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Abstract: In this work, we establish a theory of Calculus based on the new concept of displacement.
We develop all the concepts and results necessary to go from the definition to differential equations,
starting with topology and measure and moving on to differentiation and integration. We find
interesting notions on the way, such as the integral with respect to a path of measures or the
displacement derivative. We relate both of these two concepts by a Fundamental Theorem of
Calculus. Finally, we develop the necessary framework in order to study displacement equations by
relating them to Stieltjes differential equations.
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1. Introduction

Derivatives are, in the classical sense of Newton [1], infinitesimal rates of change of one
(dependent) variable with respect to another (independent) variable. Formally, the derivative of
f with respect to x is

) = Tim
f)= lim 2y

The symbol A represents what we call the variation, that is, the change of magnitude underwent
by a given variable in the calculus of variations, the study variable is a function f and the variation of f
is noted by 6 f. This variation is, in the classical setting, defined in the most simple possible way as
Ax = X — x, where x is the point at which we want to compute the derivative (the point of departure)
and X another point which we assume close enough to x. From this, it follows naturally that the
variation of the dependent variable has to be expressed as Af = f(X) — f(x). This way, when X tends
to x, that is, when Ax tends to zero, we have

X—x X—x

Of course, this naive way of defining the variation is by no means the unique way of giving
meaning to such expression. The intuitive idea of variation is naturally linked to the mathematical
concept of distance. After all, in order to measure how much a quantity has varied, it is enough to see
how far apart the new point X is from the first x, that is, we have to measure, in some sense, the distance
between them. This manner of extending the notion of variation—and thus of derivative—has been
accomplished in different ways. The most crude of these is what is called the absolute derivative.
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Definition 1 ([2] expression (1)). Let (X, dx) and (Y,dy) be two metric spaces and consider f : X — Y and
x € X. Wesay f is absolutely differentiable at x if and only if the following limit—called absolute derivative
of f at x—exists:

() o 1 DU L)

X=X dx(x,f)

In the case of differentiable functions f : R — R, we have that, as expected, fI'l = |f'| [2]
(Proposition 3.1). Hence, this result conveys the true meaning of the absolute derivative—it is the
absolute value of the derivative—and it extends the notion of derivative to the broader setting of metric
spaces. Even so, this definition may seem somewhat unfulfilling as a generalization. For instance, in
the case of the real line, it does not preserve the spirit of the intuitive notion of ‘infinitesimal rates of
change’: changes of rate have, of necessity, to be allowed to be negative.

A more subtle extension of differentiability to the realm of metric spaces can be achieved through
mutational analysis where the affine structure of differentials is changed by a family of functions, called
mutations that mimic the properties and behavior of derivatives. We refer the reader to [3] for more
information on the subject.

The considerations above bring us to another possible extension of the notion of derivative: that of
the Stieltjes derivative, also known as g-derivative. Here, we present the definition used in [4]. However,
a lot of previous work exists on the topic of differentiation with respect to a function, such as the work
Averna and Preiss, [5], Daniell [6,7], or even more classical references like [8].

Definition 2 ([4]). Let g : R — R be a monotone nondecreasing function which is continuous from the left.
The Stieltjes derivative with respect to g—or g-derivative—of a function f : R — R at a point x € R is defined
as follows, provided that the corresponding limits exist:

! im f(3) = f(x) if ¢ is continuous at x, or
fg( >_)lc—>x ( ) g(x) fg conti t
felx) = xlg?+ ggj%) Jgtgz; if g is discontinuous at x.

Clearly, we have defined Ax through a rescaling of the abscissae axis by g. Observe that, although
d(x,X) = |g(x) — g(x)] is a pseudometric [9], Ax = g(X) — g(x) is allowed to change sign.

The aim of this paper is to take this generalization one step further in the following sense.
The definition of Ax does not have to depend on a rescaling, but its absolute value definitely has
to suggest, in a broad sense, the notion, if not of distance, of being far apart or close as well as
the direction—change of sign. This is why we introduce the notion of displacement (Definition 3).
This definition takes to full generality the ideas and results in [4,9].

This work is structured as follows. In Section 2, we define the basic concept the rest of the paper
revolves around: the notion of displacement space. Specifically, in Section 2.1, we develop the definition
and basic properties of displacements, linking them to previously known concepts and illustrating
their diversity with several examples. On the other hand, in Section 2.2, we endow the displacement
space with a natural topology and prove various useful properties.

Section 3 deals with the construction of a measure associated with displacement spaces. We
restrict ourselves to the real line. Then, we construct a theory of integration for displacement spaces.
Here, we define the concept of integral with respect to a path of measures which will be the key to defining
an integral associated with a displacement.

Section 4 is devoted to the definition and properties of a displacement derivative which will be
later be proven to be compatible with the displacement measure in that we can provide a Fundamental
Theorem of Calculus relating both of them (Theorems 1 and 2). Later, in Section 5, we study the
connection existing between this type of derivatives and Stieltjes derivatives and, in Section 6, we
propose a diffusion model on smart surfaces based on displacements.
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The last section is devoted to the conclusions of this work and the open problems lying ahead.

2. Displacement Spaces

In this section, we focus on the definition of displacement spaces. This new framework is then
illustrated with some examples, which show, for example, that every set equipped with a metric
map is a displacement space. We also study a topological structure that displacement spaces can be
endowed with.

2.1. Definitions and Properties

Let us make explicit the basic definition of this paper.

Definition 3. Let X # @ be a set. A displacement is a function A : X* — R such that the following properties
hold:

HD)A(x,x) =0, x € X.
(H2)Forall x,y € X,

lim |A(x, 2)| = [A(x, y)],

z—y
where
lim |A(x,z)| := sup {lirginf|A(x,zn)| : (Zn)nen C X, Ay, zn) —= 0}.
n—oo

z—Yy

All limits occurring in this work will be considered with the usual topology of R. A pair (X, A) is called a
displacement space.

Remark 1. Why (H1) and (H2)? These two hypotheses are of prominent topological flavor. (H1) will guarantee
that open balls are nonempty in the to-be-defined non-necessarily-metric topology related to A. On the other
hand, (H2) will be sufficient (and indeed necessary) to show that open balls are, indeed, open (Lemma 3) and that
the A—topology is second countable (Lemma 5). We will later discuss (Remark 4) whether or not we can forestall
(H2) when we restrict ourselves to displacement calculus.

Remark 2. Note that, for (H2) to be satisfied, it is enough to show that limz—y |A(x,z)| < |A(x,y)| for all
x,y € X, as the reverse inequality always holds.

The following lemma gives a useful sufficient condition for (H2) to be satisfied.

Lemma 1. Let X be a set and A : X> — R. Assume that the following property holds:

(H2’) There exists a strictly increasing left-continuous map ¢ : [0, +00) — [0, +00), continuous at 0, satisfying
¢(0) = 0and such that, for (x,y) := ¢(|A(x,y)]),

p(x2) <9lxy) +9(y,2); xyzeX O]
Then, A satisfies (H2).

Proof. Fix x,y € X and let (z,,),en C X such that limy, .« |A(y, z,)| = 0. Then, condition (1) yields
Y(x,z0) — P(y,zn) < P(x,y),n € N Hence,

$(x,y) = liminf(p(x, z0) — $(y, 20)) = liminf p(x, z,) — limsup ¢(y, zu).

n—o0

Since ¢(0) = 0, ¢ is continuous at 0 and lim; ;e |A(y, z4)| = 0, limsup,,_, ., ¥(y,zx) = 0, so

P(x,y) > Iiminf ¢(x, z,). )

n—oo
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Let us show that
liminf ¢(|A(x, z0)]) > ¢ (lir?l)glﬂA(x,zn)D . 3)

n—oo

Indeed, by definition of lim inf, we have that, for any € € RT, there exists 1y € N such that, if
n > np, then |A(x,z,)| > liminf,_,e0 |A(x,2,)| — €. Since @ is strictly increasing, for each ¢ € R, there
exists ny € N such that for n > ng we have

@ (180x,20)]) = ¢ (liminf |A(x, za)] —¢) .
Thus, for any € > 0, we have that

liminf g (|A(x,z4)]) > ¢ (minf |A(x,z,)| ~¢),

n—o0
which, using the left-continuity of ¢, leads to inequality (3). Hence, it follows from inequalities (2)
and (3) that

(A0 )) = P(x,y) > liminf p(x,2,) = liminf o(|A(x,2,)]) > ¢ (liminf [A(x,z4)]),
which, together with the fact that ¢ is strictly increasing, yields that
[A(x, y)| = liminf [A(x, 2,)].
Since this holds for any (z;),en in X such that lim, e |A(y,24)| = 0, we have the desired
result. O

Lemma 1 illustrates that condition (H2) is a way of avoiding the triangle inequality—or more
general versions of it—which is common to metrics and analogous objects. We can find similar
conditions in the literature. For instance, in [10] (Definition 3.1), they use, while defining an
RS—generalized metric space (X, A), the condition

(Dj) There exists C > 0 such that if x,y € X and

lim A(xy,x) = im A(x,x,) = lim  A(xy, xn) =0,
n—00 n—»oo n,m——+00

then
A(x,y) < Climsup A(x,, y).

