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     Abstract—Solder joints, are the critical components of the 

printed circuit boards (PCBs) in the moving electronic systems like 

satellites and automotive industries that are most vulnerable to 

accidental vibrations. So, the reliability of these boards since they 

are designed to be used for long-time applications is important. 

Since the laboratory tests are time-consuming and require well-

equipped and costly measurement devices, reliability tests are 

preferred to perform through the analytical methods. 

In this study, an analytical model based on the multilayer-plate 

theory is presented for the random vibration analysis and results 

are obtained for the different vibration frequencies including the 

natural vibration frequency. For the proposed model, the state of 

the PCB layer and the amount of the stress in the solder joints are 

investigated separately and the normal and shear stresses are 

obtained through the combined sinusoidal-exponential equation. 

Results by the Finite Element Method (FEM) analysis show that 

the cracks form at the edge of the interconnection points of the 

board, and the solder and void formation and crack propagation 

appear in the corners of the PCB in frequencies closed to the 

natural vibration frequency. Reliability increases by the reduced 

solder height. 

Index Terms—Solder, Fatigue life, Vibration. 

I. INTRODUCTION 

rinted circuit boards (PCBs) are subjected to be applied in 

moving systems like the automotive, airplane and satellite 

industries, communication systems, intermediate blocks for the 

load and renewable energy sources (RESs), and low and high 

power utilization in electrical and electronics industries. 

Therefore, the reliability of these boards is important based on 

the demand for the long-term applications of the PCBs. For 

example, PCBs, in automotive, should be designed to work for 

at least 15 years with high reliability [1-2].  

Thermal and vibration loading are the most important 

parameters that can affect the long-life of these boards. Solder 

joints are the interconnection points between the electronic 

components and the PCB and the electrical and physical active 

ingredients like vibration influence these adhesion points. 

Especially when a PCB is inserted into a moving system like 

the airplane or the satellite, the effect of the parameters like 

vibration should be considered on the solder joints. Laboratory 

tests are time-consuming and need costly equipment to test and 

measure the effects of these parameters on the fatigue of a PCB.  

So that, analytical models are preferred to assess these 

effects. There are studies to present the impact of thermal 

loading and tension in solder joints under random vibrations. A 

demolition mechanism based on the theory of the visco-

plasticity model is presented in [3-4] for investigation of the 

behavior of the Pb40/Sn60 solder alloy. Since the equations of 

the solder damage are considered in the proposed constitutive 

model, both the fatigue and stress analyses can be done 

simultaneously. These studies consider the thermal loading 

effects on the fatigue of the Surface Mount Packaging (SMP).  

Paper [5] proposes a nonlinear and time-domain-based 

analysis model to obtain the lifetime of the SMP under a unified 

vibration mechanism. This study shows that for material in the 

elastic range, higher damage will be experienced for the higher 

vibration frequencies. However, for the inelastic range, low 

loading frequencies can harm more the solders in the per cycle. 

Further, a model for combined thermal cycling and dynamic 

vibration loading effect on the SMP is presented in [6] that uses 

the superposition rules and obtains the fatigue life of the solders 

separately for these effects. This study shows that the vibration 

and thermal strains have elastic and inelastic behaviors on the 

solder interconnections and should be considered 

simultaneously for fatigue investigation of the SMP especially 

for the moving systems like the automotive and military 

applications.  

Moirѐ-Interferometry (MI) is used for the solder joints of the 

Ball Grid Array (BGA) to obtain the fatigue of the solders under 

both thermal and dynamic vibration loadings in [7]. The main 

outcome of this study is that it proves the dynamic vibrations 

can evoke the inelastic strains on the BGA with low melting 

point and high visco-plasticity specifications, while the general 

belief was that vibration with strains have the elastic behavior. 

The results of the paper [8] confirm the theory of 'smaller is 

stronger' for micron-scale material analysis through the MI 

model to measure the cyclic inelastic in-plane corruption. The 

study shows that MI is not accurate enough for simultaneous 

environment analysis because it does not include and consider 

the scale effect and the thermal and dynamic interaction.  

