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We study the existence of homoclinic solutions for semilinear p-Laplacian difference equations

with periodic coefficients. The proof of the main result is based on Brezis-Nirenberg’s Mountain
Pass Theorem. Several examples and remarks are given.

1. Introduction

This paper is concerned with the study of the existence of homoclinic solutions for the p-
Laplacian difference equation

A2u(k - 1) = V(k)u(k)[u(k)|"? + Af (k,u(k)) =0, u(t) — 0, |t — oo,
(1.1)

where u(k), k € Z is a sequence or real numbers, A is the difference operator Au(k) = u(k +
]-) - u(k)/

Alu(k - 1) = Au(k)|Au(k)[P? = Au(k - 1)|Au(k - 1) (1.2)
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is referred to as the p-Laplacian difference operator, and functions V (k) and f(k,x) are T-
periodic in k and satisfy suitable conditions.

In the theory of differential equations, a trajectory x(t), which is asymptotic to a
constant as |f| — oo is called doubly asymptotic or homoclinic orbit. The notion of homoclinic
orbit is introduced by Poincaré [1] for continuous Hamiltonian systems.

Recently, there is a large literature on the use of variational methods to the existence of
homoclinic or heteroclinic orbits of Hamiltonian systems; see [2-7] and the references therein.

In the recent paper of Li [8] a unified approach to the existence of homoclinic orbits
for some classes of ODE'’s with periodic potentials is presented. It is based on the Brezis and
Nirenberg’s mountain-pass theorem [9]. In this paper we extend this approach to homoclinic
orbits for discrete p-Laplacian type equations.

Discrete boundary value problems have been intensively studied in the last decade.
The studies of such kind of problems can be placed at the interface of certain mathematical
fields, such as nonlinear differential equations and numerical analysis. On the other hand,
they are strongly motivated by their applicability to mathematical physics and biology.

The variational approach to the study of various problems for difference equations has
been recently applied in, among others, the papers of Agarwal et al. [10], Cabada et al. [11],
Chen and Fang [12], Fang and Zhao [13], Jiang and Zhou [14], Ma and Guo [15], Mihdilescu
et al. [16], Kristédly et al. [17].

Along the paper, given two integer numbers a < b, we will denote [a,b] = {a,...,b}.
Moreover, for every p > 1, we consider the following function

14
Po()) = HEP2, @,(h) = % (13)

It is obvious that (D;,(t) = ¢,(t) forall t € R and p #0. Moreover

Avu(k—1) = A(py(Au(k - 1))). (1.4)
Suppose that
V :Z — Ris aT-periodic positive potential (1.5)
0 < Vo =min{V(0),..., V(T - 1)} < max{V(0),..., V(T - 1)} = Vi. (1.6)
Denote
Au) = émpmu(k -1) + gZV(k)qaq(u(k)). (1.7)

Let us consider functions f satisfying the following assumptions.

(F1) The function f(k, t) is continuous in t € R and T-periodic in k.
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(F>) The potential function F(k,t) of f(k,t)

F(k,t) = JZf(k, s)ds (1.8)

satisfies the Rabinowitz’s type condition:
There exist 4 > p > g > 1 and s > 0 such that

uF(k,t) <tf(k,t), keZ, t#0,

(1.9)
F(k,t)>0, VkeZ, fort>s>0.
(F3) f(k,t) =o(|t|"") as |t — 0.
Further we consider the semilinear eigenvalue p-Laplacian difference equation
Af,u(k —1) = V(k)u(k)|uk)|" + Af (k,u(k)) = 0, (1.10)

where A > 0 and we are looking for its homoclinic solutions, that is, solutions of (1.10) such
that u(k) — 0Oas |k| — oco.

In order to obtain homoclinic solutions of (1.10), we will use variational approach and
Brezis-Nirenberg mountain pass theorem [9].

To this end, consider the functional J : ¢9 — R, defined as

J () = A(u) = A > F(k,u(k)). (1.11)

keZ

Our main result is the following.

Theorem 1.1. Suppose that the function V : Z — R is positive and T-periodic and the functions
flk,") : Zx R — R satisfy assumptions (F1)—(F3). Then, for each A > 0, (1.10) has a nonzero
homoclinic solution u € €9, which is a critical point of the functional | : €9 — R

Moreover, given a nontrivial solution u of problem (1.10), there exist k.. two integer numbers
such that for all k > k. and k < k_, the sequence u(k) is strictly monotone.