More complicated conditions can be found in [3] ((H3) Section 3.1, (H3") Section 4.1).

Finally, we remark that the same statement as (H2’), but dropping the left-continuity, is actually
sufficient to prove the results in this work.

In the next examples, we use the sufficient condition provided by Lemma 1.

Example 1. Consider the sphere S' and define the following map:

St x St 2 [0,277)

(x,y) —— min{f € [0+ o) : xe'® =y}.

A(x,y) is a displacement that measures the minimum counter-clockwise angle necessary to move from x to y.
From a real-life point of view, this map describes the way cars move in a roundabout. Suppose that a car enters
the roundabout at a point x and wants to exit at a point y. In that case, circulation rules force the car to move in
a given direction, which happens to be counterclockwise in most of the countries around the world. In this case,
drivers are assumed to take the exit y as soon as they reach it.
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It is clear that (H1) holds. For (H2'), take ¢(r) = r. Then, for x,y,z € SY, if A(x,y) + A(y,z) > 27,
then (H2') clearly holds. Otherwise, A(x,z) = A(x,y) + A(y, z), so (H2") holds.

Example 2. Let (X, E) be a complete weighted directed graph, that is, X = {x1,...,x,} is a finite set of n € N
vertices and E € M,,(R) is a matrix with zeros in the diagonal and positive numbers everywhere else. The
element e; i of the matrix E denotes the weight of the directed edge from vertex x; to vertex x. This kind of
graph can represent, for instance, the time it takes to get from one point in a city to another by car, as Figure 1
illustrates.

Figure 1. Graph indicating the time in minutes it takes to go from one place to another in Santiago
de Compostela by car (using the least time consuming path) according to Google Maps—good traffic
conditions assumed. The points are placed in their actual relative geometric positions, being 1: Faculty
of Mathematics (USC), 2: Cathedral, 3: Train station, 4: Bus station. Most of the streets in Santiago are
one way, which accounts for the differences in time depending on the direction of the displacement.

Now, consider the set {x1, ..., x4} and the matrix E as given in Figure 1, that is,

0 9 4 10
10 0 14 8
— 4 .
E= (ej,k)j,k:l T 7 9 0 5 4
11 6 7 0

and the map A(x;j, xi) := e; . It can be checked that A is subadditive —which is to be expected since, if we could
get faster from a point to another through a third one, Google Maps would have chosen that option. Hence,
(H2") holds for ¢(r) = r, and so A is a displacement.

Example 3 (Zermelo’s navigation problem). In 1931, Zermelo solved the following navigation problem [11].
Let F = (u,v) € C(IR?,R?) be a vector field, for instance, the velocity field of the wind on top of a body of water,
or the velocity field of the water itself. Assume an object that moves with constant celerity V on that body of
water wants to go from a point A (which we can assume at the origin) to a point B. Which is the least time
consuming path to take?

We are going to assume that V. > W := max,g2 \/1(x)% + v(x)?, that is, the object can navigate
against wind. Zermelo proved, using variational methods, that the solution of the problem satisfies the following
system of partial differential equations:

x' =Vcosh+u,
y = Vsinf + o,
Ju ov

dv
I 2990 . Ju  duy -
0" = sin 98x+sm€cos€<ax 8y> cos- 0

u
oy’
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being the last equation known as Zermelo’s equation. Observe that, if u,v € C?(IR?), there exists a unique
solution of the system. Through the change of variables (X,§) = B — (x,v), instead of going from the origin
to the point B, we go from B to the origin, and the equations will provide a different time. This illustrates the
fact that, when measuring how far apart something is in terms of time, symmetry is not generally satisfied. For
instance, if we measure the distance between two points of a river by the time it takes to get from one point to
another, it is not the same to go upstream than downstream.

Let A,B € R2. If A(A, B) is the smallest time necessary to arrive from A to B in Zermelo’s navigation
problem, A > 0 is a displacement on R?, for A is subadditive and (H1)~(H2") are clearly satisfied.

In the symmetric setting—that is, A(x,y) = A(y,x)—this problem is a paradigmatic example of
Finslerian length space. The theory regarding these spaces has been thoroughly developed, but, as stated in [12],
although “one could modify the definitions to allow non-symmetric length structures and metrics”,
this case has not been studied yet. What we present in this paper might be an starting point for a theory of
non-symmetric length spaces.

Example 4. The map A : R xR — R defined as A(x,y) = g(y) — g(x) for a nondecreasing and
left-continuous function g (cf.[4]) is a displacement as it satisfies (H2) for ¢ = Id. In what follows, we
will refer to these displacements as Stieltjes displacements. Furthermore, the following lemma shows a way to
ensure that a displacement is a Stieltjes displacement.

Lemma 2. Let (X, A) be a displacement space. Then, there exists g : X — R such that A(x,y) = g(y) — g(x)
for every x,y € X if and only if, for every x,y,z € X,

1. Alx,y) = =AMy, x),
2. AMx,z)=Axy)+ Ay, z).

Proof. Necessity is straightforward. In order to prove sufficiency, take xp € X and define g(x) =
A(xp, x) for x € X. Then,

A(x,y) = A(x,x0) + A(xo,y) = —A(xo,x) +8(v) = g(y) —g(x). O

For the interest of the work ahead, we include the following example of a non-Stieltjes
displacement.

Example 5. Let X = [0,1] and A : X% x X? — [0, +00) given by
Ax,y) = eV X ey,

Clearly, condition (H1) is satisfied. Now, for condition (H2), fix x,y € X. Since A(x, -) is a continuous
function, it is enough to show that

[A(x,y)| = sup { im [A(x,z0)|: (zn)uens C X, lim [A(y,24)] = 0} )

Let (zn)nen C X be a sequence such that |A(y,z,)| === 0. Then, we have that et 122 gty
from which we get that

,}EIC}OZ%!+Z" =y*+y. ®)

Define

h(t) = 71% V1+4t, t € [0, +o0).
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For any a € [0,1], we have that h(a? + a) = a. Therefore, applying h to both sides of expression (5) and
noting that h is a continuous function, we obtain
y=hy+y) = b (Jim, 2 +) = fim b(E o+ 2) = fim 2
n—0o

That is, if (zn)pen C X is such that |A(y, z,)| === 0, it follows that (z,,) == y. Hence, equation (4)
is trivially satisfied, and thus A is a displacement. However, A is not a Stieltjes displacement as

A(1/2,0) = e /4 —el/2 £ o712 _o1/4 — _A(0,1/2).

2.2. Displacement Topologies

It is a well-known result that a set equipped with a metric map generates a topology through
the definition of open balls. The same thing happens with displacement spaces. However, fewer nice
properties can be obtained from just the definition.

Definition 4. Given a displacement space A : X> — R, x € X and r € R™, we define the A-ball or simply
ball) of center x and radius r as

Ba(x,r):={y e X : |A(x,y)| <r}.
In addition, we define the A—topology in the following way:
Tn:={UCX :VxelIreR", By(x,r) CU}.

Clearly, T is a topology. We denote by &, the set of A-balls in X and by 7, the usual euclidean
topology of R” for any n € N.
We recall the following definition.

Definition 5. Let s be the topology generated by the intervals (—oo,r) C Rand (X, T) a topological space.
We say f : X — R is upper-semicontinuous if f : (X, t) — (R, ) is continuous.

In what follows, we will write A (y) := A(x,y).

Lemma 3. Let A : X x X — R. Then, the following are equivalent:

1. Asatisfies (H2).
2. Ba(x,r) € tpforallx € Xandr € RT.
3. Forallx € X, |Ax| : X — R is upper-semicontinuous.

Proof. 1=-2. Assume first that (X, A) satisfies (H2). Let x € X and r € R™ be fixed. If Bx(x,7) = @,
then Ba(x,7) € Ty trivially. Assume that By(x,7) # @. Let us show that, for every y € Bx(x,r), there
exists ¢ € RT such that Bx(y, &) C Ba(x,7). Assume this is not the case. Then, there exists y € Bx(x, 1)
and (z,)en C X such that, forall n € N,

Ay, zn)| < 1/n,  |D(x,z0)| > 7.
Hence, we have a sequence (z, ),y such that lim,_,« |A(y,z,)| = 0 and, by (H2),

liminf |A(x,z,)| > r > |A(x,y)| = im |A(x, z)],
n—oo z—y

which contradicts the definition of supremum.
2=1. Now, if By(x,7) € 75 forall x € X and r € RY, fix x,y € X and let r := |A(x,y)],
e € Rt. Clearly, y € Bp(x, 7+ ¢), so there exists §; € RT such that By(y,8:) C Ba(x, 7+ ¢). Hence,
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if (z4)yen C X is such that |A(y,z,)| — 0 as n — oo, there exists N € N such that |A(y, z,)| < ; for
every n > N, so |A(x,z,)| < r+ ¢ for every n > N. Hence, liminf, ;o |A(x,2z,)| < ¥+ €. Since € was
arbitrarily fixed, we get that liminf, . |A(x,z,)| < r, which ends the result.

243, Just observe that |Ay| 1 ((—o0,7)) = Ba(x,7). O

Remark 3. Note that hypothesis (H1) is not necessary for the previous result or the definition of the topology
itself. In fact, it has only been used so far to show that open balls are nonempty. Allowing the open balls to be the
empty set changes nothing as it always belongs to the topology, making the result true in any case. However,
hypothesis (H1) will be key in the definition of the displacement derivative in Section 4.

