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Abstract

In recent work, Bringmann et al. used g-difference equations to compute a two-variable g-
hypergeometric generating function for the number of overpartitions where (i) the difference
between two successive parts may be odd only if the larger of the two is overlined, and (ii)
if the smallest part is odd then it is overlined, given by #(n). They also established the two-
variable generating function for the same overpartitions where (i) consecutive parts differ by
a multiple of (k + 1) unless the larger of the two is overlined, and (ii) the smallest part is
overlined unless it is divisible by k + 1, enumerated by i® (n). As an application they proved
that 7(n) = 0 (mod 3) if n is not a square. In this paper, we extend the study of congruence
properties of #(n), and we prove congruences modulo 3 and 6 for 7(n), congruences modulo
2 and 4 for 7 (n) and A (n), congruences modulo 4 and 5 for AR (n), and congruences
modulo 3, 6 and 12 for 7® (n).
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1 Introduction

For |ab| < 1, Ramanujan’s general theta function f (a, b) is defined by

oo
flaby:= Y a"tDprn=b2, (1.1)
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Using Jacobi’s famous triple product identity [5, Entry 19, p.35], (1.1) takes the form
f(a,b) = (—a; ab) (=b; ab)y, (ab; ab) ,

where (a; b)oo = (1 —a)(1 —ab)(1 —ab?)--- .
Throughout this paper, we will use

fi = (" 4" oo

The most important special cases of f (a, b) are

5
w@%=11%q)=1+2§:¢ﬂ=(—mq5§@%q5w=4§Ln (1.2)

n>1 f1 f4

2. .2 2
— 3) — o2 _ @340 _ Sy 13
V(9= f(q.9°) ;;%q GO T (1.3)
and o

fa) = f=q,—¢) = Y 1"¢"" " =(g:q)oo = f1. (14)

Equation (1.4) is the famous pentagonal number theorem [2, pp. 9-12].

A partition of a positive integer n is a non-increasing sequence of positive integers whose
sum is n; the number of partitions of n is denoted by p(n). Itis well known that the generating
function of p(n) is

3 pog" = —

=0 (45 9o

Ramanujan’s [14], [15, pp. 210-213], three famous congruences satisfied by p(n) are

p(n+4)=0 (mod>5), (1.5)
p(In+5)=0 (mod 7), (1.6)
p(l1ln+6)=0 (mod 11). 1.7)

Motivated by these congruences mathematicians are engaged in finding such congruences for
different partition functions. One of the partition functions we discuss here is overpartitions.
An overpartition of n is a partition of n in which the first occurrence (equivalently, the final
occurrence) of a part may be overlined. Let p(n) denote the number of overpartitions of 7.
Corteel and Lovejoy [9] showed that the generating function of p(n) is

S pg = LD L
orer @ Poe ¢(=9q)

For example, the 24 overpartitions of 5 are
554+ 1,44+ 1,4+ 1,4+ 1,34+2,3+2,3+2,34+2,3+1+1,3+1+1,
34 1+1L,3+14+1,242+ 1,242+ 1,242+ 1,242+ 1,24+ 1+1+1,
241414124141+ 10,2414 1+ L1 +14+1+14+1,1+1+14+1+1

Andrews [3] defined combinatorial objects that he called singular overpartitions which
are overpartitions in which no part is divisible by § and only parts = +i (mod §) may be
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Congruences for overpartitions with restricted odd differences 3

overlined. The number of singular overpartitions of » is denoted by Cs.;(n). The ten singular
overpartitions counted C3 1(4) are

4, 4,242, 242, 24141, 24141, 24141, 241+1, I+14+1+1, T4+14+1+1.

Foré >3and1 <i < [%J, the generating function for E(;,i(n) is

S. 8\ (i 8N . S—i. 8
Zas,i(n)q” _ G°; 4°)oo( q(;]?q))w( q 4 )oo. (1.8)

n>0

Andrews found that for each n > 0,
C3,1(9n +3) = C3,1(9n + 6) = 0 (mod 3), (1.9
and also that, for all n > 0, C3,1 (n) = A3(n), where A3(n) is the number of overpartitions

of n into parts not divisible by 3. To know more about overpartitions one can see [1,7,13].
Let #(n) denote the number of overpartitions of n where (i) the difference between two
successive parts may be odd only if the larger of two is overlined, and (ii) if the smallest part
is odd then it is overlined. Let 5(n) denote the number of overpartitions counted by #(n) but

with odd smallest part. Let 7(m, n) and 5(m, n) denote the number of overpartitions counted
by 7(n) (resp. 5(n)) having m parts. For example, the nine overpartitions counted by 7(5) are

