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Abstract

Let Z C 2% be an admissible ideal, we say that a sequence (zn) of real
numbers Z—converges to a number L, and write Z — limx,, = L, if for each
e > 0 the set A. = {n : |zn — L| > €} belongs to the ideal Z. In this paper
we discuss the relation ship between convergence of positive series and the
convergence properties of the summand sequence. Concretely, we study the
ideals Z having the following property as well:

o0
Zaﬁ<ooand0<infb£gsupb£<oo:>I—limanb£:0,

n=1

*This contribution was partially supported by The Slovak Research and Development Agency
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where 0 < o <1 < 3 < L are real numbers and (an), (bn) are sequences
of positive real numbers. We characterize T'(«, 8, an, bn) the class of all such
admissible ideals Z.

This accomplishment generalized and extended results from the papers
[4, 7, 12, 16], where it is referred that the monotonicity condition of the
summand sequence in so-called Olivier’s Theorem (see [13]) can be dropped
if the convergence of the sequence (na,) is weakend. In this paper we will
study Z-convergence mainly in the case when 7 stands for Z.g, Iéq), T<q,
respectively.
Keywords: T-convergence, convergence of positive series, Olivier’s theorem,
admissible ideals, convergence exponent

MSC: 40A05, 40A35

1. Introduction

We recall the basic definitions and conventions that will be used throughout the
paper. Let N be the set of all positive integers. A system Z, () # Z C 2V is called
an ideal, provided 7 is additive (A, B € Z implies AU B € I), and hereditary
(A€Z, BC Aimplies B € Z). The ideal is called nontrivial if Z # 2V. If 7 is a
nontrivial ideal, then Z is called admissible if it contains the singletons ({n} € Z
for every n € N). The fundamental notation which we shall use is Z—convergence
introduced in the paper [11] ( see also [3] where Z—convergence is defined by means
of filter-the dual notion to ideal). The notion Z—convergence corresponds to the
natural generalization of the notion of statistical convergence ( see [5, 17]).

Definition 1.1. Let (z,) be a sequence of real (complex) numbers. We say that
the sequence Z—converges to a number L, and write Z — limz,, = L, if for each
e > 0 the set A, = {n: |z, — L| > ¢} belongs to the ideal 7.

In the following we suppose that Z is an admissible ideal. Then for every
sequence (z,) we have immediately that lim, ,. x, = L (classic limit) implies
that (z,) also Z—converges to a number L. Let Z; be the ideal of all finite
subsets of N. Then Z;—convergence coincides with the usual convergence. Let
Iy = {A C N : d(A) = 0}, where d(A) is the asymptotic density of A C N
(d(A) = lim,,_,o, 219=79€A} Where #M denotes the cardinality of the set M).

n
Usual Zg—convergence is called statistical convergence. For 0 < ¢ < 1 the class

I ={ACN: Za_q<oo}
acA

is an admissible ideal and whenever 0 < ¢ < ¢/ < 1, we get
L ¢TIl ¢ IV C Iy

The notions the admissible ideal and Z—convergence have been developed in several
directions and have been used in various parts of mathematics, in particular in
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number theory, mathematical analysis and ergodic theory, for example [1, 2, 5, 6,
9-11, 15, 17-19].

Let A be the convergence exponent function on the power set of N, thus for
A C N put

A(A) :inf{t>0:2a_t <oo}.

acA
If ¢ > A(A) then Y- .4 2 < 00, and Y .4 27 = 0o when ¢ < A(A); if ¢ = A(A),

the convergence of ) , = is inconclusive. It follows from [14, p. 26, Examp. 113,
114] that the range of X is the interval [0, 1], moreover for A = {a1 < az < --- <
an < ...} € N the convergence exponent can be calculate by using the following
formula |
A(A) = limsup ogn
n—oo lOgan
It is easy to see that A is monotonic, i.e. A(A) < A(B) whenever A C B C N,
furthermore, A(AU B) = max{A(A),A\(B)} for all A, B C N.

