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PRIME CHARACTERISTIC ASPECTS IN THE STUDY OF STANLEY-REISNER
RINGS AND MONOMIAL IDEALS

IRINA ILIOAEA

Under the Direction of Florian Enescu, PhD

ABSTRACT

This dissertation investigates Stanley-Reisner rings and monomial ideals in connection
to some important concepts in characteristic p commutative algebra, such as Frobenius
complexity, and complexity sequence, and strong test ideals in tight closure theory. The
Frobenius complexity of a local ring R measures asymptotically the abundance of Frobenius
operators of order e on the injective hull of the residue field of R. It is known that, for Stanley-

Reisner rings, the Frobenius complexity is either —oco or 0. This invariant is determined by



the complexity sequence {c.}. of the ring of Frobenius operators on the injective hull of the
residue field. One of our main results shows that {c. }. is constant for e > 2, generalizing work
of Alvarez Montaner, Boix and Zarzuela. This result settles an open question mentioned by
Alvarez Montaner in [26]. Moreover, we use Cartier algebras to describe a large class of
strong test ideals. One of our main results gives a full description of test ideals associated
to Cartier algebras in Stanley-Reisner rings. An important consequence of our result states
that a bound for the degree of integral dependence that an arbitrary element in the tight
closure of an ideal satisfies over the respective ideal is given by a combinatorial invariant,

which is the number of facets of the Stanley-Reisner ring considered.

INDEX WORDS:  Commutative algebra, Simplicial complexes, Stanley-Reisner rings,
Frobenius operators, Frobenius algebras, Complexity sequence, Frobe-
nius complexity, Cartier algebras, Strong test ideals, Tight closure,
Skew algebras, Monomial ideals



PRIME CHARACTERISTIC ASPECTS IN THE STUDY OF STANLEY-REISNER
RINGS AND MONOMIAL IDEALS

IRINA ILIOAEA

A Dissertation Submitted in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy
in the College of Arts and Sciences
Georgia State University
2020



Copyright by
Irina Georgeana Ilioaea
2020



PRIME CHARACTERISTIC ASPECTS IN THE STUDY OF STANLEY-REISNER
RINGS AND MONOMIAL IDEALS

IRINA ILIOAEA

Committee Chair: Florian Enescu

Committee: Zhongshan Li
Mariana Montiel

Yongwei Yao

Electronic Version Approved:

Office of Graduate Studies
College of Arts and Sciences
Georgia State University
August 2020



DEDICATION

This dissertation is dedicated to my parents.

v



ACKNOWLEDGEMENTS

First, I would like to express my appreciation and to thank my advisor, Professor Florian
Enescu for all his support, constant guidance and patience throughout this process. This
dissertation would not have been possible without his generous help. Thank you for being
an inspiring mentor and for your invaluable contribution to my mathematical education.

I would also like to express my gratitude to Professor Zhongshan Li, Professor Mariana
Montiel and Professor Yongwei Yao for serving in my dissertation committee, proof reading
the current manuscript and for their useful suggestions.

Special thanks to Professor Yongwei Yao for his mathematical insights during our alge-
bra seminar talks.

Many thanks to the faculty and staff in the Department of Mathematics and Statistics
at Georgia State University. It has been a pleasure working with you over the past five
years. Thank you for giving me the opportunity to be a Graduate Teaching Assistant in
your department.

I would also like to thank NSF for their financial support during my training in the
doctorate program. I have been involved in two research projects supported by NSF CCF-
1320385 and 1910368 in applications of polynomial algebra to digital circuit.

I am also grateful to my best friends: Rodrigo Ivan Castro, Soukaina Filali and Shuenn
Siang Ng for being a great source of support and for making this journey more enjoyable.

Finally, I would like to express my deepest gratitude to my family who always encour-

aged me to follow my passion for mathematics and pursue my academic career.



TABLE OF CONTENTS

ACKNOWLEDGEMENTS

CHAPTER 1 INTRODUCTION .

CHAPTER 2 PRELIMINARIES .

2.1 Rings of Positive Prime Characteristic . . . . . ... .. ... ... ...
2.2 Tight Closure . . . . . . . . . . .
2.3 The Algebra of Frobenius Operators . . . . . . ... ... ... .....
2.4  Frobenius Complexity . . . . . . . . ...

2.4.1  Complexity of Skew-Algebras . . . . . . . . . .. .. ... ... ..

24.2 The T-Construction . . . . . . . . . . . .
2.5 Strong Test Ideals . . . . . . . . .. ...
2.6 Cartier Algebras . . . . . . . ...

2.7 Simplicial Complexes and Stanley-Reisner Rings . . . . . . .. ... ...

CHAPTER 3 PREPARATORY RESULTS
3.1 Fedder's Lemma . . . . . . . . . . . . ...
3.2 The Ring of Frobenius Operators on the Injective Hull . . . . . . .. ..

3.2.1  The Ring of Frobenius Operators on the Injective Hull of Regular Local

CHAPTER 4 MAIN RESULTS
4.1 On the Frobenius Complexity sequence of Stanley-Reisner Rings . . . . .
4.2 Strong Test Ideals associated to Cartier Algebras . . . . ... ... ...
4.2.1  The Case of Stanley-Reisner Rings . . . . . . . . . .. ... ...

vi

10
13
13
15
16
18
20

23
23
26

27
31

39
39
48
51



CHAPTER 5 FURTHER REMARKS AND CONCLUSIONS

5.1 Principally Generated Skew R-Algebras

5.2  Monomial Ideals and The Frobenius Algebra of Operators

REFERENCES

Vil

57
57
63

75



CHAPTER 1

INTRODUCTION

The development of characteristic p techniques has been relevant in commutative algebra
and birational geometry. Over the past years, positive characteristic commutative algebra
became an important area of research. In this dissertation, we will study topics such as
Frobenius operators, Cartier algebras and strong test ideals.

The Frobenius map, which is the map that associates to each element of a ring its
pth power, plays a crucial role in characteristic p commutative algebra. This map and
the concepts associated to it led to important results in commutative algebra. In particular,
Frobenius operators on the injective hull have been studied by many commutative algebraists,
such as Hochster, Huneke, Smith, Lyubeznik, Singh, Schwede, Enescu, Yao, Sharp, Katzman,
to name a few.

This dissertation studies monomial ideals, and in particular Stanley-Reisner rings, in
relation to some concepts from positive characteristic commutative algebra. Namely, we
study Frobenius complexity, and in particular the complexity sequence, and the notion of
strong test ideal.

Lyubeznik and Smith started investigating the ring of Frobenius operators in connection
to one of the most intriguing conjectures in tight closure theory, the localization problem.
They raised the question about the finite generation of the ring of Frobenius operators on

the injective hull of the residue field of a local ring in [25]:
Question 1.0.1 (Lyubeznik, Smith). Is F(Eg) always finitely generated as a ring over R?

In [21], Katzman found a ring with infinitely generated Frobenius algebra. Enescu and
Yao were motivated by this question to introduce a new invariant in [9], called the Frobe-
nius complexity, which gives an asymptotical way of measuring the abundance of Frobenius

operators on the injective hull of the residue field of a local ring. Alvarez Montaner, Boix



and Zarzuela considered the finite generation question in the case of Stanley-Reisner rings

in [27]. They showed that:

Theorem 1.0.2 (Alvarez Montaner, Boix and Zarzuela). The Frobenius algebra F(Eg)

associated to a Stanley-Reisner ring R is either principally generated or infinitely generated.

They also found the description of the complexity sequence for a class of Stanley-Reisner
rings. In [19], I fully described the complexity sequence for any Stanley-Reisner ring. My

results settled an open question in the field, mentioned by Alvarez Montaner in [26].

Theorem 1.0.3. Let k be a field of characteristic p, S = k[[xy,...,2,]] and ¢ = p°, for
e>0. Let I < S be a square-free monomial ideal in S and R = S/I its Stanley-Reisner

ring. Then,

{06}620 = {OJ 1% + 17 Loy Ly [y - '}7

where the ideal J, is the unique minimal monomial ideal defined in Definition 3.3.2 and

W= us(Jy) is the minimal number of minimal monomial generators of J,.

Tight closure theory was introduced by Craig Huneke and Mel Hochster in 1986. Using
tight closure theory, algebraists were able to simplify many proofs by using characteristic p
techniques, come up with stronger formulations of well-known existing results and produce
new theorems.

Tight closure theory provides a closure operation on ideals and submodules. To every
ideal we associate a larger ideal containing it related to the Frobenius map. This new ideal
turns out to be helpful in studying the original ideal. It is well-known the fact that computing
the tight closure of an ideal in a particular ring can be a very difficult problem. There are not
that many examples of such computations in the literature. Huneke introduced the notion
of strong test ideal in [18] which helps in providing interesting concrete information about
the integral elements that belong to the tight closure of an ideal.

Using Cartier algebras, I found in joint work with Enescu, a large class of strong test

ideals in [8]. Having a larger class of strong test ideals is very important because it gives



us a better bound for the minimal degree of the equation of integral dependence that an
arbitrary element in the tight closure of an ideal satisfies over the respective ideal.

Our results have a combinatorial flavor; in this dissertation, we investigate rings that
come from combinatorial commutative algebra in relation to tight closure theory. Stanley-
Reisner rings constitute an important class of such rings. These rings are obtained by assign-
ing to combinatorial objects, called simplicial complexes, algebraic objects, called Stanley-
Reisner rings.

One theorem we proved in [8] tells us that the number of facets of the simplicial complex
associated to our ring represents the minimal number of generators of our test ideal. Hence,
we obtained that a bound for the degree of integral dependence that an arbitrary element
in the tight closure of an ideal satisfies over the respective ideal is given by a combinatorial

invariant, the number of facets of the ring.

Theorem 1.0.4 ([8]). Let k be a field of characteristic p and S = k[[x1,...,x,]]. Let
I < S be a square-free monomial ideal in S and R = S/I its Stanley-Reisner ring. Let
A be the simplicial complex associated to the Stanley-Reisner ring R. The ideal given by
(xp: F € F(A)) is a strong test ideal. Therefore, in the ring R, for every ideal J < R and
every element x belonging to J*, x satisfies a degree fna..(A) equation of integral dependence

over J, where fpq.:(A) is the number of facets of the simplicial complex A.



CHAPTER 2

PRELIMINARIES

In this chapter, we set up the notations and introduce the main concepts. Moreover,

we will state known results which will be used in the later chapters of the dissertation.

2.1 Rings of Positive Prime Characteristic

Let R be a Noetherian ring of positive prime characteristic p. Let F' : R — R be the

Frobenius map, that is, F'(r) = r?. We have that
(a+bP=al+b, (a-b)P =aP- P,

for all a,b € R. Therefore, the Frobenius map is a ring homomorphism. Let F°: R — R be
the e-th iteration of the Frobenius map, that is, F'°(r) = r?, where ¢ = p°, e € N. The ring
R is a reduced ring (i.e. it does not have any nilpotent elements) if and only if the Frobenius
map F': R — R is injective, by [7].

If R is a reduced ring and Q(R) is the total ring of fractions of R, we define the

collection of gth roots of R as follows:

RY4 .= {sc Q(R) : s* € R}.

It is easy to note that R'? is closed under addition and multiplication and that the map
R — RY4, which sends r to 7/ is an isomorphism of rings. Therefore, RY is a ring
abstractly isomorphic to R. Moreover, the inclusion R C R'Y9 can be naturally identified
with the e-th iteration of the Frobenius endomorphism F of R. This gives R'/9 the module

structure over R as follows: r*s=17-s, for any r € R and s € R/,

Definition 2.1.1. A ring R is called F-finite if R/ is finitely generated as a module over

R, for some (or equivalently, any) g.



Example 2.1.2. (i) Any perfect field &k of characteristic p (any field which satisfies k¥ =
k) is F-finite.

(ii) Any complete local ring with F-finite residue field is F-finite. For instance, let k be a
perfect field of characteristic p and let S = k[[xy, ..., z,]] be the formal power series

ring in n variables over k. Then,

SY = KVl = k(a2 = D St

Therefore, 5/ is a free S-module with basis {277 ... #2" Y oer <g1.
The following properties of F-finite rings are well-known and they are presented in [17].
Proposition 2.1.3. Let R be an F-finite ring. Then the following hold:
(1) If S is a multiplicative closed set of R, then S™'R is F-finite.
(i) If I C R is an ideal of R, then the quotient ring R/I is F-finite.

(11i) If x is an indeterminate, then the polynomial ring in R|x| and the formal power series

ring R|[x]] are F-finite.

The class of F-pure rings has been introduced by Hochster and Roberts in [16]. They
play a very important role in tight closure theory and have been studied by Fedder, Goto

and Watanabe before tight closure theory came about.

Definition 2.1.4. A monomorphism f: R — Sispureif f@1y: RQOM — S® M is
injective, for all R—modules M. If the Frobenius map F': R — R is pure, then we say that

R is F-pure.

It follows from the definition that if R is F-pure then 2 € I”! implies that = € I, for
any ideal [.
For an F-pure ring R, the Frobenius map is injective, therefore R is reduced (i.e. has

no nilpotent elements).



Definition 2.1.5. A ring R is called F-split if the inclusion map i : R — R9 splits as a

map of R-modules, i.e. if there exists a map ¢ € Homp(RY9, R) such that ¢ oi = idp.

Remark 2.1.6. The inclusion map R — R splits for some ¢ if and only if it splits for all g.

It is easy to note that any F-split ring is F-pure. If R is F-finite or complete local, then
R is F-pure if and only if R is F-split.

Proposition 2.1.7. (i) A ring R is F-pure if and only if Rp is F-pure, for every P €
Spec(R).

(i1) An F-finite local ring of prime positive characteristic is F-pure if and only if its com-

pletion R is F-pure.

Kunz found a way of describing that a ring of prime positive characteristic p > 0 is

regular in terms of the Frobenius endomorphism on R. His result states the following:

Theorem 2.1.8 ([24], Kunz). A ring R is reqular if and only if the Frobenius endomorphism

F¢: R — R is flat for some e(or equivalently, for any e).

Kunz Theorem shows that any regular ring is F-pure. In the next chapter, we will
present a criterion for F-purity for quotients of regular local rings due to Fedder. By applying

Fedder’s criteria for F-purity one can show that:

Example 2.1.9. (i) Using Proposition 3.1.7, one can show that Stanley-Reisner rings
are F-pure as follows: if S = k[[xy,...,2,]], I C S is a square-free monomial ideal
and R = S/I is the Stanley-Reisner ring associated to I, the element (zy---xz,)?" ! is

contained in the colon ideal (I” : I) and it does not belong to m/?.

(ii) Let k is a field of prime characteristic p and R = k[x, vy, z|/(2® +y>+ 2%). One can show
that if p = 1(mod 3), R is F-pure and if p = 2(mod 3), R is not F-pure.

2.2 Tight Closure

Let R be a Noetherian commutative ring of prime positive characteristic p. Let e > 0

and ¢ = p°. For any ideal I of R, we denote by I'¥ the ideal generated by {i9:i € I}.



For any ideals I and J, we have that (I + J)l4 = [ld 4 jlad (7 )d = [ldjld anqd
(1™ = (1ld) for any positive integer n.
For any ring R, we denote by R° the set of elements of R not contained in any minimal

prime of R. If R is an integral domain, R° = R\ {0}.

Definition 2.2.1 ([13]). Let I < R. Then the tight closure of I is the ideal
I" = {x € R : there exists ¢ € R° such that cx? € 19 for all ¢ = p° > 0}.

We recall here the definition of the integral closure of an ideal I:
Definition 2.2.2. Let I < R. Then the integral closure of [ in the ring R is the ideal
denoted by I and consisting of elements = in R which satisfy an integral dependence relation

4+ a4 4 a,r+a, =0,

such that the coefficients satisfy a; € I, for any 1 < i < n.
A different way of defining the integral closure of an ideal in a ring is the following:

Definition 2.2.3. Let I < R. Then the integral closure of [ in the ring R is the ideal
denoted by I and consisting of elements z in R for which there exists ¢ € R° such that

cx™ € I", for infinetely many n.

Since 19 C I9 and using the second definition of the integral closure of an ideal in a
ring it is easy to note that I* C I. One of the most powerful results connecting tight and

integral closure of an ideal in a ring of prime characteristic is the following:

Theorem 2.2.4 (Briangon-Skoda Theorem). Let R be a Noetherian ring of positive prime

characteristic and let I be an ideal of R generated by at most n elements. Then for allm > 0,

T C (1),



As a consequence of this result:
Proposition 2.2.5. For any = € R, (z)* = (z).
Proposition 2.2.6. For any ideals I and J of R, the following assertions hold:
(i) ICI*C1I
(i) If I C J, then I* C J*.
(iii) I C I* = (I*)*
(w) (I +J) = (I*+ J*)*
(v) (L-J) =" J)
(vi) INJ)*CI*NnJ*
(vii) 0* = /0

(viti) x € I* if and only if the image of x in R/ P, T lies in (IR/P)*, for any minimal prime
tdeal P of R.

Part (viii) of the Proposition 2.2.6 above shows that it is enough to study tight closure
in integral domains.

