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Abstract

Sum-of-norms clustering is a method for assigning n points in R? to K clusters,
1 < K < n, using convex optimization. Recently, Panahi et al. [21] proved that sum-
of-norms clustering is guaranteed to recover a mixture of Gaussians under the restriction
that the number of samples is not too large. The first contribution of this thesis is to lift
this restriction, i.e., show that sum-of-norms clustering can recover a mixture of Gaussians
even as the number of samples tends to infinity. Our proof relies on an interesting char-
acterization of clusters computed by sum-of-norms clustering that was developed inside a
proof of the agglomeration conjecture by Chiquet et al. [3]. Because we believe this theorem
has independent interest, we restate and reprove the Chiquet et al. [8] result herein.

Multiple algorithms have been proposed to solve the sum-of-norms clustering problem:
subgradient descent by Hocking et al. [12], ADMM and ADA by Chi and Lange [0], stochas-
tic incremental algorithm by Panahi et al. [21] and semismooth Newton-CG augmented
Lagrangian method by Sun et al. [28]. All algorithms yield approximate solutions, even
though an exact solution is demanded to determine the correct cluster assignment. The
second contribution of this thesis is to close the gap between the output from existing al-
gorithms and the exact solution to the optimization problem. We present a clustering test
which identifies and certifies the correct clustering from an approximate solution yielded by
any primal-dual algorithm. The test may not succeed if the approximation is inaccurate.
However, we show the correct clustering is guaranteed to be found by a primal-dual path
following algorithm after sufficiently many iterations, provided that the model parameter
A avoids a finite number of bad values. Numerical experiments are implemented to support
our results.
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Chapter 1

Introduction

1.1 Motivation

Clustering is perhaps the most central problem in unsupervised machine learning and has
been studied for over 60 years [27]. The problem may be stated informally as follows.
One is given n points, ay,...,a, lying in R?. One seeks to partition {1,...,n} into K
sets (', ..., Ck such that the a;’s for ¢ € (), are closer to each other than to the a;’s for
i € Cpy, m' #m.

Clustering is usually formulated as a non-convex optimization problem, which is com-
binatorially hard to solve and beset by nonoptimal local minimizers. Classical methods
such as k-means and hierarchical clustering are prone to these issues. Meanwhile, issues
of hardness and suboptimality of many nonconvex optimization problems are resolved by
convex relaxation. At an affordable computational cost, convex relaxation yields a good
solution to the original problem.

1.2 Sum-of-norms clustering

Pelckmans et al. [22], Hocking et al. [12] and Lindsten et al. [17] proposed the following
convex formulation for the clustering problem:
1 2
min  f'(x) = = z;, —a;||*+ 2 x;, — x| . 1.1
i ) =5 el 5 s (L)



This formulation is known in the literature as sum-of-norms clustering, convex clustering,
or clusterpath clustering. Let @7, ...,z be the optimizer. (Note: (1.1) is strongly convex,
hence the optimizer exists and is unique.) The cluster assignment is given by the x}’s: for
i,i', if &f = ) then i, are assigned to the same cluster, else they are assigned to different
clusters.

The first term of the objective function ensures a* is a good approximation of the
original data a, while the second term penalizes the differences &} — x},. As a result, the
second term tends to make x} equal to each other for many i. Furthermore, the tuning
parameter A controls the number of clusters indirectly. It is apparent that for A = 0, each
a; is assigned to a different cluster of its own (unless a; = a; exactly), whereas for A
sufficiently large, the second summation drives all the x;’s to be equal (and hence there is
one big cluster consisting of all n data points).

Throughout this thesis, we assume that all norms are Euclidean, although (1.1) has also
been considered for other norms. In addition, some authors insert nonnegative weights in
front of the terms in the above summations. Most of our results, however, require all
weights identically 1, but we revisit the question of general weights in Sections 3.3 and 4.4.

1.3 Recovery of a mixture of Gaussians

Panahi et al. [21] developed several recovery theorems as well as a first-order optimization
method for solving (1.1). Other authors, e.g., Sun et al. [28] have since extended these
results. One of Panahi et al.’s results pertains to a mixture of spherical Gaussians, which is
the a generative model for producing the data a;, ..., a,. Panahi et al. [21] proved that for
the appropriate choice of A, sum-of-norms clustering formulation (1.1) will exactly recover
a mixture of Gaussians provided that the pairwise distance between Gaussian means are
lower bounded. The lower bound is a function depending on the number of samples, the
number of Gaussians and distribution parameters such as standard deviations.

One issue with this bound is that as the number of samples n tends to infinity, the bound
seems to indicate that distinguishing the clusters becomes increasingly difficult (i.e., the
Gaussian means have to be more distantly separated as n — 00).

The reason for this aspect of their bound is that their proof technique requires a gap
of positive width (i.e., a region of R® containing no sample points) between {a; : i € C,,}
and {a; : i € C,y} whenever m # m/. Clearly, such a gap cannot exist in the mixture-of-
Gaussians distribution as the number of samples tends to infinity.



The first ambition of this thesis is to prove that (1.1) can recover a mixture of Gaussians
even as n — oo. This is the content of Theorem 2 in Section 4.2 and 4.3 below. Naturally,
under this hypothesis we cannot hope to correctly label all samples since, as n — 0o, some
of the samples associated with one mean will be placed arbitrarily close to another mean.
Therefore, we are content in showing that (1.1) can correctly cluster the points lying within
some fixed number of standard-deviations for each mean.

Our proof technique requires a cluster characterization theorem for sum-of-norms clus-
tering derived by Chiquet et al. [8]. This result is not stated by these authors as a theorem,
but instead appears as a sequence of steps inside a larger proof in a “supplementary ma-
terial” appendix to their paper. Because we believe that this theorem is of independent
interest, we restate it below and for the sake of completeness provide the proof (which is
the same as the proof appearing in Chiquet et al.’s supplementary material). This mate-
rial appears in Chapter 3. We conclude the recovery of a mixture of Gaussians with some
experimental results in Section 4.5.

1.4 Identifying clusters from computation

To identify the correct clusters from an approximate solution, authors in practice propose
the following approximate test with an artificial tolerance, ¢ > 0. If the approximate so-
lution @ satisfies |@; — || < ¢, i,7" are assigned to the same cluster. Otherwise, 7,7 are
assigned to different clusters. Hence, the value of artificial tolerance is critical. Unfortu-
nately, to the best of our knowledge, neither the value of the tolerance nor the approxi-
mate test itself has been rigorously justified. The test is not robust. Since the relation
|lx; — x| < € is not transitive, it is not clear how the test would cluster points i, j, k if
|lz: — ;]| < e llx; — x| <€ and ||@; —xk]| > €. The test may not be accurate. The
clusters obtained by the approximate test could deviate from the clusters corresponding to
the optimizer of (1.1). The inaccuracy may lead to the failure of known properties of sum-
of-norms clustering such as the recovery of a mixture of Gaussians as illustrated in Chapter
4 and the agglomeration property as illustrated in Section 3.2. It has been established in
Section 1.3 that for an appropriate choice of A, (1.1) exactly recovers a mixture of Gaus-
sians. However, it is unknown if the recovery result is preserved when the approximate test
is applied. Hocking et al. [12] conjectured that sum-of-norms clustering is agglomerative
in the sense that as A increases, clusters may fuse but never break apart. The conjecture
was proven by Chiquet, Gutierrez and Rigaill [3] with some techniques which may not be
applicable when the approximate test is implemented. Thus the agglomeration property
may no longer hold.



The second result of this thesis is to present our clustering test and to justify it rigor-
ously. The clustering test takes a primal and dual feasible solution for the second-order
cone formulation of sum-of-norms clustering and attempts to determine all clusters. The
test may report ‘success’ or ‘failure’. If the test reports ‘success’, all clusters are cor-
rectly identified and a certificate is produced. The test and the proof of correctness are
stated in Section 5.2. The proof heavily relies on the clustering characterization theorem
in Chapter 3. The test requires the knowledge of a primal and dual feasible solution for the
second-order cone formulation of sum-of-norms clustering, which can be constructed from
the output of any primal-dual algorithm. The second-order cone formulation and some
primal-dual algorithms are stated in Section 5.1. If a primal-dual path following algorithm
is used, the test is guaranteed to report ‘success’ after a finite number of iterations except
the test may never report ‘success’ when the A value is at which clusters fuse to form a
larger cluster. These results are shown in Section 5.4. The proof of the theoretical guar-
antee is a result of the properties of the central path, which are stated in Section 5.3. In
Section 5.5, we present a few computational experiments to verify our test in practice.



Chapter 2

Literature Review

2.1 Clustering

Clustering was historically inspired by problems in anthropology and psychology [5]. It has
become one of the most important techniques in data analysis. Over the past few decades,
clustering has been adopted to solve various problems from a broad range of research areas
such as computational biology, social science and image processing.

Given n data points a4, ..., a, in R? and a distance measure, clustering aims to parti-
tion {1,...,n} into K sets C1,...,Ck such that points in the same set are closer to each
other than those that are not.

k-means clustering is the best-known paradigm for clustering. Given the number of
clusters k, k-means clustering is formulated as the following combinatorial optimization

problem:
k

{cf?.i_,%k} D> lay—pal®,

i=1 jeC;

where p; = argming, > ;. [la; — p||>. The formulation is equivalent to a constrained
version of nonnegative matrix factorization [9]. The problem is NP-hard to solve, and it
is NP-hard to approximate to within some accuracy [27]. The best known method for



k-means clustering is Lloyd’s algorithm as presented below:

Algorithm 1: Lloyd’s algorithm

Initially partition {1,...,n} into k random subsets C1, ..., C;
Alternate the following two operations:

For m =1,...,k, compute u,, := ﬁ dico,, @i

For m = 1,...,k, define CNEW := {i : ||a; — pon || = min,,, ||@; — o ||}

At each iteration, Lloyd’s algorithm does not increase the k-means objective value [27].
At termination, Lloyd’s algorithm outputs a local minimizer, which may be suboptimal.
Moreover, there are only nontrivial bounds on the suboptimality of the output, and the
rate of convergence is yet to be established [27].

Soft k-means is the expectation-maximization (EM) approach for k-means clustering
[27]. Similar to Lloyd’s algorithm, EM approach determines clustering and updates cluster
centroids at each iteration. However, clustering and centroids are computed based on
probabilities. The EM algorithm consists of two steps. The expectation step computes
the probability over a latent variable. The maximization step finds the maximizer of the
expected log-likelihood, where the expectation is calculated according to the probability
computed in the expectation step. For the detailed comparison between EM algorithm and
Llyod algorithm, we refer the reader to [27].

Another straightforward clustering model is linkage-based clustering. The agglomera-
tive algorithm starts with the trivial clustering of n singleton points. It proceeds to merge
the nearest clusters of the current clustering [27]. The same procedure repeats until the
stopping criterion is met. Two common stopping criteria are a fixed number of clusters
and a distance upper bound [27].

The linkage-based clustering can be formulated as the following optimization problem:

1 — )
min — x; — a; 2.1a
x1,..,.xn€RY 2 121 ” || ( )
i<j

Similar to the k-means clustering model, this formulation is also combinatorially hard to
solve and beset by nonoptimal local minimizers. Hocking et al. [12] proposed the following



convex relaxation of (2.1):

1 ¢ 2
min — x; — a; 2.2a
L 52l al (22
s.t ZHwi—aszgt, Vi<i<j<n. (2.2b)
i<j
According to Hocking et al. [12], sum-of-norms clustering formulation (1.1) is also the

Lagrangian relaxation of (2.2), as restated below

. 1¢ 2

min - f@) =5 e —ailP A Y -l
1 @nCR i=1 1<i<j<n

Pelckmans et al. [22] and Lindsten et al. [17] also proposed the same convex formulation

(1.1) of the clustering problem independently.