50441,342,3+42,3+1+1,3+14+1, 24241 24+1+1+1, 1+14+14+1+1
and seven overpartitions counted by 5(5) are
50441, 3+1+1,3+14+1, 24241, 24+1+1+1, 1+14+14+1+1

Bringmann et al. [6] have proved the following identities:

—xq: 3.3 oan
Z f(m,n)xmq”:M I+Z( q°; g7 n—1(=x)"gq

: —a 2. ,2
m,n>0 (Xq: q)oo =1 (=q; Pn-1(q*; q“)n
3. .3 nn
Z E(m’n)xmqn _ Z (q »q )n—]z).c Cé .
m,n>1 n>1 (q7 Q)n—l(l] ,q )n

For some particular values of x and using the mock theta functions Y (¢g) and ¥ (¢) defined
by

_ (=1 9)n(q; q)nq("zl)
v(q) = - (1.10)
an;) (@5 ¢*)n
and (n+l
_ (=1 @)n(=q; @)nq" 2
X@) = : : (111
= (=47 q*)n
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4 M. S. M. Naika, D. S. Gireesh

Bringmann et al. [6] have also proved the following identities:

_ @ 4o
n 40370 1.12
g Hmq (0 Doo(d%: 4P oo (1.12)
_ _ n C_q3§q3)aL,
_7 = T4 oy 1.13
; (e =7-) 4" = = A (1.13)
D 5mg" =143 Ga(n) —5-()g"
n=1 n>1
(—4% o
=17 X 1.14
(—4; 93 (19
I @) _
1+3 = s 1.15
25y (45 Do (@%: %o x(@) (115

n>1

where 74 (n) (resp. 54 (n)) denotes the number of overpartitions counted by 7(n) (resp. s(1))
with largest part even and 7_ (n) (resp. 5—(n)) denotes the number of overpartitions counted
by 7(n) (resp. s(n)) with largest part odd. Bringmann et al. [6] have also proved the following
congruence identities:

For a prime £ # 2,3, andn > 0,

74(0%n) + ((%) - 1>?+(n) 107y (%)

— 2 —n — _ n
=7 (%n) + <<7> - 1) _(n) + 67— (?2) (mod 3).  (1.16)

Forn > 1,
- — it d3) ifn=hr?
= | DT (mod3) - ifn =%, (1.17)
0 (mod 3) otherwise.
Bringmann et al. [6] generalized (1.12) as
k+1. k+1

= (@*: 400 (3 D)oo
where 7 (n) denotes the number of overpartitions of n where (i) consecutive parts differ by
a multiple of (k 4+ 1) unless the larger of the two is overlined, and (ii) the smallest part is
overlined unless it is divisible by k + 1.

Chern et al. [8] studied Ramanujan-type congruences for the partition functions 7(n) and
5(n).

By (1.11) and (1.15), we deduce that

N (@ 4o (L (- Daq ")
s __ @hde |, . (L19
+3) 5(n)g @ Do @2 D)oo 2 (=474 e

n>1 n>1

which implies that

@ 4o

@ Dold® g 02 (120)

1+ 5n)g" =

n>1
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Congruences for overpartitions with restricted odd differences 5

Applying (1.12) in (1.20), we find that

> 5()g" =) i(mq"  (mod 2), (1.21)

n>0 n>0

from which we can say that “For any nonnegative integer n, #(n) is even (or odd) iff 5(n) is
even (or odd)”.

Motivated by the above work, in this paper, we extend the study of congruence properties
of overpartitions with restricted odd differences. In Sect. 3, we prove congruences modulo
6 for ¢(n), while in Sects. 4-7, we prove congruences modulo 2, 4 for ASy (n) and A n),
congruences modulo 4 and 5 for i@ (n) and congruences modulo 3, 6, and 12 for i® (n).

2 Preliminaries
In this section, we recall 2-dissection identities for certain quotients of theta functions and
p-dissection identities for theta functions f(—¢) and ¥ (¢) which plays a key role in proving

our main results.