Computing the tight closure of an ideal in a given ring is a very difficult problem. The
following results give us a way of finding elements in the tight closure of an ideal in a given

ring.

Proposition 2.2.7. If R C S s a finite R-algebra extension and S is an integral domain,

then ISN R C I*.

Proposition 2.2.8 (Colon capturing). Let R be a reqular domain, S a finite R-module and

Z1,...,Tn € R elements in R which generate a height n ideal in R. Then the following holds

(X1, Tpo1) is Ty C (21, ..o, 2021)S) .



We will present a class of ideals defined using the tight closure operation on ideals.

Definition 2.2.9. A ring R is called weakly F-regular if every ideal in R is tightly closed,
ie., if I* =1, for any I C R ideal in R. A ring R is called F-regular if every localization

Rp is weakly F-regular, for every P € Spec(R).
Proposition 2.2.10. Any regular ring is weakly F-regular.

Proposition 2.2.11. Any direct summand of a (weakly) F-regular domain is (weakly) F'-

reqular.

Proposition 2.2.12. Given a Noetherian ring R of prime characteristic p, the following

assertions are equivalent:

(i) R is weakly F-reqular

(i) R, is weakly F-reqular, for any maximal ideal m of R
(11i) Every m-primary ideal of R is tightly closed.

Therefore, in order to show that a ring is weakly F-regular it is enough to prove that
any localization at any maximal ideal of the ring is weakly F-regular. However, an open
question in the field, referred to as the localization problem in tight closure theory asks the
following question: are weakly F-regular and F-regular rings the same?

For some classes of rings such as Gorenstein rings, Q-Gorenstein rings, images of Goren-
stein rings of dimension at most 3, uncountable affine algebras, the two notions coincide. One
can actually show that for Gorenstein rings it is enough to check that only some particu-
lar classes of ideals of the ring are tightly closed in order to prove that the ring is weakly

F-regular:

Proposition 2.2.13. Let (R, m) be a Gorenstein local ring. Then R is a weakly F-reqular
ring if and only if every parameter ideal in R is tightly closed. Moreover, R is a weakly

F-reqular ring if and only if one parameter ideal in R is tightly closed.
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Definition 2.2.14. Let R be a reduced F-finite ring. We will call R a strongly F-regular
ring if for every ¢ € R\ R°, there exists at least one ¢ such that the map R — R'? sending

1 — ¢'/7 splits as a map of R-modules.
It is easy to observe that any strongly F-regular ring is F-split.

Proposition 2.2.15. (i) A reduced F-finite ring R is strongly F-regular if and only if Rp

is strongly F-reqular, for every P € Spec(R).

(ii) A reduced F-finite local ring R is strongly F-reqular if and only if R is strongly F'-

reqular.
Proposition 2.2.16. Every strongly F-regular local ring is a domain.
Theorem 2.2.17. An F-finite reqular ring is strongly F-regular.

Theorem 2.2.18. If R is a direct summand of a strongly F-regular ring, then R is strongly
F'-reqular ring .
These results give us many ways of testing if a ring is strongly F-regular or not.

Example 2.2.19. (i) Stanley-Reisner rings are not domains, hence they are not strongly

F-regular.

(ii) Let R = k[z,v, z]/(xy—2?). One can show that R = k[s?, st, t*] represents a direct sum-
mand of the polynomial ring k[s, t]. Since k[s,t] is a strongly F-regular ring (because

it is an F-finite regular ring), R is strongly F-regular as well.

Any strongly F-regular ring is weakly F-regular. They are conjectured to be the same
for F-finite rings. This conjecture is relevant in the field because it would prove that weakly

F-regularity commutes with localization.

2.3 The Algebra of Frobenius Operators

Now we will define a new R-algebra structure on R: for any e > 0, as a ring R(®) equals

R while the R-algebra structure is defined by rs = s, for all r € R, s € R(®), where ¢ = p*.
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We have that R®) is the R-bimodule: let R(®) be equal to R as an abelian group, whose left
R-module structure is given by the usual multiplication and whose right R-module structure
is defined by the Frobenius map as follows 7 x s = rs and s xr = r%s for any r € R and
s € R, Let M be a left R-module. Similarly, we will use the Frobenius endomorphism to
define a new left R-module structure on M. We will denote the new R-module by M(©). For
any e > 0, we let M(© be equal to M as a set and as an abelian group and the R-module
on the left is defined as follows: r xm = r%m, for all r € R, m € M. We can note that
M© = R©® @ M When R is reduced, R is isomorphic to R'/? as left modules over R.

We have the natural R-module isomorphism:

R ®@r R/I = R/TH.

Definition 2.3.1. An eth Frobenius operator (or eth Frobenius action) of M is an
additive map ¢ : M — M such that ¢(rm) = ri¢(m), for all r € R and m € M. The

collection of eth Frobenius actions on M is an R-module, denoted by F¢(ER).

Let ¢ : M — M be an eth Frobenius operator. It is easy to see that this map can be
identified with an R-module homomorphism ¢ : M — M (). Moreover, this Frobenius action
naturally defines an R-module homomorphism fy : R®) ®@p M — M, where fo(r@m) =
r¢(m), for all r € R and all m € M. Note that here we regard R®) as an R — R®-bimodule
as follows: R(®) has the usual structure as an R-module given by: R®) = R on the left, while
on the right we have the twisted Frobenius multiplication: r x s = rs?, for any r € R and
s € R,

Now we have a natural R-module isomorphism:

Fe(M) = Homg(R"” @ M, M) = Homg(M, M®),

defined by P(¢) = f,. The R-module structure on F¢(M) is given by the natural multi-
plication by a scalar (r¢)(m) = ré(m), for any r € R, ¢ € F¢(M) and m € M. It is
easy to see that P is additive and P(s¢)(r @ m) = r((s¢)(m)) = r(sp(m)) = rsp(m) =
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s(ro(m)) = sP(¢)(r ® m). Therefore, we obtain that P(s¢) = sP(¢), for all s € R and all
¢ € Homp(M, M),

Definition 2.3.2. The algebra of Frobenius operators on M is defined by
F(M) = BesoF(M).

The ring operation on F (M) is given by the usual composition of maps as multiplication.
Ifp € Fo(M), 1 € F¢ (M) then ¢ := ¢potp € Fe+¢(M). Note that under this multiplication,
the ring F (M) is noncommutative since in general ¢ # 1¢.

The ring operation on F(M) defines a module structure F¢(M) over FO(M) =
Endgr(M). This makes F¢(M) an R-module, by restricting the scalars of the canonical
map R — Endgr(M). We have that (¢ or)(m) = ¢(rm) = (rig)(m), for allr € R, m € M
and ¢ € F¢(M). Hence, ¢r = ri¢, for all r € R and ¢ € F¢(M).

Let R{F°} be the noncommutative associative ring extension of R generated by one
variable x which satisfies zr = rfx, for every r € R, where ¢ = p°. There exists a ring
homomorphism R{F*°} — Endz(R) which sends R — Endz(R) and © — F°. Since R C
R{F¢} and R is a subring of R{F*°}, every R{F¢}—module is an R—module. Conversely,
any R{F°}—module is an R—module with an action F°. Therefore, in order to define an
R{F¢}—module structure on an R—module M, one has to define an additive map ¢, : M —
M which satisfies ¢.(rm) = ri¢.(m), for any r € R and any m € M, which is equivalent to
defining a Frobenius operator on the R—module M. Hence, we obtain that F¢(M) represents

the sets on R{F*°}—module structures on M. In [25], Lyubeznik and Smith showed that
(i) F(R) = R{F}

(i) F(HL(R)) = R{F}, where HZ(R) denotes the top local cohomology module of a
complete local ring (R, m) of positive dimension d which satisfies the Serre’s condition

Ss.

One can note that Er has an F(Eg)-module structure defined as follows: ¢ % x = ¢(z),

for any ¢ € F(ER) and = € Ep.



13

Lyubeznik and Smith characterized strong F'-regularity in terms of Frobenius structures

in [25):

Theorem 2.3.3 ([25, Theorem 4.1]). A reduced F-finite local ring is strongly F-regular if

and only if Er is a simple F(ERg)-module.
Another criteria of F-purity is due to Sharp in [31]:

Theorem 2.3.4 ([31, Theorem 3.2]). Let (R,m, k) be a local ring. Then R is F-pure if and

only if there exists an injective Frobenius action on Eg.

2.4 Frobenius Complexity

2.4.1 Complexity of Skew-Algebras

Let A be a N-graded, noncommutative ring, A = @.>0A4., such that 4o = R is a
Noetherian commutative ring. Let A satisfy the following condition: aR C Ra, for all
r € R= Ay, a € A homogeneous. Such a ring is called an R—skew-algebra.

Let G, := G.(A) be the subring of A generated by elements of degree less than or
equal to e. Note that G, C G.yq, for all e. Moreover, (G.); = A;, for all 0 < i < e and
(Ge)er1 € Aer1. We will denote the minimal number of homogeneous generators of G, as a

subring of A over Ay = R by k..

Proposition 2.4.1. The minimal number of generators of the R-module

ke — ke_1, for all e.

equals

A
(Gefl)e
Definition 2.4.2. The sequence {k.}. is called the growth sequence for A. The com-
plexity sequence is given by {¢. = k. — ke_1}.. The complexity of A is

cx(A) =inf{n >0:c. = O0(n)}.

If there is no n > 0 with ¢.(A) = O(n°), by convention we have that cz(A) = co.

It is obvious that cz(A) = 0 when A is finitely generated as a ring over R.
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Remark 2.4.3. (i) It is easy to note that cx(A) = 0 if and only if A is finitely generated

as a ring over R, if and only if {c.(A)}e>o is eventually zero.

(ii) One can show that cz(A) > 0 implies cx(A) > 1.(The sequence {n}. converges to 0,
for 0 <n < 1 as e — oo. Hence, if we assume cz(A) = n > 0, then ¢.(A) = O(n°) with
0 <n < 1. Since {n°}. converges to 0, as e — oo, the sequence {c.(A)}. is eventually
0. But this implies cx(A) = 0, which contradicts our assumption. Therefore, we must

have cz(A) > 1.)

(iii) We have that cx(A) = 1 if the sequence {c.(A)}c>0 is bounded above, but not eventually

Zero.

Let Er := FEr(k) denote the injective hull of the residue field k.
Definition 2.4.4. The Frobenius complexity of the ring R is defined by
cxp(R) = log,(cx(F(ER))).

Also, let {k. := k.(F(ER))}e be the Frobenius growth sequence and {c. := c.(F(ERr))}.

the complexity sequence.

Remark 2.4.5. (i) If (R, m, k) is a local, d-dimensional and Gorenstein ring, Er = H% (R).
In [25], Lyubeznik and Smith proved that F(H¢(R)) is generated by the canonical
Frobenius action F' on H%(R). Therefore, F(Eg) is principally generated as a ring

over R and cxp(R) = —o0.

(ii) Let R a normal, Q—Gorenstein ring of positive dimension d and with the canonical
module relatively prime to p. In [23], Katzman, Schwede, Singh and Zhang proved

that F(Eg) is principally generated as a ring over R and czp(R) = —00

(iii) In [21], Katzman gave an example of a ring R such that F(ER) is not finitely generated
as a ring over R. The ring is R = k[z, vy, z]/(zy,xz). One can note that this ring is a

Stanley-Reisner ring. Later on, we will see that we can prove that cxp(R) = 0.
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(iv) The Frobenius complexity of a ring is 0, if the complexity sequence {c.}. is bounded
but not eventually 0. Alvarez Montaner, Boix and Zarzuela showed that the Frobenius

complexity of the completion of any Stanley-Reisner ring is either 0 or —ooc.

(v) Based on Remark 2.4.3 (ii), we have that the Frobenius complexity cannot take nega-

tive values.

(vi) In [9], Enescu and Yao computed the Frobenius complexity for the determinantal rings
obtained by moding out the 2 x 2 minors of a 2 x 3 matrix of indeterminates. They
showed that the Frobenius complexity can be positive, irrational and depends on the

characteristic.

2.4.2  The T-Construction

In [23], Katzman, Schwede, Singh and Zhang introduced an important example of an
R-skew algebra.

Let R be an N-graded commutative ring of characteristic p with Ry = R.

Definition 2.4.6. Let T, = Rye_; and T(R) = ®.1. = Be=oRpe—1. A ring structure on
T(R) is defined by
axb=ab",

forallae T, and b e T,..
This operation together with the natural addition inherited from R defines a noncom-
mutative N-graded ring. Note that 7o = R and if a € T, r € R, then

€ € €
axr=ar?’ =r’a=1r" xa,

for all e > 0. Hence T(R) is a skew R-algebra.
Let (R,m,k) a local normal complete ring. For any divisorial ideal I (i.e. an ideal of

height one), we denote by I its nth symbolic power. Let w denote the canonical ideal of
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R. The anticanonical cover of the ring R is defined as

R=R(w) =Puw™.

n=0

In [23], Katzman, Schwede, Singh and Zhang found a new description for the ring of Frobe-
nius operators on the injective hull of the residue field of R using the T'—construction of the

anticanonical cover of the ring R.

Theorem 2.4.7 (|23, Theorem 3.3], Katzman, Schwede, Singh, Zhang ). Let (R, m, k) be a
local normal complete ring and w its canonical ideal. Then there exists an isomorphism of
graded rings:

F(Er) = T(R(w)).

2.5 Strong Test Ideals

Let R be a Noetherian ring of characteristic p. In an attempt of understanding which
elements in the integral closure of an ideal belong to its tight closure, Huneke introduced the
notion of strong test ideal in [18]. He asked whether there exists a uniform bound on the
degree of the integral equations satisfied by the elements in the tight closure of an ideal in
the given ring.

Test elements are an important tool in tight closure theory since they annihilate all the

tight closure operations.

Definition 2.5.1. An element ¢ € R is called a test element if c/[* C I, for all the ideals

I of R.
In [15], Hochster and Huneke showed that test elements exist in a large class of rings:

Theorem 2.5.2. Let R be a reduced excellent local ring. Then for every ¢ € R° with R,

reqular, there exists n such that ¢ is a test element.

Kunz showed that F'—finite rings are excellent. Hence, test elements exist in any reduced

F—finite local ring.
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Definition 2.5.3. Let R be a ring in which test elements exist. The ideal generated by all

the test elements is called the test ideal of the ring R and it is denoted by 75.
From the definition, we have that 71* C I.

Definition 2.5.4. Let T be an ideal of R such that TN R° # (). Then T is a strong test
ideal for R if and only if TI* =TI, for all ideals I < R.

Remark 2.5.5. If a strong test ideal exists, T' C 7g.

Huneke has observed that the minimal number of generators of a strong test ideal T is
a bound for the minimal degree of an integral dependence equation that an element x € I*
satisfies over I, see Theorem 2.1 in [18].

Now, we will give the definition of the tight closure of a module.

For an R-module M, let F¢(M) = R® @z M. For a submodule N C M we denote
N][\C/’[] = Im(F¢(N) — F¢(M)) and for x € M, we let 29 denote the image of 1 @z in F5(M).

Definition 2.5.6. Let M be a finitely generated R-module and N a submodule in M, we

define the tight closure of N in M as follows:
N* = {x € M : there exists ¢ € R’ such that cx? € N][\‘f[],for all ¢ = p® > 0}.

If M is not a finitely generated R—module, we will use the notion of finitistic tight

closure of N in M, as follows:

Definition 2.5.7. Let M be an R-module and N C M an R-submodule of M. We call
the finitistic tight closure of N in M, denoted by Nﬁg the set of elements u € M for
which there exists a finitely generated submodule L C M such that v € (N N L);. We call
N tightly closed in the finitistic sense in M if N]ng = N.

Definition 2.5.8. The big test ideal is defined as 7,(R) = NprAnng(03,).

The finitistic test ideal of R is N;<gl : I* and is denoted by 74,(R).

The big test ideal and the finitistic test ideal are conjectured to be the same.
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Remark 2.5.9. Let (R, m, k) be a local ring. In [14], Hochster and Huneke showed that the
big test ideal is the annihilator of the finitistic tight closure of 0 in the injective hull of the
residue field of R, 7,(R) = AnnR(O*ECf ). Moreover, we have that the finitistic test ideal can be
expressed as 77,(R) = Anng(0%,,). We can note that 7,,(R) C 7(R). Moreover, if (R, m, k)

is complete by Matlis duality we have that OE’Z = Anng,(7(R)) and 0%, = Anng, (774(R)).

In [33], Vraciu showed the following:

Theorem 2.5.10. If (R, m) is a Noetherian local reduced ring of prime characteristic p such
that the big test ideal commutes with completion, i.e., Tb(R)E = Tb(é), then the big test ideal
T(R) is a strong test ideal. Moreover, if (R, m) is complete, then the finitistic test ideal

Tig(R) is a strong test ideal.

2.6 Cartier Algebras

Definition 2.6.1. A p “—linear map . : M — M is an additive map that satisfies

Pe(rP"m) = rip.(m), for all r € R, m € M. We denote the set of p~*—linear maps by €,(M).