2.2 Algorithm for sum-of-norms clustering

Many algorithms, both primal-only and primal-dual methods, have been proposed to solve
(1.1). Two typical primal-only algorithms are the subgradient descent by Hocking et al.
[12] and the stochastic incremental algorithm by Panahi et al. [21]. At each iteration
of the subgradient descent, the algorithm computes the subgradient and the step size,
which follows either a simple decreasing scheme or a line search strategy. The stochastic
incremental algorithm is identical to an incremental proximal method in Bertsekas [2]. The
algorithm scales well with the number of data points n, even though its rate of convergence
is fairly weak according to Sun et al. [25].

Interior point methods are probably the most established primal-dual methods for con-
vex optimization. They are widely used by optimization solvers such as CVX. In 2011,
Lindsten et al. [17] applied CVX to solve the sum-of-norms clustering. Regrettably, Hock-
ing et al. [12] remarked that CVX does not perform well on a large data set.

ADMM and AMA are two straightforward primal-dual methods for sum-of-norms clus-
tering. They were first adopted to solve (1.1) by Chi and Lange [7]. In their paper, the
unconstrained problem (1.1) is reformulated as the following constrained problem:

1l

min §Z||$z' —ail’+ X > wll (2.3a)
Y i=1 1<i<j<n
st x,—x;j—y; =0, Vi<i<j<n. (2.3b)



The first term is strongly convex, and the second term is non-smooth and convex.
Hence, splitting is a natural strategy. Chi and Lange considered both ADMM, whose
updates on the first block of variables are derived from minimizing the augmented La-
grangian function, and AMA, whose updates on the first block of variables are derived
from minimizing the ordinary Lagrangian function. In the same paper, they also proposed
an accelerated variant of AMA, which has been proven to be more efficient than ADMM.
Nevertheless, both ADMM and AMA are prone to scalability issues.

Another well-known primal-dual algorithm is the semismooth Newton-CG augmented
Lagrangian method (SSNAL) by Sun, Toh and Yuan [28]. The algorithm consists of a
two-level nested loop. The outer loop of SSNAL is an augmented Lagrangian method
(ALM) with an increasing step size. The inner loop a semismooth Newton-CG method to
derive the primal update of ALM. To warm-start SSNAL, Sun et al. [28] implemented an
inexact ADMM to generate an initial solution. SSNAL has been proven to be efficient. In
practice, it also demonstrates high efficiency in various numerical experiments on simulated
data sets such as half moons, unbalanced Gaussians and MINST.

2.3 Review of recovery

Recently, there have been various attempts to provide recovery guarantees for sum-of-
norms clustering with uniform weights (1.1). Zhu et al. [31] showed that if a data set
is generated by two well-separated cubes, then sum-of-norms clustering recovers the two
clusters perfectly. The separation condition is rather strict: the distance between two cubes
must be larger than a threshold dependent on the number of data points and the sizes of two

cubes. Tan and Witten [29] studied the statistical properties of sum-of-norms clustering.
Recently, Panahi et al. [21] developed several recovery results that certify recovery by sum-
of-norms under rather mild conditions. Panahi et al. [21] also specialized their results for

data sets such as a mixture of Gaussians and planted partitions. Sun, Toh and Yuan [28]
extended these results to general weights: under some easy assumptions, perfect recovery
is guaranteed for sum-of-norms clustering with general weights.

A related result by Radchenko and Mukherjee [2/] analyzed the special case of a mixture
of Gaussians with K = 2, d = 1 under slightly different hypotheses. Also, Mixon et al.
[19] showed that Peng and Wei’s semidefinite relaxation of clustering [23] can recover a
mixture of Gaussians as n — 0o, but this result requires nontrivial postprocessing of the
semidefinite solution to recover the clusters.



2.4 Review of clustering identification

To resolve the issue of inaccuracy as mentioned in Section 1.4, Hocking et al. [12] devel-
oped a two-step method based on the approximate test as described in Section 1.4. The
first step is detecting potential fusions using the approximate test. The artificial toler-
ance is chosen to be some fraction of the minimum distance between two data points,
miny<;<ir<n ||@; — ay||. The second step is verifying potential fusions by checking if the
detected fusions improve the objective value. Friedman et al. [10] presented a similar ap-
proach to detect fusions for a fused-lasso problem with coordinate descent algorithms. The
algorithm includes a descent cycle, a fusion cycle and a smoothing cycle. The descent cycle
employs coordinate descent to solve a fused-lasso problem. When the coordinate descent
gets stuck, the algorithm enters the fusion cycle. The fusion cycle merges any adjacent
pairs if the fusion of the pair decreases the objective value. However, it only examines
the potential fusions of pairs, but it does not consider the fusions of three points or more.
When the fusion cycle fails to merge any adjacent pairs, there may still exist a fusion of
three points or more that improves the objective value. To resolve the issue, Friedman et
al. [10] introduced a smoothing cycle. The smoothing cycle varies some parameters in the
fused lasso problem, which allows fusions of more than two in the long run. Both methods
by Friedman et al. [10] and Hocking et al. [12] guarantee a correct solution. Unfortunately,
they are both very slow as they investigate all possible fusion events.



Chapter 3

Cluster characterization

3.1 Cluster characterization theorem

The following theorem is due to Chiquet et al. [3] appearing as a sequence of steps in a
proof of the agglomeration conjecture. Refer to the next section for a discussion of the
agglomeration conjecture. We restate the theorem here because it is needed for our analysis
and because we believe it is of independent interest.

Theorem 1. Let x%,... x: denote the optimizer of (1.1). For notational ease, let x*
denote the concatenation of these vectors into a single vector in R™. Suppose that C' is a
nonempty subset of {1,... ,n}.

(a) Necessary condition: If for some & € RY, ¥ = & fori € C and ' # & fori ¢ C
i.e., C is one of clusters exactly determined by (1.1)), then there exist z}; for i,5 € C,
ij
i # j, which solve

ai—|—é|2al:)\ Z z; Vied,

leC eC—{1

O s (3.1)
z5] <1 Vi,j € Cii # j,

z5 ==z Vi, 5 € C,i # j.

(b) Sufficient condition: Suppose there exists a solution z}; for j € C —{i}, i € C to
the conditions (3.1). Then there exists an & € R® such that the minimizer x* of (1.1)
satisfies xf = x fori € C.

10



Note: This theorem is an almost exact characterization of clusters that are determined
by formulation (1.1). The only gap between the necessary and sufficient conditions is that
the necessary condition requires that C' be exactly all the points in a cluster, whereas the
sufficient condition is sufficient for C' to be a subset of the points in a cluster. The sufficient
condition is notable because it does not require any hypothesis about the other n — |C]
points occurring in the input.

Proof. (Chiquet et al.) Proof for Necessity (a)

As x* is the minimizer of the problem (1.1), and this objective function f’(x) is convex,
it follows that 0 € Of'(x*), where 0f'(x*) denotes the subdifferential, that is, the set of
subgradients of f’ at x*. (See, e.g., [I1] for background on convex analysis). Written
explicitly in terms of the derivative of the squared-norm and subdifferential of the norm,
this means that x* satisfies the following condition:

T —a;+AY w;=0 Vi=1..n, (3.2)
J#i
where w},, i = 1,...,n, 7 = 1,...,n, i # j, are subgradients of the Euclidean norm

AR
function satisfying

x; illj

arbitrary point in B(0,1), for x

*

ajj7

{ Ter el for @} # a7,

: _
with the requirement that w}; = —w},; in the second case. Here, B(c,r) is notation for the
closed Euclidean ball centered at ¢ of radius r. Since ] = & for i € C, ] # @ for i ¢ C,
the KK'T condition for ¢ € C' is rewritten as

—a; — 1+ A Z w;; (3.3)
Jj¢C zj jeC—{i}
Define z}; = w}; for i,j € C, i # j. Then
‘z —z;, Vi, j € Cii # j.

Substitute w;}; = 2; into the equation (3.3) to obtain

i B\ S oz (3.4)

j jeC—{i}

—a;

Jjgc

11



Sum the preceding equation over i € C, noticing that the last term cancels out, leaving

|ICx — ZaZ

ieC j¢C

=0,

z H
which is rearranged to (renaming i to l):

H - Zal (3.5)

lEC

Jgc
Subtract (3.5) from (3.4), simplify and rearrange to obtain
a; — |C|Zal—)\ Z 2z} Vie C, (3.6)
leC jec—{i}

as desired.

Proof for Sufficiency (b)
We will show that at the solution of (1.1), all the x}’s for ¢ € C' have a common value
under the hypothesis that z; is a solution to the equation (3.1) for 4,5 € C, i # j.

First, define the following intermediate problem. Let a denote the centroid of a; for

1eC:

Consider the weighted problem sum-of-norms clustering problem with unknowns as follows:
one unknown x € R is associated with C, and one unknown x; is associated with each
j ¢ C (for a total of n — |C| + 1 unknown vectors):

. |C| ~ 12 1 2
min —- ||z — all +§§ ;= @l + XCID e — x| + A )l — ]l (3.7)
Y j¢C j¢C i-j¢C
1<j

This problem, being strongly convex, has a unique optimizer; denote the optimizing vectors
x and x; for j ¢ C.

The optimality conditions for (3.7) are:

ICl(@ —a)+AC| ) g, =0, (3.8)
j¢C

Zi—a;—NClgi+X > ;=0 Vi¢C, (3.9)
j¢Cu{i}

12



with subgradients defined as follows:

2 for ; # x, ‘
g — { 62,1 i7 Vi ¢ C,

arbitrary in B(0,1), for &; =,
and o
i s for x; # x; o S,
o= TE—ag] i 7 &) Vi, i ¢ Cij,
Yii { arbitrary in B(0,1), for &; = x;, J ¢ 7
with the proviso that in the second case, y;; = —¥;i.

We claim that the solution for (1.1) given by defining &} = & for i € C' while keeping
the 7 = x; for j ¢ C, where  and &; are the optimizers for (3.7) as in the last few
paragraphs, is optimal for (1.1), which proves the main result. To show that this solution
is optimal for (1.1), we need to provide subgradients to establish the necessary condition.

Define w;; to be the subgradients of x; — ||:1:Z — :E;” evaluated at ] as follows:
Ww;; = gj fOTiEC,j¢C,
Wij; = Yij fOTi,j¢C,i§£j,
wij:zfj fOI'Z‘,jEO,Z.#j,

Before confirming that the necessary condition is satisfied, we first need to confirm that
these are all valid subgradients. In the case that i € C, j ¢ C, we have constructed g;
to be a valid subgradient of  — ||z — &,|| evaluated at &, and we have taken z} = x,

In the case that 4,j ¢ C, we have construct y;; to be a valid subgradient of & —
|z — 2| evaluated at @;, and we have taken z; = ;, *} = ;.

In the case that ¢,j € C, by construction & = @} = @, so any vector in B(0,1) is a
valid subgradient of & ~ ||z — @;|| evaluated ;. Note that since 2;; € B(0,1), then w;;
defined above also lies in B(0,1).

13



Now we check the necessary conditions for optimality in (1.1). First, consider an i € C"

j#i jeCc—{i} j¢c
=z —a;+\ Z z;}+/\zgj
jeCc—{i} Jjgc
~ 1
::I:—aﬁ—al—‘azaﬁ—)\zgg (by (31))
leC j¢C
=xr—a+ A\ Zgj
j¢c
=0 (by (3.8)).