Miner's rule has been considered in [9] to investigate the 

accumulative harm of the thermal and vibration loadings 

separately. The study shows that the SMP has a shorter long-

life under both vibration and thermo-mechanical effects. 

Despite that the effect of the dynamic loading is not consider on 

the fatigue life of the package, this study illustrates that for an 

accurate estimation for the fatigue-life of the SMA, the 

vibration has to be taken into account. An analytic-mode based 

isothermal test by considering the MI model has been done for 
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the multi-layered orthotropic laminated thin-baseplate in [10]. 

The research work investigates the peeling and shear stresses 

for the layers on the thin-substrate under the thermal-gradient. 

This study shows that the proposed analytical model gives more 

noticeable and accurate results in comparison with software 

results. Although for the isothermal loading consideration in the 

packaging, designers consider an average temperate by taking 

the temperature of the top and bottom of the package into 

account. In this sense, [11] presents an accurate model to 

estimate the temperature of any place of the microelectronic 

package based on thermal gradient analysis. According to this 

study results, for the laminated solder layer, considering the 

isothermal-temperature as the thermal loading decreases the 

accuracy of the calculations and shear and peeling stresses 

cannot be estimated correctly.  

A simple analytical model is presented in [12] for orthotropic 

structures with considering the thermal impact of the interface 

compatibility layers. This study shows that the softer epoxy for 

the solder layer can decrease the shear and axial normal stresses 

for the affiliated layer that can directly decrease the die crack 

propagation. Paper [13] presents a review study and compares 

nine creep models to investigate the accuracy of them under 

thermal cycling loadings and the same test data. The creep 

strain rate is modeled by sinusoidal, exponential, and 

sinusoidal-exponential equations through the proposed models. 

The results of this study show that for the creep stress 

prediction, the sinusoidal-exponential models are more 

accurate. Also, models that consider only the shear stress are 

not efficient. For the stress calculations, grain size should be 

taken into account, and models that don’t consider this effect 

are not accurate. Finite Element Method (FEM) has been 

considered for all of these studies to evaluate the nonlinear 

dynamic analysis for microelectronic devices.  

In the abovementioned studies, the thermal loading effects 

were focused and dynamic vibrations were placed against the 

background of the temperature analysis generally and only the 

vibration analysis has not been done in these works separately. 

Indeed, some of the studies have focused on the vibration 

loading effect of the fatigue life of the solder layers. For 

example, in [14], the crack formation and propagation is 

analyzed and it is concluded that the corner points of the PCB 

are the most affected areas and solders at the corners are 

exposed to damage under the random dynamic loadings. Papers 

[15-16] show that the angle of the vibration is important and 

shearing stress for microelectronic packaging is the most for the 

electronic boards placed perpendicular to the surface that 

experiences the greatest amount of the stress at the soldered 

points. The work in [17-18] compares the different materials for 

the solders and concludes that the SAC387 experiences the 

maximum amount of the peeling stress for the microelectronic 

packaging under the dynamic loadings. 

In [19-20], the electronic board is assumed with two layers 

and the spatial variations are obtained based on the point-

analysis. So, the strain value of each solder joint is obtained. As 

a result, by applying the Hook's law, the stress of each solder 

joint under flexural moment loading is calculated. This model 

is also used only to obtain the normal stresses, so that shear and 

bending stresses cannot be obtained. 

   In this paper, based on the multi-layer shell theory, the PCB is 

considered as a two-dimensional plate and a sinusoidal-

exponential analytical model is presented to obtain the fatigue 

life and the amount of the stress in the solder joints under the 

random vibration. In addition, the damage to solder joints in 

these sensitive structures will be investigated using fracture 

mechanics models. Results show that the corners of the PCB 

are most exposed to the stress and crack formation and void 

propagation density are higher at these locations. 

II. IMPROVED MULTI-LAYER SHELL THEORY 

 

Creep strain easily is demonstrated by holding the material 

under constant stress for the long periods of the time and 

observing the ensuing deformation increasing over time. There 

are three observable phases for the creep shown in Figure 1. 

The initial portion or the first phase is called the 'Transient-

Phase' as shown in the figure is consistent with the proportional 

stress-strain relationship. This is followed by the non-linear 

phase where the strain rate seems to decrease with respect to 

time. This is the stage where the solder matrix undergoes the 

stress relaxation and hence the proportional relationship 

between the stress and strain is lost. 

