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Universal conductance enhancement and reduction of the two-orbital Kondo effect

Haruka Oguchi and Nobuhiko Taniguchi

Institute of Physics, University of Tsukuba, Tennodai Tsukuba 305-8571, Japan

We investigate theoretically the linear and nonlinear conductance through a nanostructure with two-fold
degenerate single levels, corresponding to the transport through nanostructures such as a carbon nanotube,
or double dot systems with capacitive interaction. It is shown that the presence of the interaction asymmetry
between orbits/dots affects significantly the profile of the linear conductance at finite temperature, and, of
the nonlinear conductance, particularly around half-filling, where the two-particle Kondo effect occurs.
Within the range of experimentally feasible parameters, the S U(4) universal behavior is suggested, and
comparison with relevant experiments is made.

KEYWORDS: carbon nanotube, quantum dot, nonlinear conductance, Kondo effect, Coulomb interaction,
Anderson impurity model

1. Introduction

Electrical transport through nanostructure devices or a
quantum dot is fundamentally influenced by the presence of
the Coulomb interaction on the dot, where along with the
Coulomb blockade phenomena, the Kondo effect, a paradigm
of the strongly correlated phenomena, has been observed.1)

The great advantage of these nanostructure systems is the
ability to control various relevant parameters to regulate
many-body effect. Toward future applications of quantum
electron devices, interest in a role of many-body effect of
the transport phenomena has been rekindled and studies have
been made actively.

In the absence of magnetic field, the levels of a quantum
dot are spin degenerate; the Kondo effect gives rise to the con-
ductance enhancement at low-temperatures in an odd electron
number on the dot, as a result of the interaction between a lo-
cal magnetic moment of the dot and conduction electrons. The
spin degree can be replaced by another degenerate degrees of
freedom. Indeed, two quantum dots with capacitive interac-
tion can be labeled by an indexi = 1, 2, which can be taken
as another realization of the Anderson impurity model;2) the
orbital Kondo effect appears.3–10) Other notable examples are
vertical quantum dots,11) or carbon nanotube dots.12–15) All
of these systems accommodate one, two, three, four electrons
in the topmost shell, and the Coulomb blockade peaks show
a clear sign of the fourfold pattern. When the spin and or-
bital degeneracies are simultaneously present, the further en-
tanglement between spin and orbital degrees of freedom oc-
curs, giving rise to theS U(4) Kondo effect with an Kondo
temperature one order of magnitude higher than the standard
case.3, 4, 9, 10, 14–18)

Though most of studies of the systems with doubly de-
generate orbitals have been focusing on odd-number valleys
(Nd ≈ 1 or 3), it has been recognized recently that a simi-
lar Kondo-like enhancement (two-particleS U(4) Kondo ef-
fect) can occur on even-number valley (Nd ≈ 2) as well19, 20)

(See also ref. 21 for the singlet-triplet Kondo effect.) How-
ever, such enhancement at even-number valleys does not seem
ubiquitous, observed in some experiments but not in oth-
ers. The conductance of carbon nanotube dots fits well with
G ∝ sin2(πNd/4) at very low temperature,15) which shows the
Kondo enhancement both at odd and even valleys; but in two

coupled dots, the honeycomb-like structure as a function of
the two gate voltages shows the enhancement atNd = 1 but
not atNd = 2.

In this paper, we will examine the quantum transport
through a dot with doubly degenerate orbitals with different
interaction strengths within the orbits and between orbits. We
will show that such interaction asymmetry, if small, is im-
portant to understand the profile of the linear conductance at
finite temperature, and, of the nonlinear conductance. Resort-
ing to the universality of the topmost shell, theS U(4) Ander-
son model, we analyze how the conductance gets enhanced or
suppressed at finite temperature or by finite source-drain volt-
age. Though the conductance profiles observed in several ex-
periments may seem nonuniversal at first glance, we will find
that we can explain them systematically by theS U(4) An-
derson model universality, once taking proper account of the
presence of the interaction asymmetry between orbits/dots.

We are concerned particularly with the universal depen-
dence of the temperature and/or the bias voltage of the
conductance. Naively, one may expect the singlet-triplet
Kondo effect at half-filling when the interaction asymmetry is
present. On the other hand, even with the interaction asymme-
try, the renormalization group (RG) flow is known to drive the
system toward theS U(4)-symmetric strong coupling point,
either at quarter-filling or at half-filling.19, 20) Because of it,
it is unclear what is the relevant symmetry of the system
once interaction asymmetry is present; the unitarity limitof
the conductance enhancement at quarter-filling cannot distin-
guish between them. In the standard spin-degenerateS U(2)
Kondo systems, experiments have confirmed universal scal-
ing regarding temperature22) as well as the bias voltage at odd
valleys.23, 24) Since the absence of the exactS U(4) symmetry
exhibits the behavior at finite temperature and/or at finite bias
voltage, we will try to identify the relevant universality,S U(4)
or S U(2)× S U(2), by examining the universal scaling of the
linear/nonlinear conductance. We will show numerically no
crossover observed in the conductance for a experimentally
relevant parametersU′/U = 0.4 ∼ 1.0 andU = 10∼ 20Γ; the
Kondo-like enhancement is controlled by the universal behav-
iors of theS U(4) Anderson model only with the characteristic
temperature renormalized.
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Outline of the paper The paper is organized as follows. In
Sec. 2, we introduce the model of quantum transport through
a nanostructure with two-fold degenerate orbits, and main ap-
paratus of our approach, finite interaction slave-boson mean
field theory; a brief theory of the linear/nonlinear conductance
is summarized. In Sec. 3, we present our theoretical results
both for the linear and nonlinear conductance. We see the
importance of the interaction asymmetry on the conductance
profile. A direct comparison with numerical RG data is also
made. After introducing the characteristic temperatureT∗ in
Sec. 4, we discuss our theoretical results in light ofT∗, and
universal scalings of linear and nonlinear conductance is ex-
amined in Sec. 5. After discussing an issue ofT∗ renormaliza-
tion versus a crossover in Sec. 6, we compare and discuss our
results with typical experiments where the interaction asym-
metry is expected to play an important role in Sec. 7. Finally
we conclude in Sec. 8. Part of the results on the linear con-
ductance has been reported earlier.25)