We have that €,(M) = Homp(M©), M). It is easy to see that if we compose a p~®—linear
map and a p~¢ —linear map we get a p~¢T¢ —linear map. Moreover, each 6.(M) is a right

module over 6,(M) = Endg(M).

Definition 2.6.2. The Cartier algebra on M is
G (M) = Bez0%.(M) = Bezo Homp (M, M).
Note that this is a noncommutative ring and 6,(M) = Endg(M) is not central in R, so this

object is not an R-algebra in the classical sense.

Definition 2.6.3. Let ¥ be the Cartier algebra on R and let & be a graded-subring of &
such that 2y = 6y, ~ R and 2, # 0 for some ¢ > 0. An Cartier algebra pair on R is a
pair of the form (R, 2).
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Definition 2.6.4. Let ¢ = p® and ¢ : RY/9 — R be an R-linear map. An ideal J < R is
called ¢-compatible if ¢(J'/9) C J. An ideal J is called Z-compatible if ¢(.J/9) C J, for
all p € Z, and all e > 0.

Schwede has showed how to associate a test ideal to a Cartier subalgebra on R in [29, 30].

Definition 2.6.5. The test ideal associated to the pair (R, ¢), denoted 7(R, ¢) is the
unique smallest ¢-compatible ideal that intersects nontrivially R°.
The test ideal associated to the pair (R, Z), denoted 7(R, Z) is the unique smallest

Z-compatible ideal that intersects R° nontrivially.

The existence of test ideals associated to pairs was proved by Schwede based upon a

technical result of Hochster and Huneke on test elements.

Lemma 2.6.6 ([30, Lemma 3.6],[15, Theorem 5.10]). Let R and ¢ be as above. Then there

exists an element ¢ in R° such that for all d # 0 there exists n € Z~y with
c € ¢"((dR)P™).

This allows us to state the existence result for test ideals for R and ¢ : RY¢ — R,

respectively a subalgebra & of €', mentioned above.

Theorem 2.6.7 (|29, Theorem 3.18],[30, Lemma 3.8 and Theorem 7.13]). Let R, ¢ and c be

as in the above Lemma. Then T(R, ¢) exists and equals

> @M ((eR)VP).

n=0

The test ideal of an algebra pair (R, D) is

T(R, ) = Z Z T(R, ¢).

e>0 o€,

In [8], we proved the following;:
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Theorem 2.6.8 ([8, Theorem 2.4]). Let ¢ : RY7 — R be an R-linear map. Then 7(R, ¢) is
a strong test ideal in R.

Moreover, if (R, ) is an algebra pair, then the test ideal T(R, P) is a strong test ideal.

Remark 2.6.9. This result recovers earlier results of Vraciu and respectively Takagi on strong
test ideals. Vraciu showed that the test ideal 7,(R) is a strong test ideal in R in [33]. A

consequence of a result by Hara and Takagi, Lemma 2.1 in [12], shows that 7(R,€) = 7,(R).

2.7 Simplicial Complexes and Stanley-Reisner Rings

In this section, we will introduce an important class of rings in combinatorial commu-
tative algebra defined using square-free monomial ideals.

Let V' ={z1,...,2,} be a finite set. We will call a (finite) simplicial complex A on
V' a collection of subsets of V' such that F' € A, whenever F' C F’ for some F' € A, and
such that {z;} € A, forany 1 =1,...,n.

The elements of A are called faces and the maximal faces under inclusion are called the
facets of the simplicial complex. Let F(A) denote the set of facets of the simplicial complex
A. Since any simplicial complex is uniquely generated by its facets, whenever F(A) =
{Fy,...,F,}, we will write A =< Fy,...,F, >.

The dimension, dim(F), of a face F' is the number |F'| — 1. The dimension of the
simplicial complex A is dim(A) = max{dim(F) : F € A}.

By convention, the empty set () is a face of dimension —1 of any non-empty simplicial
complex. Any face of dimension 0 is called a vertex and any face of dimension 1 is called
an edge.

We denote by f;, the number of faces of A of dimension ¢. We have fy =n and f_; = 1.
The d-tuple

f(A) = (fos fs-- - fa1)

is called the f-vector of A.

A nonface of A is a subset of the vertex set of A which is not an element of A.
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A simplicial complex A is called pure if all the facets of A have the same dimension,
namely dim(A).
A simplicial complex A is a Cohen-Macaulay complex over k if k[A] is a Cohen-Macaulay

ring.
Proposition 2.7.1. Any Cohen-Macaulay simplicial complex is pure.

Definition 2.7.2. Given a finite simplicial complex A on the vertex set {x1,...,z,} and a
field k, the corresponding Stanley-Reisner ring, denoted k[A] is obtained by taking the
quotient ring formed by the polynomial ring k[z1, ..., z,] and its ideal In generated by the

square-free monomials corresponding to the non-faces of A:

[A = (.’L'Z'l"'{]fir : {.’L'Z'l,...,.flfiT} gé A),

klxy, ..., z,)

On the other hand, if I is a square-free monomial ideal, then klzy, ..., z,]/] = k[A],
for some simplicial complex A.

For each F' C V subset of V' we denote by zp = H z; and Pp = (z; 1 x; € F).

z,€F
Example 2.7.3. Let A be the simplicial complex generated by the facets Fy; = {1, x2} and
Fy = {x9,23,24}. Then the nonfaces of A are {z1,z3} and {z1,z4}. The Stanley-Reisner

ring associated to A is k[A] = k[z1, xe, T3, 4]/ (2123, T124).

Proposition 2.7.4. Let A be a simplicial complex on the vertex set V = {x1,...,z,}. Then

the minimal primary decomposition of the Stanley Reisner ideal associated to A is given by

In= () Pr,



22
where F(A) is the set of the facets of A and F¢ =V \ F the complement of F. Moreover,
dim(k[A]) = dim(A) + 1.
Example 2.7.5. In the Example 2.7.3, we have that the minimal primary decomposition of

the ideal I is given by Ia = (z1) N (23, x4).

Definition 2.7.6. Let A a simplicial complex. We define the Alexander dual of A:

AV ={F°: F ¢ A}

Remark 2.7.7. One can show that the Alexander dual of the simplicial complex A, denoted

by AV, is a simplicial complex.

Proposition 2.7.8. Let In = Ppe N ... N Pge be the minimal primary decomposition of
In, where Fy, ... F,, are the facets of the simplicial complex A. Then the square-free ideal

associated to the Alexander dual Inv is generated by the monomials xpe, ..., Tpe .

Example 2.7.9. The Alexander dual of the simplicial complex A in the Example 2.7.3
is generated by the facets {x9, 23} and {z5,24}. The square-free ideal associated to the
Alexander dual is generated by Iav = (x1, z374) and the Stanley-Reisner ring associated to

the Alexander dual is k[AY] = k[z1, 2o, 3, 24] /(21, 1374).
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CHAPTER 3

PREPARATORY RESULTS

In this chapter, we will present the preparatory results which will be needed later on in

this dissertation.

3.1 Fedder’s Lemma

In this section, we will present a result due to Fedder in [10]. Proposition 3.1.7 gives
us a nice criteria for F-purity for a quotient of a regular local F-finite ring. We will follow
Fedder’s work in [10] to provide complete proofs for the results presented.

Throughout this section, let S be an F-finite regular local ring, I/ C S an ideal in S
and R = S/I. We will denote by wg the canonical module of the ring R. We will need the

following theorem in [7]:
Theorem 3.1.1 ([7, Theorem 3.3.7]). Let (R,m) be a Cohen-Macaulay ring.

(a) The following assertions are equivalent:

(i) R is Gorenstein

(ii) wg exists and wp = R.

(b) Let (R,m) — (S,n) be a local homomorphism of Cohen-Macaulay local rings such that
S is a finite R—module. If wgp exists, then ws exists and ws = Exth(S,wg), where

t = dim(R) — dim(S).
Proposition 3.1.2. If (S,m) is an F-finite reqular local ring of characteristic p, then SU

1s a reqular local ring which is free as a left S-module.

Proposition 3.1.3. Let (S,m) be a F-finite reqular local ring of characteristic p. Then we

have that

Homg (S, 5) = S
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as left S -modules.

Proof. By Proposition 3.1.2, SU) is a regular local ring which is free as an S-module. Hence,

we are under the hypothesis of Theorem 3.1.1 and we obtain that
Homg(SW, ) 2 Homg(SW, we) =2 wgany = SW,

as left modules over SO, m

Proposition 3.1.4 ([10, Lemma 1.6]). Let (S,m) be a F-finite reqular local ring of charac-
teristic p. Let I C S be an ideal in S and R = S/I. Let f be a generator of Homg(S™, S)
as a left SM-module, J C SV an ideal in SN and s € SU. Then sf(J) C I if and only if
s (I1SW ).

Proof. Let {s;}; be a basis for SU as a left module over S. Then we have that $;f €
Homg (S, S) defined by §;f(t) = f(sit), for any §;,¢t € S, Note that for any s € S, the
map sf € Homg(S™M,S) is defined as sf(t) = f(st), for any s,t € SU.

Then sf(J) C I if and only if sf(rSW) C I, for all » € J if and only if srf(SW) C I,
for all » € J. Thus, srf : SO — I if and only if srf(s;) = r; € I, for all i if and only if
srf = (>_,m8)f if and only if sr =) . r;5; € IS for all r € J. Therefore, we showed that
sf(J) C I if and only if s € (1S : J).

[

Corollary 3.1.5. Under the assumptions of Proposition 3.1.4, there exists an isomorphism
Y (1SW 2 J)/1SM = Homg(SW/J, S/I), given by ¢(3) = (sf), where sf is the homomor-
phism defined by sf(t) = sf(t), fort € SW/J.

Proof. We will first show that the map ¢ is well-defined. Let 57 = 55 € (ISW : J)/ISW.
This implies that s; — s, € IS, We have f((s; — s3)t) € f(ISM) C If(SM) C IS = 1I,
which implies (s; — s2)f(t) € I. Hence we obtain 1(57) = #(5z). It is easy to see that
the map v is a homomorphism. Now we will prove that 1 is injective and surjective. Let

¥(5) = 0. Then sf(f) = 0, for all # € SM/J. This implies sf(t) € I, for all t € SV, By
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Proposition 3.1.4, we have that sf(SM) C I if and only if s € 1S : SU). Therefore,
s € 1S which proves that 3 = 0. Hence, 1 is injective. Since S is a free S-module, every

homomorphism ¢ € Homg(S™ /.J, S/I) induces a commutative diagram

SO T s/ —— 0

d0. ¢l

S —T— S/I > 0

There exists ¢o € Homg(S™M,S) such that ¢ o 7 = T o ¢g. Moreover, ¢y = sf for some
s € SW and ¢(t) = o(7)(t)) = T(do(t)) = T(sf(t)) = T(t) Therefore, ¢ = sf. Hence,1) is

surjective. n

Corollary 3.1.6. Let S be a F-finite reqular local ring, I C S an ideal in S and R = S/I.
There exists an isomorphism ¢ : (1P : 1) /1Pl = Homp(RMW | R), given by ¢(35) = (sf), where

f is any SW-module generator for Homg(S™W, S).

Proof. Since S as a ring is just the ring S, the ideal IS™ in S becomes identified with

IPl in S. Now the conclusion follows directly from Corollary 3.1.5. O

Proposition 3.1.7 ([10, Proposition 1.7]). Let (S, m) be a F-finite reqular local ring, I C S
an ideal in S and R = S/I. Then, R is F-pure if and only if (IP): I) ¢ mlP),

Proof. Let f be the S-module generator for Homg(S™, S). We know that R is F-pure if
and only if the map R — R'/? splits. Hence it is enough to show that R — RP splits if and
only if there exists a map ¢ = sf € Homg(RW, R) with Im(¢) ¢ mg, where mp denotes
the maximal ideal of the ring R. For the first implication, since F : R — R'? splits, there
exists an R-linear map ¢ : R'/? — R with ¢ o F = id. If Im(¢) C mp then Im(p) # R.
Therefore, 1 ¢ Im(¢) which contradicts the fact that ¢(1) = 1. For the other implication,
since there exists a map ¢ = sf € Homg(RW, R) with Im(¢) ¢ mg, using Proposition 3.1.4
we have that sf(¢) C mg if and only if s € (mpS™M : M) = mpS® = mlPl. Therefore, we
have that s ¢ mP! which proves that Im(sf) contains a unit. Hence the map ¢ : RY/? — R

is surjective which shows that the map F : R — RYP splits. O
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3.2 The Ring of Frobenius Operators on the Injective Hull

Let (R,m,k) be a complete local ring in positive prime characteristic p. The ring op-
eration on F(FEg) is given by the usual composition of functions as multiplication. Given
b € F°(ER) and ¢ € F¢(ER) we have ¢ope(z) := (¢ 0 ¢ )(x), for any z € Er and

e, e >0.

Definition 3.2.1. Let (R, m, k) a local ring. Given an R-module M, we call the Matlis
dual of M : MV := Homp(M, Er(k)).

One can note that this is a contravariant exact functor from the category of R—modules

to itself.

Theorem 3.2.2 ([7, Theorem 3.2.13]). (Matlis duality) Let (R, m, k) be a complete Noethe-
rian local ring and Er = Er(k) the injective hull of the residue field of the ring R. Then

(i) RV = Ep and EY, 2 R

(ii) For every R-module M, there exists a natural map M — (MY)V. Under this map,

R — (RY)V and Er — (E})Y are isomorphisms.

(i1i) If we denote by A(R) the category of Artinian R—modules and by F(R) the category
of finite R—modules and if we let M € A(R) and N € F(R), then MV € F(R) and
NV € A(R). Furthermore, (MV)V = M and (NV)V = N.

Using Theorem 3.2.2(i), we have that F°(Eg) = Hompg(Eg, Er) = E}, = R.
The ring of Frobenius operators F(FEg) is a graded skew R-algebra since it is an N-
graded noncommutative ring and ¢R C R¢, for any ¢ € F(FEr) homogeneous. One can

check that by choosing ¢ € F¢(FERr), r € R and = € Eg as follows:

¢r(z) = o(rz) = 1" ¢(x).

Hence we obtain ¢r = r? ¢, for any ¢ € F¢(ER) and any r € R.
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3.2.1 The Ring of Frobenius Operators on the Injective Hull of Regular Local Rings

Let (S, m) regular complete local ring, I C S an ideal of S and R = S/I. Let Eg denote
the injective hull of the residue field of S and Er denote the injective hull of the residue field

of R. An important result in the literature states that:

Lemma 3.2.3 ([2, Lemma 3.34]). If S is a regular local ring, I C S an ideal of S and
R =S/I, then Er = Anng,(I) C Es.

Proof. Using the properties of the Hom functor, we have the following isomorphism of func-
tors:

Homg(—, Es) = Hompg(—, Homg(S/1, Eg)) = Hompg(—, Anng,(1)).

Since Ej is an injective S-module, the functor Homg(—, Es) is exact and by the isomorphism
above we obtain that the S-module Anng,(7) is injective as well. Both k& and Anng,(I) are

S-modules killed by I, so they are R-modules. We have the following extension of S-modules

k C Anng (1) C Eg

and we know that k C Eg is an essential extension. This shows that & C Anng () is
an essential extension of R-modules. hence using the fact that Anng, (/) is an injective

R-module, we proved that Anng, () equals Eg. H

It is a well-known fact presented in Proposition 3.5.4 in [7] that for a regular local
ring S, Eg is isomorphic to the top local cohomology module of S, i.e. Eg¢ = H"(S),
where n = dim(S). The Frobenius map on S induces a natural canonical Frobenius map on
H!(S), denoted by F§. The next result gives a nice interpretation of the Frobenius ring of
operators on the injective hull of the residue field of the quotient ring of a local regular ring.
Blickle showed the isomorphism below in [2]. Sharp reformulated this result using a different
terminology in [31]. We are going to present a proof of this result using our notations. Note

that (I :g I) is the ideal generated by the elements u € S with ul C IP], for any e > 0.
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Corollary 3.2.4 ([2, Proposition 3.36],[31, Lemma 2.5]). Let (S, m, k) regular complete local
ring of positive prime characteristic p, I C S an ideal of S and R = S/I. Let e = 0 and
q=p.

There exists an isomorphism of R-modules:

I o 1

.Fe(ER) g W.

Therefore,
N
=0

Proof. Since (S, m, k) is a regular local ring, we have that Eg = pamS) (S), using Proposition
3.5.4(c) in [7]. Moreover, Lyubeznik and Smith showed that F¢(Ha™®)(S)) = S{F°} in
Example 3.7 in [25]. Therefore, the Frobenius ring of operators on Eg, F¢(FEs) is generated
by the canonical Frobenius action on Eg, namely F§ : Es — Eg, F&(z) = 27", for any
x € Eg. Hence, each eth Frobenius action ¢ on Ejg is of the form ¢(z) = uF§(x), for every
x € Eg, for some u € S.

Claim 1 Let ¢ be a Frobenius action on Eg given by ¢(x) := uF§(x), for any x € Ejg.
Then ¢ induces a Frobenius action on Eg if and only if u € (I Pl g T ).