Lemma 2.1 The following 2-dissections hold.

5 2 r2
LR, Rl

ARG B @
2 2
2 5 5 £2
RN T ATy T @3
j’;:ggﬂqﬁg’%, 2.7)
3 2
2 £5 2 r2 5 £2
iR ERAT R R
f1f7=m—9f4fzs+q6%. (2.11)
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6 M. S. M. Naika, D. S. Gireesh

Equations (2.1)—(2.3) are consequences of dissection formulas of Ramanujan, collected in
Berndt’s book [5, Entry 25 p. 40]. Xia and Yao [17] proved (2.4) by employing Jacobi triple
product identity. Equation (2.5) was proved by Baruah and Ojah [4] and (2.6) was proved by
Hirschhorn, Garvan, and Borwein [11]. Replacing ¢ by —¢ in (2.6) and using the relation

i
fifa

we obtain (2.7). Equation (2.8) was proved by Xia and Yao [18]. (2.9) was proved by
Hirschhorn and Sellers [12]. (2.10) and (2.11) was proved by Xia [16, Lemma 3.4]

(=45 —q)oo =

Lemma 2.2 [10, Theorem 2.1] For any odd prime p,

p=3
2 m2+m p2+(2m+])p 1}2—(2m+1)p @ 2

V)= q 2 f(q T g 2 )+q Tyl (212)
m=0

2 21 -3
Furthermore, "5 = = (mod p) for 0 <m < 2=

Lemma 2.3 [10, Theorem 2.2] For any prime p > 5,

p—1

3k2 4k 3p2+(6k+1) 3p2 —(6k+1)
fi= ) (D 2*f(—q B

k=—271
k#(£p—1)/6

+p—1 p?-1
+ (=D g 7 fp. (2.13)
+p—1
Furthermore, for —(p — 1)/2 <k < (p—1)/2 and k # ¢
3 +k  pr—
d p),
5 F oy (modp)
+p—1 Lgl, p=1 mod 6,
where =10
6 L=, p=—1 mod 6.

3 Congruences for t(n)

In this section, we prove infinite family of congruences modulo 6 for 7 () by using dissections
of theta function identities.

-2
Theorem 3.1 If p is any prime p > 5 such that <—> =—land1 < j < p — 1, then for
p

any nonnegative integer o

Y T(8p%n+3p™)q" =39(@)fs (mod 6) G.1)
n>0

and forn > 0,
7(8p* T (pn+ j) +3p**?) =0 (mod 6). (3.2)
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Congruences for overpartitions with restricted odd differences 7

Proof From (1.12) and (2.4), we find that

o fafefiefa fo /3 fas
1 = + , 3.3
,Z(:) a £ fsfiofas qf23f16f24 G-
which yields
- . [fifa
i2n + 1" = . (3.4)
ZO T B s
Invoking (2.7) and (3.4), we see that
- L I3 s fi fofi2 foa
iQn+ 1" = +3 . (3.5)
D N T Y Ry
2n+1

Equating the coefficients of ¢ , dividing throughout by ¢ and then replacing ¢2 by ¢ in

(3.5), we find that

4
Y tén+3)q" = yf2f3fehz (3.6)

7
n>0 f] f4

Substituting (2.3) and (2.7) into (3.6), we find that

> i@n+3)q" =

n>0

Ffsfo (812 fffﬁfé)( i f42f84>
3 +3 + 4 , (3.7
fa <f29 i P )\ gEg ) O

from which we get

> iBn+3)q" = 3% + 364&{;]%3. (3.8)
= 01 fs f
By the binomial theorem, it is easy to see that for all positive integers r and m
2m = M (mod 2), (3.9)
Am = f2m - (mod 4). (3.10)
From (3.9), it follows that
f?é;ﬁ% = f"jf =¥ (@) fe (mod2). G.11)
In view of (3.11), we can rewrite (3.8) as
> iBn+3)q" =3y(q)fs (mod 6). (3.12)

n>0

From here our proof relies on mathematical induction. The congruence (3.12) is the case
o = 0 of (3.1). Now assume that (3.1) holds for some « > 0. Substituting (2.12) and (2.13)
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8 M. S. M. Naika, D. S. Gireesh

into (3.12), we deduce that

Z; (8p2°‘n + 3p20¢) qn

n>0
p=3
2 2 2 2 2
m=+m po+@2m+1)p p-—Qm+)p -1 2
=312 4 > f(q g 2 >+q g w(q”>
m=
p—1
2 324k 3p2+(6k+1)p 3p2—(6k+1)p
x Z q6><Tf <_q6>< 5 ; _q6>< > )
k=—2571
k#(Ep—1)/6
6><l727_1
+q°" T fep2 | (mod 6). (3.13)