The paper is organized as follows. In Section 2, we present the proof of the main result
and discuss the optimality of the condition (F;). In Section 3, we give some examples of
equations modeled by this kind of problems and present some additional remarks.
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2. Proof of the Main Result

Let u = {u(k) : k € Z} be a sequence, g > 1 and

keZ

21 = {u Flulg = D u(k)|T < oo},

(2.1)

keZ

% = {u s ul,, = suplu(k)| < oo}.

It is well known that if 0 < g < p, then ¢9 C ¢7. Indeed, if 3, [u(k)|? < oo, there exists
a positive integer number R, such that for all k satisfying |k| > R it is verified that |u(k)|? < 1
and, as consequence, |u(k)|” < [u(k)|? and the series 3., [u(k)| is convergent too.

Consider now the functional | : 9 — R, defined as

J () = A(u) = A Y F(k,u(k)), (2.2)

keZ
with A given in (1.7) and F defined in (1.8).
We have the following result.

Lemma 2.1. The functional J : €1 — R is well defined, C'-differentiable, and its critical points are
solutions of (1.10).

Proof. By using the inequality for nonnegative a and band p > 1

p P4 pP
(a;rb) Sa ;Lb , (2.3)

and the inclusion £7 C &7 for 1 < q < p, it follows that

SlAutk=DF <213 ()P + ju(k - D) =2 3 ju(k)P < oo. (2.4)

kezZ kezZ keZ

Now, let us see that the series Y}, F(k, u(k)) is convergent: by using (F3), it follows
that there exist 6 € (0, 1) and sufficiently large N such that

F(k,u(k)) <|u(k)|? for [u(k)|]"<6<1, |k|> N. (2.5)

Then, the series >, F(k, u(k)) is convergent and the functional J is well defined on
AR
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It is Gateaux differentiable and for v € ¢4:

(J'(w),v) = }%w

t
= > Au(k - 1)|Au(k - 1)"*Av(k - 1) 2.6)
keZ
+ 2 VR)uk) k)" o(k) = 1 3 f (k,u(k)v(k)
kezZ keZ
and partial derivatives
0
_a{l Ez; = ~A2u(k - 1) + V(R)u(R)[u(k)["? - Af (k, u(k)), 27)

are continuous functions.

Moreover the functional J is continuously Fréchet-differentiable in ¢4. It is clear, by
(2.7), that the critical points of J are solutions of (1.10).

To obtain homoclinic solutions of (1.10) we will use mountain-pass theorem of Brezis
and Nirenberg [9]. Recall its statement. Let X be a Banach space withnorm [|-|,and I : X — R
be a C!-functional. I satisfies the (PS), condition if every sequence (xx) of X such that

I(xx) — ¢, I'(xx) — 0, (2.8)
has a convergent subsequence. A sequence (xx) C X such that (2.8) holds is referred to as
(PS).-sequence. Il

Theorem 2.2 (mountain-pass theorem, Brezis and Nirenberg [9]). Let X be a Banach space with
norm || - ||, I € CY(X, R) and suppose that there exist r > 0, a« > 0 and e € X such that |le|| > r

(1) I(x) z2 aif [|x[| =,
(ii) I(e) < 0.

Let ¢ = infycr {maxo<1 I(y(t))} > a, where
I={yec(0,1,X): y(0) =0, y(1) = e}. 2.9)

Then, there exists a (PS), sequence for 1. Moreover, if 1 satisfies the (PS). condition, then c is a
critical value of I, that is, there exists ug € X such that I(ug) = ¢ and I' (1) = 0.
Note that, by assumption (1.5), the norm | - |, in £ is equivalent to

lull? = Ewk)wk)w. (2.10)
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Lemma 2.3. Suppose that (F1)—(F3) hold, then there exist p > 0, & > 0 and e € €49 such that ||€||q >p
and

(1) Jw) > aiflul, = p,
2) J(e) <0.