Lemmad4. Let A: X x X — R. If (H1) and (H2) hold then:

1. Every element of Ex is nonempty.
2. Every element of T is union of elements in E,.
3. &pisabasis of Tp.

Proof. 1. Since A(x,x) =0, x € B(x,r) forany r € R™.

2. Fix U € T,. By definition of 75, we know that, for every x € U, there exists ry € RT such that
B(x,ry) C U. Since x € B(x,ry), we have that X = [J,cx B(x, 7x).

3. By (H2), we have that Eo C Ta. If x e UNV for U,V € &y, since U and V are open, sois U NV
and hence, using 1, there exists W € £y suchthatx e WcCc UNnV. O

Example 6. The conditions obtained in Lemma 4 do not suffice to obtain both (H1) and (H2). Consider the
space X = {0, 1} together with the function A given by A(0,1) = A(1,1) =0, A(1,0) = A(0,0) = 1. In this
case, Eo = T and the topology coincides with that of the Sierpitiski space. Observe that A is not a displacement,
although it satisfies theses 1-3 of Lemma 4.

It is also worth observing that the map A(0,1) = A(1,1) = A(0,0) = 0, A(1,0) = 1 is a displacement
and tx = Ta. This means that, if we want to find sufficient conditions in order for a A to be a displacement,
those conditions cannot be purely topological. Furthermore, since the Sierpifiski space is not reqular, we deduce
that it is not uniformizable, and thus we conclude that not every displacement space is uniformizable.

In the particular context of the real line, some further results can be obtained. In order to achieve
them, we ask for the following hypothesis for A : X2 cR? 5 R

(H3) A(x,y) < A(x,z) forevery x,y,z € X such thaty < z.
Lemma 5. Let A : R? — R satisfy (H1)—~(H3). Then, (R, 1) is a second-countable topological space.
Proof. Firstof all, given x € Rand r € R, we can express B (x, ) as follows:

Ba(x,r) = {y € R: [A(x,y)| < 1} = {y € R: —r < Ac(y) < r} = A7 ((—r,7)).

Moreover, since Ay is non-decreasing, due to the bounded completeness of (R, <), Bx(x,r) is an
interval (not necessarily open) with extremal points

a=inf{t eR: —r < Ay(t)}, b=sup{t € R:A(t) <r}.

Let U € 5. Then, U = U,cy Ba(x, rx) by definition of open set, and so, since each B (x,7y) is a
interval, we can write

U= U (a;,b;) U U [ﬂj, b]) U U (a, br] U U [a1,by],

i€l jeJ keK leL

for some sets of indices Z, J, IC, L, where each of those intervals is an open ball of 7x.
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The set A = U<z (a;, b;) is an open set in (R, 7,) and therefore second countable, which implies
that A is Lindelof [13] (p. 182) and, hence, there exists a countable subcover of A, i.e., A = U,.en(4;,, bi,)
for some set of indices {i },cn. Similarly, the set B = Ujc 7[aj, bj) is an open set in the Sorgenfrey
line, which is hereditarily Lindelof [13] (p. 79), and so B = Upenlaj,, bj,) for some set of indices
{jn}nen. Analogously, the set C = Uy (ax, bx] can be expressed as U, e (ax,, bk, ]. Finally, the set
D = Ujcz[a;,b;] can be decomposed as D = Uz [a;, by) U Uje (a1, ], and once again, arguing as for
the sets B and C, we obtain that

D= Jm,b,)u (ay, by ],

I,eN I,eN

for some sets of indices {I, },en, {1}, } nen. However, by the definition of D, we have that a;, b; € D for
alll € L, so
D= la, b1V U lag, by,
I,eN ILeN
which is clearly countable. Therefore, U is the countable union of open balls, ie., Ty is a
second-countable topology. [

Remark 4. This last proof relies heavily on the fact that the real number system, with its usual order, is bounded
complete; that is, that every bounded (in the order sense) set has an infimum and a supremum. Observe also
that the interaction between the topologies T, and Tt plays a mayor role in the proof. Finally, hypothesis (H2) is
necessary in this result through Lemma 3, which implies that open A—balls are, indeed, open.

Related to this last point, the authors would like to comment on the fact that hypothesis (H2) will not be
necessary in the particular setting of the displacement calculus. However, it provides—as illustrated before
with Lemmas 3 and 5—some information about the relation between tp and the displacement calculus we have
yet to develop. In particular, Lemma 5 shows that, for the real line, every t,—Borel c—algebra is, in particular,
a tao—Borel o—algebra so the integration theory that will follow, when considering (H2), will be valid for the
open sets of Tp. Nevertheless, while studying specific problems—Ilike differential equations—uwe will deal, in
general, with intervals or other elements of the T,—Borel o—algebra without worrying about the specifics of the
TA topology, which, as said before, makes (H2) unneeded.

Definition 6. Given displacement spaces (X, A1) and (Y,D;), a function f : X — Y is said to be
A3—continuous if f : (X, Ta,) — (Y, Ta,) is continuous.

We say that a map f : X — R" is Ay—continuous if f : (X, A1) — (R", 1) is continuous.

As usual, continuity can be characterized using open balls, as it is shown in the following result.
Lemma 6. Let (X, A1) and (Y, Ay) be displacement spaces. A map f : X — Y is A2—continuous if and only if

Vx € X, Ve € RT 36 € R" such that f(y) € Ba,(f(x),€) Vy € Ba, (x,6). (6)

Proof. First, assume that f is A7—continuous and fix x € Rand ¢ € R*. Since U = By, (f(x),€) € Ta,,
we have that f~1(U) € 15,. Moreover, x € f~1(U) and so there exists 6 € R™ such that By, (x,8) C
f~1(U). Hence, f(Ba,(x,6)) C f(f~1(U)) C U; that s, there exists § € RT such that

(M y)| <6 = [Ma(f(x), f(y))] <&

Conversely, let U € ta,, y € f~1(U) and x = f(y). Since U € 1a,, there exists ¢, € Rt such that
Ba, (x,€x) C U. Now, condition (6) guarantees the existence of oy € R* such that

f(z) € Bay(x,8x), Vz € Bp, (Y, dy)-
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Note that By, (y,6,) C f~(U) as for any z € By, (y,6,) we have that f(z) € U. Sincey € f~1(U) was
arbitrary, f~1(U) is open and so f is A3—continuous. [

3. Displacement Measure Theory on the Real Line

In this section, we aim to define a measure over a non-degenerate interval [a, b] C R. To do so,
we will use “local” measures ji;, for z € [a, b], to construct a measure y which does not depend on a
specific point z. In order to achieve that, we will consider ([a, b], A) satisfying hypotheses (H1)—(H3),
and two extra conditions:

(H4) There exists «y : [a,b]?> — [1, +00) such that
(1) Forall x,v,z,Z € [a,b], we have
Az, %) = Az y)| < 1(2,2)[A(z,x) = Az ).
(i) Forallz € [a,b],

limy(z,z) = limy(z,z) = 1.
zZ—z zZ—2z

(ii) Forallz € [a,b], the maps y(z,-), (-, z) : [a,b] — [1,+00) are bounded.
(H5) For every x € [a,b], Ax(-) is left-continuous (with the usual topology of R) at x.

Remark 5. Note that, under hypothesis (H3), it is enough to check that there exists <y : [a, b]? — [1,+00) such
that, for all x,y € [a,b], x < y, we have

Az y) — Az, x) < 7(z,2)(AZY) — Az X)),
to confirm that (H4) holds.

First of all, note that the set of maps A : [2,b]> — R that satisfy hypotheses (H1)~(H5) is not empty,
as any Stieltjes displacement satisfies all of them. Moreover, there exist non-Stieltjes displacements
that also satisfy all of the hypotheses. To show that this is the case, we will need the following result.

Proposition 1. Let A : [a,b]?> — R be a given map and let us denote by Do A its partial derivative with respect
to its second variable. If Do A exists and is continuous on [a, b]?, and there exists r > 0 such that

DoA(x,y) >r forall (x,y) € [a,b]?,
then A satisfies (H3)—(H5).

Proof. The assumptions imply that for each x € [a, b], the mapping A(x, -) is increasing and continuous,
which is more than ((H3) and (H5). Now, fix z,z € [a,b]. Fora < x < y < b, the generalized mean
value theorem guarantees the existence of ¢ € (x,y) such that

Az, y) — Az, x) _ DyA(z, &)
Azy) — Mz, x)  DaA(z,5)

which implies (H4, i) for

v(z,z) = max {1, max D2A(z,¢) } . (7)

a<e<b DoA(Z,€)
The function v is well-defined and bounded because the three variable mapping

DZA(Zr C)

(z28) € ot — 5 75
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is continuous on a compact domain. In particular, (H4, iii) holds.

