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Abstract

The consequences of local thermal non-equilibrium (LTNE) on both stationary and oscil-
latory weak nonlinear stability of gravity-driven porous convection in an incompressible
fluid-saturated rotating porous layer are investigated. A stability map is drawn in the Darcy—
Taylor and scaled Vadasz number plane to demarcate the regions of stationary and oscillatory
convection, and thereby, co-dimension-2 points are determined. It is found that the effect of
increasing interphase heat transfer coefficient is to enhance the region of stationary con-
vection and decrease the region of oscillatory convection. The complex Ginzburg-Landau
equations are derived using the multi-scale method, and pitchfork and Hopf bifurcations
occur at stationary and oscillatory critical Darcy—Rayleigh numbers, respectively. The linear
and nonlinear oscillatory neutral curves are illustrated, and at the quartic point, the transition
from supercritical to subcritical bifurcations is identified for the governing parameters. The
impact of LTNE model is to enhance the region of forward bifurcation and post-transient
amplitude compared to LTE case. Heat transfer is obtained in terms of Nusselt number for both
stationary and oscillatory convection. The region of enhancement in heat flux for oscillatory
convection in the smaller scaled Vadasz number domain with increasing Darcy—Taylor num-
ber increases with increasing interphase heat transfer coefficient and the porosity-modified
conductivity ratio.

Keywords Nonlinear convection - Local thermal non-equilibrium - Porous medium -
Rotation
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d Depth of the porous layer

g Gravitational acceleration

H Non-dimensional interphase heat transfer coefficient, hd? / ekg
h Interphase heat transfer coefficient

K Permeability of the porous medium

k Thermal conductivity

P

r Prandt]l number, v / Kf
Rrp  Darcy-Rayleigh number, Srg(T. — Tu)Kd [ vire
T Temperature
Ta Darcy-Taylor number, (2£2 K / ve)?
t Time

Va Vadasz number, Pre / Da
Xx,¥,z Space coordinates

Greek Symbols

Ratio of diffusivities, xt/ ks

Thermal expansion coefficient

Scaled Vadasz number, Va/ 72

Porosity

Porosity-modified conductivity ratio, kg / (1 — &)ks
Thermal diffusivity of the fluid, k¢ / (pC)¢
Thermal diffusivity of the solid, kg / (pC)s
Dynamic viscosity of the fluid

Kinematic viscosity of the fluid, (u / 00)
Angular velocity (0, 0, £2)

Frequency

Stream function
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1 Introduction

Buoyancy-driven convection in a fluid-saturated porous medium with a local thermal non-
equilibrium (LTNE) model where the fluid temperature differs from the solid temperature is
aninteresting topic of research and studied extensively (Banu and Rees 2002; Malashetty et al.
2005a, b; Rees and Pop 2005; Straughan 2006, 2010; Rees 2010; Lee et al. 2011; Saravanan
and Sivakumar 2011; Barletta and Rees 2012; Straughan 2013; Celli et al. 2013; Barletta and
Rees 2015). The gargantuan literature existing on this topic is well documented in the books
by Nield and Bejan (2017) and Straughan (2015). The reasons for the increased attention of
LTNE effects are numerous applications in real life. For example, there are applications in
tube refrigerators in space, in fuel cells, in processing composite materials, in nuclear reactor
maintenance, in heat exchangers, in biological tissue analysis, in flow and heat transfer in
porous metallic foams and in convection in stellar atmospheres (for details see Straughan
2013 and references therein).

Thermal convective instability in a fluid-saturated porous medium under the rotational
effects is in itself an interesting topic, and by adopting a local thermal equilibrium (LTE)
model, the problem has been studied extensively (Palm and Tyvand 1984; Vadasz 1993a, b,
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1994, 1996, 1998; Straughan 2001; Vadasz and Govender 2001; Govender 2003; Malashetty
et al. 2007; Saravanan 2009; Falsaperla et al. 2010; Capone and Rionero 2013). In his sem-
inal paper, Vadasz (1998) compared the results of thermal convection in rotating porous
media with the analogous results of non-porous domain and unveiled the existence of over-
stable solutions without limiting the scaled Vadasz number. The importance of the paper by
Straughan (2001) lies in performing a global nonlinear stability of rotating porous convection
and the inclusion of a time derivative term in the extended Darcy equation, a practice moti-
vated by Vadasz (1998). Furthermore, the importance of a dimensionless group (¢ Pr/Da,
where ¢ is the porosity of the porous medium, Pr is the Prandtl number and Da is the Darcy
number) was realized by Vadasz (1998) in his study and Straughan (2001) named the group
as the Vadasz number. The Vadasz number is found to be of order unity for some modern
porous media applications such as fractured porous media, and hence, the acceleration term
cannot be ignored in those situations.

The analysis of LTNE effects on rotating porous convection is of recent origin. Straughan
(2006) was the first to investigate the effect of rotation on thermal convection in a porous
medium using a LTNE model and demonstrated the equivalence of the linear instability and
nonlinear stability boundaries through the energy approach. Both thermal and mechanical
anisotropies of the porous medium on the onset of convection in a rotating porous layer are
discussed by Govender and Vadasz (2007), under LTNE effects. Malashetty et al. (2007)
discussed linear and weak nonlinear stability analyses of thermal convection in a rotating
fluid-saturated porous layer considering LTNE model, while Malashetty and Swamy (2007)
and (2010) extended this problem to consider the effects of anisotropy and sparseness of
the porous medium using the Brinkman-extended Darcy equation, respectively. Thermal
convective instability in a layer of Darcy porous medium subject to alternating direction
of centrifugal body force, when the layer fails to exhibit thermal equilibrium, is dealt by
Saravanan and Brindha (2013), whereas Capone and Gentile (2018) studied the effect of a
uniform rotation on linear and nonlinear thermal convection in an anisotropic porous medium
with LTNE model by ignoring the time derivative in the velocity.