2. Overwiew of known results

In this section we mention known results related to the topic of this paper and some
other ones we use in the proofs of our results. Recently in [19] was introduced the
following classes of subsets of N:

Toq={ACN:XA)<q}, f0<qg<1,
Iy ={ACN:AA) <gq}, f0<¢g<1, and
o ={ACN:)AA) =0}
Clearly, Z<g = Zy. Since A(A) = 0 when A C N is finite, then Z; = {A C N :

A is finite} C Zy, moreover, there is proved [19, Th.2] that each class Zy, Z<4, Z<q,
respectively forms an admissible ideal, except for Z<; = 2N,

Proposition 2.1 ([19, Th.1]). Let 0 < ¢ < ¢’ < 1. Then we have
TG Teg G CTay G Ty I CTay CTar G IV ¢ Ty =25,

and the difference of successive sets is infinite, so equality does not hold in any of
the inclusions.

The claim in the following proposition is a trivial fact about preservation of the
limit.
Proposition 2.2 ([11, Lemma|). If Z; C Zo, then 7y — limx,, = L implies Ty —

limx, = L.

In [13] L. Olivier proved results so-called Olivier’s Theorem about the speed of
convergence to zero of the terms of convergent positive series with nonincreasing
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terms. Precisely, if (a,) is a nonincreasing positive sequence and Y | a, < oo,

then lim, ;o na, = 0 (see also [8]). In [16], T. Salat and V. Toma made the
remark that the monotonicity condition in Olivier’s Theorem can be dropped if
the convergence the sequence (na,) is weakened by means of the notion of Z-
convergence (see also [7]). In [12], there is an extension of results in [16] with very
nice historical contexts of the object of our research.

Since 0 = lim,, o na, = Zy — limna,, then the above mentioned Olivier’s
Theorem can be formulated in the terms of Z-convergence as follows:

oo
(a,) nonincreasing and Z ap < oo = 7Z-—limna, =0,

n=1

holds for any admissible ideal Z (this assertion is a direct corollary of the facts
Z; C Z and Proposition 2.2), and providing (a,) to be a sequence of positive real
numbers.

The following simple example

Lo ifn=k (k=1,2,...
an:{”l’ ifn=k,(k=12...)

5w, Otherwise,

shows that monotonicity condition of the positive sequence (a,) can not be in
general omitted. This example shows that limsup,,_,,, na, = 1, thus the ideal Zy
does not have for positive terms the following property

Y an<oo = I-limna, =0. (2.1)

n=1

logn i 1 is square, in
n

The previous example can be strengthened taking a, =
such case the sequence (nay,) is not bounded yet. In [16], T. Salat and V. Toma
characterized the class S(T') of all admissible ideals Z C 2V having the property
(2.1), for sequences (a,) of positive real numbers.

They proved that
S(T) = {Z c 2V : T is an admissible ideal such that Z D Z{M}.

J. Gogola, M. Macaj, T. Visnyai in 7] introduced and characterized the class S (T")
of all admissible ideals Z C 2" for 0 < ¢ < 1 having the property

(oo}
Y al <oo = I-limna, =0, (2.2)

n=1

providing (a,) be a positive real sequence. The stronger condition of convergence
of positive series requirest the stronger convergence property of the summands as
well. They proved

S (T) = {T c 2V : T is an admissible ideal such that Z D Z{?}.
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Of course, if ¢ = 1 then S1(T) = S(T).
In [12], C. P. Niculescu, G. T. Prajitura studied the following implication, which
is general as (2.1):

Z a, < oo and infbﬁ >0 = Z-limay,b, =0, (2.3)
n

n=1 n
for sequences (ay,), (by,) of positive real numbers.

They proved that the ideal Z,; fulfills (2.3). In the next section we are going to
show that Iél) is the smallest admissible ideal partially ordered by inclusion which
also fulfills (2.3).

