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1 Introduction

In scattering theory, a plane wave is sent from a known direction to some
object. We call this object a scatterer. Interaction between the incident wave
and the scatterer forms a new wave which is called a scattered wave. Di-
rect scattering problem concerns determining this scattered wave when the
scatterer is known. Conversely in inverse scattering problem the goal is to
gather information about the scatterer while the behaviour of the scattered
wave is known. Such information can be for example the shape of the ob-
ject. Mathematically the scattering problem can be formulated as a partial
differential equation. The partial differential operator determines the types
of these waves and the scatterer is presented as a perturbation to the wave.
The most commonly studied operator is Schrédinger operator and some re-
cent studies of that can be found in |1, 2, 5, 7.

We consider a three-dimensional biharmonic operator

Hy=A*+V,

where A is Laplacian and potential V' is a scalar valued quasi-linear function.
Conditions for function V' will be specified later. The scattering problem for
this operator is given by

4
Hyu=FKu, u=uy+ ts,

where the coefficient k corresponds to the wave number. The solution u is
assumed to be a sum of two function u¢ and wu,., where the function wug is
a plane wave and ug. is an outgoing wave in the sense that it satisfies to
the Sommerfeld radiation conditions for biharmonic operator at the infinity.
While Schrodinger equation can be used to model the behaviour of waves,
strings and particles, biharmonic operators appear in the studies of elasticity
and vibrations of beams. Scattering theory of biharmonic operators with
linear perturbations is studied before in [9, 10, 11] and with quasi-linear
perturbations on the line in [12]. We will follow [11] and the main results
will correspond to those obtained in [11]. This text focuses on the direct
scattering problem, but also two results regarding the inverse problem will be
given. Main results of this thesis are asymptotic behaviour of the solution and
the proof of Saito’s formula. We will give two results regarding the inverse
problem, namely uniqueness and representation formula for the unknown
potential V. They both follow from Saito’s formula and thus Saito’s formula
can be thought as a bridge between the two problems.

This text is organized as follows. We start by fixing some notations and
introducing definitions and known results from various areas of mathemat-
ics. Those results will be used later in the text. After that we formulate the



scattering problem as a partial differential equation which we then turn into
a Lippmann-Schwinger integral equation. It will be shown that with some
assumptions the solution to the differential equations indeed is a solution to
the Lippmann-Schwinger equation. The solvability of Lippmann-Schwinger
equation will be proved. We then proceed to define the scattering amplitude
and show that the asymptotic behaviour of the solution can be expressed us-
ing the scattering amplitude. Finally, we will prove Saito’s formula and two
of its corollaries. We conclude the text by introducing the inverse backscat-
tering Born approximation and discuss some results that have been obtained
using it.

2 Preliminaries

2.1 Function spaces

We start by defining some function spaces that we will use throughout the
text. We will use same definitions and notations as in [6]. Let Q C R? be a
bounded domain. We define the Lebesgue spaces LP(Q2) for 1 < p < oo by

LP(Q) :={f : @ — Cis measurable : || f||, = (/ |f(x)|pdx> v < o0}
Q
and

L>(Q) :={f : Q2 — Cis measurable : || f||o = esssup |f(z)| < oco}.
e

Let us formulate two theorems regarding Lebesgue spaces.

Theorem 2.1. If f € LP(Q) and g € LP(Q) where 1 < p,p/ < oo and
% + z% =1, then the product fg is integrable and

1= gl < W fllp - gl

Theorem 2.2. If f € L'(R"), then

/ e @Y f(y)dy — 0, as|z| — oco.

Theorem 2.1 is called Holder inequality and Theorem 2.2 is known as
Riemann-Lebesgue lemma. In particular Holder inequality will be used fre-
quently in the future. Proofs for these two theorems can be found in [3, p.
96| and [6, p. 399-400], respectively.



Let us introduce the following notations. We say that « is a multi-index if
a = (aq, ay, az), where ; € Ny, for all i = 1,2, 3. We denote this by o € N3.
For higher order derivatives we use the shorthand notation 0“ which is given

by
Haltaztas 8|a|

= aq a2 Qs = aq a2 as '’
0x " 0x5* 0xs 0x" 0x5° 0xs

For k € Ny and 1 < p < oo we define the Sobolev space W} (R?) as

aa

WHR?) = {f e LP(R%) : ||f lwiqs) = ( 3 Haaf“z)l/p ) OO}'

|a|<k
The space of n € N times continuously differentiable functions is given by
C™"(R*) = {f :R® — C: 0°f(x) exists and is continuous for all |a| < n}.

We say that f is a smooth function or f € C®(R3) if f € C™(R3) for all
n € N.
The space of compactly supported smooth functions is given by

CP(R?) = {f :R" — C :supp fis compact andf € COO(IR?’)},

where supp f = {x € R?: f(x) # 0} is called the support of function f. The
Schwartz space of rapidly decaying functions is defined as

SRY)={f € C*(R?) : |flas := sup

zER3

xaf)ﬁf(x)‘ < 0o, foranya,f( € Ng}.
Without going into details about vector fields we give the following two re-
sults.

Theorem 2.3 (Divergence theorem). Let the boundary of domain Q0 C Ig?’
be C' and let us denote it by Q. If F is a C'-vector field on the closure S,

then
/V-Fdx:/ F -vdo(x).
Q o9

Here v is an outward normal vector on the surface 0S2.

The proof of Theorem 2.3 for convex region 2 C R3 with no holes as well
as some justification for the general case can be found in |8, p.974-976].

Theorem 2.4 (Green’s second identity). Let the boundary of the domain
Q C R3 be as in Theorem 2.3. If f,g € C*(Q) N CY(Q), then

/ (gAf + VgV f)de = / 90, fdo(z),
Q

o9
where 0, is the normal derivative with respect to the surface.
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Proof. Let F = gV f. Using the divergence theorem and Leibniz rule for
differentiation we have that

A = . = 0, fdo(x).
/Q(g f+ VgV fde /QV Fdx /mg fdo(x)

]

Note that is Q = B(0,R) = {z € R® : |z| < R} for some R > 0, then
0, = % on 0f).

2.2 Fourier transform

Definition 2.5. Let f € S(R?). We define the Fourier transform of function
f as

FFE) = (2m) / i) f(2)dr, €€ R

]Rii

Inverse Fourier transform F ! is given by
F ) = ) [ e pede
For one-dimensional inverse Fourier transform it is proved in |6, p.85] that
FFf (@) = FF7 ) = S0

and the same is true for three-dimensional inverse Fourier transform.