2. Model and Formulation

2.1 Quantum dots with doubly degenerate orbitals
Relatively large energy scale of the Coulomb interaction

allows us to focus on the topmost electron shell. Our ba-
sic assumption is that within the universality of the topmost
shell, the Anderson impurity model can describe appropri-
ately quantum transport phenomena for any value ofNd. We
model the topmost shell of the dot as degenerate in orbits
i = 1, 2. Such degeneracy may come from the coupled-dot
or a unique electronic structure of carbon nanotubes.

On the dot, an electron interacts with an electron in the
same orbiti = 1, 2 by U or in the different orbit byU′. The
total Hamiltonian is given by

H = HD + HL + HT , (1)

where the dotHD, the noninteracting leadsHL, and the cou-
pling between leads (α = L,R) and the dotHT are defined
by

HD =
∑

iσ

εd n̂iσ +
∑

i

Un̂i↑n̂i↓ + U′n̂1n̂2, (2)

HL =
∑

α

∑

kiσ

(εk − µα) c†
αkiσcαkiσ, (3)

HT =
∑

α

∑

kiσ

(

tkc
†
αkiσdiσ + h.c.

)

. (4)

Here the number operator of the dot is defined by ˆni =
∑

σ n̂iσ =
∑

σ d†iσdiσ and the gate voltageεd control the av-
erage electron number on the dotNd = 〈

∑

i n̂i〉 continuously
from 0 to 4. In the calculation below, we assume constant den-
sity of statesρα of the leadα within the energy band (−D,D),
and useΓ =

∑

α Γα =
∑

α πρα|tk|2 as a coupling parameter
between the leads and the dot. To investigate the nonlinear
conductance in the presence of finite source-drain voltageV,
we choose the chemical potentialsµα asµL = −µR = eV/2.

In the case ofU′ = U, the total HamiltonianH exhibits the
full S U(4) symmetry. The states (n1, n2) = (1, 0) and (0, 1)
are four-fold degenerate at quarter-filling (Nd = 1); (n1, n2) =
(2, 0), (1, 1) and (0, 2), six-fold degenerate at half-filling (Nd =

2).
When one breaks theS U(4) symmetry by decreasingU′,

the four-fold degeneracy at quarter-filling is unbroken, but

the six-fold degeneracy at half-filling is broken. The effect of
the interaction asymmetry appears as shifts of the Coulomb
blockade peaks, those atεd = 0,−U′,−U−U′, and−U−2U′.
However, the effect of the interaction asymmetry does not
stop here; it gives a substantial effect in the Kondo effect par-
ticularly at half-filling. This simple argument also indicates
that theS U(4) symmetry at half-filling is more vulnerable
than that at quarter-filling. We will show below that this is
indeed the case.

2.2 Finite-interaction slave-boson mean-field theory
We analyze the model by an extension of the Kotliar-

Ruckenstein formulation of slave-boson mean field theory
(KR-SBMT),26) where a bosonic field is attached to each type
of local excitations.27) The approach has several advantages
that other slave-boson cousins miss. By retaining finite in-
teraction, it can treat the mixed-valence regime; it applies to
nonlinear transport through a quantum dot;28) it reproduces
Fermi liquid behavior atT = 0 with satisfying the Friedel
sum rule; it can evaluate the linear/nonlinear conductance for
the entire range of the gate voltage systematically. The KR
formulation of SBMT is believed to be an analytical yet reli-
able non-perturbative approximation up to the Kondo temper-
ature, agreeing successfully with numerical RG methods and
experiments28, 29)(see also Sec. 3).

When the KR-SBMT is extended to the dot with doubly
degenerate orbitals, 16 bose fields are needed associated to
each state of the dot:e for the empty,piσ for one electron with
orbit i and spinσ, xi for two electrons on the same orbiti, ysm

for two electrons at different orbits with total spin (s,m), hiσ

for three electrons with a hole oniσ, andb for fully occupied
state. Below we briefly summarize our approximation scheme
(see also ref. 30).