Then we check for i ¢ C:

j;_ai+)\zwij:iz-—a,»—k)\Zwij—l—/\ Z w;;

j#i jec j¢cui}
Jjec JjgCu{i}
=z; —a; — A|Clg; + A Z Yij
jgcu{i}
=0 (by (3.9)).

3.2 Agglomeration Conjecture

Recall that when A = 0, each a; is in its own cluster in the solution to (1.1) (provided the
a;’s are distinct), whereas for sufficiently large A, all the points are in one cluster. Hocking
et al. [12] conjectured that sum-of-norms clustering with equal weights has the following
agglomeration property: as A increases, clusters merge with each other but never break up.
This means that the solutions to (1.1) as A ranges over [0, 00) induce a tree of hierarchical
clusters on the data.

This conjecture was proved by Chiquet et al. using Theorem 1. Consider a A > X and
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its corresponding sum-of-norms cluster model:

1 2 5
i > - a3 e (3.10)
i=1 i<j
Corollary 1.1. (Chiquet et al.) If there is a C' such that minimizer * of (1.1) satisfies
xf=x fori e C, x; # x fori ¢ C for some & € RY, then there exists an @' € R® such
that the minimizer of (3.10), &*, satisfies &7 = &' fori € C.

The corollary follows from Theorem 1. If C' is a cluster in the solution of (1.1), then
by the necessary condition, there exist subgraidents z7; satisfying (3.1) for A. If we scale
each of these subgradients by A/, we now obtain a solution to (3.1) for with A replaced
by A, and the theorem states that this is sufficient for the points in C to be in the same

cluster in the solution to (3.10).

Let fusion values denote the values of A at which clusters fuse to form a larger cluster.
According to agglomeration theorem 1.1, there are at most n fusion values.

It should be noted that Hocking et al. construct an example of unequally-weighted sum-
of-norms clustering in which the agglomeration property fails. It is still mostly an open
question to characterize for which norms and for which families of unequal weights the
agglomeration property holds. Refer to Chi and Steinerberger [6] for some recent progress.

3.3 Extension to other weights

Several authors, e.g., Sun et al. [28] have introduced weights into either the first or second or
both summations in (1.1). One purpose for introducing weights is to be able to eliminate
many of the terms in the second summation (i.e., use a weight of 0 on those terms) in
order to reduce the number of terms in the objective function to o(n?) for the purpose
of efficient computation. For example, Sun et al. use exponentially decaying weights as
in (4.11) below that are zeroed out for a;’s sufficiently far apart. The Chiquet et al.
characterization theorem, however, does not extend to fully general weights. (The obstacle
is that the left-hand side of (3.5) does not cancel out the third term on the left-hand side
of (3.4) for general weights.) The most general class of weights for which the theorem
applies is multiplicative weights, which are as follows. Each data point a; for i =1,...,n
is associated with a positive weight 7;. Then both terms in (1.1) are weighted as follows:

n

1
min = rilla - alP A gl — @), (3.11)

a2
x1,...,.Ln€ER i—1 i<
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Therefore, our recovery theorem also extends to multiplicative weights, which is the subject
of the rest of this section. A small computational experiment reported in Section 4.5 sug-
gests recovery of a mixture of Gaussians may also be possible with exponentially decaying
weights.

We can draw the same conclusions as Theorem 1 when (3.1) in the necessary and suffi-
cient conditions is replaced with the following system of equalities and a norm inequality:

ai—ZLal:)\ Z rizi; Vi€,

ij
=0 Zvec™r jec—{i} (3.12)
|25] <1 Vi,j € Ci# j, '
25 = -z Vi,je Ci#j.

The proof of this generalization is analogous to the proof of Theorem 1, which we omit.

An analogous agglomeration conjecture for this setting was shown by Chiquet et al.
[8], i.e. the path of solutions to (3.11) as A ranges over [0,00) contains no splits for
multiplicative weights.
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Chapter 4

Recovery of mixture of Gaussians !

4.1 Mixture of Gaussians

In this chapter, we assume the data ag,...,a, is generated by a mixture of Gaussians,
which is the same generative model adopted in [21]. The parameters of the generative model
are K means pi,...,ux € R? K variances ¢2,... 07, and K probabilities wy, ..., w,
all positive and summing to 1. One draws n i.i.d. samples as follows. First, an index
m € {1,..., K} is selected at random according to probabilities wy, ..., wg. Next, a point
a is chosen according to the spherical Gaussian distribution N (g, 02 ). Note that the
covariance matrix could also be arbitrary, and our result could be extended to an arbitrary

covariance matrix. Our assumption is aligned with the assumption in Panahi et al. [21].

Panahi et al. [21] proved that for the appropriate choice of A\, sum-of-norms clustering
formulation (1.1) will exactly recover a mixture of Gaussians (i.e., each point will be labeled
with m if it was selected from N(p,,, 02 1)) provided that for all m,m’; 1 <m <m/ < K,

CK O max
[ — || = Tpolylog(n), (4.1)
where C' = %Zl Q;, Opmar = MaX,, 0,y and Wy, = Min,, w,,. As n — 0o, ®,,’s have to be
more distantly separated. Hence, distinguishing the clusters becomes increasingly difficult.

IThis chapter is based on Recovery of a mizture of Gaussians by sum-of-norms clustering by Jiang,
Vavasis and Zhai [15]
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4.2 Main recovery theorem

In this section, we present our main result about recovery of mixture of Gaussians. As
noted in the introduction, a theorem stating that every point is labeled correctly is not
possible in the setting of n — oo, so we settle for a theorem stating that points within a
constant number of standard deviations from the means are correctly labeled.

Theorem 2. Let the vertices a4, . .., a, € R? be generated from a mizture of K Gaussian
distributions with parameters py, ..., i, 05, ..., 0%, and wy, ..., wg. Let 6 > 0 be given,
and let

Vi =Ai:||a; — pnl|| <00,}, m=1,... K.

Let € > 0 be arbitrary. Then for any m = 1,..., K, with probability exponentially close
to 1 (and depending on €; see (4.5)) as n — oo, for the solution x* to (1.1), the points
indezed by V,, are in the same cluster provided

200,,
A > . 4.2
~ (F(0,d)w,, —€)n (42)
Here, F(0,d) denotes the cumulative density function of the chi distribution with d degrees
of freedom (which tends to 1 rapidly as 0 increases). Furthermore, the cluster associated
with V,,, is distinct from the cluster associated with Vi, 1 < m < m' < K with probability
exponentially close to 1 as n — oo (see (4.6)), provided that

| tm, — B |

A< m o

(4.3)

In order to state a simpler bound, we can fix some values. For example, let us take
0 = 2d"/? and let ¢y = F(2d"/?,d). The Chernoff bound implies that ¢; — 1 exponentially
fast in d. Let wmin = mMing—1, . x Wy and Opax = MaXy=1, K 0p. Finally, let us take
€ = CqWmin/2. Then the above theorem states there is a A such that with probability

tending to 1 exponentially fast in n, the points in V,,, for any m = 1,..., K are each in
the same cluster, and these clusters are distinct, provided that
' 167/ domax

min_|[p — P || > —— (4.4)

1<m<m/<K CdWmin

Compared to the Panahi et al. bound (4.1), we have removed the dependence of the right-
hand side on n as well as the factor of K. (The dependence of the Panahi et al. bound on
d is not made explicit so we cannot compare the two bounds’ dependence on d. Note that
there is still an implicit dependence on K in (4.4) since necessarily wpi, < 1/K.)
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4.3 Proof of the main theorem

Proof. Let € > 0 be fixed. Fix an m € {1,..., K}. First, we show that all the points
indexed by V,, are in the same cluster. The usual technique for proving a recovery result
is to find subgradients to satisfy the sufficient condition, which in this case is Theorem 1
taking C' in the theorem to be Vj,. Observe that conditions (3.1) involve equalities and
norm inequalities. A standard technique in the literature (see, e.g., Candes and Recht [1])
is to find the least-squares solution to the equalities and then prove that it satisfies the
inequalities. This is the technique we adopt herein. The conditions (3.1) are in sufficiently
simple form that we can write down the least-squares solution in closed form; it turns out
to be:
.1

AVl
It follows by construction (and is easy to check) that this formula satisfies the equalities
in (3.1), so the remaining task is to show that the norm bound | zi|| < 1 is satisfied.
By definition of V,,, |la; — a;|| < 200,,. The probability that an arbitrary sample a; is
associated with mean p,, is w,,. Furthermore, with probability F'(0, d), this sample satisfies
la; — pm|| < 0oy, ie., i € V,,. Since the second choice in the mixture of Gaussians is
conditionally independent from the first, the overall probability that i € V,,, is F(0, d)w,,.
Therefore, E[|V,,|]] = F (6, d)w,,n. It follows that the probability that |V,| > (F(0, d)w,, —
€)n is exponentially close to 1 as n — oo for a fixed € > 0. Specifically,

(CLZ‘ — CL]') VZ,j c Vm,l 7£ j

Prob [|V,,| > (F(0, d)w,, — €)n] > 1 — exp(—2€°n), (4.5)
by Hoeffding’s inequality for the binomial distribution [13]. Thus, provided
A > 200, /((F(0,d)w, —€)n),

we have constructed a solution to (3.1) with probability exponentially close to 1 as n — oo.

For the second part of the theorem, suppose 1 < m < m’ < K. For each sample a;
associated with p,, satisfying ||a; — || < 6o, (ie., lying in V,,), the probability is 1/2
that

(a'i - P"m)T(ﬂ'm’ - me) <0
by the fact that the spherical Gaussian distribution has mirror-image symmetry about
any hyperplane through its mean. Therefore, with probability exponentially close to 1 as
n — 00, we can assume that at least one ¢ € V,, satisfies the above inequality. In particular,

Prob [3i € Vi st (@5 — pon) T (s — o) < 0] > 1 — 271V, (4.6)
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(Note that, as noted above, |V,,| grows linearly with n with probability exponentially close
to 1 as n — oo.) Similarly, with probability exponentially close to 1, at least one sample
i €V, satisfies

(a'i’ - “’m’)T(llfm - “m’) < 0.
Then

la; — av||” = ||@; — o — @i + B + B — po ||
= [lai = ptm — @i + po | + 2(@i = )" (Pon — o)
= 2(ay — po)" (B — Bws) + || Bon — o ||
> [ — e[ (4.7)

where, in the final line, we used the two inequalities derived earlier in this paragraph.

Consider the first-order optimality conditions for equation (1.1), which are given by
(3.2). Apply the triangle inequality to the summation in (3.2) to obtain,

|lz; —a;]] < A(n—1), and (4.8)
llz; —ar| < A(n—1). (4.9)
Therefore,
2} — @yl = [la; — ai + 27 — a; — x + ay||
> |la; — ay|| — ||&F — a;|| — ||xi — ay|| (by the triangle inequality)
> e — ol = 201 — 1) (by (47), (48), and (4.9))

Therefore, we conclude that x; # x}, i.e., that V,, and V,, are not in the same cluster,
provided that the right-hand side of the preceding inequality is positive, i.e.,

[1m — |
A ————
2(n—1)
This concludes the proof of the second statement. O

4.4 Extension to multiplicative weights

With the new theorem of cluster characterization, we can derive the conditions about
recovery of mixture of Gaussians in the case of multiplicative weights noted in (3.11), as an
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extension to Theorem 2. This requires a further modeling assumption on the distribution of
the weights. As before, assume each dataitem a;, 7 = 1,...,n is chosen from a mixture of K
Gaussians. Assume that the weight r; associated with data item a; is chosen independently
at random according to r; ~ Q,,. Here, m € {1,..., K} denotes the specific Gaussian
associated with a;. The distributions q,...,Qx are all assumed to be supported in a
single bounded interval [0, R]. Denote the mean of Q,, as 7,,, m = 1,..., K. Assume these
means are all positive: 0 < 7, < R.