Proof of Claim 1 By Lemma 3.2.3, we know that Er = Anng (/) C Eg. For the

implication ” <= 7 let * € Eg. We want to show that ¢(x) € FEr. Let a € I. Since

u € (IP) :g I), au € I¥]. Hence, there exists a,...,a; € I and s;,...,5, € S with
t t t

au = Zsiafe. So, ap(x) = auF§(x) = Zsiafng(x) = ZsiFg(aix) = 0, for any z €
Er = KrlmES(I ), because a;x = 0, for anyi:i.1 Since a was ari):i’lcrarly chosen, we obtain that
¢(z) € Eg, for any € Eg. For the other implication 7 = 7, we assume that ¢ induces
a Frobenius action on Epg, i.e. ¢ : Er — Eg. Let a € I. Since ¢(z) € Er = Anng (1), for
any x € Eg, we have that a¢(z) = auF§(z) = 0, for any « € Eg. Since a € I, we have the
inclusion ul C Anng(F$(ER)).

Claim 2 We will now prove that Anng(F5(ER)) = 1P

Proof of Claim 2 We have that F&(Er) = F&(Anng,(I)) = FS(Homg(S/1, Eg)) =

S© @g F&(Homg(S/I, Es)) = Homg(S® ®g S/I,S® ®s Es), because S/I is a finitely
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generated S—module and S is a regular ring which implies that S is a flat S—module.
One can note that S ®@g S/I = S/I"] and using Example 3.7 in [25] we have that S(® ®g
Es = Eg. Therefore, we obtain F§(Er) = Homg(S/IP) Eg) = Anng,(IP7). Now using
Theorem 3.2.2, Anng(F$(ER)) = Anng(Anng, (I71)) = 1],

Claim 3 If there exists an eth Frobenius action ¢ € F¢(Eg), then there exists u €
(IP] ;g I) such that ¢(z) = uF§(z), for any z € Ep.

Proof of Claim 3 We recall that F¢(ERr) = Homp(R®) @ ER, ER). Since ¢ € F¢(Eg),

the eth Frobenius action ¢ is an R-homomorphism ¢ : R® @ Er — Eg. After tensoring

the canonical surjection 7 : S¢) — R(®) by Ex and composing it with ¢ :
S(e) X ER — R(e) X ER — ER

we obtain the S—homomorphism « := ¢omoid: S ® Er — Eg defined by a(s®z) = s,
for any s € S and x € E. Since S is a regular ring, S(© is a flat S-module and by tensoring
the exact sequence

0= Ep 5 Eg| ®g S

we obtain the exact sequence
0— S(e) XKg ER zd@i) S(e) XKg Es.

Since Eg is an injective S-module there exists an S-homomorphism o/ : S ®gEg — Fg

which makes the diagram below commute

S(e) X ER —2 ER

wl

S(e) ®ES """"" s ES

ie. o/ o(id®1i) = ioa. Hence, we obtain o/ € Homg(S® ®¢ Eg, Es) = F¢(Es) with

(s ®@ax) = sx, for any s € S and x € Eg. Using Lyubeznik and Smith result in [25],
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there exists v € S with ¢(z) = uF§(x), for any © € Es. Since Er C Eg, we have that
o(z) = uFg(x), for any v € Ex and using Claim 1 we obtain u € (I*) ;5 I). This proves the
desired isomorphism.

]

Given u € (IP) ;5 I) the corresponding Frobenius action on Ey is given by r — u-F&(r),
for any r € Eg, where F§ : Es — Eg denotes the standard Frobenius operator defined by

F&(r) = r?", for any r € Es. The R—module structure on

. Pl g 1
is given by the usual multiplication, as follows: 7 * uF§ = r - uF§.
1P g 1 Y L P e _
Let u € I and v € T The algebra multiplication on F(Eg) via the
isomorphism

IV g 1
F(Ep) =P ———

Jp¢]
e=0

is given by u* u' = u - (u/)"", for any e, ¢’ > 0. One can note that

i

/
U*xu € ———
et

which shows the R—algebra structure of F(Eg).

Remark 3.2.5. Given 0 # ¢ € F'(Eg), there exists u € (IP :g ) with ¢ = uF, where
F : Er — Eg denotes the canonical Frobenius operator on Er. In Proposition 4.5 in [20],
Katzman showed that the e—th iteration of ¢, denoted by ¢¢ = ¢p o ... 0 ¢ equals u”F°¢ €
Fé(ER), where v, = 1 +p+ ... +p* ! and F° : Er — Eg is the canonical eth Frobenius

operator on Fg.

The injective hull of the residue field of the formal power series ring S = k[[z1, ..., x,]]
can be described as Eg(k) = k[z;",..., 2, ']. For example, Brodmann and Sharp presented

this result in Example 12.4.1 in [6]. We will give a sketch of the proof here. The Cech
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complex of S with respect to the maximal ideal m = (xq,...,2,) :
oA L oL
can be described as
0—5% és LG ésy(,-) & Sy = 0,
i=1 i=1

where y(i) = 21+ ;1 - Tjy1 -+ Xy, for any 1 < i < n. The top local cohomology module of

S equals
H&(S) = Coker(Sy(i) ﬂ) Sfclgcn) = ) lemx" .
Im(@i:1 Sy(i) — lexn)
The k-vector space Sy, ..., has {z{*--- 2% : (ay,...,a,) € Z"} as a base.
Foreachi =1,...,n, Im(Syu) — Sz,..a,) is a k—vector subspace with base {z{" - - -z :

(ay,...,a,) € Z", a; = 0}. We denote by N~ := {n € Z : n < 0} the set of negative integers.
Hence via the isomorphism above the top local cohomology module H].(S) is a k-vector

Qn

space with base {z{'-- 2% : (a1,...,a,) € (N7)"}. Therefore, we obtain that H (S) is

the polynomial ring k[z;!,...,z;']. Now since S is a regular local ring Eg = H"(S) =

k[z;', ..., 2;'. One can note that the S-module structure on Eg can be described as follows:

al a;—1 Qi1 a .
o o) it g, i a; < 1

0, if a; = —1.

for any (ai,...,a,) € (N7)" and 1 <7 < n.

3.3 The Frobenius Complexity of Stanley-Reisner Rings

Let k be a field of characteristic p, S = k[[z1,...,2,]] and ¢ = p°, for e > 0. Let
I < S beanideal in S and R = S/I. In [21], Katzman described the eth Frobenius actions

that come from Frobenius actions of lower degree €', with ¢/ < e. For any e > 0 denote

K, := (I"1:g 1) and
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B1 B1++Bs—1
Le:= > Ko KD K }
1<B1 ., Bs <e,B1+...+Bs=e
Proposition 3.3.1 ([21, Proposition 2.1]). For any e > 1, let F_. be the R-subalgebra of

F(ER) generated by F°(ER),...,F Y(ER). Then
.F<e ﬂfe<ER) - Le-

L+ 11 I g 1
Therefore, (G._1). = T and c. = ug (_Le L)

Let x! denote the product of all the variables, i.e. x' = z1---x,.

Definition 3.3.2. We define J, to be the unique minimal monomial ideal satisfying the

equality
(19 1) = 11 4 J, + (x)7L,

We will consider the case of Stanley-Reisner rings such that the simplicial complex
associated to it has no isolated vertices for the remaining part of this section.

Let k be a field of characteristic p, S = k[[x1,...,2,]] and ¢ = p°, fore > 0. Let I < S
be a square-free monomial ideal in S and R = S/I the Stanley-Reisner ring associated to 1.

Let o = (g1, .-, 0un) € {0,1}", 1 < k < r, be distinct vectors. The support of the
vector ay, is defined as supp(ay) = {i : ag; = 1}.

Let 1,, = (z; 1 @ € supp(ag)), for every 1 < k < r and 2% = 2{* --- 20 such that
I, + 1oy + - 4 1o, = (21,...,24).

In [27], Alvarez Montaner, Boix and Zarzuela found a formula for the colon ideals

(I : T) based on the minimal primary decomposition of the ideal 1.

Proposition 3.3.3 ([27, Proposition 3.2)). If I = 1,,N1,,N...N1,, is the minimal primary

decomposition of the ideal I, then
19 g ) =19 s I,)N...0n I 5 1,)= T2+ (@) )N 0 (1 4 (227)27).

We will present a different proof of this proposition based on a result of Sharp in [31]:
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Proposition 3.3.4 ([31, Proposition 2.8]). Let I,Q1,...,Qs C S be ideals of S such that
I =0QN...NQys is the minimal primary decomposition of I. Then the following assertions

hold:
(i) 19 = (Q:n...nQNY = Q" n...nQY is the minimal primary decomposition of 19
(ii) If P € Ass(I), then (19 :5 I) C (Pl ;5 P).

(i4i) Since 0 # I # S, we have (IP) :g I) # S. If P, := \/Q is a minimal prime ideal of I,
then Py is a minimal prime ideal of (I[p] :s 1) and the unique Py—primary component

of (][p] s 1) is (Ql[p} 15 Q).
Now we will present our alternative proof of Proposition 3.3.3.

Proof. We will use the following assertions which hold in general for any ideals I, J, I;, J; :

ﬂJ I=(\(:: 1)
J:(ﬂ[i)QZ(J:Ii).

Using Proposition 3.3.4 (i), we have that I9 = = 1919, N 19 is the minimal primary
decomposition of the ideal I!9. Moreover, using the assertions about colon ideals above we

obtain that

19 7= nn...nU. 1> ﬂz (I9:1,)

=1 j=1
Hence,

197129 s1,)n...n(I%9 5 1,).

For the other inclusion, one can note that since I is a square-free monomial ideal, the ideals
I, are generated by variables. Therefore, I,, are the minimal prime ideals of / and based
on Proposition 3.3.4 (i), we obtain that (I :g 1) C (LLZ] :s 1o,), for any i. Hence we obtain
the second inclusion

9. 7C (19 s1,)Nn...n1I1Y9 5 1,,).
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This proves that the equality holds
(I9 g 1) =195 I,)N...n (19 5 1,,).

It is easy to note that since the ideals I,, are generated by variables, namely I,, = (z; : j €

supp(c;)) we have that the colon ideal equals

s L) = () @)= (] @+ @)=+ (@),

jesupp(ai) jesupp(ai)
for any 7. This completes the proof of the proposition. n

Remark 3.3.5. (i) Since the ideals in the intersection are monomial ideals, one can com-
pute the minimal monomial generators of the ideal (19 : I) by taking the least common

multiples of the minimal monomial generators of the ideals (qui] + (x21)97L).

In this way, we can see that the minimal generators 27 = z]* - -- 2" of (119 : I) satisfy

v € {0,q —1,q}.

(ii) One can notice that the formula obtained for (I : I) depends only on ¢ and on
the vectors a;’s. Since the vectors «; are invariants of the ideal I, we can obtain the
minimal monomial generators of (/14 : I) from the minimal monomial generators of

(I!: I) by changing p into q.

Example 3.3.6. Let I = (x5, xox5, 23, Tox4). Then

1 1 1

ql . (4.9 9,9 9.9 9.9 ,.9-1..9-1_q _q, 491 g—1_qg—
(IH.[)—(:z:lx5,:c2x5,x2x3,x2x4,xl Ly Ts,Taly Ty Ty

qg—1,49-1_4q,9-1 _q¢—1_q-1_q, q-1 _qg—1 q—1_ q-1_g—1_ q—1
ri Twy wqwd o, aflxhy wawy ,af xyoayowy wi )

and therefore

_ (pa-1,6-1_4q ,q,9-1_4q-1 qg-1 _q—1_q-1_4q, q—1 _q—1_qg—1_gq, qg—1
Jo = (2] 2y wd, afws 2l af,al xy s wiwd s xl wy ajri ).
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Lemma 3.3.7. We have that J, # 0 if and only if there exists a generator x7 € (1 : 1)

having v; = q, v; = ¢ — 1 and v, = 0 for some 1 < 1, j,k < n.

Proof. Tt is trivial to see that if there exists 27 € (I'9 : I) with »; = q, v =q—1and vy, =0
for some 1 <4, 7,k < n, then J, # 0.

Let us assume that J, # 0. By Remark 3.3.5, if 27 € J,, then 27 = 27" ---2)» must
have v; € {0, — 1,¢}, for all ¢ € {1,...,n}.

Moreover, 27 = lem(z%, ..., %), where % € (Il + (271, for i € {1,...,r}.

If y; # 0, for all s € {1,...,n}, then (x')7"! divides 27, hence 27 € (x')?~1,

If v; # q, for all i € {1,...,n}, then we must have 2% € ((x%)4~1), foralli € {1,...,r}.
But that happens only if 27 € (x!)471.

If v; # q— 1, for all i € {1,...,n}, then there exists at least one 2% € (I&j), hence we
have that 7 € 119,

Therefore, if J, # 0, then there exists at least one generator 27 € J, with v, = ¢,

v; = q— 1 and v, = 0 for some 1 < 7,7,k < n. =

In [27], Alvarez Montaner, Boix and Zarzuela found that there are only four cases that

may occur, considering the minimal primary decomposition of the ideal I and the heights of

the ideals 1, :
Proposition 3.3.8. There are only four posibilities for the minimal generators of (I : I):
(i) Assume ht(1,,) > 1, foralli=1,...,r.
(a) (19 ]) = Jld 4 (gh)a1,
(b) (I 1) = 16 4 J, + (a!)77", J, © 19 + ()7t
(i) Assume ht(I) =1 and and there exists an i € {1,...,r} such that ht(1,,) > 1.
In this case, (I : I) = J, + (x")7, with J, C ()7 .
(11i) Assume ht(l,,) =1 for alli € {1,...,r}.

Then (19 : T) = (2")971,
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The Frobenius algebra F(ER) is principally generated in cases (i.a) and (iii) and is infinitely

generated in cases (i.b) and (i7).

As a direct consequence of this result, Alvarez Montaner, Boix and Zarzuela showed

that:

Theorem 3.3.9 ([27, Proposition 3.4]). The Frobenius algebra F(Eg) associated to a

Stanley-Reisner ring R is either principally generated or infinitely generated.

Corollary 3.3.10. If R is a Stanley-Reisner ring, the Frobenius complexity of R is either

—o0o or 0.

Proof. By Theorem 3.3.9, we know that the Frobenius algebra F(FERr) associated to a Stanley-
Reisner ring R is either principally generated or infinitely generated. If F(Eg) is principally
generated, we have that cz(F(Fg)) = 0, which implies czp(R) = —o0. In the case when
F(FER) is infinitely generated, Remark 3.3.12(ii) shows that the complexity sequence {c,}es2
is bounded by the minimal number of generators of the ideal J,. Remark 2.4.3 (4i7) implies

cx(F(FERr)) = 1, which proves that cxg(R) = 0, in this case. O

As a consequence of Proposition 3.3.8 and Proposition 5.1.9, we obtain the following

result:

Corollary 3.3.11. Let k be a field of characteristic p, S = k[[z1,...,x,]] and ¢ = p®, for
e>0. Let I < S be a square-free ideal in S and R = S/I its Stanley-Reisner ring. The ring
of Frobenius opecators F(ER) is principally generated as an R-skew algebra if and only if
the R-module % is cyclic. Moreover, if F(ER) is principally generated as an R-skew
algebra, then it is generated by (x')P~'F, where F : Er — Eg is the canonical Frobenius

operator on Eg.

Proof. Using Remark 5.1.5, we know that in order to prove that F(Eg) is principally gen-
erated as an R-skew algebra it is enough to show that F(Fg) is homogeneously principally
generated as an R-skew algebra. Now the conclusion follows directly from Proposition 5.1.9.

Proposition 5.2.3 gives us the second statement of our claim. O
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Remark 3.3.12. (i) In the case when F(ER) is infinitely generated, F'(ER) has pu + 1

minimal generators, p of them being the minimal generators of J, and (x')?~!. Each

graded piece F¢(ER) adds up p new generators coming from J,.

(ii) The complexity sequence {c.}e>o is bounded by the minimal number of generators of

the ideal J,, i.e. ¢, < pus(J,), for any e > 2. Note that ¢; = p+ 1 and ¢y = 0.

Definition 3.3.13. Let Supp(.J,) be the set of all the supports of the minimal monomial

generators of J,. We define I' := Supp(J,) to be the support set of the ring R. Then (I, C)

is a partially ordered set.

Definition 3.3.14. Let I" be the support set of a Stanley-Reisner ring R = S/I. Let Min(T")

be the set of elements in I' which are minimal with respect to inclusion. We call I" minimal

if I' # (0 and Min(I') =T.

Definition 3.3.15. Let I' be the support set of a Stanley-Reisner ring R = S/I.

We call T nearly minimal if T’ # () and for every v € I which is not minimal in T'" with

respect to C there exists at most one element 7' € " with 7/ C .
Example 3.3.16. Let [ = (z1x9, 173, x224). Then

1 q—

_ (9,91, q— 1 4q,.9-1
Jq—(xl% T3 X1 TyTy ).

The support set is
I'=1{(1,2,3),(1,2,4)}.

In this case, I' is minimal.

