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Unicellular Rayleigh-Bénard convection of water-copper
nanoliquid confined in a high-porosity enclosure is studied
analytically. The modified-Buongiorno-Brinkman two-phase
model is used for nanoliquid description to include the ef-
fects of Brownian motion, thermophoresis, porous medium
friction and thermophysical properties. Free-free and rigid-
rigid boundaries are considered for investigation of onset of
convection and heat transport. Boundary effects on onset
of convection are shown to be classical in nature. Stabil-
ity boundaries in the R∗1-R2 plane are drawn to specify the
regions in which various instabilities appear. Specifically,
subcritical instabilities’ region of appearance is highlighted.
Square, shallow and tall porous enclosures are considered
for study and it is found that the maximum heat transport oc-
curs in the case of a tall enclosure and minimum in the case
of a shallow enclosure. The analysis also reveals that the ad-
dition of a dilute concentration of nanoparticles in a liquid-
saturated porous enclosure advances onset and thereby en-
hances the heat transport irrespective of the type of bound-
aries. The presence of porous medium serves the purpose of
heat storage in the system because of its low thermal con-
ductivity.

1 Introduction
Rayleigh-Bénard convection(RBC) of Newtonian liq-

uid in the presence of suspended nanoparticles is termed as
Rayleigh-Bénard convection of nanoliquids.

∗Address all correspondence related to ASME style format and figures
to this author.

Rayleigh-Bénard convection of nanoliquids is generally
studied using one of the following models:

(i) Khanafer-Vafai-Lightstone single-phase
model(KVLM) [1] or

(ii) Buongiorno two-phase model(BM) [2].
There are many reported works using the KVLM( [3],

[4], [5], [6]). Siddheshwar and Meenakshi [3] analytically
studied the RBC in nanoliquids by considering the thermo-
physical properties of 20 nanoliquids and they showed that
among 20 nanoliquids, engine oil-silver nanoliquid trans-
ports maximum heat. Abu Nada [4] studied the effect of
variable thermal conductivity and variable viscosity of CuO-
water nanoliquid on heat transport and found that the Nus-
selt number is very sensitive to the viscosity models than
the thermal conductivity models. Alloui et al. [5] stud-
ied both analytically and numerically the natural convec-
tion of nanoliquid confined in a rectangular shallow en-
closure. They concluded that there is an optimum vol-
ume fraction, which is dependent on Rayleigh number, for
each nanoparticles at which the heat transport is maximum.
Alsabery et al. [6] numerically studied the natural convec-
tion in nanoliquid-saturated porous medium by consider-
ing four different nanoparticles and using the local thermal
non-equilibrium(LTNE) model and they showed that LTNE
model leads to enhanced heat transport compared to local
thermal equilibrium(LTE) model. The drawback of the KVL
model is that it can be thought of to be a byproduct of the
corresponding problem involving a Newtonian fluid but with
thermophysical properties being that of the nanoliquid. The
results of this model can thus be recovered from the New-
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tonian model with nanoliquid properties replacing the base
liquid properties and thereby with new definition of the clas-
sical parameters.

The Buongiorno model as used so far by many( [7],
[8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18]
[19], [20], [21]) deals with a nanoliquid as a binary fluid
system with Soret effect and the model considers the ther-
mophysical properties of the base liquid only. Tzou( [7],
[8]) studied the RBC in nanoliquid and obtained the closed
form solution for the Rayleigh number. Yang et al. [9] ob-
tained exact solutions for a laminar nanofluid flow in chan-
nels and tubes. They achieved the maximum heat transport
when the ratio of Brownian and thermophoretic diffusivities
is nearly 0.5. Sheikholeslami et al. [10] numerically investi-
gated the natural convection in an enclosure filled with nano-
liquid. They showed that the Lewis number has negligible
effect on Nusselt number at smaller values of buoyancy ratio.
Bhadauria and Agarwal [11] and Agarwal et al. [12] carried
out linear and non-linear stability analyses in a nanoliquid-
saturated porous medium by considering the LTNE model.
They found that the effect of time on Nusselt number is os-
cillatory for small time scale and it reaches to steady value
at long times. Nield and Kuznetsov [13] analytically stud-
ied the RBC in a nanoliquid-saturated porous medium us-
ing BM in both top heavy and bottom heavy arrangements
of nanoparticles. They showed the possibility of oscilla-
tory convection in bottom heavy distribution of nanoparti-
cles. Kuznetsov and Nield [14] studied the linear stability
analysis in a nanoliquid-saturated porous medium using the
three-temperature model between porous matrix, base liquid
and nanoparticles. They conclude that the effect of LTNE
between porous matrix and nanoliquid is negligible in case
of a dilute concentration of nanoparticles. Later in 2011,
Kuznetsov and Nield [15] extended the study for Brinkman
model. Khalili [16] experimentally investigated the non-
homogeneous distribution of nanoparticles in a nanoliquid
using ANOVA method and they experimentally validated the
assumption of non-homogeneous distribution of nanoparti-
cles in the study. A linear stability analysis is performed by
Yadav et al. [17] to find the effect of internal heat source on
onset of convection with free-free, rigid-rigid and rigid-free
boundary conditions. They found that the system is more
stable in case of rigid-rigid boundary conditions. Analyti-
cal study of thermal instability in a finite depth of horizontal
fluid layer is investigated by Agarwal and Rana [18]. Zero
nanoparticle flux boundary condition was used in the study
and they showed the impossibility of oscillatory convection
for such boundary condition. Nield and Kuznetsov [19] an-
alytically studied the onset of double diffusive convection
in a nanoliquid and they obtained the results for both non-
oscillatory and oscillatory cases. di Schio et al. [20] numeri-
cally studied the laminar forced convection in nanofluids us-
ing a Galerkin finite element method. They concluded that
the concentration field will be strongly affected by the pe-
riodic boundary condition. A detailed discussion of litera-
ture survey and modelling of equations for forced, natural or
mixed convection is given by Barletta et al. [21].

