 3700 3290 
3 2 . 4  2300 9 7 0  780 4090 4000 
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TABL E  A . 1 5  

STEEL AND CONCRETE STRA I NS AT C R IT ICAL  S ECTIONS 

Ma i n Steel = 2#5 Compress i on Steel = 2#3 
Steel F i ber = 1 . 2  d = 6 . 5  i nches 

Ma i n  Compres s i on 
Steel Stra i ns Steel Stra i ns Concrete Stra i ns Load  � i n/ i n  � i n/ in � i n/ i n 

( k i p s ) Nega ti ve Po s i ti ve Negati ve Pos i ti ve Negati ve Pos i tiVe 

2 . 04 160 120 40 30 160 120 3 . 96 260 230 1 00 80 320 200 
6 . 02 380 320 1 70 120 460 320 8 . 1 3  480 400 240 180 600 460 

1 0 . 2 3  560 440 300 2 20 800 590 
1 2 . 42 760 560 360 300 960 800 
14 . 48 820 720 470 380 1200 1000 
1 6 . 63 930 800 540 420 1360 1200 
18 . 86 1040 960 600 480 1600 1360 
1 9 . 4  1 1 20  1020 640 490 1720 1440 
2 1 . 3  1 185  1080 694 508 1800 15 10 
22 . 85 1440 1 1 50 740 560 2000 1590 
24 . 8  1 760 1440  800 620 2360 1920 
2 5 . 92 1820 1 520  840 640 2400 2 100 
2 7 . 0  2 1 70  1 600 860 660 2480 2240 
2 9 . 0  1 760 920  720 2800 2640 
3 1 . 28 1920  980 780 3600 3000 
32 . 4  - - - - 2080 1000 820 3780 3460 -
33 . 0  2 1 20  1040 840 4200 3900 
34 . 2  2 200 1 080 860 46 10 · 45oo 

-
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. TABL E A . 16 

STEEL AND CONCRETE STRA I NS AT CR IT ICAL S ECT IONS 

Ma i n  Steel = 2#6 Compres s i on Steel = 2#3 
Steel Fi ber = 0 . 0  d = 6 . 5  i nches  

Mai n Compress i on 
Stee l Stra i ns  Steel Stra i n s  Concrete Stra i ns 

Load l-1 i n/ i n  l-1 i n/fn l-1 i n/ i n 
( k i p s ) Negati ve Pos i ti ve Negati ve Pos i ti ve Negati ve Pos i t i ve 

2 . 04 240 120  180 100 160 80 
3 . 96 360 260 280 2 40 280 160 
6 . 02 560 420 4 00 320  400 240 
8 . 1 3  720 600 560 480 480 3 20 

1 0 . 23 880 800 6 20  560 640 4 00 
1 2 . 42 1 1 20 960 800 720  730  540 
14 . 48 1280 1 1 20 960  860 880 600 
1 6 . 63 1440 1 280 1 1 00 970  990 760 
1 8 . 85  1680 1440 1 280 1 1 20 1 180 800 
20 . 81 1800 1 560  1400 1 200 1360 870 
24 . 8  2000 1880 1 560  1420 1680 1 080  
2 7 . 0  2 160 1920 184 0  1680 1840 · 1 240  
28 . 0 2 330 2000 1920. 1 720  1920  1320  
29 . 0  2 1 00 2000  1840 2080 1400 
3 1 . 28 2 160 2 16 0  2000 2320  1600 
3 3 . 0  2250  2 370  2230  2690 2000 
3 5 . 0  2 350 2420  2280 3070 2980 
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TABL E  A . 1 7  

STEEL AND CONCRETE STRA I NS A T  CR IT I CAL S ECTIONS 

Ma i n  Steel = 2#6 Compre ss i on Steel = 2#3  
Steel F i ber = 0 . 8  d = 6 . 5  i nches  

Ma i n Compres s i on 
Steel Stra i n s Stee l  Stra i n s  Concrete Stra i n s 

Load l.l i n/ i n  ll i n/ i n ll i n/ i n  
( k i ps ) Nega ti ve Pos i ti ve Negati ve Pos i t i ve Negat i ve Po s i t i ve 

2 . 04 120 80 80 85  100 80 
3 . 96 2 70  190 240 2 10 360 160  
6 . 02 4 1 0  320 400 320 400 2 90 
8 . 1 3  560 400 520  400 600 4 00 

1 0 . 23  720  520  700 620 740 5 1 0  
1 2 . 42 960 620 840 690 960 640 
14 . 48 1000 800 940 800 1 12 0  780 
16 . 63 1 1 20 880 1 100 990 1 280 880 
18 . 85 1 280 1040  1 2 00 1 100 1440 1 000 
2 0 . 81 1420 1 1 2 0  1400 1400 1 580 1 1 20 
2 3 . 0  1600 1 260 1600 1450  1 7 7 5  1 340 
24 . 8  1830 1400 1 7 50 1 500 1890 . 1460 
2 7 . 0  2080 1 520  1860 1 580 2000 1 520 
29 . 0  2220 1700 2 000 1600 2280 1680 
30 . 0  2340  1860 2 080 1840 2400 1860 
33 . 0  2000 2 300 2 000 3200 2 300 
35 . 0  2 1 60 2400 2200 3800 3000 
38 . 3  2370 2420 4995  4800 
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. TABLE  A . 18  

STEEL AND CONCRETE STRA I NS AT  CR IT I CAL  SECTI ONS 

Mai n Steel = 2#6 Compress i on Steel = 2#3 
Steel F i ber = 1 . 2  d = 6 . 5  i nches -

Ma i n  Compres s i on 
Steel Stra i ns S teel  Stra i ns Concrete Stra i ns 

Load � i n/ i n  ll i n/ i
. 
n � i n/ i n  

( k i ps ) Negat i ve Po s i t i ve Nega ti ve Po s i ti ve Negat i ve Pos i t i ve  

2 . 04 120 80  8 5  60 1 20  80  
3 . 96 240 160 2 3 0  140 280 160 
6 . 02 320 240 3 1 0  300 440 290 
8 . 1 3  400 360 520  460 560 400 

10 . 2 3 520 470 640 580 720 500 
1 2 . 42 640 560 800 720 950 620  
1 4 . 48 760 680 960  860 1 100 800 
1 6 . 63 880 740 1 06 0  960 1 280 960 
18 . 85 970 880 1 200 1 1 20 1420 1 1 20 
20 . 81 1 1 2 0  1000 1 360  1 240 1680 1 280 
2 3 . 0  1200 1080  144 0  1400 1930 1 500 
24 . 8  1360  1 1 20 1 600 1 520  2 100 " 1600 
26 . 0  14 1 0  1 200 1 72 0  1 600 2300 1 700 
29 . 0  1470 1440 1 860  1 7 20 2480 1 9 1 0  
3 3 . 0  2000 1640 2 080  1890 2940 2400 
34 . 0  2 370  1690 2 240  2080 3 100 2880 
3 7 . 9  1820 2000 2 160 4000 3200 
40 . 0  - - - - 2000 2490 2200 4800 3900 -
43 . 4  2350  2 300 5525  5000 
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Append i x  B 

Di fferenti a l  Level  a nd  Defl ecti o n  Read i ng s  



TABLE 8 . 1  

D I FFERENT IAL L EVEL READ I NGS ( I NCHES ) X 10- 3 

AT CR IT I CAL SECT ION (UNDER THE LOAD} 
Ma i n  Steel 2#4 Ma i n  Steel 2#5  Ma i n Steel 2#6 

Load Top Steel 2#3 Top Steel 2#3 Top Steel 2#3 
(k i�s} 0 . 0% S . F .  0 . 8% S . F .  1 . 2% S . F .  0 . 0% S . F .  0 . 8% S . F . 1 . 2% S . F .  0 . 0% S . F .  0 . 8% S . F .  1 . 2% S . F . 
0 0 0 0 0 0 0 0 0 0 
2 . 04 20 20 15  10 20 20 19 19 1 5  
3 . 96 35 98 40 21 39 39 2 7  40 30 
6 . 02 56 137 60 32 58 79 34 6 1  4 5  
8 . 13  76 196 95 4 1  70 1 1 0  42  82 59 

10 . 23  84 255  125  55  96  161  47  102 74 
12 . 42 101 295 150 63 1 1 5  200 56 1 24 93 
14 . 48 118  335  175  75  1 30 240 63 145  105 
16 . 6 3 130 374 189 87 1 5 1  282 70 160 1 30 
17 . 0  155 4 1 3  1 10  98 167 3 1 5  76 180 144 
18 . 85 210  531  123  109 189 360 82 200 160 
20 . 8 1 360 768 235  1 1 0 · 2 1 0 398 90 2 15 174 
2 1 . 8  400 944 3 1 5  120 231  436 97 229 195 
23 . 93 

- - -
2 145 433 1 29 249 481 103  24 1 2 1 5  

24 . 8  
- - -

2283 551  1 57 2 73 532 1 1 0  263 229 
25 . 9  

- - - - - - -
728 201  295 583 120 285 243 

27 . 16 
- - - - - - -

1 535 276 391 629 129 325 253 . 
28 . 0  

- - - - - - -
2055 309 44 1 1003 140 350 267 

28 . 9  
- - - - - - -

2657 
- - -

6 10 1 102 160 375 283 
30 . 0  

- - - - - - - - - - - - - -
760 1 181  181 393 300 

31 . 28 
- ·- - -- - - - - - - - - - -

880 1240 2 1 1  450 314 
32 . 4  

- - - - - - - - - - - - - -
1086 1 300 242 669 330 

33 . 6  
- - - - - - - - - - - - - - - - - -

141 7 285 787 343 
34 . 5  

- - - - - - - - - - - - - - - - - -
177 1  310  1 060 359 

35 . 0  
- - - - - - - - - - - - - - - - - - - - - -

345 1 1 62 379 
35 . 7  

- - - - - - - - - - - - - - - - - - - - - - - - -
1220 393 

38 . 3  
- - - - - - - - - - - - - - - - - - - - - - - - -

1476 89 3 
40 . 0  

- - - - - - - - - - - - - - - - - - - - - - - - - - - - -
1393 N � 

43 . 4  
- - - - - - - - - - - - - -

1653 m 
- - - - - - - - - - - - - - - -

\ l�-.JJ 
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TAB LE  8 . 2  

ACTUAL DEFL ECT I ONS  X 10- 3 I NCHES 

Ma i n  Steel  = 2 #4 To p Steel = 2# 3 

l oad  0%  F i bers 0 . 8% F i bers 1 . 2% F i bers 
� Ki ES } Left Ri gh t  Average Left R ight Average Left R ight Average 

0 0 0 0 0 0 0 0 0 0 
1 . 02 7 7 7 5 5 1 0  6 6 6 
2 . 04 1 5  1 5  1 5  9 9 18 1 5  1 5  1 5  
3 . 03 1 1  1 1  22  24 22 23 2 2  2 2  22  
3 . 96 1 5  1 5  3 0  1 5  1 5  30 24 26 2 5  
4 . 97 34 36 35  36  34 35 28 32 30 
6 . 02 19  21  40 2 1  1 9  4 0  3 5  37  36  
7 . 05 24 26 50 46 44 45  39  39 39 
8 . 13 28 32 60 5 1  49  50  41  43  42  
9 . 16 66 68 67 5 7  5 3  55 48 50 49 

1 0 . 2 3  73  77  7 5  6 1  59 60 56 58 57 
1 1 . 29 80 82 81 69 67 68 60 62 6 1  
1 2 . 42 90 90 90 77 73 75 63 67 65 
1 3 . 43 93  97 95 83 7 7  80 66 7 3  6 9  
14 . 48 108 1 1 2 1 10 87  83  85  68 76 72 
1 5 . 5 3  1 1 3 1 1 7  1 1 5  94 90 92 72 80 76 
1 6 .- 63 1 1 6  1 24 120  102 98 100 75  85  80 
1 7 . 72 190 2 1 0  200 1 08 102 1 05 78 90 84 
18 . 86 260 300 280 1 1 5  105  1 10  82  98 90 
19 . 94 490 5 10 500 1 2 7  1 1 3  1 20 84 100 92  
20 . 81  640 700 680 2 10 190 200 87  1 03 9 5  
2 1 . 8  1 300 1 700 1500 3 1 5  285 300 1 1 0  130 . 1 20 
2 2 . 85 6 50 5 50 600 145 1 7 5  160 
23 . 88 1 2 70 1 1 30 1200 230  290 260 
24 . 8  4 300 4 700 4 500 340 460 400 
2 5 . 92 520 680 600 
2 7 . 0  1 500 1 700 1600 
28 . 4  5600 5800 5 700 
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TABL E  8 . 4  

ACTUAL DEFL ECTI ONS X 10- 3 I NCHES 

Ma i n  S teel = 2#6  Top Stee l = 2#3  

l oad 0% Fi bers 0 . 8% F i bers 1 . 2% F i bers 
/ { KiES �  Left Ri ght  Average Left Ri ght  Average Left R ight  Average 

0 0 0 0 0 0 0 0 0 0 
1 . 02 6 6 6 7 7 7 8 8 8 
2 . 04 1 5  1 5  1 5  1 5  1 5  1 5  1 5  1 5  1 5  
3 . 03 20 20 20 1 7  1 7  1 7  1 7  1 7  1 7  
3 . 96 24 26  25  19  2 1  20  20  20  20  
4 . 97 29  31  30  24  26  2 5  2 5  2 7  2 6  
C . 02 34 36 3 5  2 9  3 1  30 30 30 3:J 
7 . 05 37  37  37 3 4  1 ::-: : : 5 33  37  35  
8 . 1 3  4 0  40  40 38 38 38 37 39 38 
9 . 16 44 46 4 5  39 4 1  40 39 39 39 

