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EXISTENCE OF SOLUTIONS TO DIFFERENTIAL INCLUSIONS
WITH FRACTIONAL ORDER AND IMPULSES

MOUFFAK BENCHOHRA, SAMIRA HAMANI,
JUAN JOSE NIETO, BOUALEM ATTOU SLIMANI

ABSTRACT. We establish sufficient conditions for the existence of solutions for
a class of initial value problem for impulsive fractional differential inclusions
involving the Caputo fractional derivative. We consider the cases when the
multivalued nonlinear term takes convex values as well as nonconvex values.
The topological structure of the set of solutions is also considered.

1. INTRODUCTION

This article studies the existence and uniqueness of solutions for the initial value
problems (IVP for short), for fractional order differential inclusions,

cDoy(t) € F(t,y(t)), teJ=[0T], t£ty, k=1,....m, 1<a<2, (11)
Ayle=t, = Ie(y(ty)), k=1,....m, (1.2)

AYlime, = Tn(y(ty)), k=1,...,m, (1.3)

y(0) =yo, ¥'(0) =1, (1.4)

where °D® is the Caputo fractional derivative, F': J x R — P(R) is a multivalued
map, (P(R) is the family of all nonempty subsets of R), I and I} : R — R,
k = 1,...,m, and Yo, Y1 € RO=th<t1 < <ty < tm+1 = T, Ay|t:tk =
y(t5) = (), A'li—s, = ¥/ (E) — o' (8), y(t]) = limy g ylt + h) and y(t;) =
limy,_,g- y(tx + h) represent the right and left limits of y(¢) at t = tx, k=1,...,m.

Differential equations of fractional order have recently proved to be valuable
tools in modeling many phenomena in various fields of science and engineering.
Indeed, we can find numerous applications in viscoelasticity, electrochemistry, con-
trol, porous media, electromagnetic, etc. (see [4, [19 26], B2} 35]). There has been a
significant development in fractional differential and inclusions in recent years; see
the monographs of Kilbas et al [29], Podlubny [34], Samko et al [36] and the papers
of Agarwal et al [1], Belarbi et al [6] [7], Benchohra et al [8, 9] [T, 12], Chang and
Nieto [15], Diethelm et ol [19, 20], Furati and Tatar [23], Henderson and Ouahab
[25], Kilbas and Marzan [28], Mainardi [32], Ouahab [33], and Zhang [40] and the
references therein.
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Impulsive integer order differential equations have become important in recent
years as mathematical models of phenomena in both the physical and social sci-
ences. There has a significant development in impulsive theory especially in the
area of impulsive differential equations with fixed moments; see for instance the
monographs by Benchohra et al [10], Lakshmikantham et al [3I], and Samoilenko
and Perestyuk [37] and the papers [2],88,[39]. To the best knowledge of the authors,
no papers exist in the literature devoted to differential inclusions with fractional
order and impulses. In [3| 3] some classes of of fractional differential equations
with impulses have been considered. The aim of this paper is to continue this study.
Thus the results of the present paper initiate this subject.

This paper is organized as follows. In Section 2 we introduce some preliminary
results needed in the following sections. In Section 3 we present an existence result
for the problem —, when the right hand side is convex valued using the
nonlinear alternative of Leray-Schauder type. In Section 4 two results are given for
nonconvex valued right hand side. The first one is based upon a fixed point the-
orem for contraction multivalued maps due to Covitz and Nadler, and the second
on the nonlinear alternative of Leray-Schauder type [24] for single-valued maps,
combined with a selection theorem due to Bressan-Colombo [14] for lower semicon-
tinuous multivalued maps with decomposable values. The topological structure of
the solutions set is considered in Section 5. An example is presented in the last
section. These results extend to the multivalued case the paper by Benchohra and
Slimani [I3] and those considered in the above cited literature in the absence of im-
pulsive effect. The present results constitute a contribution to this emerging field
of research.

2. PRELIMINARIES

In this section, we introduce notation, definitions, and preliminary facts that
will be used in the remainder of this paper. Let C(J,R) be the Banach space of
continuous functions from J to R with the norm

1Yo = sup{ly(t)] : 0 <t <T7},

and let L'(J,R) denote the Banach space of functions y : J — R that are Lebesgue
integrable with the norm

T
Iyl = / ly(0)\dt.

The space AC'(J,R) consists of functions y : J — R, which are absolutely con-
tinuous, whose first derivative, y’ is absolutely continuous. Let (X, || -]|) be a
Banach space. let Py(X) = {Y € P(X) : Y closed}, P(X) = {Y € P(X) :
Y bounded}, P.,(X) = {Y € P(X) : Y compact} and P, .(X) = {Y € P(X) :
Y compact and convex}. A multivalued map G : X — P(X) is convex (closed)
valued if G(x) is convex (closed) for all z € X. G is bounded on bounded sets
if G(B) = UgepG(x) is bounded in X for all B € Py(X) (i.e., sup,cg{sup{|y| :
y € G(z)}} < 00). G is called upper semi-continuous (u.s.c.) on X if for each
xo € X, the set G(zp) is a nonempty closed subset of X, and if for each open set
N of X containing G(zg), there exists an open neighborhood Ny of g such that
G(No) € N. G is said to be completely continuous if G(B) is relatively compact
for every B € Py(X). If the multivalued map G is completely continuous with
nonempty compact values, then G is u.s.c. if and only if G has a closed graph (i.e.
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T = Twy, Yn — Ys, Yn € G(xy,) imply y. € G(z4)). G has a fixed point if there is
x € X such that z € G(x). The fixed point set of the multivalued operator G will
be denoted by Fix G. A multivalued map G : J — P, (R) is said to be measurable
if for every y € R, the function
t—d(y,G(t)) =inf{ly — 2| : z € G(t)}

is measurable. For more details on multivalued maps see the books of Aubin and
Cellina [5], Deimling [I8] and Hu and Papageorgiou [27].
Definition 2.1. A multivalued map F': J x R — P(R) is said to be Carathéodory
if