The main result is that for any m = 1, ..., K, with probability exponentially close to
1 (and depending on €) as n — oo, for the solution &* computed by (3.11), the points in
V.. are in the same cluster provided that

\ > 200,,
— (F(0,d)yw,, — e)nfpy,’

and the cluster associated with V,,, is distinct from the cluster associated with V,,,, 1 <
m < m/ < K, provided that

H“’m - .um’H
A
S -0 —e)’

where 7 is the overall mean of the r;’s, that is, 7 = w7 + - - - + W Tk.

Similar techniques from the proof of Theorem 2 are used to prove the recovery of the
multiplicative-weight problem. First, we can construct a solution to (3.12) as follows

Zij = A (a’i - a’J') Vi, € Vi, it # J,

where r;, = > ., 7 and @, = Yy, ~a;. Our task is to prove that the norm bound
|z5]] < 1 holds. By definition of V;,, |la; — a;|| < 260,,. As before, the probability

ij
that |V,,| > (F(0,d)w,, — €1)n is exponentially close to 1 as n — oo for a fixed ¢, >
0. Furthermore, the probability that 7/, > (7, — €)|Vi,| is exponentially close to 1 by

Hoeffding’s inequality [13] as n — oo for fixed e;. Thus, provided

)\ > 200,,
~ (F(0, w7 — €)n’

we have constructed a solution to (3.12) with probability exponentially close to 1, which
implies that all points in V,, are in the same cluster.

Turn now to the analysis of the upper bound on A. The first-order optimality condi-
tions of (3.11) imply the following inequalities by applying the triangle inequality to the
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summation of subgradients
ey — @il <A ry, Vi (4.10)
i
By the same argument in the proof of Theorem 2, there exist at least one i € V,,,, 7' € Vs
satisfying the following inequality with probability exponentially close to 1

;= @5 | > ([ = pnll =AY Sy = AD vy (by (4.7), (4.10)).
JF#i J#i!

Therefore, we conclude that x} # x}, i.e., that V,, and V,, are not in the same cluster,
provided that for all i € V,,,,7" € V,,»

| — por ||
< .
Zj;éi T+ Zj;éi’ Tj

Applying Hoeffding’s bound again, we can claim that for any ¢ > 0, with probability
tending to 1 exponentially fast with n, this inequality will hold provided that

Hum - “m’H
2(n —1)(F—e€)

<

4.5 Computational experiments

In this section, we perform experiments in which a solver for sum-of-norms clustering
is applied to a set of points drawn from a mixture of Gaussians. Four experiments are
performed to address four questions: (1) How flexibly can A be chosen? (2) How does the
recovery depend on d, the space dimension? (3) How does the recovery degrade as o (the
standard deviation of the Gaussians) increases? and (4) Does the result hold for general
weights?

Even though we do not attempt to test sum-of-norms clustering on other data sets in
this section, we are investigating its performance on a half-moon data set in Section 5.5.
For other data sets, we also refer the reader to [7, 12]. Moreover, the reader may refer to
[12] for comparison of sum-of-norms to other clustering algorithms.

In all cases, the code used is our own Julia [3] implemention of the Chi-Lange [7] ADMM
solver. Each iteration of this solver requires O(n?d) operations since the objective function
contains O(n?) terms, each involving vectors of length d. We observed that the number
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of iterations to reach a fixed tolerance scales linearly with n. This means that the overall
running time scales cubically with n. Our convergence tolerance e, was taken to be 107°
in all cases. This tolerance corresponds to the quantities e’ and € in the supplemental
material of [7]. These parameters correspond to the absolute and relative precisions, which
control the primal and dual precisions. The algorithm terminates when the primal and dual
residuals are bounded by the precisions respectively. With this tolerance, the runs described

below took approximately 27 hours total on an Intel Xeon processor single-threaded.

After termination, clusters were recovered from the approximately converged solution
&1,..., &, as follows. An i is selected arbitrarily from {1,...,n}. Then all vectors j such
that [|&; — @;|| < /€.l are assigned to a cluster. These j’s (including 7 itself) are then
deleted from the list of nodes, and the process is repeated until all nodes are used up. Call
these recovered clusters Ry, ..., Rg:. The question of how to best retrieve clusters from an
approximate solution of (1.1) is nontrivial and is left as a topic for future research.

Then V,,,, m =1,..., K, are mapped to one of these recovered clusters, i.e., a mapping
¢:{1,...,K} = {1,...,K'} is computed such that Ry, contains the most number of
elements of V,,. In other words,

l(m) = argmax #(V,, N Ryy),

for each m = 1,..., K, with ties broken arbitrarily. (Here, #(-) denotes set-cardinality.)
This mapping £(-) is not necessarily injective.

Then three scores are computed:

1 K

which is the fraction of entries in V3 U --- UV, correctly clustered,

S1 —

K
1 . ‘
S5y = Em%l#{z e{l,...,n}: @i~ N(pm, 00 1) and i € Rygmy },

the fraction of entries of all n data points correctly clustered, and
o #0({1,...,K})
3 K ’
the number of distinct recovered clusters divided by the true number. Note that as A

increases, one would expect s; and sy to increase while s3 decreases, since clusters expand
as A increases.
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The first experiment is meant to determine whether choices A outside the range specified
by Theorem 2 can still recover clusters. For this experiment we chose n = 1000, d = K = 6,
w; = 1/6 and p; = e; (ith column of the identity matrix) for i = 1,...,6, 0 = 0.0094, and
0 = 2.0. This choice of ¢ is made so that the upper and lower bounds on A in Theorem 2
are nearly equal to a single value \* = 7.0 - 107*. Then we tested recovery for A\ = x\*
with k = 1/4,1/2,1,2,4, as shown in Table 4.1.

The data in Table 4.1 indicates that the recovery is perfect between A\*/2 and 2\*. As
the theorem predicts, as A increases, a greater number of V,,’s is recovered, but a smaller
number of V,,,’s are distinct. This table suggests that a strengthening may exist of our main
theorem in which both inequalities are less restrictive, but not by orders of magnitude.

Table 4.1: Recovery for varying A\. Value \* is the essentially unique value satisfying the
two inequalities of Theorem 2.

A s1 (% of V,,, recovered) sy (total % recovered) s3 (% distinct clusters)
N4 38/304 3971000 6/6
A2 304,304 1000/1000 6/6
e 304/304 1000,/1000 6/6
2)\* 304/304 1000,/1000 6/6
4N 304/304 1000/1000 1/6

In the second experiment, we varied d and K. Note that as d and K get larger for fixed
n, we move away from the asymptotic range in which Theorem 2 applies since the size of
each cluster shrinks. On the other hand, as n is fixed while d and k get larger, we are
closer to the range of parameters for which the Panahi et al. result applies. For these tests,
we fixed n = 1000, looped over d = K = 4,16,64 and 6 = v/d (so that § = 2,4,8). Note
that this variation of 6 with respect to d is chosen so that F'(6,d) is about the same value
(between .5 and .6) for all three trials. As in the previous experiment, we chose w; = 1/K
and p; = e; (ith column of the identity matrix) for ¢ = 1,..., K. Finally, we chose o
so that the upper and lower bounds in Theorem 2 were equal, and we chose A to be this
unique value of A. (Note that o shrinks like d*/? for this variation of parameters.)

We found that in all three cases, all 1000 points were clustered correctly into K distinct
clusters (so no table is presented). This robust behavior is not predicted by our theorem,
since the arguments in the theorem are weak if n/K is small. See further comments on
this matter in Chapter 6.
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The next experiment considers the effect of increasing o. For this experiment we fixed
d=1, K =2,n=1000, uy =0, g = 1, wy = we = 1/2, § = 1. Let Apax be the value
appearing on the right-hand side of (4.3). In all trials, we fixed A = Ajax, which does not
depend on . We chose ¢* to be the value of o that makes the right-hand sides of (4.2)
and (4.3) equal. Then we increased o by factors of v/2 to observe the effect on recovery.
The results appear in Table 4.2. Note that the method continues to be robust for values
of ¢ modestly outside the range that we have established, but then the behavior quickly
decays. It is likely that we could have gotten better performance by carefully tuning .

Table 4.2: Recovery for varying o. Here, o* is the unique value that makes the right-hand
sides of (4.2) and (4.3) equal.

o s1 (% of V,,, recovered) sy (total % recovered) s3 (% distinct clusters)
o 700/700 996,/1000 272
21/24* 700/700 950,/1000 2/2
20" 700/700 742/1000 2/2
93/24* 108,700 108,/1000 2/2
do” 46,700 46/1000 2/2

The last experiment is a study of exponentially decaying weights, which is a case in

which our theory does not apply. Similar to Yuan et al. [30], we used the following weight-
ing:
1 ) )
min S Y o — aif* + A" exp(—¢ llai — @) @i — @] (4.11)
i=1 i<j

where ¢ > 0 is a tuning parameter. Note that for ¢ close to 0, this formulation recovers
equal weights, whereas as ¢ — oo, the weights in the second term tend to 0 and hence each
a; will end up in its own cluster. In the case of [30], the exponentially decaying weights are
truncated to 0 for points sufficiently far apart in order to improve computational efficiency
(by removing most of the terms from the second summation of (1.1)). However, since our
study here does not concern efficiency, we did not truncate any terms. We chose n = 1000,
d =K =6, 0 =.0094, \ as the unique value that satisfies (4.2) and (4.3) if ¢ were
zero (equal weights), # = 2, The results in Table 4.3 show that for exponentially decaying
weights, the correct clusters are recovered provided that ¢ is not too large, i.e., the weights
do not fall to 0 too quickly.
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Table 4.3: Recovery for varying ¢.

o) s1 (% of V,,, recovered) s, (total % recovered) sz (% distinct clusters)
500 304/304 999/1000 6/6
1000 304/304 901,/1000 6/6
1500 92/304 144/1000 6/6
2000 14/304 14/1000 6/6
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Chapter 5

Clustering test and guarantee !

5.1 Feasibility and complementary slackness

In this section, we consider a second-order cone (SOCP) formulation of (1.1). Both feasibil-
ity and complementary slackness are stated. A second-order cone program can be directly
solved by a feasible interior-point method. For infeasible algorithms such as the ADMM
proposed by Chi and Lange [7], we construct a feasible solution for the SOCP from the
outputs of such algorithms.

5.1.1 Second-order cone formulation

We first present the equivalent SOCP formulation to (1.1), which will be derived in this
section. The SOCP formulation can be written in both standard dual and standard primal
forms. The standard dual form is as follows.

n

min  f(@,s,t) =Y si+A Y (5.1a)

x,s,t
i—1 1<i<j<n

r;, — a;
Si—l

IThis chapter is based on On identifying clusters from sum-of-norms clustering computation by Jiang
and Vavasis [14].

siZ' , Vi=1,...,n. (5.1c)
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The standard primal form is as follows.

min  f(x,y,z,s,u,t) = ZSZ_'—)‘ Z tij (5.2a)

z7y7z7s7u7t

1<i<j<n

st x—x;—y; =0, ViI<i<j<n, (5.2b)
T, —z=a;, Yi=1,...,n, (5.2¢)
si—u; =1, VYi=1,...,n, (5.2d)

tiy >yl V1<i<j<n, (5.2¢)

Si 2 ‘ (iz) , Vi=1,...,n (5.2f)

The SOCP formulation of the dual problem is as follows.