Nonetheless, it is intriguing to examine the effect of LTNE on nonlinear steady and oscilla-
tory rotating Darcy—Bénard convection and to bring out anomalous results, if any, compared
to LTE model, by including the time derivative in the velocity. In the present study, the analy-
sis of Vadasz (1998) is extended to carry out this task. The stability of bifurcating equilibrium
solution is studied by deriving the Ginzburg—Landau equations for both steady and oscilla-
tory motions. Following Rees (2009), the nonlinear oscillatory solution curves are compared
with the linear oscillatory ones to know the existence of subcritical/supercritical bifurcation
and thereby quartic points (i.e. where the nonlinear oscillatory neutral curve branches off the
linear curve) are located for considered governing parameters. Besides, heat transfer for both
stationary and oscillatory convection is analysed in terms of Nusselt number.

2 Governing Equations

We consider an incompressible Boussinesq fluid-saturated horizontal layer of Darcy porous
medium of thickness d. A rectangular Cartesian coordinate system (x, y, z) is chosen such
that the origin is at the bottom of the porous layer and the z-axis is measured vertically
upward. The gravity is acting in the negative z-direction. The porous layer rotates uniformly
about the z-axis with constant angular velocity ?2) and also assumed to be in LTNE. The
fluid temperature 7t and the solid temperature 7 are maintained at constant temperatures
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T, and Ty at the lower and upper boundaries, respectively. The flow in the porous medium
is described by the modified Darcy law including the time derivative and the Coriolis force.
The basic equations are:

V. 5 =0, (1)

po 9q B U /T
—— =—=Vp+poll = Br(Tt —TL)lg — — (2 x q) — —q, 2)

e ot & K
d7; R
a(pc)fa—f +(pO)e(G - V)Tt = ekeV2Tr + h(T, — Tp), 3)
a7

(1- e)(pc>sa—; = (1 — &)ks V2 Ty — h(Ts — Ty), )

where g = (u, v, w)is the velocity vector, g is the gravitational acceleration, p is the pressure,
wr is the fluid viscosity, K is the permeability of the porous medium, ¢ is the porosity of
the porous medium, c is the specific heat, 4 is the interphase heat transfer coefficient, k¢
and k; are the thermal conductivities of fluid phase and solid phase, respectively, Bt is the
coefficient of thermal expansion and py is the reference density.

The above equations are subject to the following boundary conditions:

Gk=0atz=0,d, Tr=T,=T atz=0, Tr=T,=Tyatz=d. 5)
The basic state is quiescent and given by

b =0, pr(2) = po — pogz — pofrg(Ti, — Tu)z?/2d,
Tw(z) = TL — (T — Tu)z/d = Tep(2). (6)

The basic state is perturbed in the form
d=a+qG, p=pp@+p, Tt=Tp@+T{, Ts=Tp@)+T, @)

where the primes denote the perturbations over their equilibrium counterparts. Substituting
Eq. (7) into Egs. (1)—(4), using Eq. (6), eliminating the pressure term from the momentum
equation by operating curl once, defining a two-dimensional stream function ¥'(x, z, t) in
the form

W =y /dz, w = —dy’/dx, ®)

and using d, k¢/(pc)ed and T1, — Ty to scale length, velocity and temperature, respectively,
we obtain finally the governing stability equations in the non-dimensional form as follows
(after neglecting the primes):

9 1 2V2+T Gl o= —Rip( L +1)2 )
9 P A 1)
T 3972 ™ o7 dx
» oy
Va— V24 H\Ts— HT, = -2 4 J(y, Ty), (10)
it 0x
0 2
aVas— = V> +yH |~y HTr = 0. (11)
T

Here, Va = VSdZ/KfK is the Vadasz number, Rtp = frg(TL — TU)Kd/ vige is the
Darcy—Rayleigh number, Ta = 22K / ve)? is the Darcy—Taylor number, o = k¢ / ks 1s the
ratio of diffusivities of fluid phase to solid phase, y = ks / (1 — &)k is the porosity-modified
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conductivity ratio of fluid phase to solid phase, H = hd? / eks is the non-dimensional inter-
phase heat transfer coefficient, t = (Va)t, J(.. , ..) stands for the Jacobian with respect to
xand z and V2 = 32/9x% + 32/972.

The boundary conditions are:

Yv=Ttr=T;,=0atz=0,1. (12)

3 Weak Nonlinear Stability Analysis

To perform the weak nonlinear stationary and oscillatory stability analyses, multi-scale
method adopted by Vadasz (1998) is used. The Ginzburg-Landau equations are derived
and the stability of bifurcating equilibrium solution is analysed. Moreover, heat transfer is
calculated in terms of Nusselt number.

3.1 Stationary Convection

To continue with the analysis, it is advantageous to write the governing equations in the
operator form

LiE=0, Ll=JW,Tp), L3l =0, (13)

VE 2 92 9 ?
Li=|(—+1) V24Ta— ,Rrp[ —+1)—,0],
! <8r ) 7522 TD(ar >8x :|

where

[ d 2
Ly=|—,x— —V?>+H,—H|,
Lox "~ ot

)
Ly = 0,—)/H,otx—a - V2+yH:|,
T

=y, T T

The dependent variables are expanded as a series involving different powers of a small
parameter ¢ in the form

1 2 3
W, Tr, Tl = oLy D, TV, T+ 921y @, 12, TP1+ ¢y @, 1, TP+ -+, (14)

where ¢ = (Rtp/ Rrp,, — 1)1/ ? and it provides the expression for the Darcy—Rayleigh
number. A slow timescale T = ¢?¢’ is introduced to avoid exponential growth rate and to get
finite amplitude solutions, and also, a slow space scale is introduced in the form X = ¢x, to
obtain finite bandwidth of modes. Substituting Eq. (14) as well as slow time and space scales
into Eq. (13) and equating terms containing powers of ¢ provide a system of linear partial
differential equations at every order.

