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Resumen

En la actualidad, el Modelo Estándar es el mejor marco teórico de que disponemos
para describir multitud de fenómenos de física de partículas. Dentro del mismo,
la Cromodinámica Cuántica (QCD) es la teoría que describe la interacción fuerte
entre quarks y gluones, de los que están compuestos los hadrones. En este trabajo
estudiamos diversos procesos hadrónicos donde se involucran bajas transferencias
de energías y momentos. Al contrario que en otras teorías del Modelo Estándar, en
este régimen, la aproximación perturbativa para QCD no resulta adecuada, porque
la intensidad de la interacción fuerte aumenta al disminuir las escalas energéticas
relevantes (q), dando lugar a la propiedad de confinamiento para q ≤ΛQCD ∼ 200−
250 MeV. En la práctica, es necesario resolver no perturbativamente QCD utilizando
técnicas Monte Carlo en un espacio-tiempo discretizado (lattice QCD), o formular
teorías efectivas, que son aproximaciones de la teoría subyacente (QCD) basadas
en ciertas de sus simetrías, exactas o aproximadas. En esta tesis describimos la
dinámica de algunas resonancias, que interpretamos como moléculas, producto de
la interacción entre dos hadrones. Para ello utilizamos una combinación de teorías
efectivas y resumaciones no perturbativas.

El trabajo se estructura en cuatro partes. En la Parte I se presenta el forma-
lismo físico-matemático necesario para obtener y analizar los resultados del resto de
la tesis. Empezamos con un primer capítulo introductorio muy generico. A conti-
nuación, en el Capítulo 2 se describen brevemente QCD y la teoría quiral de per-
turbaciones (χPT), la teoría efectiva que describe las interacciones entre bosones de
Goldstone y de estos mesones con otras partículas (mesones vectoriales y bariones
ligeros o hadrones con un quark pesado), también estudiadas en esta memoria. En
este mismo capítulo se discute el formalismo del local hidden gauge (LHG), que pro-
pone una extensión de χPT para incluir las interacciones de los mesones vectoriales,
y finalmente la simetría de espín de quarks pesados (HQSS). En este último caso,
se presta una atención especial a las simplificaciones que se deducen, en el límite de
masa de quark infinita, para la evaluación de elementos de matriz de transiciones
que involucran estados iniciales y finales con hadrones pesados. En el Capítulo 3,
se presenta una breve introducción a la teoría de dispersión de dos cuerpos, a los
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conceptos de unitariedad, analiticidad, y a la definición de las hojas de Riemann de
la amplitud extendida al plano complejo. A continuación, se extiende el formalismo
para estudiar canales acoplados y presentamos el esquema quiral unitario (CUA),
donde se restaura unitariedad en las amplitudes quirales del Capítulo 3 utilizando
la ecuación de Bethe-Salpeter (BSE)1. Por último, utilizando los conceptos de uni-
tariedad y analiticidad, en la última sección se detallan las condiciones para las que
los loops con topología triangular, que pueden dar lugar a singularidades en el plano
complejo de la matriz T, produzcan efectos visibles en los espectros experimentales.

En las Partes II, III y IV se presentan los resultados de esta tesis, todos publica-
dos en revistas internacionales del primer tercil especializadas en física hadrónica [1–
11].

En primer lugar (Parte II), abordamos diversos procesos en el sector ligero em-
pleando las técnicas y los modelos presentados en la Parte I. En el Capítulo 4, es-
tudiamos la desintegración τ− → ντM1M2, con M1, M2 mesones pseudoescalares (P)
o vectoriales (V), usando álgebra de momento angular y evaluando los efectos de-
bidos a la interacción fuerte de los mesones finales. Se relacionan los distintos modos
de desintegración y se discute una interpretación diferente del papel que juega la
simetría de G−paridad para estos procesos. Observamos que las anchuras de produc-
ción de mesones pseudoescalares (PP) en onda p, obtenidas dentro del esquema CUA,
son compatibles con los resultados experimentales, mientras que comprobamos que
no sucede lo mismo con la producción de pares pseudoescalar-vector (PV) y vector-
vector (VV). Para estos dos últimos modos de desintegración, asumimos por tanto
que la dinámica está dominada por la onda s. Comparamos nuestros resultados con
los datos experimentales, y realizamos predicciones de otros modos para los que no
existe información. Analizamos la distribución de masas M1M2 y demostramos su
gran utilidad para estudiar la interacción mesón-mesón y la naturaleza de algunas
resonancias generadas en dichas desintegraciones.