Example 3.3.17. The support set of the ideal in Example 3.3.6 is

I'={(1,2,5),(2,3,4,5),(1,2,4,5),(1,2,3,5)}.

In this case, I' is not minimal, but it is nearly minimal.

Example 3.3.18. Let [ = (129, 712374, T12375). Then
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_ (91 a9 a1 _q_q _q-1_q=1_q=1_q _q—=1 _q=-1 q=1_q _q-1_gq
Jg = (2] 2fxd, ol adad, ol 2l 2l ad al ad Tl a2 al).

The support set is I' = {(1,2),(1,3,4),(1,3,5),(1,2,3,4),(1,2,3,5)}. Since (1,2,3,4) con-

tains (1,2) and (1, 3,4), I" is not nearly minimal in this case.

Question 3.3.19. Is the Frobenius complexity of a Stanley-Reisner ring preserved by taking

the Alexander dual?

We will give an example of a Stanley-Reisner ring R having czp(R) = 0 such that the
Stanley-Reisner ring associated to its Alexander dual has cxr(R") = —oc. This example is
presented in [5]. Let I = (2123, 2124, Tox3, Xowy) = (21, 22) N (23, 24). Then, the Alexander
dual has

[V = ([L’l, 1‘3) N ([L’l, 1‘4) N ([L’Q, 1‘3) N ([L’Q, 1‘4) = (1‘1372,1'31134).

Since J,(IV) = 0 we obtain czp(RY) = —oo. We obtain that J,(I) # 0, hence czp(R) = 0.
Therefore, we have an example of a Stanley-Reisner ring having an infinetely generated
Frobenius algebra of operators on Epr, whose Alexander dual has a principally generated

Frobenius algebra of operators.
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CHAPTER 4

MAIN RESULTS

In this chapter, we will present our main results following our work in [19] and [8].

4.1 On the Frobenius Complexity sequence of Stanley-Reisner Rings

The work in this section will be presented based on our results in [19]. In this section,
we will prove that the complexity sequence {c.}.>o of the Frobenius algebra of operators of
the injective hull of the residue field of any Stanley-Reisner ring with non-empty support set
stabilizes starting with e = 2.

Let k be a field of characteristic p, S = k[[x1,...,2,]] and ¢ = p°, fore > 0. Let I < S
be a square-free monomial ideal in S and R = S/I the Stanley-Reisner ring associated to 1.
We will assume that the simplicial complex associated to the ring R has no isolated vertices

and use the notations introduced in the previous section.

Lemma 4.1.1. Let e > 0 an integer and suppose that J, # 0. Let 7 be a minimal monomial
generator of J,. If there exists a minimal monomial generator zve of J, with supp(y.) <

=

supp(~e), then there exists at least one variable x) such that
degy, (17¢) = ¢ — 1 and deg,, (27<) = q.

Proof. We will prove the lemma by contradiction. Assume not. Then, for all the variables
ry, with deg,, (27¢) = ¢, we have that deg,, (v7¢) # q — 1, therefore deg,, (v7¢) € {0,q}, by
Remark 3.3.5.

But since supp(vy.) € supp(7.), we have that deg,, (z7) > 0. Hence, deg,, (27¢) = q.

Then, we have that z7% divides z, which is a contradiction. O

Definition 4.1.2. Let e > 0 an integer and suppose that J, # 0. Let 27 € J, a minimal

monomial generator. Using Remark 3.3.5, we have a bijective correspondence between the
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minimal monomial generators of J, and the minimal monomial generators of .J;,. Under this
map, there exists 27 € J, which corresponds to 27 € J,. We define M.(y) C K. to be the

ideal generated by the minimal monomial generators z° € J, with supp(z®) C supp(z7) =

supp(a).

Lemma 4.1.3. Let e > 0 an integer and suppose that J, # 0. Let ¥ € J, a minimal
monomial generator. Let 1 < By,...,08s < e with 81+ ...+ [ = e.

Then,

3 B
xe € KﬁlKgfl]---Kﬂ[’: e if and only if

27 € Mp, (7) (Mg, (7)) (Mg, (7))

B1+~-+BS_1]

/31+-~~+ﬁ571]

Proof. Let x7 € Mg, (7)(Mﬂ2 (7))[]361} T (Mﬁs (’7>>[p

ﬁ1+~~~+ﬁ571]

Since Mg, (v) C Kp,, we obtain that 27 € Kpg, gzﬁl] e Kg:

5 Br B ) .
Now, let 27 ¢ Kﬁlng . --ng ' "1 Then for every i € {1,...,s}, there exists
5 B+ +Bs—
mg, € Kp, such that 27 = mgmb " - -~m§sl " . m, for some m € S.

If there exists at least an ¢ with supp(mg,) € supp(z™), there exists at least one zj, €

B+ By

supp(mg,) \ supp(z™). But this contradicts the equality 27 = myg, mgj L. .m};}sl '
Therefore, we must have that supp(mg,) C supp(z?), for all i € {1,...,s}.

,31+-~+/3571]

Hence, a7 € Mg, (v)(Mp, (7)) - (Mg, (7)) U

Proposition 4.1.4. Let e > 2 an integer and suppose that J, # 0. If all the minimal

monomial generators of J, are not contained in L., then c. = ceq1, for all e = 2.

Proof. Let e > 2 and let 27 a minimal monomial generator of J,. We know that 27¢ is not
Jlal . g1

contained in L.. So, we obtain that 0 # 27 € (—Le i

). Since ¢ was arbitrarly chosen

) Jldl g 1
mn Jq and Ce = Ug <m
for all e > 2. O

), we have that ¢, = ps(J,), for all e > 2. Therefore, c. = 41,

Remark 4.1.5. In order to show that the complexity sequence {c.}.>¢ stabilizes starting with
e = 2, it is enough to show that all the minimal monomial generators of J, are not contained

in L,.
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We will first show that the complexity sequence {c,}e>o stabilizes starting with e = 2

for Stanley-Reisner rings with nearly-minimal support set.

Theorem 4.1.6. Let e > 0 an integer and suppose that J, # 0. Let x7¢ be a minimal

monomial generator of Jy. If I' is nearly minimal, then x7¢ is not contained in L..

Proof. Since I is nearly minimal, there exists at most one 27 € J,, with supp(v.) < supp(7.)

and supp(v,) minimal with respect to C in I'.

By Lemma 3.3.7, we have that

rve =z :cgz‘lxgngj ¥ i
and
ot =tk
We will show that 7 ¢ L..
If 27 € L., there exists 1 < [1,...,0s < e with g1 + ... + B, = e with 27 €
KﬁlKB[pjl] o Kﬁﬂpfﬁm+6571]-

Using Lemma 4.1.3, we have that 27 € Mg, (v) Mg, (7)P*) - M, ()P 71 where

Mg, () = (x”ﬂi,x%i), for all i € {1,...,s}. In particular, M. (v) := (27, z7%).

. B B+ +Bs— ..
Then there exists mg, € G, such that mg, mg; e mgsl " divides 2.

By Lemma 4.1.1, there exists at least one variable x; such that
deg., (x7°) = ¢ — 1 and deg,, (27¢) = ¢,
for all e > 0.
Since degy, (mg,) = p — 1,
degu (@) = q— 12 (P — 1) + ...+ (pf — ptthr =g — 1.
Therefore, we should have equality.

Hence, we have that mg, is divisible by 27%, for all ¢.

Now, if we look at the degree of x;,, we have that
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d€g$i1 (‘/L"Ye) — q > pﬁl _’_pﬁlpﬂ? + L + pﬁ1+~~-+ﬁs—1pﬁs’

which gives a contradiction.
Therefore, 27 ¢ L..
O

Now, we will drop the condition on the support set and we will show that the complexity

sequence stabilizes for any Stanley-Reisner ring as presented in [19].

Theorem 4.1.7. Let e > 0 an integer and suppose that J, # 0. Let x27¢ be a minimal

monomial generator of J,. Then, x7¢ is not contained in L..

() . ) .
Proof. Let 2% € J, be a minimal monomial generator with

supp(0), ... supp(0) S supp(re),

where k£ > 0. Note that if £ = 0, all the minimal monomial generators of z7¢ have minimal

support. Note that
M,() = (27,25 . j=1,... k).

We want to show that 27 ¢ L..

If 27 € L., there exists 1 < [1,...,0s < e with 8, + ... + B = e with 27 €

KglKg;Bl] - K/giﬁl-k----%ﬂs—l].

Using Lemma 4.1.3, we have that 7 € Mp, (7)(Mg,(7))P™) - (Mg, (7)™ 11,
where

Mg, () == (ﬂf’i,xég) cg=1,...,k), foralli € {1,...,s}.

Then there exists mg, € Mg, (y) such that mglmgjl = -m’éfﬁm%s*l divides x7.

By Lemma 4.1.1, we have the following:
For any j € {1,...,k}, there exists at least one variable ;) € supp(ééj)) with
)
5

degs, , (z7°) = ¢ — 1 and deg, (%) = q,

for all e > 0. If mg, is a multiple of xéf(fjs), for some j € {1,...,k}, using the Lemma 4.1.1

there exists z,(;) € supp(ééj)) with
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@)
degq,j)(x7%) = pP — 1 and deg,, ;) (%% ) = p’.

Then, we obtain that
degs, ) (17°) = ¢ =1 = degy,, (mg,) Pttt > g,

which is a contradiction.
Therefore, we must have that mg, is a multiple of x7%.

Now for those variables z, with deg,, (7*) = ¢, we have that
degs, (17°) = q = degy, (mg,) - p" 701 > ¢,

so we must have equality.

Bt B Ca .
That means that deg,, (mglmgil ---mgsil 2) = 0, which implies that mg, is not a
multiple of 7% for all j € {1,...,s—1}.
)
In particular, we have that mg, , is a multiple of m%s—l, for some j € {1,...,k}.

Using the Lemma 4.1.1 again, we know that there exists a variable x; € supp(ééj )) with

5O
degy,(x7s—1) = pPs=1 — 1 and deg,, (z°%—1) = pPs-1.
Hence
d@gxz(l"YE) =q—1= degmt (mﬁsfl) . p51+...+ﬁs—2 + deg:ct (mﬁs) . pﬁl+~~~+5s—1

> pﬁs—l . p51+---+ﬁs—2 + (pﬁs _ 1) . pﬁl+---+5s—1 — q)

which gives us a contradiction.

We proved that 27 ¢ L. O

Corollary 4.1.8. Let R be a Stanley-Reisner ring such that the simplicial complex associated
to it has no isolated vertices. Then the complexity sequence of the Frobenius algebra of

operators on the injective hull of the residue field of the ring R is given by
{06}620 = {Oa o L, Koy Loy fhs - '}7
where 1= pg(Jp).

Remark 4.1.9. Corollary 4.1.8 implies Theorem 4.9 in [5].
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So far, we worked with Stanley-Reisner rings satisfying I, + lo,+- - -+ 1o, = (21,...,24),
and we showed that for these rings, the complexity sequence stabilizes starting with e = 2.
Now our main goal will be to extend this result to all the Stanley-Reisner rings, by
dropping the condition on the supports of the minimal prime ideals in the minimal primary

decomposition of the ideal I. Let ¢, g := c.(F(ER)).

Theorem 4.1.10. Let (S,m) — (T,n) be a flat, local extension of reqular local rings and
let I < S be an ideal in S.

S T
Let R := 7 and R = T Then, ce.r = Cerr, for all e > 0.

14 g 1 (IT)4 .5 (IT)
Proof. We know that c.p = ps (m) and c.p = pr (L&R/ n (IT)[‘I]) , for all

e > 0.
Since S — T is a flat extension of rings, we have that (IT)4 g (IT) = (119 :5 T,

for all e > 0. Hence, we obtain that L,z = L.T. Moreover, (IT)4 = 4T for all e > 0.
(149 .¢ DT
(Lo + 14)T

A
Let A:= (I :g I), B := (I +L.)and M := B Now in order to show that c. r = cc g,

Therefore,c. pr = pir ( ) , for all e > 0.

for all e > 0, it sufices to prove that ug(M) = pur(T ®s M).

M T ®s M
It is enought to show that ux (—) = Uk ( Os
n

—" W) , where K is the residue
field S/m.

Let K := - and L := . By tensoring the exact sequence
0—n—T-—L—0®sM
we obtain the following exact sequence
oo — Tor(LLM) —n®s M —T®s M — L®g M — 0.

Hence, we have that Im(n ®s M — T ®s M) = Ker(T ®s M — L ®g M).

By the Fundamental Theorem of Isomorphism,

T®s M
KGT(T@SM —)L@S M)
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But the map T'®s M — L ®g M is surjective, therefore

Moreover, it is easy to see that Im(n ®s M — T ®g M) = n(T @5 M).

Hence, we showed that

T ®s M

— 2 L ®Rs M.
n(T@SM) S

M
In order to complete the proof, we will show that u (L ®s M) = g (_M) )
m
We have that
S M
LIsMZLR®x —RsMEL R ——.
m mM

M
Hence, pup(L ®s M) = up(L Q5 —M) It is easy to see that
m

Loe Moy (M
mr KmM = UK M)

which completes the proof. O]
Corollary 4.1.8 and Theorem 4.1.10 give us the following result

Theorem 4.1.11. Let k be a field of characteristic p, S = kl[x1,...,2,]] and g = p®, for
e>0. Let I <8 be a square-free monomial ideal in S

and R = S/I its Stanley-Reisner ring. Then,

{06}620 = {Oa M+ 17 Hos [y s - '}7
where 2= pg(Jp).

Proof. Let In, 4+ I, + -+ + 1o, = (21,...,2m), where 1 < m < n. Since k[[z1,...,2,]] C
k[[x1,...,x,]] is a flat local extension of regular local rings, we are under the hypothesis of
Theorem 4.1.10. Corollary 4.1.8 combined with Theorem 4.1.10 give us the desired conclu-

sion. O
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Remark 4.1.12. Using the notations in the proof of 4.1.11, one can notice that

/va[[a:L...,:cm]](‘]p) = MS(Jp)-

Remark 4.1.13. Hence, we showed that the Frobenius complexity sequence, which is a positive
characteristic invariant of our ring is in fact a combinatorial invariant introduced by Alvarez
Montaner, Boix and Zarzuela in [5], the number of maximal free pairs of the simplicial
complex associated to our ring. Moreover, our result shows that the complexity sequence is

independent on the characteristic of the ring in this case.

In [26], Alvarez Montaner defined the generating function of a skew R-algebra using the

complexity sequence.

Definition 4.1.14. (see Definition 2.1 in [26]) The generating function of F(Eg) is defined
as
Gren)(T) = Z c T
=0
Note that in [26] the author takes ¢y = 1. As a consequence of Theorem 4.1.11, we
obtain the generating function of the Frobenius algebra of operators on the injective hull of

the residue field of any Stanley-Reisner ring.

Corollary 4.1.15. Let k be a field of characteristic p, S = k[[z1,...,x,]] and ¢ = p®, for
e>0. Let I < S be a square-free monomial ideal in S, R = S/I its Stanley-Reisner ring.
Then the generating function of the Frobenius algebra of operators is

(n+1)T —T?
-7

Grpn(T) = (p+ )T+ puT* =

e=2
Proof. Note that by Definition 2.4.3, ¢y = 0. Using the Theorem 4.1.11, we have that ¢;(R) =

u~+ 1 and ¢, = p, for every e > 2. m

We will end this section presenting the formula we obtained for the complexity sequence

of the T-construction of Stanley-Reisner rings. Let A be a simplicial complex generated by
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the set of facets F(A) = {Fi,..., F,}. Let k be a field of characteristic p and R = k[A] =

klxy,...,24]/Ia the Stanley-Reisner ring associated to the simplicial complex A.

Theorem 4.1.16. The complexity sequence of the T-construction of the ring R is given by

m
m—1
Ce = Z ClFile — Z CIFNF;le + Z CIFNFjNFyle — + -+ T <_1) ClFiN...NFp| e
i=1

i#]j 1<i<j<k<m

Proof. We recall that the T'—construction of the Stanley-Reisner ring R = k[A] is
T(R) — @eTe — @62072276,1

whose ring structure is defined by a * b = ab?, for all @ € T, and b € T,. The zero
degree component of T(R) is Ry = k. It is easy to note that T, = R,c_; is an k—vector
space with basis given by the monomials in R = k[A] of total degree p¢ — 1. Keeping the
same notations that we used to define the complexity sequence in the first chapter, we let
Ge—1:= Ge1(T(R)) be the k—vector space generated by the monomials that can be written
as products of monomials of degree p’ — 1, where i < e — 1. Moreover, (G,_1). consists of
these monomials having total degree p® — 1. The general term of the complexity sequence of

T(R), ce := c.(T'(R)) is the number of minimal monomial generators of the k—vector space
1e
(Ge—l)e

with i < e — 1. Since In = (xp : F' ¢ A), the minimal monomial generators of the k—vector

of degree p® — 1 which cannot be written as products of monomials of degree p* — 1

T,
space ° — come from the following sets of monomials
(Ge—l)e
/\/lg-e) = {:L‘(;J] = 3:?1” x:d cay + ... +a, =p°—1,a,...,a;, =0},
with 1 <7 <mand 1 < 4y,...,70 < d. We will denote by CIFe the number of minimal

monomial generators of ./\/lg-e), which cannot be written as products of monomials of M§k)
with £ < e—1. In order to compute c.(7T(R)), we have to consider all these sets of monomials

M§~e) and exclude the monomials that appear with repetitions. The principle of inclusion
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and exclusion applied on the sets /\/l§e) states that

2

UM =3 ImMI = S MM+ (MmO L M),
j=1 =1

Jj= 1<j1<gasm

This allows us to compute the complexity sequence of the T'—construction of k(A) as follows

m
_ m—1
Ce = E ClFy|e — E C|FNFj|e + E cArnFnEle — -+ (1) R nFle
i1

i) 1<i<j<k<m

4.2 Strong Test Ideals associated to Cartier Algebras

In this section, I will present results on strong test ideals for Stanley-Reisner rings
following joint work with Enescu that has appeared in [8].