Proof. By (F3), there exists 6 € (0,1) such that

Vo .
< q <é. .
F(k,t) < 2(1)L|t| if [t]<6 (2.11)

Let p = (Vo/q)"/96 (V; defined in (1.6)), then, for u, ||ull, = p,

Vi 1
—57=p = |[ullf = SVR)u@)
q 9iez
(2.12)
> %|u(k)|q for all k € Z,
which implies that |u(k)| < 6 for all k € Z.
Hence, by (2.11)
ST E(ku() < 0 S ju(k)l
kezZ Zq kezZ
< b SVERmE = o ul
~ 2g\ 2\
T kez (2.13)
J () = A(u) - A > F(k,u(k))
keZ
1 1 pl
> Nullg = Il =l = ) > 0.
By (F>), there exist ¢1, c; > 0 such that F(k,t) > ¢; t# — ¢, forallt >0and k € Z.
Takev € €9, v(0) =a > 0,v(k) =0if k#0. Then, since y >p > g
J (kv) = A(xv) = A > F(k, xv(k))
keZ
949
< ;K’”ap + V(O)% ~Meiktak — o) (2.14)

<0,

if « is sufficiently large.
Then, we can take x large enough, such that for e = xv, ||e||Z =V (0)(x7 a?/q) > p? and
(2.14) holds. I
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Lemma 2.4. Suppose that the assumptions of Lemma 2.3 hold. Then, there exists ¢ > 0 and a £9-

bounded (PS), sequence for .

Proof. By Lemma 2.3 and Theorem 2.2 there exists a sequence (u,,) C €9 such that
Jum) — ¢, J'(um) — 0,

where

c= mf{maxl(r(f)) }

yel' | te[0,1]

I'={yeC([0,1],€7) : y(0) =0, y(1) =€},

and e is defined in the proof of Lemma 2.3.

We will prove that the sequence (u,,) is bounded in 9. We have for p >p > g

<],(um)rum> = Z|Aum(k - 1)|p

keZ
+ D V() um (k)| = A f (K, 1 (k) m (),
keZ keZ

and, by (F»),
w] (um) — <],(um)rum>

= (;‘ _1)Z|Aum(k—1)|P+ (g —1)ZV(k)Ium(k)l"

keZ keZ

= 1" (HF (K, um(K)) = f (b, tm (k) Y1t (k)

keZ

z(g—1>mwmﬁ=<y—qﬂmmw,

which implies that the sequence 1,, is bounded in 9.

Now we are in a position to prove Theorem 1.1.

(2.15)

(2.16)

(2.17)

(2.18)

Proof of Theorem 1.1. For any m € N, the sequence {|u,, (k)|, k € Z}, given in Lemma 2.4, is
bounded in ¢9 and, in consequence, |u, (k)| — 0 as |k| — oo. Let |u,, (k)| takes its maximum
at k,, € Z. There exists a unique j, € Z, such that j,T < ky, < (ju + 1)T and let w,, (k) =
U (k+jmT). Then |w,, (k)| takes its maximum at i,, = kj,—jimT € [0, T—1]. By the T-periodicity

of Vand f(-,t), it follows that

[[temlly = llewmll,

J(um) = J(wm).

(2.19)
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Since (uy,) is bounded in ¢4, there exists w € ¢4, such that w,, — w weakly in £9. The weak
convergence in ¢9 implies that w,,(k) — w(k) for every k € Z. Indeed, if we take a test
function vx € €9, v (k) =1, vk (j) = 0if j #k, then

Wi (k) = (Wm, k) — (w, v) = w(k). (2.20)

Moreover, for any v € ¢4
[T @m), 0)| = |[(J' (), 0 (- + juT)) |
< @)l o€+ inTH |, (2.21)

= |7 ) ||, I0ll; — O,
which implies that J'(w,,) — 0, which means that for every v € 9,

D pp(Bwp(k = 1) Av(k = 1) + > V(K)pg(wm(k))o(k)

keZ keZ

-1 D f(k,wm(k))v(k) — 0, Vk€Z, asm— co.
kezZ

(2.22)

Let us take v € ¢9 with compact support, that is, there exist a,b € Z, a < b such that
v(k) =0ifk € Z\[a,b]land v(k) #0if k € {a+1,b—1}. The set of such elements Zg is dense in
¢1because if v € £9 and v, € €g is such that v, (j) = 0if |j| > k + 1, vk (j) = v(j) if |j| < k, then
llo — okl g — Oas k — oo. Taking v € €g in (2.22), due to the finite sums and the continuity
of functions f(k, -), we obtain, passing to a limit, that

> op(Aw(k - 1)) Av(k - 1) + DV (k)pg(w(k))v(k)

keZ keZ

-1 fkw(k)v(k) =0, Yoell.
keZ

(2.23)

From the density of I in €9, we deduce that the previous equality is fulfilled for all
v € ¢9 and, in consequence, w is a critical point of the functional J, that is, w is a solution of
(1.10).