The serious drawback of the Buongiorno model was re-

cently rectified by Siddheshwar et al. [22] who introduced
thermophysical properties of the nanoliquid into the model.
Phenomenological laws and mixture theory was used to
model the thermophysical properties of the nanoliquid in
terms of corresponding properties of base liquid and the
nanoparticles. The BM with thermophysical properties of
nanoliquid incorporated will henceforth be called modified-
Buongiorno model(MBM)( [23], [24], [25], [26], [27], [28],
[29], [30]). A detailed information on the modelling of ther-
mophysical properties of nanoliquids and numerical simu-
lations of nanoliquids is discussed in the review article of
Vanaki et al. [23]. Garoosi et al. [24] carried out the sim-
ulation for natural and mixed convection in nanoliquids oc-
cupying a differentially heated square enclosure. They con-
cluded that there is an optimum value of a volume fraction
for each combination of Rayleigh and Richardson numbers
at which the heat transfer is at its peak. Haddad et al. [25]
studied the presence and absence of Brownian motion and
thermophoresis effects on heat transport in the RBC of a
nanoliquid and they observed the enhanced heat transport
even at a low volume fraction in the presence of the above
two effects. Dastmalchi et al. [26] simulated natural convec-
tion using finite difference and control volume methods in
a square porous enclosure filled with water-Al2O3 nanoliq-
uid. Both homogeneous and non-homogeneous models were
utilized in the study and they found that non-homogeneous
model predicts a greater reduction of heat transfer in a sys-
tem compared to homogeneous model. Siddheshwar and
Kanchana( [27], [28]) studied RBC in twenty eight different
nanoliquids confined in an enclosure bounded by stress-free
boundaries. They showed that the additional modes in the
solutions do not contribute much to the heat transport. Kan-
chana and Zhao [29] and Kanchana et al. [30] investigated
the effect of internal heat generation on RBC in enclosures
filled with nanoliquid. They compared the heat transport be-
tween the carbon nanotubes and alumina nanoparticles and
they showed that the same quantity of heat transport can
be achieved by replacing the carbon nanotubes with cheaper
alumina nanoparticles but with an increased volume fraction.

There is no reported work on an analogous problem
in porous media. The governing equations for a sparsely-
packed porous medium(proposed later on in the paper) shall
be called modified-Buongiorno-Brinkman model(MBBM).

Rayleigh-Bénard convection with lateral boundary ef-
fects has been studied using the KVL model by several re-
searchers( [31], [32], [33], [34], [35], [36], [37]). Park [31]
derived the pseudo-single-phase model to study the RBC in
a nanoliquid using the fact that the velocity and tempera-
ture of nanoparticles strictly follow those of the base liquid.
He found the retortion of onset and reduction of heat trans-
port in the presence of nanoparticles. Corcione [32] numeri-
cally investigated the RBC in nanoliquid. He developed two
empirical models to find the effective thermal conductivity
and dynamic viscosity of nanoliquids. He showed the ex-
istence of optimum particle loading for each nanoliquid at
which the maximum heat transport is achieved. D’Orazio
et al. [33] numerically investigated the RBC in tall rectan-
gular enclosure using a SIMPLE-C algorithm. They found
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that the flow pattern evolves from one-cell steady→two-cell
steady→two-cell steady→two-cell periodic→one to three-
cell periodic→three-cell periodic with increase in Rayleigh
number. Abu Nada and Chamka [34] studied the natural con-
vection heat transfer in a square enclosure filled with ethy-
lene glycol-CuO nanoliqud with different variable thermal
conductivity and viscosity models. They found that the be-
haviour of average Nusselt number was influenced more by
viscosity models than by thermal conductivity models. Jou
and Tzeng [35] investigated on heat transfer enhancement
in a rectangular enclosure filled with a nanoliquid for var-
ious values of parameters like buoyancy parameter, aspect
ratio and volume fraction. They found that the heat trans-
fer coefficient varies directly with aspect ratio and volume
fraction. They also developed an empirical relation between
Nusselt number and volume fraction. RBC with three dif-
ferent nanoliquids is studied by Elhajjar et al. [36]. They
considered a new modelling for specific heat and thermal ex-
pansion coefficient. They found that the addition of nanopar-
ticles delays the onset of convection and reduces the heat
transport. Similar result is observed by Abu-nada et al. [37]
for Al2O3-water and CuO-water nanoliquids by considering
variable thermal conductivity and variable viscosity models.
The reason for this thermodynamical incorrect results is the
improper modelling of thermophysical properties(which is
discussed in section 5). The corresponding problem using
the BM has also been reported but most of them have the
inherent short comings as outlined earlier. The counterpart
of the problem in a porous enclosure has been investigated
by Grosan et al. [38] and Sheremet et al. [39] using the KVL
model. The corresponding work using the BM does not seem
to have been investigated extensively so far(except Sheremet
et al. [40]).

The objectives of the paper are to investigate the follow-
ing unconsidered aspects in the thermoconvective problem of
nanoliquids in a porous enclosure:

1. To present new equations to model conservation of
linear momentum and energy for nanoliquid-saturated
porous medium using BM for nanoliquid and Lapwood-
Brinkman equation for porous media. The equation of
state is also modified suitably for the problem.

2. To include the thermophysical properties of nanoliquid-
saturated porous medium using phenomenological laws
and mixture theory.

3. To make linear and non-linear stability analyses consid-
ering two different boundary conditions (free-free, rigid-
rigid) on the upper and lower plates with the lateral walls
assumed to be adiabatic and impermeable.

4. Showing the existence of subcritical motions in the sys-
tem.

5. The stability of a fluid flow is dependent on whether the
small superposed disturbance given to the system decays
or grows with time. If the disturbances are non-decaying
in the system then the principle of exchange of stability
is said to hold good only when the disturbances are non-
oscillatory with time.
Proving the validity of PES(Principle of Exchange of

Stabilities).
6. Recovering the results of KVL model from those of the

MBB model.
7. Showing the connection between Lorenz model and

Ginburg-Landau equation.
8. Demonstrating the boundedness of the solution of am-

plitude equation due to its cubic nonlinear term.
9. Identifying the enclosure that facilitates maximum

transport of heat.
10. Proposing the problem as a heat storage/heat removal

system.

2 Mathematical Formulation
2.1 Problem Description

We consider two-dimensional, unicellular Rayleigh-
Bénard convection of a nanoliquid confined in a porous
enclosure of height h and width b having isothermal, iso-
concentration horizontal walls and adiabatic, impermeable
vertical walls as shown in Fig. 1. We choose a left handed
Cartesian co-ordinate system with z as the vertical axis.

Fig. 1: Schematic representation of nanoliquid-saturated
high-porosity enclosures.