3. IC(Q)— convergence and convergence of positive se-
ries

In this part we introduce and characterize the class of such ideals that fulfill the
following implication (3.1). Obviously this class will generalize the results of (2.2)
and (2.3). On the other hand, we define the smallest admissible ideal partially
ordered by inclusion which fulfills (3.1).

In the sequel we are going to study the ideals Z having the following property:

oo

Zag<ooand0<infbﬁgsupbﬁ<oo:>1—limanb220, (3.1)

n=1 n n n
where 0 < a <1< < é are real numbers and (a,), (b,) are positive sequences
of real numbers.

We denote by T'(«, 3, an, by,) the class of all admissible ideals Z C 2N having the
property (3.1). Obviously T'(1,1,a,,n) = S(T) and T(q, 1, an,n) = Su(T).

Theorem 3.1. Let 0 < a <1< < é be real numbers. Then for every positive
real sequences (ay,), (by) such that

n

oo
Za%<oo and inf
n by,

n=1

>0
we have
7 —lim a,b? = 0.

Proof. Let € > 0, put A. = {n € N : a,b% > e}. We proceed by contradiction.
Then there exists such £ > 0 that A. ¢ Z*?, thus

> ﬁ = 0. (3.2)

neA.
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For n € A, we have
1 af 1 aB 1
azZEa—zea(ﬁ) —>€a<inf£) —
and so
- o « (e} : n aB 1
Zanz Zan26 (lgfa) ; W
ne€A,

Using this and the assumption for a sequence (b,) and (3.2) we get

[eS)
a

E a, = o0,

n=1

which is a contradiction. O

If in Theorem 3.1 we put @ = ¢ and 8 = 1, we can obtain the following corollary.

Corollary 3.2. For every positive real sequences (a,), (b,) such that

o0
.. n
Ea%<oo and inf— >0
1 n bn
n—=

we have
79 — lim a,b, = 0.

Already in the case when ¢ = 1 in Corollary 3.2, we get a stronger assertion
than given in [12] for the ideal Z4, because of M C Za.

Remark 3.3. Let (ay), (bn) be positive real sequences. For special choices o and
(bn) in Corollary 3.2, we can obtain the following:
i) Putting @ = 1. Then we get: If Y a, < co and inf, 3= > 0 then M —
lim a,,b,, = 0 ( which is stronger result as [12, Theorem 5|).
ii) Putting @ = 1 and b, = n. Then we get: If > 7 a, < oo then 7 —
lima,n = 0 ( see [16, Theorem 2.1]).

iii) Putting @ = ¢ and b, = n. Then we get: If Y 7 a? < oo then T —
lima,n =0 ( see [7, Lemma 3.1]).

Theorem 3.4. Let0 < a <1< < é be real numbers. If for some admissible
ideal T holds
T —lima,b® =0

for every sequences (ay,), (by) of positive numbers such that

oo

n
Zag<oo and Supb—<oo,
n

n=1 n

then
T(*A) C 1.
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Proof. Let us assume that for some admissible ideal Z we have Z — lim a,,b% = 0

and take an arbitrary set M € IS"B ). 1t is sufficient to prove that M € Z. Since
T —lima,b? = 0 we have for each & > 0 the set A. = {n € N: a,b > ¢} € Z. Since

M e Ic(-aﬁ ) we have Y oneMm m%ﬁ < 00. Now we define the sequence a,, as follows:

1 .
an{nﬁ, ifne M,

2—1n, ifné¢ M.

Obviously the sequence (a,,) fulfills the premises of the theorem as a,, > 0 and
Y=Y (5) X (3) < X2 (3) <
" np an/) = nob 20
n=1 neM n¢ M neM n=1
Hence a,n® =1 for n € M and so for each n € M we have

B B
anbff = a,n” (b—n) = (b—n) > ;ﬁ > 0.
n n (Supn %)

Denote by (3) = (sup,, b%)_ﬁ > 0 and preceding considerations give us
McC A €l
Thus M € Z, what means Ic(aﬁ) CcT. O

The characterization of the class T(«, 8, an,b,) is the direct consequence of
Theorem 3.1 and Theorem 3.4.