It remains to show that w #0.

Assuming, on the contrary, that w = 0, we conclude that

[Umle = |Wi|o, = max{|wy (k)| :k€Z}—0, as m— oo. (2.24)

By (F3), for a given € > 0, there exists 6 > 0, such that if |x| < & then, for every
k € [0,T - 1], the following inequalities holds:

|F(k,x)| < e]x|7,
2.25
| f (k, x)x]| < elx]". (2.25)
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By (2.24), for every k € [0,T — 1], there exists a positive integer My such that for
all m > My it follows that |w,, (k)| < 6. Since the maximum value of |w,,| is attained at
im € [0,T - 1], it follows that for m > M = max{ My : k € [0,T — 1]} and every k € Z

[wim (k)| < [wm(im)| < 6. (2.26)
Then, by (2.25), for m > M and every k € Z:

|F (k, win (k)| < elwm(k)[?,

(2.27)
|f(k, wm(k))wm(k)l < glwn(k)|,
which implies that
0< qJ(wn) = T FAwnk - DI + SV (R)wn(k)l? - A3 F (k, w,(K))
pkeZ keZ keZ
< Y Awp(k = 1)P + D V()| (k)T = 1> f (k, wm (k) wm (k)
keZ kezZ keZ
=AY (qF (k, i (k) = f (k, @ (k) wm(K)) (2.28)

keZ
< (J' (W), wm) + A(qslwmﬂ + £|wmlg>

+1
Vo

< |1 @om) || Nleomll, + e L= oS-

Since ||wy|| is bounded in €9, J'(w,,) — 0 and ¢ is arbitrary, by (2.28) we obtain a
contradiction with J(w,,) = J(um) — ¢ > 0. The proof of the first part is complete.

Now, let u be a nonzero homoclinic solution of problem (1.10). Assume that it attains
positive local maximums and/or negative local minimums at infinitely many points k,. In
particular we can assume that {|k,|} — oo. In consequence Af,u(k,1 -Du(k,) <0and u(k,) —
0.

From this, multiplying in (1.10) by u(k,)/|u(k,)|?, we have

fhen, u(kn))u(ky) _ Apulln = Dulkn)  f(kn, u(kn))u(ky)
A > +A
(k) |7 [t (k) |7 (k) |7

=V(k,) >Vo>0. (229)

By means of condition (F3) we arrive at the following contradiction:

. f(kn, u(kn))u(kn)
0=1lim T >V > 0. (2.30)

Suppose now that function u vanishes at infinitely many points I,. From condition
(F3) we conclude that A%u(l,1 - 1) = 0 and, in consequence, u(l, — 1)u(l, + 1) < 0. Therefore
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it has an unbounded sequence of positive local maximums and negative local minimumes, in
contradiction with the previous assertion.

As a direct consequence of the two previous properties, we deduce that, for |k| large
enough, function u has constant sign and it is strictly monotone. Il

To illustrate the optimality of the obtained results, we present in the sequel an example
in which it is pointed out that condition (F,) cannot be removed to deduce the existence result
proved in Theorem 1.1.

Example 2.5. Let W(k) > 0 be a T-periodic sequence, W; = max{W(k) : k € [0,T - 1]},
p>q>1andr > gbe fixed. Consider problem (1.10) with

(2.31)

WHg, (1) <1,
f(k,t)={ e
W(K)p () if [ > 1.

It is obvious that condition (F;) holds. Since r > g we have that condition (F3) is
trivially fulfilled. Concerning to condition (F;), we have that

if |t <1,

. (2.32)
W(k)<ﬂ + ﬂ) i1 > 1.
q  ar

Itis clear that F(k,t) > 0 for all  #0 and that uF(k,t) <t f(k,t) forall t € [-1,1] if and
onlyif O<pu<r.