Definition 2.6. The convolution of two functions f,g € S(R?) is defined by

(F+9)@) = [ 1=l
R
Note that the convolution is symmetric, i.e., f*x g = g * f.

Theorem 2.7. Let f,g € S(R®). Then

F(f % 9)(&) = 2m)*2F (f)(€)F(9)(€)

and conversely

FUf - 9)@) = @) 2 (F () F(9) ).

Proof. This theorem was proved in [6, p.170] H



2.3 Distributions and fundamental solution

Later in this text we will come across some functions that either behave badly
or we do not know enough about their behaviour. Rather than considering
them as regular functions, we can study how they act on some group of test
function as functionals. This type of study is called distribution theory. We
will define two types of distributions, Schwartz distribution and tempered
distributions.

Let us start by defining the null-sequence. This leads us to the concept
of continuity for functionals.

Definition 2.8. A sequence {¢;}52, of C3°(R?)-functions is called a null-
sequence if

1. there exists a compact set K C R® such that suppy; C K, for all
J €Ny

2. for every a > 0 we have

sup |0%p;(z)| = 0, j — oo.
TeK

We use the notation (T, ¢) to denote the application of the functional T’
to the function ¢, i.e., T(p) = (T, ¢).

Definition 2.9. A functional 7' : C{°(R?) — C is said to be a Schwartz
distribution if it is linear and continuous, i.e.

1. (T, ap+BvY) = (T, o)+ B(T, 1), for every p, ¢ € C5°(R3) and o, 8 € C

2. for every null-sequence ¢; € C§°(R?) we have (T, ;) — 0 in C, as
J — o0.

The linear space of Schwartz distribution is denoted by 2.

Definition 2.10. A functional 7 : S(R*) — C is said to be a tempered
distribution if

1. T is linear, (T, ap + B¢) = a(T, ) + B(T, 1)

2. T is continuous on S(R?), in other words there exists ny € Ny and a
constant ¢y > 0 such that

(Too) <eo D [Plag.

laf,|8|<no



The space of tempered distributions is denoted by S’.

Note that because of the embedding C5°(R3) C S(R?), the space of
Schwartz distributions is wider than the space of tempered distributions.
From these definitions it follows that every locally integrable function f €
L} (R3) defines a Schwartz distribution via the formula

(f,0) = / f(z)p(x)d.

Since the Fourier transform was defined as an operator from S(R3) to
itself, we can define the Fourier transform of a tempered distribution 7" as a
functional satisfying

(FT, ) = (T, Fyp), forall p € S(R?).
Similarly we define the derivative of T by
(0°T, ) = (T, (—=1)1*19%p), for all p € S(R?).

Before we define the fundamental solution of partial differential operator, we
introduce the Dirac delta distribution J,,. It is a distribution satisfying

(Bus ) = (o), for allyh € Cgo(R),
We have the basic properties

F() = (2m)73/2 .1

F(1) = (2m)*25,

F(z®) = ilo2(F(1)) = il°l(2m)3/2026,.
Definition 2.11. Let L be a partial differential operator. A fundamental
solution of L is a Schwartz distribution K such that for all ¢ € C§°(R?) we

have,
(LK, p) = ¢(0), orin other words LK = &.

Let T be a tempered distribution and 2 C R3 be an open set. We say that
T vanishes on Q if (T, ¢) = 0, for all functions ¢ € S(R?) with suppv C Q.

Definition 2.12. Let Q C R3 and T is a distribution on . We define the
support of T" as the complement of the largest open set on which T vanishes.

Theorem 2.13. Let T be a distribution with single point support, suppT =
{zo}. Then there exists an integer N € N and complex numbers C,, such that

T =Y Cod6
lal<N
Proof. See |4, Prop. 2.4.1, p.124-125] O



2.4 Useful results from functional analysis

Here is a collection of some results from functional analysis and operator
theory that we will use in the future.

Definition 2.14. Let X be a normed space. We say that a mapping A :
X — X is a contraction mapping, if there exists 0 < 7 < 1 such that

1A(z) = AW)llx < 7llz —yllx,  forallz,y € X.

Theorem 2.15. Let X be a complete metric space and 0 C X a closed
subset. If function f : Q@ — Q is a contraction mapping, then there exists
unique T € Q such that f(Z) = &. Moreover this fized point can be found as

lim z; = 7,
j—00

where xo € Q is an arbitrary point and x; = f(x;_1).

This theorem is called Banach fixed-point theorem and its proof can be
found in [3, p. 119-120].
Let 2 C R™ be a bounded domain. Then

- / K (2, 9)f (y)dy
Q

is an integral operator in L?(2) with kernel K.

Definition 2.16. Integral operator A is said to be an operator with weak
singularity if its kernel K (x,y) is continuous for all z,y € R" z # y and
there are positive constants M and « € (0,n| such that

|K(z,y)| < Mz -y~

For two integral operators

/ley y)dy and A, f(x /Kgxz

we define

(A1 o Ay)f /leyAgf dy—/ley /sz, )dy
/ /le y) Ks(y, 2 dy dZ—/K(L’ z

and

(Ay o Ay)f /Kgszlf dZ—/Kgxz /Klzy dy)dz

/ /K2$Z)K1(Zyd2’ dy—/ny

8



Theorem 2.17. If A, and A, are integral operators with weak singulari-
ties then Ay o Ay as well as Ay o Ay are also integral operators with weak
singularities. More precisely, if

|Ki(z,y)| < Myl —y|™™  and |Ka(z,y)| < Ma|z —y|™2,

where ay, ag € (0,n], then there exists M > 0 such that

|z — gyt e, ar o >n
[K(z,y)| S M1+ |loglz—yll, a1+az=n
1, ay + ag < n,

where K(x,y) is the kernel of operator Ay o Ay. Same estimate holds for the
kernel K(x,y) of operator Ay o Aj.

Proof. The proof can be found in [6, p.360-362] O

Remark 2.18. In the case where a; + as > n, Theorem 2.17 holds also when
Q) is not bounded, in particular it holds when = R".

3 Direct scattering problem

Let us introduce the three-dimensional biharmonic operator H, by setting
Hyu(x) = Au(w) + V(z, [ulJu(z), (1)

where A is the Laplacian and V is a scalar-valued function depending on
both z € R? and on the modulus of function u, meaning that biharmonic
operator is perturbed by a quasi-linear perturbation of order zero.