As a standard treatment of the Kotliar-Ruckenstein formu-
lation, we can rewrite the Hamiltonian eq. (1) in terms of these
newly defined fields by adding the Lagrange multiplier terms
HΛ = λ(1)(I− 1)+

∑

iσ λ
(2)
iσ

(

d†iσdiσ − Qiσ

)

to respect two con-
straints: the completeness condition,

I ≡ e†e+
∑

iσ

p†iσpiσ +
∑

i

x†i xi

+
∑

sm

y†smysm+
∑

iσ

h†iσ̄hiσ̄ + b†b = 1, (5)

and the number correspondence between fermions and newly
defined bosons,

Qiσ ≡ p†iσpiσ + x†i xi + y†1,2σy1,2σ +
1
2

(y†00y00+ y†10y10)

+ h†iσ̄hiσ̄ +
∑

σ′

h†
īσ′

hīσ′ + b†b = d†iσdiσ. (6)

Here and hereafter, we adopt the notation1̄ = 2, 2̄ = 1, ↑̄ =↓,
↓̄ =↑. As a result, we can rewrite eq. (1) exactly as

H = HL +
∑

iσ

εd d†iσdiσ + U
∑

i

x†i xi + U′
∑

sm

y†smysm

+ (U + 2U′)
∑

iσ

h†iσhiσ + (2U + 4U′)b†b

+
∑

kiσ

(

tkc
†
kiσdiσziσ + h.c.

)

+ HΛ, (7)
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whereziσ = (1− Qiσ)−
1
2 [e†piσ + p†iσ̄xi + p†

īσ
y1,2σ + p†

īσ̄
(y00 +

y10)/2+ x†
ī
hiσ̄+ (y†00+y†10)hīσ̄/2+y†1,2σ̄hīσ+h†iσb]Q

− 1
2

iσ denotes
a renormalization of one-particle annihilation.

By applying the mean field approximation, we replace all
the boson fields by their expectation values. We determine
those expectation values self-consistently by solving equa-
tions of motion and constraints at each gate voltageεd, the
bias conditionV and the temperatureT. By adopting a sym-
metric solution regarding the orbiti and the spinσ, we
should solve the following self-consistent equations (omitting
spin/orbit indices),

4
∂ ln z
∂e

M + λ(1) e= 0, (8)

∂ ln z
∂p

M + (λ(1) − λ(2))p = 0, (9)

2
∂ ln z
∂x

M + (U + λ(1) − 2λ(2))x = 0, (10)

∂ ln z
∂y

M + (U′ + λ(1) − 2λ(2))y = 0, (11)

∂ ln z
∂h

M + (U + 2U′ + λ(1) − 3λ(2))h = 0, (12)

4
∂ ln z
∂b

M + (2U + 4U′ + λ(1) − 4λ(2))b = 0, (13)

as well as two constraints

e2 + 4p2 + 2x2 + 4y2 + 4h2 + b2 = 1, (14)

Nd/4 = p2 + x2 + 2y2 + 3h2 + b2. (15)

Here we have introduced (non-equilibrium) Green functions
G<

d (t, t′) ≡ i〈d†iσ(t′)diσ(t)〉, its Fourier transformationG<
d (ω),

andM =
∫

dω
2πi (ω − ε̃d)G<

d(ω).

2.3 Current formula and nonlinear conductance
On determining these auxiliary parameters self-

consistently at each temperature and each gate voltage,
the system reduces to the renormalized resonant level model

Heff = HL +
∑

i

ε̃d n̂i +
∑

αkiσ

(

t̃k c†
αkiσdiσ + h.c.

)

, (16)

with the effective dot level ˜εd = εd + λ
(2) and the effective

hopping t̃k = ztk, which corresponds to the effective peak
width Γ̃ = Γ̃L + Γ̃R =

∑

α πρα|t̃k|2. The effective Hamilto-
nian conforms to Fermi liquid description at low temperature,
the strong-coupling fixed point. Note that interaction effect
is considered only through ˜εd, t̃k and we ignore a remaining
(renormalized) interaction term between quasiparticles.

The form ofHeff enables us to find the linear/nonlinear con-
ductance by the Meir-Wingreen formula:31)

I =
16eΓ̃LΓ̃R

h

∫

dω
[

fL(ω) − fR(ω)
]

(ω − ε̃d)2 + Γ̃2
(17)

=
4G0Γ̃

e
Im
[

ψ
(

1
2 + iζR

)

− ψ
(

1
2 + iζL

)]

, (18)

wherefα(ω) = 1/[e(ω−µα)/T +1] is the Fermi distribution func-
tion of the lead,G0 = (4Γ̃LΓ̃R/Γ̃

2)(e2/h), ζα = (ε̃d − µα −
iΓ̃)/(2πT), andψ is the digamma function. By this, we can
readily evaluate the nonlinear conductance at finite bias volt-

ageV by

G(T,V) =
dI
dV

. (19)

We should bear in mind, however, that the renormalized pa-
rameters ˜εd andΓ̃ still depend onV as well asT and interac-
tion strengths.

At T = 0, the electron number on the dot is equal toNd =

2 − 4
π

arctan
(

ε̃d/Γ̃
)

. This immediately shows that the linear
conductance at zero temperatureG(0, 0) satisfies

G(0, 0) = 4G0 sin2(πNd/4). (20)

This is the Friedel sum rule of theS U(4) Anderson model.
The formula immediately indicates that the zero-bias con-
ductance in the unitarity limit approachesG(0, 0) → 2G0 at
Nd = 1, 3, butG(0, 0)→ 4G0 at Nd = 2. The observation of
the above dependence ofG(0, 0) on continuousNd is a hall-
mark of theS U(4) Anderson model; a recent experiment15)

and calculations by numerical RG32) confirmed it beautifully.