T
gngx h(d,8,7) Za Bi +Z% (5.3a)
}:@H-z:%+ﬂf4) Vi=1,...,n, (5.3b)
Jj=i+1
)\2 ||6’L]|| , Vi<i<j<n, (5.3¢)

]f%zH@Qw Vi=1,....n. (5.3d)
Although the dual form (5.1) is more compact than the primal form (5.2), we will be
usng (5.2) for the rest of this thesis because we make explicit reference to the additional

variables in (5.2). Both primal and dual problems are feasible, and Slater condition holds
for both of them. Consider the following primal and dual feasible solution:

wi:ai,zizo,si: 1,ui:O, Vi = 1,...,n; yij :ai—a,j,tij = Ha,i—ajH—l—l, Y1 SZ<] <n,

d;=0,Vi<i<j<mn; B;=0,%=0,Vi=1,...,n

which is a also primal and dual Slater point. Hence, strong duality holds since the problem
is formulated as convex optimization.

We derive the SOCP (5.2) as follows. Introduce auxiliary variables y;; and z; and con-
straints (5.2b) and (5.2c¢). Introduce variable ¢; and constraint (5.2e). Introduce variables
s; and w; satisfying (5.2d) and

=i —ai +1
1 2 27
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Multiply the constraint in the previous line by 2, and add s? — 2s; to both sides. Simplify
the inequality, and substitute u; to obtain constraint (5.2f). The objective function has
the following upper bound using auxiliary variables and new constraints:

1 n
f’(-’rr)=§Z:II«’B¢—%||2+A Y -z
=1

1<i<j<n
1 n
=3 Sl —ail”+ A D sl
P 1<i<j<n (5.4)
- n
St T
i=1 1<i<j<n

:f(m7y7za8au7t)_g'

Notice that (1.1) is a minimization problem. For every feasible solution & to (1.1), we can
construct a feasible solution (x,y’, 2',¢',u/,t') to (5.2) such that = @’ and the upper
bound (5.4) is achieved. Hence, we can replace the objective function f’(x) with the linear
function f(x,y, z,s,u,t) as shown in (5.2a). The original problem (1.1) and the SOCP
(5.2) are indeed equivalent. Since we omit the constant term % in the objective function
of the SOCP, the objective values of (1.1) at @ and (5.2) at the corresponding solution

(',y', 2/, s',u/,t') differ by a constant .
With a standard procedure to derive SOCP dual, we obtain the dual formulation (5.3).

For the clustering test, we require primal-dual feasibility for the above primal and dual
SOCP. Such a primal and dual feasible solution can be obtained by applying a feasible
primal-dual interior-point method to the problem above. Each iterate of the algorithm is
feasible, so is the output. Nevertheless, the output may not be feasible for our SOCP when
a general primal-dual algorithm is used to solve for (1.1). Luckily, given that the output
is close to the feasible set, we are able to find a small perturbation on the output to attain
feasibility. The rest of the section elaborates on the perturbation and validates feasibility
for the perturbed solution.

Now let us consider a general primal-dual algorithm which solves (1.1) and yields an
output that is either in or close to the feasible set. The dual problem of (1.1) is as follows.

n 2

1 i—1 n
max  h'(8) = _EZ ;53'@' - ) 8

i=1 j=i+1
st 04l <A, Vi<i<j<n. (5.5b)

> (8, ai — ay) (5.5a)

1<i<j<n
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Notice the formulation is equivalent to the SOCP dual (5.3). We obtained (5.5) by elimi-
nating 3 and v in (5.3). The objective function h'(d) has the following lower bound:

n n i—1
(o) = —% DD 6= 6llP— D (8,0 ay)
j=1

=1 j=it1 1<i<j<n
a n < (5.6)
> i— 5t a;, 9
> ;7 5 ;( Bi)
n

For every feasible solution § to (5.5), we can construct a feasible solution (&', 3',7') to
(5.3) such that § = ¢’ and the lower bound (5.6) is achieved. The objective values of (5.5)
at 6 and (5.3) at the corresponding solution (d’,3',7") differ by a constant .

Let («,d) denote the output yielded by the primal-dual algorithm. To construct a
feasible solution from (z, d), we first update d as follows

Y .
54_{mj7 if (|8, > A
ij

i s otherwise.

The updated d;; has norm no more than A. Notice that the perturbation is small provided
that the dual solution was already close to the feasible set. Next, define the following

variables:
Yij =x; —x;, V1<i<j<mn,

Z; = X; — a;, Vizl,...,n,
1
si= (=), Vi=1, 0,
1
w= (14 =), vi=1...n,
2 o (5.7)
tiy = llyill, V1<i<j<n,
i—1 n
8-S - 3 by el
=1 j=it+l

1 .
i = 5(1 — ||,31||2), Vi=1,...,n.

It can be easily verified that these newly defined variables,  from the primal-dual algorithm
and the updated § form a primal and dual feasible solution for the SOCP. Notice that the
inequality (5.4) achieves equality at  and {x, y, 2, s, u, t}, and the inequality (5.6) achieves
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equality at the updated § and {d,3,~}. Hence, the original objective function value at
(x,d) and the SOCP objective function value at the updated solution differ by a constant

n
5

5.1.2 Complementary slackness

Let (z,y, z,s,u,t,68,3,7) be a primal and dual feasible solution for the SOCP formulation

ij ol

of sum-of-norms clustering. Let us define €V = <2J> foralll1 <i<j<nando'= | o}

3 "

3

forall i =1,...,n as follows:

tyd+ Yoy =€, VI<i<j<n, (5.8)
0+ \yyy = €5, V1<i<j<n, (5.9)
svi + (1= y)u; =o%, Vi=1,...,n. (5.12)

At the optimizer, there hold € = 0,0 = 0 by KKT conditions. The system of equalities
above becomes the complementary slackness condition. At an approximate solution, the

, It

right-hand sides €, o are non-zero. If €7 = (’IS) ,ol=1[0] foralli=1,...,n and for
0

all 1 <i < j < mn, we refer the corresponding solution as a yu'-centered solution, and p' is

the central-path parameter. Otherwise, an upper bound on general right-hand sides €, o
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can be derived from the duality gap:

f(x) — H(9)
=f(x,y,z,s,u,t)—h(d,3,7) (By (5.4) and (5.6))

2252‘ - Z%‘ + Z@z —a;,B;) + A Z tij — Z<$i76i>
i=1 =1 =1 1=1

1<i<j<n

(By adding and subtracting Z(wz, Bi))

=1
:ZSz—Z%ﬂLER a’zn@z +)\ Z ij Z ml)Z(s]Z Z 61]
=1 =1 =1 1<i<j<n Jj=i+1
:Zsi—Z’Yi+Z<wi—ai,5i>+)\ Z tij — Z (x; — x4, 05j)
i=1 i=1 i=1 1<i<j<n 1<i<j<n

(By expanding the summation)

1<i<j<n

_Z 1 - ")/l ZZ,,81> + UZ'}/Z) + Z ()‘tlj + (yij, 52]>) (By (52(3), (52d))

1<i<j<n
_ i ij
Yot Y 4

i=1 1<i<j<n

Each term in the both summations is non-negative as shown below:

(By (5.3b))

; 1 .
o1 = 5i(1— ) + (25, Bs) + uiyi = §(||Zz‘||2 +2(z, B + |1BiI°) >0, Vi=1,...,n

€ = Ay + (Y5, 855) > Mg — yis || 18551 = Mig = Myl =0, V1<i<j<n
Define p := f’(x) — h'(d) to be the duality gap at the feasible solution. Notice that our
choice of p is the not usual central-path parameter p used in the primal-dual interior-point
method. As mentioned earlier, we adopt the notation p’ to denote the the central-path
parameter, and the relationship between p and p’ is that g = (n+ 0.5(n + 1)n)u’. Since n

is a known constant, O(u) and O(p’) can be used interchangeably.

Combined with the non-negativity condition, ot eij satisfy of < pforalli=1,...,n
and €] < pforall 1 <4< j <n. At termination, the duality gap p at the feasible solution

is small, which implies the right-hand sides o7, €]’ are also well bounded.
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We now have o, eilj upper bounded in terms of y, and the remainder of the section is

(‘;g) H In fact, in (5.13) and (5.14) below, we
3

to establish upper bounds on ||e§j || and

show that both are upper bounded by O(,/i). Consider a general setting of second-order
cone programming.

Lemma 3. Letpe K1 Q- Q Kn,qg € Ki Q-+ Q K denote a primal and dual feasible
solution for a second-order cone program where K, ..., K, are second-order cones and
K3, ..., K} are the corresponding dual cones. Let x,z be subvectors of p,q respectively

such that x € K; and z € K. Letx = (9;0) 2= (?) If 2"z < p, then ||20Z + zoZ|| <

V2xozo .

Proof. If o = 0, then ||| < 2o = 0 by feasibility assumption. Hence, & = 0, which
implies ||z0Z + zoZ|| = 0 < /2z02op. Similarly, if zp = 0, then z satisfies ||z0Z + x¢Z| =
0 < /2x92pp by the same argument.

Otherwise, xg > 0, 29 > 0, and we derive the following inequalities

Ty = xgzo—i-:ETZ <u

x
z! z o .
=1+ —— < —— (Since zy > 0,2y > 0)
Lo 20 To%o0
z z|I° |z > Tz 2
= |—+=|| =||—| +|—| +2——=—<2—-2+—— (Since zo > ||Z|,20 > ||Z]])
Lo 20 Zo 20 Lo 20 Loz0
r oz 2
=24+ 2 </ 22
Lo <0 LoZo0
= ||Zoii +Q?02|| < \/QSL’QZO,LL.
[
Let @ := 23" | a; denote the centroid of all data points. Let @} := @} := ... := @], :=

a. Then the primal objective value of the original sum-of-norms formulation at a’ is
Fa) =23 Jaal’
23 '

Let (5ij =0forall 1 <i< j<n. Then & is a feasible solution to the dual problem of the
original formulation and the dual objective value at &’ is

(8') = 0.
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Let f* and h* denote the primal and dual optimal values of the SOCP respectively, which
must satisfy the following inequality by strong duality:

CeW@) L =[S S —=—Z||a—azu + 2

At the feasible solution (x,y, z,s,u,t,d,8,7), the objective value is at a distance of at
most 4 away from the optimal value, which implies

n

DsitA >ty < fr4p< ZHG—GZH +2 5t

=1 1<i<j<n

which is rearranged to

i(“‘)J”\ > ty<; ZHa—alH + p

i=1 1<i<j<n

Moreover, by feasibility, s; > % holds for all ¢ = 1,...,n and ¢;; > 0 holds for all 1 <7 <
7 <n. Hence,

I,
(52 la—al? +M) .
=1

As ;A + yiTjéij = eilj < u, ||6127|| has the following upper bound by Lemma 3

> =

e _ s 1
5i§§;||a—al|| totm i<

€5 = l1ts8s5 + Ayisll < V2l A < (| D ll@ — @l i+ 222 (5.13)
=1

Similarly, at the feasible solution, the dual objective value is at a distance of at most u
away from the optimal value, which implies

;afﬂi+;vizh*—uzg—u,

which is rearranged to
(— - %) <> alBi+p.
1 i=1
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By feasibility, £ —7; > 0, which implies
1—m < 1y f al @i+ p
T2 = o

Since A > ||6;;]], ||3:]| satisfies

i—1 n
18]l = Zdji - Z 0ii|l < (m—1)A
J=1 J=i+1

By Cauchy-Schwartz inequality,
a; Bi < llai|l - 1Bil] < (n = D)X las]

Therefore, 1 — ~; satisfies

1 n
L=y <5+ (=Dl +p.