1 0 . 23 50 52 50 4 3  4 3  43  40  40 40 
1 1 . 29 52  56 54 46  48  47 44 44 44 
1 2 . 42 56 58 57 49 5 1  50 4 7  49 48 
1 3 . 43 58 62 '60 5 5  5 5  55 51 5 1  5 1  
14 . 48 63  6 7  6 5  5 8  6 2  60 53 57 55 
1 5 . 53 69 73 71  64  66  65 58 60 59 
1 6 . 63 74 76 75 68 72 70 62 64 6 3  
1 7 . 72 7 7  81 79 73 7 7  7 5  6 7  6 9  68  
18 . 85 82 86 84 78 82 80 68 72 70 
1 9 . 94 88 90 89 82 84 83 74 76 7 5  
2 0 . 81 9 3  97  95  85  85  85  80 80 80 
2 2 . 85 102 108 1 05 87  89  88 85 85 85  
24 . 8  1 1 1  1 1 9  1 1 5  9 5  105  1 00 86 86 . 86 
2 7 . 0  1 14 1 30 1 22 105  1 1 5 1 1 0  87 87 87 
2 9 . 0  150  1 70 1 60 1 1 0 1 30 120 1 1 0  1 1 0  1 1 0  
3 1 . 28 225  255  240 1 70  2 10  190 1 1 2  1 18 1 1 5  
3 3 . 0  420 460 440 2 55 305 280 1 1 5  1 2 5  120 
3 5 . 0  1 300 . 1 700 1 5 70 4 1 0  4 70 440 1 2 3  1 3 7  1 3 0  
3 7 . 9  2820 3000 2960 205 235  2 20 
3 9 . 0  260 340 300 
40 . 0  350 450 400 
42 . 8  7 10 8 10  760  
44 . 0  2850 3750 3 300 
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TABL E 8 . 3 

ACTUAL DEFLECT I ONS  X 10- 3 I NC HES 

Ma i n  Steel = 2#5  Top Steel = 2#3 

l oad 0% F i bers 0 . 8% F i bers 1 . 2% F i bers  
( Ki  ES } Left Ri ght  Average Left R igh t  Average Left  R ight Average 

0 0 0 0 0 0 0 0 0 0 
1 . 02 8 8 8 8 8 8 5 5 5 
2 . 04 1 5  1 5  1 5  1 5  1 5  15  10  10  10  
3 . 03 2 2  2 2  2 2  1 6  18  17  1 5  1 5  1 5  
3 .  96 30 30 30 1 9  2 1  2 0  2 0  2 0  2 0  
4 . 97 35  35 35  24  26  25  25  25  25  
6 . 02 38 42  40  28  3 2  30 29 31 30 
7 . 05 4 3  4 7  4 5  3 3  3 7  35  34 36 35 
8 . 1 3  4 7  5 3  50 38 4 2  40 39 4 1  40 
9 . 16 54 58 56 4 1  4 7  44 40 44 42 

10 . 23 59 65 62 49  55  52  43 47  45  
1 1 . 29 65  7 1  68 54 60 57 46 48 4 7  
1 2 . 42 74 80 77 59 6 5  62 49 5 1  50  
1 3 . 43 7 5  8 1  '78 6 2  70  66 53 57 5 5  
14 . 48 76 84 80 67  7 3  70 58 62 60 
1 5 . 53 80 84 82 72  78  75  63 67 65 
16 . 63 82 88 85  7 7  8 3  80 67  73 70 
1 7 . 72 88 96 92  80 84 82 71 71  74  
18 . 86 104 1 16 1 10 83 87 85 74 80 77 
1 9 . 94 107  123  1 1 5  88 92 90 7 7  83  80 
20 . 8 1 1 1 0  1 30 1 20  94 96 9 5  8 1  8 5  8 3  
2 1 . 8  145 1 7 5  160 106 1 1 4  1 10 84 88 86 
22 . 85 2 1 0  2 50 230  1 2 5  1 3 5  130 90 95 . 90 
2 3 . 88 250 350 300 1 67  1 77  1 72 93  97  95  
24 . 8  360 480 420  2 10 2 30 220 95 105 1 00 
2 5 . 92 500 600 5 50 260 300 280 1 30 140 1 35  
2 7 . 0  580 700 640 340 380 360 170 190 180 
28 . 00 1 120 - 1400 1260 400 460 4 30 200 240 220 
29 . 0  4 50 590 5 20 26 5 3 1 5  280 
30 . 0  600 780 690 3 1 5  395 370 
3 1 . 28 840 1040 940 440 520 480 
32 . 4  2 570  2 7 70 2670 1200 1 600 1400 
33 . 0  2060 2400 2280 
34 . 2  3260 3500 3380 
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Append i x C 

Crack Wi dths  a nd Crac k  Patterns 



Ma i n  Stee l = 2#4 

Load P/ P u 

{ Ki �s } Rati o 1 2 3 

0 . 0  0 0 0 0 

1 . 02 0 . 05 3 3 0 

2 . 04 0 . 09 3 4 0 

3 . 03 0 . 14 3 4 2 

3 . 96 0 . 18 3 - 2 

6 . 02 0 . 28 6 - 2 

8 . 13  0 . 37 6 - -

10 . 2 3 0 . 47 10 - -

13 . 43 0 . 62 23 - -

14 . 48 0 . 66 29 - 4 

1 7 . 72 0 . 8 1 46 - 4 

\l"ei-.JJ 

TABLE C . 1 

CRACK READ I NGS AT NEGAT I VE  SECT ION 

Top Steel = 2#3 % Steel Fi bers = 0 . 0  

ALL READ I NGS  ARE I N  10 -4 I NCHES 
I NTERVi':L 

4 5 6 7 8 9 10 1 1  1 2  1 3  14 

0 0 0 0 0 0 0 0 0 0 0 

7 0 1 1  2 0 0 0 2 0 0 0 

7 4 12 2 7 0 0 3 0 1 5 

10 4 18 4 7 0 1 5 2 1 5 

13  4 18 5 7 0 1 5 5 1 5 

18 10 22 5 15  0 2 5 5 - -

25 1 1  22 - 22 7 7 - 5 - -

27 12 22 - 42 70 44 - 5 - -

60 35 22 - 42 86 87 - 10 - -

74 70 - - 52 1 1 5  1 12 - 10 - -

80 1 13 - - 59 1 33  125  - - - -

f ' = 4970 ps i  
c 

1 5  16  1 7  18  19  

0 0 0 

0 0 1 

2 1 2 

3 1 2 

6 3 2 

10 8 

1 3  1 0  

1 7  1 5  

32 22 

52 48 

go · so 

20 

N U'1 ,_;..a 



Ma i n  Stee l = 2#4 

Load  P/ P u 

{ Ki �s } Rat i o  1 2 3 4 

0 . 0  0 0 0 0 0 

1 . 02 0 . 04 0 0 0 0 

2 . 04 0 . 08 0 0 0 0 

3 . 96 0 . 16 0 1 2 2 

6 . 02 0 . 24 - - - -

8 . 1 3  0 . 33 - - - -

10 . 23 0 . 4 1  - - - -

1 2 . 42 0 . 50 - - - -

14 . 48 0 . 58 - - - -

16 . 63 0 . 67 62 - - -

19 . 94 0 . 8  97 - - -

\ \�.11 

TABLE C . 2 

CRACK READ I NG S  AT NEGAT I V E  S E CT I ON 

Top Stee l = 2#3 % Stee l Fi bers = 0 . 8  

ALL READI NGS ARE I N  10
-4 I NCHES  

I NTERVAL 
5 6 7 8 9 10 1 1  1 2  1 3  14 

0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 7 0 0 

0 3 2 0 1 0 1 9 0 0 

1 4 - 1 3 2 1 9 5 -

- - - - 1 3  
- - 20 - 18 34 - - 30 
- - 55  - 2 1  48 - - 47  -

- - 6 1  - 33  60 - - 60 -

- 34 6 7  - 4 1  68 - - 62 -

- 55 80 - 5 3  100 - - 80 -

- 102 87 - 24 140 - - 105  -

f� = 5 180 p s i  

1 5  1 6  1 7  18 19 

0 0 0 . 0 0 

0 0 0 0 0 

0 3 0 1 

0 3 - 2 

32 

32 23  

35  3 3  

3 5  63  . -

35 - 190 

20 

N 0'1 ' N  



Ma i n  Stee l = 2#4 

Load  P/ P u 

( Ki ps ) Rati o 1 2 3 4 

0 . 0  0 0 0 0 0 

1 . 02 0 . 04 0 0 0 2 

3 . 04 0 . 1 1  0 0 0 2 

4 . 97 0 . 1 7 1 0 0 -

7 . 05 0 . 24 1 1 8 -

9 . 16 0 . 32 - 1 8 -

1 1 . 29 0 . 4  - - - -

13 . 43 0 . 46 - - - -

16 . 63 0 . 58 - 40 - -

18 . 86 0 . 65 - 55 60 -

20 . 81 0 . 72 - 65 75 -

�l'C-.JJ 

TABLE  C . 3  

CRACK READ I NGS AT N EGAT I VE S ECT I ON 

Top Steel = 2#3 % Stee l F i bers = 1 . 2 

ALL READ I NGS ARE I N  10
-4 I NCHES  

I NTERVAL 
5 6 7 8 9 10 1 1  1 2  1 3  1 4  

0 0 0 0 0 0 0 0 0 0 
0 0 2 0 0 . 0 0 0 0 0 

5 2 12 2 4 4 0 0 0 0 

5 2 1 7  2 4 5 2 0 - 4 
- 4 20 4 8 8 3 0 - 4 
- 20 2 7  4 . 33  14  4 2 - 4 
- 34 32 - 33  20  4 1 5  - -

- 42 42 - - 28 - 31  - -
- 52 53 - - 45 - 50 - -

- 100 1 1 7 - - 73  - 85 - -
- 126 143 - - 88 - 90 - -

f� = 5275  p s i  

1 5  1 6  1 7  18  19 

0 0 0 0 0 
0 0 0 0 0 

0 0 0 0 0 

0 0 10 3 0 

0 5 10 3 · o 

8 13  20 3 2 
24 28 20 

34 40 -

4 7  5 5  - 2 3  

74 60 - 33 
97 " 6 5  - 43  

20  

f'\) 01 w 



Ma i n  Steel = 2#5 

Load P/ Pu 
( Kips )  Rati o 1 2 3 

0 . 0  0 0 0 0 

1 . 02 0 . 04 - - 0 

2 . 04 0 . 07 - - 0 

3 . 03 0 . 1 1 - - 0 

3 . 96 0 . 14 - - 1 

4 . 9 7 0 . 18 - - -

6 . 02 0 .  2·2 - - -

8 . 13  0 . 29 - - -

10 . 23 0 . 37 - - -

13 . 43 0 . 48 - - -

1 6 . 63 0 . 6  - - -

18 . 86 0 . 67 - - -

20 . 8 1 0 . 74 - - -

\ lS-JJ 

TABLE  C . 4  

CRACK READ I NGS AT NEGAT I V E  S ECT ION 

Top Stee l = 2#3 % Steel F i bers = 0 . 0 

I ALL READI NGS ARE I N  10
-4 I N CHES 

I NTERVAL 
4 5 6 7 8 9 10 1 1  1 2  1 3  14 

0 0 0 0 0 0 0 0 0 0 0 

0 1 0 0 2 0 0 0 0 0 0 

0 8 0 0 2 0 0 0 0 4 2 

3 8 4 - 2 - 3 0 9 6 2 

3 22 7 - - - 3 2 2 7  1 9  -

3 22 19 - - 1 - 2 35  37  
- 33 24 - - - - 4 45  42  
- 54 42 - - 2 - 4 65  
- 69 55 - - - - - 85 
- 81 77 - - - - - 95  
- 104 100 - - 66 - - 99  
- 204 167 - - 9 1  - - 1 20 
- 264 347 - - 187 - - 1 75 

f� = 4970 ps i 

15- To 17 18 19 

0 0 0 0 0 

0 0 0 0 0 
- 0 0 0 2 
- 2 0 - 2 
- 7 - - 2 

20 

0 

N 
<.T1 � 



Mai n Steel = 2#5 

Load  P/ P u 
{ Ki 2S ) Rat i o  1 2 3 

0 . 0  0 0 0 0 

2 . 04 0 . 06 2 2 0 
3 . 9 5 0 . 12 2 2 3 

6 . 02 0 . 19 2 2 4 

8 . 13  0 . 25 - - -

10 . 23 0 . 32 - - -

12 . 42 0 . 38 - - -

14 . 48 0 . 45 - - -

16 . 63 0 . 5 1 - 29 -

18 . 86 0 . 58 - 45 -

20 . 81 0 . 64 - 55 -

22 . 85 0 . 7 1  - 65 -

24 . 80 0 . 7 7  - 75 -

�lW-_1} 

TABLE C . 5  

CRACK READ I NGS  AT NEGAT I V E  S ECT I ON 

Top Steel = 2#3 % Steel  F i bers = 0 . 8  

ALL READ I NGS ARE I N  10
-4 I NCHES 

I NTERVAL 
4 5 6 7 8 9 10 1 1  1 2  1 3  1 4  

0 0 0 0 0 0 0 0 0 0 0 

0 2 3 1 3 2 0 0 1 0 0 
2 4 3 2 5 4 2 0 2 4 1 

2 6 - 4 5 24 12  1 2 4 2 

5 6 - - - 29 2 7  - - - -

- 32 - 22 - . - 28 - - - 42 
- 54 - 30 - - 45  - - - 47  
- 64 - 36 - - 5 5  - - - 5 7  
- 69 - 42 - - 64 - - - 67 
- 84 - 52 - - 79 - - - 82 
- 1 19 - 57  - - 147 - - - 102 
- 1 29 - 62 - - 180 - - - 1 1 7  
- 1 36 - 67  - - 243 - - - 147  

f� = 5 180 ps i 

1 5  1 6  1 7  18 19 

0 0 0 . 0 0 

0 0 0 0 2 

1 2 2 1 8 

4 2 4 5 8 
- - - 5 

- 16 
- 34 
- 44 
- 54 
- · 84 
- 102 
- 107  

20 

N 0'1 0'1 



Ma i n  Steel = 2#5 

Load  P/ P u 
( Ki ps ) Rati o 1 2 3 4 

0 . 0  0 0 0 0 0 

2 . 04 0 . 06 0 5 0 0 

3 . 96 0 . 1 1  0 8 0 0 

6 . 02 0 . 17 5 7 2 5 

8 . 1 3  0 . 24 5 7 2 5 

10 . 23 0 . 30 - - - -

12 . 42 0 . 36 - - - -

14 . 48 0 . 42 - - - -

16 . 63 0 . 48 - - - -

18 . 86 0 . 55 - - - -

20 . 8 1 0 . 60 - - - -

22 . 85 0 . 66 - - - -

24 . 8  0 . 72 - - - -

� ,._J) 