Let (R, m, k) denote a local F-finite reduced ring of prime positive characteristic p. We
have stated in the first chapter Huneke’s remark which states that the number of minimal
generators of a strong test ideal represents an uniform bound for the minimal degree of the
equation of integral dependence of an arbitrary element x € I* over I, where [ is an ideal
of R. Therefore, having a larger class of strong test ideals can give a better bound. In [22],
Katzman and Schwede have produced an algorithm, which was implemented in Macaulay?2,
that computes all ¢-compatible ideals of a surjective R-linear map ¢ : R/ — R.

Let ¢ : RY/? — R a surjective R-linear map. In order to compute the test ideal 7(R, ¢),
which is the smallest ¢-compatible ideal with respect to inclusion, we have to intersect all
the ¢-compatible prime ideals .

By Fedder’s Lemma 4.2.4, we know that there exists an S-linear map ® : S/¢ — §
which is compatible with I such that ¢ = ®/I. Now, if we want to determine the ¢-
compatible prime ideals, Lemma 2.4 in [22] tells us that it is enough to determine the
®-compatible prime ideals that contain I, since there is a bijective correspondence between

the ¢-compatible ideals and the ®-compatible ideals containing I.
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Next, we have to eliminate from this list the set of minimal primes of the ideal I,
otherwise by intersecting them and moding out the result by the ideal I we obtain the zero
ideal. Then the class of the ideal obtained after intersecting the remaining ideals modulo I is
the test ideal 7(R, ¢). Therefore, we have a concrete way of computing strong test ideals for
F-pure rings. The following is an example due to Katzman and, further studied by Katzman
and Schwede in [22], which illustrates this idea. In the following examples, we will generally
use the same letter to denote an element of S and its image in S/I, when it is harmless to

do so, to avoid complicating the notation.

Example 4.2.1. Let k = Fy and let S = k[[z1, ..., x;]]. Let Z be the ideal generated by the

2 X 2 minors of

X1 T2 T2 Ts

Ty Ty T3 T3

Consider R = S/Z. The ring R is Cohen-Macaulay reduced and two dimensional.

Let ¢ : RY? — R an R-linear map constructed as follows:

Let S1/2 = k[[21/%, ..., 2+/*]] which is a free S-module with basis {z}"/%23*% - - - 22%/*} o<y <1.
Construct ®g : S/2 — S, an S-linear map, by sending x}/Qx;/Q .. .xé/Q to 1 and the other
basis elements to zero.

Now fix z € (I8 :g I)\ mP?. For an element 3 € S/I we let ¢(3%/2) =
®g(2'/%5'/%) modulo I.

This defines an R-linear map ¢ : RY/? — R.

For the choice 2 = 3wows + X309y + TIT3T4T5 + T1ToT374T5 + T1T2T3T5 + TEXIT5 +
r3xix +xiri, Katzman and Schwede have applied their algorithm [22] and obtained the list

of all ¢-compatible prime ideals of R. The list of ¢-compatible prime ideals is as follows
R7 (xh l'4), (mla Ty, ZE5)7

(r1 + o, ﬁ + 2475), (11 + 2, $§ + x4x5), (3 + T4, 11 + T2, $% + z475),
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(mlu X9, T5,T3 + 1'4), (.ﬁUl, T, I’4>, (l‘l, T, I'5), (xla xs, x4)7
(w1, 2,23, 24), (71, T2, 04, T5), (71, 3, T4, T5), (T1, T2, T3, T4, T5).

From this list we can easily identify the unique smallest ¢-compatible ideal. Lemma 2.4
in [22] tells us that we have to keep the ®-compatible prime ideals that contain the ideal I
and eliminate the minimal primes of I from this list.

We have that the set of minimal primes of [ is given by
Min(I) = {(z1 + @2, ¥] + 3475), (21, T2, 35), (21, T4, T3) }.

The list of ®-compatible prime ideals that contain I and are not in the list of the minimal

primes of [ is given by
(xla Zo, $4,$5), (xla XLo, T3, Ty, l’5), ($17I27l'5, €3 + 374), (xla $2,$3,$4), (J;la x37x47x5)'

Next, by intersecting them and taking the class modulo / we obtain the test ideal of the pair
(R, )

T(R, ¢) = (21, xox5, T34 + xi)

Therefore, in this ring, every element x belonging to I* satisfies a degree 3 equation of

integral dependence over I.

Example 4.2.2. Let k = Fy and S = k[[xy, 22, x3, 24)]. Let T = (2123, 2124, X253, X2x4) and
R=S/T. Let ¢ : R"? — R an R-linear map constructed as follows:

Let S'/2 = k[[xi/Q, e xiﬂ]] which is a free S-module with basis {$i1/2I§2/2{E§\3/21‘24/2}Og)\igl.
Construct ®g : /2 — S, an S-linear map, by sending x}/zx;ﬂxémxim to 1 and the other
basis elements to zero.

Let z = xy757374 an element contained in (712 : I)\ m®. The choice of the element z

guarantees that the map ¢ is surjective from Fedder’s Lemma. By applying the algorithm
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of Katzman and Schwede [22], we will get the list of ¢-compatible primes

R? (ZE4), (334, l’g), (x47 xs, l'Q), ($47 xs, $1)7 (LU4, €T3, T2, LUl),

(ZL’4, 1’2), (I4, 9, 3171), (l’4, ZL‘l), ([Eg), (ZE3, 1’2), (1'3, Z9, 1’1),
(w3, 21), (22), (22, 21), (21).

Using this list, one can obtain the unique smallest ¢-compatible ideal. The set of minimal
primes of I is Min(I) = {(x1,x2), (z3,24)}.
The ®-compatible prime ideals that contain the ideal I and are not minimal primes of

I are the following

(x47 X3, ‘7;2)7 (ZU47 T3, T2, ‘rl)v (.’,U4, X3, xl)? (.T47 T, Il)a (I3) T, xl)'

After intersecting them in R = S/I we obtain the test ideal of the pair (R, ¢) is

T(R, ¢) = (w314, 2122).

Therefore, in this ring, every element x belonging to I* satisfies a degree 2 equation of

integral dependence over I.

We notice that the number of generators of 7(R, ¢) is actually the number of facets of
the simplicial complex A associated to the square-free monomial ideal I. In the next section,

Corollary 4.2.11 will show that this happens for all Stanley-Reisner rings.

4.2.1 The Case of Stanley-Reisner Rings

Let k be a perfect field of characteristic p, S = k[[x1, ..., x,]] be the formal power series
ring in n variables over k and ¢ = p°, for e > 0. Let I < S be a square-free monomial ideal
in S and R = S/I. We denote by A the simplicial complex associated to the Stanley-Reisner

R. Let fimaz(A) be the number of facets of the simplicial complex A.
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The map ®g : S/ — S that sends the element 27 /7. .. 22 /% to 1 and all the other

basis elements to zero is called the trace map.

Remark 4.2.3. Under the assumptions above, Homg(S/9, S) is a free S'/9-module with gen-
erator ®g. Therefore, for every S-linear map ® : S'/¢ — S, there is z € S such that

®(s) = dg(2'/9s), for every s € S/4.

Now we can apply Corollary 3.1.6 and Proposition 3.1.7 to obtain the following essential

result as a consequence of Fedder’s work in [10]:

Theorem 4.2.4 (Fedder’s Lemma, [10]). Let S = k[[z1,...,x,]], where k is a perfect field
and R = S/I for some ideal I < S. Then if ¢ : RY9 — R is any R-linear map, then there
exists an S-linear map ® : SV — S which is compatible with I such that ¢ = ®/1.

Moreover, ¢ is surjective if and only if z ¢ mld, where ®(s) = ®g(2'/%s) and ®g is the
trace map on S. Furthermore, there exists an isomorphism

Ia g
I

Homp(RY?, R) =

Corollary 4.2.5. Let I C S be a square-free monomial ideal and R = S/I. Then, z =
(T z)et € (19 :g I) \ mll. Therefore, = = ([]_, 2:)97" defines an R-linear surjective

map ¢ : RY9 — R, ¢ = ®/I with ®(s) = ®s(([[L, ;)7 9s), for all s € SV,

Proof. Since I is a square-free monomial ideal and the minimal primary decomposition of I
can be written as [ = I,, N I,, N...N1,,, where a, = (ag1,...,ax,) € {0,1}", 1 <k <1,
are distinct vectors, and I, = (z; : i € supp(ay)), for every 1 < k < r.

By using Proposition 3.3.3, we obtain that lem((z*)? !, (z22)?=1 ... (x°7)971) is an
element contained in (1% :g I) that is not in ml.

But lem((z)7!, (zo2)2t o0 (2om)7 ) divides ([T, #;)?! because z°1,... 2% are
square-free monomials. Hence, ([T}, z;)97! € (19 : I) \ m4.

Therefore, by Theorem 4.2.4 the R-linear map ¢ : RY/? — R, given by z = ([}, ;)7

is a surjective map. O
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Proposition 4.2.6 ([4, Corollary 1.5]). Let ® : SY4 — S an S-linear map and z € S such
that ®(s) = ®g(295s), for every s € SY9. Let J < S an ideal in S. Then J is ®-compatible
if and only if J C (J9 g 2).

Definition 4.2.7. Let K C S be an ideal in S and ¢ = p°, for e > 0. Then [.(K) denotes
the smallest ideal I such that I19 O K. The ideal I.(K) is called the e-th root ideal of K.

We have that the following elementary properties of the e-th root ideals hold.

Proposition 4.2.8 ([4, Proposition 1.3]). Let K,...,K; C S ideals in S. Then the follow-

ing statements hold:

(a) [e(z K;) = Z[e(Ki>$
i=1 i=1
(b) Let h € S and write

Then I.(h) is the ideal generated in S by all h, appearing in the expression above.

Proposition 4.2.9. Let S = k[[z1,...,x,]|, where k is a perfect field of characteristic p.
Let ® : SY1 — S given by ®(s) = ®g(21/95s), for every s € SV and z = ([[1, x:)?7 L.
The set of ®-compatible prime ideals consists of the set of ideals generated by variables, i.e.

(Tiy,y -y x4,), where 1 <y, ... 1 < n.

Proof. In order to see that the ideals generated by variables are ®-compatible we will use

Proposition 4.2.6. For example, if we consider the ideal (x;,,...,z;,), it is easy to see that
(21 @) iy, ..o 2q,) © (2),...,2]). By using Proposition 4.2.6, we obtained that
(i), ..., 2y ) is P-compatible.

On the other hand, we have to show that the ideals generated by variables are the only
®-compatible prime ideals. In order to prove this, it is enough to show that if an ideal, say
J is a prime ®-compatible ideal then J is monomial since every prime monomial ideal is an

ideal generated by variables.
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Let J a ®-compatible prime ideal and let f € J a polynomial in J. Then f=>""_, f;
is the decomposition of f as a sum of monomials. We have to show that each monomial
component f; of f is contained in J.

Since zf € J then I.(zf) C J, where z = (21 ...1,)7'. But by Proposition 4.2.8 (a),
I.(zf) =>"i_, I.(zf;). Moreover, Proposition 4.2.8 (b) gives that f; € I.(zf;), for 1 <i < r.
Hence, each f; is contained in J. Therefore, J is a monomial prime ideal.

To sum up, all the ®-compatible ideals are the ideals generated by variables. O

Proposition 4.2.10. Let I C S be a square-free monomial ideal and R = S/I. Let ¢ :
RY4 — R be the R-linear map given by z = ([[\_, ;)7 Y, ie. ¢ = ®/I with ®(s) =
Ds((TTiL, )7 Y4s), for all s € SY9 . Then the test ideal associated to the pair (R, ¢) is
given by

T(R,¢) = (zp: F € F(A)),

where A is the simplicial complex associated to the ideal I.

Proof. Given ¢ : R'% — R an R-linear map, there exists an S-linear map ® : SY/4 — §
which is compatible with I such that ¢ = ®/I by Theorem 4.2.4, where ®(s) = ®g(2'/%s)
and ®g is the trace map on S. Moreover, ¢ is surjective if and only if z ¢ ml4,

But according to the Corollary 4.2.5, z = ([ ]\, z;)?"! defines an R-linear surjective map
¢:RY1— R ie ¢=®/I with ®(s) = Ps(([[1, z:)9%s) for all s € SY/9. Using Lemma
2.4 in [22], we have that there is a bijective correspondence between the ¢- compatible ideals
and the ®-compatible ideals containing /.

Proposition 4.2.9 gives the list of ®-compatible prime ideals. We want to compute
T(R, ¢), which is the smallest ¢-compatible ideal with respect to inclusion. Since, in an
F-pure ring, the ¢-compatible ideals are closed under primary decomposition, we need to
intersect all the ¢-compatible prime ideals. By Lemma 2.4 in [22], to determine the list of
all ¢-compatible prime ideals, we first find the ®-compatible prime ideals that contain the
ideal I. Then we remove the minimal primes of I from the list given by Proposition 4.2.9.

After this, 7(R, ¢) is the image of the ideal obtained after intersecting all these remaining
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ideals modulo .
Consider now the simplicial complex A associated to the ideal I. Let F(A) =
{F1,..., Fy} the set of facets of A and

ﬂ PFC

the primary decomposition of the ideal I.

So we have that the set of minimal primes of I is Min(I) = {Pgc}. Proposition 4.2.9
tells us that the set of ®-compatible prime ideals consists of all the ideals generated by
variables. Hence, the set of ®-compatible prime ideals that contain I and are not in the set

of minimal primes of I are the following ideals
(PFJ‘_:,I'Z‘ S F’]),

for every 1 < j < m. Therefore, by intersecting them, we obtain

Now, we obtain the test ideal 7(R, ¢) by taking the intersection

m PFC 37F

Jj=1

modulo the ideal I. Since I = In = (zp : F' ¢ A), all the monomials in the intersection

ﬂ(PF].C, ij)
j=1



o6

are killed by moding out by the ideal I, except xp,,...,xp,. Hence,

T(R,¢) = (xp,...,XF, ).

]

Corollary 4.2.11. Let I C S be a square-free monomial ideal and R = S/I. Let ¢ :
RY4 — R be the R-linear map given by z = ([[\_, ;)7 !, ie. ¢ = ®/I with ®(s) =
(T, )7 Y4s) for all s € SY9 .

Then the test ideal associated to the pair (R, @) is fuax(A)-generated, where A is the
simplicial complex associated to the ideal I.

Therefore, in this ring, every element x belonging to I* satisfies a degree fra.(A) equa-

tion of integral dependence over I.
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CHAPTER 5

FURTHER REMARKS AND CONCLUSIONS

In this chapter, we will present directions in which our work could be continued and
further results to motivate them. The Frobenius complexity of a local ring in positive prime
characteristic p is an important invariant but there are just a few classes of rings in the
literature for which we know the answer. When the algebra of Frobenius operators on the
injective hull is principally generated, the Frobenius complexity of the ring is known to be
equal to —oo. In the future, we would like to find other classes of rings such that their ring
of Frobenius operators is principally generated as a skew algebra over the ring considered.
We will start by investigating when is an R-skew algebra principally generated and then we

will move to the case of monomial ideals.

5.1 Principally Generated Skew R-Algebras

Definition 5.1.1. Let A be an R-skew algebra. We call A principally generated as an
R-skew algebra if there exists a generator ay € A such that any element a € A can be
expressed as a polynomial in ag with coefficients in R. Moreover, the R-skew algebra A is
called homogeneously principally generated as an R-skew algebra if A is generated

by a homogeneous generator ag as an R-skew algebra.

Proposition 5.1.2. Let A = G.>0A. be an R-skew algebra and assume there exists 0 # b
an R-torsion-free element in Ay. If A is principally generated as an R-skew algebra, then A

1s homogeneously principally generated as an R-skew algebra.