2
=1

Since s;(1 — ;) + 2L B; + wy; = ot
(69| R [saperis)
z'yz 1—’}/1)’&1
<.l2 1znzna, a||2+1+ 1+Zn:( DA |ai]| +
. f— — f— . f— n— .
_\ 23 treTs 2 3 ) G
n 1 n
< a—al°+1+2u) (= — 1A
_\<Z|a a’+1+ u) (2+;(n ) Haz||+M>M

=1

' ( 22) H has the following upper bound by Lemma 3
03

< V2si(1— i)

5.2 Clustering test

Given a primal and dual feasible solution (x,y, 2, s,u,t,d,3,7) with a duality gap pu,
we find candidate clusters as follows. First, select an index ¢ from {1,... n} arbitrarily.
Construct a ball of radius u%™ about x;. Create a candidate cluster with all indices k& such
that xy is located in the ball about x; (i.e. {k : ||x; — zx|| < £**}). Now find an index j
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that is not in any candidate cluster and construct a ball about @;. Repeat until all data
points are used up.

If the output of the primal-dual algorithm is not feasible for the SOCP, we construct a
feasible solution as described in the previous section. With the feasible solution, we define

) oy, iti <y,
9ij = 6ji; lfj < 4.

For any candidate cluster C, compute g;; := gj;+ = - (€; —¢; —w; +w;) + > kec(Gik—
g;i) for all i, j € C,i # j, denoted as Chiquet-Gutierrez-Rigail (CGR) subgradients. Check
if the following two conditions hold:

CGR subgradient condition: All CGR subgradients g;; satisfy the CGR inequality
;]| < A

Separation condition: All candidate clusters are separated at distance of at least
27, where 7 = /2.

If both conditions hold for all candidate clusters, then the test terminates and reports
‘success’. Each candidate cluster is a real cluster given by the optimal solution, thus all
clusters are correctly identified. The g;;’s serve as certificates. If either condition fails
for any candidate cluster, the test reports ‘failure’. One has to run more iterations of the
algorithm to decrease the duality gap . Repeat the process until the test reports ‘success’.
Note that this test is algorithm-independent, but it does require the algorithm to be of
primal-dual type.

The CGR subgradients condition certifies that each cluster we identify is indeed a
cluster or part of a larger cluster by Theorem 1 in Section 3.1. This is presented in Section
5.2.1. The separation condition certifies that there is no super-cluster with more than one
cluster we identify by the following theorem:

Theorem 4. Define 7 > 0 such that the true optimizer and the approximate solution are
at distance of at most T away (i.e. ||x —x*|| < 7). If there exist i,j € C such that
|lx; — ;|| > 27, then C is not a cluster or part of a larger cluster.

Therefore, we determine all clusters correctly when the test succeeds.

5.2.1 CGR subgradients and clustering corollary

Let C' C [n] denote a subset of points. Let m := |C| denote the cardinality of C.
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Lemma 5. Foralli,j € C,i # j, define q;; := gij+%'(mi_wj_wi+wj)+#Zkgc(gik—
gji). Then q;; satisfies

a, —a= Z qi5, Vi e C (515)
JjeC\{i}
qij = —qji, Vi,j€C,i# 7, (5.16)

a— L .
where @ = %", a,.

Proof. Substitute the primal constraint (5.2d) into the perturbed complementary slackness
(5.12) to obtain the following equality of ~; and s;

1—%‘:31‘—0?37 Vi=1,...,n.

Substitute the equality above into (5.11) and divide both sides by s; to obtain the following
equation of B; in terms of z;

Bi:—zi—l—wi, VZ:L,TL

Notice that the operation is valid because s; > 1 by the primal constraint (5.2d) and (5.2f).
Substitute the primal constraint (5.2c¢) and the equality above into the dual constraint
(5.3b) yielding

i—1 n
_Z‘sji"‘ Z 0 —x;+a;+w; =0, Vi=1.. n
j=1

j=it1
With the definition of g;;, the equality above is rewritten as
—mitaitw—» g;=0 Vi=1. . n (5.17)
J#i
By (5.17), we have the following equality holds for all i € C'
JEC\{i} kgC

Sum (5.18) over all i € C' and divide the new equality by m to obtain

—iZwi—F&%—isz—lzzgik:O- (5.19)

ieC ieC i€C k¢C
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Change the index in (5.19) from i to j. Subtract (5.19) from (5.18) to obtain

—mi+%2wj+ai—a+wi—%zwj— > gij+%zz<gjk_gik):07 Vied,

jeC jeC JEC\{i} jeC k¢C

which is rearranged to

ai—d:wi—%ij—wi—l—%ij—l- Z gij‘i‘%ZZ(gik_gjk)

jeC jeC jeC\{i} jeC kgC
1 1
= Z E(wi_wj_wi+wj)+gij+EZ(gik_gjk)
J€C\{i} k¢C
= Z g;; (By definition), Vi€ C.

JjeC\{i}
Moreover, by the definition of g;;, we observe the following property for all ¢, 5 € C,7 # j
1 1
Q=g+ — (T — @y —wi+w) +— > (g — Gk
m m e

1 1
= - ji—E'(mj—mi—wﬂrwz‘)—gk%(wk—gm)

O

Corollary 5.1. If ||g;j|| < A holds for all i # j,i,j € C where C is a candidate cluster,
then C' is a cluster or part of a larger cluster.

The proof of the corollary follows trivially by Theorem 1 and Corollary 1.1.

5.2.2 Duality gap and distinct clustering corollary

As derived earlier in Section 3.2, the duality gap at the feasible solution is:

n

f(w7y7z7 87u7t)_h(57/677) = Zsl+)\ Z tl]_z a?ﬁz_z Vi = Zai‘i‘ Z GZF = M.
=1 =1 =1

1<i<j<n i=1 1<i<j<n

(5.20)

38



By the property of strong convexity of f’, we have
%Hw —x*)? < fl(x) — f(z*) = f(x,y, 2,5, u,t) — f(x*, y*, 2%, s, u*, t*),
which is further bounded as follows by weak duality
Sz — 2l < f(,y,75,u0) ~ h(3.5,7). (521)
Then, for any primal-dual algorithm, the distance between the approximate solution and

the optimizer is given by
7= — 2| < /2 (5.22)

Corollary 5.2. Let C' denote a candidate cluster. If for alli € C,j ¢ C it holds that
|lx; — ;|| > 27 where 7 = \/2p for any primal-dual algorithm, then there does not exist a
super-cluster which strictly contains C'.

The proof follows directly from Theorem 4.

5.3 Properties of the central path

In this section, we explore the properties of the central path for a primal-dual path following
algorithm. These properties play a fundamental role in the proof of our main theorem in
Section 6. In the main theorem, we state that if a primal-dual path following algorithm is
used, our clustering test will eventually succeed after a finite number of iterations when A is
not at any fusion value. The proof of the ultimate success relies on the linear convergence
to the optimal primal-dual pair, which will be shown to be satisfied in the remainder of
this section.

Unfortunately, there are very few theorems about the central path of second-order-
cone programming in literature. The only applicable result that we are aware of is due
to Nesterov and Tuncel [20]. Their work showed that with a primal-dual interior point
method, the primal ;/-centered iterates converge to the primal analytic center superlinearly
under two assumptions. One of the assumptions is that there is a unique dual optimizer.
This assumption does not hold for SON clustering in general. There are often infinitely
many dual optimal solutions.

In spite of the lack of convergence analysis for SOCP, there are established theorems
from semidefinite programming (SDP). SDP specializes to SOCP. With some standard
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techniques, we can easily rewrite our SOCP problem as SDP and apply the primal-dual
path following algorithm to solve the new SDP. The following theorem states that the
(/-centered iterates converge to the analytic center superlinearly.

Theorem 6 (Luo et al. [I38]). Assume the semidefinite program has a strictly comple-
mentary solution and the iterates of the algorithm converge tangentially to the central path.
Let (X (i), Z(1)) denote a u'-centered primal-dual pair. Let (X Z*) denote the analytic
centers of the primal and dual optimal sets. Let u' € (0,1) be the central path parameter.
There holds

IX (1) = Xl = O, 1Z2(w) = 2% = O().

Tangential convergence to the central path is a terminology adopted by Luo et al.
[18]. It was first defined in [16] by Kojima et al. as follows. Let (X", Z") denote the
solution generated by some algorithm at the r** iteration. Let (X%, Z%) denote an optimal
solution. Then the sequence {(X,, Z,)} converges to the optimizer (X% Z) tangentially

to the central path if
HdeXZﬁﬂ&—pﬂ

700

/
-0
‘F/ur ,

where p! = tr(X,Z,). Assume a primal-dual path following algorithm satisfying the as-
sumptions of Luo et al., and it is applied to solve the SOCP as SDP. To employ Theorem
6, we show that our SOCP has a strictly complementary optimizer. Notice that this state-
ment is not necessarily true for all values of \. One has to assume A is not at any fusion
value. When A is exactly at a fusion value \*, strict complementarity may fail. The failure
is not surprising since any arbitrarily small negative perturbation \* + € yields a different
clustering. In other words, complete cluster identification for these fusion values is ill-
posed. Thus it is unreasonable to expect an algorithm that satisfies a guarantee for such
a problem. There are at most n fusion values as a result of Theorem 1.1.

It is worth remarking that Theorem 6 does not directly apply to a primal-dual SOCP
interior-point method. SOCP is a special case of SDP, yet the central path of SOCP is
not just a simple projection of the SDP central path. The reason is that the log-barrier
function for SOCP is not a specialization of the log-barrier function for SDP. Let x denote

a primal feasible solution for an SOCP where « = ? € R4 satisfies 79 > ||Z||. Then

the log-barrier function inherited from SDP reformulation would be

¢spp(x) = —In(zg — &) — (d — 1) Iny,
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while the log-barrier function inherited from the original SOCP would be
¢socp(®) = —In(zj — [|2]).

The removal of the second term actually accelerates the convergence.

We suspect that an SOCP interior-point method should also satisfy a bound analogous
to Theorem 6, but we are not aware of a proof in the literature.

5.3.1 Strict complementarity

By specializing the definition of strict complementarity in SDP to SOCP [1], a primal and
dual optimal solution satisfies strict complementarity if and only if

tij + A > |lyi; + 655, V1<i<j<n, (5.23)

si+1—%> H(z1+61>

wt )| Vi=1,...,n (5.24)

The following theorem is a sufficient condition for strict complementarity of (5.2) and
(5.3).

Theorem 7. If A\ > 0 is a parameter value at which fusion does not occur, then there

exists a strictly complementary primal-dual optimal solution to SOCP (5.2) and (5.3) at
A

To prove Theorem 7, we consider a new optimization problem and construct such a
strictly complementary primal-dual optimal solution from the new problem. Let \;, Ay be
the two successive fusion values such that A € (A1, A2). Note that it is possible for A\; =0
or \y = oo. Let (x/,y, 2/, v, t',8',3,7) denote a primal and dual optimal solution at
A1, Let 4,0y, ..., Ck denote the clusters identified by the optimal solution above. When
A1 = 0, there are n clusters, and each cluster is a singleton set. When \; is the largest
fusion value, there is only one cluster containing all n points. Define a; := ﬁ ZieCk a;.
Consider the following optimization problem:

K
1 )
min d§Z!Ck!|\pk—akH2+A > G- 1Cw| Ik — el - (5.25)

1<k<k’'<K

e
Il
—

Let p denote the optimal solution of (5.25).
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Lemma 8. Vector p satisfies pr # pr for all k, k' € [K],k # K.