TABLE  C . 6 

CRACK READ I NGS AT N EGAT I V E  S ECT I ON 

Top Steel = 2#3 % Steel  F i bers = 1 . 2 

ALL READI NGS  ARE I N  10
-4 I NCHES  

I NTERVAL 
5 6 7 8 9 10 1 1  12  13  14  1 5  

0 0 0 0 0 0 0 0 0 0 0 
1 0 0 0 2 0 0 0 0 0 0 

2 2 1 3 4 6 0 0 0 1 0 

8 8 6 15  9 7 2 3 4 2 2 

8 8 6 25 19  7 2 10 16 6 2 
- - - 35 . 28 - - 30 26 6 -

- - - 50 36 - - 45  39 

30 43 - 65  4 5  - - 58 46 - 2 7  

44 58 2 1  70 5 1  - - 64 5 5  - 32 

55 73 26 72 62 - - 66 66 - 32 

70 78 36 78 74 - - 73 7 1  - 52 

90 1 18 46 145 1 28 - - 104 10 1 - 5 7  

95 1 33 46  227  233 - - 149 136 - 102 

f� = 5 2 75 ps i 

16  17  18 19  

0 0 0 0 

0 0 0 0 

0 2 0 0 

0 2 5 0 

3 10 5 2 

5 

20 

0 

N 
CJ'1 ()) 



TABLE  C . 7 

CRACK READI NGS AT N EGAT I VE  S ECT ION 

Ma i n  Stee l = 2#6 Top Stee l = 2#3 % Steel F i bers = 0 . 0  f� = 4970 ps i 

P/Pu ALL READI NGS ARE  IN  10
- 4 I NCHES 

Load I NTERVAL 
{ Ki ES } Rat i o  1 2 3 4 5 6 7 8 9 10  1 1  1 2  1 3  14 15  16 1 7  '18 19  20  

0 . 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . 0 0 0 

1 . 02 0 . 03 3 0 2 0 0 0 2 0 1 1 0 0 0 0 0 0 0 2 0 

2 . 04 0 . 06 3 1 8 1 1 0 4 1 2 1 0 - 2 0 0 2 2 3 1 

3 . 03 0 . 09 3 2 8 1 1 2 4 8 5 1 5 - 2 0 0 2 2 5 3 

3 . 96 0 . 1 1  3 3 9 - 2 - - 35 5 2 5 - 2 2 2 2 6 - 5 

6 . 02 0 . 1 7  3 6 1 3  - - - - 58 - - 9 - 23 17  

8 . 1 3  0 . 2 3 - 16 16 - - - - 68 - - - - 45  33 

10 . 23 0 . 29 - 32 46 - - - - 73 - - - - 68 43  

12 . 42 0 . 35 - 48 67 - - - - 78 - - - - 73  60  

14 . 48 0 . 4 1 - 73 7 1  - - - - 81  - - - - 78 70 
16 . 63 0 . 48 - 80 74 - - - - 93 - - - - 83 75 

18 . 86 0 . 54 - 88 83 - - - - 104 - - - - 88 75  

20 . 8 1 0 . 5 7 - 98 9 1  - - - - 107  - - - - 103 94 

22 . 85 0 . 6 5 - 103 203 - - - - 2 54 - - - - 243 185 

24 . 9  0 . 7 1 - 2 16 2 14 - - - - 267  - - - - 26 1 205 

N 
U'1 . '-J 

\l--)) 



Load  
( Ki ps )  

0 . 0  

1 . 08 

3 . 03 

4 . 97 

7 . 05 

10 . 23 

14 . 43 

15 . 53 

1 7 . 72 

20 . 8 1 

23 . 88 

2 7 . 0 

30 . 2 1 

t \C . . JJ 

TABLE C . 8  

CRACK READ I NGS  AT N EGAT I V E  S ECT I ON 

Ma i n  Stee l = 2#6 Top Steel  = 2#3 % Steel F i bers = 0 . 8  f� = 5 180 p s i  

P/ Pu ALL  READ I NGS ARE I N  10
-4 I NCHES 

I NTERVAL 
Rat i o  1 2 3 4 5 6 7 8 9 10 1 1  1 2  1 3  14 1 5  1 6  1 7  18 19 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 . 03 0 1 7 1 5 0 2 2 1 . - 0 0 0 0 0 2 0 0 0 

0 . 08 1 1 14 10 9 1 2 7 2 - 1 0 1 0 0 2 0 0 0 

0 . 1 3 1 - 17  13 .9 2 2 12 6 - 5 6 2 0 2 5 0 0 3 

0 . 18 4 - 19 13 9 2 3 22  2 2  - 5 18 6 4 7 5 1 1 3 

0 . 2 7 - - 2 1  18  2 5  2 3 42 36 - 33 38 8 9 2 2  1 0  - 1 

0 . 38 - - 24 23 30 - - 49 4 7  - 48 38 - - 32 2 5  

0 . 4 1  - - 24 28 35 - - 5 7  5 2  - 58 - - - 4 2  30 

0 . 46 - - - 38 39 - - 65 62 - 68 - 15 - - 35  

0 . 54 - - - 48 4 7  - - 80 66 - 83 - 23 - 57 40  

0 . 62 - - - 75  47  - - 92 85 - 92 - 33  - 84 . 50  

0 . 70 - ... - 102 65 - - 1 35 85 - 143 - 33  - 1 1 1  60 
0 . 79 - - - 137  100 - - 149 9 5  - 168 - 38 - 1 26 70 

2 0  

0 

� 
. (.TI  (X) 



TABLE C . 9  

CRACK READ I NGS AT N EGAT I V E  S E CT I ON 

Ma i n  Steel = 2#6 Top Steel = 2#3 % Steel F i bers = 1 . 2  f� = 5275  ps i 

I ALL READ I NGS  ARE I N  10
-4 I NCHES  

Load P/ P u I NTERVAL 
(Ki ps ) Rat i o  1 2 3 4 5 6 7 8 9 10 1 1  12  - 1-r --14-rs

-
-1o--�rT-1lr-19--2o 

0 . 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
2 . 04 0 . 05 2 10 8 0 1 0 0 0 9 1 0 0 3 0 8 0 0 0 0 

3 . 96 0 . 09 7 10 8 5 4 5 5 0 9 1 8 1 3 0 10  0 1 0 3 
6 . 02 0 . 14 9 15 13 9 8 10 10 0 9 1 8 1 5 5 1 3  0 1 5 3 
8 . 1 3  0 . 19 9 15 14 9 8 10 10 0 19  8 8 3 5 7 1 3  5 1 5 3 

10 . 2 3 0 . 24 9 20 14 9 13 20 13 2 26 13 10 10 10 15  18 10 6 5 8 
12 . 42 0 . 2 7 - - - - - - 13  - 33  30 - - 10 - 18 

14 . 48 0 . 33 - - - - 18 - - - 46  38 - 2 5  

16 . 63 0 . 38 - - - - 28 55  - - 46  43  - 35 - - - - - - - -

18 . 86 0 . 43 - 25 - - 30 55  - - - 48 - 40  - 35 - 30 

20 . 8 1 0 . 48 - 35 - - - 60 - - - 58 - 45  - 3 7  - ' 30 
2 2 . 85 0 . 53 - 40 - - 38 7 5  - - - 78 - 55  - 47  - 35  
24 . 8  0 . 5 7 - 45 - - 42 80 - - - 87 - 65 - 65 - 40 - - 18 
2 7 . 0  0 . 62 - 55 - 29 48 90 - - - 93  - 65  - 75  - 50 - - 23  
29 . 0  0 . 67 - 62 - 34 73 100 - - - 104 - 70 - 80 - 50 - - 2 3  
32 . 4  0 . 75 - 75 - 44 73 1 14 - - - 1 28 - 70 - 100 - 55  - - 28 

N 
c.n \.0 

� ... __ j) 



Ma i n  Steel = 2#4 

Load P/ P u 

{ Ki �s } Rati o 1 2 3 4 

0 . 0  0 0 0 0 0 

0 . 05 1 . 02 1 2 0 0 

0 . 09 2 . 04 2 2 5 1 

0 . 14 3 . 03 3 2 5 2 

0 . 18 3 . 96 3 4 5 2 

0 . 28 6 . 02 - - - -

0 . 37 8 . 13 - - - -

0 . 47 10 . 23 - - - -

0 . 62 13 . 43 - - - -

0 . 66 14 . 48 - - - -

0 . 81 17 . 72 - - - -

� l'C-.JJ 

TABLE C . 10 

CRACK READI NGS AT POS I T I V E  S E CT ION 

Top Steel = 2#3 % Stee l Fi bers = 0 . 0  

ALL READ I NGS  ARE I N  10
-4 I NCHES 

I NTE RVAL 
5 6 7 8 9 10 1 1  12  1 3  1 4  

0 0 0 0 0 0 0 0 0 0 

0 25 0 0 0 0 1 1  15  5 5 

3 25 0 0 0 0 34 15  5 5 

5 28 5 10 3 0 35 20 8 2 5  

8 30 1 3  1 5  5 0 35 25  25  35  

20 35 20 20 5 0 4 3  25  30 45  

25  40 22 22 10 0 50 25 40 50 

35 44 24 30 16  5 55  25  5 5  67  
40 52 2 5  34 2 5  14 58 25 70 80 

45 65 26 36 3 3  20 60 25  80  105  
55  70 28 38 35 30 80 2 5  8 5  1 18 

f� = 4970 ps i 

1 5  16  17  18 19 

0 0 0 0 0 

2 0 0 0 1 

5 5 0 0 5 

7 7 0 5 5 

7 15  1 5  1 5  5 

1 5  1 5  2 0  25  

1 5  1 5  35 35 

1 5  1 5  49  50  
25 20 7 1  6 5  

32 35 · 80 85 

45 . 45 90 99 

20 

0 

0 

0 

N 0'\ 
0 



Ma i n  Steel = 2#4 

Load P/ P u 
{ Ki �s ) Rati o  1 2 3 4 

0 . 0  0 0 0 0 0 

1 . 02 0 . 04 0 1 12 0 

2 . 04 0 . 08 2 2 25 5 

3 . 96 0 . 16 10 2 25 15  

6 . 02 0 . 24 - - - 28 

8 . 13  0 . 33 - - - 43 

10 . 23 0 . 4 1  - - - 48 

12 . 42 0 . 50 23 - - 53  

14 . 48 0 . 58 26 - - 56 

16 . 63 0 . 67 34 - - 103 

16 . 94 0 . 8  34 - - 1 18 

\ ,.�JJ 

TABLE C . 1 1  

CRACK READ I NGS  AT POS I T I V E  SECT ION 

Top Steel = 2#3 % Steel F i bers = 0 . 8  

I ALL READI NGS ARE I N  10
-4 I NCHES  

I NTERVAL 
5 6 7 8 9 10 1 1  1 2  13  14 

0 0 0 0 0 0 0 0 0 0 
0 2 0 0 0 0 0 0 0 0 

1 4 1 3 0 5 9 3 0 4 
- - 1 3  3 3 5 19 15  3 5 
- - 13  - - - 42 25 3 -

- - - - - - 5 2  3 7  - -

- - - - - 20 54 4 7  - -

- 5 7  - - - 40 60 53 - -
- 65 - - - 65  63 64 - 29 
- 74 - - - 98 122  123  - 54 
- 84 - - - 3 70 307 398 - 54 

f� = 5 180 ps i 

1 5  16  1 7  18  19  

0 0 0 0 0 

0 0 0 4 0 

0 0 2 5 0 

2 10 12  
- 30 
- 46  
- 54 
- 5 7  
- 59 
- 82 
- 92 

20 

0 

N C'l � 



Ma i n  Steel = 2#4 

Load  P/ P u 

{ Ki �s} Rat i o  1 2 3 4 

0 . 0  0 0 0 0 0 

1 . 02 0 . 04 1 7 3 5 

3 . 04 0 . 1 1  4 10 7 10 

4 . 97 0 . 17 8 10 1 3  18 

7 . 05 0 . 24 10 - 15  25 

9 . 16 0 . 32 20 - 18 28 

1 1 . 29 0 . 4  - - 25 35 

1 3 . 4 3 0 . 46 - - 30 40 

16 . 63 0 . 58 - - 49 48 

18 . 86 0 . 6 5 4 1  - 57  60 

20 . 81 0 . 72 56 - 65 100 

� ,. __ j) 