The scattering problem for this operator is given by

Hyu(z, k,0) = K*u(x, k,0), z€R3 k>0, (2)
u(x, k,0) = up(z, k,0) + use(x, k, 0), (3)
lim r[% — zkf] =0, for both f = us and f = Au,. (4)
roco LOT

Here the coefficient £ > 0 corresponds to the wave number and wug(z, k, 0) =
e*@0) is the incident wave coming from the direction § € S? = {z € R® ;
|z| = 1}. The regular real inner product of vectors x,y € R? is denoted
by (z,y). We are interested in solutions us. with finite modulus, i.e., us. €
L>(R3).

By rearranging the equation (2), we obtain

A?u(x, k,0) — K*u(z, k,0) = =V (x, |u|)u(z, k, 0). (5)

9



The fundamental solution of operator Hy = A2 —k* in n-dimensions is known
to be

k| gD 21
81@(%@\) ( D, (Kllal) + = Koz (Kla])),

where H & and Kn_» are Hankel function of the first kind and Macdonald’s

G (J]) =

function of orders 252. Some justification for this can be found in [11]. In
three-dimensional case orders of these functions are % and cylinder functions
of half-integer order can be expressed as elementary functions. This simplifies
to

ezk\ax| _ e—k\$|

- inR%
snk2lz] 0

Gy () =

By applying the fundamental solution via convolution to the equation (5),
we obtain a Lippmann-Schwinger integral equation

M%h@=ud%h®—[;0ﬁu—MWﬁmwmw%ﬂMu (6)

Lemma 3.1. For any v € R3 and k large enough, we have that

G < —

G (al)| < 5

Proof. We will consider three cases. First let us assume that |z| > 1. Now
lezk\aj _ e—k|a:|’ 2

|Gy ()| =

< .
8rk?|z| T 8wk?

When 0 < |z| < 1 and k|z| > 1, we have inequality 1/|x| < k and
therefore

GH(a)l < o

Finally when 0 < k|z| < 1, by using the Taylor expansion of e
we have that

|€zk|x\ —k\x|| < Z |Z k|l’| J < 2k|x|(z >
0

= 2(6 — 1)k|x\ < dk|z|.
From this it follows that

iklx| _ e—k|a:\

Ak|x| 1
Gy < = :
G llal)l = 8rk?|z| 27k
For k > 0 large enough this last estimate gives us the largest upper bound
for |G} (Jz|)| and therefore Lemma 3.1 is proved. O

10



3.1 From differential equation to integral equation

In this section we will show that a solution to (2) indeed satisfies the equation
(6). The same study was done in [11] for biharmonic operator with linear
perturbations and those results can be used in our problem. We proceed as
in [11].

Lemma 3.2. Let us assume that the function V(-,s) € L'(R3) with respect
to the first argument v € R3 for all s < oo. If the function u = ug+Uge, Use €
W2 (R3) is a solution to (2) with fived k > 0, then there exists a constant
C > 0 such that

lim (Jtse]® + |Auge|*)do(y) < C.

R—o0 |y\=R

Proof. By first using Sommerfeld radiation conditions and then Green’s sec-
ond identity, we have

2ib [ (1Bl + K )do(y)
ly|=R
_ / (Bt (i Atia) — A (kA1) + K Ta(ikuse) — Kuge (ikus))do(y)
ly|=R
— — - — g — kMU0 ) d
/Z;JIZR (AUSC 8” A/u’SC A’U’SC an A/l’LSC + k uSC an uSC uSC an uSC) U(y)
+o(R™) / (Auge + Alige + ktuge + k050 do ()
ly|=R
= / (AuSCAQUSC — AugA2ug, + K g Aug, — k4uSCAusc)dy
ly|<R
+o(R™) / (Auge + Alige + k*uge + ki) do(y)
ly|=R
_ / (Bta(— V1) — Avae(— V1) )dy
ly|<R

+o(R™) / (Auge + Alige + ktuge + k'3 do(y),
lyl=R

where we have used the fact that A%u,. — k*u,. = —Vu.
The first integral above is finite due to Au,.,u € L>°(R3) and V € L'(R3).
The second integral we consider in two parts and estimate them by modulus.

11



First, by Holder inequality we have

R [ 1At Aldoty) = oA ) [ [Re(Bulinty)

ly|=R

< o(r)( /y » 1d0(y)>1/2< /y |:R|R6(Ausc)|2da(y)>l/ i
< 0(1)(42}2|Ausc|2da(y))1/2.

Similarly

o(R) /y |:R|k4usc+k4u_sc|da(y) = o1)( / |usc|2d0(y)>1/ ’

ly|=R

Combining these facts gives us that
/ 180l 4 o) SOl Bl V1
y:

+o(n)( /|y|:R(|AuSC|2 n |usc|2)da(y)>1/2.

This estimate proofs the lemma. O]

Lemma 3.3. Let Q C R? be an open and bounded domain with smooth
boundary O2. If f,g € Wi () then the following equality holds

0 0 0 0
[ (#8% = g8 = | (55m80+ Afsha— o -Af - Mg )do(a).

on on

Proof. This lemma follows from the divergence theorem when f,g € C*(Q)
and we define the C''-vector field F as

F=AfVg+ fV(Ag) — AgV [ —gV(AS).
O

Theorem 3.4. If the function u,. satisfies to the conditions of Lemma 3.2
then it is a solution to the equation (6).

Proof. Let x € R3 be a fixed point and R > 0 so that x € B(0, R). Let then
e > 0 such that B(z,e) C B(0, R) and denote Qg . = B(0, R)\B(z,¢).

12



Using Lemma 3.3 we can calculate

/Q (e @) (A2 = )G (|2 = yl) = G (Jo = y)) (A% = K)ueely) ) dy
= / (useA2G (12 = yl) = G (o = y1) A% (y) ) dy
QR

0 0
-/ [usca—Amex—y\) ¥ B -G (e~ yl)
O0R,

G~ 9l) 5 At~ 8,G (1 — yl) - do(y)

-/ [u36<§n _ik)AyG;<|m_y|>+Ausc(§n — i) G (1~ )
R,e

G — o) (o — k) Aue — A (1 — o) (2 — k)] doy).

Since G} is the fundamental solution of A% — k*, by letting € — 0 we obtain
wele) == | Gille =V (o [ty
R

- 5 e (2 ) 8, G (e~ ) + Ao i) G (1~ )

Gl — o) (o~ #) Ause — A, G (1 — o) (5 — k)] doy).