Transient-state Steady state

Unstable

Secondry creep

Primary
 creep

Initial strain (elastic+plastic)

St
ra

in
, ɛ

  

 
Fig. 1. Creep Stages Under Constant Load.  

 

The second stage is called the 'Steady-State' Phase. In this 

phase, the flow stress required to maintain the plastic 

deformation of the solder matrix is more or less constant. 

Therefore, one sees a constant strain rate with respect to the 

time. The second phase is followed by the third-stage labeled as 

'unstable' in this figure. This is the stage where the strain rate 

required to maintain is no longer constant and the solder begins 

to experience the damage due to the creep. Solder is a high 

surface energy material and is, therefore, inherently unstable.  

Upon being subjected to the thermal cycling and aided by the 

mechanical stresses or a combination thereof, the material 

absorbs the incoming energy directed towards the solder joint 

system and returns to the equilibrium state of the low surface 

energy.  

This process takes place through the gradual phase and grain 

coarsening that weakens the solder joint structure due to a 

reduction in net surface area of contact, consequently, making 

it susceptible to failure in areas of high-stress concentration. To 

evaluate the tensions and stresses on the solder joint in the 

microelectronic package, at the first step, the PCB should be 
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modeled. For this purpose, based on the multi-layer shell 

theory, the isotropic plate is considered. A thin rectangular 

isotropic plate is illustrated in Figure 2 and the vibration 

equation for that is written as (1) [21]. 

 

𝜌
𝜕2𝑤

𝜕𝑡2
+ 𝑐

𝜕𝑤

𝜕𝑡
+ 𝐷∇4𝑤 = 0                                                        (1) 

 

x

yz

w(x,y,t)

wb(t)

a

b
h

 
Fig. 2. Thin rectangular plate. 

 

ρ and c respectively, are the density and the damping coefficient 

of the sheet relative to the surface unit. D is the flexural stiffness 

of the sheet. Sheet displacement is given by relation (2).  

 

𝑤𝑎(𝑥, 𝑦, 𝑡) = 𝑤𝑏(𝑡) + 𝑤(𝑥, 𝑦, 𝑡)                                                (2) 
 

where 𝑤𝑎  and 𝑤𝑏  are the absolute and boundary displacements 

and 𝑤 is the displacements relative to the boundary. Relation 

(3) results from the substitution of relation (2) in relation (1).  

𝜌
𝜕2𝑤

𝜕𝑡2
+ 𝑐

𝜕𝑤

𝜕𝑡
+ 𝐷∇4𝑤 = 𝑝(𝑡)                                                   (3) 

 

The equation (3) can be solves by the equation (4): 

𝑤(𝑥, 𝑦, 𝑡) = ∑∑𝜓𝑚𝑛(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

𝑞𝑚𝑛(𝑡)                                    (4) 

 

The shapes of the modes considered are perpendicular to each 

other. The Eigen-function for the mnth and klth mode are 

considered by the 𝜓𝑚𝑛(𝑥, 𝑦) and 𝜓𝑘𝑙(𝑥, 𝑦) while 𝑞𝑚𝑛(𝑡) is the 

time-varying function. 

By replacing the equation (4) into (3) and if the two sides of this 

relation are multiplied by 𝜓𝑘𝑙(𝑥, 𝑦)  and the integral is obtained 

from the area of the sheet R: 

�̈�𝑚𝑛(𝑡) + 𝛽𝑚𝑛�̇�𝑚𝑛(𝑡) + 𝜔𝑚𝑛 𝑞𝑚𝑛(𝑡)

=
1

𝑚𝑚𝑛
∫𝜓

𝑚𝑛
(𝑥, 𝑦)𝑝(𝑡)𝑑𝑥𝑑𝑦                         (5)  

 

In equation (5), 𝜔𝑚𝑛  and 𝛽𝑚𝑛 respectively are the undamped-natural 

frequency and the frequency bandwidth for the mnth mode of the 

plate. 𝛽𝑚𝑛 can be presented as: 

𝛽𝑚𝑛 = 
𝑐𝑚𝑛
𝑚𝑚𝑛

= 2𝜉𝑚𝑛𝜔𝑚𝑛   𝑎𝑛𝑑   𝑐𝑚𝑛 = 
𝑐

𝜌
𝑚𝑚𝑛               (6) 

 

In equation (6), the damping ratio of the mnth mode is shown 

with 𝜉𝑚𝑛 . 𝑐𝑚𝑛  and 𝑚𝑚𝑛  are the model damping and model 

mass respectively. 