3. Linear and nonlinear conductance

In this section, we present our main numerical results of
linear/nonlinear conductance as a function of the temperature
and/or bias voltage. The Friedel sum rule indicates the zero-
bias conductance atT = 0 does not depend on interaction
asymmetry, taking auniversal form, eq. (20). Accordingly,
the absence of the exactS U(4) symmetry appears at finite
temperature and/or bias-voltage; we will find that the effect is
large enough to modify the conductance profile substantially,
providing a characteristic ‘dip structure’ around half-filling.
For all the calculations, we fix a parameterU/Γ = 20 as a
typical value of strong correlation in experiments, and we take
U as a unit energy scale, if needed.

3.1 G(T, 0) of symmetric interaction U′ = U; comparison
with NRG results

As a first step, we compare the zero-bias conductance
G(T, 0) obtained by our KR-SBMT approach with the NRG
calculations available for theS U(4) Anderson model with
symmetric interactionU′ = U.32) We find that our results re-
produce NRG data quite well.

Figure 1 (a) demonstrates a distinctive feature of the con-
ductance profile in largeU/Γ region, the Kondo enhancement
both atNd ≈ 2 and atNd ≈ 1; with increasing temperature,
the four-fold Coulomb blockade peaks appear. Regarding the
mixed-valence regime with a smaller value ofU/Γ, four-fold
peaks merge to form one big peak showing the Kondo en-
hancement (see Fig. 1 (b)). As was claimed already,32) these
temperature evolutions byS U(4) symmetric Anderson model
agree very well with what is observed either atVg ∼ 3.9V or
at Vg ∼ 5.3V in an experiment.15)

Our KR-SBMT results agree even quantitatively well with
NRG results, but with one catch: In comparing with NRG
data, we need to resort to a heuristic prescription choosing
the twice as large value ofU/Γ for the SBMT results.33) In-
deed, the same problem has been prevailing in the single im-
purity Anderson model; we can attain quantitative agreement
between effective theories (the KR-SBMT29) or the functional
RG34)) and the NRG method only if we choose the twice as
large value ofU/Γ for the former. Figure 1 shows compar-
ison by using this heuristic prescription, and they agree very
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Fig. 1. Comparison between the KR-SBMT and numerical RG results.32)

Temperature evolution of linear conductanceG(T, 0) is plotted as a func-
tion of the gate voltage for the fully symmetricS U(4) Anderson model.
(a) SBMT results (lines) ofU/Γ = 20 are compared with NRG data (sym-
bols) ofU/Γ = 10; (b) SBMT results (lines) ofU/Γ = 10, with NRG data
(symbols) ofU/Γ = 5 (see the text for details).

well in low temperature, roughly up to the Kondo temperature
scale.

3.2 Effect of interaction asymmetry on G(T, 0)
Figure 2 demonstrates typical temperature evolutions of the

conductance profile as a function of the gate voltage with
varying asymmetry parameters (a)U′/U = 1, (b) 0.8, and
(c) 0.6. Overall widths of conductance profiles are deter-
mined byU + 2U′. We notice, even with a small asymmetry
U′/U = 0.8, a characteristic dip structure ofG(T, 0) devel-
oping clearly at half-filling (Nd = 2) at finite temperature, in
contrast with a small deformation around quarter and three-
quarter-fillings (Nd = 1, 3). Recall for any finite 0< U′ < U,
the system is always renormalized to theS U(4) symmet-
ric model19, 20) and the Kondo enhancement always appear
at the gate voltage corresponding toNd = 1, 2, 3; G(0, 0) is
determined by the Friedel sum rule eq. (20) irrespective of
the interaction asymmetry. We stress the interaction asymme-
try manifests itself only atfinite temperature and invisible at
T = 0. It appears as a substantial ‘dip structure’ ofG(T, 0)
around half-filling. As we have claimed recently,25) such fea-
ture caused by interaction asymmetry reproduces quite well
experimental observation in carbon nanotube dots14, 15) (see
Sec. 7 for more details).

To clarify how the asymmetric interaction affect the con-
ductance profile particularly at half-filling, we make a direct
comparison between the behaviors atNd = 1 andNd = 2
in Fig. 3 by changingU′/U = 1, 0.9, 0.8, 0.6, and 0.4. By
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Fig. 2. The temperature evolutions of the conductanceG(T, 0) as a function
of the gate voltage with varying asymmetryU′/U = 1, 0.8, and 0.6.
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Fig. 3. (color online) Temperature dependence of the conductanceG(T, 0)
as a function of the interaction asymmetryU′/U = 1, 0.9, 0.8, 0.6, and 0.4
at Nd = 1 (quarter-filling) and atNd = 2 (half-filling).

decreasingU′ away from the symmetric pointU′ = U, the
characteristic energy controlling thermal suppression seems
reduced atNd = 2, but enhanced atNd = 1. We will elucidate
this tendency by estimatingT∗ numerically in Sec. 4.
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Fig. 4. Bias voltage evolution of the zero-temperature differential conduc-
tanceG(0,V) as a function of the gate voltage with varying the interaction
asymmetry (a)U′/U = 1, (b)U′/U = 0.8, and (c)U′/U = 0.6.