(7)

Now because

lim |f(y)|?do(y) < C, for both f = u,. and f = Au,,,

by Hélder inequality for p = p’ = 2 we have

1/2
| oty < ([ 1ow) ([ puey)Paotw)
00g 00g 00g
1/2
= @y ( [ fuw)Piow) " = O(R),
00g
Since A,G; satisfies Sommerfeld radiation condition at the infinity, we have
a . N
[ (= ) AGE G = l)dots) = o)

Exactly the same calculation can be done for the second term in the last
integral of (7). For the rest we again use Sommerfeld radiation conditions for
us. and Aug, and the fact that both G} and A,G} are O(R™') to have that
the second integral in (7) is o(1) as R — oo. O

13



3.2 Solution to the Lippmann-Schwinger equation

Let us assume that the function V' (-, |u|) satisfies the following conditions

VDl € Cpal), aell, p=ful

__ 8
V(s = Vsl <GB0 ol BELl p>snss O

Theorem 3.5. Let V be a function satisfying (8). Then for any p > 0 there
exists ko > 0 such that the equation

) =M — [ Gl =)V (o [ty )

has a unique solution in B,(0) = {f € L®(R?) : || fllec < p}, for all k > k.

Proof. In this proof we are going to use Banach fixed-point theorem. In order
to do so, we need to show that for any p > 0 there exists ky > 0 such that
for all £ > kg, the operator I’ defined by

Fula) o= = [ GE(le =)V )y

is a contraction mapping from B,(0) to itself. Let p > 0. Using the estimate
from Lemma 3.1 and the behaviour (8), we have

| Ful =

(k) _ /R G (| — y)V (y, lul)u(y)dy

Collullo

<1
o + 27Tk R3

C
a(y)ldy < 1+ 32l

By choosing
b 5 2Gilels
2mp — 27
we have that F': B,(0) — B,(0), for all £ > k.
Next we show that F' is a contraction. Let uy, us € B,(0). Then

Fus = Fual = | [ G e =D [Vl s s = Vi, ]y

1
< — [ V(y, Jur])(us — u) + [V (y, Ju1]) = V(y, ‘U'QD]UQ‘dy
27Tk R3
1 —
<ot Colaw)] + CylBw)lp| lur — ualdy
1 —
< 5.7 Collall + Gyl18llp] = gl = s = vl

14



If N
Collells + CollBllp

ko > 5 ,  then 7 < 1for allk > ks.
T
Therefore by setting kg = max{ky, k2} and using Banach fixed-point theorem,
we have the result. O

Remark 3.6. Banach fixed-point theorem also gives us a way to solve the
equation (9). Let ug(z) = ¢*®®)  and u;(r) = Fu;_,. Then

u(z) = ]lggo u;(z)

is the unique solution to (9).

Lemma 3.7. If we assume that in addition to « satisfying (8), for some
R > 0 the function a € LP(|z| < R), p> 2 and |a(z)| < Clz|™, p > 3 for
|z| > R then the following norm estimate holds

C

[uselloo < 72
for k > 0 large enough.
Proof. Let us define

o) == [ GEe = u)V (0 sl ()

where u; is as in Remark 3.6.
Now for any 7 =1,2,..., we have

W) = = [ GEle = sV (o g ey
]R3
n / Gl — y)V (s [y ) / G (ly — 2V (2 Juyol )0 dzdy — ..
R3 R3
+(—1)'/ G+(\-’B—$1DV($1,|UJ—1D/ Gy (|lz1 — 22| )V (2, |uj—a]) - - -
R3

/ GH 251 — 25V (25, |uo) @ O - - davsdas.
As a convergent sequence {[|u]|o0}32, C R is bounded and therefore there

exists p > 0 such that |u;| < pforall j =0,1,....
For any [ =0, 1,.. ., the following estimate holds

/ ‘G+ lz —yDV (y, lul) ‘dy_ 47#{;2/ ‘x_y‘dy
¢ a(y)

< £ U dy+/ _C ] 10
ATk [y <r |2 — Y] wisr YT — Yl (10)

15




Now by using Hélder inequality, we have that

la(y)] / 1p / 1 1y
/y|§R ‘x_y‘ ( |y\§R| ( )| > < ly|<R ’x—y’p )

= llallplllz =7

Now because 1 + z% =1 and thus p’ < 3, the norm |||z — |||,/ is finite for

all z € R3.
For the second integral in (10) we consider two cases. If |z| < R/2 then
|z —y| > |y| — |=| > R/2 and

1 2 1 2 &
/ L < —/ == d@/ P2ty
wi=r [Y*]T =yl R Jiy>r lyl* R Js R

=25 m 0 P = e

Let now |z|] > R/2 and € > 0 such that 2 < y — ¢ < 3. Then by Theorem
2.17 we have

/ ;dyé é/ %dy
wisr [Y*T =yl Re Jiysr lylF—=lz -y

1 (e C
= Ecm?) s Rn=2"

Hence for any R > 0 and g > 3 there exists a constant C' such that

J.

C
G (e = gDV (v, lu)|dy < 15

and therefore

J
. O\l
(@) < ()
=1
For k£ > 0 large enough and j — oo this sum becomes a geometric progression

and C/k? 1 C 1
< -t = = _
wse(@)l < 7= C/k2 ~ k21— CJk? 0Gz)

uniformly in z € R3. O]

Lemma 3.8. Let ul, be the sequence defined in Lemma 3.7 and both o and
B are as was o in Lemma 3.7. For all 7 € Ny the following norm estimate
holds

fune =l < 5 (3)
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Proof. We will proof this Lemma by induction. First note that u?, = 0 and
therefore the estimate holds for j = 0 due to Lemma 3.7. Let us assume that

By using the integral expressions of functions us. and u/, we have

|Use — ugc| = ‘ /R3 G:(|:E -y [V(y, [uo + Use| ) (U0 + Use) (Y)

-V, |U0+Uj_1|)(u +ul; )W) dy

1 .
< V sc -V , J—1 d
= Ark2 /Rd |ZL‘ |’ y7|UO+U |> (y ‘UO—FUSC |) Y

1 » 1
+47Tk‘2 /}R3 iz — 1y [V (y, |uo + wse|)use(y) — V(y, |uo + ul, |)u3 (y)|dy
=Ji+ Jo.