(i) t — F(t,u) is measurable for each u € R;

(ii) u+— F(t,u) is upper semicontinuous for almost all ¢t € J.
For each y € PC(J,R), define the set of selections of F' by

Spy = {ve L*J,R):v(t) € F(t,y(t)) ae. t€ J}.
Let (X, d) be a metric space induced from the normed space (X, |- |). Consider

Hy:P(X)xP(X)— R, U{occ} given by

Hy(A,B) = max{ sup d(a, B),sup d(A, b)}7
acA beB

where d(A,b) = inf,ca d(a,b), d(a, B) = infyepd(a,b). Then (P q(X), Hg) is a
metric space and (P (X), Hy) is a generalized metric space [30].
Definition 2.2. A multivalued operator N : X — P.(X) is called
(a) ~-Lipschitz if and only if there exists v > 0 such that
Hy(N(z),N(y)) < ~d(z,y), foreachz,ye X,
(b) a contraction if and only if it is -Lipschitz with v < 1.

Lemma 2.3 ([I7]). Let (X,d) be a complete metric space. If N : X — P, (X) is
a contraction, then Fix N # ().

Definition 2.4 (|29, 34]). The fractional (arbitrary) order integral of the function
h € L'([a,b],R,) of order o € R is defined by

t a—1
(t—>s)
IZh(t) = | —=———h(s)d
O
where I is the gamma function. When a = 0, we write I%h(t) = h(t) * pq(t), where
Yalt) = % for t > 0, and ¢4 (t) = 0 for t <0, and ¢, — 0(t) as « — 0, where ¢
is the delta function.

Definition 2.5 ([29, 34]). For a function h given on the interval [a, b], the Caputo
fractional-order derivative of h, is defined by

(DI =y [ (=9 KO s)ds,

(n—a)
where n = [a] + 1.

Sufficient conditions for the fractional differential and fractional integrals to exist
are given in [29].
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3. THE CONVEX CASE

In this section, we are concerned with the existence of solutions for the problem
(1.1)-(L.4) when the right hand side has convex values. Initially, we assume that F'
is a compact and convex valued multivalued map. Consider the Banach space

PC(J,R) = {y :J—=R:y e C((t, tkr1],R), k=0,...,m+ 1 and there exist
y(t),y(t), k=1,...,m with y(t;) = y(tx)}.
with the norm
lyllpc = sup |y(t)].
teJ
Set J':= [0, TI\{t1,---,tm}-

Definition 3.1. A function y € PC(J,R) U AC*((tk, tg+1),R) with its a-
derivative exists on J’ is said to be a solution of (1.1))—(1.4) if there exists a function
v € LY([0,T],R) such that v(t) € F(t,y(t)) a.e. t € J satisfies the differential
equation “D%y(¢) = v(t) on J’, and conditions
Ayli=s, = I(y(ty)), k=1,...,m,
Ay'li=r, = T(y(ty)), k=1,....m,
¥(0) =yo, ¥'0)=um

—~

<

are satisfied.

Let h : [a,b] — R be a continuous function. For the existence of solutions for
the problem (1.1)—(1.4), we need the following auxiliary lemmas.

Lemma 3.2 ([40]). Let « > 0, then the differential equation
*D*n(t) =0

has solutions h(t) = co + c1(t —a) + ca(t —a)®> + -+ co_1(t —a)" L, ¢; € R,
1=0,1,2,....,n—1, n=[a] + 1.

Lemma 3.3 ([40]). Let o > 0, then
I%°Deh(t) = h(t) + co+ c1(t —a) + ot —a)* + -+ o1 (t —a)"?
for somec; e R, 1=0,1,2,...,n—1, n=[a] + 1.

As a consequence of Lemma [3.2] and Lemma we have the following result
which is useful in what follows.

Lemma 3.4. Let 1 < a <2 and let p € PC(J,R). A function y is a solution of
the fractional integral equation

Yo +yit + ﬁ Jo & = )27 p(s)ds if t € [0,11],
Yo + ylt + F(la) Z?:l ft?_l(tl - S)Q_lp(s)ds
k ti _
y(t) = +F(0¢1*1) Zi:l(t - ti) fti—l (ti - S)a Qp(s)ds (3.1)

+ﬁ fttk (t—s)*"tp(s)ds
Y L)+ = t)Tiy(t),  ift € (b, ]
k=1,....m

if and only if y is a solution of the fractional initial-value problem
°D*(t) = p(t), for eachte J', (3.2)
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Ayli—s, = Ip(y(ty)), k=1,...,m, (3.3)
Ay, = Ik(y(ty)), k=1,....m, (3.4)
y(0) =yo, ¥'(0) = w1 (3.5)

Proof. Assume y satisfies (3.2)-(3.5). If ¢ € [0,¢1] then °D%y(t) = p(t). Lemma 3.3

implies

y(t) = co + 1t + ﬁ/o (t—s)*"1p(s)ds.

Hence ¢g = yo and ¢; = y;. Thus

1 ! a—1
y(t) =yo + 1t + (o) /0 (t—8)* "p(s)ds.