The following system of linear partial differential equations is obtained at the first order

in ¢:
L =0, L% =0, L =0, (15)
where

T
e 1
b=y 1" 1]
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LS = | V24T kil Rip-> .0
= a s , ,
! 322" Py
3
LYY = [—, —V2+H, —H],
ox

L =[0,—yH,-V?+yH].

Eigenparameters of the steady convection corresponding to linear instability theory deter-
mine the first-order solution (i.e. the solution of Eq. 15) in the form

w(l) — (Aleiax + ATefiax) sin 7z,
Tf(l) = (Blei“x + Bi‘e_i“x) sinmz,
T = (cle"”x + c;‘e—"”) sinz. (16)

The eigenvalue for the steady convection is found to be

RGO _ [ Hi . 1} (m+1)2 . Ta(m+1) an
- (Hiy +m+1) m m ’

where m = a?/n%, R = Rrp/n%,8 = Va/n? and H, = H /7>, Equation (17) coincides
with Malashetty et al. (2007) and with Vadasz (1998) when H; = 0.
Amplitudes at the first order are related in the form

B, — —iml/z(p0+H1y)A1 = —iml/zHlyAl
7p®(p® + Hy + Hyy) 7pO(p° + Hy + Hyy)
e 1/2(,0 " 12 .
im + Hiy)A HiyA
Bik _ (p l)/) 1 CcF — m 1Y A (18)

s 1 s
npo(p0+H1+H1y) npo(p0+H1+H1y)
where p® = 1 + m. The undetermined amplitudes A; and A7 are determined by using the
solvability condition on the third-order system of linear partial differential equations.
The system of equations at the second order in ¢ is written in the form

- - S0
L(lsoé“z = G2, Lgs%z =G, L§ V% = G, (19)

where

, T 3 oy ar')
;2 = [W(2)7 Tf(Z)v Ts(z)] ) G2l = _27 vj R f

X ax Py
)] 1) 1) €Y 1) €Y ()
0 oT; 0 d a7, d a7, 0 0T,
Gy=-2——~1—+ v £, v L Gu=-2—_-—u.
0X 0x 0X Jdx 0z dz  0x 0X 0x

The terms G21, G2z and G33 stand for the inhomogeneous part, which are evaluated by
using the known solutions obtained at the first order in ¢. The complete solution at the second
order contains two parts, namely the complementary function and the particular integral. The
complementary function resembles the solution obtained at the first order, and the particular
solution is calculated by decoupling the equations (i.e. to get a single equation).
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The complete solution at the second order in ¢ is obtained as follows:
P = (A6 + A3 ) sinrz,
m(p®+ Hiy)(4+yH)
24+ Hi(1+y)p°(p° + H + Hiy)

my H\ (PO +Hyy)
24+ Hi(1+y)p°(p°+ Hi + Hyy)

Tf(z) = (Bzei“x + Bi%:”"”) sinmz — A AT sin 2z,

T? = (Czei” + Ci*e”'“)‘) sinmz — A1 AT sin2mz.
(20)

The amplitudes at the second order are related as similar to Eq. (18), i.e. as similar to the
relationship between the first-order amplitudes.
The system of equations at the third order in ¢ is

Sty St) 2 St) 2
L =Gy, L% =G, LS5 =G, 1)

where

- 3 T
&= 10,19

3 ay® 2y g (o1
Gyl=2———F— — — 2*( 21/[(1)> - RTD"ETL’ f

X ox ax? at dx

-1  _ Rmp.——
ox P T5x
M @ 2p® 2 1 47@ D a7@
ofy |, 0 0T 0T +a¢<>_aw<>an +8w()an

at 0X 0x X2 X 0x 0z 0z 0x
ay@ an(]) . Y@ an(]) g™ an(l) . g™ 3Tf(1)
dx 0z dz  0x 0X 0z dz  0X
S — S +oy S .
0X 0x ax? at

The inhomogeneous terms G31, G3> and G33 include the solutions obtained at the previ-
ous orders. The equations at the third order in ¢ are the inhomogeneous version of equations
at the first order in ¢. This enables us to find the first-order amplitude solutions. To derive
the solvability condition, first we reduce the linear system at the third order in ¢ into a single
equation (decoupling) and evaluate the inhomogeneous terms by using the known solutions
obtained at the previous orders. The relevant inhomogeneous terms to obtain the solvability
condition will include the eigenfunctions corresponding to the homogeneous operator with
homogeneous boundary conditions. The resulting differential equation obtained by decou-
pling is made solvable by equating the coefficients of ¢/** sin 7wz and e~** sin 7z to zero
in relevant inhomogeneous terms. Hence, the solvability condition is obtained as a partial
differential equation in the form

IA A Pm?

QIE - QZW = TQ3($gt — AA")A, (22)

G =y

)

where

A=¢A;, A" = ¢AT,
Ly o

0 = 5{ch§°{H%m6y — (P°+ Hiy)p°(P° + Hi(1 + )}
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2 3 2
+m8RSV(pO + Hyy)” +2p% (p°+ Hy(1 + 7)) }
2 02 2
02 =mRGVHEy + (p° + Hi(1 +v)) p” +mREY (p° + Hiy)",

2
0 R (p* + Hyy) (4 + Hyy)
T @+ H(1+y)

20°(p° + Hy(L+ ) (p+ Hyy )+ Hi (14 7)) (R = REY)

S 2
mRSY (PO + Hiy) (4 + Hiy)

’

St
g =

Equation (22) is known as the Ginzburg-Landau equation for the steady case in which
original time and space scales have been reintroduced. When H; = 0, Eq. (22) reduces to