The properties of function 5 and the usage of triangle inequality gives us the
following estimate

C B(y) 4 O
J £ ’ sc| ]71d < — sc o0
2ot [Pt =y < S )

For .J; we do similar calculation as in the proof of Theorem 3.5 and we obtain

1 1 .
- V sc sc g1
J2 4mk? /]1%3 |x_y|‘ (y,|U0+U |>(U Use )(y)

+ [V luo + ) = V. Juo + il )]l ()| dy

<o [ 2Oy — iy

R3 |7 — Z/|
pC, 1B(y) ‘
sc| T d
+47rk2/Ra|x o - tse] = o + 113,
02 _ 03
< ﬁ”usc_ufec ||oo+ﬁ||usc UJ 1Hoo

Notice that
[ Ly, [ 10,
Rs [T — Y| rs [T =yl

as was shown in the proof of Lemma 3.7. By taking C=C+0Cy+ Cs, the
claim follows by induction. ]
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3.3 Asymptotics for Lippmann-Schwinger equation

Theorem 3.9. Let u € L®(R3) be a solution to the equation (9). If in
addition we assume that there exists R > 0 such that

C
la(z)| < G when |x| > R and p > 3, (11)

then for fized k > 0 and |x| — oo,

zk:\x|

k2]

1
u(z, k, ) = eF@) _ 0y A(k,@’,9)+o<m>, (12)

where function A(k,0',0) is called the scattering amplitude and it is defined
as

A(k,0',6) = / e MOV (y, lul)uly, k, 6)dy.
R3

The constant depending on the number of dimensions in our case is C3 = %

and 0" = % is the direction of the observation.

Proof. In this proof we follow the footsteps of [5] and [11]. From (6) we have
a representation for the function u,. as an integral over R3. Let us split the
area of integration as

o) = — / Gi(le = DV (w, [ubu(y)dy
__ / G =V Juty)dy
_ / i, G (jo = y)V (y, Jul)u(y)dy = I + I,

where the value of parameter 0 < a < 1 will be determined later. Let us first
consider ;. When |y| < |z|%, by using the asymptotic formula (1 + z)* =
1 + sz + O(x?), we have that

|z —y| = (|2 — 2(z,y) + |y|*)"/?

- o[- 2 P

2 ] 2 ]

2

- / ly| 2a—1

= |z = (¢,y) + O(|z** ™).

18



Similar calculation shows that
|z —y|" = |z| 7 1+ O(lz]* ).

For fixed k& > 0 and |y| < |z|* we choose a < 3. Now 2a—1 < 0 and therefore,
when |y| < |z|* < |z| — oo, we can use the small argument behaviour for
exponent function e* =1+ O(x).

These three estimates gives us the following asymptotic behaviour for kernel
G, when |y < |z|*

GZ’F(’J; - 3/’) = ’.fl: — yyfl(eik@*yl _ efk\wfy|>

k2
1

= R |x|—1(1 + O(|x|a—1))(eik’\xle—z‘k(e’,y)eikoqmpaq)
T

_ e—klx\ek(e’,y)e_ko(‘x|2a71))

o 1

 8wk2[z]

(Ml K0 0) _ oHelgHOD) 4 O(|f2).  (13)

By substituting this into I;, we have

6ik|x\

L =— —k@ )y d
VS g € (v, [ul)u(y)dy

—k|z|

€ k(6,y)
"IV (y, [ul)u(y)dy
8Tk2| x| Jyy < oo

ezk\x|

+ [
STR[2] Jyy>afe

L Oz / V(y, lul)u(y)dy.

|yl <[z[*

e OOV (y, |ul)u(y)dy

Here the first term is of desired form and the rest is 0(‘7”). Indeed in the second
Ce~Flz]

||

term we have an integral of L'(R3)-function multiplied by which is
clearly o(ﬁ). The integral on the third row tends to zero as |z| — oo due to
V (-, [u])u(-) being a L'(R?)-function. Because of our choice a < 1, the last
term is also o(ﬁ).

Next we will show that I, = 0(\?1|>‘ We start by splitting the integral into
two parts

I—— / G (1 — y))V (g, [ul)u(y)dy
|| <|y| <12l

- /| Gl =V ity = Iy 1
y|>

Lzl
2

19



When [z]* < |y| < |z]/2, by triangle inequality |z —y| > ||z| — |y|| > %

Therefore,
s GV iy
:z:o‘<y<
< C/ IV (y, IUI)U(y)|dy
|z <|y|< |z —y
< < V(y, [u])u ‘dy-
|| |z|or <yl < 21

Because the function V (-, Jul)u(-) € L'(R?), the integral above can be esti-
mated as

/ V(y, [u|)u ‘dy < /
|| <]y < 12! || <]yl

For Il we will use Theorem 2.17. Since |a(z)| <
e > 0 such that 2 < p—e€ < 3.
Then

V(y, [ul)u(y)|dy = o(1), as || - oo,

B ‘,, and p > 3, we can take

v 1
lzlal/z 12— Yl yizlel/2 19172 = ]
C 1

~zlE Sy Y =y
Here we have two kernels

1

|y|r—e

Ki(z,y) = ———

and Ky(y,2) =
[ —y] 28]

which meet the conditions of Theorem 2.17. In our case we have a; = 1 and
as = p — € and due to our choice of ¢ > 0 we have oy +as =1+ pu—e > 3.
Therefore by using Theorem 2.17 and Remark 2.18 we obtain

< S 1 < C 1
2 € n—e Yy € n—e Y
|Z[* iz por2 [Y1# 2l =yl 2] s |yl =yl

C|$’31u€) C _0<1)

R | ]

Thus we have shown that both I, and I are 0(%) This gives us that I, =

(| ‘) and the theorem is proved. O
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3.4 Saito’s formula

Theorem 3.10. Let o, 5 € LP(|x| < R) for some R > 0, where p > 3 and
when |z| > R they satisfy the condition (11). Then

. , 1
lim &2 / e RO A(k 0, 0)dAde = 8n° / Mdy (14)
S2xS?

k=00 e [z —yl>
uniformly in x € R3.