If ¢t € (t1,t2] then Lemma implies

y(t) =co+cr(t —t1) + (o) /t (t —s5)*p(s)ds. (3.6)

Ayli—, = y(t) — y(t7)

I
o~ (w+mtr+ gy [ (=97 p(s)ds)
0

I'(«)
= L(y(ty))-
Hence
1 [ o1 _
co = Yo + yit1 + F(a)/o (tr — )% p(s)ds + L (y(ty)). (3.7)
AY =i, =y (t7) =¥ (t7)
=c— (y1 + ﬁ/o 1(t1 — s)“‘2p(s)ds)
= TLi(y(ty)),
and .
=t g (=) e+ ), (3.8)

Then by (3.6)-(3.8), we have

1 b
y(t) =yo + it + =— / (t1 — 8)* 'p(s)ds
0

ey
(t - tl) h _ s a—2 $)ds
el RCEE R EY

F L) + T ) + o [ (€97 o)

(o) J;,

If t € (tx, tx+1) then again from Lemma we obtain .

Conversely, assume that y satisfies the impulsive fractional integral equation
(33). If t € [0,¢1] then y(0) = yo, ¥'(0) = y1 and using the fact that “D® is the left
inverse of I* we get

°D%y(t) = p(t), for each t € [0,#].
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If t € [tk,tkt1), kK = 1,...,m and using the fact that °D*C' = 0, where C is a
constant, we get
°DY(t) = p(t), foreacht € [tg,trt1)-
Also, we can easily show that
Ayli—s, = Ie(y(t,)), k=1,...,m,
Ay e, = Ii(y(ty)), k=1,...,m.

Our first result is based on the nonlinear alternative of Leray-Schauder type for
multivalued maps [24]. We assume the following hypotheses:

(H1) F: J xR — Pg (R) is a Carathéodory multi-valued map;
(H2) there exist p € C(J,R") and 4 : [0,00) — (0,00) continuous and nonde-
creasing such that
1E(t, u)llp = sup{[v] : v € F(t,u)} < p(t)y(|ul)
for t € J and u € R;

(H3) There exist *, ¢ : [0,00) — (0,00) continuous and nondecreasing such
that

i (u)| < 9™ ([u])  for u e R,
Th(w)| < 9" (Jul) for u € R;
(H4) There exists a number M > 0 such that
M
[vol + Tlys | + (M) + mip=(M) +mT9" (M)
where p® = sup{p(t) : t € J} and
a0 0,0 0
“= rn(erpl) * nlrjgal)) * 1“(2 —]i 1)
(H5) there exists [ € L'(J,R") such that
Hy(F(t,u), F(t,q)) < l(t)ju —a| for ae. t € J. u,u€R,
d(0,F(t,0)) <I(t), ae. te
Theorem 3.5. Under Assumptions (H1)-(H5), the initial-value problem (L.1])-(L.4)

has at least one solution on J.

Proof. We transform (1.1)—(1.3) into a fixed point problem. Consider the
multivalued operator

> 1, (3.9)

Nw) = {he PCUR) b)) =m0+t + s 3 [ (=9 "ol
0<tp<t’tk—1

+ﬁ Z (t—tk)/k (tk—S)a_zv(s)dS

0<tp<t te—1
—|—L/t (t—8)*tu(s)ds
+ Y W)+ Y - ) Tk(t), v € Sry. )

O<tp<t O<tp<t
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Clearly, from Lemma fixed points of N are solutions to (L.I)-(L.4). We shall
show that IV satisfies the assumptions of the nonlinear alternative of Leray-Schauder
type [24]. The proof will be given in several steps.

Step 1: N(y) is convex for each y € PC(J,R). Indeed, if hq, ha belong to N(y),
then there exist vq,v2 € SF,y such that for each ¢t € J we have

tr
hi(t) =yo + yit + —— / (tr — s)o‘_lvi(s)ds
I( )O<tk<t te—1

T, 20, e

0<ts <t th—1
1 t L
—I——/ t—s5)* v(s)ds
oy L €9
+ Y L))+ D =t Tk(y(ty), i=1,2.
0<tp<t 0<tn<t

Let 0 < d < 1. Then, for each t € J, we have
(dhy + (1 — d)hz)( )

— o+t + Z/t (s — )21 [dvr(5) + (1 — d)ua(s)]ds

1 a—2
+ m 0<§;<t(t - tk) [kl (tk - S) [dUI(S) i (1 - d)UQ(S)]dS
1 ¢ a—1 _ s)|ds
T /tk (t =) dvi(s) + (1 = d)ua(s)]d
+ Y L(yt)+ Y (=t Tk(y(ty)-
0<trp<t 0<trp<t

Since Sg, is convex (because F' has convex values), we have
dhy + (1 —d)he € N(y).

Step 2: N maps bounded sets into bounded sets in PC(J,R). Let B,» = {y €
PC(J,R) : ||lylls« < n*} be bounded set in PC(J,R) and y € B,~. Then for each
h € N(y) and t € J, we have by (H2)-(H3)

RO < lyol + [T+ = Z/ (1 — ) o(s)|ds
th—1

0<t <t

+ﬁ Z (tftk)/ (tr = 5)**|v(s)|ds

0<tp<t te—1

1 t — )2 |u(s)|ds
O AR ROl

+ 3 )+ D (=) T(y(ty))]
0<trp<t 0<trp<t
o, 0 a0

mT%p T
< T+ —— *

Y(n®)
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Top0 —x
+ F(Tﬁl)wm*) +my*(n*) +myp (n*).
Thus
mTapo . TapO
md’(n )+

B(*) + m* () +map (") = L.