The modified-Buongiorno-Brinkman governing equa-
tions with the assumption of Boussinesq approximation are:
Conservation of mass

∇ ·~q = 0, (1)

Conservation of linear momentum

ρ0

[
1
φ

∂~q
∂t

+
1
φ2 (~q ·∇)~q

]
=−∇P+µ∇

2~q− µnl

K
~q

+[ρ0−ρ0β1 (T −T0)+ρ0β2 (C−C0)]~g,
(2)

Conservation of energy

M
∂T
∂t

+(~q ·∇)T = M χ ∇
2T, (3)

The viscous dissipation term
µnl

φ(ρ0c)nl
(∇~q)2 has been ne-

glected in the energy equation due to the assumption of
Boussinesq approximation. Following the order of magni-
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tude analysis, it can be easily shown that
µnl(∇~q)2

φ(ρ0c)nl(~q ·∇)T
=

o(10−10)(see appendix A).
Conservation of nanoparticle concentration

φ
∂C
∂t

+(~q ·∇)C = DB∇
2C+

DT

T0
∇

2T, (4)

where

∇ = î
∂

∂x
+ k̂

∂

∂z
, DB =

φKBT0

3πµnldnp
, DT =

0.26φknl

2knl + knp

µnlα

ρ0
,

α =
volume of nanoparticles

volume of (nanoparticles +base liquid)
, 0≤ α < 1,

φ =
volume of pores

volume of (pores + porous material)
, 0 < φ≤ 1,

(5)
and other nanoliquid and nanoliquid-saturated porous
medium properties are found from phenomenological laws
or mixture theory:
Phenomenological laws

µnl

µbl
=

1
(1−α)2.5 ,

µ
µnl

=
1

φ2.5 , ( [41], [42])

knl

kbl
=

(
knp
kbl

+2
)
−2α

(
1− knp

kbl

)
(

knp
kbl

+2
)
+α

(
1− knp

kbl

) ( [42], [43]),


(6)

Mixture theory

ρ0nl = αρ0np +(1−α)ρ0bl ,

(ρ0c)nl = α(ρ0c)np +(1−α)(ρ0c)bl, cnl =
(ρ0c)nl

ρ0nl

,

(ρ0β1)nl = α(ρ0β1)np +(1−α)(ρ0β1)bl, β1nl =
(ρ0β1)nl

ρ0nl

,

(ρ0β2)nl = α(ρ0β2)np +(1−α)(ρ0β2)bl, β2nl =
(ρ0β2)nl

ρ0nl

.


(7)

ρ0 = φρ0nl +(1−φ)ρ0pm ,

c =
φ(ρ0c)nl +(1−φ)(ρ0c)pm

ρ0
,

β1 =
φ(ρ0β1)nl +(1−φ)(ρ0β1)pm

ρ0
,

β2 =
φ(ρ0β2)nl +(1−φ)(ρ0β2)pm

ρ0
,

k = φknl +(1−φ)kpm, kbleff = φkbl +(1−φ)kpm,

χ =
φ knl +(1−φ)kpm

ρ0c
, M =

φ(ρ0c)nl +(1−φ)(ρ0c)pm

(ρ0c)nl
.



(8)

In writing Eq. (2) we have considered linear Darcy fric-
tion only and neglected the Forchheimer(or Ergun) quadratic

drag term which is important if we are considering large
scale convective motions. On the assumption of small scale
convective motion the inertial term(convective acceleration)
also turns out to be negligible.

In modelling dynamic viscosity and thermal conductiv-
ity we have used the Brinkman model and Hamilton-Crosser
model respectively. This is exactly the same modelling
choice as that of modified Buongiorno model(MBM). Our
choice of the MBB model in this theoretical investigation
was made going by the choice of various other investigators
considering Rayleigh-Bénard convection in nanoliquids. It
must be pointed out here that an alternate, and possibly bet-
ter, modelling of these two thermophysical properties can
also be done using the Koo-Kleinstreuer model [44]. This
shall, however, form the subject of an elaborate investigation
in our future project.

Assuming the nanoliquid temperature and concentration
of the nanoparticles to be constant at the boundaries, we may
assume the boundary conditions on T and C to be:

T = T0 +∆T, C =C0 +∆C at z =
−h
2

T = T0, C =C0 at z =
h
2

 ,
−b
2

< x <
b
2
, (9)

∂T
∂x

= 0,
∂C
∂x

= 0 at x =±b
2

}
,
−h
2

< z <
h
2
. (10)

Two different boundary conditions on ~q will be considered
on the perturbed quantity and shall be specified later.

2.2 Basic State Solution
At the basic state the temperature and concentration pro-

files are of conduction state and do not change with t and x,
and are given by

~q = 0, P = Pb(z), T = Tb(z), C =Cb(z). (11)

Eq. (11) satisfies Eq. (1) and Eqs. (2) - (4) in the basic state
take the form:

dPb

dz
+[ρ0− (ρ0β1)(Tb−T0)+(ρ0β2)(Cb−C0)]g = 0,

d2Tb

dz2 = 0,
d2Cb

dz2 = 0.

(12)
On solving Eqs. (12), subject to the boundary conditions (9),
we get

Tb(z) = T0 +

(
1
2
− z

h

)
∆T, Cb(z) =C0 +

(
1
2
− z

h

)
∆C.

(13)
The expression of the basic state pressure distribution is not
required in the analysis further on and hence is not recorded
here.
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2.3 Perturbed State Solution
We now superimpose a perturbation on the quiescent ba-

sic state as given below:

~q = ~q′, P = Pb +P′, T = Tb +T
′
, C =Cb +C

′
, (14)

where prime denotes perturbed quantity.
Substituting Eq. (14) in the governing equations (1)-(4),

using the basic state Eqs. (12), eliminating pressure from
the resulting equations and introducing the stream function
in the form u = ∂ψ

∂z , w = − ∂ψ

∂x , we get the following three
equations governing the perturbation:

ρ0

φ

∂

∂t
(∇2

ψ) = µ∇
4
ψ− µnl

K
∇

2
ψ

−

[
(ρ0β1)

∂T
′

∂x
− (ρ0β2)

∂C
′

∂x

]
g+

ρ0

φ2
∂(ψ,∇2ψ)

∂(x,z)
,

(15)

M
∂T
′

∂t
= Mχ∇

2T
′ − ∆T

h
∂ψ

∂x
+

∂(ψ,T
′
)

∂(x,z)
, (16)

φ
∂C
′

∂t
= DB∇

2C
′
+

DT

T0
∇

2T
′ − ∆C

h
∂ψ

∂x
+

∂(ψ,C
′
)

∂(x,z)
.(17)

2.4 Non-dimensionalisation
We non-dimensionalize Eqs. (15)-(17) using the follow-

ing dimensionless groups and we skip primes for simplicity:

(X ,Z) =
( x

b
,

z
h

)
, Ψ =

ψ

χbl
, Θ =

T
∆T

, Φ =
C

∆C
, τ =

tχbl

h2 .