Proof. We start by substituting u = uy + us. and dividing the integral into
two parts.

k> / e~k O=02) A (k. 0’ 0)dOde’
S2xS2
— k2/ eik(@B/,x)/ e*ik(@'*@,y)v(y’ |u‘)dyd6d0/
S2x§? R3
+ kz/ eik(ggl’x)/ e~ RNV (y, |u|)use(y)dydodd’ = I, + I,.
S2xS2? R3

For I; we can substitute V(y, |u|) = V(y, |u|) =V (y,1) + V(y, 1) and further
split the integration into two parts to obtain

IL = k2/ / e‘ik(e"y_z)de'/ e~ Hk(O.z—y) [V(y,|u|) —V(y,1)|dbdy
R3 JS2 S2

+ k2 / / e~k y=2) g / e~ MOV (y 1)dody = 11V + 112,
R3 J§2 S2

Let us first consider 1 1(2). We would like to first integrate with respect to ' and
. Note that since we are integrating over the whole unit sphere, the integral

does not depend on the angle \iizr Therefore without loss of generality we
may set it to on one of the axis. When we switch to spherical coordinates,
the inner product (6, ‘i:;) = cos(u), where pu € [0,7]. Now the Jacobian of
this transformation is sin(u) [4, p. 441.] and therefore we have

T 2
/ - / / ele ek sin pdpdp
S2 0 0

2 iklo—y| _ —iklo—y] :
2 ikl . ik|x - " k . )
e e e skl )
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Now substituting (15) into > and using a trigonometric formula we have

that

Viy,1
¥ = 167r2/ (v 1) sin?(k|z — y|)dy
R

s [ —yl?
Vi(y,1 Viy,1
= 87 / (_L)Qdy — 87?2/ % cos(2k|z — y|)dy. (16)
re [ =y re [ =y

For the second term above we will use the Riemann-Lebesgue lemma to show
that it tends to zero as k — oo. In order to do so we must show that

g(y) : V(y, 1)

Tz —y)?

is a L'(R*) — function.
Indeed,

V(y, 1 . 1
g3 |7 — Y| wi<r 1T — Yl wisr [YIHT =yl

For K| we use Hélder inequality to obtain

1/p 1 1/p/
K, <C / a(y)Pdy / —-dy < Cllelplllz = |72l
1 < ‘ylSR’ ( > ( i<k [ —y* ) . (‘p)
17

where both of these norms are finite when p > 3.

For K5 we proceed as in the proof of Lemma 3.7. Let us consider two
cases. When |z| < & we have |z —y| > |y| — |z| > £ and

1 4
< —/ ly|“dy < +o0. (18)
/|y|>R lyl|z — yl? R Jiysr

If || > & we can use Theorem 2.17 same way we did before in the proof
of Lemma 3.7 and obtain

1 C c
e — P = < B 19
/M yPle —yP Y = Jopt T R (19)

Now combining (17) - (19) we have that the function g(y) is a L'-function.
Therefore by Riemann-Lebesgue lemma the last term in (16) goes to zero as
k — oo and

Vi(y, 1
¥ - 87r2/ v dy, ask — oo.
R

s |z —yl?
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Next we consider I . Let us first split the area of integration into two parts

// ey / KOs [V (g, Jul) = V(y,1)] dody

kol — ,
- 47Tk/ M/ e~ HO=y) [V(y, Jul) — V(y,l)]d9dy
ly|[<R §2

|z =yl
ke |
+drk / sin(klz — yl) / e~k (02—y) [V(y, lu|) — V(y, 1)}dedy
ly|>R [z — | s?
- J1 ‘I— J2.

Because f € LP(|z| < R)-function for p > 3 and Lemma 3.7 gives us the

estimate [|use||oo = O(%) by using Holder inequality, we have

y, 1
S2 |y\<R |x—y|

<C’I<;// y)llul = |d 6
sz Jy|<r |x—y|
1/p 1 1/p
e SQ( o) ) ( R )

) 1
< CklluselloollBllplllz — |7l = O(E)'

For J, we use the behaviour (11) to have

y, 1
2 \y|>R |$ - y|
< 47rk/ / W =11, 1
sz Jjy|>R |$ =l

1
§47rkHuscHoo/ de/ 1y
s? wisr [Y1*r =yl

The last integral was shown to be finite in Lemma 3.7 for any € R3 and
therefore |Jo| = O(3).

Finally for I, we can first integrate with respect to 6’ by using (15) and
we have

I = k‘z/ G_ik(e_el’x)/ e MV (y, [ul)use(y) dydode’
$2x82 R?

i [ [ ey [ O ulu(y)dody
R3 JS2 S?

— 47T]€/ / efik(e,m) sin(k|a: . yDV(ya |u|)usc(y) dyd9
s2 JRrs |z =y
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Now this can be estimated by modulus as follows

) V Sc
| 1] :47rk:‘/ / e~ *OD) sin(k|z — y|) (y, [ul)u (y)dde‘
s2 Jr3

|z — y|
(6%
< Chfusle [ loWl 4, (20)
R3 ’$ - ?J’

C
< Okl / Jotll g / ).
i<k 17 — Yl wi=r Yz =yl

For the first integral above we will use Holder inequality to obtain

() / 1/p / 1 1/
/?J|SR ‘.’L’—y‘ ( |y\§R| ( )| > < ly|<R ’x_y’p >

= llallplllz =17

The second integral in (20) was shown to be finite earlier and therefore the
estimate for ||[us.||s gives us that

1] = 0(;)

By combining what we have done, we have shown that both ]{1) and Iy go
to zero as k — oo and I{Z) tends to the right hand side of (14) as k — oo.
O

4 Inverse scattering problem

In inverse scattering problem we assume that the scattering amplitude
A(k,0,0") is known. Our task then is to determine some characteristics of the
unknown function V. Having the Saito’s formula proven we obtain two corol-
laries, namely uniqueness and representation formula for function V(z,1).
For three-dimensional Schrodinger equation the corresponding results have
been proved in [5] and we will follow those proofs.

Corollary 4.1 (Uniqueness). Let Vi(z,1) and Vi(z,1) be as in Theorem
3.10. If the respective scattering amplitudes Ay and As coincide for some
sequence k; — 00, as j — oo, then Vi(x,1) and Va(z,1) are equal in the
sense of tempered distributions.

Proof. 1t is enough to show that the homogeneous equation

f(x):= 871'2/R Viy. 1) dy=0 (21)

sle—y)2 "
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has only a trivial solution V(-,;1) = 0 in the sense of tempered distribu-
tions. Note that the function f is a convolution of functions V' (z,1) and #
Therefore we can calculate its Fourier transform as

F()E) = 8P F(V(x.1) 5 —)(€)

[

=&meHWam@fCLya (22)

|z [?

The value of F(|z|~2) can be calculated precisely by using (15) and we have

1 ) 1 00 -
Fpp) @ =02 | 9 sde= (2m) " e dg dr
|| RS 2] .

*© Ar
= (27T)3/2/0 ﬁsm( |€D 27T 3/2|£|/ Sln

272
INCORER] )
By combining (22) and (23) we have that
F(A(E) = 167" = F(V (2, 1))(6)- (24)

|€|

Let us denote the space of S(R?)- functions vanishing on some neighbourhood
of origin by Sy(R?). Now the function f defines a tempered distribution in
So(R3).