02 —m)+ms]aA  ,32A  w*m?[2p°( R
Mi_poiznm Pl q)-aat|a @3
8 at ax2 2 | m \R®Y

and coincides with the one obtained by Vadasz (1998). In the Ginzburg-Landau equation,
the diffusion term will appear due to the introduction of slow space scale. By neglecting the
diffusion term in Eq. (22), we arrive at the following ordinary differential equation:

QdE_ﬂ2m2
Y& T8

03(&s — E?)E, (24)

where E = 2i A and &gy = 45&. Equation (24) provides steady-state amplitude solution in
the form

. 25
+(&s)'/? VR = RSV =

B {0 VR < RSV
From Eq. (25), it is observed that the pitchfork bifurcation occurs at RérSt). (i.e. the local
bifurcation in which the transition of the system from one fixed point to three fixed points
occurs).
The relaxation time Q1 > 0 when § > (St(St) and negative when § < (sto, where

A +mEN1 +mS 4 Hly){l +mS 4+ H (1 + y)][Ta —a +m§§‘))}

(S,(Sl) _ S S . (26)
(Ta+1 +m§rt)){H12ay +(1+m&" + Hly)2}
and note that 8,(50 > 0 provided Ta > (1 + mg‘)).
. (St) Y ) )
When H; = 0, Eq. (26) gives §;” " = (1+Ta) 2—71—1and8, >0forTa >3

(1+Ta) /2
which coincide with Vadasz (1998).

The heat transfer is obtained in terms of thermal Nusselt number. The average Nusselt
number for stationary convection is defined as

27/ acr)

N = ! (—9Tr/dz)dx | . 27)

N -
u (27‘[ / acr)
z=0
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Substituting the steady-state amplitude solution corresponding to stationary convection
in the absence of slow space scale yields the average Nusselt number for the stationary
convection in the form

o (SY _ R

cr

3.2 Oscillatory Convection

The solution procedure is similar to that of the previous case. Here, two slow timescales are
allowed in the form v = ¢>¢/, 7o = ¢’ and again the short time ¢’ is rescaled as i = wot’
where wg = w¢r (Vadasz 1998). Amplitude fluctuations are studied by using the short time
t'. Substituting Eq. (14) with slow timescales expansions and slow space scale X = ¢x into
Eq. (13) provides the linear system of partial differential equations at o(¢) in the form

L(]Osc)zl 0. L 2(Osc) ;;1 -0, L§0sc) 21 —0, (29)
where

] . i
o0 3 , 5 3

L9909 — | (woL +1) V24 Tal R 2 1)L 0],
‘ (“’Oat ) ‘922 TD“(”‘)az )ax

©so) _ [ 9 I
L =|—, wop— — V +H,—H s
2 o A %; ]

i 9
L9 = |0, —yH, x5z = V2 + yH],

. T
&= [I/f(l), Tf(l), Ts(l)] ,and ¥ is written as
yh = (Ale"(““’) + Bret (@1 4 pgremi(ax+) 4 Bi"e‘i(tl)C—D) sinwz,  (30)

which stands for a travelling wave solution by the amplitudes A1 (7o, T, X) and Bj(79, 7, X).
It is seen that By = O stands for pure left travelling wave, A; = 0 represents pure right
travelling wave and the standing waves (i.e. velocity becomes zero) are categorized by A| =
£B; or A| = £BY. Introducing the symmetry about the axis of rotation at the origin (x = 0)
provides the special type of standing waves (1//(1) = 0) categorized by B = —Aj and B =
—A7; thereby, travelling waves are ignored. By removing the slow space scale, we can avoid
the existence of diffusion term in the Ginzburg-Landau amplitude equation. Introducing
symmetry conditions at the origin and ignoring the slow space scale yield the following
solution at the first order in ¢ that balances the linear theory corresponding to oscillatory
convection:

[w(l), T;l), Ts(l)] = 2[1’ (Alei; — ’fe_”~> sinax, (Ble”' + Bi"e_"t~> cosax,
<C1e”~ + C]"e*"f) cos ax] sinmz. (31)
The eigenvalue for the oscillatory convection is

A +m)(1+m —Sw?) .\ (L+m)H {(1+m)(1 +m+ Hiy) + a8(—Hiy +ad)w*}

R(Osc) —
m m{(1+m+H1y)2+a282w2}
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Ta(l +m +8a)2) HlTa{(l +m)(1+m+ Hyy) +ad(Hyy +a8)a)2}
+

m(1+a)2) * m(l+a)2){(1+m+H1y)2+(x282a)2} ’ (32)
where w?(> 0) is computed from the equation
co(w2)2 +c1 (a)Z) +c =0. (33)
Here,
co = poazéz(po + Hy + 5),
C1:pWOP+H00@°+Hr+HW)+ﬁKﬂﬂ+Hn%hﬁ+HMa+ynﬁ
+ (p + Hl)(po - Ta)a282 + (po + Ta)a283,
2= p(p" = Ta)(p" + Hiy)(p® + Hi + Hiy)
+ (p + Ta)(po2 + Hly(2p0 + Hj(a + y)))&,
where p® = 1 + m. The critical value of R(°% is found by minimizing with respect to

m and checking with Eq. (33) whether w? >0 or not. Since Eq. (33) is quadratic in
there may exist two positive values of w?, then the critical values of RO between the two
positive values of w? are compared, and the least value between them would be considered.
Amplitudes at the order ¢ are found to be related in the form

c —y Hiy/m[8ao{p°(1 + o) + Hi(a + )} +i{p®(p° + Hi + Hiy) — a8w] ]A
1= 0 1
s

ot = —y Hivm[8wo{p°(1 + @) + Hi(a +y)} — i{p°(p° + Hi + Hiy) — a8’} }] pe
=

750 I

—\/r?[&uo{po2 +Hy(2p° + Hy(a +)) +a282w%] +i{p°(p° + Hiy)(p° + Hy + Hiy) + (p° + Hl)azﬁzwé}]

B] = Al»
759
7q/m|:(3a)g{p02 + Hly(Zp“ + Hy (o + y)) +a262w%} — i{po(p“ + Hly)(pU +H + Hly) + (p() + Hl)az(Szw(z)}]
* *
. a9
where

s0 = poz(p0+ Hy + Hly)2 +82a)2[ 282a)0 +p (l +a2) + le(oz +y)2 +2H1p0(a2+y)].