When [t| > 1, the inequality uF(k,t) <tf(k,t) holds if and only if either y = gor u > g
and

wr-a) _

|9 < .
r(p-q)

(2.33)

As consequence, the inequality uF(k,t) < tf(k,t) for all t#0 is satisfied if and only if
U = g, that is, condition (F;) does not hold.

Let us see that this problem has only the trivial solution for small values of the
parameter A.

Since r > g, it is not difficult to verify that, for 0 < A < (g —1)Vp/(r — 1) W4, the function
Af(k,t) — V(k)yp,(t) is strictly decreasing for every integer k. So, for A in that situation, we
have that

(Af(k,t) = V(k)pq(t))t <0 forall t#0 and all k € Z. (2.34)

Suppose that there is a nontrivial solution u of the considered problem, and moreover
it takes some positive values. Let ko be such that u(ko) = max{u(k); k € Z} > 0. In such a case
we deduce the following contradiction:

0= Aju(ko — 1) = V(ko)p, (u(ko)) + Af (ko, u(ko)) < Apu(ko —1) 0. (2.35)
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Analogously it can be verified that the solution u has no negative values on Z.

3. Remarks and Examples

In this section we will consider some examples and remarks on applications and extensions
of Theorem 1.1 to the existence of homoclinic solutions of difference equations of following

types:

(A) Second-order discrete p-Laplacian equations of the form
Arz)u(k ~1) = V(k)u(k)|u(k) |7 + Ab(k)u(k)|u(k)| > = 0, (3.1)

withr>p>g>1.
(B) Higher even-order difference equations. A model equation is the fourth-order
extended Fisher-Kolmogorov equation

Atu(k -2) — aAu(k — 1) + V(k)u(k)|u(k)|9? - Ab(k)u(k)|u(k)|* = 0, (3.2)

with 7 > g > 1.
(C) Second-order difference equations with cubic and quintic nonlinearities of the
forms

Au(k —1) - V(k)u(k) + A(b(k)u3(k) + c(k)uS(k)> -0, (3.3)

A2u(k - 1) - a(k)u(k) + A(b(k)uZ(k) + c(k)u3(k)> =0, (3.4)

arising in mathematical physics and biology.

(A) Second-Order Discrete p -Laplacian Equations.

The spectrum of the Dirichlet problem (Dy) for (3.1), subject to Dirichlet boundary
conditions

u(0) =u(N +1) =0, (3.5)

is studied in [17]. It is proved thatif 2 < r < g, N >2and b : [1, N] — (0,00) is a given
function, then there exist two positive constants 1o(IN) and A;(IN) with Ao(N) < A1(N) such
that no A € (0,19(IN)) is an eigenvalue of problem (Dy) while any A € [A1(N), 00) is an
eigenvalue of problem (Dy). Moreover, we have

L(N) <7 A0(N), <A(N) SL(N) S B(r,q,b,N),  (36)

(N +1)°|b|.,
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where B(r,q,b,N) = r(q - 2)/((q = ) 33, b)) (N (g =)/ (q(r =2)))"2/"? and |b],, =
maxke[1,N1b(k). Note that if b(k) is positive and b(k) > b > 0 then

B(r,q,b,N) < KNT9/(4-2), (3.7)

where K is a constant depending on p, g, b, which implies that Ao(IN) — 0and A;(N) — 0
as N — oo. It implies that for a given ¢ > 0, there exists Ny such that for any N > Nj, the
problem (Dy) has a solution for every A > ¢ > 0.

We extend this phenomenon, looking for homoclinic solutions of (3.1). Applying
Theorem 1.1 with f(k,t) = b(k)p,(t), F(k,t) = b(k)®,(t) and p = r > p > g > 1, we obtain the
following.

Corollary 3.1. Suppose that the function V : 7 — R is positive and T-periodicand r > p > g > 1.
Then, for each X > 0, (3.1) has a nonzero homoclinic solution.

Moreover, given a nontrivial solution u of problem (3.1), there exist k, two integer numbers
such that for all k > k. and k < k_, the sequence u(k) is strictly monotone.

(B) Higher Even-Order Difference Equations.