TABLE C . 12 

CRACK READ I NGS  AT POS I T I V E  S ECT I ON 

Top Stee l = 2#3 % Stee l  F i bers = 1 . 2  

ALL READ I NGS ARE I N  10
-4 I NCHES 

I NTERVAL 
5 6 7 8 9 10 1 1  1 2  1 3  14 

0 0 0 0 0 0 0 0 0 0 

0 5 0 2 1 1 4 4 4 3 

2 8 4 2 1 7 7 9 4 5 

2 20 4 2 1 3  14 8 16  9 8 

2 22 1 3  4 1 7  1 9  - 16 - 8 

5 30 1 7  4 ' 2 6  29  - 19 14 -
- 35 27 - 3 3  32 
- 40 3 7  - 46 37 
- 50 42 - 50 45  - - - -
- 80 42 - 106 77 - - 24 -
- 95  44 - 1 56  102 - - 34 -

f� = 5275  p s i  

1 5  1 6  1 7  1 8  19  

0 0 0 0 0 

5 7 0 1 4 
1 1  7 0 7 4 
1 1  8 - 7 7 

26 1 1  - 7 7 

2 6  1 6  - - 7 

- 4 1  
- 6 1  
- " 66 

20 

0 

N _m 
N 



Ma i n  Steel = 2#5 

Load P/ P u 
(Ki ps ) Rat i o  I 2 3 4 

0 . 0  0 0 0 0 0 

1 . 02 0 . 04 1 3 1 1 

2 . 04 0 . 07 1 3 2 13 

3 . 03 0 . 1 1  1 6 9 14 

3 . 96 0 . 14 4 8 2 1  26 

4 . 9 7 0 . 18 - - - -

6 . 02 0 . 2 7 - - - -

8 . 13  0 . 29 - - 48 48 

10 . 2 3 0 . 37 - - 55 69 

1 3 . 43 0 . 48 - - 70 -

16 . 63 0 . 60 - - 100 99 

18 . 86 0 . 67 - � 1 1 5  1 16 

20 . 8 1 0 .  74 - - 205 223 

\ li:�JJ 

TABLE C . 1 3 

CRACK READ I NGS  AT POS I T I V E  S ECT ION 

Top Steel = 2#3 % Stee l F i bers = 0 . 0  

ALL READ I NGS ARE I N  10
-4 I N CHES 

I NTERVAL 
5 6 7 8 9 10 1 1  1 2  1 3  1 4  

0 0 0 0 0 0 0 0 0 0 

3 0 0 0 2 . 2 5 0 2 2 

3 0 0 2 2 3 5 10 18 8 

3 0 22  2 7  2 5 1 1  10 20 16 

3 0 30 38 4 5 14 20 2 1  16 

5 5 40 46 ' 6 10 14 
- 7 50 56 9 10 
- 10 60 - - 1 3  - 50 5 1  -

- - 70 - - - - 55  6 1  -

- - 75 - - - - 7 7  76 -

- - 100 - - - - 94 100 -

- - 1 7 5  - - - - 1 15 109 -
- - 288 - - - - 2 19 133  -

f '  = 4970 p s i  c 

15 · r6- 17 18 19 

0 0 0 0 0 

1 - 0 0 0 

1 - 0 2 2 

1 - 1 3  1 5  4 
- - 1 5  1 8  5 

- - 30 
- - 40 
- - 70 7 3  
- - 100 98 
- - 2 10 1 1 3  
- - 304 148 

20 

0 

N 
.0'\ w 



Ma i n  Steel = 2#5 

Load P/ P u 

{ Ki ES } Rat i o 1 2 3 4 

0 . 0  0 0 0 0 0 

2 . 04 0 . 06 1 0 3 0 

3 . 95 0 . 12 8 - 10 3 

6 . 02 0 . 19 8 - 23 3 

8 . 13  0 . 2 5 14 - 26 13  

10 . 23 0 . 32 - - - -

12 . 42 0 . 38 - - 31 30 

14 . 48 0 . 45 - - 42 38 

16 . 63 0 . 5 1 - - 57 48 

18 . 86 0 . 58 - - 69 58 

20 . 81 0 . 64 - - 98 68 

22 . 85 0 . 7 1  - - · 1 12 78 

24 . 8  0 . 7 7 - - 132 92 

�lW:iJ 

TABLE  C . 14 

CRACK READI NGS AT POS I T I V E  SECT I ON 

Top Stee l = 2#3 % Steel  F i bers = 0 . 8  

ALL READ I NGS ARE I N  10
-4 I NCHES 

I NTERVAL 
5 6 7 8 9 10 1 1  1 2  13  14 1 5  

0 0 0 0 0 0 0 0 0 0 0 
2 0 5 5 2 1 0 1 5  0 0 8 

5 1 10 12 5 3 8 22  2 2 10 

5 2 14 18 5 3 13  2 5  2 4 20  
- - 22 25 - - 1 7  30 - - 2 5  
- - - 32 . - - 23  34 - - -

- - - 4 1  - - 37 42  - - 43  
- - - 52 - - 4 7  4 7  - - 54 
- - - 70 - - 54 59 - - 62 
- - - 78 - - 76 72 - - 69 
- - - 103 - - 1 - - 92  - - 85 
- - - 1 2 5  - - 1 1 2 1 2 7  - - 9 5  
- - - 130 - - 148 245 - - 100 

f� = 5 180 ps i 

16  1 7  18 19 

0 0 · a 0 
5 2 6 6 

14 2 6 8 

18 - 6 14 

25  - - 19  

25  

- - - 54 
- - - ' 60 
- - - 78 
- - - 83  
- - - 88 

20 

0 

N m +::. 



Ma i n  Steel = 2#5 

Load P/ P u 

{ Ki QS } Rati o 1 2 3 4 

0 . 0  0 0 0 0 0 

2 . 04 0 . 06 0 5 0 2 

3 . 96 0 . 1 1 5 5 7 5 

6 . 02 0 . 17 10 5 1 7  10 

8 . 1 3  0 . 24 10 - 1 7  1 5  

10 . 2 3 0 . 30 - - - 15  

12 . 42 0 . 36 - - - -

14 . 48 0 . 42 - - - -

16 . 63 0 . 48 - - - -

18 . 86 0 . 55 - - - -

20 . 81 0 . 60 - - - -

22 . 85 0 . 66 - - - -

24 . 8  0 . 72 - - - -

t l•�JJ 

TABLE C . 1 5  

CRACK READ I NGS AT POS I T I V E S E CT ION 

Top Stee l = 2#3 % Steel  F i bers = 1 . 2 

ALL READ I NGS ARE I N  10
-4 I NCHES  

I NTERVAL 
5 6 7 8 9 10  1 1  12  13  14 

0 0 0 0 0 0 0 0 0 0 
0 1 0 3 7 . 0 5 5 0 1 
5 7 0 3 8 0 8 8 5 6 

15  1 1  23 28 16 8 7 8 10 6 

25  1 7  2 3  30 16 8 12  9 1 5  8 

30 1 7  2 3  38 2 1  - 1 7  - 2 5  -

35 - - 43 2 1  - 24 - 3 1  -

40 - - 48 2 1  - 36 - 38 -

49 - - 58 26 - 42 - 45  -

60 - - 68 3 1  - 52  - 50 -

68 - - 73 5 1  - 7 1  - 6 3  -

80 - - 78 6 1  - 1 69 - 100 -

80 - - 83 69 - 2 77 - 160 -

f� = 5 2 75 p s i  

1 5  16 17  18 19  

0 0 0 0 0 

9 0 0 0 0 

9 0 0 5 1 0  

9 2 2 1 5  20  

1 7  9 2 1 5  20 

1 7  24 - - 20 
- 2 9  
- 34 
- 39 
- 49  
- " 65 
- 89 
- 109 

20 

N 
m 
01 



TABLE C . 16 

CRACK READ I NGS AT POS I T I V E  SECT I ON 

Ma i n  Stee l = 2#6 Top Steel = 2#3 % Steel  F i bers = 0 . 0  f� = 4970 ps i 

P/ P u 
ALL READ I NGS ARE I N  10

-4 I NCHES  
Load I NTERVAL 

( Ki ps ) Rat i o  1 2 3 4 5 6 7 8 9 10 1 1  1 2  --r3-- I4 - r5 16 - Tr --r8- - 19--- 20 

0 . 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 . 02 0 . 03 1 2 5 1 2 0 0 3 1 . 5 2 1 3 10 1 0 0 1 1 

2 . 04 0 . 06 3 7 5 2 2 0 1 7 1 5 5 1 7  8 10 1 0 0 3 6 

3 . 03 0 . 09 3 7 8 6 7 4 1 3  1 2  3 - 7 22  16 10 3 0 3 1 3  1 7  

3 . 96 0 . 1 1  3 7 12  10  7 5 1 6  17  - - 7 45  2 - 1 1  3 1 5 23 33 

6 . 02 0 . 1 7 1 1  - - - - 7 20 30 ' - - - 50 48 1 2  - - - 37  46 

8 . 13 0 . 2 3 2 1  - - - - 10 30 - - - - 6 5  6 0  1 6  - - - 4 7  48 

10 . 2 3 0 . 29 27 - - - - 10 50 35 - - - 78 68 16 - - - 4 7  56 

12 . 42 0 . 35 3 1  - 39 37 - - 50 - - - - 80 73 - 38 39 - 58 56 

14 . 48 0 . 4 1 48 - 47 45 - - 55  - - - - 85 - - 38 49  - 63 

16 . 63 0 . 48 48 - 52 50 - - 6 5  - - - - 90 78 - - . 59  - 83 66 

18 . 86 0 . 54 53 - 67 65 - - 67  - - - - 90 83 - - 69 - 93  8 1  

20 . 81 0 . 59 . 58 - 74 75 - - 72  79 - - - 9 5  103 - - 83 - 103 96 

22 . 85 0 . 65 123 - 97 108 - - 1 10 105  - - - 2 55 206 - - 1 24 - 1 28 146 

24 . 9  0 . 7 1 268 - 207 2 15 · - - 225  20 1 - - - 265 3 10 - - 143 - 158 2 1 6  

N - 0'\ 0'\ 

� l'E-.JJ 



Ma i n  Stee l = 2#6 

Load P/ P u 

{KiEs}  Rati o 1 2 3 4 

0 . 0  0 0 0 0 0 

1 . 08 0 . 03 2 1 1 1  0 

3 . 03 0 . 08 3 8 15 10 

4 . 9 7 0 . 1 3 5 17 21 18 

7 . 05 0 . 18 5 25 35 18 

10 . 2 3 0 . 27 - 35 41 18 

1 3 . 43 0 . 38 - 42 - -

15 . 53 0 . 4 1 - 58 41  -

1 7 . 72 0 . 46 - 58 5 1  -

20 . 8 1 0 . 5 1 - - 71  -

23 . 88 0 . 62 - - 81  -

27 . 0  0 . 70 - - 3 1  -

30 . 2 1 0 . 79 - - 36 -

�,.. __ j) 

TABLE C . 17 

CRACK READI NGS  AT POS I T I V E  SECT I ON 

Top Steel = 2#3 % Stee l F i bers = 0 . 8  

I 

ALL READI NGS  ARE I N  10
-4 I NCHES 

I NTERVAL 
5 6 7 8 9 10 11 12 13 14 

0 0 0 0 0 0 0 0 0 0 

1 1 2 3 0 ' 0 1 0 4 5 

7 1 6 15  3 0 7 10 20 0 

7 2 1 2  1 7  3 0 12  1 5  34 0 

7 3 32 35 3 3 1 2  20 60 0 
- 14 32 35 32 23 1 7  30 60 7 
- - 37 35 32 - 2 7  40 62 7 
- - 42 - - - 27  50  73  -

- - 52 - - - - 50 - -

- - 5 7  - - 2 5  - - 80 -

- - 78 - - 35 - - 85 -
- - 102 - - 58 - - 1 30 -

- - 102 - - 73 - - 145 -

1 5  

0 

0 

0 

5 

5 

1 5  

15  
-

-

-

-
-

-

f� = 5 180 p s i  

1 6  1 7  18 19 

0 0 0 0 

0 0 0 0 

0 5 7 2 

4 1 7  1 9  2 

4 2 5  2 5  2 

1 5  3 7  3 5  

1 5  39 4 5  
- 50  5 5  
- 5 7  60  
- 70 73 
- 75 81  
- 125 100 
- 145 1 10 -

20 

0 

I'\) m 
"""-J 



TABLE  C . 18 

CRACK READ I NGS  AT POS I TI V E  S ECT I ON 

Ma i n  Stee l = 2#6 Top Stee l = 2#3 % Steel F i bers = 1 . 2 f� = 5275  p s i  

I 

ALL READI NGS  ARE I N  10
-4 I NCH ES 

Load  P/ Pu I NTERVAL 
(Kips )  Rati o 1 2 3 4 5 6 7 8 9 10 1 1  1 2  1 3  14 1 5  1 6  1 7  18 19  20 

0 . 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 . 04 0 . 05 5 4 4 9 10 8 4 0 7 8 0 5 2 5 5 5 0 0 5 

3 . 96 0 . 09 8 10 5 1 1  20 8 10 10 10 18 0 2 7  2 10 5 1 5  4 2 5 

6 . 02 0 . 14 15 1 1  7 1 1  25 8 15  2 - 2 5  2 3  5 3 1  16 10 10 20 9 5 10  

8 . 1 3  0 . 19 20 16 7 14 30 5 1 5  30 2 5  2 8  5 3 1  34 20 1 5  20  9 5 1 5  

10 . 23 0 . 24 30 2 1  1 7  14 30 15 15 30 35 43 13 40 39 2 5  25  - 1 9  5 1 5  

1 2 . 42 0 . 2 7 - 2 1  17  - 30 - - - 35 - 1 3  4 5  49  

14 . 48 0 . 33 - - - - - - - - - - - 50 5 1  35 35 - - - - -

16 . 63 0 . 38 - - - - - 45  - - - 43  - 55  59 35 

18 . 86 0 . 43 60 - - - - 60 - - - 48 - 58 63  
20 . 8 1 0 . 48 60 - - - - 65 - - - 58 - 60 70 - 35 