Proof. Let ap be the generator of A as an R-skew algebra. Then we can write ag = a; +
...+ ag, with a; € A;, for any ¢ and k£ > 1. We have that there exists a polynomial P with
coefficients in R such that b = P(ag) = >, riaf, r; € R, for any i. The degree one terms

in the left hand side must be equal to the right hand side ones in b = Y7, r;(a; + ...+ ay)".
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Hence, we get b = rya;. One can note that since b = rja; is an R-torsion-free element, a; is
an R-torsion-free element as well. There exists a polynomial ) with coefficients in R such
that a1 = Q(ao) = iy siahy = doivy silar + ... + a)" with s; € R, for any . Looking in
degree one in the last equality, we obtain a; = sjay, which implies (s; — 1)a; = 0. Since a; is
R-torsion-free, s; = 1. Now if we look in degree 2 of the equality a1 = so+ (a1 + ...+ ax) +
oo Smlay + ... 4 ag)™, we get that ag + 52(1% = 0. Hence, ay is a polynomial in a; with
coefficients in R. In the same way looking in degree 3, we obtain that a3 is a polynomial
in a; with coefficients in R and so on. In conclusion, each a; is a polynomial in a; with
coefficients in R which proves that ag = a; + ...+ a; is a polynomial in a; with coefficients
in R. This shows that one can assume A principally generated by a; € A; as an R-skew

algebra, i.e. homogeneously principally generated. O]

Proposition 5.1.3. Let R be an F-pure local ring of positive prime characteristic p. If
F(ER) is a principally generated R-skew algebra, then F(ERr) is a homogeneously principally

generated R-skew algebra.

Proof. Let ¢o be the generator of F(FERr) as an R-skew algebra. Then we can write ¢g =
fi + ...+ fr with f; € FY(Eg), for any 4. Since R is F-pure local ring, there exists ¢ €
FY(ER) an injective Frobenius operator by Theorem 2.3.4. There exists a polynomial Q
with coefficients in R such that ¢ = Q(¢o) = >y ri(f1 + ... + fir)" with r; € R for any
1. The degree 1 terms in each sides should be equal so we get ¢ = rf; with r; € R. Since
¢ is an injective Frobenius action, f; is injective as well. Moreover, if rf; = 0 for some
0 # r € R, then r?f; = 0. Hence fi(rz) = 0, for any © € Egr. But f; is an injective
Frobenius operator on Eg, so rx = 0, for any x € Egr. Now since Eg is a faithful R-
module, we obtain r = 0. There exists a polynomial P with coefficients in R such that
fi=P(po) =P(fr+ ...+ fu) =2 a(fi +...+ fr)" with a; € R. By setting the degree
one Frobenius operators in both sides equal, we obtain f; = a; f; and so (a; — 1) fi = 0 which
implies a; = 1. Hence, fi = ag+(fi+...+ fi)+...+an(fi+...+ fi)". Now looking in degree
2, we obtain fy + asf? = 0 which shows that f, is a polynomial in f; with coefficients in R.

By induction, it follows that every f; is a polynomial in f; with coefficients in R. Therefore,
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0o = f1+ ...+ fr is a polynomial in f; with coefficients in R. So one can assume f; to be
the generator of F(Fg) as an R-skew algebra, which shows that F(Eg) is a homogeneously

principally generated R-skew algebra. [

Question 5.1.4. Which condition on R implies that F(Eg) is principally generated as an
R-skew algebra if and only if F(Eg) is homogeneously principally generated as an R-skew

algebra?

Remark 5.1.5. Since Stanley-Reisner rings are F-pure, showing that F(FEg) is principally
generated as an R-skew algebra is equivalent to proving that F(Eg) is homogeneously prin-

cipally generated as an R-skew algebra by Proposition 5.1.3.

In general, we are interested in finding the answer to the question:

Question 5.1.6. Which condition on R implies that an R-skew algebra A is principally

generated if and only if A is homogeneously principally generated as an R-skew algebra?

In Proposition 5.1.2, we showed that the existence of a nonzero torsion free element in
degree one guarantees the equivalence between homogeneously principally generated R-skew

algebras and principally generated R-skew algebras.

Proposition 5.1.7. Let R be a local ring of positive prime characteristic p. The ring of
Frobenius operators F(ER) is homogeneously principally generated as an R-skew algebra if
and only if there exists ¢pg € F*(ER) such that F¢(ER) is an R-cyclic module generated by

@5, for any e > 1.

Proof. First, we assume that F(Eg) is homogeneously principally generated as an R-skew
algebra by ¢y € F(ER). We will show that ey = 1. Let ¢ € F'(FEg). There exists a
polynomial P with coefficients in R such that ¢ = P(¢g) = > .-, a;¢y, with a; € R, for
any 4. Since ¢t € F"(ER), the degree of the right hand side of the equality ¢ = ag +
a1¢o+ ...+ a,@f" equals egm and it must be equal to the degree of the left hand side, which
is 1. Hence, we obtain egm = 1, which implies eg = m = 1, so ¢9 € F'(ER). Moreover,

Y = ag + a1¢o which shows that F!(ER) is an R-cyclic module generated by ¢y € F(ER).
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Let e > 2 and ¢ € F¢(ER). There exists a polynomial () with coefficients in R such that
¢ =Q(po) =bo+bipo+...+bypf with b; € R, for any i. Since, the degrees of the right hand
side and left hand side must be equal we obtain n = e. Since F(Eg) is an internal direct
sum of F¢(ER) over e > 0, we can assume F°(Eg) generated by ¢f. We proved the desired
conclusion, i.e. F¢(ERg) is an R-cyclic module generated by ¢§, for any e > 1. For the other
implication, if F¢(Fg) is an R-cyclic module with generator ¢f, for any e > 1 it is easy to

see that F(FEg) is homogeneously principally generated as an R-skew algebra by ¢y. [

Remark 5.1.8. Using Corollary 3.2.4, one can note that checking the cyclicity of the R-
module of eth Frobenius operators on Egr, F¢(ER) is equivalent to showing that the R-module
Il 1

I is cyclic. Hence, we can reformulate Proposition 5.1.7, as follows:

Proposition 5.1.9. Let S be a complete reqular local ring of positive prime characteristic p,

I C S anideal in S and R = S/1. The ring of Frobenius operators F(ER) is homogeneously

principally generated as an R-skew algebra by ¢y = uF € F'(Eg), with u € (1P :g I) and

Pl 1
F : Er — Eg the canonical Frobenius operator on Eg if and only if the R-module ]T;
is cyclic, generated by uve, for any e > 1, withv, =1+p+ ... +p* L
Proof. This result follows directly from Proposition 5.1.7 and Corollary 3.2.4. [

This result motivates the following question:

Question 5.1.10. Let S be a complete regular local ring of positive prime characteristic p,

I C S anidealin S and R = S/I. Can one show that the following assertions are equivalent:

I g 1
(i) The R-module —a is cyclic, for any ¢

(ii) The R-algebra F(FEg) is principally generated?

In [27], Alvarez Montaner, Boix and Zarzuela showed that for Stanley-Reisner rings
1 [a] ‘s 1 .

@ B
cyclic generated by (x')?7!, for any ¢. An unanswered question in [27] was whether one

R, the R-algebra F(Fg) is principally generated if and only if the R-module

can read the principally generation of the Frobenius algebra of operators F(FEgr) from the
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simplicial complex associated to the Stanley-Reisner ring R. This question was addressed
by Alvarez Montaner and Yanagawa in [28]. They found a combinatorial characterization
of Stanley-Reisner rings having F(ERg) principally generated as an R-algebra. Theorem 4
in [28] states that F(ER) principally generated as an R-algebra if and only if the simplicial
complex A associated to the Stanley-Reisner ring R does not have free faces. We recall here

the definition of a free face of a simplicial complex presented in [28]:

Definition 5.1.11. Let A be a simplicial complex on the vertex set {1,...,n}. We call a
face F' € A a free face if F'U {i} is a facet of A for some ¢ ¢ F and F'U {i} is the unique

facet of A containing F.

Example 5.1.12. Let A be the simplicial complex on the vertex set {x1, x5, 3, x4} generated
by the facets Fy; = {1, 25} and Fy = {x3,24}. One can easily note that the free faces of A
are the faces: {z1}, {z2}, {x3} and {x4}.

With this question in mind, Boix and Zarzuela asked whether there is any sort of connec-
tion between the number of minimal monomial generators of J, as defined in Definition 3.3.2
and the number of free faces of the simplicial complex associated to the Stanley-Reisner ring
given. They proved in Theorem 3.16 in [5] that the number of minimal monomial genera-
tors of J, equals the number of non-empty maximal free pairs of the simplicial complex A
associated to the Stanley-Reisner ring considered. Boix and Zarzuela defined the notion of

a free pair in [5], which extends the notion of free pairs as follows:

Definition 5.1.13 ([5, Definition 3.8]). Let A be a simplicial complex on the vertex set

{1,...,n}. Let F,G non-empty subsets of {1,...,n}.
(i) We call (F,G) a pair of A if FNG =0 and if F UG is a face of A.

(ii) We call (F,G) a free pair of A if (F,G) is a pair of A and if FUG is the unique facet

of A containing F.

Remark 5.1.14. One can note that if F' is a free face of A and i ¢ F' is the vertex such that

F U {i} is the unique facet of A containing F, then (F,{i}) is a free pair of A.
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Boix and Zarzuela introduced a partial order on the set of free pairs of a simplicial

complex, as follows:

Definition 5.1.15 ([5, Definition 3.10]). Let A be a simplicial complex and FP(A) the set
of all the free pairs of A. Given two free pairs (F,G) and (F',G’") € FP(A), we say that
(F,G) < (F',GHit FUG=F'UG,F2F and G CG'

Definition 5.1.16 ([5, Definition 3.11]). A free pair (F,G) € FP(A) is called a maximal

free pair if it is a maximal element in the poset F'P(A).

Theorem 3.16 in [5] describes the bijective correspondence between the number of min-
imal monomial generators of .J; defined as in Definition 3.3.2 and the number of maximal
free pairs of the simplicial complex associated to the Stanley-Reisner ring given, as follows:

any maximal free pair (F,G) of A, corresponds to the minimal monomial generator of J,,

A(F,G) = (HFQ;Q) <'¢HGI3_1> :

Next, we will illustrate using an example this bijective correspondence:

defined as

Example 5.1.17. Let k be a field of characteristic p and ¢ = p°, for any e > 0. Let
I = (z123, 1114, X253, X24) C k|21, 2, 23, 24]] & square-free monomial ideal and R = S/I

its Stanley-Reisner ring. One can compute the colon ideal in Macaulay 2 and obtain

~1 g1 _q-1_g-1 ~1_g-1 ~1_g-1 -1
(119 1) = 19 4 (2928 07 20 el el 20 S e alal T Y - (mwamamy) T,

for any g, which shows that J, = (2924 '297" 29~

Yed el 27 e e 2247 2971, One can
easily note that the simplicial complex associated to the Stanley-Reisner ring R is generated
by the facets F; = {1,2} and F; = {3,4}. The maximal free pairs of A are: ({1},{2}),
({3}, {4}), ({4}, {3}) and ({2}, {1}). Using the bijective correspondence above, we can obtain

the minimal monomial generators of J, without explicitly computing the colon ideal (/ 4. 1),



63

5.2 Monomial Ideals and The Frobenius Algebra of Operators

Let k be a field of characteristic p and S = k[[z1, ..., x,]] the formal power series ring
in n variables over k. Let I < S be a monomial ideal in S and R = S/I the quotient ring.

Let

for any e > 1.

Lemma 5.2.1. There exists a bijective correspondence between the minimal monomaial gen-
erators of I g I and the minimal monomial generators of I'4 :g I, for any e > 1. Moreover,
this will induce a bijective correspondence between the minimal monomial generators of M;

and the minimal monomial generators of M., for any e > 1.

Proof. It I =1,,N1,,N...N1,, is the minimal primary decomposition of the ideal I, then

since the Frobenius map is flat we have that
4 —jgldn
aq (o723

Therefore,

«

(9 )=(I9 s)n...0(I9 :5I).

R a . aj __ 051 aj,n
Let [ := (x(;j :j = 1), where Ts = Ty, o35, where aj; > 0, 1 < 0;

i < n for any

1<i<n.

Let I, := (:EZZ’; :1 <k <n), where 1 < 5, <n and b;, > 0, for any 1 < i < r. Then

([[q] g 1) = m [[q ) ﬂﬂ

i=172>1

i=1>1
! lcm(x%blkk, x? )
= ISk <n
i=17>1 Ls;
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We have that

qbik _a; maz(gb; k,aj,1)—aj; -
lcm(:cﬂiﬁk 7JE(;]_) Tpy 1 PR B = 0y
'y a qbik -
9 xg ", i Bik # 04

xqﬁl:,iz;k_aj% if Bix =05,
mzb:, if Bix # 05,
or
asgi’k, it B =0j;
T8, A B # 0.
Hence, any minimal monomial generator of 119 :¢ I is of the form 1T, xfiq_di, where ¢;,d; >
0, for any 1 < i < n. In this way, we obtain a bijective correspondence between the minimal
monomial generators of Il :g I and the minimal monomial generators of I'4 :g I, for any
e > 1, which induces a bijective correspondence between the minimal monomial generators

of M; and the minimal monomial generators of M., for any e > 1. O]

Proposition 5.2.2. Let k be a field of characteristic p and S = k[[x1,...,x,]] the formal
power series ring in n variables over k. Let I < S be a monomial ideal in S and R = S/I

the quotient ring. Then the following assertions are equivalent:
(i) FY(ER) is a principally generated R-module
(i) There exists eq such that F°°(ER) is a principally generated R-module
(11i) F¢(ER) is a principally generated R-module, for any e > 1
Proof. Using Proposition 3.1.4, we have that the R-module generated by the eth Frobenius

Jldl g1 .

operators on Fgr, F¢(Eg) is principally generated if and only if the R-module 7l is

cyclic.
The implication (i) = (i7) is trivial.
For the implication (ii) = (ii7), we will use the bijective correspondence between the

minimal monomial generators of M., and the minimal monomial generators of M., for any
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€, € = 1 in Lemma 5.2.1.

Let e > 1 an arbitrary integer. Since F°(Eg) is a principally generated R-module, we
have that M., is a cyclic R-module. Let x7¢ be the minimal monomial generator of M.,
over R. By the bijective correspondence described in the proof of Lemma 5.2.1, we have that
the exists a minimal monomial generator z7¢ in M, which corresponds to z7¢ via this map.
Moreover, the bijective correspondence in Lemma 5.2.1 shows that M, is a cyclic R-module

as well.

(791) = (d) Trivial. O

Proposition 5.2.3. Let k be a field of characteristic p and S = k[[z1, ..., x,]] the formal
power series ring in n variables over k. Let I C S be a monomial ideal in S and R = S/1
the quotient ring. Then the ring of Frobenius operators F(ER) is homogeneously principally
generated as an R-skew algebra by 27 F, with 7 = [, 5"~% where ¢;,d; > 0, for any

1<i<nand F : Er — Er the canonical Frobenius operator on Eg if and only if ¢; = d;,

for any 1 <1i < n.

Proof. We first assume that the ring of Frobenius operators F(FEr) is homogeneously prin-
cipally generated as an R-skew algebra. By Proposition 5.1.7, we can assume that the
homogeneous generator ¢y of F(ER) as an R-skew algebra is of degree 1, i.e. ¢g € F'(ER).
Using Corrolary 3.2.4 and Lemma 5.2.1, we have that ¢y = 27F = [[, xfip_diF, where
ci,d; > 0, for any 1 < i < n and F : Eg — FEpg is the canonical Frobenius operator on
ER given by F(z) = P, for any x € Er. Using Lemma 5.2.1, we have a bijective corre-
spondence between the minimal generators of the colon ideals (IP :g I), for any e > 0. We
will denote by 27 = [, =7 "4 for any e > 0. Since F(Eg) is an R-skew algebra, we
have that F¢(Eg) o F¢(Eg) C F¢+¢(Eg) must hold, so composing an eth Frobenius action

with an €¢’th Frobenius action will be an (e 4 ¢’)th Frobenius action. For simplicity, we will

translate this condition in terms of the generators of the colon ideals using the bijection in



66

Corollary 3.2.4. Hence, we obtain

n n

! /
e 5 gl — e . (xvel)pe — H xgcipe_di)+(cip€ —di)p® _ I_Ix(_':ip*”re —di) . (ci—di)p®

1 K]
=1 =1

Therefore, in order to have z7% % x%' € .7:e+el(ER), we must have ¢; > d;, for any 1 <
i < n. By Proposition 5.1.7, we know that every F¢(FEg) is cyclic as an R-module. Since
17 generates F'(ER), its eth iteration z7 x --- x 27 = (27)" will generate F¢(ER), for any
e > 1, where v, = 1+ p+ ...+ p° L On the other hand, the bijective correspondence
described in Lemma 5.2.1 produces an eth Frobenius action 27 F¢ € F¢(ERg). Since 27 F°¢ =
[T, 2" Fe e Fe(Bg) = [, 2“7~ *)" F¢, the following inequalities ¢;p® — d; > (c;p —
d;)v. must hold, for any 7. One can note that this is equivalent to (d; —¢;)(p+...+p 1) = 0,
for any 7. This implies that d; > ¢;, for any 7. Hence we obtain that ¢; = d;, for any ¢. The
other implication follows since if ¢; = d;, for any ¢ then the generator of the Frobenius algebra
of operators is given by 27 =[], xfi(p Y Each graded piece F¢(Eyg) of F(Eg) is generated

by (z7)" =[], xfi(p V. In conclusion, F(FEg) is homogeneously principally generated as

an R-skew algebra by x7F. O]

Using Proposition 3.3.4(iii) due to Sharp in [31], we recover the colon formula 3.3.3 for

a large class of monomial ideals, as follows:

Proposition 5.2.4. Let k be a field of characteristic p and S = k[[z1, ..., x,]] the formal
power series ring in n variables over k. Let I < .S be a monomial ideal in S with no embedded
associated primes. Let I = (\,_, I, be the minimal primary decomposition of I. Then

(1 1) = (155 Ty 00 00 55 T = (08 (a3)0 ) 0 0 (18 + (o)1),
where I, := (xgjll, o ,xgj:) and xgj’ = azgjjllxgj:, with a;; > 0, 1 < §;; < n for any

1<i<nand foranyl1 <j<r.