Theorem 3.5. Let0 < a <1< < i be real numbers and (a,,), (by,) be sequences
of positive real numbers. Then the class T(«, 3, an, by) consists of all admissible

ideals T C 2N such that T D Ic(aﬁ).
For special choices «, § and (b,,) in Theorem 3.5 we can get the following.

Corollary 3.6. Let 0 < ¢ <1 be a real number and (a,) be positive real sequences
having the properties

o0

Z al < oo.

n=1

Then we have
i) T(q,1,a,,n) = {Z C 2V : T is admissible ideal such that T D Ic(q)} = S,(T),

i) T(1,1,a,,n) = {Z C 2V : T is admissible ideal such that T D Ic(l)} =S(T).
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4. Z.,— and Z.,—convergence and convergence of
series

In this section we will study the admissible ideals Z C 2N having the special property
(4.1) and (4.3), respectively.

o0
Z al* < oo for every k and 0 < inf - < sup M N lima,b, =0, (4.1)
ne1 n Op n Un
where (g) is a strictly decreasing sequence which is convergent to ¢, 0 < ¢ < 1
and (ay), (by,) are sequences of positive real numbers.
Denote by T* (an, by) the class of all admissible ideals Z having the property
(4.1).

Theorem 4.1. Let 0 < g < 1 and (qx) be a strictly decreasing sequence which is
convergent to q. Then for positive real sequences (ay), (by) such that holds

oo

n
Z al* < oo, for every k and inf — > 0,
n by,
n=1
we have
I<q —limayb, =0.

Proof. Again, we proceed by contradiction. Put A, = {n € N: a,b, > ¢}. Then
there exists such € > 0 that A, ¢ Z<,, thus A(A:) > ¢. Hence there exists such
1 € N, that ¢ < g, < M(A¢), and so we get

> njk = 0. (4.2)

neA,

For n € A, we have

9k; qk
alFi > gax; 1 = g9k; RER 1 > g% ( inf T\ 1
no= dk; b ndk; = n b ndk;’
n n n
therefore
> qk . qk; q . n 9k, ].

an ' 2> g ant > e%i( inf o E T

n i
n=1 neA. n neA.

Using this and the assumption for a sequence (b,,) and (4.2) we get

oo
qk;
an ' = 00,

n=1

what is a contradiction. O
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Theorem 4.2. Let 0 < g < 1 and (qr) be a strictly decreasing sequence which is
convergent to q. If for some admissible ideal Z holds

7 —lima,b, =0

for every sequences (ay), (bn) of positive numbers such that

o0

n
Zafﬁ < o0, for every k and sup . < 00,
n—=1 n n

then
I<q C 1.

Proof. Let us assume that for any admissible ideal Z we have Z —lim a,,b,, = 0 and
take an arbitrary set M € Z<,. It is sufficient to prove that M € Z. Since M € T,
we have A(M) < ¢ and so for each g > ¢ we get

ndk
neM

Moreover Z — lima,b, = 0 and so for each € > 0 the set A, = {n € N: a,b, >
e} € Z. Define the sequence (a,) as follows:

%, if ne M,
an =
2%, if n¢ M.

The sequence (a,,) fulfills the premises of the theorem, a,, > 0 and for each g we
obtain

- 1 1\ o
nz::lai :neank—'_n%A:/I (27) 7n6 n% g(qu>

Now a,n =1 for n € M. Therefore for each n € M we have

by, b, 1
anb, = ann(—> — > — > 0.
n n T osup, j-
Denote by ¢ = (sup,, bl)_1 > 0 we have
McA el
Thus M € Z, what means Z<, C 7. O

The above mentioned results (Theorem 4.1 and Theorem 4.2) allow us to give
a characterization for the class T*(an, by,).