Now if the base of the sheet is induced with the harmonic 

function 𝑤𝑏(𝑡)=𝑒−𝑖𝜔𝑡, the value of 𝑝(𝑡) is written as relation 

(7). 

𝑤𝑏(𝑡) = 𝑒
−𝑖𝜔𝑡 , 𝑝(𝑡) = −𝜌�̈�𝑏(𝑡)   →    𝑝(𝑡) = 𝜌𝜔

2𝑒−𝑖𝜔𝑡   (7) 
 

By inserting the equation (7) into (5), equation (5) can be 

written in the form of the equations (8) and (9): 

�̈�𝑚𝑛(𝑡) + 𝛽𝑚𝑛�̇�𝑚𝑛(𝑡) + 𝜔
2𝑞𝑚𝑛(𝑡) =

𝜌𝜔2𝐼𝑚𝑛
𝑚𝑚𝑛

𝑒−𝑖𝜔𝑡             (8) 

𝐼𝑚𝑛 = ∫𝜓𝑚𝑛 (𝑥, 𝑦)𝑑𝑥𝑑𝑦                                                             (9) 

 

By solving (8), q can be obtained by (10) and (11): 

 

𝑞𝑚𝑛(𝑡) = 𝐻𝑚𝑛(𝜔)𝐼𝑚𝑛𝑒
−𝑖𝜔𝑡                                                     (10) 

𝐻𝑚𝑛(𝜔) =
𝜌𝜔2

𝑚𝑚𝑛(−𝜔
2 + 𝛽𝑚𝑛𝑖𝜔 + 𝜔𝑚𝑛

2 )
                             (11) 

 

By substituting (10) into (4), the frequency response of the sheet 

vibration displacement is obtained as (12): 

𝐻𝑤(𝑥, 𝑦, 𝜔) = ∑∑𝜓𝑚𝑛

∞

𝑛=1

∞

𝑚=1

(𝑥, 𝑦)𝐻𝑚𝑛(𝜔)𝐼𝑚𝑛                     (12) 

Then, since the system response is equal to the result of 

multiplying the system input by the frequency response 

function, the frequency response function of an isotropic sheet 

is obtained as the relation (13): 

 

𝐻𝑤𝑎(𝑥, 𝑦, 𝜔) = 1 + 𝐻𝑤(𝑥, 𝑦, 𝜔)                                              (13) 
 

The frequency response function was obtained using the input 

of the harmonic function, but since the frequency response 

function depends on the physical properties of the plate, it can 

also be used for random input loads. Using random vibration 

equations, the standard deviation 𝐸[𝑤2(𝑥, 𝑦)] and acceleration 

𝐸[�̈�𝑎
2(𝑥, 𝑦)] values at each point of the plate are obtained as 

equations (14) and (15) with one-sided PSD of 𝑆𝑤𝑏(𝜔): 

 

𝐸[𝑤2(𝑥, 𝑦)] = ∫ |𝐻𝑤(𝑥, 𝑦, 𝜔)|
2

∞

0

𝑆𝑤𝑏(𝜔)𝑑𝜔                       (14) 

𝐸[�̈�𝑎
2(𝑥, 𝑦)] = ∫ 𝜔4|𝐻𝑤(𝑥, 𝑦, 𝜔)|

2
∞

0

𝑆𝑤𝑏(𝜔)𝑑𝜔               (15) 

 

Using the preceding equations, the standard deviation of the 

displacement and the acceleration of the sheet are obtained at 

each point. In fact, the sheet curves as a standard deviation. 

However, the amount of stress resulting from this curvature is 

obtained in solder joints. 