(18)
Using Eq. (18), the non-dimensional form of the governing
Eqs. (15)-(17) are obtained in the form:

Λ

Pr
∂

∂τ
(∇2

AΨ) =Λa∇
4
AΨ−A2

σ
2a∇

2
AΨ

+A4a2
[

R2
∂Φ

∂X
−R1

∂Θ

∂X

]
,

(19)

M
∂Θ

∂τ
=−A

∂Ψ

∂X
+aM∇

2
AΘ+A

∂(Ψ,Θ)

∂(X ,Z)
,(20)

φ
∂Φ

∂τ
=−A

∂Ψ

∂X
+

ε2aNA

Le
∇

2
AΘ+

a
Le

∇
2
AΦ+A

∂(Ψ,Φ)

∂(X ,Z)
,(21)

where

R1 =
ρ0β1∆T gb3

µnl χ
, A =

h
b
,

(Thermal Rayleigh number) (Aspect ratio)

R2 =
ρ0β2∆Cgb3

µnl χ
, Le =

χ

DB
,

(Concentration Rayleigh number) (Lewis number)

(22)

ε
2 NA =

DT ∆T
DBT0∆C

, σ
2 =

b2

K
,

(modified diffusivity ratio) (Porous parameter)

Pr =
µφ

ρ0χ
, Λ =

µ
µnl

,

(modified Prandtl number) (Brinkman number)

a =
χ

χbl
, ∇

2
A = A2 ∂2

∂X2 +
∂2

∂Z2 .

(Ratio of thermal diffusivities)



.

(23)
The Eqs. (19) to (21) are solved subject to two types of

boundary conditions that are given below.
Case (i): Free-free, isothermal, iso-concentration horizon-
tal boundaries and free-free, adiabatic, impermeable vertical
boundaries

Ψ =
∂2Ψ

∂Z2 = Θ = Φ = 0 at Z =±1
2

; X ∈
(
−1
2

,
1
2

)
,

Ψ =
∂2Ψ

∂X2 =
∂Θ

∂X
=

∂Φ

∂X
= 0 at X =±1

2
; Z ∈

(
−1
2

,
1
2

)
.


(24)

Case (ii): Rigid-rigid, isothermal, iso-concentration horizon-
tal boundaries and rigid-rigid, adiabatic, impermeable verti-
cal boundaries

Ψ =
∂Ψ

∂Z
= Θ = Φ = 0 at Z =±1

2
; X ∈

(
−1
2

,
1
2

)
,

Ψ =
∂Ψ

∂X
=

∂Θ

∂X
=

∂Φ

∂X
= 0 at X =±1

2
; Z ∈

(
−1
2

,
1
2

)
.


(25)

Free-free boundary condition is an artificial and idealistic
boundary condition but facilitates exact solution. However,
rigid-rigid boundaries are realistic and will have to be dealt
with approximately. Both Chandrasekhar even and odd func-
tions satisfy the rigid boundary conditions. But the lowest
characteristic value of critical Rayleigh number will occur
for the even function. We choose the solution accordingly.

The details of a linear stability analysis is presented in
section 5 in the context of diffusing stability boundaries. We
now move on to perform a weakly nonlinear stability anal-
ysis of the system (19)-(21) subject to boundary conditions
(24) or (25).

2.5 Weakly Non-linear Stability Analysis
In a weakly non-linear stability analysis we require to

describe the quantities Ψ, Θ and Φ in a non-linear convective
regime. This can be done by considering the double Fourier
series expansion for Ψ, Θ and Φ. The effect of non-linearity
comes into the study by the term sin(2πZ) in Θ, which rep-
resents the change in the horizontal mean by the distortion of
the temperature field.
Case (i): The minimal mode representation of double
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Fourier series for a weakly nonlinear stability analysis is:

Ψ =
√

2aMδ
2/(Aπ

2) X1(τ) cos(πX) cos(πZ) ,

Θ =−
√

2/(r1π) Y1(τ) f1(X ,Z)−1/(r1π) Z1(τ) f2(Z),

Φ =−
√

2M/(πφ) E1(τ) f1(X ,Z)−1/π F1(τ) f2(Z),


(26)

where f1(X ,Z) = sin(πX) cos(πZ), f2(Z) = sin(2πZ) and
X1, Y1, Z1, E1, F1 are to be determined.

On substituting Eq. (26) into Eqs. (19)-(21) and taking
the orthogonality condition with the eigenfunctions, we get
the following scaled Lorenz model:

Ui
dXi

dτ1
= aPr [Yi−Xi− rΦiEi] , (27)

dYi

dτ1
= a [riXi−Yi−XiZi] , (28)

dZi

dτ1
= a [XiYi−b∗Zi] , (29)

dEi

dτ1
= a

[
Xi−

ε2 NA

Le
1

ri M
Yi−

1
Le

1
φ

Ei−XiFi

]
, (30)

dFi

dτ1
= a

[
−ε2 NA

Le
b∗

ri φ
Zi−

1
Le

b∗

φ
Fi +

M2

φ2 XiEi

]
, (31)

where i=1 for case (i) and

τ1 = δ
2
τ, U1 =

Mδ6Λ

A5π2(R1c)1
, rΦ1 =

R2

(R1c)1

M
φ
,

r1 =
R1

(R1c)1
, (R1c)1 =

Mδ4

π2A5 (Λδ
2 +A2

σ
2), b∗ =

4π2

δ2 .