1hlloe < lyol + 12T +
Tap()

Tt

EJDE-2010/80

Step 3: N maps bounded sets into equicontinuous sets of PC(J,R). Let 74,72 €
J, T1 < T2, By~ be abounded set of PC(J,R) asin Step 2, let y € B,~ and h € N(y),

then

[h(72) = h(m1)| < \y1|(72*71)+% Z /k (t — s)* Ho(s)|ds

( )O<tk<7'2—7'1 te—1

1 " a—1 a—1
Py L 1 e el
b TQTfso‘*lvs s
* ey [ 2= et

+ # Z (ro — tk)/ ' (tx — s)u—Q‘v(sﬂdS

M(a—1)

0<tp<t2—T1 th—1

P N z:(@_ﬁ)/k@k_@wﬂm@ms

M(a—1)

0<tp<T1 th—1

> )+ Y (e t)lTk(y(t))]

0<tp<to—T1 0<tp<tTo—T1

+(r—m) Y. Telyt)

0<trp<m1

Using (H2), (H3) we can easily prove that the right-hand side of the above inequality
tends to zero independently of y as 73 — 72. As a consequence of Steps 1 to 3
together with the Arzeld-Ascoli theorem, we can conclude that N : PC(J,R) —

P(PC(J,R)) is completely continuous.

Step 4: N has a closed graph. Let v, — v, hyy € N(yp) and h, — h,. We
need to show that h, € N(y.). h, € N(y,) means that there exists v, € Spy,

such that, for each t € J,

hao(t) = yo + y1t + 1 Z / ) (te — )2 o, (s)ds

F(oz) O<tp<t?th—1

T Ta-1)

0<ty<t te—1

1 ! a—1
+ F(Oz)/tk(t_s) vp(s)ds

+ Y L)+ Y (= te)Tk(ya(ty).

0<tp<t O<tp<t

! Z (t— tk)/ ) (ty — ) 20, (s)ds
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We must show that there exists v, € SF,, such that, for each t € J,

tr
ha(t) = yo + 1t + =— / (ty — )2 o, (s)ds
I'(a) 0<tp<t”th—1

1 " a=2y.(s)ds
1

+ () /tk (t — 8)* w.(s)ds

+ Y (gt + D (=) Th(wa(ty).

O<tp<t O<trp<t

Since F(t,-) is upper semicontinuous, then for every € > 0, there exist ng(e) > 0
such that for every n > ng, we have

vp(t) € F(t,yn(t)) C F(t,y.(t)) +eB(0,1), ae. teJ
Since F'(-,-) has compact values, then there exists a subsequence v, (-) such that
Un,, (1) = ve(1) asm — oo,

v (t) € F(t,y«(t)), ae te

Using the fact that the functions Ij, and Iy, k = 1,...,m are continuous, it can be
easily shown that h, and v, satisfy .

Step 5: A priori bounds on solutions. Let y € PC(J,R) be such that y € AN (y)
for A € (0,1). Then there exists v € Sg, such that, for each ¢t € J,

YO < lyol + [T + 7 Z (tr — )" p(s)(|y(s)])ds

o<t <t/tk-1

+% S (- t) / (1 — ) 2p(s)e(ly(s)])ds

Dla—1) 4=, teo
T :<t — ) Lp(s)up(ly(s) s
- ;quy(sm - 0§<t¥*<ly<s> )
< Jyol + 1|7 + ¢ ([lyll ) ”ZZ ) +w<llylw>”}T<Z§DO
+ %wnynm) g ([ylloe) + m " (lylloo)-

Thus
ol + y2 1T + avr(ylloe) + m* (Iylloo) +me> ([[ylloo)
Then by (H4), there exists M such that ||y|lec # M. Let

U={ye PC(J,R): [lylloc <M}

The operator N : U — P(PC(J,R)) is upper semicontinuous and completely con-
tinuous. From the choice of U, there is no y € 90U such that y € AN(y) for some
A € (0,1). As a consequence of the nonlinear alternative of Leray-Schauder type
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[24], we deduce that N has a fixed point y in U which is a solution of the problem
(1.1)—(1.4). This completes the proof. O

4. THE NONCONVEX CASE

This section is devoted to the existence of solutions for the problem —
with a nonconvex valued right hand side. Our first result is based on the fixed
point theorem for contraction multivalued map given by Covitz and Nadler [17],
and the second one on a selection theorem due to Bressan and Colombo [I4] for
lower semicontinuous operators with decomposable values combined with the non-
linear Leray-Schauder alternative. Some existence results for nonconvex valued
differential inclusions can be found in [5] 27].

For the next theorem, we use the following assumptions:

(H6) F':J xR — P.,(R) has the property that F'(-,u) : J — P.,(R) is measur-

able, convex valued and integrable bounded for each u € R;

(H7) There exist constants I*,]” > 0 such that

[k (uw) — I(@w)| < U*|lu—1|, foreachu,mweR, andk=1,...,m,
T,(u) — Tp(@)| <T'ju—7u|, foreachu,meR, andk=1,...,m.
Theorem 4.1. Assume (H5)-(HT7). If
mlT* mlT* r«
[ + +
MNa+1) TI(ae) T(a+1)
where | = sup{l(t) : t € J}, then (L.1)-(1.4) has one solution on J.

Proof. For each y € PC(J,R), the set Sp, is nonempty since by (H6), F has a
measurable selection (see [16, Theorem III.6]). We shall show that N satisfies the
assumptions of Lemma [2.3] The proof will be given in two steps.