At the second order in ¢, the system of linear partial differential equations is obtained as

0s) 2 0s0) 7. Oso)z.
Lg 7y = Nai, L(z 5 = N, L§ 5 = Noa, (35)
where
9 9 a2V
Not = —2-— (wo—= +1)v2y® — et
21 970 <a)0 of ) v Rrp, dTp0x
Ny = oy a7V _ oy a7 - Xan(l)
ox 0z dz  ox 97
o1d"
N23 = —uy .
81’0

The complete solution at the second order in ¢ contains two parts, namely the complemen-
tary function corresponding to homogeneous part and the particular integral corresponding
to inhomogeneous terms appearing in the right-hand side of Eq. (35). The complementary
function resembles the first-order solution that balances the linear theory. The particular
solutions are determined by removing the unwanted terms pertaining to resonance appearing
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in the form 7 sin(7) sin(ax) sin(rrz) or f cos(?) sin(ax) sin(;rz) . Resonance is prevented by
ignoring the slow timescale 1o, i.e. we set 9A1/d79 = 0. Hence, the complete solution at the
second order in ¢ is represented as

v® = 21’<Age”~ - Aﬁe_ﬁ) sinax sinwz,
Tf(z) = 2<B2ei; + B;‘e_”-) cosax sinmz + (M2 + Mlez"’~ + Mfe_2i5> sin 27wz,
Ts(z) = 2(Cleif + Cike’”) cosax sinmz + (F2 + Frefil 4 Ff*e’zjf> sin2mz, (36)

where

—mHyy(r3+irg) o o, —mHiy(3—irg) 0
Fi = ——————A], Fl =————(47)",
e T T ey
—mHly{pO(pO + Hly)(po + H| + Hly) + (po + Hl)aQ(Sza)(z)}

F, = 0
ws'(4+ Hyy + Hy)

A1A7,

m(ry+iry) 5 * m(ry —ir) 2
M =——F A7, M;i=—"-(A7),
ey My

—m(4+ H1y){p0(p0 + H]y)(po + H + Hly) + (po + Hl)(xzézw%}

My = AAT,
JTSO(4+H1)/ + Hp)

with
_ 2 2 _
p1=2[4+Hi(1+y) —ad’wj], pr=3dwo[4(1+a)+Hi(a+y)],
ri = Gwoap — @4+ Hiy)posoo | p” + Hiy (2p° + Hi(e + 7)) +a?6%} |
+ Qadwopy + p1(d+ Hiy){p°(p° + Hiy) (p° + Hi + Hiy) + (p° + Hi )82 w5},
= {Swoapt — @+ Hiy) p}{p°(p° + Hiy ) (p° + Hy + Hiy) + (p° + H) )82}
— Swo{2adwopr + p1(4 + Hly)}{po2 + Hly(2p0 + Hi(a + )/)) + a282w(2)},
r3 = pzéwo{poz + Hly(ZpO + Hi(x + )/)) + a252w%}
= pi{p°(p° + Hiy)(p® + Hy + Hiy) + (p° + Hi)o?8% w5},
r4 = pz{po(po + Hly)(po +H + Hly) + (p0 + Hl)aZSZa)(Q)}
+ 17150)0{1702 +Hyy(2p° + Hi(a+y)) + 06252(1)(2)].

The relation among the amplitudes is similar to Eq. (34).
At the third order in ¢, the system of partial differential equations is provided in the form

Osc) 2 Osc) 2 Osc) 2
L(l SC)Q = N3, L(Z SC)Q = N33, Lg 50){3 = Ns3, 37

where

) or” o [(or?\ o (o1
N31 = —Rmp, | |wo= +1 +— +—
at ax dtg \ Ox ot 0x

2 /s 3 3 3 d
—— (VYD) —2—(wo—= + 1)V ?® =2 —(wy— + 1 | V2yD,
arg( v ) aro(w"ar ) v o7 \ 0% v
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)

@) ) ) a7@ 1) 4@ 2) ap(D) 2) ag(1)
aT, aT, ay D arT Ay aT, Ay @ aT, Ay @ aT,
N%2:_X<f+f)+w W ay@ar  oy® oty

AN aT dx 0z dz  dx 0x 0z 0z 0x
3Ts(2) BTS(I)
Nss ==\ ot e )

The system of equations at the third order in ¢ is converted into a single equation as

{(Xwoi — Vz) <oz)(cu03~ —V24 yH) + H(oc)(a)oi~ — V2>}
at a ot
X {<<woa~ + 1) V2+Ta— )}W”
ot 972

R 9 +1 9 V2+yH @y = NHT (38)
D\ 057 HH0BE YR ) T T

where NHT represents the inhomogeneous terms which include the known solutions obtained
at the previous orders. The system of linear partial differential equations obtained at the order
¢> will be the inhomogeneous version of the linear system determined at the order ¢. To
make Eq. (38) solvable, we equate the coefficients of the inhomogeneous terms associated
with resonance to zero to get the solvability condition in the form of following ordinary

differential equation
dA
i [h2160sc — h31AAY]A, (39)

where

R . .
A=¢Al, A* = AT, bose = 97 = |:R(OS°) - 1:|,h21 = hY, +ima1, h3y = h3 +im3;.