22 . 85 0 . 53 75  - - - - 70 - - - 68 - 60 7 5  - 40 - 70 - 5 5  

24 . 8  0 . 57 80 - - - - 76 - 50 - 68 - 65  75 - 45 - 80 - 60 

2 7 . 0  0 . 62 105 - - - - 1 17 - 58 - 76 - 80 83 - 105 - 1 19 - 70 

29 . 0  0 . 67 120 - - - - 140 - 70 - 98 - 1 1 5 1 25  - 1 10 - 164 - 75  

32 . 4  0 . 75 150 - - - - 145 - 75  - 108 - 1 50 140 - 1 2 5  - 189 - 80 
N m CX> 

{ ,._JJ 



I n i t i a l  crac k a�peared at  3 . 96 k ( 0 . 18 Pu ) 
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F i gure C . 1 .  C rack  pa ttern i n  Beam No . 1 .  
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I n i ti a l  crack  a ppea red at  4 . 68 k ( 0 . 1 7  Pu ) 
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F i gure C . 2 .  Crack  pa ttern i n  Beam No . 2 .  
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I n i ti a l crack  appeared a t  5 . 49 k ( 0 . 16  Pu ) 
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F i gure C . 3 . Crack  pattern i n  Beam No . 3 
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I n i ti a l  crack  a ppeared a t  6 . 02 k ( 0 . 24 Pu ) 
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F i gure C . 4 .  Crack  pa ttern i n  Beam No . 4 .  
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I n i ti a l  crack  appeared a t  7 . 05 k ( 0 . 22 Pu ) 
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I n i ti a l  crack  appeared a t  7 . 59 k ( 0 . 1 9  Pu } 
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I n i ti a l  crack  appea red a t  � . 1 3  k ( 0 . 28 Pu ) 
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I n i ti a l  crack  appeared at  8 . 64 k { 0 . 2 5 Pu ) 
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cracks appea red a t  serv i ce l oad cracks  appea red at u l t i ma te l oad  

F i gure C . 8 .  Crack  pattern i n  Beam No . 8 .  
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I n i ti a l  crack  appeared at  9 . 7  k ( 0 . 2 2 Pu ) 
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TABL E  0 . 1 
STAT I ST I CA L  ANALYS I S  FOR MODULUS Of ELAST I C I TY 

DE P VAR I ABLE : Y 
ANALYS I S  O f  VAR I ANCE 

SUM O F  MEAN 
SOURC E D F  SQUARES SQUARE 

MODEL 1 0 . 06224452 0 . 06224452 
ERROR 4 0 . 00704884 1 o .  00 1 7622 1 0  
C TOTAL 5 0 . 06929 3 36 

ROOT MSE 0 . 04 1 97869 R- SQUARE 
DE P MEAN 0 . 8486 AD.J R - SQ 
c . v . 4 .  9 468 1 7  

PARAMETER E S T I MAT E S  

PARAMET ER 
VAR I ABLE OF EST I MAT E  

I NTERC E P  0 . 984707 1 4  
X 1  -0 . 204 1 60 7 1 

STANDARD 
E R ROR 

0 . 0286 0 3 66 
0 . 0 3 43 5 1 88 

TABL E  0 . 2  

F VALUE 

3 5 . 322 

0 . 8963 
0 . 8728 

T FOR HO : 
PARAM ETER=O 

3 4 . 426 
- 5 . 94 3  

PROB> f 

0 . 0040 

PROB > I l l  

0 . 00 0 1  
0 . 0040 

STAT I ST I CA L  ANALYS I S  FOR S PL I T  CYL I NDER STRENGTH 

DE P VAR I AB L E :  Y 
ANALYS I S  Of VAR I ANCE 

SUM OF MEAN 
SOURCE OF SQUARE S  SQUARE f VALUE 

MODEL 1 0 . 1 9 2 1 6 5 6 3  0 . 1 92 1 6563 1 39 . 896 
ERROR 4 0 . 005494 5 1 9  o .  00 1 3 7 3630 
C TOTAL 5 o .  1 9 7660 1 5 

ROOT MSE O . J)3 70625 1 A- SQUARE 0 . 9 722 
O E P  MEAN 1 . 1 82267 ADJ R - SQ 0 . 965 3 
c . v . 

VAR I ABLE Of 

I N T ERCE P 
)( 1  

3 . 1 34869 

PARAMET ER 
EST I MAT E  

0 . 94 3 1 1 186 
0 . 3 58 7 2 3 2 1  

PARAMET E R  E ST I MAT E S  

STANDARD 
ERROR 

0 . 0252 5 3 8 4  
0 . 0 3 0 3 2889 

TAB L E  0 . 3 

T FOR HO : 
PARAMETER=O 

37 . 346 
1 1 . 828 

STAT I ST I CAL ANALYS I S  F OR f i R S T  MODULUS OF RUPTURE 

DE P VAR I ABLE : Y 
ANALYS I S  O F  VAR I AN C E  

S U M  O F  MEAN 
SOURCE OF SQUA R E S  SQUARE f VALUE 

MODEL 1 
ERROR 4 
C .TOTAL 5 

ROOT MSE 
DEP MEAN 
c . v . 

VAR I ABLE OF  

I NT ERCE P  
)( 1  

0 . 1 1 82 3 002 0 . 1 1 82 3 002 
0 . 0 1 48 3 26 7  0 . 003 708 1 68 
0 . 1 3 306269 

0 . 06089472 R- SQUARE 
1 . 1 3 3 9 3 3  ADJ R- SQ 
5 . 3 70 2 2 1  

PARAM E T E R  E ST I MATES 

PARAMETER 
E ST I MATE 

0 . 9463 5000 
0 . 28 1 3 7500 

STANDARD 
ERROR 

0 . 04 1 49276 
0 . 04983 1 1 9 -

3 1 . 884 

0 . 8885 
0 . 8607 

T FOR HO : 
PARAMET ER=O 

22 . 808 
5 . 647 

PROB> f 

0 . 0003 

PROB > I T  I 

0 . 000 1 
0 . 000 3 

PROB> F 

0 . 0048 

PROB > I l l  

0 . 000 1 
0 . 0048 

27.9 



TABL E  0 . 4  
STAT I ST I CA L  ANALYS I S  FOR U LT I MAT E MODULUS O F  RU P T U R E  

D E P VAR I AB L E : Y 
ANALYS I S  O F  VAR I AN C E  

SUM O F  M EAN 
SOU RC E  O F  SQUAR E S  SQUAR E F VALU E  

MOD E L  1 
E RROR 4 
C TOTAL 5 

ROOT HS E 
D E P M EAN 
c . v . 

VAR I AB L E  O F  

I N T E RC E P  
X 1  

0 . 4744 9 7 1 1 0 . 4 74497 1 1  
0 . 0204 1 57 1  0 . 00 5 1 0 3 92 7  
0 . 4949 1 28 1  

0 . 07 1 44 1 7 7 R- SQUAR E 
1 . 3 3 9767 ADJ R - SQ 
5 . 3 32404 

PARAM E T ER E S T I MA T E S  

PARAM E T E R  
E ST I MAT E 

0 . 96 3 9 7 500 
0 . 56 3 6 8 7 5 0  

STANDARD 
E RROR 

0 . 0 4 86 7 9 3 6  
0 . 0 58 46202 

92 . 967 

0 . 95�7 
0 . 9484 

T FOR HO : 
PARAMETER=O 

1 9 . 8 0 3  
9 . 642 

PROB> F 

0 . 0006 

PROB > I T I  

0 . 00 0 1 
0 . 0006 
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TABLE 0 . 5 
STAT I ST I CAL ANALYS I S  FOR PLAST I C  H I NGE L ENGTH 

MAX I MUM R- SQUARE I MPROVEMENT FOR DE PENDENT VAR I ABLE Y 

ST E P  1 

R EGRESS I ON 
ERROR 
TOTAL 

I NT ERCE PT 
X4 

VAR I ABLE X4 ENTER ED 

D F  

1 
1 
a 
B VALUE 

0 . 982 1 3858 
0. 1 1760 1 08 

SUM Of SQUARE S  

0 . 3 6429 722 
0 . 0 1 63 2800 
0 . 3 8062522 

STD ERROR 

0 . 0 1 42 1 1 34 

BOUNDS ON COND I T I ON NUMBER : 1 • 

R SQUARE 0 . 95 7 1 02 1 7 
C( P )  = 4 . 7449088 1 

M EAN SQUARE. 

0 . 3 64 29722 
0 . 0023 3257 

TYPE I I  SS 

0 . 36429722 

F 

1 56 .  1 8  

F 

1 56 .  1 8  

THE ABOVE MODEL I S  THE BEST 1 VAR I ABLE MODEl FOUND . 

STE P  2 VAR I ABLE X2 ENTERED R SQUARE = 0 . 963978 1 1 
C ( P )  = 5 . 1 8293 328 

DF SUM Of SQUARES MEAN SQUARE f 

REGRESS I ON 2 0 . 3 669 1 4 38 0 . 1 83 45 7 1 9  80 . 28 
ERROR 6 0 . 0 1 3 7 1 084 0 . 002285 1 4  
TOTAL 8 0 . 3 8062522 

B VALUE STD ERROR TYPE I I SS f 

I NT ERCE PT 0 . 9 3 5 1 223 1 
X2 0 . 027954 1 2  0 . 026 1 2087 0 . 0026 1 7 1 5  1 .  1 5  
X4 0 . 1 7 1 2284 1 0 . 0 1 527463 0 . 287 1 5930 1 25 . 66 

BOUNDS ON COND I T I ON NUMBER : 1 .  1 192 1 6 .  4 . 7 1 6865 

THE ABOVE HODE L  ' 1 s  THE BEST 2 VAR I ABLE MOD E L  fOUND . 

S T E P  3 

REGR ESS I ON 
ERROR 
TOTAL 

I N T ERCE PT 
X 1  
X2 -
X4 

VAR I ABLE X1 ENT ERED 

Df 

3 
5 
8 

B VALUE 

0 . 8 1 86 1 079 
0 . 1 74 76 729 
0 . 08060 368 
0 . 09 1 9540 7  

SUM Of SQUARES 

0.  3 7 3 78065 
0.  00684 4 3 7  
D . 3 8D62522 

STD ERROR 

D . 0780 3240 
D. 0 3 1 07 309 
D. 0 3 7 3 1 7 5 7  

BOUNDS O N  COND I T I ON NUMBER : 1 1 . 7497 3 .  

R SQUARE = 0 . 9820 1 809 
C ( P )  = 3 . 08487023 

MEAN SQUARE 

0 .  1 24 5 9 362 
O . D0 1 3 6887 

TYPE I I  SS 

0 . 0068664 7 
0 . 0092567 1 
O . OD8 3 1 1 48 

7 3 . 4984 

F 

9 1 . D2 

r 

5 . 02 
6 . 76 
6 . 0 7 

T H E  ABOVE MODEL I S  THE BEST 3 VAR I ABLE HODE L  FOUND . 

S T E P  4 

REGR ESS I ON 
ERROR 
TOTAL 

I NTERCE PT 
X l  
X2 
X3 
X4 

VAR I AB L E  X3 ENTERED 

Df 

4 
4 
6 

B VALUE 

0 . 80 1 23 322 
0 . 1 7476 729 
0 . 0927 1 55 5  

-0 . 0 1 874292 
0 . 09 1 954D7 

SUM Of SQUARES 

o.  3 73 9 2 3 06 
0 . 0067D2 1 6  
0 . 3 6062522 

STD ERROR 

O . D86 3 3 1 8 1  
0 . 0 5 3 42025 
O . D64 3 3683 
0 . 04 1 2866 1 

BOUNDS ON COND I T I ON NUMBER :  1 1 . 74 9 7 3 . 

R SQUARE = 0 . 98239 1 70 
C ( P )  = 5 . 000DDD00 

MEAN SQUARE 

0 . 09 3 48076 
0 . 00 1 6 7 5 54 

TYPE I I  SS 

O . D066 664 7 
0 . 00504 7 1 8  
0 . 000 1 422D 
0 . 0083 1 1 46 

1 3 3 . 524 

f 

55 . 79 

r 

4 . 1 0 
3 . 0 1 
O . D6 
4 . 96 

T H E  ABOVE HODEL I S  THE BEST 4 VAR I ABLE HOD E L  FOU N D .  

PROB> F 

0 . 000 1 

PROB>f 

0 . 00 0 1  

PROB> F 

0 . 000 1 

PROB> F 

0 . 3257 
0 . 000 1 

PROB>F 

O . D001 

PROB> F 

0 . 0752 
0 . 0482 
0 . 0569 

PROB > f  

0 . 0009 

PROB> f 

0 . 1 1 29 
0 .  1 5 76 
0 . 7853 
0 . 0699 
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TABLE  0 . 6  
STAT I ST I CAL ANALYS I S  FOR CURVATURE D l  STR I BUT I ON. FACTOR 

MAX I MUM R- SQUARE I MPROVEMEN T  FOR DEPENDENT
�

VAR I ABLE Y 

ST E P  1 VAR I AB L E  ><4 ENT ERED R SQUARE = 0 . 940722 3 3  
C (  P )  = 9 . 47458307 

OF SUM OF SQUAR ES MEAN SQUARE F 

REGRESS I ON 1 0 . 2 3 1 69266 0 . 2 3 1 69266 1 1 1 . 09 
ERROR 7 0 . 0 1 459963 0 . 00208566 
TOTAL 8 0 . 246292 30 

B VALUE STD ERROR TYPE I I  SS F 
I NTERC E PT 0 . 985252 1 1 
><4 -o . 1 4 1 63605 0 . 0 1 34 38 1 5  0 . 2 3 1 69266 1 1 1 . 09 

BOUNDS ON COND I T I ON NUMBER : 1 .  