Finally, (H4, ii) is a consequence of the fact that D,A is continuous on [a, b)?, and, therefore,
uniformly continuous on |[a, b)?. Indeed, let z € [a, b] be fixed; for ¢ > 0, we can find § > 0 such that,
foreach z € [a,b], |z — Z| < §, we have that

|D2A(z,&) — DaA(2,E)| <re forevery ¢ € [a,b].
Therefore, if |z — Z| < J, we have that

’ DyA(z,§)
D2A<Z/ 6)

We have just proven that

|D2A(z,8) — DaA(Z,¢)|
DZA(Z/ g)

—1’— < e forevery{ € [a,b].

lim 228(2.6) DyA(z,¢)

I D AGE) =1 uniformlyin¢ € [a,b].

Now, for each z € [a, b], there exists ¢z such that

¥(z,Z) = max {1,
hence y(z,z) — 1as Z — z. Similarly, y(z,z2) - lasz —z. O
Example 7. Consider the non-Stieltjes displacement in Example 5, namely A : [0,1]2 x [0,1]> — R where
Ax,y) = eV X, x,y €10,1].
It clearly has continuous partial derivatives, and
DyA(x,y) = Zyeyzf"2 +eV >V >t on[0,1)% 8)
Hence, A satisfies (H1)—(H5) for -y defined as in equation (7).

Although hypothesis (H5) might seem harmless, when combined with (H4), we obtain
left-continuity everywhere.

Proposition 2. Consider ([a, b], A) satisfying hypotheses (H4) and (H5). Then, for each x € [a,b], the map
Ay @ [a,b] — Ris left-continuous everywhere (with the usual topology of R).

Proof. Lete > 0, x,y € [a, b] and <y be the map on (H4). Let us show that Ay is left-continuous at
y. Since, by (H5), A, is left-continuous at y, there exists 6 > 0 such that, for 0 < y —s < §, we have
1Ay (y) — Ay(s)| < e/v(x,y). Then, for 0 < y —s < 4, hypothesis (H4) implies that

[Bx(y) = Bx ()| < v(x,y) By (y) = By(s)| <e. O

With the previous result in mind, we can define the “local” measures ji, as the Lebesgue—Stieltjes
measure associated with the non-decreasing left-continuous map A,. We shall denote by M, the
o—algebra over which y;, is defined.

Let us denote by B the Borel o—algebra (for 7,) and by M := (,¢[; ) M:. Note that B C M as
B C M forall z € [a, b]. Moreover, M is a c—algebra as it is an arbitrary intersection of c—algebras.
Hence, we can consider the restriction of iz, z € [a, ], to M. We will still denote it by .. A set A € M
is said to be A-measurable.
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Recall that a function f : ([a,b], M) — (R, B) is measurable if and only if f~'(U) € M for
all U € B. We will say in that case that f is A-measurable. This notation will be consistent with the
A-measure that we will introduce later. Observe that f is A-measurable if and only f : ([a, b], M) —
(R, B) is measurable for all z € [a, b].

Hypothesis (H4) allows us to understand the relationship between the different possible measures
on M depending on z € [a, b]. In particular, given z,Z € [4,b], and an interval I C [a, b], it is clear that
1z(I) < v(z,z)puz(I) and, as a consequence of the definition of the Lebesgue—Stieltjes measures,

Hz(A) < v(z,z2)uz(A), forall A e M.

Thus, we have that yz < pu, < pz for all z,z € X. Hence, if a property holds p,—everywhere,
it holds p,—everywhere for all x € [a,b]. Again, in order to simplify the notation, we will say that
such property holds A—everywhere. Analogously, this expression will be consistent with the A-measure
presented later in this paper.

Then, given z,Z € [a, b], we can apply the Radon-Nikodym Theorem [14] to the measures j., jiz,
so there exist two A-measurable functions hz , h, = : [a,b] — [0,00) such that

J=(A) = /A hsydis, pa(A) = /A hysdus, forall A€ M. )

From these expressions, it is clear that h,, = 1 and hz,(t) = hzz(t)hz,(t) for A-almost all (or
simply A-a.a.) t € [a,b] and z,Z,Z € [a, b]. Hence, it follows that /1, z(t) = 1/hz,(t) for A-a.a. t € [a, b].
In addition, note that, for z,z € [a,b], h,z # 0 A—everywhere in [a, b].

Further properties are shown in the next results.

Proposition 3. Given z,z € [a, b], we have that

—_

~E7) <h,z(t) <v(z,z), A-aatelab]. (10)

Proof. First, assume that /1, z(t) < 7(z,z), does not hold for A-a.a. t € [a,b]. Then, there would exist
A € M such that uz(A) > 0 and

h,z(t) > v(z,z), forallt e A.

Hence,
pe(A) = [ hez()dus(s) > [ 722 dps(s) = v(zDps(A),
which is a contradiction. Therefore,
h,z(t) < y(z,z), A-aa.t€la,b]. (11)
For the other inequality, take /1 , as in expression (9). Using inequality (11), we have that

1
hyz(t)’

Y(Z,z) > hz,(t) = A-a.a.t € [a,b],

from which the result follows. [

Note that this result yields that, for z,Z € [a, b] fixed, we have that

—_

<hyz(t) < z), forallt b\ A
o Sha) <93, forallre fab]\ A,
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with pi;(A;) = 0. Let us define 1,z : [a,b] — [0, +00) as

=(t), if tefab]\ A
if teA,.

=
N
N
—
—
S—

Il
’_/H
_
~ N

]

Then, it follows from both inequalities in (10) that

—

e < hyz(t) < v(z,z), forallte€ [a,b]. (12)

Moreover, 1,z = h,> A-a.e. in [a,b], and in particular, y;-a.e. in [a, b]. Hence, we have that
Uz (A) = /Afzz,zdyg, forall A € M.

Thus, we can assume without loss of generality that the functions in expression (9) satisfy the
inequalities (12). Given this consideration, we can obtain the following result.

Proposition 4. Forall t € [a,b], we have that

lim h, > (t) = 1. (13)

Z—Z

Proof. Fixz,t € [a,b]. Then, from the inequalities in (12), we obtain that

< h,z(t) <(z,z), forallz € [a,b]. (14)

Hence, it is enough to consider the limit when z — Z in the previous inequalities, together with
hypothesis (H3, ii), to obtain the result. [

Remark 6. Note that, given z € [a, b], we also have that there exist mz, Mz > 0 such that
mxz < ht,z(t) < ME/ fOT’ all't € [ﬂ, b]

Indeed, fixz,t € [a, b]. Then, the inequalities (14) with z = t yield

—_

=7 <ha() <09,

Now, the result follows from (H3, iii).

We will now focus on the definition of the A-measure which is based on the integrals defined by
the measures i, z € [a, b]. We first will show that a bigger family of maps is well-defined.

Proposition 5. Let a : ([a,b], B) — ([a, b], B) be a measurable map and z € [a, b]. Then, the map po : M —
[0, +o00] given by

pu(A) = [ M (D dpa(t), A€M,

is well-defined; that is, h(-, a(-)) := hy(.) . (+) is A-measurable.

Proof. In order to show that (-, a(+)) is yz-measurable, let us define the map h; : [a,b]> — [0, +o0)
given by h(t,x) = hy.(t). We will first show that h; is a A,—Carathéodory in the sense of [9]
(Definition 7.1) adapted to our notation, that is:

(i) forevery x € [a,b], h;(-, x) is A-measurable;
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(ii) for A-a.a. t € [a,b], hy(t,-) is continuous on [a, ];
(iii) for every r > 0, there exists f, € L} ([a, b)) such that

|h(t,x)| < f;(t) for A-a.a.t € [a,b), andforallx € X, |x| <r.

Note that condition (i) is trivial as, by definition, h,(-,x) = hy(-) is A-measurable. As for
condition (ii), let x € [a, b]. It follows directly from the equality (13) that

lim hz,(t) = Um hz 5 (t)hyz(t) = hyz(t), for A-a.a.t € [a,b],

Z—X Z—X
that is, 1, (¢, -) is continuous on [a, b] for A-a.a. t € [a, b]. Finally, (H4, iii) guarantees the existence of
M > 0 such that |y(x,z)| < M for all x € [a,b]. Hence, it follows from expression (12) that

|hz(t,x)| <M, forA-aa.t€[ab], forallx € X, |x| <r.

Thus, (iii) holds, i.e., the map h; is A,—Carathéodory. Now, as it is shown in [9] (Lemma 7.2), the
composition of a A,—Carathéodory function with a Borel measurable function is A-measurable, and so
the result follows. [

Definition 7. Let a : ([a,b],B) — ([a,b],B) be a measurable map and z € [a,b]. Consider the map
Ha : M — [0, +00) given by

/h Hdus(t), AeM.

The map p, is a measure, [15] (Theorem 1.29), and it will receive the name of Ay-measure. In particular,
when « is the identity map, it will be called the A-measure, and it will be denoted by u = pg.

The following result shows that y, does not depend on a specific point of [a, b], as we intended.

Proposition 6. Let « : ([a,b], B) — ([a, b], B) be a measurable map. Then, the map y, : M — [0, +00] in
Definition 7 is independent of the choice of z € [a, b].