Step 1: N(y) € P,(PC(J,R)) for each y € PC(J,R). Indeed, let (yn)n>0 €
N (y) such that y,, — g in PC(J,R). Then, y € PC(J,R) and there exists v,, € S
such that, for each t € J,

+m(*+T1)] < 1, (4.1)

yn(t) = yo + w1t + L Z / ' (te — )2 o, (s)ds

I'(a) O<tp<t’tr—1

+ﬁ > (t—tk)/k (ts — 8)° 20, (s)ds

0<tp<t te—1

1 ¢ a—1
Ty [ =
+ Z In(y(ty,)) + Z (t —te) I (y(ty))-

0<tp<t O0<tp<t
Using the fact that F' has compact values and from (H5), we may pass to a sub-
sequence if necessary to get that v, converges weakly to v in L1 (J,R) (the space
endowed with the weak topology). A standard argument shows that v,, converges
strongly to v and hence v € Sf,,. Then, for each t € J,

yn(t) —>g(t) Zyo+y1t+%) Z / ’ (tk_s)a_lv(s)ds
0<tp<tth—1
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+ % Z (t—tk)/ ' (tx — 5)* 2v(s)ds

a—1) 0<tp<t th—1

1 t L

+ 7/ (t—s)* " v(s)ds
F(O[) tk

+ > L))+ Y - t)Tk(y(ty)).

O<trp<t 0<tp<t

So, 7 € N(y).
Step 2: There exists v < 1 such that

Hy(N(y),N@©)) <v|ly — Ylloo for each y,5 € PC(J,R).

Let y,7 € PC(J,R) and hy € N(y). Then there exists vi(t) € F(¢,y(t)) such that
for each t € J,

hl(t):y0+y1t+ﬁ Z /k (ts — )% Loy (s)ds

0<tp<t’th—1
1 ! a—2
+ T(a—1) 0<%:<t(t — tg) /tkl(tk —8)* “uy(s)ds
1 ¢ o
+ F(O‘)/tk(t $)* i (s)ds
+ Y Llyt) + Y (=t Tk(y(ty))
0<tp<t 0<t,<t

From (H5) it follows that
Ha(F(t,y(t)), F(t,3(1)) < 1@)|y(t) =yl
Hence, there exists w € F(¢,7(t)) such that
01 (t) — w| <IDly(#) —7®)], e
Consider U : J — P(R) given by
Ut) = {w e R: |vi(t) —w|] <U(B)]y(t) - y(@)]}-
Since the multivalued operator V(t) = U(t) N F(¢,7(t)) is measurable (see [10]

Proposition I11.4]), there exists a function v (t) which is a measurable selection for
V. So, va(t) € F(t,5(t)), and for each t € J,

(1) — v2(8)] < 1(@E)|y(t) — H(t)].
Let us define for each t € J,

ha(t) = yo + y1t + 1 Z / ) (te — )2 ty(s)ds

I'(a) 0<tp<t’tr—1

+ ﬁ > (t—t) / "t — 5)°2ua(s)ds

0<tp<t te—1

1 ! a—1
+ F(Oz)/tk(t_s) va(s)ds

+ Y Lly)+ Yt —te)Tk(y(ty))-

0<tp<t O<tp<t
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Then for t € J,

ha(6) ~ ha)] < L e e et

T al— 1) Z / k (te — ) ?[vi(s)) — va(s)|ds

b /(H)a oy (s) — vs(s)|ds
Y ) - RGN+ Y M) - T@E)]

0<trp<t 0<tr<t
lf}/”( ) 1y(s) — 7(5)|
< — te —8)* y(s) —y(s)|ds
F(O[)k 1 te—1
S R A 2ly(s) — ()
+— t—tk/ tr — )" “ly(s) — y(s)|ds
I(a—1) 0<tr<t th—1 )
1t )
+—/ t— ) y(s) —y(s)|ds
o) tk( ) Hy(s) —5(s)|
+Zl*|y(t£)—?(tz)HZ?*Iy(t;)—@(t;)I
< T it v~ ””Tau 7l
Y —Tlloo Y —Tlloo
T(a+1) I'(a)
T
+ﬁ|\y Tlloo + Ml |y = Flloo +mTT ||y — Floo-
Thus
miT®  mlT® 1T .
By — holle < I* + Tl — Tl
[h1 = halloo < [F(QH)JF () +F(a+1) +m(l* +T0)] |y — ¥l

By an analogous relation, obtained by interchanging the roles of y and 7, it follows
that

miT®  mlT* 1T
Hy(N(y), N([®)) <

Fat D) T T T Tt
So by (4.1), N is a contraction and thus, by Lemma N has a fixed point y
which is solution to (1.1))—(1.4). The proof is complete. O

+m(l* +T7)]ly = Flloo-

Now we present a result for problem — in the spirit of the nonlinear
alternative of Leray-Schauder type [24] for single-valued maps, combined with a
selection theorem due to Bressan-Colombo for lower semicontinuous multivalued
maps with decomposable values. Details on multivalued maps with decomposable
values and their properties can be found in the recent book by Fryszkowski [22].

Let A be a subset of [0,7] x R. A is £ ® B measurable if A belongs to the o-
algebra generated by all sets of the form J x D where J is Lebesgue measurable in
[0, 7] and D is Borel measurable in R. A subset A of L([0,T],R) is decomposable
if for all u,v € A and J C [0,7] measurable, ux s +vXxjo,r—7 € A, where x stands
for the characteristic function.
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Let G : X — P(X) a multivalued operator with nonempty closed values. G is
lower semi-continuous (l.s.c.) if the set {z € X : G(z) N B # 0} is open for any
open set B in X.

Definition 4.2. Let Y be a separable metric space and let N : Y — P(L([0,T],R))
be a multivalued operator. We say N has property (BC) if

(1) N is lower semi-continuous (l.s.c.);
(2) N has nonempty closed and decomposable values.

Let F : [0,T] xR — P(R) be a multivalued map with nonempty compact values.
Assign to F the multivalued operator F : PC([0,T],R) — P(L*([0,T],R)) by
letting

Fly) ={w e L*([0,T],R) : w(t) € F(t,y(t)) for a.e. t € [0,T]}.
The operator F is called the Niemytzki operator associated with F'.