THE ABOVE MODEL I S  THE BEST 1 VAR I AB L E  MODE L  FOUND.  

S T E P  2 VAR I ABLE ><5 ENTERED R SQUARE = 0 . 9 7464207 
C(  P) = 3 . 1 9 1 96963 

OF SUM OF SQUARES MEAN SQUARE F 

REGRESS I ON 2 0 . 24004683 0 . 1 2002342 1 1 5 . 3 1  
ERROR 6 0 . 00624546 0 . 00 1 0409 1 
TOTAL 8 0 . 246292 30 

B VALU E  S T D  E RROR TYPE I I  SS F 

I NT ERCE PT 1 . 00085246 
><4 -0 . 1 7 1 32620 0 . 0 1 4 1 4069 0 . 1 5279864 1 46 . 79 
><5 0 . 1 0645483 0 . 0 3 75 7686 0 . 008354 1 7  8 . 0 3 

BOUNDS ON COND I T I ON NUMBER : 2 . 2 1 86 7 .  8 . 87468 

THE ABOVE MOD E L  I S  THE BEST 2 VAR I AB L E  MODEL FOUND . 

STEP 3 

REGRESS I ON 
ERROR 
TOTAL 

I N TERC E PT 
><3 
><4 
><5 

VAR I ABLE ><3 ENTERED 

Of 
3 
5 
8 

B VALUE 

1 . 0 1 98500 1 
- 0 . 06049287 
-0 . 1 82396 1 8  

0 . 1 7757 1 5 1  

SUM O f  SQUARES 

0 . 24275009 
0 . 003 54220 
0 . 246292 30 

ST D ERROR 

0 . 0 309679 1 
0 . 0 1 296945 
0 . 0478 1 686 

BOUNDS ON COND I T I ON NUMBER : 5 . 27866 2 .  

R SQUARE = 0 . 985 6 1 789 
C( P )  = 2 . 5 1 1 86 3 2 1  

MEAN SQUARE 

0 . 0809 1 670 
O . OD070844 

TVPE I I  SS 

0 . 00270326 
0. 1 40 1 1 722 
0 . 00976985 

3 2 . 1 8485 

F 

1 1 4 . 22 

F 

3 . 82 
1 97 . 78 

1 3 . 79 

THE ABOVE MODEL I S  THE BEST 3 VAR I ABLE MODEL FOUND . 

PROB> F  

0 . 00 0 1  

PROB> F 

0 . 000 1 

PROB> F 

0 . 000 1 

PROB> F 

0 . 000 1 
0 . 0298 

PROB> f  

0 . 000 1 

PROB>f 

0.  1 082 
0 . 000 1 
0 .  0 1 38 
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ST E P  4 

TAB LE 0 . 6 ( Conti nued )  

STAT I ST I CAL ANALYS I S  FOR CURVATURE D I STR I BUT I ON FACTOR 

MAX I MUM R - SQUARE I MPROVEMENT FOR DE PENDENT VAR I ABLE Y 

VAR I ABLE X2 ENTERED 

OF SUM Of SQUARE S  

R SQUAR E = 0 . 98624809 
C ( P )  = 4 . 35797797 

MEAN SQUARE f 

R EGR E S S I ON 4 0 . 24290 5 3 1  0 . 06072 6 3 3 7 1 . 72 
ERROR 4 0 . 003 38699 0 . 000846 7 5  
TOTAL 8 0 . 246292 30 

B VALUE STO ERROR TYPE I I  S S  f 

I NT ERCE PT 1 . 0407 1 78 1  
X2 -0 . 0 1 4562 42 0 . 0340 1 29 3  0 . 000 1 5 5 2 1 0 . 1 8  
)( 3  -0 . 040294 63 0 . 05806754 0 . 00040774 0 . 48 
)(4 -0 . 1 8055363 0. 0 1 48 1 776 0 . 1 25 7 1 906 1 48 . 47 
)(5 0 .  1 72 3 7 5 5 1  0 . 05366668 0 . 008 7 3 5 6 5  1 0 . 32 

BOUNDS ON COND I T I ON NUMBE R :  7 . 9642 1 8 ,  8 7 . 6 72 59 

STEP 4 X 3  RE PLAC ED BY X1 R SQUAR E = 0 . 98767695 
C ( P )  = 4 . 0090 7670 

OF SUM Of SQUARE S  M EAN SQUARE F 

REGR E S S I ON 4 0 . 2432572 2  0 . 0608 1 4 3 1  80 . 1 5 
ERROR 4 0 . 00 3 0 3 50 7  0 . 000 7 58 7 7  
TOTAL 8 0 . 24629230 

B VAL U E  STD ERROR TYPE I I  ss f 

I N TERCE P T  1 . 09 3 7 1 7 14 8  
X 1  - 0 . 0755 3 68 3  0 . 07549279 0 . 00075965 1 . 00 
)(2 - 0 . 0 14 72657 1 0 . 02 3 1 3 4 3 5  0 . 00 3 1 67 2 8  4 . 1 1  
X4 - 0 . 1 3 4 2 1 500 o .  014 3 1 1296 0 . 00 7 3 3 3 1 0  9 . 66 
><5 0 . 1 1 620759 0 . 05 1 99548 0 . 00 3 7900 7 5 . 00 

BOUNDS ON COND I T I ON NUMBER : 28 . 3 1 1 3 ,  2 1 5 . 2 3 7 5  

PROB> f 

0 . 0006 

PROB>f 

0 . 6906 
0 . 5259 
0 . 0003 
0 . 0 325 

PROB> F 

0 . 0005 

PROB> F 

0 . 3 7 3 7  
o .  1 1 06 
0 . 0359 
0 . 089 1 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

T H E  ABOVE MODE L  I S  THE B E S T  4 VAR I ABLE MODEL - FOUND . 

ST E P  5 

R EGR E S S I ON 
ERROR 
T OTAL 

I NT ERCE P T  
)( 1  
X2 
)( 3  
>< 4  
X5 

VAR I ABLE X3 ENT E R E D  

O F  

5 
- 3 

8 

B VALUE 

1 . 086 35 822 
- 0 . 06846062 
- 0 . 04222 1 1 4  
- 0 . 0079 3 748 
- 0 . 1 3906556 

0 . 1 2 3 8 3977 

SUM O F  SQUARES 

0 . 24 326638 
0 . 00302592 
0 . 246292 30 

STD ERROR 

0 . 1 1 442282 
0 . 059288 1 3  
0 . 08 3 3 1 406 
0 . 07 1 20274 
0 . 1 0005695 

BOUNDS ON COND I T I ON NUMBER : 58 . 05267 , 

R SQUAR E = 0 . 98 7 7 1 4 1 2  
C ( P ) = 6 . 00000000 

MEAN SQUAR E 

0 . 04865328 
0 . 00 1 00864 

TYPE I I  SS 

0 . 000 3 6 1 07 
0 . 0005 1 1 52 
0 . 000009 1 6  
0 . 0 0 3 8 4 7 5 3  
0 . 00 1 5 4 5 1 2  

654 . 44 96 

F 

4 8 . 24 

F 

0 .  3 6  
0 . 5 1  
0 . 0 1  
3 . 8 1 
1 .  5 3  

T H E  ABOVE MOD E L  I S  T H E  BEST 5 VAR I ABLE MOD E L  FOUN D .  

N O  F U R T H E R  I M PROVEMENT I N  R - SQUARE I S  POS S I BL E . 

PROB> F 

0 . 0046 

PROB> f 

0 . 59 1 8  
0 . 5278 
0 . 9 30 1  
0 . 1 4 58 
0 . 3039 
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TABLE  0 . 7  

STAT I ST I CAL ANALYS I S  FOR DUCT I T  I L i lY I NDEX 

MAX I MUM R• SQUARE I MPROVEMEN T  fOR D E PENDENT VAR I ABLE Y 

S T E P  4 VAR I ABLE X2 ENTERED 

Df SUM O f  SQUA R E S  

R EGR E SS I ON 4 50 . 69911 1 3 3 4  
E RROR 4 1 .  7 7980888 
TOTAL 8 52 . 11 7922222 

B VALUE STD ERROR 

I NTERCEPT 1 . 46526 3 7 1  
X 1  1 1 . 4 1 688289 1 . 828 1 3 2 2 3  
X2 -o . 1 72 1 6 1 78 0 . 56022 1 04 
X4 -4 . 594 7 3 3 80 1 . 0454 7 5 7 7  
X 5  5 . 3 8087460 1 . 2591 2 1 74 

BOUNDS ON COND I T I ON NUMBER : 28 . 3 7 1 3 .  

R SQUARE = 0 . 96608546 
C ( P )  = 4 . 68668552 

MEAN SQUAR E f 

1 2 . 6 7 1185 3 34 28 . 49 
0 . 44495222 

TYPE I I  SS f 

1 7 . 3 5 3 74686 39 . 00 
0 . 04202 1 1 6  0 . 09 
8 . 5942 1 36 3  1 9 . 3 1  
8 . 1 26 1 2832 1 8 . 26 

2 1 5 . 2 3 7 5  

THE ABOVE MODEL I S  T H E  BEST 4 VAR I AB L E  HO D E L  FOUND . 

S T E P  5 

REGRESS I ON 
E RROR 
TOTAL 

I NT ERCEPT 
X 1 
X2 
X3 
X4 
X5 

VAR I ABLE X3 ENTERED 

Of 

5 
3 
8 

B VALU E  

2 . 86565558 
1 0 . 0703 5225 
- 1 . 1 3209 3 9 3  

1 .  5 1 042074 
- 3 . 6 7 1 722 1 1 

3 . 92854697 

SUM Of SQUARES 

5 1 . 03092222 
1 . 448 30000 

52 . 4 7922222 

STD ERROR 

2 . 503 30262 
1 . 29708499 
1 . 8227 1 59 6  
1 . 557 74869 
2. 1 890 1 1 07 

BOUNDS ON COND I T I ON NUMBER : 58 . 0 5 2 6 7 , 

R SQUARE = 0 . 9 724024 1 
C ( P )  = 6 . 00000000 

MEAN SQUARE 

1 0 . 206 1 8444 
0 . 48276667 

TY.PE I I  SS 

7 . 8 1 26 7 7 3 8  
0 .  3 6 7 760 7 1  
0 . 3 3 1 50888 
2 . 682 1 4405 
1 . 5549 1 002 

654 . 4496 

f 

2 1 . 1 4 

r 

1 6 . 1 8  
0 . 76 
0 . 69 
5 . 56 
3 . 22 

T H E  �BOVE HODEL I S  THE BEST 5 VAR I AB L E  MODE l  FOUND .  

N O  FURTHER I MPROVEMENT I N  R- SQUARE I S  POSS I BL E .  

PROB > f  

0 . 0034 

PROB> f 

0 . 00 34 
0 .  7 7 3 9  
0 . 0 1 1 7  
0 . 0 1 29 

PROB> F 

0 . 0 1 52 

PROB> F 

0 . 0276 
0 . 44 70 
0 . 468 1 
0 . 09 9 7  
0 . 1 706 
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TABLE 0 . 7 ( Cont i n ued ) 

STAT I ST I CAL ANALYS I S  FOR DUCT I T I L I TY I NDEX 

MAX I MUM R- SQUARE I M PROVEMENT FOR DE PENDENT VAR I ABLE Y 

S T E P  1 VAR I ABLE Xl ENT ERED 

OF SUM OF SQUARE S  

REGR ESS I ON 1 3 7 . 6 1 067931 
ERROR 1 1 4 . 86854286 
T OTAL 8 52 . 47922222 

B VALUE STD ERROR 

I NT ERCE PT 1 .  1 2 380952 
X 1  4 . 0976 1 905 0 . 9 7 378013 

BOUNDS ON COND I T I ON NUMBER : 

THE ABOVE HODE L  I S  T H E  BEST 1 VAR I ABLE 

S TE P  2 VAR I ABLE X4 ENTERED 

OF SUM OF SQUARE S  

REGRESS I ON 2 112 . 5 3 1 26 386 
ERROR 6 9 . 911795836 
TOTAL 8 5 2 . 47922222 

B VALUE STD ERROR 

I NT ERCE PT 1 .  1 2380952 
X 1  6 . 75630755 1 . 766904 5 1  
X4 - 1 . 3405 1 52 1  0 . 7 7 8 1 3465 

1 .  

R SQUARE = 0 . 7 1 66 7 7 5 3  
C ( P )  = 25 . 7 986 1 1 1 8 

M EAN SQUARE; F 

3 1 . 6 1 06 7 9 3 7  1 7 . 7 1 
2 . 1 2407755 

TYPE I I  SS F 

3 7 . 6 1 06 7 9 3 7  1 1 . 7 1 

MOD E l  FOUND . 

R SQUARE = 0 . 8 1 044006 
C (  P )  = 1 7 . 606 1 4 1 74 

MEAN SQUARE F 

2 1 . 26 5 6 3 1 9 3  1 2 . 83 
1 . 6 5 7 99 306 

TYP E  I I  S S  F 

24 . 242 38648 1 4 . 62 
4 . 92058450 2 . 97 

BOUNDS ON COND I T I ON NUMBER : 4 . 2 1 78 5 3 .  1 6 . 8 7 1 11 1  

T H E  ABOVE MODEl I S  T H E  BEST 2 VAR I AB L E  MODE l  FOUND . 