(32)

Case (ii): The minimal mode representation of a double
Fourier series for ψ, Θ, Φ in this case is

Ψ =
Maδ2

2
√

2Aπµ1P5
X2(τ) Cfex(X) Cfez(Z),

Θ =
−
√

2P4

r2P5
Y2(τ) f1(X ,Z)− P4

r2P5
Z2(τ) f2(Z),

Φ =
−
√

2MP4

φP5
E2(τ) f1(X ,Z)− P4

P5
F2i(τ) f2(Z),


(33)

where Cfex(X) and Cfez(Z) are the Chandrasekhar func-
tions( [45], [46], [47]) given by

Cfex(X) =
cosh(µ1X)

cosh(µ1/2)
− cos(µ1X)

cos(µ1/2)
,

Cfez(Z) =
cosh(µ1Z)
cosh(µ1/2)

− cos(µ1Z)
cos(µ1/2)

, µ1 = 4.73004074.

(34)
We note here that the solution (34) are approximate ones.
These are in fact Galerkin trial functions. Following a proce-

dure similar to that in case (i), we obtain the Eqs. (27)-(31)
with i taking the value 2. The various quantities concerning
case (ii) are:

U2 =
MP1δ6Λ

4A5π4P2
4 (R1c)2

, rΦ2 =
R2

(R1c)2

M
φ
, r2 =

R1

(R1c)2
,

(R1c)2 =
Λµ4

1
[
(A4 +1)P2 +2A2P3

]
+A2σ2µ2

1P1(A2 +1)
4A5π2µ2

1P2
4/Mδ2

,

P1 =
g1(µ1)

2µ2
1

[
(µ1− sinµ1)

cos2(µ1/2)
+

(µ1− sinhµ1)

cosh2(µ1/2)

]
> 0,

P2 =

[
g3(µ1)(sinµ1−µ1)+g2(µ1)(sinhµ1−µ1)

2µ1
√

g2(µ1)g3(µ1)cos(µ1/2)cosh(µ/2)

]2

,

P3 =

[
g3(µ1)(sinµ1 +µ1)−g2(µ1)(sinhµ1 +µ1)

2µ1
√

g2(µ1)g3(µ1)cos(µ1/2)cosh(µ1/2)

]2

,

g1(µ1) =
µ1 + sinµ1

1+ cosµ1
− µ1 + sinhµ1

1+ coshµ1
,

g2(µ1) = 1+ cosµ1, g3(µ1) = 1+ coshµ1,

P4 =
16π2µ3

1

(π4−µ4
1)

2
, P5 =

32π3µ3
1(39π4 +µ4

1)

(π4−µ4
1)

2(81π4−µ4
1)
.


(35)

On obtaining the Lorenz model, we now move on to get
the Ginzburg-Landau model using a regular perturbation
method.

2.6 Derivation of Ginzburg-Landau Equation
Let

L =



−aPr aPr 0 −aPr rΦi 0
ari0 −a 0 0 0
0 0 −ab∗ 0 0

ari0 0 0
−ari0
φLe

0

0 0 0 0
−ab∗ri0

φLe


, Ik =



Xik

Yik

Zik

Eik

Fik


,

(36)
where k=1, 2, 3.

The following perturbation expansions are used in the
system (27)-(31) along with a small time scale, τ∗ = ε2τ1:

Xi = εXi1 + ε
2Xi2 + ε

3Xi3 + ...

Yi = εYi1 + ε
2Yi2 + ε

3Yi3 + ...

Zi = εZi1 + ε
2Zi2 + ε

3Zi3 + ...

Ei = εEi1 + ε
2Ei2 + ε

3Ei3 + ...

Fi = εFi1 + ε
2Fi2 + ε

3Fi3 + ...

ri = ri0 + εri1 + ε
2ri2 + ε

3ri3 + ...


. (37)

On substituting Eq. (37) in Eqs. (27)-(31) and equating
the coefficients of like powers of ε on both sides, we obtain
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the following system of equations at different orders:

First-order system: LI1 = 0, (38)

Second-order system:LI2 =
[
R21 R22 R23 R24 R25

]T(39)

Third-order system: LI3 =
[
R31 R32 R33 R34 R35

]T(40)

where

R21 = 0, R22 = aXi1Zi1 , R23 =−aXi1Yi1 ,

R24 = ari0Xi1Fi1 , R25 =−ari0
M2

φ2 Xi1Ei1 ,

 (41)

R31 =Ui
dXi1
dτ∗

, R33 =
dZi1
dτ∗
−aXi1Yi2 −aXi2Yi1 ,

R32 =
dYi1
dτ∗
−ari2Xi1 +aXi1Zi2 +aXi2Zi1 ,

R34 = a
[

ri0
a

dEi1
dτ∗
− ri2Xi1 +

NA

LeM
Yi1 +

ri2
Leφ

Ei1

+ri0(Xi1Fi2 +Xi2Fi1)] , R35 =
ab∗

Leφ
[NAZi1 + ri2Fi1 ]

+ ri0

[
dFi1
dτ∗
− aM2

φ2 (Xi1Ei2 +Xi2Ei1)

]
.



(42)

On solving Eqs. (38)-(40), we obtain the following solutions:

First-order solution:
I1 = [Aoi lri0Aoi 0 LeφAoi 0]T (43)

Second-order solution:

I2 =

[
0 0

ri0
b

Ao2
i 0
−Le2M2

b
Ao2

i

]T

(44)

where Aoi is an arbitrary function of τ∗. Now to determine
the thermal scaled Rayleigh number and the amplitude of
convection Aoi we make use of the Fredholm solvability con-
dition as:

5

∑
j=1

Î1
T Rk j = 0, (k = 2, 3) (45)

where Î1
T is the solution of adjoint of the first-order sys-

tem . For k=2, we get ri1 = 0 and k=3 gives the following
Ginzburg-Landau equation.

dAoi

dτ∗
−F1iAoi +F2i (Aoi)

3 = 0, (46)

where

F1i =
aPr [1+φrΦiNA/M]

Ui +Pr−Le2φ2rΦiPr
,F2i =

aPr/b
[
1−Le3M2φrΦi

]
Ui +Pr−Le2φ2rΦiPr

.

Since ri2 is a correction to the scaled critical thermal
Rayleigh number, we choose ri2 = 1 for simplicity. Now on
solving Eq. (46) with initial condition Aoi(0) = 1, we get an
expression for amplitude of convection as:

Aoi =
1√

F3i +(1−F3i)e
−2F1i τ

∗
and F3i =

F2i

F1i

. (47)

Having obtained the expression for the amplitude of convec-
tion in the unsteady case, we now move on to discuss about
the stability boundaries of the system.