III. SOLDER JOINTS 

For the PCB, the number of the solder joints is considered to 

be numerous so that the interface layer can be continuously 

assumed and multilayer sheet theory is used to model this 

problem. Figure 3 is considered for the interconnection layer of 

the solder and plate. 

The free-body diagram of the board and the interface layer 

are considered as are presented in Figures 4 and 5, respectively. 

Assuming that the normal and shear stress values are constant 
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over the solder thickness, while the amount of linear bending 

moment varies with the edge of the electronic board equal to 𝑚2 

and on the edge of the electronic part equal to 𝑚1, the value of 

r is constant and is defined as (16) and (17) [22-25]. 𝑚1 and 𝑚2 

can be presented as below: 

 

𝑚2𝑥 = 𝑟𝑥𝑚1𝑥                                                                                (16) 
 

𝑚2𝑦 = 𝑟𝑥𝑚1𝑦                                                                                (17)      

 

where 𝑟𝑥  and 𝑟𝑦  are two coefficients which depend on the 

normal and shear deformations.  

 

y
x 

 
 
Fig. 3. A simple state for the continuous interface layer to model the solder joint 

interconnection to the plate. 

 

In Figure 4, the amount of moment along the solder is shown. 

The moment at each joint can be divided into the 𝑚𝜑 in the 

beam which makes the simple bending and is constant during 

the solder length, and the torque 𝑚𝑠, which also cuts during the 

solder length, and generate a linear along the solder length as 

(18) and (19): 

 

𝑚𝜑𝑥 =
𝑚2𝑥 −𝑚1𝑥

2
 𝑎𝑛𝑑 𝑚𝜑𝑦 =

𝑚2𝑦 −𝑚1𝑦

2
                       (18) 

𝑚𝑠𝑥 =
𝑚2𝑥 +𝑚1𝑥

2
 𝑎𝑛𝑑 𝑚𝑠𝑦 =

𝑚2𝑦 +𝑚1𝑦

2
                         (19) 

 

Also the relationship between normal stress 𝑓𝑛(𝑥) , shear 

stress 𝑓𝑠(𝑥) and moment 𝑚𝜑(𝑥) can be written as relationships 

(20) to (22). In these equations the equivalent hardness values 

can be obtained for the interface layer in the form of the 

coefficients  𝑘𝑛 , 𝑘𝑠 and 𝑘𝜑. 

 

𝑓𝑛(𝑥) = 𝑘𝑛 × 𝛿𝑛(𝑥)   𝑎𝑛𝑑   𝑘𝑛 =
𝑛𝐸3𝐴𝑠
ℎ3

                              (20) 

𝑓𝑠(𝑥) = 𝑘𝑠 × 𝛿𝑠(𝑥)  𝑎𝑛𝑑  𝑘𝑠 =
𝑛𝐺3𝐴𝑠
ℎ3

                                   (21) 

𝑚𝜑(𝑥) = 𝑘𝜙 × 𝜙(𝑥) 𝑎𝑛𝑑   𝑘𝜑 =
𝑛𝐸3𝐼𝑠
ℎ3

                                (22) 

 

In these equations, 𝛿𝑛(𝑥), 𝛿𝑠(𝑥) and 𝜙(𝑥) present the 

transverse-normal, shear and angular deformations 

respectively. n is the number of the solder joints and 𝐴𝑠 and 𝐼𝑠 
are the solder cross-section area and the moment solder surface 

respectively. ℎ3, 𝐸3 and 𝐺3 present the height, shear and elastic 

modulus for the material of the solders. Now by considering the 

figures 5 and 6, by writing the moment equilibrium around the 

y-axis, the moment equilibrium around the y-axis and the 

equilibrium force along the z-axis can be obtained. 