En el Capítulo 5 se examinan las propiedades de las resonancias N∗(1535) y
N∗(1650) a partir de la distribuciones de masas para distintos estados MB en las
desintegraciones Λc → K̄0MB, con MB = πN(I = 1/2), ηp y KΣ(I = 1/2). Se calcu-
lan las contribuciones a nivel árbol y a un loop, incluyendo mezclas entre canales
pseudoescalar-barión y vector-barión usando el formalismo del LHG. Observamos
que en la distribución de masas πη, sólo el estado N∗(1535) contribuye, mientras
que en el caso de πN ambas N∗(1535) y N∗(1650) se aprecian claramente. También
encontramos que la contribución del modo KΣ es menor que las correspondientes a
los canales πN y ηp en los procesos Λ+

c → K̄0πN y Λ+
c → K̄0ηp, a pesar de que la

1En un abuso de notación, y por simplicidad, utilizaremos siempre la nomenclatura CUA para
referirnos a esquemas donde se ha restaurado unitariedad en canales acoplados, aunque el kernel de
la BSE no se haya obtenido a partir de Lagrangianos quirales.

vi



constante de acoplamiento de la resonancia N∗(1650) al canal KΣ es muy grande.
Demostramos que esto es debido a la supresión de la producción de KΣ en el primer
paso de la desintegración débil de la Λc.

En la Parte III estudiamos las resonancias bariónicas Λ(∗)
c(b), Ω

(∗)
c y Ξ(∗)

c(b) utilizando
las técnicas detalladas en las Partes I y II. En el Capítulo 6, estudiamos las implica-
ciones que se deducen de HQSS para las desintegraciones Λb →Λ∗

c`ν̄` y Λb →Λ∗
cπ

−

[Λ∗
c =Λc(2595) y Λc(2625)]. Identificando los estados de paridad negativa Λc(2595)

y Λc(2625) como los miembros de un doblete de HQSS, con grados de libertad ligeros
jP
q = 1−, encontramos que las razones Γ(Λb → Λc(2595)π−)/Γ(Λb → Λc(2625)π−) y
Γ(Λb → Λc(2595)`ν̄`)/Γ(Λb → Λc(2625)`ν̄`) son compatibles con los valores experi-
mentales recogidos en el Review of Particle Physics. En este capítulo también dis-
cutimos cómo una futura medida más precisa de estas anchuras de desintegración
podría servir para dilucidar la estructura relacionada con HQSS de la resonancia
Λc(2595). En particular, mostramos cómo un análisis de este tipo permitiría deter-
minar la posible existencia de una componente importante jP

q = 0− en su función
de onda, y/o una estructura de dos polos, análoga a la de la resonancia Λ(1405),
tal y como predicen la mayoría de estudios que interpretan el estado Λc(2595) como
una molécula hadrónica. Por último, investigamos las razones de universalidad de
sabor leptónico R[Λ∗

c ] = Γ(Λb →Λ∗
cτν̄τ)/Γ(Λb →Λ∗

cµν̄µ), y discutimos cómo la inter-
pretación de los datos de R[Λc(2595)] puede verse afectada por un importante error
sistemático, si existiera un patrón de dos polos para la Λc(2595).

En el Capítulo 7, estudiamos en detalle la estructura de las resonancias Λc(2595)
y Λc(2625) utilizando un formalismo de teorías efectivas consistente con HQSS y
simetría quiral, que incorpora la interacción de los grados de libertad mesón-barión
Σ(∗)

c π−ND(∗) con estados modelo quark cūd en onda p. Concluimos que estas reso-
nancias puede que no formen un doblete de HQSS. Así, damos argumentos para
asignar la resonancia Λc(2625) (JP = 3/2−) a un estado genuino de tres quarks, lige-
ramente modificado por efectos debidos a su interacción con pares mesón-barión. Sin
embargo, la resonanciaΛc(2595) (JP = 1/2−) presentaría una estructura predominan-
temente molecular, existiendo dos posibles escenarios. En el primero, la resonancia
resultaría ser dinámicamente generada por la interacción quiral Σcπ, cuyo umbral
de producción se encuentra mucho más cerca de su posición que la masa desnuda
del estado de tres quarks. En este contexto los grados de libertad ligeros tendrían
números cuánticos jP

q = 1−. En el segundo escenario, los grados de libertad ligeros
de la estructura interna de la Λc(2595) se acoplarían a jP