Definition 4.3. Let F : [0,7] x R — P(R) be a multivalued function with
nonempty compact values. We say F' is of lower semi-continuous type (L.s.c. type)
if its associated Niemytzki operator F is lower semi-continuous and has nonempty
closed and decomposable values.

Next we state a selection theorem due to Bressan and Colombo [I4].

Theorem 4.4 ([14]). Let Y be a separable metric space and let the operator N :
Y — P(LY([0,T],R)) be a multivalued satisfying property (BC). Then N has a
continuous selection, i.e. there exists a continuous function (single-valued) g :Y —
L'(]0,1],R) such that §(y) € N(y) for everyy € Y.

Let us introduce the following hypotheses:

(H8) F:]0,T)xR — P(R) is a nonempty compact valued multivalued map such
that:
(a) (t,y) — F(t,y) is L ® B measurable;
(b) y+— F(t,y) is lower semi-continuous for a.e. ¢t € [0,T;

(H9) for each ¢ > 0, there exists a function h, € L'([0,T],R") such that
|F(t,y)llp < hq(t) for a.e. t € [0,T] and for y € R with |y| < g¢.

The following lemma is crucial in the proof of our main theorem.

Lemma 4.5. [2I]. Let F : [0,T] xR — P(R) be a multivalued map with nonempty,
compact values. Assume that (H8), (H9) hold. Then F is of l.s.c.

Theorem 4.6. Suppose that hypotheses (H2)-(H4), (H8), (H9) are satisfied. Then
the problem (L.1)—(1.4) has at least one solution.

Proof. (H8) and (H9) imply by Lemma[4.5|that F is of lower semi-continuous type.
Then from Theorem there exists a continuous function f : PC([0,T],R) —
LY([0,T],R) such that f(y) € F(y) for all y € PC(]0,T),R). Consider the problem

‘D(t) € f(y)(t), forae teJ=[0,T], t#tp k=1,....m, 1 <a<2,

AYli=s, = Ip(y(t,)), k=1,...,m, (4
Ay'li=r, = Ti(y(ty)), k=1,...,m, (4.
y(0) =yo, ¥'(0)=u1. (4
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Clearly, if y is a solution of (4.2)—(4.5)), then y is a solution of ([1.1))-(1.4). Problem
(4.2)-(4.5) can be reformulated as a fixed point problem for the operator N; :

PC(]0,T,R) — PC([0,T],R) defined by

MO =ttt o 5 [ =9 s

1 e a—2
TR, W [ e
1 ! a—1
i L s
+ > Llyt)+ D (= t)Ta(y(ty)).
O<tp<t 0<tp<t

Using (H2)-(H4) we can easily show (using similar argument as in Theorem |3.5)
that the operator N; satisfies all conditions in the Leray-Schauder alternative. [

5. TOPOLOGICAL STRUCTURE OF THE SOLUTION SET

In this section, we present a result on the topological structure of the set of
solutions to (1.1)—(L.4).
Theorem 5.1. Assume that (H1), (H5) and the following hypotheses hold:

(H10) there exists p1 € C(J,R") such that |[F(t,u)||lp < pi(t) fort € J and
u € R;
(H11) There exist di,ds > 0 such that

() <di forueR,
[Ik(u)] <ds forueR.
Then the solution set of (L.1)-(1.4) in not empty and is compact in PC(J,R).

Proof. Let

S ={y € PC(J,R) : y is solution of (L.1)) — (1.4)}.
From Theorem S # (. Now, we prove that S is compact. Let (y,)nen € S,
then there exists v, € Sp,, and t € J such that

1 i
Yn(t) = yo +yit + (o) Z / (ty — ) Ton(s)ds
( )0<tk<t tk—1

*ﬁ > (tftk)/k (tr — 5)° v, (s)ds

0<trp<t th—1
1 )
+ —/ (t—8)* v,(s)ds
F(O{) tr
+ Z I (yn(ty,)) + Z (t— tk>7k(yn(t;))~

0<trp<t 0<tp <t
From (H1), (H10) and (H11) we can prove that there exists an M7 > 0 such that
lynlleo < My for every n > 1. As in Step 3 in Theorem we can easily show
that the set {y, : » > 1} is equicontinuous in PC(J,R), hence by Arzéla-Ascoli
Theorem we can conclude that, there exists a subsequence (denoted again by {y,})



EJDE-2010/80 IMPULSIVE FRACTIONAL DIFFERENTIAL INCLUSIONS 15
of {y,} such that y, converges to y in PC(J,R). We shall show that there exist
v(.) € F(.,y(.)) and t € J such that
1 K .
y() =yo+yt+ —— > / (tr — 5)° Lo (s)ds

I'(a) O<tp<t’th—1

+# Z (t—tk)/k (tx — 8)* 2v(s)ds

F(a o 1) 0<tp<t th—1
" ﬁ / (t=9 s+ 3, L)+ D (- Tkt

Since F'(t,.) is upper semicontinuous, for every € > 0, there exists ng(¢) > 0 such
that for every n > ng, we have

vn(t) € F(t,yn(t)) C F(t,y(t)) +eB(0,1), ae. teJ
Since F'(.,.) has compact values, there exists subsequence v, (.) such that
Un,, () = v(.) asm — oo,
v(t) € F(t,y(t)), ae tel

It is clear that
|,U"7n (t)| S pl(t)7 a.c. t € J

By Lebesgue’s dominated convergence theorem, we conclude that v € L'(J,R)
which implies that v € Sg,. Thus, for t € J, we have

1 K
y(t) = o+t s~ D / (tr — ) Lo (s)ds
(a) 0<tp<t”tr-1

+ﬁ Z (t—tk)/k (tx — 8)*2v(s)ds

O<tp<t te—1
s [ st Y )+ X (- Tkl )
(o) 123 0<trp<t 0<trp<t
Then S € P.,(PC(J,R)). O