S T E P  3 

REGRESS I ON 
ERROR 
TOTAl 

I NT ERCE PT 
X 1  
X4 
X5 

VAR I ABLE X5 ENTERED 

or 
3 
5 
8 

B VALUE 

1 . 1 2 380952 
1 1 . 74520422 
- 4 . 7602 7 397 

5 . 38087460 

SUM or SQUARES 

50 . 6 5 7 392 1 9  
1 . 82 1 8 3004 

52 . 4 7922222 

STD ERROR 

1 . 3 424 1 86 3  
0 . 8 1 08292 3 
1 . 1 3 940983 

BOUNDS ON COND I T I ON NUMBER : 20 . 83942 . 

R SQUARE = 0 . 96528474 
C ( P )  = 2 . 7 7 3 72 789 

MEAN SQUARE 

1 6 . 88579740 
0 . 3 6 4 3 660 1 

TYPE I I  SS 

2 7 . 892 2 1 849 
1 2 . 5 586 5000 

8 . 1 26 1 28 3 2  

1 1 3 . 2 369 

F 

4 6 . 34 

r 

76 . 55 
34 . 4 7 
22 . 30 

T H E  ABOVE MODEL I S  THE BEST 3 VAR I ABLE MODE L  FOUND . 

PROB> F 

0 . 0040 

PROB > F  

0 . 0040 

PROB> F 

0 . 0068 

PROB> F 

0 . 0087 
0 . 1 35 7  

PROB> F 

0 . 0005 

PROB> F 

0 . 000 3 
0 . 0020 
0 . 0052 
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TAB LE  0 . 8  
STAT I ST I CAL ANALYS I S  FOR PLAST I C  ROTAT I ON CAPAC I TY 

MAX I MUM R- SQUARE I MPROVEMENT FOR DEPENDENT VAR I ABLE Y 

ST E P  1 VAR I ABLE X1 ENT ERED R SQUARE = 0 . 67446250 
C (  P )  = 229 . 67 1 60594 

or SUM Of SQUARES M EAN SQUARE F 

R EGRESS I ON 1 1 3 78669 . 84 1 26984 1 37 8669 . 84 1 27 1 4 . 50 
ERROR 7 6654 3 1 . 7 1 428572 9 506 1 . 67347 
TOTAL 8 2044 1 0 1 . 5 5 5 55 5 56 

B VALUE S T D  E RROR TYPE I I  SS F 

·1 NTERC E PT 1 49 . 76 1 90476 
X1 784 . 52 380952 206 . 00545402 1 3 78669 . 84 1 2 7  1 4 . 50 

BOUNDS ON COND I T I ON NUMBER : 1 ,  

T H E  ABOVE MODEL I S  THE BEST 1 VAR I ABLE MODE L FOUND . 

ST E P  2 VAR I ABLE X4 ENT E R E D  R SQUARE = 0 . 85 1 22586 
C(  P )  = 1 04 . 24744469 

O F  S U M  o r  SQUARE S  MEAN SQUARE F 

REGR E SS I ON 2 1 7 3 9992 . 1 1 42 5 4 50 869996 . 057 1 2 7  1 7 . 1 6  
ERROR 6 304 1 09 . tt 4 1 30 1 05 50684 . 906884 
TOTAL 8 2044 1 0 1 . 5 55 5 5556 

B VALUE STO · ERROR TYPE I I  SS F 

I NTERCEPT 1 49 . 76 1 9048 
X1 1 504 . 978 1 742 308 . 9 3068798 1 202865 . 1 7958 2 3 . 7 3  
X4 - 36 3 . 254 30 1 5 1 36 . 05 1 30925 3 6 1 322 . 27298 7 . 1 3  

BOUNDS ON COND I T I ON NUMBER : 4 . 2 1 185 3 ,  1 6 . 8 7 1 4 1  

T H E  ABOVE HODEL I S  T H E  B E ST 2 VAR I AB LE HODEL FOUN D .  

STE P  3 VAR I ABLE X5 E N T E R E D  R SQUARE = 0 . 99422666 
C ( P )  = 3 . 1 60409 1 8  

REGR ESS I ON 
ERROR 
TOTAL 

I NTERC E PT 
X1 
><4 
)(5 

SUM O f  SQUARE S  MEAN SQUARE O f  

3 
5 
8 

2032 30tt . 3 54 090 3 5  6 7 74 3 4 . 76tt697 
1 1 79 7 . 20 1 4652 1 2 3 5 9 . 44029 3 

2044 1 0 1 . 5 5 5 5 5 556 

B VALUE 

1 4 9 . 76 1 9046 
24 5 1 . 1 652075 

- 1 0 1 1 . 8545838 
1 020 . 5505796 

STD E RROR 

1 08 . 0248 1 700 
6 5 . 2tt766 3 7 7  
9 1 . 6686 3 962 

TY PE I I  SS 

1 2 1 4626 . 24942 
5674 3 3 . 684 62 
2923 1 2 . 2 3984 

BOUNDS ON COND I T I ON NUMB E R : 20 . 8 3 9 4 2 ,  1 1 3 . 2 369 

THE ABOVE MODEL I S  THE BEST 3 VAR I AB L E  MODEL FOUND . 

F 

287 . 1 2  

F 

5 1 4 . 66 
240 . 50 
1 2 3 . 69 

STE P  4 VAR I ABLE X7 E N T E R ED R SQUARE = 0 . 99479650 
C ( P )  = 4 . 75 1 07088 

R EGR ESS I ON 
ERROR 
TOTAL 

I NT ERCEPT 
)(1 
X4 
X5 
X7 

SUM Of SQUARE S  MEAN SQUARE Of 

4 
4 
8 

20 3 3 465 . 0683 7606 508366 . 267094 
1 06 3 6 . 46 7 1 7949 2659 . 1 2 1 795 

2044 1 0 1 . 5 5 5 5 5 556 

B VALUE 

-604 . 702 38 1 0  
2lf 1 4 . 4924462 
-98 1 . 277284 4 

948 . 69 39259 
1 1 . 60 7 1 429 

STD ERROR 

1 2 7 . 420 3 7 53 3 
8 3 . 306 3 4 508 

1 45 . 9 5 7 3 7 6 3 4  
1 7 . 568 3825 5 

TYPE I I  SS 

954799 . 476908 
368946 . 3 3 82 1 7  
1 1 2 34 1 . 022774 

1 1 60 . 7 1 4286 

BOUNDS ON COND I T I ON NUMB E R : 3 0 . 1 42 7 3 , . 236 . 8344 

T H E  ABOVE MODEL I S  THE BEST 4 VAR I AB L E  MODE L  FOUND . 

F 

1 9 1 . 1 6  

f 

359 . 07 
1 38 . 75 

tt2 . 25 
0 . 44 

PROB> f 

0 . 0066 

PROB> f 

0 . 0066 

PROB> F 

0 . 00 3 3  

PROB> F 

0 . 0028 
0 . 0 3 70 

PROB> f 

0 . 000 1 

PROB> F 

0 . 000 1 
0 . 000 1 
0 . 000 1 

PROB> f 

0 . 000 1 

PROB> f 

0 . 000 1 
0 . 000 3 
0 . 0029 
0 . 5449 
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TAB LE · D . B ( Cont i n u ed )  
STAT I ST I CAL ANALYS I S  FOR PLAST I C  ROTAT I ON CAPAC I TY 

MAX I MUM R- SQUARE I M PROVEMEN T  FOR DE PENDENT VAR I ABLE Y 

STEP 5 VAR I ABLE ><6 ENTERED R SQUAR E = 0 . 99 S.2 1 999 
C( P )  = 6 . 1t l4 5 78707 

or SUM o r  SQUARES MEAN SQUARE F 

REGRESS I ON 5 2031t 3 30 . 727 1 3928 1t06866 . 1 1451428 1 24 . 92 
ERROR 3 9710 . 82814 1 628 3256 . 942805 
TOTAL 8 20144 1 0 1 . 55555556 

B VALUE STD ERROR TYPE I I SS f 

I NTERCE PT - 1 0 1 3 . 8564598 
)(1  2 3 48 . 142 1 99 7 5  1 90 . 55 1 99905 494692 . 576263 1 5 1 . 89 
)(4 -93 5 . 5224667 1 27 . 97 1 666 7 3  1 14056 . 17 1 0 3 2  5 3 . 414 
><5 90 1 . 09 5 3970 1 86 . 0568 1 090 76394 . 2249 5 7  23 . 1t6 
><6 1 . 1 2 1 152 1 2 . 1 7584824 865 . 658763 0 . 27 
><1 1 1 . 3 3 1 8846 22 . 39065536 1 95 1 . 1t97953 0 .-60 

BOUNDS ON COND I T I ON NUMBER :  58 . 07 4D6 , 5 36 . 8273 

ST E P  5 ><5 R E P LACED BY ><2 R SQUARE = 0 . 997 1 0 71t4 
C ( P )  = 5 . 08 5 1 7 3 78 

REGRESS I ON 
ERROR 
TOTAL 

I NTERCE PT 
)( 1  
><2 
><4 
X6 
X7 

O F  SUM O F  SQUARES MEAN SQUARE 

5 
3 
8 

2038 1 88 . 861t2lt 3 3 4  4 0 76 3 7 . 7 728lt9 
59 1 2 . 69 1 3 1 22 1  1 970 . 897 1 04 

2044 1 0 1 . .  55555556 

B VALUE 

-6297 . 1 268276 
3 765 . 1 700252 
3 808 . 7 6 3 97 86 
-925 . 67 6lt083 

1 1t5 . 71t70 1 40 
- 9 1 . 08 3 9225 

STD ERROR 

3 53 . 3 1 7 32625 
596 . 880 1 346 1 

96 . 1 3 5 1 3042 
2 1 . 89445056 
32 . 38883 7 58 

TYPE I I  SS 

223822 . 254560 
80252 . 36206 1 

1 82 7 3 3 . lt 70609 
8 7 3 36 . 3 78823 
1 5586 . 789790 

BOUNDS ON COND I T I ON NUMBER : 7 1 3 . 9066 , 7 3 2 4 . 69 

THE ABOVE MODEL I S  THE BEST 5 VAR I AB L E  MODE L FOUND .  

f 

206 . 8 3 

f 

1 1 3 . 56 
40 . 72 
92 . 72 
lt4 . 3 1 

7 . 9 1  

STE P 6 VAR I ABLE ><5 ENTERED R SQUARE = 0 . 99722559 
C ( P )  = 7 . 00000000 

R EGRESS I ON 
ERROR -
TOTAL 

I N TERCE PT 
X 1  
X2 
X4 
X5 
X6 
X7 

SUM Of SQUARES MEAN SQUAR E O F  

6 
2 
8 

2038lt 30 . 3 8 1 90324 3 39 7 3 8 . 3 96984 
56 7 1 . 1 73652 32 2835 . 586826 

2044 1 0 1 . 55555556 

B VALUE 

-5223 . 8 3 8 1 969 
3 5 0 7 . 274 5068 
3088 . 7 7 095 1 1 
- 9 3 4 . 7274658 

1 8 1 . 7907849 
1 1 8 . 34 1 1 970 
- 7 1 . 702 7 7 4 1  

S T D  E R ROR 

980 . 03 89 1 82 
2568 . 8 1 9 1 864 

1 1 9 . 40895 3 7  
622 . 9008072 

9 7 . 508 3 1 4 7 
76 . 93 78 1 06 

TYPE I I SS 

36 3 1 5 . 8 1 7295 
4099 . 654 764 

1 7 3 755 . 74480 3 
24 1 . 5 1 7660 

4 1 76 . 68 3 4 9 1 
21t62 . 8 3 44 3 7  

BOUNDS O N  CON D I T I ON NUMBER : 9 1 90 . 84 1 ,  1 06539 . 5  

THE ABOVE HOD EL I S  T H E  BEST 6 VAR I AB L E  MODEL FOUND . 

NO FURTHER I M PROVE M E N T  I N  R - SQUARE I S  POSS I BLE . 

F 

1 1 9 . 8 1 

F 

1 2 . 8 1  
1 .  4 5  

6 1 . 28 
0 . 09 
1 . 47 
0 . 87 

PROB> F 

0 . 00 1 1 

PROB> f 

0 . 00 1 2  
0 . 0053 
0 . 0 1 68 
0 . 64 1 8  
O . lt953 

PROB> f 

0 . 0005 

PROB > F  

0 . 00 1 6  
0 . 0078 
0 . 0024 
0 . 0069 
0 . 0672 

PROB > F  

0 . 006 3 

PROB> F 

0 . 0700 
0 . 3 522 
0 . 0 1 59 
0 . 7 9 7 9  
0 . 3 486 
0 . 144 9 7  
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TABLE  0 . 9  
S TAT I ST I CAL ANALYS I S  FOR E F F EC T I VE MOM E N T  

MAX I MUM R- SQUA R E  I M PROVEM E N T  FOR D E P EN D EN T  

ST E P  1 

R EGR E S S I ON 
E RROR 
TOTAL 

I N T E RC E PT 
X2 

BOU N D S  O N  

T H E  ABOVE 

VAR I AB L E  X2 E N T E R E D  

O F  

1 
7 
8 

B VA LUE 

1 . 0 3 6 5.5 7 3 8 
0 . 3 6 7 1 448 1 

SUM 

CON D I T I ON NUMBER : 

MOD E L  I S  THE B EST 

O F  SQUAR E S  

0 . 420992 7 1  
0 . 0 3 2896 1 7  
0 . 4 5 3 8 88 8 9  

S T D  ERROR 

0 . 0 38 7 90 3 6  

1 VAR I AB LE 

R SQUAR E 
C (  p )  = 

MEAN SQ UAR E 

0 . 4 2 0 9 927 1 
0 . 0046 9945 

TY P E  I I  S S  

0 . 4209 927 1 

1 ,  

MOD E L  F O U N D . 