cr

The expressions for coefficients h21 , Moy, h31 and m31 are too lengthy and are not pre-
sented here. It is important to note that the coefficients h21, moy, h2 | and m3; are functions
of Hi,a,y, Ta, R(OSC) 8, wo and the scaled horizontal wavenumber m. Equation (39) rep-
resents the Ginzburg—Landau equation for the oscillatory case in which the original timescale
t = '/ x has been employed. To study the amplitude fluctuations and frequency results, the
complex amplitude A and its conjugate A* are written in the exponential form as

A =re? and A* = re”?, withr = |Al,and AA™ = 2. (40)

Substituting Eq. (40) into (39) yields a coupling of two differential equations that corre-
sponds to absolute value of the amplitude as well as frequency (phase) as follows:

dr
h?za = [Eose — W31 ?]r, 1)
do
P ma1Eose — m31r?, (42)

where 79, = 1/h9; and hY, = hY,/hY,. The stability of bifurcation is analysed based on
the coefficient of the nonlinear term /3,. The positive values of hgz correspond to forward
(supercritical) bifurcation, and the negative values of ho2 correspond to inverse (subcritical)
bifurcation. The point at which h 3, changes sign is recognized as the transition point from
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supercritical to subcritical motion. For the extremely critical values of R, at the steady state
(post-transient state) Eq. (41) yields the solution for r as follows:

0 VR < R .
= 1/2 sc) *
£[(1/1)0e] " VR = RE
By using Eq. (40), the steady-state (post-transient state) amplitude solution is provided as
1/2
A = £[(1/ h)Eos] e (44)

Equations (31) and (44) (i.e. post-transient state amplitude solution and the first-order
solution) reveal the existence of Hopf bifurcation in the case of oscillatory convection. Hopf
bifurcation is a local bifurcation in which a fixed point of a dynamical system loses stability,
as a pair of complex conjugate eigenvalues of the linearization around the fixed point crosses
the complex plane imaginary axis.

Substituting Eq. (43) into Eq. (42) gives an expression for the frequency in the form

. do
0= a Eose[ma1 —m31(1/ h3,)]- @

4 Heat Transfer

The heat transfer is studied in terms of Nusselt number. The average Nusselt number for
nonlinear oscillatory convection is defined as

@7/ wo) 27/ acr)

——(Os0) 1 (—0Ty/0z)dxdt | . (46)

Nuy N (27t/acr) (271/0)())

Substituting the post-transient state amplitude solutions corresponding to nonlinear oscil-
latory convection in the absence of slow space scale yields the average Nusselt number for
the oscillatory convection in the form

W(OSC) — l
N 2m(4 + Hly)(l/hgz){po(po + Hly)(po + Hp + Hly) + (po + Hl)azéza)é}éosc
4+ Hi(1+7y))s° '

0 z=0

VR > RO (47)
When H; = 0 (LTE model), Eq. (47) yields
0 0
(O 2mp-(1/h R
Nup 9 =1+ 02( /2 322) o —|s YRz R (48)
(p¥" +8%awpy) o

and coincides with Vadasz (1998).

5 Results and Discussion

The effect of local thermal non-equilibrium (LTNE) on weak nonlinear stability of both
stationary and oscillatory porous convection in a rotating fluid-saturated porous layer is
investigated. By employing the multi-scale method, the Ginzburg—Landau amplitude equa-
tions are derived specifying the pitchfork and Hopf bifurcations to the cases of stationary and
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oscillatory finite amplitude convection, respectively, at their corresponding critical values of
the Darcy—Rayleigh number.

Since the weak nonlinear stability analysis is based on the linear instability analysis,
some additional results are given. Figure 1a—c shows the stability maps in the (§, 7'a)-plane
demarcating the regions of stationary and oscillatory convection for LTE and LTNE cases
corresponding to some specified values of the parameters. By introducing local thermal
non-equilibrium, we can decrease the co-dimension-2 points and the region of oscillatory
convection with the increase in the region of stationary convection in the (§, 7 a)-plane. The
region below the continuous curve corresponds to oscillatory convection and the above it rep-
resents the stationary convection. Also, limit of possible oscillatory convection is identified
by dotted line, while the continuous curve shows the limit where stationary and oscillatory
critical Rayleigh numbers are the same identifying to co-dimension-2 point (i.e. point of inter-
action of stationary and oscillatory modes). Below the dotted curve and above the continuous
curve, oscillatory convection can occur but it does not happen since Réft) < Ré?sc). AsLTNE
parameters H (= 0, 100), (= 0, 1) and y (= 0, 5) increase, the region of stationary convec-
tion enhances, while that of oscillatory convection decreases and also the co-dimension-2
points as well.

The Pitchfork bifurcation occurs at stationary critical Darcy—Rayleigh number in the case
of nonlinear stationary convection. Figure 2 presents the variation of stationary amplitude
at Pitchfork bifurcation with scaled Darcy—Rayleigh number for LTE and LTNE cases for
different values of Darcy—Taylor number Ta (= 70, 100, 130). For a fixed value of Ta,
there exists a transition value of the scaled Darcy—Rayleigh number, denoted by R, at
which the amplitudes of Pitchfork bifurcation for both LTE and LTNE cases will be equal
when R > Rgt). Besides, the amplitude of Pitchfork bifurcation at R > Rgt) for the LTE
case is larger than that of LTNE case when R < R, while the trend gets reversed for
R > R°.