6. AN EXAMPLE

As an application of the main results, we consider the fractional differential
inclusion

‘D%(t) € F(t,y), ae. teJ=][0,1], ¢t+# %, l<a<2, (6.1)
1
Ay|t:% = — (62)
3+1y(5 )l
1
Aglyy = —— (63)
5+1y(5 )l
y(0) =0, 4/(0)=0. (6.4

Wehave T=1, m=1,%t; =1/2 and yo = y1 = 0. Set
F(t,y) = {U € R: fl(tay) S v S f2(t7y)}a



16 M. BENCHOHRA, S. HAMANI, J. J. NIETO, B. A. SLIMANI EJDE-2010/80

where f1, fo : J x R — R are given functions,

1 — 1
Li(y(t)) = m7 Ii(y(t)) = m

Then (6.1)-(6-4) takes the form (LT.I)-(L.4). We assume that for each t € J, the
function fi(t,-) is lower semi-continuous (i.e, the set {y € R: f1(t,y) > u} is open
for each p € R), and assume that for each ¢ € J, fa(t,-) is upper semi-continuous
(i.e the set {y € R: fo(t,y) < u} is open for each p € R). Assume that there are
p € C(J,RT) and 9 : [0,00) — (0,00) continuous and nondecreasing such that

max(|f1(t,y)], | f2(t,y)]) <p@)Y(lyl), te€J, andy€eR.

Assume there exists a constant M > 0 such that
M

2p0 0 8
(F(aerl) + r’Ea))z/’(M) + 15
It is clear that F' is compact and convex valued, and it is upper semi-continuous (see

[18]). Since all the conditions of Theorem are satisfied, the problem (6.1])-(6.4)
has at least one solution y on J.

> 1.

Acknowledgements. This paper has been completed while the first author was
visiting the Abdus Salam International Centre for Theoretical Physics in Trieste
as regular associate. He likes to express his gratitude for the provided financial
support. The research of J. J. Nieto was partially supported by Ministerio de Edu-
cacion y Ciencia and FEDER, project MTM2007-61724, and by Xunta de Galicia
and FEDER, project PGIDIT05PXIC20702PN.

REFERENCES

[1] R. P. Agarwal, M. Benchohra and S. Hamani; Boundary value problems for differential in-
clusions with fractional order, Adv. Stud. Contemp. Math., 12 (2) (2008), 181-196.

[2] B. Ahmad, J. J. Nieto; Existence and approximation of solutions for a class of nonlinear
impulsive functional differential equations with anti-periodic boundary conditions, Nonlinear
Anal. 69 (2008), 3291-3298.

[3] B. Ahmad, S. Sivasundaram; Existence results for nonlinear impulsive hybrid boundary value
problems involving fractional differential equations. Nonlinear Anal. Hybrid Syst. 3 (2009),
251-258.

[4] Y,. Aoki, M. Sen, S. Paolucci; Approximation of transient temperatures in complex geometries
using fractional derivatives. Heat and Mass Transfer 44, no. 7 (2008), 771-777.

[5] J. P. Aubin and A. Cellina; Differential Inclusions, Springer-Verlag, Berlin-Heidelberg, New
York, 1984.

[6] A. Belarbi, M. Benchohra, S. Hamani and S.K. Ntouyas; Perturbed functional differential
equations with fractional order, Commun. Appl. Anal. 11 (3-4) (2007), 429-440.

[7] A. Belarbi, M. Benchohra and A. Ouahab; Uniqueness results for fractional functional differ-
ential equations with infinite delay in Fréchet spaces, Appl. Anal. 85 (2006), 1459-1470.

[8] M. Benchohra and S. Hamani; Nonlinear boundary value problems for differential Inclusions
with Caputo fractional derivative, Topol. Meth. Nonlinear Anal. 32 (1) (2008), 115-130.

[9] M. Benchohra, S. Hamani and S. K. Ntouyas; Boundary value problems for differential equa-
tions with fractional order, Surv. Math. Appl. 3 (2008), 1-12.

[10] M. Benchohra, J. Henderson and S. K. Ntouyas; Impulsive Differential Equations and Inclu-
stons, Hindawi Publishing Corporation, Vol. 2, New York, 2006.

[11] M. Benchohra, J. Henderson, S. K. Ntouyas, A. Ouahab; Existence results for fractional
order functional differential equations with infinite delay, J. Math. Anal. Appl. 338 (2008),
1340-1350.



EJDE-2010/80 IMPULSIVE FRACTIONAL DIFFERENTIAL INCLUSIONS 17

(12]

(13]
(14]
(15]
(16]
(17]

(18]
(19]

[20]
(21]
(22]
23]

[24]
[25]

[26]
27)

(28]

29]

(30]
(31]

(32]

(33]
[34]
(35]
(36]

37)

M. Benchohra, J. Henderson, S. K. Ntouyas, A. Ouahab; Existence results for fractional
functional differential inclusions with infinite delay and application to control theory, Frac.
Cale. Appl. Anal. 11 (1) (2008), 35-56.

M. Benchohra and B. A. Slimani; Impulsive fractional differential equations, Electron. J.
Differential Equations Vol. 2009 (2009), No. 10, 11 pp.

A. Bressan and G. Colombo; Extensions and selections of maps with decomposable values,
Studia Math. 90 (1988), 69-86.

Y .-K. Chang and J. J. Nieto; Some new existence results for fractional differential inclusions
with boundary conditions, Math. Comput. Model. 49 (2009), 605-609.

C. Castaing and M. Valadier; Convexr Analysis and Measurable Multifunctions, Lecture Notes
in Mathematics 580, Springer-Verlag, Berlin-Heidelberg-New York, 1977.