The statement of Theorem 1.1 can be extended to higher even-order difference equations. For
simplicity we consider the fourth-order difference equations of the form

A2 (g, (8%u(k ~2)) ) = al (gp, (Au(k = 1)) + V(k)gq(u(k)) = Af (k,u(k)) =0, (3.8)

where f(k,-) € C(R,R) for each k € Z, satisfy the assumptions (F;)—(F3).
We consider the functional J; : €9 — R,

Ji(u) = Ar(u) = A Y F(k, u(k)), (3.9)
kezZ
where
Ar(u) = D Dy, (Azu(k - 2)) +a®p, (Au(k - 1)) + V(k)Dq(u(k)), (3.10)

kezZ

which is well defined for u >p; >qg>1, j=1,2.
Note that the series 3 ;. @p, (A%u(k - 2)) is convergent because

@,, <A2u(k - 2)) = @y, (u(k) - 2u(k — 1) + u(k - 2))

2.3p271
<

=" (k)P + Ju(k = 1) + |u(k - 2)1), (3.11)
2.3
@, (A%u(k -2 i k)P,
2.0 (%u(k-2)) < == S ju(k)

while ;o |u(k)|P> is convergent since g < p».
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Now following the steps of the proof of Theorem 1.1 one can prove the following.

Theorem 3.2. Suppose that a > 0, the function V : 7Z — R is positive and T-periodic and the
functions f(k,-) : Zx R — R satisfy assumptions (F1)—(F3) and p > p; > q > 1, j=1,2. Then, for
each A >0, (3.8) has a nonzero homoclinic solution u € €4, which is a critical point of the functional
]1 101 - R

A typical example of (3.8) is (3.2), which is a discretization of a fourth-order extended
Fisher-Kolmogorov equation. Homoclinic solutions for fourth-order ODEs are studied in [7]
using variational approach and concentration-compactness arguments. As a consequence of
Theorem 3.2 we obtain the following corollary.

Corollary 3.3. Suppose that a > 0, the function V : Z — R is positive and T-periodic and r > g > 1.
Then, for each A > 0, (3.2) has a nonzero homoclinic solution u € €4.

(C) Second-Order Difference Equations with Cubic and Quintic Nonlinearities.

Our next example is (3.3), known as stationary Ginzubrg-Landau equation with cubic-quintic
nonlinearity. We refer to [18, 19] and references therein. From physical point of view it is
interesting the case b(k) = b, c¢(k) = ¢, bc < 0. Theorem 1.1 can be applied for f(k,t) =
b(k)t> +c(k)t®> with b(k), c(k), T-periodic, and c(k) positive. Then f (k, t) satisfies assumptions
(F1)—(F3) with p = 4 and as a consequence we have the following corollary.

Corollary 3.4. Suppose that the functions V : Z — R, b:7Z — Rand c : Z — R are T-periodic
and V and c are positive. Then, for each A > 0, (3.3) has a nonzero homoclinic solution u € 2.

Moreover, given a nontrivial solution u of problem (1.10), there exist k.. two integer numbers
such that for all k > k. and k < k_, the sequence u(k) is strictly monotone.

Moreover, we can prove that if in addition to conditions (F;)-(F3) the following
condition holds:

(F4) f(k,t)>0forallt<0andall keZ,

the homoclinic solution of (1.10) is positive.

Indeed, let u be a homoclinic solution of (1.10) and assume that (F4) holds. Suppose
that there exists ko such that u(ko) < 0 and let k; be such that u(k;) = min{u(k), k € Z} < 0.
In consequence Af,u(kl —1) > 0, which implies that

Af (k, u(kn)) = =Aju(ky = 1) + V (ki) gq(u(ki)) <0, (3.12)

in contradiction with (F4). Then u(k) > 0 for every k € Z.

If u(kz) = 0 for some k, € Z, we know that A,u(k, — 1) = 0 and, in consequence,
u(ky — )u(k; + 1) <0, and we arrive at a contradiction as in the previous case.

We summarize above observations in the following.

Theorem 3.5. Suppose that the function V : Z — R is positive and T-periodic and the functions
f(k,-) : ZxR — R satisfy assumptions (F1), (F2), and (F3). Then, for each A > 0, (1.10) has a
nonzero homoclinic solution u € ¢9. If moreover (Fy) holds, u is a positive solution on Z that is strictly
monotone for |k| large enough.
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In the case g = 2 we can estimate the maximum of the solution u, provided the
additional assumption

(Fs) Assume that for all t > 0 and k € Z function f(k,-) has the form f(k,t) = tg(k,t),
where g(k,t) is T-periodic in k, g(k,0) = 0 and for each k, g(k, t) is increasing in ¢
fort > 0.