Proof. Letz,Z € [a,b], z # Z. Then, we have that i, 5 =(5) = ly(s) . (5)h2z(s) for A-a.a. s € [a,b] and so

/h s)d jz(s) /h s) d pz(s) /hs s)dpz(s). O

Observe that the notation we have used so far is consistent with the definition of the A-measure .
Indeed, for example, f is A-measurable if and only if it is y-measurable; as y and i, z € [a, b] are both
defined, after due restriction of y, to M, over the same o—algebra. In addition, by definition, we have
that 4 < ;. The converse is also true thanks to (H4, iii). Indeed, for z € [a, b], there exists K > 0 such
that |y(z,x)| < K for all x € [a,b]. Hence, the first inequality in (12) implies that

Thus, if u(A) = 0, then p,(A) = 0, i.e., y, < pforall z € [a,b]. Therefore, a property holds
A—everywhere if and only if it holds y—everywhere.

As a final comment, note that y : M — [0, +o0] is a Borel measure that assigns finite measure to
bounded sets. As it can be seen in [16] (This is in the book as 1.3.2 Lebesgue-Stieltjes measures on R),
this means that it can be thought of as a Lebesgue-Stieltjes measure, ji¢, given by

pgle,d)) = g(d) —g(c), cdelab] c<d, (15)
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for the nondecreasing and left-continuous function g : [a, b] — R defined as

gla) =0, g(t)=upu(lat)). (16)

Definition 8. Let X C [a,b], X € M. We define the integral of a p,-measurable function f over X with
respect to the path of A-measures o as

/fdlf‘zx :—/f ac(t) t)dpz(t),

provided the integral exists. This definition does not depend on the z chosen. As usual, we define the set of
ug—integrable functions on X as

£114a(X) = {f : X = R fis py-measurable, /X |fldua < —l—oo}.

Now, if we consider the restrictions of iz, z € [a,b], to M, we can define the set of A—integrable
functions over X € M as

£i(x) = {f : X — R : fis A-measurable, /X |f|dpz < +oo, forall z € [a, b]} .

We now study the relationship between £} (X) and E}l(X) First of all, recall that, in this
framework, p and p, are defined over the same o—algebra M, so the concepts of y-measurable
and A-measurable are equivalent. Let f € £} (X) and z € [a,b]. Hypothesis (H4, iii) implies that there
exist M > 0 such that |y(x,z)| < M forall x € [a, b]. Thus,using the second inequality in (12), we have

/|f|d# /\f $)hsz(s)| d p=(s) /If v(s,2)| d sz (s) <M/|f s)d ji(s) < +oo,

thatis, f € £,(X). Conversely, let f € £,(X) and z € [a,b]. Again, hypothesis (H4, iii) implies that
there exists K > 0 such that |y(z,x)| < K for all x € [, b]. Hence,

,/X ‘f|dy = /X|f(s)hs,z(5)|d‘1,tz(s) > /X f(S)

7(25)
s0 [y |fldpz < +o0. Since z € [a,b] was arbitrary, we have that f € £} (X). That is, E%,(X) = L1(X).
Finally, we study the behavior of u over some interesting sets related to the map A. These sets
will be fundamental in the definition of the A-derivative. Let us define the sets Cy and D, as

> [l dpss)

Ca:={x € [a,b]:A(x,-) =0in (x —¢,x+¢) forsomee € R"}, (17)
Dp :={x € [a,b] : A(x,x") #0}.

Note that C, is, by definition, an open set in the usual topology of [a, b]. Therefore, it can be
rewritten uniquely as the disjoint countable union of open intervals, say Cpo = U,;en (an,by). We define
Ny as

Np :={an, by : n € N} \ Dp. (18)

Proposition 7. Let g be as in expression (16) and let Cq and Dy be as in [4] that is,

Cq :={x € [a,b] : g is constant on (x — ¢, x + ¢) for some e € R™},
Dg :={x € [a,b] : g(xT) — g(x) > 0}.

Then, Cp = Cg and Dy = Dy.
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Proof. For the equality D = Dy, it is enough to note that, for any ¢ € [a, b], we have that

g(th) —g(t) = lim hpt(r) dpe(r) = /{t} By (r) d s (r) = e (£) (Ar(E7) — Ap(£)) = As(ET).

s—tT J[t,s)

Now, in order to see that Cy = Cg, lett € Cy. Then, A¢(-) = 0on (t —¢,t 4 ¢) for some e € RT.
Letr,s € (t —¢ t+e¢),r <s. Then, by Remark 6, we have that

0= ()~ g(r) = #(lrs)) = [ has(x)dps(x) < Mupe([r,5)) =0,

[r)s)

since [r,s) C (t — ¢t +¢€). Thus, g is constant on (t — ¢, + ). Conversely, if t € C,, then g is constant
on (t —¢,t+e¢) forsomee € RY. Letr,s € (t —¢,t +¢),r < s. Then, Remark 6 implies that

0 < m(8u(s) = Me(r) = mips([r,5) < |

() dn(x) = g(s) = g(r) = 0.
That is, A; is constant on (t — ¢, t + €), and, since A(t) = 0, it follows that t € Dy. O

The first consequence of Proposition 7 is that D, is at most countable since it is the set of
discontinuities of a monotone function. Further properties can be obtained from Propositions 2.5 and
2.6 in [4].

Corollary 1. Let Cp and Ny be as in expressions (17) and (18), respectively. Then, u(Cp) = p(Nyp) = 0.
Remark 7. As a consequence of Corollary 1, a property holds y—a.e. in E if it holds on E \ O with
Op = Cp U Nj.
Moreover, note that, if x ¢ Op, then A;(y) # Az(x), forall y,z € [a,b], x # y.

4. Displacement Derivatives

We now introduce the concept of displacement derivative of a function defined over a compact
interval (of the real line with the usual topology) endowed with a displacement structure. We chose
this setting because some nice properties, such as the linearity of the derivative, are quite helpful in
order to study the relationship between the displacement derivative and its integral.

Definition 9. Let ([a,b],A) satisfy (H1)-(H5). The derivative with respect to the displacement A (or
A—derivative) of a function f : [a,b] — R at a point x € [a,b] \ Oy is defined as follows, provided that
the corresponding limits exist:

) —f)
YR L On
tim W —S®) o,

yoxt Axy)

Observe that this definition does not require A to be symmetric. Furthermore, this definition is a
more general setting than g-derivatives (and therefore time-scales, as pointed out in [4]).

Finally, one might think that the natural choice for the definition of the derivative would be by
taking the limit in the 75 topology. However, if x & Dy, x is a continuity point of Ay, and it is easy to
see that such limit can be translated into a limit in the usual topology, which is far more convenient for
the theory that follows. It is at this point that the importance of (H1) arises as commented in Remark 3.
Without this hypothesis, we would not be able to assure that the balls of center x and any radii are
nonempty, so considering the 7, limit might not be well-defined.
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Fundamental Theorem of Calculus

In this section, we will make explicit the relationship between the A—derivative of a function f
and its integral with respect to the A-measure. In particular, our first goal now is to show that, for
f € L,([a,b]) and F(x) = Jiav) f(s) d p, the equality FA(x) = f(x) holds for y-a.a. x € [a,b]. In the
particular setting of Stieltjes derivatives, this result has been proven in different ways and can be found
in [6] and, more extensively, in [17].

In order to do so, we will follow an approach similar to that of [4], starting by guaranteeing the
differentiability of monotone functions. For that matter, we will use the following two results that are
direct consequences of Lemmas 4.2 and 4.3 in [4] adapted to our framework.

Proposition 8. Let ([a,b], A) satisfy (H1)~(H5), « >0,z € [a,b], f : [a,b] = R, P = {xp,x1,..., x5} bea
partition of [a, b] and S be a nonempty subset of {1,2,...,n}. If f(a) < f(b) and

fxx) — fxg1)
Az (x) — Bz (xk-1)

< —a foreachk €S,

then

31050 = )| > 1£0) ~ flo)| oL
where L = Y jes (B2 (xx) — Az(xk_1)). The same result is true if f(a) > f(b) and

fxx) — fxg1)
Az (x) — Az (xk_1)

>wn foreachk € S.

Proposition 9. Let ([a,b], A) satisfy (H1)-(H5) and H C (a, b) be such that for a given z € [a, b], there is
ez € RT such that u}(H) = e;. Then,

1. IfZ is any collection of open subintervals of [a, b] that covers H, then there exists a finite disjoint collection

{11, b,... ,IN} of I such that
N

€
2 ,uz(Ik) > gz
k=1
2. If Pisa finite subset of [a,b] \ Dp and T is any collection of open subintervals of [a, b] that covers H \ P,
then there exists a finite disjoint collection {I;, I, ..., IN} of Z such that

N €,
k=1

We can now prove the A-differentiability of monotone functions. To do so, we will follow the
ideas of [18].

Proposition 10. Let ([a, b], A) satisfy (H1)-(H5) and let f : [a,b] — R be a nondecreasing function. Then,
there exists N C [a, b] such that u(N) = 0 and

2 (x) exists for all x € [a,b) \ N.

Proof. First of all, note that, since f is nondecreasing, f is regulated so if x € [a,b) N Dy, f2(x) exists

_ f) = f(x)
fA(x) = W

as

Moreover, since either a2 € Dy or u({a}) = 0, it is enough to show that f(x) exists for all
x € (a,b) \ (DpUO,) according to Remark 7.
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Letx € (a,b) \ (DpUO,). Since Ax(y) # Ax(x) for any y # x, we can define the Dini upper and
lower A-derivatives as

TRl fly) - f(x) fly) — f(x)
fA(x) = llr;jxupw, fAx) = 11%1?fw.