3.3 Effect of interaction asymmetry on G(0,V)
We now turn our attention to the non-equilibrium transport,

i.e., nonlinear conductance. To understand the interplay be-
tween finite bias voltage effect and the interaction asymme-
try, we here examine the zero-temperature differential con-
ductanceG(0,V).

Figure 4 shows typical bias voltage evolutions ofG(0,V)
as a function of the gate voltage with asymmetry parameters
(a)U′/U = 1, (b) 0.8, and (c) 0.6. We immediately notice that
the profile ofG(0,V) looks quite similar to that ofG(T, 0). By
applying larger bias voltage (eV/U = 0.03, 0.05, 0.1), the
Kondo enhancement both atNd = 1, 3 andNd = 2 is sup-
pressed, but the latter suppression is more distinctive. Like
the thermal evolutions, the interaction asymmetry manifests
itself only at a fixedfinite bias voltage, as a ‘dip structure’ of
G(0,V) around half-filling.

Figure 5 shows the zero bias peakG(0,V) either atNd = 1
or atNd = 2 with varying the asymmetry parameterU′/U =
1.0, 0.9, 0.8, 0.6, and 0.4. Since we assume the symmetric
couplingΓL = ΓR to the leads, theG(0,V) becomes symmet-
ric regardingV. From its behavior, we can read off how the
characteristic energy scale depends on the asymmetric param-
eterU′/U. The dependence is the same with what is observed
in the temperature evolutions ofG(T, 0); decreasingU′ leads
to the reduction of the characteristic energy atNd = 2, but the
enhancement atNd = 1.
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Fig. 5. (color online) The differential conductanceG(0,V) as a function
of the bias voltage with varying the interaction asymmetryU′/U =

1,0.9, 0.8, 0.6, 0.4 at Nd = 2 (approachingG(0,V → 0) → 4G0), and
at Nd = 1 (approachingG(0,V → 0)→ 2G0).

Our numerical calculations show that the conductance at
Nd = 2

4. Characteristic temperatureT∗

The Kondo temperature is an energy scale characterizing
the Kondo effect, i.e., the Anderson model eq. (1) at the cen-
ter of an odd Coulomb blockade valley. It is a crossover tem-
perature, not the transition temperature, so we can fix it only
modulo numerical factor with ambiguity. Instead, we seek to
define a characteristic energy scale at each gate voltage cov-
ering the entire range of the topmost shell.

Recalling the present effective theory expresses the dot
Green function as

GR
d(ω = 0) =

1

−ε̃d + iΓ̃
= −exp(iπNd/4)

√

ε̃2
d + Γ̃

2
, (21)

we naturally define a characteristic temperatureT∗ of the
model

T∗ =
√

ε̃2
d + Γ̃

2
∣

∣

∣

∣

T=0,V=0
(22)

ateachgate voltage orNd. We stress it is imperative to include
the shiftε̃d in defining a consistent energy scale at eachNd.

Whenε̃d vanishes, we seeT∗ = Γ̃, the Kondo peak width.
This is a situation of theS U(2) Kondo effect. However, as
derived from the Friedel sum rule ofS U(4) model, eq. (20),
the S U(4) Kondo peak needs to shift at theNd = 1, 317, 18)

by |ε̃d| = Γ̃ = T∗/
√

2. In contrast, theS U(4) Kondo peak at
Nd = 2 does not shift because of the electron-hole symmetry.

The dependence of the characteristic energyT∗ obtained
from our KR-SBMT calculations is shown in Fig. 6 for the
entire range of the topmost shell (Nd = 0 ∼ 4). Though the
state degeneracy atU′ = U is six-fold atNd = 2 and four-fold
at Nd = 1 respectively,T∗ of the former is lower than that of
the latter.

The presence of the interaction asymmetry further ampli-
fies this difference ofT∗ as in Fig. 7; it reducesT∗ at Nd = 2
but enhances it atNd = 1;T∗ is almost unchanged at the filling
corresponding to Coulomb blockade peaks (Nd ≈ 1.3 and 2.7
in Fig. 6). Because of this, the Kondo enhancement around
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Nd ≈ 2 is destroyed more rapidly than atNd ≈ 1 either by
finite temperature or by finite bias voltage. The above depen-
dence ofT∗ gives a consistent explanation on the conductance
profiles Figs. 2–5 in the previous section.

How much asymmetry deforms the conductance profile
of the S U(4) symmetry? The characteristic temperatureT∗

at half-filling (of the symmetric model) controls it. When
|U − U′| exceedsT∗(Nd = 2,U′ = U), it reducesT∗ rapidly,
producing the conductance profile with a distinctive dip at
half-filling. One can observe the effect only at finite temper-
ature or by finite bias voltage. The above behavior ofT∗ at
Nd = 1, 2 agrees qualitatively with other numerical estimates
of the Kondo temperature.19, 20, 35, 36)However, we need to dis-
tinguish between the reduction of the characteristic energy
and the crossover between the universality classes: the for-
mer does not necessarily mean the latter. We will focus on the
issue in next section.