Using (21) and (24) we have that for the Fourier transform of f the following
holds

0= (Ff, ) =167 (|| F(V(, 1))(€), ¥(€))
=167 (F(V (2,1))(&), [€] 70 (£)),
for all ¢ € Sy(R?).
If 1 € Sp(R?), then also |€|u € So(R?). Therefore
(F(V (2, 1))(&), 1(€)) = (F(V (2, 1))(€), €] HEm(€)) =

for all u € Sp(R?). This implies that the support of F(V(z,1)) is at most
the origin. In the case where supp F(V(x,1)) = {0}, by Theorem 2.13 there
exists an integer N € N and complex numbers C, such that

= Z C.,0%,.
la|<N

Now the inverse Fourier transform gives us that the function V(z,1) is a
polynomial. However no polynomial satisfies to the conditions (11) other

than V(z,1) = 0. O
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Corollary 4.2 (Representation formula). If the conditions from Theorem
3.10 are satisfied, then

V(z,1) =

lim &* / Ak, 0,600 — 0'|e=*O=0"2) dpdp’,
S2xS?

]_67T4 k—o0
in the sense of tempered distributions.

Proof. Let the function f be as in the proof of Corollary 4.1. From (24) by
using the inverse Fourier transform we have

H(1FN©) ) @) (25)

Next we are going to calculate the Fourier transform of the function f in the
sense of distributions using Saito’s formula. Let ¢» € S(R?). Fubini’s theorem
allows us to change the order of integration and we obtain

(F(f), ) = (f, F()) = /R 3 ( lim &2 /S . e’ik(e*el’z)A(k,9/,9)d9d9’>

k—o0

V(z,1) = 16 F

x / e~i€)(€) ded
RS

_ / / im &2 / e I@ERO—0) AL . 0)d0d0 du o (€ )dE.
R3 JR S2x§2

3 k—oo

Inside the integral the only term depending on z € R3 is the exponential
function and therefore

[ O dn = F )¢+ KO - ) = (@m0l + K~ 0)
R3
where dq is the Dirac delta distribution. Hence we may conclude that

F(f)(€) = lim k2 /S 2 S2(27r)3/250(5+k(9—6’))A(k,0’,9)d9d6/, (26)

k—o0

in the sense of tempered distributions. Now by (25) and (26) we have that

V(2. 1), 0(x) = 161 A7 (7)) (@), 0(a))

= <|5rf< )(©). f*l<w><s>>
i = [ EFD©F W

Jim k2/ 1€]00(€ + k(0 — 0') A(k, 0/, 0)d0de’
S2xS2

X /RS ei(f’x)w(a:)dxdf.
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Note that in the last equality the constant (27)%2 from (26) and the constant
from inverse Fourier transform cancel each other out.
By using Fubini’s theorem and the fact that

/ 1€]00(€ + k(0 — 0’))ei(fvw)d§ = k|6 — Qfle—ik:(x,@—ﬁ’)’
R3

we can write

1 . :
(V(z,1)0(x)) = — / lim &3 / e~ *@O=0010 _ ¢'| A(K, 0,0")d0d0"(x)dx,
™ JR S2xS§?

16 3 k—oo

or in other words,

1674 koo

1 , /
V(r,1) = lim &* / e~ R@=19 _ | A(k,6,0')d0d0’
S2xS§2
in the sense of tempered distributions. O]

4.1 Inverse Born approximation

In this section we take a short look at one method for solving the inverse
problem. The method we choose to use is called Born approximation. The
idea is to define a function that approximates our unknown function V'(z, 1)
and show that the difference between the two is in some sense smoother
than the function V'(x,1). We will give the definition for the inverse Born
approximation with full scattering data and in section 4.2 we discuss the
case when only the backscattering data is available. We proceed as in [6,
p.493-495| and |[7|. For technical reasons, for negative values of k we define

u(z,—k,0) =u(z, k,0), k<O0.
Using this definition we are able to extend A to the whole line k£ € R, via
A(k,0',0) = A(—k,0',0), when k < 0.

The estimate from Lemma 3.7 suggests us to approximate the solution to
the Lippmann-Schwinger equation by the incident wave, u ~ uy. When we
substitute this into to the definition of the scattering amplitude, we have

A(k,0',0) ~ /

R3

eIV (y 1)dy = (2m)2F (V(w, 1) (10— 0)).

This implies that

V(z, 1)~ (2m) 22 F L (A(k,0,0)) (z), (27)
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where the inverse Fourier transform is understood in some special sense.
Let us define two cylinders My = R x S? and M = M, x S? and the measures
to and p on My and M, respectively, as

1
Ao, ') = - K*dk10 — /a0
and .
du(k,0,0) = —dOduy(k,0").
:u( y Uy ) Ar ,u9< ) )

Here df and df are regular Lebesgue measures on the unit sphere S2.
We define the inverse Fourier transforms on these cylinders as

1 —ik(0—0",x
T /Me 0=0"2) £ (K., 0')d g,
0

- 1 —1 —0'x /
Fil (6) () = oy / O 1,0, 0)d

Fan () (@) =

Now recall that the regular inverse Fourier transform is defined as

F @) = 2 [ €6y

R3

If we fix the value of § and write £ = k(6 — 0’), then k and 6’ can be obtained

as
|£’ / VA F f
— Bl g —g 90,6 =2
260 0.9 €=

Since the Jacobian of this transformation is 1|k[*dk|0 — 6'|*d¢’, it can be
shown that for the coordinate mapping

ug : My — R3 ug(k,0) = k(0 — 0,

Fon (foug) =F ' f,

when f € S is even and
FA}l(fOUQ) :J—-.ilf}

when f € S. Here we have used the notation (f o ug)(-) to denote the com-
position f(ug(-)). Now the approximation (27) suggests us to introduce the
following definitions.

28



Definition 4.3. The inverse Born approximations V}; and V5 are defined as

Via) = (20) P F (AR 0.0) ) = g [0 A0, 0)d
™ J My
and
1 , /
Vi(w) = (2m) 2 Fy (A(k, 0,0)) () = o / e MO Ak, 0, 0)dp,
™ JMm

in the sense of distributions.

Previous studies have shown that the function Vz can be used to deter-
mine some characteristics of the unknown function V(z,1) and we expect
that to be the case here as well. This definition assumes that the whole scat-
tering data is known. However, since in practise having the whole scattering
data is rarely the case, next we consider what kind of results can be obtained,
when the measurements are obtained from a fixed direction, namely from the
direction of the incident wave.