Foraprime p > 5, —(p—1)/2 <k <(p—1)/2and 0 < m < (p — 3)/2, consider the
congruence
m? +m 32 4+k  9p*—9
X =

d
5 t6 5 g (mod p).

which is equivalent to

(2m 4+ 1)? 4+ 2(6k + 1)> = 0 (mod p).

Since (—) = —1, the only solution of the above congruence is m = (p — 1)/2 and
p

9p2—9
v

k = (£p — 1)/6. Therefore, extracting the terms containing ¢+ from both sides of

2_
(3.13), dividing throughout by ¢ 2 and then replacing ¢” by ¢, we find that

> i +3p™ %) ¢" = 3y(q") fop (mod 6), (3.14)
n>0
which yields
Y TP +3p72) ¢" =3v(g) fs  (mod 6), (3.15)
n>0

which is the (3.1) with & + 1 for . Comparing the coefficients of g”"*/ for1 < j < p —1,
from both sides of (3.14), we arrive at (3.2). O

-3
4 Congruences for £ )(n)

In this section, we prove congruences and infinite family of congruences modulo 2 and 4 for
=3)
7 (n).
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Congruences for overpartitions with restricted odd differences 9

Theorem 4.1 If n and a are any nonnegative integers, then

@)+ ¥Pm =0 (mod 2), 4.1)
fPUYdn +2)=0 (mod 2), 4.2)
fPUY4n +3)=0 (mod 2), 4.3)
fPUY8n+5)=0 (mod 2), (4.4)

o) Q4n + 1) = {1 (mod 2) ifnis a‘pentagonal number, 4.5)
0 (mod2) otherwise,

iP6n+3)=0 (mod4), (4.6)

iP6n+5 =0 (mod4), 4.7

16n+10)=0 (mod 4), (4.8)

16n+14) =0 (mod 4), (4.9)

79024 4+19)=0 (mod 4). (4.10)

Proof Setting k = 3 in (1.18) and using (2.5), we find that

2 5 52
gt = L4 il o, Jifa ) 411
,;) V=T R T R R b

Extracting the coefficients of even and odd powers of ¢ on both sides of the above equation,
we obtain

9 n)g" = _Jife 4.12)
,,Z(:) fl f3 f12
19 0n+ g = 22 4.13)
g T R g
Using (3.9), (4.12) can be rewritten
Y 1P @ng" = _ 5 (mod 2), (4.14)
n>0 f
which yields
Y 1 PUnyg" ==L =3 1P m)g"  (mod 2), (4.15)
n>0 n>0
D@n+2)=0 (mod 2). (4.16)

Equating the coefficients of ¢” in (4.15) and by mathematical induction, we arrive at (4.1).
Using (4.16) in (4.1), we obtain (4.2).
In view of (3.9), we have

fl f3 f4 f6
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10 M. S. M. Naika, D. S. Gireesh

By (4.13) and (4.17), we find that

Y 1Y@+ 1)g" = fiz (mod 2), (4.18)
n>0
from which we obtain
iY@n+3)=0 (mod 2), (4.19)
iP@n+5 =0 (mod?2), (4.20)
Y i PQan+1)g" = fi (mod 2). 4.21)
n>0

Equations (4.3) and (4.4) follows from (4.1), (4.19) and (4.20).
The result (4.5) is obtained from (4.21) and (1.4).
Thanks to (3.10),
B _ 1

——— = (mod 4). 4.22)
fHffife
In view of (4.13) and (4.22),
> 7 @n + 1)g" _Js (mod 4), (4.23)
n>0 f3
which yields the desired results (4.6) and (4.7).
By (3.10), we have
2 r5 2 r3
fils  _ Jils (mod 4). (4.24)

AL i
Using (2.1) in the right hand side of (4.24) and then applying the resulting equation in (4.12),
we deduce that

2 £3 5
Y iV eng" = f‘}fﬁ <ffjc2 +2q ??6> (mod 4). (4.25)
n>0 12 2J16 2

Extracting the terms involving odd powers of g on both sides of (4.25), we obtain