5. Universal scaling of linear and nonlinear conductance

Having understood qualitative behavior of the conductance
profiles by temperature or bias voltage, we now focus on
examining an important issue: what is the universality con-
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Fig. 8. (color online) Universal scaling of the temperaturescaled byT∗.
Data are the same with Fig. 3.

trolling quantum transport in the presence of the interac-
tion asymmetry? The nature at half-filling have been argued
actively so far, proposing theS U(2) × S U(2) Kondo ef-
fect,19, 20, 35)or theS U(4) Kondo effect.36) We should bear in
mind that the absence of the exactS U(4) symmetry of the
model does not necessarily legitimate the former universality,
because the model flows toward theS U(4) symmetric strong
coupling point for 0< U′ < U; neither the reduction ofT∗ in
Fig. 7.

When the nonlinear conductanceG(T,V) is dominated by
a unique universality, we expect to expressG(T,V) by some
universal functionFn(t = T/T∗, v = eV/T∗) at each filling
n = Nd:

G(T,V)/G0 = Fn(t, v). (23)

The Friedel sum rule eq. (20) constrainsFn(0, 0) =

4 sin2(πn/4). Otherwise, with a crossover present between the
universality classes, we should observe a continuous change
of the universal functionFn(t, v). We test numerically the uni-
versality by making universal scalings of the temperature evo-
lutions and the bias voltage evolutions of the conductance.

In the following, we will find the temperature or bias-
voltage evolutions of the conductanceG(T,V) indeed exhibits
itself of theS U(4) behavior for different values ofU′/U < 1.
Hence we will claim the phenomena is dominated solely by
theS U(4) universality,not a crossover between two different
universality classes.

5.1 Universal scaling of G(T, 0)
We first examine a universal form of the temperature evo-

lutions of the linear conductance

G(T, 0)/G0 = Fn(t, 0); t = T/T∗. (24)

In Fig. 8, universal temperature dependence ofG(T, 0) ei-
ther at Nd = 1 or Nd = 2 are confirmed numerically, by
rescaling Fig. 3 as a function oft = T/T∗ with varying
U′/U = 0.4 ∼ 1.0. Here we definedT∗ at eachNd and
U′/U. The results are striking. For all values ofU′/U both
at Nd = 1, 2, universal curves collapse well up tot . 1 (an
upper scale restricting the validity of the present analysis). It
implies that the universal temperature dependence either at
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half-filling or at quarter-filling reduces to theS U(4) symmet-
ric case. Additionally Fig. 8 shows that such universal depen-
dence differs slightly but significantly betweenNd = 1, 2. The
universal curves obtained here look very similar to those of
the symmetric modelU′ = U obtained in NRG.32)

5.2 Universal scaling of G(0,V)
We now turn our attention to universal scaling of non-

equilibrium transport regime, of the nonlinear conductance

G(0,V)/G0 = Fn(0, v); v = eV/T∗. (25)

In Fig. 9, we show the bias-voltage evolutionG(0,V) as a
function of the scaled bias voltagev = eV/T∗ either atNd =

1 or atNd = 2. As the most important observation, we can
confirm that all of the universal scaling curves forU′/U =
0.4 ∼ 0.9 collapse on theS U(4) symmetric one, similarly to
temperature dependence. In comparing with thermal universal
curvesFn(t, 0) in Fig. 8, bias-voltage universal curvesFn(0, v)
at Nd = 1, 2 exhibit rather similar behavior, up tot . 1 (T .
T∗).

5.3 Universal scaling of G(T,V)
As a concrete dependence, thermal universal curveFn(t, 0)

and bias-voltage oneFn(0, v) behave differently forn = Nd =

1, 2. This means that we need three independent variablest,
v, andn fully to describe a universal curve. However, a sim-
pler description is possible to characterize the suppression by
finite temperature or bias-voltage. The idea essentially comes
from seeking what is a cut-off energy of the RG flow.

A typical nonlinear conductance evolution at finite tem-
perature is shown in Fig. 10 forU′/U = 0.6, for (a) T =
0.0025U, (b) 0.025U and (c) 0.05U. In this system, the
characteristic temperatureT∗ at half-filling is estimated as
T∗(Nd = 2) = 0.023U. We understand its behaviors by classi-
fying these behaviors, comparing with this energy scaleT∗(2).
At (a) T = 0.0025U ≪ T∗(2) (t ≪ 1), the conductance
profile looks similar to that atT = 0 in Fig. 4 (c). It shows
the temperature is so small that no thermal effect appears.
On the other hand, at (c)T = 0.05U ≫ T∗(2) (t ≫ 1),
all the conductance profiles with different bias-voltageV al-
most collapse except foreV = 0.1U which is larger than the
temperatureT = 0.05U, which is a hallmark of the temper-
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Fig. 10. Conductance profilesG(T,V) by varying different temperature and
bias voltage. (a)T = 0.0025U (b) T = 0.025U (c) T = 0.05U. For each
temperature, results of bias voltageeV = 0.005, 0.03, 0.05, and 0.1U are
shown. The characteristic energy at half-filling isT∗(2) = 0.023U.

atureT ≫ T∗(2) controlling the conductance profile for a
regionT & eV. Consistent behaviors are also confirmed at
(b) T = 0.025U ≈ T∗(2): the temperature controls the con-
ductance profile forT > eV; the bias voltage, forT < eV. In
Fig. 11, we illustrate universal functionsFn(t, v) for n = 1, 2
of the S U(4) universality, obtained by our KR-SBMT ap-
proach. We conclude that the larger energy scale max[t, v]
between the temperature and the bias voltage effectively dom-
inates the nonlinear conductance profile. The result presented
in Fig. 11 is indeed calculated forU′/U = 0.6, but as we
have shown so far, this universal functionFn(t, v) is almost the
same up toT∗ with that ofU′/U = 1 and also ofU′/U < 1.