Theorem 4.3. Let 0 < ¢ < 1 and (qx) be a strictly decreasing sequence which
converges to q. Let (ay), (b) be positive real sequences. Then the class T (ay, by)
consists of all admissible ideals T C 2V such that T 2 T<,,.
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Let us consider the following property and pronounce for it analogical results
as above.
o0

Za%’“ < oo for some k and 0 < inf — < supbﬁ <oo=7Z-limayb, =0, (4.3)
n n

n
n=1 n

where (gi) is a strictly increasing sequence of positive numbers which is convergent
to ¢, 0 < ¢ <1 and (ay), (b,) are sequences of positive real numbers.

Denote by T (an,by) the class of all admissible ideals 7 having the property
(4.3).

Theorem 4.4. Let 0 < ¢ <1 and (qi) be a strictly increasing sequence of positive
numbers which is convergent to q. Then for positive real sequences (ay), (by) such
that holds

o0
, . .n
g ato < 0, for some kg € N and inf o > 0,
n
n=1 n

we have
Zeq —limayb, =0.

Proof. Again, we proceed by contradiction. Then there exists € > 0 such that
A. ={neN:a,b, > e} ¢ T,, thus A\(A.) > ¢q. For each k € N ( as well for k)
we have g, < ¢ < A(4A.), and so
1
— = 0. (4.4)

ndk
neA.

Further the proof continues by the same way as it was outlined in Theorem 4.1. [

Theorem 4.5. Let 0 < ¢ <1 and (qi) be a strictly increasing sequence of positive
numbers which is convergent to q. If for some admissible ideal Z holds

7T —lima,b, =0
for every sequences (ay), (by) of positive numbers such that

o0

n
Za?fo < oo for some ky € N and sup — < oo,
n=1

n b’l’l

then
T4 CT.

Proof. Let us assume that for any admissible ideal Z we have Z — lima,b, = 0
and take an arbitrary M € Z.,. It is suflicient to prove that M € Z. Since
M € I, we have A(M) < ¢ and so there exists a sufficiently large ky € N such

that A(M) < gg, < ¢. So
1
D i <

neM

Again, the proof continues by the same way as it was outlined in Theorem 4.2. [
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The above results (Theorem 4.4 and Theorem 4.5) allow us to give a character-
ization for the class T (an, by).

Theorem 4.6. Let 0 < ¢ <1 and (q) be a strictly increasing sequence of positive
numbers which converges to q. Let (ay,), (bn) be positive real sequences. Then the
class TZ (an,byn) consists of all admissible ideals T C 2V such that T 2 T,.

5. Summary and scheme of main results

Let (an)a (bn)
property (3.1)
T(a’ 57an7bn)

be fix sequences of positive real numbers having the appropriate
, (4.1) and (4.3), respectively. Denote in short classes given above
=T(a, B), T (an,bn) = Tk and T (an,bn) =T . Then we have

i) f0r0<a§1§ﬁ§§,
T(a,B) = {Z c 2V : T is admissible ideal such that Z D Z{*A},

ii) for 1> qr>q>0(k=1,2...), ¢ } g as k — o0,

To = {Z c 2" : T is admissible ideal such that Z 2 Z<,},

i) for 0<qp <qg<1(k=1,2...),qx T qas k— oo,

Tl ={Z C 2V : 7 is admissible ideal such that Z D Z,}.

For special cases the following scheme shows the smallest(minimal) admissible
ideals partially ordered by inclusion which belong to the classes in the second line.

n, ¢ I ¢c1y, ¢ IV ¢ I ¢ I ¢ I

! ! ! ! ! ! !

T 2 T(e,f) 2 T 2 T(a,f) 2T 2 T, 2 T(af)
if af<q if af=q if af=1
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