Proof. For the purpose of contradiction, we may assume there exist i #+ k' such that
D = i Let x} = py for i € Ci, k € [K]. By the first-order optimality condition of (5.25)
at p, there exist gpr € O||pr — pPrr|| for all k& # k' such that

0=pr—a+A Z ICxr| - grwr = pr — @i + a; — ap + A Z Ck| - Guow- (5.26)
K/ £k k' #k

Define g’ with 8" as before

By the feasibility and complementary slackness in Section 5.1, the dual solution satisfies

a; —a = Z gij, VieCykelK], and ||g|| =|6,]| <M. Vi#j (5:27)
jeCr—{i}

Substitute (5.27) to (5.26) to obtain

0=pr—a;+ Z ggj+)‘Z|CK'|'gkk'

jeCr—{i} k' £k
=x;—a;i+ Y, g +AD>_|Ckl g,
jeCk—{i} K £k

satisfying (3.2) at i. As i € Cy, k € [K] are chosen arbitrarily, the equality (3.2) holds for
all i hence =* is an optimal solution to (1.1). Since p; = py,, we have x; = z for all
i,7 € C; UC;,. By the agglomerative properties of the clusterpath, cluster C;, C}, merge
at some X € (Aq, A], which contradicts our choice of Ag. That concludes our proof. O

By Lemma 8, the objective function is differentiable at p. Hence, there holds

Cil(pr — ar) + NGkl Y O] - =P — 0,k € [K]. (5.28)
K2k Pk — pr|
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Define the following primal-dual solution:

x; =py, VielkelK]

1
*

y;=x; —x;, Vi<i<j<n

(2
* * .
z; =x;, —a;, Vi=1,...,n,

1
si=—(1+]2]*), Vi=1,...,n

2
1
ui = = (=1+||zf|*), Vi=1,...,n
2 o (5.29)
ti=lly;l, Vi<i<ji<n
. N ifi<jandi,jeCy o
9i; = A% otherwise Visi<jsn
B =—-z, VYi=1,...,n
1 . .
Vi = 5(1 - ||/61||2)7 Vi=1,...,n

Lemma 9. The solution defined by (5.29) is optimal for SOCP (5.2) and (5.3) at .
Proof. By construction, the primal constraints (5.2b), (5.2¢), (5.2d), (5.2¢), (5.2f), the dual
constraints (5.3c), (5.3d), and the complementary slackness conditions (5.8), (5.9), (5.10),

(5.11) and (5.12) with € = 0,0 = 0 are automatically satisfied. It remains to check if the
solution satisfies (5.3b).

Verification for (5.3b): For any i € Cy with some k € [K], (5.3b) is rewritten as
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follows due to (5.27) and (5.28)

i—1 n
=N+ > 8+
j=1

j=i+1
SED DRI 'S 5§j+)‘Z’Ck'!H — H + a;
J<i,jeC—{i} j>i,§€CH—{i} Kk Pr = Pk
> g£j+AZ!Ck,|Hp/ = “ ta;—x
jeCi—{i} kAR Mo
=a — a2+)\Z|Ck/ ;pk—i—ai—pi
Py ||pk’ — prll
:dk+)‘Z|Ck" —Di

=0.

By KKT conditions, the solution defined above forms an optimal primal-dual pair.

Lemma 10. The solution defined by (5.29) is strictly complementary.

Proof. The strict complementarity is equivalent to (5.23) and (5.24), which can be easily

checked as shown below

Verification for (5.23): Let 1 <i < j <n. If yj; = 0, then there exists some k € [K]
such that ¢, j € Ck. By definition, ¢}; = 0 and §;; = d;;. Notice that 9;; is the optimal dual
solution to (1.1) at Ay, then it satlsﬁes 10451 < /\1 < )\ by the definition of A\. Hence,

ti + A=A > (1051 = 10551 = llyij + 035

If yj; # 0, then there exist k, k' € [K] such that i € Cy,j € Cp and k # K.

definition, ¢}; = |lyj;|| = lpx — pw| and 8;; = AZE=Pt. Hence,
ti t A= P — ol + A > |[lpr — prll — Al = ‘ e — pr + AT ‘
|Pr — P
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Verification for (5.24): Let i € [n]. By construction,

(—%(1 - szi:)jrzg(l - Hzi\IQ))H :‘ (z ig)”

Since the indices are chosen arbitrarily, the solution defined above is strictly complemen-
tary. ]

N CURAETE

With three lemmas presented in this section, there exists a strictly complementary

optimal solution (as defined by (5.29)) to SOCP (5.2) and (5.3).

5.4 Test Guarantee

In Section 4, we validated our test theoretically in the sense that if the test succeeds, it
is guaranteed that the correct clusters are found. In this section, we show that the test
succeeds after a finite number of iterations of a certain interior point method, provided that
A is not at any fusion value. Specifically, we prove that the two conditions in our test are
guaranteed to hold for a primal-dual path following algorithm satisfying the assumptions
of Luo et al. [18] when the duality gap p is sufficiently small.

Theorem 11. If A is not a fusion value, then there exists pg > 0 such that both CGR
subgradients and separation conditions in the test are satisfied for any duality gap p < po
for a primal-dual path following algorithm satisfying the assumptions of Luo et al. [15].

Let (x,y, 2, s,u,t,d,3,7) denote a primal and dual feasible solution. Let Cy, Cy, ..., Ck
denote the clusters obtained at optimum. Let 1/ € (0, 1) denote the central path parameter
and let u denote the duality gap at the feasible solution. By Theorem 6, there hold

l (1) — 2|l = O(w),  [[6(n') = 6l = O(w)

where (1), (i) are p'-centered solution and &%, §* are the analytic centers of the primal
and dual optimal sets respectively. Moreover, since the iterates converge tangentially to
the central path, we may assume the size of the central path neighborhood to be as follows

le —z(u)ll = O, 16 = ()] = OW).

Luo et al. [18] validated the assumption above for their interior point algorithm, which is a
generalization of the Mizuno-Todd-Ye predictor-corrector method for linear programming.
Combine the two sets of equations above and employ the triangle inequality to obtain

| — x| = O(1), [|6 — 8% = O().
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As the duality gap p is of a linear order of the central path parameter p’, the equalities
above are rewritten as

& =z = O(n), |6 = 8% = O(n).

Define p,p’ > 0 such that ||x; — || < pp for all i and ||(5Z»j — 0] < p'p for all distinct
pairs (7, 7). Then, for all distinct pairs (7, j) in any cluster Cy, there holds ||z; — x;|| < 2pu.
Moreover, define ¢ > 0 such that all {’s in different clusters are at least ¢ apart, which
implies that a;’s in different clusters are separated by a distance of at least ¢ — 2pu. We
may assume the duality gap satisfies p < zip. Notice that this assumption is guaranteed to
be true after a finite number of iterations.

Let C' := C} for some k € [K]. By Lemma 3, there hold HEZQJH < \/2?:1 la — ay||” p + 2u2
for all 7 < 7 and

i
¥
O3

for all 7.

n - 1 n
] = <Z||a—al||2+1+2u) - <5+Z<n— DA Jlau +u) "
=1 =1

5.4.1 Bound the CGR subgradient

Bound ||d;]|
Lemma 12. For alli,j € C,i # j, the following inequality holds
165;]| SA—r+p'n

where v 1= mingy rec, ke(x](A — ||65]]) > 0.

Proof. Let ¢,7 € C' and i # j. By the definition of analytic center and strict complemen-
tarity,
1031l < A,

holds for all I £ I',1,1" € Cy, k € [K]. Hence, r > 0 by definition. Moreover, r also satisfies
65| <A=r, VijeCi#j.
Since Héij — (53]” < p'u, we obtain
||5,J||§/\—T—|—p/u, VZ,jGO,Z#j
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Bound ||gix — gj||

Lemma 13. For alli,j € C and k ¢ C, the following inequality holds

n _ 2
pop AT la—alfur2e
+ +
q— 2pp q— 2pp q— 2pp

lgix — gjill <

Proof. Let i,7 € C and k ¢ C. Without loss of generality, we may assume i < j < k.

Hence, gix = —0:x, gjx = —0;jx. By (5.9), we derive
tikéik — tjkéjk = _)\yzk + /\ka + Eék — Egk = —)\(mZ — iL‘j) + ng — Egk. (530)

Adding the term (t;; — t;x)d;% to both sides of the equality to obtain

Notice that t; > |yl = || — k]| > ¢ — 2pp > 0 by the primal constraint (5.2¢) and
our assumption on the duality gap. Divide the equality above by t;. to obtain
tjk: — tlkd )\(mz — wj) i ng — E%k

J

i — O, =
! J tik ik Lik
Substitute the definition of g into the equality above to obtain

t‘k—t‘k AMax; — x; Eik—ejk
gik_gjk:—lt =05 + (@: J)— : :
ik

31
Lik ik (5:31)

By the perturbed complementary slackness (5.8), the primal constraint (5.2e) and the
Cauchy-Schwarz inequality, we derive the following inequality

Eik = tigA + y;‘fcéik >t — | Yirl] - 10| > tied — |lyax] - A,

which yields an upper bound on ¢

i

3\

Combined with the primal constraint (5.2e) at ¢;; and the triangle inequality, we obtain
the following

ti < |yl +

ik ik ik
tie — tin < ||yl + N lyiell < llyie — yiull + S i — ;] + S (5.32)
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The same inequality holds for t;;, — t;; due to the symmetry of (5.32). By (5.31), (5.32)
and triangle inequality, the norm bound of g;; — gji is as follows

ik gk
ta— ol 18l M — ;) e+ e
g — gjill < ik = el - 19 + i = ;] + (By triangle inequality)
lik bik Lik
ik ik Jk
|z — x| + % Mz, —x; H€2 H+ € ‘
< = (195l + H . i . (By (5.32))
oA ws— s ]+ e e
< % 4 + - (By (5.2¢) and (5.30)).
lik lik Lik

Since i,j € C and k ¢ C, there hold ¢ > |yl = ||zs — x| > ¢ — 2pp and ||x; — x| <

2pp. Moreover, there also hold € <, ||eff| < \/Zle @ — a;||” 1+ 242 and ||l ‘ <
\/Zzn=1 @ — a;||” o + 2p2. Hence, ||gix — g;x]| is further upper bounded as follows
n — 2 2
4 pu 2\/Zz:1 la —alll” p+2p 1
gir — Gjkll < + + 5.33
| il q — 2pp q — 2pp q — 2pp (5:53)
O

Bound ||w;||

Lemma 14. For all i € C, it holds

n 1 n
ol <2,|2 (Z la—ai + 1+2u) - (5 + 3= DA +u) p
=1

=1

Proof. Let © € C'. By definition,

i

_ 03 Iy

w; = —2z;+ —0,.
S; S;

By the primal constraint (5.2f), we have

[2ill < V2si — 1< V2s;, s

v
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which implies

Si V Si

Coupled with triangle inequality, these two inequalities yield

el < P2t 4 2 o] < 204 4 2 o]
K (]

Moreover, since

()] = V(S Ia = alF + 1520 G4 S = DAl +) s

holds for any i € [n] by Lemma 3 and the duality gap,

(03 + ] < (z ua—aln2+1+2u> - ( £ DA +u> "
=1 =1

which implies the following inequality since (a + b)? < 2a? + 2b?