Before concluding this section, we give two cautionary
comments regarding the applicability of the present univer-
sal dependence of the conductance: (1) on conductance pro-
files observed as a function of the gate voltageεd; (2) on the
dependence on the value ofU/Γ. The first point is related to
our employed approximation (KR-SBMT). Although we be-
lieve the present analysis of theT∗ scaling may be useful even
for max[T, eV] & T∗, our present KR-SBMT method is be-
lieved to describe the system adequately only up to. T∗; it
does not fully incorporate charge fluctuations, which will be
important for transport under a large bias. The characteris-
tic temperatureT∗ is lower at half-filing, higher at quarter-
filling, particularly in the presence of the interaction asym-
metry (Figs. 6, 7). Hence the conductance evaluated by the
KR-SBMT is validated up to a smaller valueT or eV at half-
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filling than at quarter-filling. Such signature is observed in
the conductance profile foreV = 0.1U in Figs. 4 and 10,
where max[T, eV]] ≫ T∗(Nd = 2) and the Coulomb blockade
physics dominates the system. In those cases, the conductance
is anticipated to vanish, with some nonlinear bias effect that
the KR-SBMT is likely to miss. The second point is related to
why our analysis observes theS U(4) universality class, disre-
garding the interaction asymmetry, without a crossover. This
important issue will be examined further in next section.

6. T∗ renormalization or a crossover: Effect of finite U

As we have shown, our results of conductance at finite
temperature and/or bias voltage behave consistently with the
S U(4) universality class even in the presence of the interac-
tion asymmetryU′/U < 1, exhibiting no crossover toward a
different universality class. The results may seem odd at first
glance, contradicting with the suggested crossover between
S U(4) andS U(2)× S U(2) universality classes.19) However,
such a crossover behavior takes place only for a larger value
of U/Γ. In a usual range of experimentally feasible parame-
ters, we claim the renormalization of the characteristic tem-
peratureT∗, not a crossover of the universality classes, plays
a more dominant role, controlling the conductance behavior.

To support our view, we also examine the behavior with
larger values ofU. Figure 12 shows the characteristic temper-
atureT∗ at Nd = 2 as a function of the interaction asymme-
try U′/U for U/Γ = 50, 60, to be compared with Fig. 7. In
this case, the interaction asymmetryU′/U reducesT∗ quite
rapidly, which signals a crossover of the universality class
from S U(4) to S U(2) × S U(2).19) We confirm that such a
crossover indeed occurs by performing the universal scaling
(Fig. 13). ForU/Γ = 50, the universal scaling indicates that
the scaled curve forU′/U = 0.9 is clearly different from that
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asymmetryU′/U at Nd = 2 for U/Γ = 50 and 60.
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for U′/U = 1 or 0.99; the universality class crosses over be-
tweenS U(4) andS U(2)× S U(2) in this case.

In usual experiments, however,U is roughly in the range
of U = 10 ∼ 20Γ (see also the next section). For this case,
as was shown in§5, the dominant effect atNd ≈ 2 is due to
the renormalization ofT∗, not a crossover of the universality
classes.

7. Experimental manifestation

We have found theoretically the effect of the interaction
asymmetry on the conductance profile substantial, either at
finite temperature or at finite bias voltage. Currently, a fewex-
perimental realization of theS U(4) Anderson model eq. (1)
are known: transport through a carbon nanotube dot, and,
through double quantum dots coupling capacitively with each
other.3, 4) We discuss our present results in the light of existing
experimental data.

7.1 Carbon nanotube dot
Several groups have investigated and observed the Kondo

enhancement in the linear conductance measurement through
a carbon nanotube dot.12–15) A carbon nanotube dot has dou-
bly degenerate orbitals in the topmost shell, and moreover,



J. Phys. Soc. Jpn. Full Paper Author Name 9

Fig. 14. (color online) Schematic plotting for the comparison with carbon
nanotube dot experiments: Conductance as a function of the gate voltage
for U′/U = 0.997 andU = 30Γ. |U − U′| ≪ T∗(Nd = 2,U′ = U) is
realized. Inset shows larger coupling parameter regimeU = 15Γ.