Heat transfer corresponding to nonlinear stationary convection is evaluated in terms of
thermal Nusselt number and shown in Fig. 3a—d. These figures unveil the variation of aver-
age thermal Nusselt number as a function of scaled thermal Darcy—Rayleigh number R
for different values of parameters. The average thermal Nusselt number decreases with
Ta(= 50,75,100) at a fixed value of the scaled Darcy—Rayleigh number, indicating the
retarding effect of rotation on heat transfer. An increase in the value of y(= 0, 5, 10) is to
increase the heat transfer while increasing H(= 0, 50, 100) produces an opposite effect on
heat transfer. In conclusion, LTNE produces retarding effect as well as accelerating effect
on heat transfer in the case of stationary convection in opposition to the local thermal equi-
librium wherein only retarding effects are observed on heat flux for stationary convection as
in LTE case stationary Rayleigh number depends only on Darcy-Taylor number Ta and it
produces retarding effect on heat flux but in LTNE case stationary Rayleigh number depends
on Darcy—Taylor number T a and LTNE parameters H, y where Ta and H decrease heat flux
while y enhances the heat flux. Therefore, with LTNE effects, heat transfer corresponding
to stationary convection is decreased compared to LTE case.

The positive and negative values of nonlinear amplitude coefficient hgz appearing in the
Ginzburg-Landau equation refer to forward and inverse bifurcations, respectively. There
exists a point at which the sign of h(3)2 changes, called transition point from supercritical
to subcritical convection. Figure 4 shows the variation of hgz as a function of § for LTE
(Ta =40, H =0, =0 = y)and LTNE (Ta = 40, H = 30, « = 0.5, y = 0.8)
cases. It is seen that there exists a maximum value of §, dmax = 6.66305 for the LTE and
dmax = 7.8862 for the LTNE models, reliable with the condition w% > 0 for the considered
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Fig. 1 The stability maps on the (8, T'a)- plane showing the division of the plane into zones of stationary and

oscillatory convection
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Fig. 2 Stationary amplitude at 45
Pitchfork bifurcation versus
scaled Darcy-Rayleigh number
for different values of Darcy - 40r
Taylor number

35¢

3.0

25k

)
¢ g',A Ta

2.0+

L.5F

1.0

0.5

H=50,y=2
0.0 L L L
80 160 240 320 400
R

set of values. Hence, it is evident that forward bifurcation exists for § < §;, where §; is
the value of § corresponding to transition point from supercritical to subcritical motion and
inverse bifurcation for §; < § < dmax. Moreover, there exist a point at which h(3)2 diverges
called the co-dimension-2 point and at least one point in the region § > dmax at which the
sign of hgz changes that corresponds to the non-oscillatory region (i.e. wé < 0).

When hgz = 0, it marks a transition between supercritical and subcritical convection. For
this purpose, following Rees (2009), the linear and nonlinear oscillatory neutral curves are
illustrated in Fig. 5a—f reliable with the condition a)(z) > (. For each wave number, the dashed
curve corresponds to the least value of the Darcy—Rayleigh number for which weak nonlinear
convection occurs and the linear stability curve (continuous curve) lies above it. For wave
numbers higher than that given by the point labelled (B), the nonlinear solution bifurcates
supercritically while for lower values of wave numbers the bifurcation is subcritical. The
point at which the nonlinear neutral curve branches off the linear neutral curve is termed as
quartic point; a terminology used by Rees (2009). The quartic point increases with increased
values of Ta = 40 and 70 (Fig. 5a,b), H = 0 and 50 (Fig. 5c,d) and @« = 0 and 1 (Fig. 5e),
while it decreases slightly with increasing = 0 and 5 (Fig. 5f). Values of RO and m!/?
corresponding to the labelled points [i.e. (A), (B) and (C)] in Fig. Sa—f are listed in Table 1.
The labelled points (A), (B) and (C) in Fig. 5a—f represent the minimum of linear curve,
quartic point and the minimum of nonlinear curve, respectively. When the initial disturbance
is sufficiently large, nonlinear oscillatory solutions exist for the minimum value of Rayleigh
number less than that of the minimum value of linear oscillatory solution.

Figure 6a—c displays the variation of §; and émax with T'a for LTE case as well as LTNE
case. From Fig. 6a—c, itis unveiled that there exists a transition value of Darcy—Taylor number,
denoted by Ta® (corresponding value of § is denoted by §°), at which §; = max = 6. We
can observe that 8, < Smax for Ta > Ta® and 8; > Smax for Ta < Ta®. The significance
of the existence of transition value of the Darcy—Taylor number T'a is to produce forward
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Fig. 3 Variation of steady case Nusselt number with scaled Darcy-Rayleigh number R
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Fig. 4 Variation of nonlinear term 2.0
coefficient h(3)2 as a function of §
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bifurcation with Ta < Ta® for the whole domain of oscillatory convection. As H increases,
8; and dmax increase for any fixed value of Ta. In addition, the transition value Ta® also
increases with increasing H ; thereby, the region of forward bifurcation for Ta < Ta< will be
enhanced compared to the region of forward bifurcation for Ta < Ta® observed in the case
of local thermal equilibrium. The pattern will be opposite with the variation of the parameters
o and y.

Figure 7a—d represents the variation of post-transient amplitude in terms of loglo(lA | / ¢)
as a function of § for different values of Ta(= 40, 70, 100), H(= 0, 50, 100), y(= 0, 5, 10)
and a(= 0, 0.5, 1). The curves in these figures show the asymptotical behaviour of amplitude
as § tending to §;, and this will occur in the neighbourhood of co-dimension-2 point (CTP)
and not exactly at that point. With increasing Ta(= 40, 70, 100) and H(= 0, 50, 100),
the transition point from supercritical to subcritical convection increases and the amplitude
solution exhibits an asymptotical behaviour as § close to the transition point §;, and this fact
is evident from Fig. 7a, b, respectively. The trend gets reversed in the case of an increase in
the parameter y (= 0, 5, 10), and this is observed in Fig. 7c. As shown in Fig. 7d, the variation
of transition point from supercritical to subcritical convection with increasing (= 0, 0.5, 1)
is insignificant and the finite amplitude solution diverges in the neighbourhood of the same
transition point from supercritical to subcritical convection for different values of «. For
moderate values of §, the amplitude solution is inversely proportional to Ta(= 40, 70, 100)
at any fixed value of §. With an increase in the values of H(= 0, 50, 100) and y(= 0, 5, 10),
it is observed that the finite amplitude curves will cross over to each other at the moderate
values of § and thereafter the effect of H and y on the finite amplitude solution gets reversed.
Hence, from Fig. 7a—d, we can conclude that the LTNE model enhances the decreasing region
of post-transient amplitude when compared to the region observed with the LTE model.