Proof. Using Proposition 3.3.4 (i), we have that 10 = I 0 19 0 ... N I/? is the minimal

r

primary decomposition of the ideal I!9. Moreover, using the assertions about colon ideals
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which we already considered in the proof of Proposition 3.3.3, we obtain the inclusion

9. 7=1":Nn..nI%:1)> ﬂz (I9:1,.)

i=1 j=1

This shows that the following inclusion holds:
19:71>29 s1,)n...n(I% 5 1,).

In order to obtain the other inclusion, we will use the fact that I has no embedded asso-
ciated primes, i.e. Min(I) = Ass(I). Since every P; := /I,, € Min(I), we can now apply
Proposition 3.3.4(iii) to get:

191 C (15 1,,,),

for any i. Therefore, we obtain
M. 7Cc(I9:s1,)Nn...n1IY 5 1,).
This proves the first desired formula:
(I9 g 1) =19 5 I,)N...n (19 5 1,).

In order to show the second equality, we have to note that since I is a monomial ideal, its
primary components are ideals generated by powers of variables, i.e. I, := (a:gjll, .. x? ")
and :L'(; = a;g’ll x?j:, with a;; > 0,1 <d;; <nforany 1 <i<nandforany 1 <j<r.
It is easy to check that

19 i I, = (I, (2)7),

& 3
for any j. Together with the first equality this proves that
T T

4. 7= ﬂ(fc[i] 5 1a,) = m([[q] (x aj)q Y,

=1 i=1



68

which completes the proof. O

Example 5.2.5. Let p =5 and S = Zs[[z1, 2, x3, 24]].

Let I = (2223, 1122, 112923, 2324, Tox374). The minimal primary decomposition of I is
given by I = (23, x9)N(x2, x3)N (21, 24). Since Ass(I) = Min(I) = {(z1, z2), (72, 23), (21, 74)},
I has no embedded associated primes. One can check in Macaulay 2 that 10 : [ = ([&51} :
L) N (I8« 1) n (I8 1,,). Moreover, Proposition 5.2.4 shows that 119 : [ = (11
I,,)N (LE?Q] :Lo,) N (Ié,qg] : I,,) holds for any ¢ = 5° and e > 0.

Example 5.2.6. Let p =5 and S = Zs[[z1, 2, x3, 24]].

Let I = (x1x3, 3Ty, T1TTy, ToT3Ty, xga:3, r324). The minimal primary decomposition of
I is given by I = (x3,15) N (x1, 73, 23) N (23, 24). One can easily note that Min(I) # Ass(I),
i.e. I has embedded associated primes. Using Macaulay 2, we found #3232 € (115 : 1)\ (15} -
I,,)N (IEZ] i 1y,) N (L@ : I,,,), which shows that colon formula in Proposition 5.2.4 does not
hold for the ideal I.

Now, using the formula for the colon ideal in Proposition 5.2.4 we can describe the colon

ideal as follows:

Definition 5.2.7. Let I < S be a monomial ideal. We define J, to be the unique minimal

monomial ideal satisfying the equality
(14 1)y = [ld 4+ .

Example 5.2.8. Let k a field of positive prime characteristic p and S = k[[z1, z2, z3]].

Let I = (2223, 2325, 2%23). We obtain (119 : 1) = (279239, 23922 23922 (222325)971), for any

q = p°¢ and any e > 1. Therefore, we have J, = ((z3z323)?™"), for any q.

Example 5.2.9. Let p = 3 and S = k[[x1, 22, 73, 14]]. Let [ = (z129, 2303, To3, ToTy).

- 3] . 3.3 6.3 3.3 3.3 422 232
One can compute the colon ideal (IB : I) = (2323, 2523, a3z, 2323, xta222, 22232222), hence

(42,2 2.3 2 92
J3 = (%%553,551%5”3%)-

Remark 5.2.10. The complexity sequence {c}e>o is bounded by the minimal number of

generators of the ideal J,, i.e. c. < pug(Jp), for any e > 0. Note that ¢; = p and ¢y = 0.
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In the case of Stanley-Reisner rings, Corollary 3.3.11 states that F(Eg) is homoge-
T4 .o T
Ild
R-module. Moreover, Proposition 3.3.8 shows that this R-module is cyclic if and only if it

neously principally generated as an R-skew algebra if and only if is cyclic as an

is generated by (x!)?7!, for any q. We proved a similar result for monomial ideals in Propo-

I .o 1
Jldl

R-module does not imply that the generator of this R-module is of the form presented in

sition 5.2.3. However, in the case of monomial ideals assuming that is cyclic as an
Proposition 5.2.3 and hence it does not guarantee that the algebra of Frobenius operators

F(FERr) is homogeneously principally generated as an R-skew algebra.

Question 5.2.11. Let k be a field of characteristic p and S = k[[z1,...,z,]| the formal

power series ring in n variables over k. Let I C S be a monomial ideal and R = S/I the

Tl . s
Jld]
equivalently, for any ¢) in order to show that the Frobenius algebra of operators F(Eg) is

quotient ring. Is it enough to assume that is cyclic as an R-module, for some ¢ (or

(homogeneously) principally generated as an R-skew algebra?

In Proposition 5.1.9, we have the extra assumption on the generator of R—module

I .o 1
Ildl

operators F(FEgr) by a homogeneous generator in degree one. We do not know if dropping

, for any ¢, which guarantees the principally generation of the Frobenius algebra of

this assumption on the generators would still imply that the Frobenius algebra of operators
F(ER) is homogeneously principally generated. If this is not true, one should be able to find

a counterexample and hence answer the following question:

Question 5.2.12. Can we find examples of ideals I in a complete regular local ring S with
Tl . g1
14
F(FERr) is not homogeneously principally generated?

cyclic as an R-module, for any ¢ and such that the Frobenius algebra of operators

If I is a square-free monomial ideal and R is the Stanley-Reisner ring associated to
Jlal . g1
Jld]

is generated by (x!)?9~! using Definition 3.3.2.

it, we know that this is not possible since if

Tl . g1
Jld]

Remark 2.4.5(1) tells us that if R is a Gorenstein ring, the Frobenius algebra of operators

is cyclic as an R-module implies that

F(ER) is principally generated as an R-algebra. The converse is not true. There exist
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examples of rings which are not Gorenstein with principally generated Frobenius algebra of
operators on the injective hull of the residue field. Alvarez Montaner, Boix and Zarzuela gave
examples of such rings in [27], Example 4.2. We do not have a good understanding of when
is the Frobenius algebra of operators F(Eg) principally generated as an R-algebra. In [3],
Blickle stated that if R is an F-finite normal ring, then the principally generation of the
Frobenius algebra of operators F(Fg) is equivalent to R being Gorenstein. This statement
was quoted by Alvarez Montaner and Yanagawa in [28]. We have a counterexample for
this statement. There exists an F-finite normal ring not Gorestein having the Frobenius
algebra of operators F(Eg) principally generated over R. This ring is a quasi-Gorenstein
ring, presented in Example 5.1 in [32]. We will first give the definition of a quasi-Gorenstein

ring.

Definition 5.2.13 ([1, Definition 2.1}). A local ring (R, m, k) is called quasi-Gorenstein
it H(R) = Ep(k).

Example 5.2.14. Let k be a field of characteristic char(k) # 3. Let R be the Segre product
of the cubic Fermat hypersurfaces: R := k[z,y, 2]/(2 + v® + 23)#k|a, b, c]/(a® + U® + ¢?).
By [11], R is a quasi-Gorenstein, normal domain of dimension 3 and depth 2. Since R is
not a Cohen-Macaulay ring, R is not Gorenstein. Using Definition 5.2.13, we have that
the Frobenius algebra of operators F(Er) = F(HZ(R)). In Example 3.7 in [25], Lyubeznik
and Smith showed that for any d—dimensional local ring satisfying Serre’s Sy condition,
F(HS(R)) is principally generated by the canonical Frobenius action as an algebra over R.
Our ring R is normal, so it satisfies Serre’s S;-condition. Hence, the Frobenius algebra of
operators F(ER) is principally generated as an R-algebra. To sum up, the ring R is an
example of a normal F-finite ring not Gorenstein having the Frobenius algebra of operators

principally generated as an R-algebra.

In fact, there exists another example of a ring which is not Gorestein having the Frobe-
nius algebra of operators F(Eg) principally generated over R. This example was presented

in Example 4.5(1) in [23].
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Another question that we would like to answer is the following:

Question 5.2.15. Let k be a field of characteristic p and S = k[[xy,...,x,]] the formal
power series ring in n variables over k. Let I C S be a monomial ideal with no embedded
associated primes in S and R = S/I the quotient ring. Is the ring of Frobenius operators

F(ER) either (homogeneously) principally generated or infinitely generated?

More specifically, this question asks whether finitely generation implies principally gen-
eration in the case of monomial ideals. We do not have a concrete description of the minimal

generators of the colon ideals similar to the one in Lemma 3.3.7 for the Stanley-Reisner case.
[p] .

I
Hypothetically, the ideal ST

(xgj)p_l = (acgjll . ~~x§i’:)p_1, with a;; > 0, 1 < 0;, < n for any 1 < i < n. In this case, the

could have at least two minimal generators of the form

algebra of Frobenius operators F(Eg) could be finitely generated without being necessarily
homogeneously principally generated as an R-skew algebra. However, we do not have an ex-
ample of such a monomial ideal I, nor do we have a proof showing that this cannot happen.
One way of investigating this question is using the formula we found in Proposition 5.2.4 in
order to describe the minimal generators of the colon ideal (I") :g I). Moreover, we would

like to answer this question in general:

Question 5.2.16. Let k£ be a field of characteristic p and S = k[[x1,...,x,]| the formal
power series ring in n variables over k. Let I C S be a monomial ideal and R = S/I the
quotient ring. Is the ring of Frobenius operators F(ER) either (homogeneously) principally

generated or infinitely generated as an R-skew algebra?

To answer this question, one would need to understand better the structure of the colon
ideal (I :g I) for any monomial ideal I. The number of associated primes of the ideal
I plays an important role as well. We will illustrate this in the next examples. We start
by fixing a Stanley-Reisner ring having two, respectively three associated primes. For each
of these rings, we will find conditions on the associated primes which would guarantee the

principally generation of the Frobenius algebra of operators.
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Example 5.2.17. Let I = P, N P, be a square-free monomial ideal with Ass(I) = { Py, P }.
Since [ is a square-free monomial ideal, P, and P, are ideals generated by variables. Let
Py = (z4y,...,2;,) and P == (z;,,...,x;,), for some s,t > 1. One can note that (Pl[q] s Pp) =
(P (25, - 2:,)7 V) and (P 15 Py) = (P, (x;, -+ - 2;,)77 1), for any q. By Proposition 3.3.3,
we obtain

(19 26 1) = (P (2, - 20)*) N (P (), o)1)

= (1, (g, -3, ) 070 (g o) (- gy y,) T 1SR < s, 1SS,

for any ¢. One can note that (z;, - -xis)q_lx?l ¢ 19 if and only if j; € {i1,...,is} and
(xj, -+ x;,)0 2l € 119 if and only if i, € {j1,. .., }. Proposition 5.1.9 states that F(Er)
I .o 1
Jlal
as an R-module by z7¢ and x7 = (27')%, where v, = 1 +p+ ...+ p° !, for any e > 1.

is homogeneously principally generated as an R-skew algebra if and only if is cyclic
Hence, F(FEg) is homogeneously principally generated as an R-skew algebra if and only if
ir € {J1,---,J¢}, for any k € {1,...,s} and j; € {iy,...,is}, for any [ € {1,...,t}. That
happens if and only if {iy,...,is} = {j1,..., 4}, ie. [ = P = Py = (x4,...,2;,). In this
case, F(FEg) is homogeneously principally generated as an R-skew algebra by (z;, - - - x;, )P 71 F),
where I': Er — Eg denotes the canonical Frobenius action on Egi. Hence, if I is a square-
free monomial ideal with two nonembedded associated primes, the Frobenius algebra of

operators cannot be principally generated as an R-skew algebra.

Example 5.2.18. Let I = P, N P, N P;, be a square-free monomial ideal with Ass(I) =
{Py, P, P3}. Since [ is a square-free monomial ideal, P;, P, and P; are ideals generated
by variables. Let P := (z;,...,%,), P» == (xj,...,7;) and Py = (v,,...,2,) for
some s,t,7 > 1. One can note that (P :g P)) = (P, (2, - 2;,)970), (P 5 P) =
(Pz[q], (zj, - x;) ") and (P?Eq] s P3) = (Pg[q], (wg, -~ a1, )7 1Y), for any ¢. By Proposition 3.3.3,

we obtain

(195 1) = (B (g i, ) OB, (g o)) 0 (P (o))
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= (I[q], (x21 . e xis)q_lxglxzm’ (I,]l [P xjt)q_lxguxzm7 (xk‘l o e ka)‘]_lxgux?ﬂ

R T PTIT  U et Y e q—1.49 e - a—1,9
(xu Lig * Ljy mJt) mkma(le Ljy = LThy xk'r) 'Tiu»(xn Liy * Lhy xk'r) L

(Tiy @i, gy gy Ty )T IS u <8, 1<I<TSm L),

for any ¢. By Proposition 5.1.9, F(Fg) is homogeneously principally generated as an R-

14 g 1
skew algebra if and only if T; is cyclic as an R-module by z7% and z% = (z7)",
where v, = 1 +p+ ... +p¢ !, for any e > 1. Hence, F(Fg) is homogeneously prin-
74 .o T

cipally generated as an R-skew algebra if and only if is cyclic as an R-module

Jlal

by (@i -+ @iy - Tjy - X, - Tpy -+ T, )7 Y, for any ¢. This happens if and only if the follow-

ing conditions hold: {iy,..., i, j1,..-, 0} ={1,...,n}, {j1, - e, k1, ..., k. } ={1,...,n},
{i, oo yis by, ke ={1, ... on}, {in, i, Ji km} = {1,...,n} or {Ji, kn} is the support
set of one of I's generators, for any 1 <1 < ¢t,1 <m <, {j1,-- -, Jtstu, km} = {1,...,n}
or {iy, kn} is the support set of one of I's generators, for any 1 < u < s,1 < m < r,
and {ky,..., k., iy, i} = {1,...,n} or {iy, 5} is the support set of one of I's generators,
for any 1 < u < s,1 < [ < t. For simplicity, we assume I C K[z, x9,z3]], with K
a field of positive prime characteristic p. One can note that the conditions above imply

that F(Eg) is homogeneously principally generated as an R-skew algebra if and only if

I = (z1,29) N (2, 23) N (T3, 21), 1. I = (2129, Tows, T327).

In the next example we show that for monomial ideals with two nonembedded associated
primes, the Frobenius algebra of operators cannot be principally generated as an R-skew

algebra.

Example 5.2.19. Let I = P, N P, be a monomial ideal with Ass(/) = Min(/) =
{VP1,v/P}. Since I is a monomial ideal, P, and P, are ideals generated by powers

of variables. Let P, := (27',...,2{) and P, := (x;’i,,xg’z), for some s, > 1 and

a1,...,as,by,....b; > 0. One can note that (P :3 P)) = (P (22 ..-2%)71) and

i1 is
(PQ[q] s Py) = (P2[q], (zb .- 2b)9=1), for any ¢. By Proposition 3.3.3, we obtain

J1 Jt

(125 1) = (P, (a2 - o)) 0 (B (- ) ™)

i1 is J1 Jt
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— (Tld (o1 ... pasya—lyabe (b1 beyg—1 90k (a1 s b beyg—1
= 7(xi1 %’SS) Zj, a(%’l xj,g) L, 7(xi1 T; Xy xjt) 1<k <s, 1K1,

for any ¢. Since Min(I) = {v/Pi, v/ P2}, there exists iy ¢ {j1,...,j:} and j; & {i1,...,is}
for some 1 < k < sand 1 <1 < t. One can then note that xzqg’“ (xsi .- 'xé’f)q_l ¢ T4 and
I .o T

Jldl
F(FER) is not homogeneously principally generated as an R-skew algebra.

i (i -xf°)4! ¢ I9. Hence, the R-module

2 () is not cyclic and this implies that
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