> 1V Un +2)¢" _2f2?;8 (mod 4)

n>0 fl
_ £
=2—""- (mod 4). (4.26)
fif3
But in view of (3.9), we can rewrite (2.5) as
1
s q@ (mod 2). 4.27)
N fi fa
Substituting (4.27) into (4.26), we find that
2
S 1 PUn+2)¢" =2 j: 8 4oyt 8ff 2 (mod 4). (4.28)
4

n>0

Equating the coefficients of q4”+2 and q4”+3 on both sides of (4.28), we arrive at (4.8) and
4.9).

@ Springer



Congruences for overpartitions with restricted odd differences 1

Extracting the coefficients of g3 on both sides of (4.23) and then replacing g3 by g, we
find that

3
> 19 6n+ 1)g" = f% (mod 4). (4.29)
n>0 ‘ﬁ

Applying (2.1) in (4.29), we obtain

Nrdin

3) B
7 6n + Hg" = +2¢g
Z 713

2 2
n>0 f2 f16

(mod 4). (4.30)

In view of (3.9) and (3.10), we can rewrite the above equations as

2
S n+ 0g" = 15 420510 moa 4, “31)
= 15 fa
which yields
2
2

n>0

If we equate the coefficients of ¢*'*! on both sides of the above equation, we

obtain (4.10). ]

-3

Theorem 4.2 Let p > 5 be any prime such that (—) =—land1 < j < p — 1. Then for
p

any nonnegative integers o,

S i 4™ n +7p) ¢" =2y () fs  (mod 4) (4.33)
n>0

and for each n > 0,
10 4p™ (pn + ) +Tp ) =0 (mod 4). 39

Proof We prove (4.33) by mathematical induction. Extracting the terms involving even pow-
ers of g on both sides of (4.32), we find that

2
S 19 Qan + 7" = 2% =20(q)fs (mod 4), (4.35)

n>0 1
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12 M. S. M. Naika, D. S. Gireesh

which is the o = 0 case of (4.33). Now assume that (4.33) holds for some o > 0. Substituting
(2.12) and (2.13) into (4.33), we deduce that

Z;(?’) (24p2an +7p20t) qn
n>0

-3

=

1l
[+

m2+m [12+(2m+1)p pz—(2m+l)p p2—1 2
q2f<q g2 +618W<q”)

0

m

p—1

3k2 4k 3p26k+1)p 3p2—(6k+1)p
% § : q4>< 5 f<_q4>< 5 ’_q4>< 5

k=— 25!

2
k#(+p—1)/6

p2—
+g* " f | (mod 4). (4.36)

Foraprime p > 5, —(p—1)/2 <k <(p—1)/2and 0 < m < (p — 3)/2, consider the
congruence

3k2+k  mP+m  Ip*—17
X +

= (mod p),

4
2 2 24

that is
(12k +2)> +3@2m + 1)> = 0 (mod p).

-3
Since (—) = —1, the only solution of the above congruence is k = (£p — 1)/6 and
p

7p2-7
m = (p — 1)/2. Therefore, extracting the terms containing ¢”"* 7~ from both sides of

2_
(4.36), dividing throughout by ¢ "t and then replacing ¢” by ¢, we find that

> T (4p* n+7p* V) ¢" = 29(g") fap  (mod 4), (4.37)
n>0
which yields
D T(4p* P+ 1p* ) ¢" =2y (g) f4  (mod 4), (4.38)
n>0

which is the (4.33) with « + 1 for o . Comparing the coefficients of g?"*/ for1 < j < p—1,
from both sides of (4.37), we arrive at (4.34). ]
Theorem 4.3 Let p > 5 be any prime with <_—> =—land1 < j < p — 1. Then for any
P

nonnegative integers o,

D17 (16p™n +6p™) ¢" =2¥(a) fs  (mod 4). (4.39)
n>0

and for each n > 0,
1 (1692 (pn + )+ 6p™*2) =0 (mod 4). (440)
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Congruences for overpartitions with restricted odd differences 13

4n+1

Proof Equating the coefficients of g , dividing throughout by ¢ and then replacing ¢* by

g in (4.28), we obtain

2
Y 1P 6n +6)g" = 2 f2fs _ 20(q) fo (mod 4). (4.41)
n>0 fl
Rest of the proof is similar to that of Egs. (3.1) and (3.2) in the Theorem 3.1, so we omit the
proof here. O

5 Congruences for t? )

In this section, we obtain congruences modulo 4 and 5 for i@ (n).