O f  I N ERT I A  

VAR I AB L E  Y 

= 0 . 92752 3 7 3  
1 . 1 1 705 7 3 1  

f 

89 . 58 

F 

89 . 5 8  

ST E P  2 VAR I AB L E  X 1  E N T E R E D  R SQUAR E = 0 . 9289 1 06 5  
C (  P )  = 3 . 00000000 

O F  SUM O f  SQUAR E S  M E A N  S Q UAR E F 

R E GR E S S I ON 2 0 . 4 2 1 62222 0 . 2 1 08 1 1 1 1  3 9 . 20 
E R ROR 6 0 . 0 3 22666 7 0 . 0 0 5 3 7 7 7 8  
TOTAL 8 0 . 4 5 3 8 8 8 8 9  

B VA LU E STD ERROR T Y P E  I I  S S  f 

I N T E RC E PT 1 . 0 3 000000 
X1 0 . 06666667 0 . 1 94 8 5407 0 . 0006295 1 0 . 1 2  
X2 0 . 3 1 2 5 0000 0 . 1 65 0 1 886 0 . 0 1 9 2 8 5 7 1 3 . 59 

BOU N D S  O N  CON D I T I ON NUM B E R : 1 5 . 8 1 48 1 , 6 3 . 2 5 926 

T H E  ABOVE MOD E L  I S  THE B E S T  2 VAR I AB L E  MOD E L  FOUND . 
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PROB> F 

0 . 000 1 

PROB> F 

0 . 000 1 

PROB> F 

0 . 0004 

PROB> F 

0 . 7 4 3 9  
0 .  1 0 7 1  



TABLE  0 . 1 0 
S J A l i S T I CA I  A�A L YS I S  f OR E F F E C T I VE MOME N T or I N E R T I A  

O f  Hi l S  R E SEARCif DA T A  A�O DA T A  R E PO R H D  B Y  SAH I BJAM R H . ( 50 )  

MAX I MUM R - SQUAR£ I M PROVEM E N T  FOR DE P E N DE N T VAR I AB L E  Y 
S H P  1 

R E GR E S S I ON 
E R ROR 
TO T AL 

I N T E RC E P T  
X 3  

VAR I AB L E  X 3  E � T E R E D  

o r  

1 

1 5  
1 6  

B VAL U E  

1 . 0480 7508 
0 . 3 1 7 2 7569 

SUM OF SQUAR E S 

0 . 5 6 9 3 6 4 2 9  
0 . 0 7 U 6 4 7Jt 7 
0 . 6402 1 1 76 

Sl D E RROR 

0 . 02889 7 3 6  

R SQUAR E = 0 . 869 3 3 74 4 

C ( P )  = 1 1 . 3 3 7 3 7 8 1 9  

MEAN SQUA R E  

0 . 5 6 9 36 4 29 
0 . 004 7 2 3 1 6  

TYPE I I SS 

0 . 569 3 6429 

F 
1 20 . 55 

F 

1 20 . 55 

BOU�DS ON COND I T I ON NUMB E R : 1 .  

T H E  ABOVE MODE L I S  T H E  B E S T  1 VAR I AB L E  HODEL FOUND.  
ST E P  2 VAR I AB L E X4 E NT E R E D R SQUAR E = 0 . 9 3 4 3 04 82 

C( P )  = 3 . 4 4 796 1 99 

o r  SUM O F  SQUAR E S  ME AN SQUAR E  

R E GR E SS I ON 2 0 . 598 1 5294 0 . 2 9 90 7 6 4 7  9 9 . 55 
E R ROR 1 4  0 . 04205 8 8 3  0 . 0 0 3 00 4 2 0  
T O l AL 1 6  0 .  6402 1 1 76 

B VALUE ST D E RROR T Y P E I I  ss 

I N T E RCE P T  1 . 0 502 852 1 
X 3  0 . 2 �9566 78 0 . 02964 2 46 0 . 2 3 0 3 5 5 6 5  76 . 68 
)(4 0 . 0960 7 920 0 . 03 1 03 7 26 0 . 026 7 8 8 6 4  9 . 58 

BOUNDS ON COND I T I ON NUMB E R :  1 . 6 5 4 3 06 .  6 . 6 1 7226 

TH£ ABOV E MOD E L  I S  T HE B E ST 2 VAR I AB L E  MODE L  FOUND . 

STE P 3 

R E GR E S S I ON 
E RROR 
T OT AL 

I NT E RC E PT 
X l  
X 3  
X 4  

VAR I ABLE X 1  E N T E R ED 

o r  

3 
1 3  
1 6  

B VALU E 

1 . 0 3 666667 
0 . 1 11 2 6 1 4 9 1  
0 . 1 3 9 1 1 2 3 5  
0 . 09 9 1 1 304 

SUM OF SQUAR E S 

0 . 60 3 754 3 4  
0 . 0 3 64 5 7 4 3  
0 . 6402 1 1 76 

S T D  ERROR 

0 . 1 0 1 05 2 3 6  
0 . 08 99 1 3 6 6  
0 . 0 30064 2 3  

BOUNDS ON COND I T I ON NUMBER : 1 6 . 3 0525 . 

R SQUARE = 0 . 94 3054 1 1  C( P )  = 3 . 52 3 780 3 0  

MEAN SQUARE 

0 . 20 1 25 1 4 '5 
0 . 00280442 

TY P E  I I  S S  

0 . 0 0 56 0 1 1. 0  
0 . 00 6 7 1 3 0 6  
0 . 0 3 0 4 7 9 24 

9 9 . 5 5 2 '5 1 

7 1 . 76 

2 . 00 
2 .  3 9  

1 0 . 6 7 

T H E  ABOVE MOD E L  I S  T tl [  B E ST VAR I AB L E  MODE L  F OUN D .  

S T E P  4 

R E GR E SS I ON 
E R ROR 
T O l A l  

I N H R C E P T  
X 1  
X 2  
X 3  
X4 

VAR I ABLE X2 E � T E R E D  

o r  

4 
1 2  
1 6  

B VA L U E  

1 . 0�09 3 9 1 5  
0 .  1 11 3 9 9 � �,0 

-o . 028 5 11 4 9 7  
0 . 1 2 5 ? 7 5 � 7  
0 .  1 2 3 84 2 � 9  

SUM O F  SQUAR E S 

0 . 6052 7 9 0 9  
0 .  0 3 11 9  3 2 6  7 
0 . 6 14 02 1 1 7 6 

STD ERROR 

0 .  1 02968 5 6  
0 . 0 3 9 4 4 1 6 5  
0 . 09 3 5 8 1 2 4  
0 . 0 4 5 8 6 8 9 6  

BOUN O S  0� CON D I T I ON NUMBER : 1 7 . 0 1 5 4 6 , 

R SQUAR E = 0 . 9 4 54 3 5 7 5  

C ( P )  = 5 . 00000000 

M EAN SQUAR E 

0 . 1 5 1 3 1 9 7 7  
0 . 00 2 9 1 1 06 

T Y P E  I I  S S  

0 . 0 0 5 6 9 2 7 3  
0 . 00 1 5 2 4 7 5  
0 . 00 5 ? 1 6 8 2  
0 . 02 1 2 0 1 8 5 

1 5 2 . 9 2 2 9  

F 
5 1 . 96 

1 .  96 
0 . 5 2 
1 .  79 
1 . 26 

PROB> F 

0 . 000 1 

PROB> F 

0 . 00 0 1  

PRO B > f  

0 . 00 0 1  

PROB> F 

0 . 000 1 

0 . 00 7 9 

PROB> F 

0 . 000 1 

PROB> F  

0 . 1 8 1 1 
0 . 1 4 58 

0 . 005 8 

PROB> F 

0 . 000 1 

PROB> F 

0 .  1 8 7 3  
0 . 4 8 3 1 

0 . 2 !l55 
0 . 0 1 94 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - � - - - - - - - - - - - - - - - - - - - - - - - - - -

T H E  ABOV E MOD E L  I S  T H £  B E S T  4 VAR I AB LE MOD E L  F OU N D . 
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TABLE 0 . 1 1  
STAT I ST I CAL ANALYS I S  FOR MAX I MUM CRACK W I D T H  

MAX I MUM R- SQUARE I MPROVEM E N T  FOR D E PENDENT VAR I ABLE Y 

ST E P  1 VAR I AB L E  X 1  ENTERED R SQUARE 0 . 80995845 
C( P )  = 5 . 49600484 

O f  SUM Of SQUAR E S  MEAN SQUARE F PROB> f 

REGRESS I ON 1 0 . 2 3 5 7 9 1 39 0 . 2 3 5 7 9 1 39 68 . 1 9 0 . 000 1 
ERROR 1 6  0 . 055321103 O . D03 4 5 7 7 5  
TOTAL 1 7  0 . 29 1 1 1 54 2  

B VALUE STD E R ROR TYPE I I  SS F PROB> f 

I NT ERCE PT 0 . 9 564 1 667 
Xl - 0 . 2294 1 667 0 . 02 7 78 1 64 0 . 2 3 5 7 9 1 39 68 . 1 9 0 . 000 1 

BOUNDS ON COND I T I ON NUMBER : 1 .  
- - - - - - - - - - - - - - - - · - - - - - - - - - - - - - - - - - - - - - � - - - - - - - - - - - - - - - - - - - - - - - - � - - - - - - - -

T H E  ABOVE MODEL I S  THE BEST 1 VAR I AB L E  MO D E L  FOUND . 

S T E P  2 VAR I ABLE X3 ENT E R ED R SQUARE = 0 . 85892998 
C( P )  = 2 . 472 1 07 7 7  

OF SUM OF SQUARE S  M EAN SQUARE F 

REGRESS I ON 2 0 . 25004 7 7 6  0 . 1 2502388 45 . 67 
ERROR 1 5  0 . 04 1 06766 0 . 0027 3 784 
TOTAL 1 1  0 . 29 1 1 1 542 

B VALUE STD E R ROR TYPE I I  SS F 

I NT ERCE PT 0 . 9 564 1 66 7  
X 1  -0 . 3 3060922 0 . 0 50 7 7 046 0 . 1 1 609579 42 . 40 
)(3 0 . 0 5 1 02 1 46 0 . 022 3 5 902 0 . 0 1 112 5 6 3 7  5 . 2 1 

BOUNDS ON COND I T I ON NUMBER : 11 . 2 1 185 3 .  1 6 . 87 1 4 1  

THE ABOVE HODEL I S  T H E  BEST 2 VAR I AB L E  MODE L FOUND . 

S T E P  3 

REGRESS I ON 
ERROR 
TOTAL 

I NT ERCE PT 

X 1  
)(2 
X3 

VAR I ABLE X2 ENTERED 

O F  

3 
1 4  
1 7  

B VALUE 

0 . 99952767 
- 0 . 3 72062 1 0  
-0 . 02 1 7 3664 

0 . 07 1 92207 

SUM OF SQUA R E S  

0 .  2 5 1 38 746 
0 . 0 39 72 79 5  
0 . 29 1 1 1 54 2  

STD E RROR 

0 . 0 79 4 4 4 2 3  
0 . 03 1 6 3 529 
0 . 0 3 7 99 2 7 5  

BOUNDS O N  COND I T I ON NUMBER : 1 1 . 74 9 7 3 , 

R SQUARE = 0 . 86 3 5 3 1 95 
C ( P )  = 4 . 00000000 

M EAN SQUARE 

0 . 08 3 79582 
0 . 0028 3 77 1  

TYPE I I  SS 

0 . 06224068 
0 . 00 1 3 3 97 1 
0 . 0 1 0 1 6930 

7 3 . 4984 

r 
29 . 5 3 

r 

2 1 . 9 3 
0 . 4 7 
3 . 58 

THE ABOVE HODEL I S  THE BEST 3 VAR I AB L E  MODE L  FOUND . 

PROB> F 

0 . 000 1 

PROB> F 

0 . 000 1 
0 . 0315 

PROB> F 

0 . 000 1 

PROB> F 

0 . 0004 
0 . 5032 
0 . 0 792 
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Append i x  E 

Ca l i brat ion  o f  RAM v s . Test i ng Mach i ne 



TABLE E . 1 

CAL I BRAT ION OF RAM VS . TEST I NG MACH I NE 

Average Ma ch i ne Avera-ge Mac-h1 ne 
Ram Pres sure Load Jack  ( 1 ) Load Jack  ( 2 ) Average Mach i ne 

Observat ion  (ps i ) ( 1 bs ) ( 1 bs ) % Error Read i ng 

1 0 0 0 0 0 
2 100 1035 1005 2 . 98 1020 
3 200 2025 2055  1 . 46 2040 
4 300 3018 3042 0 . 79 3030 
5 400 3990 3930 1 . 53 3960 
6 500 4995 4945 1 . 0 1 4970 
7 600 6000 6040 0 . 66 6020 
8 700 7080 7020 0 . 85 7050 
9 800 8 145 8 1 15 0 . 37 8 1 30 

10 900 9 140 9 180 0 . 44 9160  
1 1  1000 10260 10200 0 . 59 10230 
12  1 100 1 1 265 1 1 3 1 5  0 . 44 1 1290 
13  1 200 1 2400 1 2440 0 . 32 1 2420 
14 1300 13390 13470 0 . 59 1 34 30 
15  1400 14530 14430 0 . 69 14480 
16 1500 15580 15480 0 . 6 5  1 5 530 
17  1600 16570 1 6690 0 . 72 16630 
18 1 700 1 7 7 70 1 76 70 0 . 5 7  1 7720 
19 1800 188 10 189 10 o·. 53 18860 
20 1900 19880 20000 0 . 6  19940 
21 2000 20870 207 50 0 . 58 20810  
22 2500 25810 26030 0 . 85 25920 
23 3000 3 1400 3 1 160 0 . 77 3 1 280 
24 3500 · 36960 36640 0 . 87 36800 
25 4000 42 100 4"2460 0 . 85 42280 
26 4500 47280 4 76 12 0 . 9 1 4 7446 N � 

N 

(,�}) 
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