4.2 Inverse backscattering problem

Let us now consider the inverse backscattering problem. We assume that the
angle of observation is the opposite to that of the incident wave, i.e., 8/ = —0.
By approximating the function u again as u ~ ug and substituting these into
the definition of scattering amplitude we obtain

Ap(k,0) = A(k,—0,6) ~ / 2 RODY (y 1)dy = (20)*2F 1 (V(x, 1)) (2k0).

R3

This expression suggests us to define the inverse backscattering Born approx-
imation as

k 1 [ . k
Vi(z) = f<(27r)_3/2Ab(§,9)>(x) - %/0 k2 /S e—l’fwvw)Ab(i,e)dedk.

In order to simplify some future calculations we set A,(k,0) = 0 when k < ky,
where kg > 0 is large enough. Therefore the Born approximation becomes

b _ 2 —zk(@@)A v
V() o~ /Zk k /S e b(zﬁ) dodk.

Next recall that in Lemma 3.7 we obtained the solution to the integral equa-
tion as the limit

w(z, k,0) = e*O0 4 lim ! (2, k, 6).

j—o0
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Using this, we define a new sequence
A{;(k’ 9) - /3 eik(a’y)v(y’ ‘uo + uch(uO + uéc) (yv k> e)d%
R

when k > ko and A](k,0) = 0 otherwise.

Lemma 4.4. If o, 8 € L*(|z| < R) N LY(R?) for some R > 0 and p > 3 and
when |z| > R they satisfy the condition (11), then

. O\
A(k.0) — Aj(k0) < O 17

Proof. Let us consider the nontrivial case, where k > ky. The modulus of the
difference can be estimated as

‘ ?9) —Ag(k,@)‘

V Y, |u0 + Usc|>(u0+ usc)(y7 k’ 0)—V(y, |u0 + UicD(uo + Ugc)(y’ ka Q)Idy

(
V(y, [uo + usel) =V (y, [uo + ul,])|dy

Ap(k

<.
R3
<)
R3

b [ VT + ek, 0) = Vo + e, ,6) |y
R
= Kl +K2

Now using the Lipschitz property of function V' we can estimate K as
Ko < [ CoAB) o + el = o + el fdy < ol Bl =
R

For K5 we use the Lipschitz property again and the fact that both o and S
are L' functions to obtain

Ko = [ |V luo-+ wal) e = )0 )
[V o+ tael) = V(3 o + ) ey, K, 0) | dy
< [ Cotatllue =y + [ pCol3wl[luo-+ el = o+ ey
< |Collall + oG8l e =

Combining these estimates with the estimate from Lemma 3.8 gives us the
result. 0

30



The inverse Born sequence is given by

V(@) = F(em) 245, 0) @)

The study continues by showing that there exists jo € N such that for all
j > jo, the difference V(x) =V} () defines in some sense smooth function g.
This smoothness can mean for example that the function ¢ is continuous or it
belongs to some Sobolev space. If it can be shown that such term ng(x) can
be expressed as sum of the unknown function V(z,1) and some well-behaved
function f, this then implies that

Vi(z) =V (x, 1) + h(x), (28)

where h is well-behaved. Assuming that the function A is continuous we
would be able to conclude that the singularities and jump discontinuities of
the unknown function V' (z,1) would coincide with those of the inverse Born
approximation V3 (z).

For an operator with zero and first order quasi-linear perturbations on
the line, it was shown in [12] that with some additional regularity conditions
for perturbations the function corresponding to h was continuous and van-
ished at the infinity. Although in [12], on the right hand side of (28) there
was a transformed version of the unknown function, it was concluded that
singularities of that unknown function can be recovered from the backscat-
tering data. In [9, 10], the inverse Born approximation was used to show that
in two- and three-dimensional cases, the backscattering data is sufficient for
recovering the singularities of a combination of zero and first order linear
perturbations. There the approach was slightly different due to the linearity
of the coefficients, but the main idea was similar to ours.
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Conclusion

Direct and inverse scattering problems for three-dimensional biharmonic op-
erator were studied. We managed to prove the existence of the solution for
the direct scattering problem using integral equations. With some additional
conditions for potential, we provided two norm estimates for this solution.
The behaviour of the solution was shown to satisfy certain asymptotic pre-
sentation which led us to define the scattering amplitude. Saito’s formula
for our operator was proved and it gave us two corollaries regarding the in-
verse scattering problem. We gave precise proofs for these two corollaries and
concluded the text by introducing the inverse backscattering Born approxi-
mation and we discussing some results that have been obtained using that
approach.

In future works we will study the inverse backscattering Born approxima-
tion for this operator more carefully. We expect to be able to prove similar
results as in [12, 10] for our operator. We are also interested in studying the
same problem in n-dimensional space and adding a first order perturbation
into the operator.

32



References

[1]

2|

13l

[4]

[5]

(6]

7]

8]

9]

[10]

[11]

[12]

Fotopoulos G, Harju M, Serov V, Inverse fixed angle scattering and
backscattering for a nonlinear Schrodinger equation in 2D, Inverse Prob-
lems and Imaging 7(1), 2013.

Fotopoulos G, Serov V, Inverse fixed energy scattering problem for the
two-dimensional nonlinear Schrédinger operator, Inverse Problems in
Science and Engineering 24(4), 2014.

Friedman A, Foundations of Modern Analysis, New York: Dover Publi-
cations, Inc., New York, 1982 .

Grafakos L, Classical and Modern Fourier Analysis, Pearson Education,
Inc., Upper Saddle River, New Jersey, 2004.

Harju M, On the Direct and Inverse Scattering problems for a Nonlin-
ear Three-dimensional Schrodinger Equation, Ph.D thesis, University of
Oulu, 2010.

Serov V, Fourier Series, Fourier Transform and Their Applications to
Mathematical Physics, Springer International Publishing, 2017

Serov V, Harju M, Fotopoulos G, Direct and inverse scattering for non-
linear Schrodinger equation in 2D. Journal of Mathematical Physics
53(12), 2012.

Thomas G, Weir M, Hass J, Thomas’ Calculus, global 12th edition,
Pearson Education, Inc., 2009.

Tyni T, Recovery of singularities from a backscattering Born approxi-
mation for a biharmonic operator in 3D, Inverse Problems 34(4), 2018.

Tyni T, Harju M, Inverse backscattering problem for perturbations of
biharmonic operator, Inverse Problems 33(10), 2017.

Tyni T, Serov V Scattering problems for perturbations of the multidi-
mensional biharmonic operator. Inverse Problems and Imaging. 12(1):
205-227, 2018.

Tyni T, Serov V, Inverse scattering problem for quasi-linear perturbation
of the biharmonic operator on the line, Inverse Problems and Imaging,
13(1), 2019.

33