Theorem 5.1 If n is any nonnegative integer, then

iP@n4+6)=0 (mod 4), (5.1)
fP16n+10)=0 (mod 4), (5.2)
5(4)(1611 o) = 2 (mod4) ifnis a. triangular number, (5.3)
0 (mod 4) otherwise.
Proof Setting k = 4 in (1.18) and then using (2.9), we obtain
- n f3 fx [ fiofao
YW mg" = A g (5.4)
71>0 15 fafao 15 18 f20
which yields
- ] fa St
Y i ang" = (5.5)
n=0 Ji faf20
Combining (2.1) and (5.5), we find that
2 5 2 £2
Y iang = 20 (LK filie), (56)
n>0 Ffo \ f5 fis VEWE

Extracting the coefficients of odd powers of g on both sides of the above equation, we obtain

342 2
> 1P n +2)g" :2f2’6f,5 fi (5.7)
=0 Ji fafio
It follows from (3.9) that
VERERL g 4
= fafs =" =vY(g") (mod?2). (5.8)
1L fafro fa
Using (5.8), (5.7) can be reduced to
S 1Y Un+2)¢" =2f1fs =29/(g*) (mod 4). (5.9)
n>0
Equating the coefficients of g**! and ¢***2 on both sides of the above equation, we arrive

at (5.1) and (5.2).
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14 M. S. M. Naika, D. S. Gireesh

Extracting the terms of (5.9) in which powers of ¢ is congruent to 0 modulo 4, we obtain

Zf(‘”(lﬁn +2)¢" =2¢/(q) (mod 4). (5.10)

n>0

A positive integer x is said to be triangular number, if it is of the form w The result
(5.3) follows from (1.3) and (5.10). ]

Theorem 5.2 For any prime p > 5 with ( ) =—1,1<j<p—1anda >0, we have
P

Y i (16p™n +2p™) ¢" =2/1f2 (mod 4), (5.11)
n>0

and for each n > 0,
i@ (16p> (pn+ ) +2p> ) =0 (mod 4). (5.12)

Proof From (5.9), we have

Y 16 +2)¢" =2f1f, (mod 4). (.13)

n>0

Foraprime p > 5and —(p — 1)/2 <k,m < (p — 1)/2, consider

3k +k 3m*>+m  3p*—3
2 = d
) 2q (modp).

which implies that

(6k + 1)* +2(6m + 1)*> = 0 (mod p).

Since (—) = —1, the only solution of the above congruence is k = m = (£p — 1)/6.

p
Therefore, using Lemma 2.3, we have

-4 2 3[72—3 n
Yot (16 ( pPn+ i) T2)4" =2fif2 (mod 4. (5.14)
n>0

Invoking (5.13) and (5.14), we arrive at

YW (16pPn+2p?) " =Y 1V (160 +2)g" =2f1f, (mod 4). (5.15)

n>0 n>0

The result (5.11) follows from the above equation and by induction on .
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Substituting (2.13) into (5.11), we deduce that

Z;(4) (16p2°‘n +2p2a) qn

n>0

1l
o

—1
2 3k2 4k 3p2+(6k+1)p 3p2—(6k+1)p —1
E qg 2 f\—q T ,—q 2 q r fp2

k__il

k#(+p— 1)/6

—1

<

7+

324k 3p2+(6k+1)p 3p2—(6k+1)p
2><Tf <—L]2Xf, _qZXf

q
k=— L7t
k£ (Ep—1)/6
2x 22
+¢> 7 f,2 | (mod 4), (5.16)
which yields
Y i (16p%  n +2p* ) ¢" = f, fop  (mod 4). (5.17)
n>0

Equating the coefficients of g”"*/ for j = 1,2,..., p — 1 in (5.17), we obtain (5.12). O

Theorem 5.3 Forn > 0, we have
Y160 +6) = 2A3(n) (mod 5) (5.18)
and

P16n+14)=0 (mod 5). (5.19)

Proof Setting k = 4 in (1.18), we obtain

i@ S5 5.20
’;) (mg" = 2= (5.20)