For the plate, the relationships between the moment and the 

bending sheet are in the form of relationships (23) to (25): 

 

𝑚𝑥 +∫𝑚1𝑥𝑑𝑥 = 𝐷𝑖 (
𝜕2𝑤

𝜕𝑥2
+ 𝑣

𝜕2𝑤

𝜕𝑦2
)                                  (23) 

𝑚𝑦 +∫𝑚1𝑦𝑑𝑦 = 𝐷𝑖 (
𝜕2𝑤

𝜕𝑦2
+ 𝑣

𝜕2𝑤

𝜕𝑥2
)                                  (24) 

𝑚𝑥𝑦 = 𝐷𝑖(𝑣 − 1)
𝜕2𝑤

𝜕𝑥𝜕𝑦
                                                             (25) 

In the recent equations, 𝐷𝑖  and 𝑣 are the flexural rigidity and 

vibration frequency. By writing the moment equilibrium in the 

interface layer, relationships (26) and (27) will be obtained: 

 

 𝑓𝑠𝑥 =
𝑚2𝑥 +𝑚1𝑥   

ℎ3
=  
2𝑚𝑠𝑥   

ℎ3
                                              (26)  

𝑓𝑠𝑦 =
𝑚2𝑦 +𝑚1𝑦    

ℎ3
= 
2𝑚𝑠𝑦    

ℎ3
                                              (27)  

 

m2

m1

fs

fs

mɸ 

mɸ 

ɸ 

fs

fs

= +

ms

ms  
 
Fig. 4. Moments under the continuous interconnect layer [21]. 
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Fig. 5. PCB modeling by considering the vibration effects on the plate. 
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my fsx
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Fig. 6. Interconnection of solder joints and the plate and the state of the PCB 

under vibration. 

 

The governing normal stress equation can be obtained in the 

form of equation (28) [22]: 

 

𝜕4𝑓𝑛  

𝜕𝑥4
+ 2 

𝜕4𝑓𝑛  

𝜕𝑥2𝜕𝑦2 
+  
𝜕4𝑓𝑛  

𝜕𝑦4
− 𝐴

𝜕2𝑓𝑛 

𝜕𝑥2
− 𝐵

𝜕2𝑓𝑛 

𝜕𝑦2
− 𝐶𝑓𝑛 = 0      (28) 

 

𝐴, 𝐵, 𝐶 and 𝐷 are coefficients which are depended on the 𝑟𝑥 , 

equivalent hardness values for the interface layer 𝑘𝑛  and 𝑘𝜙 , 

and height of the solder and plate interconnection points ℎ1 and 

ℎ2. The sum of the normal stresses in solder joints with the 

inertia force resulting from the acceleration of the electronic 

component is equal to (29): 
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∫ ∫ 𝑓𝑛

𝑇

−𝑇

 𝑑𝑥𝑑𝑦
𝐿

−𝐿

= 𝑚𝚤𝑐α                                                            (29) 

W2-W1 δn

θ2x

u2-u1
δsx

θ1x

W2-W1 δn

θ2y

v2-v1
δsx

θ1y

 
Fig. 7. A simple model for the isotropic sheet. 

 

 

𝐿  and  𝑇  are half of the length and width of the electronic 

component at the solder interconnection.  𝑚𝚤𝑐  and α  are the 

moment along with the interface point and characteristic 

constant of the normal deformation. The slope in the vertical 

and horizontal symmetrical axes are equal to zero: 

 

𝜕𝛿𝑛  
𝜕𝑥

(𝑥, 0) = 0,   
𝜕𝑓𝑛
𝜕𝑥
(𝑥, 0) = 0                                         (30) 

𝜕𝛿𝑛  
𝜕𝑦

(𝑦, 0) = 0,    
𝜕𝑓𝑛
𝜕𝑦
(𝑦, 0) = 0                                        (31) 

 

The difference of the curvature of the board and the component 

is equal to (32) and (33): 

𝜕2𝛿𝑛   

𝜕𝑥2
=

1

𝑅𝑥𝑃𝐶𝐵 
−

1

𝑅𝑥𝐼𝐶 
  →

𝜕2𝛿𝑛   

𝜕𝑥2
=                                    

1

𝑅𝑥𝑃𝐶𝐵 
  
×𝑘𝑛
→  

𝜕2𝑓𝑛   

𝜕𝑥2
=

𝑘𝑛
𝑅𝑀𝑆(𝑅𝑥𝑃𝐵𝐶)

                                         (32) 

𝜕2 𝑓𝑛
𝜕𝑦2

=
𝑘𝑛

𝑅𝑀𝑆(𝑅𝑦𝑃𝐵𝐶)
                                                                (33)  

 

𝑅𝑥𝑃𝐵𝐶  and 𝑅𝑦𝑃𝐵𝐶 are the normal stress around the x and y-axes. 