2.7 Stability Boundaries
To draw the stability boundaries, we consider the lin-

earised form of the Lorenz model in Eqs. (27)-(31):

Ui
dXi

dτ1
= aPr [Yi−Xi− rΦiEi] ,

dYi

dτ1
= a [ri Xi−Yi] ,

dEi

dτ1
= a

[
Xi−

ε2 NA

Le
1

ri M
Yi−

1
Le

1
φ

Ei

]
.


(48)

Assume the following solution for Xi, Yi, Ei:

Xi = Xi0eΩτ1 Yi = Yi0eΩτ1 , Ei = Ei0eΩτ1 , Ω = Ωr + j Ω j
(49)

where j =
√
−1. Substitution of Eq. (49) in Eq. (48) gives

the following characteristic equation which is cubic in Ω,
whose real part represents the growth rate and imaginary part
represents the frequency of oscillation:

Ω
3Ui +Ω

2a
[

Pr+Ui +
Ui

Leφ

]
+Ωa2Pr

[
1− 8π4R∗1

(R1c)i

+
R2

(R1c)i

M
φ
+

1
Leφ

(
1+

Ui

Pr

)]
+

Pr
Leφ

a3

− Pr
Leφ

a3
[

R2

(R1c)i

(
ε

2NA−MLe
)
+8π

4 R∗1
(R1c)i

]
= 0,


(50)

R∗1 = R1/(8 π4). (51)

The lines

Stationary

X3U : (R∗1)
S
i =

(R1c)i

8π4 +
R2

8π4 (MLe− ε
2NA), (52)

Oscillatory

X4W : (R∗1)
O
i =

(R1c)i

8π4

{(
1+

Ui

Le φ Pr

)
[

1+
1

Le φ
+

Pr
Pr+Ui

R2

(R1c)i

M
φ

]}
,

 (53)
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are the stability boundaries between unstable(fully devel-
oped) region and stable region of the system. Along the line
X3U one of the roots of the Eq. (A1) is zero which gives the
value of small amplitude Rayleigh number. On the line X4W ,
the complex root has zero real part which allows the system
for oscillatory convection. The line R∗1 = R2 gives the static
condition in the system, i.e., the destabilizing temperature
variation will be compensated by the stabilizing concentra-
tion variation. Eliminating the real part, Ωr, in Eq. (A1) we
get a cubic equation in Ω j. Limitation of Ω j to zero leads to
the line X1V . The critical Rayleigh number of a nonlinear
stability analysis required for plotting the stability bound-
aries is discussed in section 6.

2.8 Subcritical Instabilities
On solving the Eqs. (27)-(31) at steady state, we get the

expression for the amplitudes in the form:

X2
i =
−Q2i +

√
Q2

2i
−4Q1iQ3i

2Q1i

, Yi =
rib∗Xi

b∗+X2
i
,

Zi =
ri X2

i

b∗+X2
i
, Ei =

Xi

rΦi

(
ri b∗

b∗+X2
i
−1
)
,

Fi =−X2
i

[
ε2 NA

b∗+X2
i
− Le M2

rΦi φ

(
ri

b∗+X2
i
− 1

b∗

)]
,


(54)

where Q1i =
LeM2

φrΦib∗
,Q2i =

LeM2

φrΦi

(1 − ri) + ε2NA + 1 +

1
φrΦiLe

,Q3i = b∗
(

1− ε2 NA

Le
1
M

)
+

b∗

φLe rΦi

(1− ri) .

On equating the discriminant of X2
i in Eq. (54) to zero,

we obtain the line of stability for finite amplitude thermal
Rayleigh number as:

X2V : (R1)
F
i = (R1)

S
i − (si + t)2, (55)

where t =

√
R2(1+Le M)(Le M−1− ε2 NA)

Le M
and si =√

(R1c)i

Le M
.

Having found the expressions for amplitudes of convec-
tion and thermal Rayleigh number we now move on to find
the heat transport in terms of Nusselt number.

3 Heat Transport
The thermal Nusselt number is defined as:

Nu= 1+

−k

1
2∫

−1
2

(
∂Θ

∂Z

)
dX

/
−kbleff

1
2∫

−1
2

(
dΘb

dZ

)
dX


Z=− 1

2

.

(56)

On substituting Eqs. (13), (26) and (33) in Eq. (56), using
the scaling (18) and Eqs. (32), (35), we get an expression for
Nusselt number for different boundaries as:
Case (i): Free-Free

Nu(τ∗) = 1+
k

kbleff

2
b∗

r10

[
1−

r10

r1

]
Ao2

1(τ
∗), (57)

Case (ii): Rigid-Rigid

Nu(τ∗) = 1+
k

kbleff

2
b∗

πP4

P5
r20

[
1−

r20

r2

]
Ao2

2(τ
∗), (58)

where Ao2
i and X2

i (i = 1,2) are given in (47) and one of the
expressions in Eq. (54) respectively.

After having obtained the expressions for small and fi-
nite amplitude Rayleigh numbers and the Nusselt number in
the case of both stress-free and rigid boundaries, we now
move on to the discussion of results.

4 Results and Discussion
Rayleigh-Bénard convection in Newtonian nanoliquids

confined in a porous enclosure is studied using modified -
Buongiorno - Brinkman model. The values of thermophysi-
cal properties of water (base liquid) and copper nanoparticles
are taken from ( [3], [22], [48]) and those of 30% reinforced
polycarbonate glass fiber porous material [49] is documented
in Tab. 3. The values of thermophysical properties of nano-
liquids are taken from Siddheshwar et al. [22] and those of
nanoliquid-saturated porous medium is tabulated in Tab. 2.
These are calculated using the phenomenological laws or tra-
ditional mixture theory reported in Eqs. (6)-(8). The tab-

Table 1: Thermophysical properties of 30% reinforced poly-
carbonate glass fiber porous material at 300K.

ρ0pm cpm kpm χpm×107 β1pm ×105 φ

1430 1130 0.24 1.48524 3.5 0.88

Table 2: Thermophysical properties of nanoliquid-saturated
porous medium with α = 0.06 and φ = 0.88 at 300K.