In view of (3.10), we can rewrite (5.20) as
> 1 mg" = J}—l (mod 5). (5.21)

n>0

Substituting (2.2) into (5.21) and then extracting even powers of g on both sides, we obtain

Y 1P eng" = f{zf (mod 5)

4
n>0 4
2 2
f45f 161 (mod 5), (5.22)
f2f16 f2f8

b
4
4
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16 M. S. M. Naika, D. S. Gireesh

which implies that

—4 fifé
Y 1 @Un+2)¢" =255 (mod 5)
n>0 f2 4
2 10
=2 ég f24 L —4q S (mod 5). (5.23)
fz f4 f2 fg f4
Extracting odd powers of ¢ on both sides, we obtain
Y i W@n+6)g" =24 13 (mod 5)
n>0 f2
=2¢y3(¢g%) (mod 5). (5.24)

If we extract even and odd powers of g on both sides of the above equation, we arrive at
(5.18) and (5.19), respectively. ]

6 Congruences for ?(7) (n)

In this section, we prove congruences and infinite family of congruences modulo 2 and 4 for
=N
" (n).

Theorem 6.1 If n is any nonnegative integer, then

D@n+7) =0 (mod 4). 6.1
Proof Setting k = 7 in (1.18), we find that
S i Pt = L (6.2)
=0 T AA

Substituting (2.10) into (6.2) and then extracting the terms involving odd powers of ¢ on both
sides of the resulting equation, we obtain

3170+ 1" _5 f“f“. (6.3)
n>0 f] f7
In view of (3.10), we can rewrite (6.3) as
Y 1P@n+1)g" = fifaf; (mod 4). (6.4)
n>0

Invoking (2.11) and (6.4), we deduce that

5. 42
77 @2n + 1)g" M_ 2 b 10028 e 6s)
; " fs f3fin vifnta 12 £l fas fs6 e

Equating the coefficients of odd powers of g on both sides of the above equation, we find
that

S 1P @n+3)g" =3f7 fia (mod 4), (6.6)
n>0
which yields the desired result (6.1). ]
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Theorem 6.2 Let p > 5 be any prime with <—> =—land1 < j < p— 1. Then for any
P

nonnegative integers o,

Y 1 (8p*n+3p™)q" = fofs (mod 2), 6.7)
n>0
and for eachn > 0,
;(7) (8p20l+1 (pn+j) + 3p2a+2) =0 (mod 2). (6.8)

Proof We prove (6.7) by mathematical induction. In view of (3.9), we can rewrite (6.6) as

Z;(7)(4n +3)¢" = fafia (mod 2), (6.9)
n>0

which yields
S iV +3g" = fofr (mod 2). (©10
n>0

which is the o = 0 case of (6.7). Now assume that (6.7) holds for some o > 0. Substituting
(2.13) into (6.7), we deduce that

Zf(ﬂ (8p2"‘n + 3p2a) qn

n>0
prl
_ 3k 4k 3p2H(6k+1)p 3p2—(6k+1)p s}
=| > 4 f(—q .—q )+q T fyn
k=—251
k#(£p—1)/6
p—1
2 2 2 2_
o Z q7x3k2+k 7 (_q7x3p +(gk+1)p’ —q7x3p (gkﬂ)p)
k=—251
k#(E£p—1)/6
7X[72—1
+47F fr,0 | (mod 2). 6.11)

Foraprime p > 5, —(p — 1)/2 <k, m < (p — 1)/2, consider the congruence

3k +k 3m>+m  9p*—9
7 = d
) 2q (modp).

2 x

that is

(12k +2)* + 14(6m + 1)> = 0 (mod p).
. —14 . .
Since | —— ) = —1, the only solution of the above congruence is k = m = (£p — 1) /6.
p

9p2-9
Therefore, extracting the terms containing ¢”"*" 77~ from both sides of (6.11), dividing
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18 M. S. M. Naika, D. S. Gireesh

2
throughout by q - and then replacing ¢” by ¢, we find that

Y i Bp a4 3p* V) " = fo, 1  (mod 2), (6.12)
n>0
which yields
S i P Bp P+ 3p™ ) ¢" = fofr  (mod 2), (6.13)
n>0

which is the (6.7) with & + 1 for . Comparing the coefficients of g”"*/ for1 < j < p —1,
from both sides of (6.13), we arrive at (6.8). ]

—(8
7 Congruences for t( )(n)

In this section, we prove congruences and infinite family of congruences modulo 3, 6, and
12 for 1® (n).