Furthermore, since f is monotone, it has a countable number of discontinuity points, so
u({x € (a,b) \ (DA UO,) : f is discontinuous at x}) = 0.
Thus, it is enough to show that the sets
F:={x € (a,b)\ (DyUO,) : f continuous at x, f3(x) > ﬁ(x)},
E:={x € (a,b)\ (DaUO,) : fA(x) = +oo}.

Both have A-measure zero (and therefore y-measure zero).
We first show that F is a null A-measure set. Fix z € (a,0) \ (Da U Op) and define the Dini upper
and lower A,-derivatives as

FA(x) := limsup Ey)

y—=x

Note that (FH4) implies that

1A (x
E :={(a,b)\ (DyUO,) : f continuous at x, f2(x)y(z,x)v(x,z) > ﬁ(x)}
Now, since 7y : [a,b]> — [1,+00), it is clear that F, C U,y Fy with
Fy:={(a,b)\ (DyUO,) : f continuous at x, fA(x)n > ﬁ(x)},

so it suffices to show that y(F,) = 0 for all n € N. By contradiction, assume that there exists ny € N
such that yZ(FnO) > 0. In that case, we rewrite F,, as the countable union of sets F, s withr,s € Q,
r>s>0,and

Fppprs i= {x € Fy, :]TZA(x)no >r >8> ﬁ(x)} )

Thus, there exist rg, 59 € Q, rg > sp > 0, and ¢ € R such that yi;(Fy r,5,) = € Now leta = 702n§0,
B = r°+50 and i(x) = f(x) — BAz(x). Then, Fy, r,s, = H with

H:= {xanO.hZ( ) > a, 2 (x) < flx}.

Note that  is of bounded variation as it is the difference of two nondecreasing functions. Therefore,
the set

= {Z|h(xk) —h(xx_1)| : Pis a partition of [a,b], PN Dy C {a,b}}
P
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is bounded from above. Let T := sup V(h). Since a, ¢ € R, there exists a partition P = {xo, x1,...,1n —
1} of [a,b] such that x; & Dp forany k € {1,2,...,n— 1} and

L ae
Y [h(x) = h(xx-1)] > T — 1
k=1

Letx € H\ P. Then, x € (x;_y, %) for some k € {1,2,...,n}. Since h(x) > «, @(x) < —wand
both A; and h are continuous at x, we can choose ay, by € (x;_1,x;) \ Da such thatay < x < by and

h(by) — h(ay)

———— < —a or >ua,
Az(bx) —Az(ax)

depending on whether h(xx_1) > h(xg) or h(xg_1) < h(xx). Note that u;(ax,bx) = Az(byx) —
A;(ay). By doing this, we obtain a collection of open subintervals of (a,b), Z = {(ax,byx) : x €
H\ {x1,x2,...,x,_1}} that covers H \ {x1,x2,...,x,_1} and {x1,x2,...,x,_1} N Dy = @. Then,
Proposition 9 ensures the existence of a finite disjoint subcollection {I3, I, . .., Iy } of Z such that

1=

pz(Ix) >

o

k=1

Now, let Q = {yo,¥1,...,y4} be the partition of [a,b] determined by the points of P and the
endpoints of the intervals I}, I, . . ., Iy. For each [x;_1, ;| containing at least one of the intervals in
{L, L, ..., IN}, Proposition 8 yields that

)y [ (yi) — h(yi-1)| > |h(xe) = h(xe-1)] + aLy,

[Yi—1yi] C[xk—1.5]

where the summation is taken over the closed intervals determined by Q contained in [x;_1, x;| and
Ly is the sum of the A;-measures of those intervals I3, I, . . ., Iy contained in [x;_1, x]. By taking the
previous inequality and summing over k, we obtain

q n N
k; Ih(yx) — h(yx-1)| > 1;1 \h(yx) — h(yk—1)l +“];1Vz(1k) >T,

which contradicts the definition of T.
Hence, all that is left to do is to show that the seﬁ has Aﬁeasure zero. If we fix z € [a, b], then
forall x € (a,b) \ (Dp UO,), we have the inequality f2(x) < f2(x)vy(z,x) and so E C E, with

E.:={x € (a,b)\ (DaUO,): fA(x) = +ool.

Thus, it is enough to show that yi;(E;) = 0. Suppose this is not the case. Then, there is e € R™
such that p(E;) = e. Let M € R" be such that M > 3(f(b) — f(a))/e. If x € E,, then fA(x) > M and
there exist ay, by € (a,b) \ Dy such that a, < x < by and

f(bX) - f(”x)
A(by) = A (e M

Therefore, {(ax, bx) : x € E;} covers E.. Proposition 9 guarantees the existence of a finite disjoint
subcollection {1, I, .. ., Iy } such that

QI m

N
Z pz(Ix) >
k=1
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Let Iy = (ay, by) for each k. Then, p,(Ix) = Az(by) — Az(ag) as each I C (a,b) \ (Da UO,p). Now,
since f is nondecreasing, we have

1=z

N
f(0) = fa) = ) (f(be) = E Az (bi) = Az(ar)) > f(b) = f(a),

k=1

which is a contradiction. [

Finally, a key result for the proof of the Fundamental Theorem of Calculus is Fubini’s Theorem on
almost everywhere differentiation of series for A-derivatives. We now state such result, but we omit
its proof as it is essentially the one provided in [19] but using Proposition 10 instead of the classical
Lebesgue Differentiation Theorem.

Proposition 11. Let ([a, ], A) satisfy (H1)-(H5) and let (f,),en be a sequence of real-valued nondecreasing
functions on [a, b]. If the series

flx) = i fn(x) converges forall x € [a,b],

then -
= ;an(x) for y—a.a. x € [a, b)].

We now have all the necessary tools to state and prove the first part of the Fundamental Theorem
of Calculus for A-derivatives.

Theorem 1 (Fundamental Theorem of Calculus). Let f € E}L([a, b)) and F(x) = |, la,x) f(s)du. Then,
FA(x) = f(x) for y-a.a. x € [a,b).

Proof. Without loss of generality, we can assume that f > 0, as the general case can be reduced to
the difference of two such functions. Since f > 0, the function F is nondecreasing and therefore
A-differentiable. We consider several cases separately:

Case 1: If f = X(a,p), where (a, B) C (a,b), a, B & Dy, then it is obvious that FAx) =0 = X(a,p) (%) for
x & («,B). Now, if x € (,B), let H : [a,b] — R be defined as

H(t) = /[ | Fsal9)dpss),

where the integral is to be understood as a Lebesgue-Stieltjes integral. Note that H is well-defined. Then,

ar o F)—F(x) . Sy AR Ja fdp
Fi) = yligcl* CA(xy) yligcl+ A(x,y)
MOS0 dpals) = [ Bs(5) ) d ()
y—xt A(x,y)
DM OFO ) ()~ H()
y—axt A(x,y) y—xt Bx(y) — Dx(x)

= H,Ax () = hyx(x) =1= X(oc,ﬁ)(x)

where the equality Hy (x) = hxx(x) follows from the Fundamental Theorem of Calculus for the Stieltjes
derivative (see [4] (Theorem 2.4)).

Case 2: Let Mo(A) be the set of all step functions whose discontinuities are not in Dp. If f € My(A), we deduce
that FA = f p—a.e. from Case 1.
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Case 3: There exists a nondecreasing sequence (fn)5_; in Mo(A) such that lim, e fu(x) = f(x) for y-a.a.
x € [a,b). We define

Fu(x) = fudu,

[a,x)

and then it follows from the Lebesgue’s Monotone Convergence Theorem for measures that

e

F(x) = lim Fy(x) = Fi(x) + )_ (Fe(x) — F_q(x))

n—o00 =2

for all x € [a,b]. Since each summand is a nondecreasing step function of x, we can apply Case 2 and
Proposition 11 to deduce that for y—a.a. x € [a,b), we have

P = () + (R0~ R (0)
= 0+ L U) — e (29) = Jim fux) = )

General Case. Forany f € L} ([a, b)), we have f = f — f,, where each of the f;'s is the limit of a nondecreasing
sequence of step functions in the conditions of Case 3. [J

Definition 10. Let x € Rand F : [a,b] — R. We shall say that F is Ax-absolutely continuous if, for every

m

g > 0, there exists 6 > 0 such that every open pairwise disjoint family of subintervals {(a,, by)}!"_, verifying

m

Y (Ac(by) — Ax(an)) < 6

n=1
implies that
p m
Z |F(b,) — F(ay)| < e.
n=1

Amap F : [a,b] — R™ is Ay-absolutely continuous if each of its components is a A-absolutely continuous
function.

Remark 8. Note that, as a consequence of (H4), if F is Ay-absolutely continuous, it is Ay-absolutely continuous
forall y € R. Hence, we will just say that F is A-absolutely continuous.

In the following results, we present some of the properties that A-absolutely continuous
functions share.

Proposition 12. Let f : [a,b] — [c,d] be a A-absolutely continuous function and let f; : [c,d] — R satisfy a
Lipschitz condition on [c,d]. The composition f, o fi is A-absolutely continuous on [a, b].