Let g7!(k,t) be the inverse function of g(k,t) for t > 0. We have that g7!(k,t) is
increasing in t for t > 0. Let u be a positive homoclinic solution of (1.10) in view of last
theorem and u(kp) > 0 is its maximum. Note that, in view of the periodicity of coefficients,
if u(-) is a solution of (1.10), then u(- + jT), j € Z is also a solution of (1.10). Hence, we may
assume that ko € [0, T — 1]. Then Af,u(ko -1)<0and

Au(ki)g (ki, u(ky)) = V(ki)u(ki) 20, (3.13)

and hence by properties of g and V
u(kr) > g™ <k1, %) (3.14)

Thus

max{u(k) : k€ [0,T-1]} > min{g—1<k, %) 1k e[0,T-1] } (3.15)

We summarize above observation in the following.

Corollary 3.6. Let g = 2 and suppose that the functions V. : 2 — Rand f : Z — R satisfy
assumptions of Theorem 3.5. Then, if in addition, f satisfies condition (Fs), the positive homoclinic
solution of the equation

Af,u(k -1) - V(k)u(k) + Au(k)g(k,u(k)) =0, (3.16)

satisfies the estimate (3.15).

Our next example, concerning Theorem 3.5, are (3.4) and
A2u(k - 1) - a(k)u(k) + )L<b(k)u2(k) + c(k)ui(k)> -0, (3.17)

where u, = max{u,0}.

Positive homoclinic solutions of corresponding differential equation are studied in [3]
and periodic solutions in [20]. We suppose that the coefficients a(k), b(k), and c(k) are T-
periodic and there are constants a, b, B, ¢, and C such that

O<a<a(k), 0<b<bk)<B, O0<c<ck)<C, Vkel0,T-1]. (3.18)
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By Theorem 3.5, (3.17) has a positive solution u, which is a critical point of the functional
I:2 >R

I(w) = > Dp(Au(k - 1)) + ;Za(k)uz(k) - AZ(;b(k)u%k) + ic(k)ui(k)) (3.19)
keZ keZ keZ

Clearly, the positive solution of (3.17) is a positive solution of (3.4) too.
Further, let u take its positive maximum at k; € [0,T — 1], then Af,u(kl —1) <0and,
since u(k1) > 0, we have from (3.4) that

—a(ki) + )L<b(k1)u(k1) + c(kl)uz(k1)> > 0. (3.20)

In view of (3.18), the last inequality implies

LR Vb (k1) + 4da(ky)e (k) G
ulkr) 2 21c(ky) '
or
_ 212 _ 2
max{u(k) : ke [0,T-1]) > 2B+ \/2)13 tdlac _ -B+ VZ(; dac/i (3.22)

We obtain a positive lower bound for max{u(k) : k € [0,T — 1]} in the case

0<A< % (3.23)

and (3.22) shows that max{u(k) : k € [0,T — 1]} blows up, that s, tends to +eo as A — 0.
We summarize above facts in the following.

Corollary 3.7. Let p > 1,1 > 0and a(k), b(k) and c(k) be T-periodic sequences.
Assume that there are constants a, b, B, ¢, and C such that (3.18) holds. Then,

A2u(k - 1) - a(k)u(k) + /\(b(k)uz(k) + c(k)u3(k)) =0, (3.24)
has a positive homoclinic solution and for 0 < A < 4ac/(B* - b?),

— 2
B+ \/b + 4[1C/.)L > 0. (325)

max{u(k) : ke [0, T-1]} > °C

Let A,, — 0. By the last statement, if u,, is the solution of the equation

Au(k =1) = a(k)u(k) + An (b(k)uz(k) + c(k)u3(k)> =0, (3.26)
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then

n}iinoo max{u, (k) : ke [0, T-1]} = +oo. (3.27)

Let k;, € [0, T — 1] be such that u,(k,,) = max{uy,(k) : k € [0, T —1]}. Since k;, is an
infinite sequence of integers, by Dirichlet principle, there exists a fixed k. € [0,T — 1] and a
subsequence of u,,, still denoted by u,,, such that u,,(ky;) = tm(ks) and limy, - o (ki) = +o0.
Note thatif T =2,thenk, =0ork, =1.
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