ρ0 µ×103 c k χ×107 β1×105

1468.06 1.4288 2603.66 0.6710 1.7555 12.7441

ulated values of the thermophysical quantities reported by
Siddheshwar et al. [22] and those tabulated in Tabs. 3 and 2
reveal the following results:
ρ0bl < ρ0pm < ρ0 < ρ0nl << ρ0np ,
kpm < kbl < k < knl << knp, µbl < µnl < µ,
β1bl > β1nl > β1 > β1pm > β1np , cbl > cnl > c > cpm > cnp.
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In order to understand the advanced onset situation in
nanoliquid due to the presence of nanoparticles, we rewrite
R1 given in Eq. (22) as R1 = F ·R1bl ,

where F =
ρ0β1

(ρ0β1)bl

µbl

µnl

χbl

χ
, R1bl =

(ρ0β1)bl∆T g b3

µblχbl
.

The documented values of thermophysical properties re-
veal that (ρ0β1)bl > ρ0β1, µnl > µbl , χ > χbl and hence
the factor, F, is less than unity for water-copper nanoliquid.
Since F decreases with increase in volume fraction we may
infer that R1 < R1bl .

Before we move onto discuss the results of our study we
note that the parameters concerning a porous medium were
decided upon based on the fact that the medium is sparsely
packed and hence the range of permissible value of Darcy
number is 0 < σ2 < 102. This is typically the value cho-
sen in Rayleigh-Bénard convection of Newtonian liquids in
porous media. In our study thermal equilibrium is assumed
between the porous medium made of 30% reinforced poly-
carbonate glass fiber spheres and the nanoliquid and this is
valid when the thermal conductivity of the two differs con-
siderably. In this problem we do not use aluminium foam
as porous material which has very high thermal conductiv-
ity compared to the nanoliquid. Further thermal equilibrium
is justified when the range of temperatures considered are in
the neighbourhood of the ambient temperature.

Keeping in mind that uni-cellular convection in enclo-
sures is being studied, aspect ratios in the maximum range
[0.8, 2.05] are considered to cover the results of square, shal-
low and tall porous enclosures with free-free and rigid-rigid
boundaries.

Following Baines and Gill [50], we have plotted the sta-
bility diagram for nanoliquid-saturated porous medium con-
fined in an enclosure for both free-free and rigid-rigid bound-
aries.

In Figs. 2 and 3, we observe that the oscillatory stability
curve is in the fully developed flow region. This is practically
not possible. Thus we conclude that oscillatory convection is
not possible in case of dilute concentration of nanoparticles
thereby proving the validity of the principle of exchange of
stability(PES).

In region I, the solution of Eq. (A1) has a negative real
part. Thus the points in region I are stable. In region II, the
root has a positive real part, thus the system has unstable di-
rect modes. Region III is bounded by the lines X3U and X2Y
which represents small and finite amplitude Rayleigh num-
ber curves respectively. From the graph it is clear that the
finite amplitude Rayleigh number curve lies below the small
amplitude Rayleigh number curve forming a subcritical re-
gion, which is shaded in the graph. This confirms the exis-
tence of subcritical motions in the system. Region IV is the
fully developed flow region where the system is unstable.

In Fig. 2 we have plotted stability diagram for different
types of enclosures for both free-free and rigid-rigid bound-
ary conditions. We observe that the stability region is re-
duced i.e., the onset of convection is advanced in the case of
tall enclosure compared to that in the case of a shallow en-
closure. The result is true irrespective of the boundary com-
bination considered.

Figure 3 is the stability diagram for nanoliquid and
nanoliquid-saturated porous medium for both free-free and
rigid-rigid boundary conditions. Here we notice that stabil-
ity region is enlarged in case of nanoliquid-saturated porous
medium compared to that in the case of a nanoliquid(without
porous matrix). Thus we conclude that presence of porous
medium has a stabilizing effect on the onset of convection.

The main emphasis of the present paper is on the heat
transport in nanoliquid-saturated porous medium and the
same is quantified in terms of Nusselt number. For different
values of aspect ratio, the Nusselt number is plotted in Figs.
4a and 4b for the two boundary conditions and it can be seen
that the heat transport increases with increase in aspect ratio.
From the plot we may infer that enhanced heat transport in
tall and square porous enclosures is more pronounced com-
pared to that in shallow enclosures.

Figures 4c and 4d are plots of Nusselt number for differ-
ent values of volume fraction, α. The plots show an increase
in the heat transport with increase in α. Figures 4e-4h show
that the heat transport decreases with individual and collec-
tive increases in Λ and σ2. This shows the reduced heat
transport in the presence of porous medium due to the low
thermal conductivity of the medium. Computations reveal
the reduced heat transport situation in nanoliquid-saturated
porous enclosure when compared with nanoliquid confined
in an enclosure without porous matrix.

Figure 5 is the plot of amplitudes in both linear and non-
linear cases for different values of σ2 with Aoi(0) = 0.001.
We observe here that the amplitude curves in linear case is
unbounded and the cubic non-linear term in the Ginzburg-
Landau equation helps in bounding the solution. This nature
of the amplitudes in the Ginzburg-Landau model is inherited
from the Lorenz model.

We know that the difference between KVLM and
MBBM is that the two-phase model incorporates the effects
of thermophoresis and Brownian diffusion. So if we neglect
these effects in the MBBM then we arrive at the KVLM as a
limiting case.

It is pretty clear from Eq. (52) that
(R1)

MBBM
i = (R1)

KV LM
i + R2[M Le − ε2 NA] for the two

boundary combinations. This means that the KVL model
underpredicts the eigenvalue when compared with that pre-
dicted by the MBBM and also that the correction to the KVL
model results is entirely due to the incorporation of Brow-
nian and thermophoresis effects and is independent of the
boundary combination we use.

The results of the problem have possible implication in
heat storage and heat removal systems. Nanoparticles pro-
vide the heat removal mechanism due to their high thermal
conductivity and porous medium helps in the retainment of
energy due to its low thermal conductivity.

5 Validation of Results
Validation of results of the present model is done by

comparing the results of the present model with those of El-
hajjar et al. [36] for rigid-rigid boundaries. Good agree-
ment of the present result with those of Elhajjar et al. [36] is
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Fig. 2: Stability diagrams for water-copper saturated porous medium in shallow and tall enclosures.
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Fig. 4: Plot of Nusselt number, Nu, versus τ∗ for different values of A, α, Λ and σ2.
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observed for the rectangular enclosure(A=0.8688 for water-
copper) with an average % error of 0.0032 for R1 = 5000.
Disagreement of the result of Elhajjar et al. [36] for R1 <
5000 on Nusselt number with volume fraction is because of
their incorrect modelling of specific heat and thermal expan-
sion coefficient. Thermodynamically correct results are ob-

Table 3: Comparison of the results of the paper with those of
Elhajjar et al. [36], for R1 = 5000 in the case of a rectangular
enclosure filled with water-copper nanoliquid with α=0.08.