To solve the above relationship, the method of repeated changes 

is used. Due to the stress changes in the joints, the initial 

response of this function is chosen as (34): 

 

𝑓0 = 𝑎 + 𝑏𝑒
𝑐𝑥 + 𝑑𝑒𝑓𝑦                                                                (34) 

 

The relationship between the displacement and the moment is 

nonlinear, so the system input is chosen as a parameter that has 

a linear relationship with the moment. Since the moment is 

linearly related to the curvature (1/R), it can also be written for 

their standard deviation. The values of the normal stress and the 

bending moment stress at each solder joint are obtained by 

equations (35) and (38): 

𝑅𝑀𝑆 𝑅𝑥𝑃𝐶𝐵  =  ∬𝑚𝑥𝑑𝑥𝑑𝑦                                                  (35) 

𝑅𝑀𝑆 𝑅𝑦𝑃𝐶𝐵  =  ∬𝑚𝑦𝑑𝑥𝑑𝑦                                                  (36) 

𝑅𝑀𝑆 𝑀 =  √𝑅𝑀𝑆𝑚𝑥      
2 + 𝑅𝑀𝑆𝑚𝑦

2  2
                                       (37) 

𝑅𝑀𝑆 𝜎𝑏 =
𝑅𝑀𝑆 𝑀 ×  𝑝

𝐼
                                                           (38) 

 

p is equal to the solder radius and I is the second inertial 

moment of the surface around the neutral axis. The area of the 

high integrals is the location of each connection relative to the 

center of the electronic component. 

IV. RELIABILITY VALIDATION WITH FINITE ELEMENT (FEM) 

MODEL 

 

In random vibration analysis, it is assumed that the loading and 

response are statistically present in nature and can be 

represented by a zero-average normal (i.e. Gaussian) 

distribution. A package with 5.15×6.15 mm2 is considered for 

PCB including a power inverter structure with six power 

MOSFETs and six heatsinks on a PCB. Different values of the 

Power Spectrum Density (PSD) including the 80, 160, and 240 

(m/s2)2/Hz is considered according to figure 8 to affect the 

assembly board and results will be reported. Based on the 

mentioned package specifications, around 95000 nodes and 

63,000 elements have been calculated for approving the 

sensitivity of the board. Figure 8 presents the input Power 

Spectrum Density (PSD) for the selected PCB. Three different 

PSDs including 80, 160, and 240 (m/s2)2/Hz and frequencies 

between 400 to 600 Hz are considered for vibration test process 

since the natural frequency of the mentioned board is obtained 

around 460 Hz by FEM analysis. Figure 10 reports the test 

results for these PSD values. 

160

400 600

In
p

u
t 

P
SD

Frequency (Hz)
80

240

 
Fig. 8. Input Power Spectrum Density. 

 

Resonance is the tendency of the system to oscillate with the 

maximum amplitude at specific frequencies called resonance or 

natural frequencies. At such frequencies, vibrational energy is 

stored in the body and, as a result, a small, alternating force can 

cause a large amplitude oscillatory motion. Figure 9a shows the 

proposed PCB with power switches and heat sinks and figures 

9b and 9c present the state of the mentioned board under 90 and 

0 degrees of the direction vibration loading. As can be seen 

from figure 9b, the highest reliability can be obtained under 

vibration with 90 degrees of the direction.  

Another interesting result for the FEM analysis can be seen in 

figure 9c. As expected, the corners of the PCB board are more 

affected under higher loading directions and the maximum 

stress can be obtained in these sections.  For our testes, the 

results of the FEM analysis show that the stress at the corners 

for the 0 degrees as the loading direction is around 20 times 

greater than the stress value for the 90 degrees of the direction. 

The main outcome of these test results is that the crack 

formation and propagation are more possible for the corner 
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points for a PCB under 0 degree of the vibration that is an 

important parameter for the reliability of the PCB board.  