' ' n 1 n
(o + [l ) < 2- (Z la—a®+ 1+2u> - <§ + > (=D a] +u> p
=1 =1

Therefore, the following holds as ¢ € C' is chosen arbitrarily:

lwi|| < 20% + 23] <2,|2- <Z||a—az”2+l+2,u> : <§+lzl(n— DA Ja]| —l—,u) 0

=1

]

Bound CGR subgradients

Lemma 15. For alli,j € C and i1 < j, there holds

1 n 1 n
/ — 2
||qij\|<)\—7“—|—pu+g- 2pp +4 2(2 lla — a| +1+2u>-<§+§ (n—l))\||al|]+u>u

=1

Lh=m A\pu 2\/21 Ll —al? p+ 2p2 Lk
m q—2pu q— 2pp q— 2pp
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Proof. Let 1,7 € C and i < j. By triangle inequality,

1 1
lass | < 195l + — - ([l — 25| + llwsl] + llwsl)) + — > g — gixll -
k¢C

With the assumptions on the distance between points,
@i — ;]| < 2pp.

By Lemma 12, 13, Lemma 14 and the inequality above, we obtain

1 - ] —
gl <X —r 49t — - 2+ 4,|2- (Z||a—azu2+1+2u> ~ (§+Z<n—muazn +u> p

=1 =1

n — 2
n—m A pu 2\/21:1 la — ail|” o+ 242 1
- - -
m q— 2pp q — 2pu q— 2pu

(5.34)

5.4.2 Proof of Theorem 11
Proof. We rewrite (5.34) with O(-) notation to obtain the following inequality

lgi;l| < X—r+0(/pn), Vi,jeCyi#jkelK],

since C' = (), is an arbitrarily cluster. As r > 0 by Lemma 12, there exists p; > 0 such
that for all u < p, ||gi;|| < A holds for all 4,5 € Cy,i # j, k € [K]. Here concludes the
proof of the CGR subgradient condition.

Since ¢ > 0, there exists us > 0 such that 2v/2us < q¢ — 2pus. Hence, for all u < ps,
all clusters are separated at distance of at least 2/2us. Here concludes the proof of the
second condition.

Let po = min{py, po}, then both CGR subgradient and separation conditions are sat-
isfied for any p < pyp. O]
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5.5 Computational experiments

In this section, we conduct experiments in which a Chi-Lange ADMM solver [7] and our
clustering test for sum-of-norms clustering are applied to a simulated dataset of two nor-
mally distributed half moons. We intend to answer the following questions: (1) How does
the performance of our test depend on A? and (2) How does the recovery of two half moons
depend on A?

Our algorithm is implemented in Julia [3]. It terminates if the clustering test suc-
ceeds, or if the maximum number of iterations is reached. In the algorithm, the code
tests for clustering every t iterations of the ADMM solver. The value of ¢ is taken to
be 8 in our experiment. At the end of every t iterations, the solver yields a primal
solution and a dual solution, from which our algorithm constructs a primal and dual
feasible pair for the SOCP formulation by (5.7). With the feasible solution, the algo-
rithm then creates candidate clusters, computes duality gap and constructs CGR subgra-
dients. The code checks for the CGR subgradient condition and separation condition.
If both conditions hold, the clustering test reports ‘success’. Otherwise, the code runs ¢
more iterations of the ADMM solver and repeats the clustering test. The detailed algo-
rithm is outlined as follows. Each iteration of the ADMM solver is of complexity O(n?d).
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Algorithm 2: Find clusters

C+{1,...,n};

k+ 1,

while C # () do
Choose ¢ € C' arbitrarily;
Create a cluster Ry < {j : ||[&; — ;]| < p**} (including i itself);
Delete all these points in Ry, from C
k<« k+1,;

Return candidate clusters { Ry, Ra, ..., Rg'};

Algorithm 3: An ADMM algorithm with our clustering test
Result: Clustering assignment
Initialize (x, d);
while clustering test fails or maximum number of iterations is not reached do
for(=1,2,...,tdo
| ADMM updates by Chi and Lange [7];
end
Construct a feasible solution for SOCP by (5.29) from the current ADMM
iterate;
Compute the duality gap u;
Run Algorithm 2 to find clusters { Ry, R, ..., Rx'};
Compute CGR subgradients from dual variables for {Ry, Ry, ..., Rx'};
Check the CGR subgradient condition; Check that no two clusters are distance
< 24/2p of each other;
Mark the clustering test ‘success’ if both conditions pass and mark it ‘failure’
otherwise;

end
Return recovered clusters { Ry, Ry, ..., Ri/}.

To assess the performance of recovery, we employ the Rand index by Rand [25]. Rand
index is a measure which specifically evaluates the performance of clustering. It compares
two clusterings {Ry,..., R/} and {Vi,...,Vk} in a pairwise manner. If a pair of data
points are placed in the same cluster in both clusterings, or if a pair of data points are
placed in different clusters in both clusterings, then this pair is called a similar assignment
and it contributes to the measure of similarity between two clusterings. We define the
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following two sets of similar assignments on all distinct pairs of instances:

S :={(4,7) : 1 <i < j < n such that there exist m, m’ satisfying i,j € V,,, N R, },
D:={(i,7) : 1 <i<j<nsuch that i € V,,,,j € V,,,m1 # ma, and
i€ Ry j ERm/Q,mll#mIQ}.

Then Rand index is defined as the fraction of all distinct pairs which are similar assign-
ments:

_[81+1D)
()

where |-| denotes the cardinality function. The value of R ranges from 0 to 1. When R = 0,

two clusterings are completely dissimilar. When R = 1, two clusterings are identical. A

higher Rand index indicates a higher level of similarity. A random assignment to clusters
in the case of equally sized clusters, K = 2 yields expected Rand index of 0.5.

R

The experiment is conducted on a simulated dataset of two normally distributed half
moons with 500 instances. The angle of two half moons follows a Gaussian distribution
with a mean of 0 and a standard deviation of §. A random noise which follows a two-
dimensional Gaussian distribution with a mean of 0 and a standard deviation of 0.05
displaces the instances from the moons. Fifty linearly spaced values of A\ are taken from
the range [107%,0.00496]. The range is determined empirically. Furthermore, the maximum
number of iterations is chosen to be 50,000. It took approximately 15 hours total on an
Intel Xeon processor single-threaded to complete the experiment.
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Figure 5.1: Iteration counts versus A

Our first objective is to evaluate the performance of our clustering test. At 32 out of
50 values of A, the clustering test succeeds before the maximum number of iterations is
reached. When A\ is in the range between A = 0.0018219 and A = 0.0028341, the algorithm
repeatedly reaches the iteration threshold before the test succeeds as shown in Figure 5.1.
The performance is interpretable with theories discussed earlier. The clustering test is not
guaranteed to succeed when A\ is at a fusion value, and the test performs poorly near a
fusion value as shown in Figure 5.1. When n = 500, there are at most 500 fusion values.
All fusion values are in the range between A\ = 0.00040 and A = 0.00405 as observed in the
experiment. Hence, fusion occurs frequently, and massive fusion values are located densely
in a small region. Thus, in our experiment, it is very likely that the A we pick is near or
at a fusion value, which leads to the poor performance of our clustering test.

We anticipate that the clustering test improves with fewer data points, and it is indeed
the case. The same experiment is also implemented for 200 instances generated from two
normally distributed half moons with the same parameters. At 89 out of 100 values of A,
our clustering test succeeds before the maximum number of iterations is reached.

The experiment also attempts to explore the relationship between A value and the
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recovery of half moons. To evaluates the recovery, we compute the Rand index with the
recovered clustering and the generative clustering. The figure below shows Rand index
against A values. The value of Rand index increases monotonically and peaks at A =
0.00395, where the clustering test succeeds and the Rand index achieves a value of 0.949.
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0.45

Figure 5.2: Rand index versus A
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To illustrate the clustering at A\ = 0.00395, we also plot the two half moons and color
the clusters. Red instances belong to one cluster, and blue instances belong to another
cluster. Yellow instances are assigned to clusters of singleton points, and they are identified

as noises.
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Figure 5.3: Labeled points with clustering at A = 0.00395

Sum-of-norms clustering with equal weights performs poorly on standard half moons
[7] and normally distributed half moons with a large standard deviation. To resolve the
issue, many authors such as Sun et al. [28] apply exponentially decaying weights to the
sum-of-norms clustering. The exponentially decaying weight of pair (i, j) is determined by
the distance between original data a; and a;. The weight is set to zero if j is not among
i's k-nearest neighbors. Otherwise, the weight is computed as follows

wi; = exp(—¢ |la; — aj||2)

where ¢ is a nonnegative parameter. Assigning weights in this manner implicitly imposes a
prior hypothesis that the nearest-neighbor structure corresponds to true clustering, which
is certainly the case for the standard half-moon data set. Chi and Lange [7] assess the
effect of the number of nearest neighbors k and the parameter ¢ on SON clustering with
numerical experiments on a half-moon dataset of 100 points. Setting £ = 10 and ¢ = 0.5
yields the best clustering. Choosing £ = 50 and ¢ = 0 results in a similar clustering
pattern to our experiment: clusters only form until late then all points quickly coalesce
to one cluster. At any value of A\, SON clustering could not identify two half moons with
high accuracy. When & = 10 and ¢ = 0, or £ = 50 and ¢ = 0.5, SON clustering correctly
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identifies clusters for the easier points but fails to cluster points located at the lower tip of
the right moon and the upper tip of the left moon.
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Chapter 6

Discussion

The analysis of the mixture of Gaussians in Chapter 4 used only standard bounds and
simple properties of the normal distribution, so it should be apparent to the reader that
many extensions of this result (e.g., Gaussians with a more general covariance matrix,
uniform distributions, many kinds of deterministic distributions) are possible. The key
technique is Theorem 1, which essentially decouples the clusters from each other so that
each can be analyzed in isolation. Such a theorem does not apply to most other clustering
algorithms, or even to sum-of-norm clustering in the case of non-multiplicative weights, so
obtaining similar results for other algorithms remains a challenge.

An interesting question concerns the ranges of parameters for which the Panahi et al.
result (which requires an upper bound on n), or its extension due to Sun et al. applies versus
our bound (which assumes n — o0). Our result, stated loosely, is that the probability of
correct labeling of points a fixed number of standard deviations from the means goes to 1
exponentially fast in n, whereas the other result states that all points are correctly labeled
with probability that goes to 1 exponentially fast in the ratio

min1§m<m/§K HHm — M “

maxi<m<k Om

Is it possible to stitch the two results together into a theorem that encompasses all values
of n? One of our computational experiments suggests that this may be possible.

We also proposed a test to determine all clusters from an approximate solution yielded
from any primal-dual type method. If the test reports ‘success’, then the clusters are
correctly identified. Moreover, if a primal-dual path following method that maintains close
proximity to the central path is used, the test is guaranteed to report ‘success’ after a finite

o8



number of iterations at non-fusion values of A\, where strict complementarity holds. A few
natural questions concerning strict complementarity and the test itself are (1) Is there a
rigorous test that works when strict complementarity fails? (2) What is the complexity for
our clustering test since it depends on the choice of A values? (3) Is the test guaranteed
to work for a general primal-dual algorithm? (4) Can one identify clusters correctly from
a primal-only algorithm?
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