Fig. 15. (color online) Schematic plotting for the comparison with carbon
nanotube dot experiments: Conductance as a function of the gate voltage
for U′/U = 0.9. Other parameters are the same with Fig. 14.|U − U′| ≫
T∗(Nd = 2,U′ = U) is realized.

the conductance according to theS U(4) Friedel sum rule
eq. (20) is clearly observed experimentally at low tempera-
tures.15) This observation clearly justifies the validity of the
S U(4) Anderson model. Notwithstanding, we have not under-
stood fully the temperature evolution of the conductance, par-
ticularly aroundNd ≈ 2: While the experiment by Makarovski
et al. has observed visible low-temperature “Kondo-like en-
hancement” aroundNd = 2,15) such enhancement was absent
exhibiting a characteristic ‘dip’ in others.13, 14) We suggest
the interaction asymmetry enables us to understand system-
atically finite temperature evolutions in these experiments.25)

In Figs. 14 and 15, we present schematic calculations mim-
icking the experimental situation, changingU′/U slightly,
with U = 30Γ (with U = 15Γ for the insets). In Fig. 14 with
U′/U = 0.997, the conductance profile reproduces all the
features of theS U(4) symmetric model. Notably, the Kondo
enhancement at low temperature occurs either atNd ≈ 2
or at Nd ≈ 1 similarly. As was claimed already in ref. 32,
these temperature evolutions by theS U(4) symmetric Ander-
son model agree very well with what is observed either at
Vg ∼ 3.9V or atVg ∼ 5.3V in the experiments by Makarovski
et al.15) To our surprise, however, the conductance profiles

with four peaks (U = 30Γ) are modified considerably by a
relatively small asymmetry (less than 10%), having a charac-
teristic dip structure around half-filling as in Fig. 15. This is
because the characteristic energy atNd = 2 is rather small,
T∗(Nd = 2,U′ = U) ≈ 0.014U. The valueU′/U = 0.9
conforms to almost equally-spaced Coulomb blockade peaks,
observed atT = 8K.14) We believe Fig. 15 captures essential
characteristics experiments13, 14) with a reasonable choice of
physical parameters; for instance, in Fig. 3(a) or Fig. SI2 of
Jarillo-Herreoet al.,14) the conductance atVg ≈ 3V is smaller
than that ofVg ≈ 2.8V or 3.2V at each temperature.

Regarding the mixed-valence regime (U/Γ = 15, insets of
Figs. 14 and 15), four peaks merge to form one big peak show-
ing the Kondo enhancement. In this regime, we find the in-
teraction asymmetryU′/U hardly affecting the conductance
profile even at finite temperature.

7.2 Double dot system with capacitive coupling
Several groups have been investigating experimentally on

orbital and/or spin Kondo effects in double quantum dot
systems with capacitive coupling,3, 4, 7, 8) where the orbital
Kondo effect has been observed at quarter-filling. The mea-
sured Kondo temperature is found surprisingly high. Thus
we should possibly attribute the phenomena to theS U(4)
Kondo effect, as an entanglement of spins and orbits. There-
fore, within the universality of the topmost shell, we will be
able to describe the system by applying theS U(4) Anderson
model eq. (1).

Although the S U(4) Anderson model suggests that the
conductance should exhibit the Kondo enhancement both at
quarter-filling and at half-filling, to the best of our knowledge,
no enhancement has been observed so far at half-filling. How-
ever, we argue that the absence of the Kondo-like enhance-
ment at half-filling is due to the combined effect of finite bias
effect and the interaction asymmetry in those systems. Con-
sequently, it is expected that the conductance enhancement
should appear also at half-filling by suppressing the bias volt-
age at low temperature.

To make our argument more concrete, let us examine typ-
ical double dot experiments,3, 4) whoseIV characteristics at
T = 30mK are excerpted in Fig. 16 (a), which is mea-
sured by applying the source-drain voltage 80µV. The volt-
ageV(1−2) controls the degeneracy of single levels; the top-
most single orbits realize two-fold degeneracy atV(1−2) ≈
3.75, 4.25, 4.75, 5.25 etc. The honeycomb structure clearly
shows Kondo enhancement at quarter-filling (denoting re-
gions ‘b’ in Fig. 16(a)); no enhancement at half-filling. In
Fig. 16 (b), choosing the parametersU = 0.7meV,U′/U =
0.6, andU/Γ = 20, we plot corresponding KR-SBMT results
of the nonlinear conductanceG(T,V) by varying the source-
drain voltageV = 0, 35, 70µV. The result ofV = 70µV re-
produces well with experimental data; Kondo enhancement is
observed at quarter-filling but not at half-filling.

Our KR-SBMT calculations evaluate the characteristic en-
ergy at half-fillingT∗(2) to be 16µeV for these systems. So
we conclude experiments realize large bias regime suppress-
ing the Kondo effect atNd ≈ 2. It also suggests that when
we can decrease the source-drain voltage, less than 16µV, the
Kondo-like enhancement should appear at half-filling as well
as at quarter-filling.
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8. Conclusion

We have investigated the role of the inter- and intra-orbital
interactions in transport through quantum dots with two-fold
orbital degeneracy,e.g., carbon nanotube dots, double dot
systems with capacitive interaction etc. By using theS U(4)
Anderson model with the interaction asymmetry between or-
bits/dots and within the validity of the KR-SBMT, we have
shown how significantly a small amount of it can affect the
profile of the linear conductance at finite temperature, and of
the nonlinear conductance. We have shown that the phenom-
ena can be understood systematically by the different depen-
denceT∗ on interaction asymmetry at each gate voltage. In
addition, we have compared our theoretical results with exper-
imental data in two typical situations: carbon nanotube dots,
and double dot systems with capacitive interaction. We be-
lieve our theoretical results agree very well, suggesting unex-
plored phenomena of the Kondo enhancement in double dot
systems. We have shown clearly the interaction asymmetry
is essential in explaining conductance profiles through these
two-fold degenerate systems in real experiments.
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