 

 

 
(a) 

                   
        (b)                                                       (c) 

Fig. 9. State of the PCB under random vibration loading with (a):90 degrees 

and (b): 0-degree orientations. 

V. EXAMINATION OF SOLDER JOINT DAMAGE 

 

For the solder joint of the mentioned PSB under various 

PSDs, the Root-Mean-Square values of the peeling stress are 

presented in Figure 10. Based on results, for higher values of 

PSD inputs, higher values for the peeling stresses are reported. 

Based on this figure, the sample is tested under 0°, 45° and, 90° 

vibrations. Figures show that under 90° vibrations, the 

minimum values of the stresses are reported.  

The interesting result is that the input PSD’s higher 

frequencies effects are neglectable under 90° vibrations and just 

the opposite, vibration under 0° can be affected by input 

frequency and dramatically increase after 460 Hz with a sharp 

rise. This shows that the optimal design for the components on 

a PCB can decrease the failure risk. As expected, the stress at 

the edges is maximal and for the closer to the center of the board 

will get the lower values. Accurately in the results, the amount 

of stress due to the acceleration of the electronic component at 

random vibration is much lower than the stress due to bending. 

It can be concluded that in this loading, the bending stress has 

a major contribution to the total stress value of the solder joint. 

Figure 11 is the results of laboratory tests performed by other 

researchers showing that most cracks extend from the outer 

edge closer to the electronic board. This confirms that stress is 

higher near the electronic board. With the PCB vibration, two 

curvature values for each point of the board can be assumed. 

    Table 1 presents the results of the FEM analysis for the 

mentioned PCB under 0, 45, and 90 degrees of the orientations. 

For obtaining these results, the natural frequency and maximum 

peeling stresses are considered. In this table, C and K are two 

parameters that present the material constants for the solder 

joints.  

     

 

 

  
(a)   

                                            

 
(b) 

  
(c)                                              

 
 (d) 

Fig. 10. RMS values of the peeling stress and displacements versus frequency. 
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TABLE I. The obtained C and K parameters 

 0° 45° 90° 

C(10-9) 0.28 2.31 1.74 

K 2.28 1.93 1.54 

 

If the number of cycles is presented by NS, the relation between 

C and K can be presented as equation (39): 

 

𝑆𝐾𝑁𝑆 = 𝐶                                                                                   (39)    
 

   
 

Fig. 11. A simple model for the isotropic sheet [21], [24]. 

  

 
(a) 

 
(b) 

Fig. 12. FEM and the proposed analytical methods comparisons.  

  

    Results show that the value of shear stress has a key role in 

fracture behavior in the solders. This presents that for the lower 

orientation degrees, the shear stress is increasing and the life-

time of the package dramatically decreases for the lower 

loadings. Figures 12a and 12b show the results of the maximum 

peeling stress and RMS of the maximum displacement at the 

solder joints for the proposed PCB under 160 (m/S2)2/Hz of the 

input PSD by the FEM and proposed analytical methods.  

As can be seen there is a good overlap between two approaches 

and values are very close to each other. 

VI. CONCLUSION 

In this study, the stress in the solder joints of a PCB under 

the random vibration loadings are obtained through an 

analytical sinusoidal-exponential stress equation. For the 

fatigue analysis, the theory of the multi-layer plate is used as 

the fundamental generality and the stress-strain and stress 

behavior of the solder joints are investigated. The study simply 

models the plate in two dimensions and crack formation and 

propagation are analyzed according to the optimized equation. 

The results of this method show that higher curvature causes 

higher stresses in the solders. PCB is tested under different 

levels of the input power spectrum densities and different 

orientations. Results show that the length and width of the board 

are the influential parameters in solder’s peeling stress and 

higher displacement in the solder joints is experienced in higher 

PSDs. Further, FEM was applied for the proposed method. The 

study shows that the stresses in the solder joints are directly 

related to the location of the interconnections points in the PCB, 

the dimension and height of the solder joints, damping of the 

vibration, the size and elasticity of the electronic component at 

the connection points and the density of the PCB. With the 

higher damping ratio in the PCB, the displacement at the joints 

will decrease and strengthen the solder joints at the critical 

points can increase the reliability and fatigue life at these 

interconnection points.  
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