Proof. Let L > 0 be a Lipschitz constant for f, on [c,d|. Fix x € [a,b]. For each e > 0, take 6 > 0
in Definition 10 with e replaced by &/L. Now, for an open pairwise disjoint family of subintervals
{(an, by)}_, such that

m

(Ax(by) — Ax(ay)) <6
=1

n

we have that
m

Y 12(fi(bn) = folfi(an))| < L i f1(bn) = fr(an)| <,

n=1

that is, f, o f1 is Ay-absolutely continuous. O
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Proposition 13. Let F : [a,b] — R be a A-absolutely continuous function. Then, F is of bounded variation.

Proof. To prove this result, we will use the following remark: if for any [, ] C (a,b) there exists ¢ > 0
such that the total variation of F on [«, B] is bounded from above by c, then F has bounded variation
on [a,b]. Indeed, assume that, for any [, 8] C (a,b), there exists ¢ > 0 such that the total variation of F
on [«, B] is bounded from above by c. Then, for each x € (a,b),

s - (<) (459 s P (127

Hence, |F| is bounded on [g, b]. Let K > 0 be one of its bounds. For any partition {xg, x1,...,x,}
of [a,b], we have that

n

n—1
kZ |F(x) = F(xg—1)| = |F(x1) = F(a)| + k}: |F(x¢) = F(xk—1)| + [F(b) = F(xn-1)| < 4K+,
=1 =2

and so our claim holds.

Now, to prove that F has bounded variation on [g, b], fix x € [a,b] and take ¢ = 1 in the definition
of Ay-absolute continuity. Then, there exists § > 0 such that for any family {(a,,b)}]/_, of pairwise
disjoint open subintervals of [a,b],

i(Ax(bH) —Ax(ay)) <0 = i |F(bn) — F(an)| < 1.

n=1

Consider a partition {yo,y1,...,yn} of [Ax(a), Ax(b)] such that0 < yx —yx 1 < J,k=1,2,...,n.
Define I, = A7 ([yx—1,v%)), k = 1,2,...,n. Since Ay is nondecreasing, the sets Iy are empty or they
are intervals not necessarily open nor close. Anyway, [a,b] = UI}, and so it is enough to show that F
has bounded variation on the closure of each I;. We assume the nontrivial case that is, I} = [a, by,
ag < by. If [, B] C (ag, by) and {to, t1,...,tm} is a partition of [«, B], then

m

1 (Bx(ti) = Da(tio1)) = Bx(B) = Ax(@) S Yp = Y1 <6 = ; [F(xi) = F(xiq)[ < 1.

M

Now, our previous claim implies that F has bounded variation on each I}, and therefore F has
bounded variation on [a,b]. O

Proposition 14. Let F : [a,b] — R be a A-absolutely continuous function. Then, F is left-continuous
everywhere. Moreover, F is continuous where A is continuous.

Proof. Fix x € [4,b] and ¢ > 0 and let § > 0 be given by the definition of A-absolute continuity of F.
Since Ax(+) is left-continuous at x, there exists ¢’ > 0 such that, if 0 < x —t < &', then

Ay(x) —Ax(t) <6 = |F(x)—F(t)| <e.
The proof in the case Ay is right-continuous at x € [a,b) is analogous, and we omit it. [

As a consequence of these two previous propositions, given F, a A-absolutely continuous function,
there exist two nondecreasing and left-continuous functions, F, F>, such that F = F; — F,. We denote by
i : B([a,b]) — R the Lebesgue-Stieltjes measure defined by F;, i = 1,2. Recall that Lebesgue—Stieltjes
measures are positive measures that are also outer regular; that is, for every E € B([a, b]), we have

ui(E) = inf{p;(V): E C V,V open}.
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A natural definition for a signed measure for the function F is given by

ur(E) = m1(E) — pa(E), E € B([a,b]).

Lemma 7. Let F : [a,b] — R be a A-absolutely continuous function. Then, for every x € [a,b], we have
HE M

Proof. Let x € [a,b], ¢ > 0and ¢ > 0 given by the definition of A,-absolute continuity with & replaced
by €/2. Fix an open set V C (a,b) such that u, (V) < . Without loss of generality, we can assume that
V = U,en(an, by) for a pairwise disjoint family of open intervals. For each n € N, take a;, € (a,, by).
Then, for each m € N, we have

m m
Z(Ax(bn) - Ax(a;)) = Hx (U [a;/bn)> < (V) <9,
n=1 n=1

and so Y 4 |F(by) — F(a},)| < €/2. By letting a), tend to a,, we obtain

m
Z ai)| <e/2, foreach fixedm € N.

Thus, if u(V) < 6, we have that

lur(V

[e0]
Z (an, by)

i i) <.

Let E € B([a,b]) be such that ji,(E) = 0. By outer regularity, there exist open sets V,, C [a, 1],
n € Nsuchthat E C V,;,,n € Nand

im py (Vi) = ux(E), lim p;(Vy) = u;(E), i=1,2.

n—oo n—oo

Now, by the first part of the proof, we know that lim ur(Vi) = up(E) = 0 since lim Ux(Vyy) =
n—o0 n—o0
1x(E) =0, s0
pe(E) = p1(E) — pa(E) = lim pp(Vy) = 0.

Hence, ur < py, and, since py < p, the result follows. [

Lemma8. Let f € E;([a, b]) and consider F : [a,b] — R given by

F(x) = fdpu.

[a,x)

Then, F is A-absolutely continuous.

Proof. It is enough to consider the case f > 0, as the general case can be expressed as a difference of
two functions of this type.

Fix ¢ > 0 and x € R. Hypothesis (H4, iii) implies that there exists K > 0 such that |y(¢, x)| < K for
allt € [a,b]. Since f € E%,([a, b]) = L1 ([a, b)), there exists § > 0 such that, if E € M, yx(E) < 5, then
[ f dpux < e/K. Now, noting the inequalities in (12) holds A-almost everywhere, it holds y-almost
everywhere and so

1€ ansts) = [ FOhan©ano = [ I auo > ¢ [ reraue
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Thus, if E € M, ux(E) < 6, then f ¢ fdu < e Consider {(an, by)}M_, intervals in the conditions
of the definition of Ay—absolute continuity. Take E = U[ay, by,). Then,

2 x(lan b)) = 3 (Bx(by) — Anlay ) =

n=

™=

(Ax(by) — Ax(ay)) <6

,_n

n=1

implies that

1. IF(b) ~ Flan)| = - (Flbn) ~ Flen) = 3 [ fan= [ rap<e

Theorem 2. A function F : [a,b] — R is A-absolutely continuous on [a,b] if and only if the following
conditions are fulfilled:

(i) there exists F® for y—a.a. x € [a,b];
(i) F* € L},([a,));
(iii) for each x € [a, b],

F(x) = F(a) + o )FAdy

Proof. Lemma 8 ensures that the three conditions are sufficient for F to be A-absolutely continuous.
For the converse, consider jr to be the Lebesgue-Stieltjes measure defined by F and let z € [a,b] be
fixed. Lemma 7 and the Radon-Nykodym Theorem guarantee that there exists a measurable function
l:([a,b),B) — (R,B) such that

ur(E) = / Idy, forany BorelsetE C [a,b).
E

In particular,

F(x) = F(a) = ue(la,)) = [ 1(5)dp(s).

[a,x)
Theorem 1 ensures that F2(s) = I(s) for y—a.a. s € [a,b), and so the result follows. [
5. The Relationship with Stieltjes Derivatives

As commented before, Stieltjes derivatives are, in a first approach, a particular case of
A-derivatives. However, it can be proven to be equivalent to the displacement derivatives if hypotheses
(H1)—(H5) hold. Indeed, we shall prove this equivalence through the following results.

Proposition 15. Let A : [a,b]? — R satisfy (H1)~(H5) and g : [a,b] — R be as in expression (16). Then,

%gl}g(z)(t_’sg)(t) =1, forallt € [a,b]\ Ca.

Proof. Fix t € [a,b] \ Cx. It follows from the inequalities in (14) that 1/y(t,7) < hy¢(r) < 7(r,t) for all
r € [a,b]. As a consequence, we have that

1
——— < h(r) < su r,t). (19)
sap (t,r) =) re[gs))% )
reft,s)

Since t ¢ Cx, we have that

Ax(y) >0 forally >x, and/or A,(y) <0 forally < x. (20)
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Assume the first case in condition (20) holds. Hence, for any s € [a,b], s > t, we have that

8(s) = 8(t) _ Jiug et dpit — Jigy hra()dpae fp (1) d i
Alts) Alt,s) Alts)

Now, for any s > ¢, it follows from the inequalities in (19) that

1
</ d < su r,t)A(t,s),
Sup,y” hpt(r) dpe < re[t]z)“r( )A(t, )
relt,s)

since ¢ ([t,s)) = A(t,s). Equivalently,

1 f[ts () d e o(s) — g(t)

< = < su r,t), s>t
m{lp)v(t,r) Alt,s) At,s) re[tg),)/( )
relt,s

and so, allowing s — tT, we obtain

1= tim — 1 < jm 86 =80
s—ott sup y(t 1) ~ s—tt A(t,s)
relt,s)

< lim sup v(r,t)=1.

s—tt rets)

If Ay(-) = 0 onsome [x — 6, x], > 0, then the proof is complete. Otherwise, the second condition
in (20) holds. In that case, we have that, for any s € [a,b],s < t,

8(s) = 8(t) _ gt dptt — Jyp hrp(r)d e Jigp hre(r) d
Ats) A(t,s) N Al(t,s)

(21)

Once again, it follows the inequalities in (19) that, for any s < t,

~ sup 7(r, 1) (=A(ts)) < —/[S () dpu <~

relft,s)

sup i)
rElt,s)

since u¢([s, t)) = —A(t,s). Equivalently,

sup (1) < Lo _g©) —glt) 1

rets) A(t,s) ~ At,s)  ~ sup y(tr)’
' relt,s)

s < t.