H. Covitz and S. B. Nadler Jr.; Multivalued contraction mappings in generalized metric
spaces, Israel J. Math. 8 (1970), 5-11.

K. Deimling; Multivalued Differential Equations, Walter De Gruyter, Berlin-New York, 1992.
K. Diethelm and A. D. Freed; On the solution of nonlinear fractional order differential equa-
tions used in the modeling of viscoplasticity, in “Scientifice Computing in Chemical Engineer-
ing II-Computational Fluid Dynamics, Reaction Engineering and Molecular Properties” (F.
Keil, W. Mackens, H. Voss, and J. Werther, Eds), pp 217-224, Springer-Verlag, Heidelberg,
1999.

K. Diethelm and N. J. Ford; Analysis of fractional differential equations, J. Math. Anal.
Appl. 265 (2002), 229-248.

M. Frigon and A. Granas; Théorémes d’existence pour des inclusions différentielles sans
convexité, C. R. Acad. Sci. Paris, Ser. I 310 (1990), 819-822.

A. Fryszkowski; Fized Point Theory for Decomposable Sets. Topological Fized Point Theory
and Its Applications, 2. Kluwer Academic Publishers, Dordrecht, 2004.

K. M. Furati and N.-E. Tatar; Behavior of solutions for a weighted Cauchy-type fractional
differential problem. J. Fract. Calc. 28 (2005), 23-42.

A. Granas and J. Dugundji; Fized Point Theory, Springer-Verlag, New York, 2003.

J. Henderson, A. Ouahab; Impulsive differential inclusions with fractional order, Comput.
Math. Appl. 59 (2010), 1191-1226.

R. Hilfer; Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.
Sh. Hu and N. Papageorgiou; Handbook of Multivalued Analysis, Theory I, Kluwer, Dor-
drecht, 1997.

A. A. Kilbas and S. A. Marzan; Nonlinear differential equations with the Caputo fractional
derivative in the space of continuously differentiable functions, Differential FEquations 41
(2005), 84-89.

A. A. Kilbas, Hari M. Srivastava, and Juan J. Trujillo; Theory and Applications of Fractional
Differential Equations. North-Holland Mathematics Studies, 204. Elsevier Science B.V., Am-
sterdam, 2006.

M. Kisielewicz; Differential Inclusions and Optimal Control, Kluwer, Dordrecht, The Nether-
lands, 1991.

V. Lakshmikantham, D. D. Bainov and P. S. Simeonov, Theory of Impulsive Differntial
Equations, Worlds Scientific, Singapore, 1989.

F. Mainardi, Fractional calculus: Some basic problems in continuum and statistical mechan-
ics, in “Fractals and Fractional Calculus in Continuum Mechanics” (A. Carpinteri and F.
Mainardi, Eds), pp. 291-348, Springer-Verlag, Wien, 1997.

A. Ouahab; Some results for fractional boundary value problem of differential inclusions,
Nonlinear Anal. 69 (2008), 3877—-3896.

I. Podlubny; Fractional Differential Equation, Academic Press, San Diego, 1999.

J. Sabatier, O. P. Agrawal, J. A. Tenreiro Machado, J. A. (Eds.); Advances in Fractional
Calculus. Theoretical Developments and Applications in Physics and Engineering. Springer,
2007

S. G. Samko, A. A. Kilbas and O. I. Marichev; Fractional Integrals and Derivatives. Theory
and Applications, Gordon and Breach, Yverdon, 1993.

A. M. Samoilenko, N. A. Perestyuk; Impulsive Differential Equations World Scientific, Sin-
gapore, 1995.



18 M. BENCHOHRA, S. HAMANI, J. J. NIETO, B. A. SLIMANI EJDE-2010/80

[38] J. Yan, A. Zhao, J. J. Nieto; Existence and global attractivity of positive periodic solution of
periodic single-species impulsive Lotka-Volterra systems. Math. Comput. Model. 40 (2004),
509-518.

[39] G. Z. Zeng, F. Y. Wang, J. J. Nieto; Complexity of delayed predator-prey model with im-
pulsive harvest and Holling type-II functional response. Adv. Complex Systems 11 (2008),
77-97.

[40] S. Zhang, Positive solutions for boundary-value problems of nonlinear fractional diffrential
equations, Electron. J. Differential Equations Vol. 2006, No. 36, 12 pp.

MOUFFAK BENCHOHRA
LABORATOIRE DE MATHEMATIQUES, UNIVERSITE DE SIDI BEL-ABBES,, B.P. 89, 22000, Sib1 BEL-
ABBES, ALGERIE

E-mail address: benchohra@univ-sba.dz

SAMIRA HAMANI
LABORATOIRE DE MATHEMATIQUES, UNIVERSITE DE SIDI BEL-ABBES,, B.P. 89, 22000, Sib1 BEL-
ABBES, ALGERIE

E-mail address: hamani_samira@yahoo.fr

JUAN JOSE NIETO
DEPARTAMENTO DE ANALISIS MATEMATICO, FACULTAD DE MATEMATICAS, UNIVERSIDAD DE SAN-
TIAGO DE COMPOSTELA, SANTIAGO DE COMPOSTELA, SPAIN

E-mail address: juanjose.nieto.roig@usc.es

BOUALEM ATTOU SLIMANI
FACULTE DES SCIENCES DE L'INGENIEUR, UNIVERSITE DE TLEMCEN, B.P. 119, 13000, TLEMCEN,
ALGERIE

E-mail address: ba_slimani@yahoo.fr



	1. Introduction
	2. Preliminaries
	3. The Convex Case
	4. The nonconvex case
	5. Topological structure of the solution set
	6. An Example
	Acknowledgements

	References