The post-transient nonlinear frequency correction is determined by using the results of
post-transient finite amplitude solution. The variation of post-transient nonlinear frequency
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Table 1 Values of R(©O5) and Figure Point R(Os0) mli/2
ml/? corresponding to the
labelled points in Fig. Sa—f Sa (A) 66.1293 3.5452
(B) 66.2901 3.6814
©) 65.8470 3.4228
5b (A) 104.3896 4.6286
(B) 104.7210 4.8217
©) 102.3121 4.36889
Sc (A) 92.9799 4.5531
B) 93.2002 4.7031
©) 90.2236 4.3873
5d (A) 110.8416 4.6814
(B) 111.1268 4.8524
©) 109.1829 43733
Se (A) 103.9716 4.6217
(B) 104.6903 4.8934
©) 101.8785 4.3455
(A) 105.0775 4.6591
(B) 105.7877 4.9420
©) 103.1259 44312
5t (A) 104.8839 4.6220
(B) 105.2341 48117
©) 103.4031 4.3423
(A) 100.9485 4.6168
(B) 101.2420 4.7926
© 98.1503 4.4238

correction in terms of log (é / &o SC) is exhibited for different values of physical parameters
as afunction of § (Fig. 8a—d). From these figures, one can identify that the nonlinear frequency
correction is diverging as § tending to §;. Figure 8a, b exhibits that an increase in Ta(=
40, 70, 100) and H (= 0, 50, 100) produces the retarding effect on post-transient nonlinear
frequency correction at any fixed value of §. But Fig. 8c reveals the reverse trend on nonlinear
frequency correction with the increase in y(= 0, 5, 10). There is no significant effect of
a(=0,0.5, 1) on nonlinear frequency correction, and it is clear from Fig. 8d.

Heat transfer corresponding to nonlinear oscillatory convection is obtained via thermal
Nusselt number in terms of 1og10[(m<°“) — 1)/&2] using finite amplitude solutions. Nusselt
number for oscillatory convection diverges in the neighbourhood of the transition point from
supercritical to subcritical convection. By implementing local thermal non-equilibrium, the
region of enhancement on heat flux in the smaller §-domain with variation of rotation is
increased compared to the region observed in the LTE case with the variation of rotation.
Moreover, the LTNE parameter y also increases the region of enhancement on heat flux in
the smaller §-domain. Figure 9a—d discloses the variation of average thermal Nusselt number
corresponding to nonlinear oscillatory convection in terms of loglo[(m(ov) —1)/e*] as a
function of § for various values of physical parameters. Figure 9a divulges that for minute
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Fig. 6 Consequences of finite amplitude for oscillatory convection: §; and §max as a function of Ta
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values of & but not too small, heat flux will be enhanced with the increase in T'a(= 25, 50, 75)
at the fixed value of §, signifying the accelerating upshot on heat transfer for oscillatory
convection. But the trend gets reversed for most of the larger §-domain. The LTNE effects
are mainly based on the interphase heat transfer coefficient H. The effect of parameter H on
heat flux for overstable convection is shown in Fig. 9b. As H(= 0, 50, 100) increases, the
Nusselt number decreases at a particular value of § over the entire 6-domain, representing the
retarding effect of H on heat transfer for oscillatory convection. Figure 9c, d exposes the effect
of y and «, respectively, on heat flux corresponding to nonlinear oscillatory convection. With
increasing y(= 0, 5, 10), one can observe accelerating effect on heat transfer for oscillatory
convection in the smaller §-domain and the scenario is opposite in the moderate §-domain.
Even so, the pattern changes near the transition points from supercritical to subcritical motion,
signifying the accelerating effect once again on heat transfer for oscillatory convection. As
the parameter «(= 0, 0.5, 1) increases, heat flux on oscillatory convection is decreased for
the entire §-domain.

6 Conclusions

The impact of rotation and LTNE on both stationary and oscillatory weak nonlinear stability
of an incompressible fluid-saturated porous layer is studied using the multi-scale method. By
performing the linear instability analysis, the regions of stationary and oscillatory convection
and co-dimension-2 points are obtained by means of stability map. As the LTNE parameters
H, « and y increase, the region of stationary convection enhances while the region of
overstable convection decreases along with the co-dimension-2 points. The bifurcation theory
gives the complete picture of weak nonlinear stability analysis. The pitchfork and Hopf
bifurcations are identified in stationary and in oscillatory convection, respectively, by the
finite amplitude solutions. The quartic point at which the subcritical motion switches over
to supercritical motion occurs is located for the governing parameters, and it increases with
the increase in Ta, H and @ but decreases with increasing y. The LTNE effect is to enforce
the enhancement of region of forward bifurcation and the decreasing region of post-transient
amplitude. Heat transfer corresponding to stationary convection is decreased in the presence
of LTNE effects. The nonlinear frequency and heat flux have been evaluated by employing the
finite amplitude solutions. The LTNE conditions yield intersection among the finite amplitude
curves; thereby, transitions will be identified. In addition, LTNE produces both retarding and
accelerating effects on nonlinear frequency correction. Both retarding and accelerating effects
on heat transfer are observed due to LTNE effects. The region of enhancement of heat flux for
oscillatory convection in the smaller §-domain with increasing strength of rotation increases
with an increase in the value of LTNE parameters.
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