Now, the rest of the proof is analogous to the previous case, and we omit it. [

Bearing in mind the following relation,

fl&) = f(8) _ . fls) = f(t) g(s) — g(t)

M AGs) e —e() Als)

forallt € [a,b] \ Cp,
we obtain the next result.

Theorem 3. Let A : [a,b]? — R satisfy (H1)~(H5) and g : [a, b] — R be given by (16). Given f : [a,b] — R
and t € [a,b] \ Oy, f2(t) exists if and only if fo(t) exists.

Therefore, we have that both derivatives are, indeed, equivalent. This shows the interest of
studying this type of derivatives. In particular, when looking at differential equations, a wide variety of
results exists in several papers such as [4], where the authors showed that Stieltjes differential equations
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are good for studying equations on time scales and impulsive differential equations, or [9,20-23] where
we can find different types of existence and uniqueness of solution results.

However, obtaining the corresponding function g can be hard. Indeed, although equation (16)
gives an explicit expression of the function, it is defined in terms of the A-measure, which depends on
the functions (9) given by the Radon-Nidokym Theorem. The following result gives a simple way to
obtain, under certain hypotheses, the corresponding function g.

Proposition 16. Let A : [a,b]> — R satisfy (H1)~(H5) and g : [a,b] — R be given by expression (16).
Suppose that Dy A exists, is continuous, and positive on [a, b]?. Then, ¢'(t) exists for all t € [a, b], and

§'(t) = DaA(t 1).
In particular, g is strictly nondecreasing and ¢ € C*([a, b]).

Proof. Fix t € [a,b]. Since DyA(t,t) > 0, the function Ay is strictly nondecreasing in a neighborhood of
t. Thus, t ¢ Cy, and so, if we apply Proposition 15, we have that

Daa(t 1) = lim BE5) i B8) o 8(8) = (0 865) = 8(H)

s—t s —1t s—t §— 1t s—t A(t,s) s—t s—t

Hence, ¢’(t) exists and equals to DA(t, t). The rest of the result now follows. [
Example 8. Consider the non-Stieltjes displacement A : [0,1]? x [0,1]> — R in Example 7, given by
Ax,y) = e X ey,

It follows from expression (8) that the hypotheses of Proposition 16 are satisfied. Hence, we can compute
g :[0,1] — R in expression (16) as

t t
g(f)=/ DzA(s,s)dsz/ (2s+1)ds =t +t.
0 0

6. A Model for Smart Surface Textures

In this section, we develop a model for smart surfaces based on a displacement and a derivation
similar to that of the diffusion equation.

It is extended more every day to employ biomimetics in order to develop surfaces with
extraordinary properties [24]. These meta-materials imitate organic tissues with special microstructures
which modify their usual behavior. For instance, a cat’s tongue possesses backwards-facing spines, a
disposition which facilitates particles moving towards the interior of the mouth and not in the other
direction. This situation is similar to the one on the human respiratory epithelium, with the difference
that, in this other tissue, the effect is due to the active motion of the cells’ cilia, which moves mucus
and particles upwards, and not a passive result of the microstructure.

With 3D-printing (or other methods), we may obtain these surfaces for which friction depends
on direction, position, pressure, etc. We can measure friction in an indirect but simple way using
the definition of work: work is the energy necessary to move and object between two points against a given
force field. Thus, on our surface, which, for convenience in the present discussion, we will consider
one-dimensional (the higher dimensional case would be analogous), we can define a function W(x, y)
that measures the work necessary to move a point mass from x to y.

If we consider now a distribution of particles on the surface subject to random vibrations, this
kind of situation may be described as a Brownian motion, but, in the case that those particles are
very small, this model may be approximated by a diffusion process. The derivation of the classical
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diffusion process—that is, of Fick’s second law or, equivalently, the heat equation—can be found in
many references—see, for instance, [25-27].

By Nernst’s law, in the frictionless setting, the mass flowing through the point x during the time
interval (t,t 4 d t) is equal to
Au(x,t)

dx

where 1 denotes the concentration of mass, Au the spatial variation of u, D is the diffusion coefficient
and d x, d t are considered to be infinitesimal quantities. With friction, this variation of the mass flow is
impeded by the work necessary to move the particles; that is, W. We will assume that the variation of

Q=-D dt,

the mass flow is inversely proportional to the spatial variation of this work; that is,

B Au(x, t)
Q= DW(x,x+dx) df

On the other hand, the spatial variation of Q can be computed directly as
AQ=Q(xt) — Q(x+dx,t)+h(x)dxdt,

where £ is a source term in the case we allow for a continuous inflow of particles. At the same time, the
variation in the mass flowing through the sectional volume, being proportional to the concentration of
mass, can be computed as

Au(x,t) D Au(x +dx,t)

AQ = 7DW(x,x+dx) W(x+dx,x+2dx)

+h(x)dx| dt = cAu(x,t)dx.

for some constant c. In the limitd x — 0,

Au(x, t)
W(x,x +dx)

Au(x+dx,t)
W(x+dx,x+2dx)

R Oy wlAu(x,t), ~ Oy wAu(x+dx,t),
where d, 1y denotes the displacement derivative for the displacement W with respect to the variable x.
Thus,

[—Doy wAu(x,t) + Doy wAu(x +dx, t) +h(x)dx]dt = cAu(x,t)dx,

that is,
ax,wAu(x +dux, t) — ax,wAM (x, t)

Au(x,t)
dx '

b dt

+h(x)=c

Again, in the limit,
DOy0y wit(x,t) + h(x) = copu(x,t).

Now, we consider, for instance, the stationary problem with mixed two-point boundary conditions
up ' (x) +h(x) =0, wup(0)=0, u(l)=C. (22)

where C is a real constant. Integrating, we obtain the problem

uy(x) = = [ hy)dy, (1) =c. 23)

Under the conditions of Theorem 3—that is, (H1)-(H5)—we can apply theorems such as [20]
(Theorem 3.5) to derive the existence of a solution of problem (23).

7. Conclusions

In this work, we have established a theory of Calculus based on the concept of displacement.
We have studied the associated topology and measured and proved some general results regarding
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their interaction. We have also defined new concepts such as the integral with respect to a path of
measures or the displacement derivative, studied their properties, and proved a Fundamental Theorem
of Calculus that relates them. Finally, we have set up a framework in order to study displacement
equations. We have proved they can be transformed into Stieltjes differential equations, and so the
results in [9,20] can be applied to new mathematical models.

We have also left some open problems. First of all, conditions (H1) and (H2) may be weakened
further, substituted by a different set of axioms in order to achieve the same results. It will also be
interesting to analyze how these relate to other concepts that generalize the notion of metric space,
such as those derived from the conditions in [3,10], and to further explore the topological properties of
displacement spaces.

To explore how to weaken conditions (H3)-(H5) would be an even more important task. Although
very general in nature, they bound displacements to Stieltjes derivatives in a stringent way, such
as is shown in Proposition 2. In the same way, it would be interesting to generalize the theory
of displacement derivatives to the case where a general displacement is also considered in the
numerator. We believe that the natural way to define the derivative in that case is as presented
in the following definition.

Definition 11. Let ([a,b], A1) satisfy (H1)—(H5) and (R, A) satisfy (H1)—(H3). The derivative with
respect to the pair of displacements (A1, Az) (or A2—derivative) of a function f : [a,b] — R at a point
x € [a,b] \ O, is defined as follows, provided that the corresponding limits exist:

y))

_Do(f(x), f(
Ax) = 513}( My) # Do
i SO

yoxt o BAi(xy)

Again, this definition would establish a more general setting than Stieltjes derivatives, but would
also include absolute derivatives and some very well known operators, such as the p-Laplacian [28].
If we consider two functions f, ¢ : R — R, the ¢-Laplacian of y is given by

(pof) = (f)% = (Foi)si,

where A (x,y) = ¢(y) — ¢(x) for x,y € R. Note, however, that since displacements need not to be
linear in any sense, this definition could make it more difficult to prove a Fundamental Theorem
of Calculus.

We have also hinted at the possibility of developing a theory of non-symmetric length spaces,
based on the concept of displacement that generalizes the results in [12]. Furthermore, fixed point
theorems in both displacement spaces and vector displacement spaces should be studied, focusing, in
the last case, on the compatibility of the displacement with the underlying order topology (cf. [10,29]).

Finally, the properties of the integral with respect to a path of measures have to be thoroughly
studied, as this concept lays many possibilities ahead.
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