Theorem 7.1 For each nonnegative integer n,

i ®Un+3)=0 (mod 3), (7.1)
i ®24n +15=0 (mod 12), (7.2)
i ®24n +23)=0 (mod 12). (7.3)

Proof Setting k = 8 in (1.18), we obtain

> 7 m)g" S (7.4)
o T Rh
Invoking (2.8) and (7.4), we find that
- [ [} fo S
Y iPmgt = S g (7.5)
=0 I3 fefsfse  f3fs S
Extracting the coefficients of odd powers of ¢ on both sides of the above equation, we obtain
2
S i @n + gt = 2B (7.6)
1 it

Substituting (2.7) into (7.6) and then extracting the coefficients of odd powers of ¢ on both
sides of the resulting equation, we deduce that

3 1@ @n +3)g" fsz fo (7.7

n>0 1

from which, we obtain the result (7.1).
In view of (3.10), we have

high _ feh
Ak

(mod 4). (7.8)
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Using (7.8), (7.7) can be reduces to

2
Zf(g)(4n+3)q"z3f6 fo (mod 12). (7.9
= fif2
Applying (2.8) in (7.9), we find that
7® (4n 4+ 3 w_sfe (s tq i o s d 12). 7.10
};) @ +3)q 2 \ 3 fo 6 5 fi (mod 12 (740
2n+1

Equating the coefficients of g , dividing throughout by ¢ and then replacing g2 by ¢ in

(7.10), we obtain
> 7@ 8n + 7)g" _3f2f*ff18 (mod 12). (7.11)

n>0 ﬁ

But, from (3.10)
A fifis

= (mod 4). (7.12)
fif fe
Invoking (7.11) and (7.12), we find that
3
Y 1 ®@n+7)q" = 3318 (mod 12), (7.13)
n>0 f6
which yields the desired results (7.2) and (7.3). ]

—6
Theorem 7.2 For any prime p > 5 with (—) =—-1,1<j<p—1a >0 wehave
p

> (24p™n +7p*) " =3f1fs (mod 6), (7.14)
n>0
and for eachn > 0,
™ 24p™  (pn + ) +7p*2) =0 (mod 6). (7.15)
Proof From (3.9), we have
£ fis
2= o =fis (mod2). (7.16)
Using (7.16), we can rewrite (7.13) as
> 1 @n+7)¢" =3f3 /15 (mod 6), (7.17)
n>0
which yields
> 1 @an+7)g" =3f1fs (mod 6). (7.18)
n>0

Foraprime p > 5and —(p — 1)/2 < k,m < (p — 1)/2, consider

3k% 4+ k 3m>4+m  Tp> -1
5 +6x 5 =" (mod p),

@ Springer



20 M. S. M. Naika, D. S. Gireesh

which is equivalent to

6k + 1)? 4+ 6(6m + 1)> = 0 (mod p).

Since _—) = —1, the only solution of the above congruence is k = m = (£p — 1)/6.
p
Therefore, using Lemma 2.3, we have
- p? =1
> i® (24 <p2n + pT> + 7) ¢"=3fifs (mod 6). (7.19)
n>0

Invoking (7.18) and (7.19), we arrive at

o0
Y 1O apn+7pY) " =Y 1P Q4 +7)g" =3fife (mod 6). (7.20)

n>0 n=0

The result (7.14) follows from the above equation and by induction on .
Substituting (2.13) into (7.14), we deduce that

Z;(S) (24p2an +7p2a) q"

n>0
p=1
2 2 »2 k- 2 -
_, Z q3k2+kf <—q 3 +(gk+l)p, _qsp (§k+l)ﬁ> N q%fpz
—
k#(£p—1)/6
p=1
7 . W2 6 3p24(6k+1)p 6 3p2—(6k+1)p
|2 qXZf—qu"qxf>
k#(E£p—1)/6
p2—1
+¢% 7 f6p2> (mod 6), (7.21)
which yields
Z;(s) (24p% 0 4+ 7p2*2) g" = 3£, fop (mod 6). (7.22)
n>0

Equating the coefficients of g?"*/ for j = 1,2,..., p — 1 in (7.22), we obtain (7.15). O
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