Quantity Elhajjar et al. [36] Present paper % error

Nu 1.5186 1.51865 0.0032

tained in the present study with the redefined definition of
specific heat and thermal expansion coefficient as in Eq. (7).

Since the solution (34) is an approximate one, the
Rayleigh number in Eq. (52) with i=2 is approximate too.
To gain confidence in the approximate values of critical
Rayleigh number in case (ii), we obtained the same by the
shooting method. The maximum percentage error for all pa-
rameters’ combination was found to be 2.18%. The results
of linear stability are thus quite accurate in this case also.
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6 Conclusion
1. Addition of nanoparticles into the system effectively in-

creases the thermal conductivity. Thus, a base liquid
with nanoparticles can serve as a coolant.

2. Presence of porous medium reduces the thermal conduc-
tivity of the system. Thus, porous medium can act as a
heat storage system.

3. The following conclusions on the parameters’ influence
on onset of convection, (R1)

S
i , have been arrived at

using Eq. (52) and stability diagrams given in Figs. 2
and 3 . The corresponding ones on heat transport, Nu,
can be seen in the Nusselt number plots of Figs. 4.

(a)
d

dα
(R1)

S
i < 0 ⇒ d

dα
(Nu) > 0;

d
dA

(R1)
S
i < 0 ⇒

d
dA

(Nu)> 0

(b)
d

dΛ
(R1)

S
i > 0 ⇒ d

dΛ
(Nu) < 0;

d
dσ2 (R1)

S
i > 0 ⇒

d
dσ2 (Nu)< 0

(c)
d

dR2
(R1)

S
i < 0 ⇒ d

dR2
(Nu)> 0;

d
dLe

(R1)
S
i > 0 ⇒

d
dLe

(Nu)< 0;
d

dNA
(R1)

S
i > 0 ⇒ d

dNA
(Nu)< 0.

4. Oscillatory convection is not possible.
5. (R1)

F
i < (R1)

S
i . This confirms the existence of subcriti-

cal motions.
6. KVL single-phase model is a limiting case of MBB two-

phase model.
7. The assumption of unicellular convection is valid only

for the aspect ratios ranging between 0.85-2.05 in the
case of stress-free boundaries and 0.85-1.84 in the case
of rigid boundaries. In the case of aspect ratio taking
values less than 0.85, multicellular convection manifests
and not unicellular as assumed in the paper. The study
for very small A can be made by following the classical
Rayleigh-Bénard analysis (with lateral boundary effects
taken off). Large values of A concern physically unreal-
istic situations.

8. Convective activity is more pronounced in tall enclo-
sures compared to the other two types of enclosures.

9. Computations reveal the following general results:
(i) Nunl > Nu and (ii) Nu > Nuble f f .

10. Non-linear term in the Ginzburg-Landau equation en-
sures a bounded solution.
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Nomenclature
Latin Symbols
A aspect ratio
c effective specific heat capacity(J/[Kg-K])

C concentration of nanoparticles(Kg)
DB modified Brownian diffusion coefficient(m2/s)
DT modified thermophoresis diffusion coefficient(m2/s)
dnp diameter of nanoparticles(m)
Ei,Fi amplitudes of non-linear convection(m)
g=(0,0,-g) acceleration due to gravity(m/s2)
k effective thermal conductivity(W/[m-K])
K permeability(m2)
KB Boltzmann constant(J/K)
Le Lewis number
M ratio of specific heats
NA modified diffusivity ratio
Nu Nusselt number
P dynamic pressure(Pa)
Pr modified Prandtl number
q velocity of the nanoliquid(m/s)
R1, R2 thermal and concentration Rayleigh number
t dimensional time(s)
T dimensional temperature(K)
u, w horizontal and vertical velocity components(m)
Xi,Yi,Zi amplitudes of linear convection(m)
Xi0 ,Yi0 ,Ei0 infinitesimal amplitudes of convection(m)
x, z dimensional horizontal and vertical coordinates
X, Z dimensionless horizontal and vertical coordinates
Greek symbols
α volume fraction(0≤ α < 1)
β1 effective thermal expansion coefficient(1/K)
β2 effective solutal analog of β1(1/Kg)
χ effective thermal diffusivity(m2/s)
∆ difference between values

µ effective dynamic coeffecient of viscosity(Kg/[m-s])
Λ Brinkman number
φ porosity(0 < φ≤ 1)
ψ dimensional form of stream function(m2/s)
Ψ non-dimensional form of stream function
ρ0 effective density(Kg/m3)
σ2 porous parameter
Φ, Θ dimensionless concentration and temperature
τ dimensionless time
Subscripts and Superscripts
b basic state
bl, ble f f base liquid and effective base liquid
c critical
i=1, 2 free-free and rigid-rigid boundaries
nl, np, pm nanoliquid, nanoparticle, porous material
0 at reference value
F, S finite and small amplitudes

Appendix
Justification for neglect of viscous dissipation term in the
energy equation

Now consider the energy equation including the viscous
dissipation term

M
∂T
∂t

+(~q ·∇)T = M χ ∇
2T +

µnl

φ(ρ0c)nl
(∇~q)2. (A1)
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To find the effect of viscous dissipation term, we make use
of order of magnitude analysis:

µnl

φ(ρ0c)nl
(∇~q)2 ∼ µnl

φ(ρ0c)nl

U2

h2 , (A2)

where U is the non-dimensional form of velocity. In natural
convection the viscous force will be balanced by the buoy-
ancy force(terms of µ∇2~q and ρ~g in the linear momentum
equation). Thus,

µ
U
h2 ∼ ρ0gβ1Θ. (A3)

Making use of Eq.(A3) in Eq.(A2), we obtain

µnl

(ρ0c)nl

1
φ
(∇~q)2 ∼ ρ0gβ1ΘU. (A4)

Hence the ratio takes the form

µnl(∇~q)2

φ(ρ0c)nl (~q ·∇)T
∼ ρ0ghβ1φ1.5

(ρ0c)nl
. (A5)

For water, water-copper nanoliquid and water-copper satu-
rated 30% reinforced polycarbonate glass fiber, the above ra-
tio is of the order 10−10. Thus the viscous dissipation term
has been neglected in the analysis.
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