q = 0−, y su dinámica mole-
cular quedaría determinada por las interacciones ND y ND∗. Analizamos la de-
pendencia de los resultados del esquema de renormalización (RS) y demostramos
cómo los escenarios mencionados ocurren dependiendo del RS utilizado. Además,
predecimos algunos estados adicionales, pero en general resulta complicado clasi-
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ficar el espectro en términos de HQSS, a pesar de haber utilizado una interacción
consistente con esta simetría. Esto se debe a que el estado desnudo de tres quarks
y el umbral Σcπ se encuentran muy cerca de la masa nominal de las resonancias
Λc(2625) y Λc(2595), respectivamente, y por tanto, juegan un papel totalmente di-
ferente en cada sector. En el Capítulo 8 utilizamos una extensión del formalismo de
canales acoplados del LHG, que incluye sabores pesados, para estudiar la generación
dinámica de las resonancias Ξc y Ξb. Estos estados moleculares aparecen como polos
en las amplitudes de dispersión, y varios de ellos pueden identificarse con los estados
Ξc(2790), Ξc(2930), Ξc(2970), Ξc(3055) y Ξc(3080) observados experimentalmente.
Además, para la resonancia Ξb(6227), recientemente detectada, encontramos dos po-
los con masas y anchuras muy próximas a los valores experimentales en los sectores
JP = 1/2− y JP = 3/2−.

En el Capítulo 9 utilizamos el modelo completo del Capítulo 7, amplitudes de
Weinberg–Tomozawa (WT) derivadas del Lagrangiano quiral extendido al grupo de
simetría SU(6)light-spin-flavor×HQSS y unitarizadas resolviendo la BSE en canales aco-
plados, para estudiar el impacto del RS empleado en el sector C = 1, S = −2 y
I = 0. Realizamos este estudio en este sector, porque la colaboración LHCb ha ob-
servado recientemente cinco estados Ω(∗)

c , cuyas propiedades pueden servir para fijar
las constantes de substracción indeterminadas que aparecen en los diferentes es-
quemas. La interacción mesón-barión es consistente con simetría quiral y HQSS,
y conduce a una descripción plausible de las resonancias más ligeras de paridad
negativa Λc(2595), Λc(2625), Λb(5912) y Λb(5920). La conclusión del trabajo es que
algunos de los estados Ω(∗)

c detectados por LHCb (al menos tres) también tendrían
paridad negativa y J = 1/2 ó J = 3/2, y dos de ellos pertenecerían al mismo multiplete
SU(6)ls f ×HQSS que los bariones Λc(b) mencionados.

Por otro lado, también analizamos con el formalismo WT–SU(6)ls f ×HQSS de
nuevo los estados Ξ(∗)

c y Ξ(∗)
b . Estos estados fueron previamente estudiados en el

Capítulo 8, pero utilizando el marco del LHG extendido para incluir un quark pesado.
De esta forma se pueden cuantificar las incertidumbres sistemáticas derivadas de la
utilización de diversos modelos para la interacción entre mesones pseudoescalares y
vectoriales con bariones de espín–paridad JP = 1/2+ y JP = 3/2+, involucrando tres
quarks ligeros y uno pesado (c ó b). Dentro del modelo WT–SU(6)ls f ×HQSS, prede-
cimos una componente molecular ΛcK̄ muy grande para el estado Ξc(2790), con una
configuración dominante de espín jP

q = 0− para los grados de libertad ligeros. Discuti-
mos las diferencias entre los estados JP = 3/2− Λc(2625) y Ξc(2815) en este contexto,
y concluimos que parece plausible que pudieran no pertenecer al mismo multiplete
de SU(3). Por otra parte, se predice la existencia de otros estados tipo Ξc, dos de ellos
relacionados con la posible estructura de dos polos de la Λc(2595). Es especialmente
interesante el caso de un par de resonancias con J = 1/2 y J = 3/2, que forman un
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doblete HQSS y que asociamos a los estados Ξc(2930) y Ξc(2970), respectivamente.
Además, la resonancia Ξc(2930) sería miembro de un sextete de SU(3), del cual tam-
bién formaría parte la Ωc(3090) ó la Ωc(3119), y que se completaría con el estado
Σc(2800). En el sector del quark b, identificamos un sextete con J = 1/2 que incluiría
los estadosΞb(6227) y Σb(6097), este último también descubierto muy recientemente.
Asumiendo la equal spacing rule para completar el multiplete, predecimos la existen-
cia de un estado Ωb con paridad negativa y espín J = 1/2, y una masa cercana a 6360
MeV y que debería observarse en el canal ΞbK̄ .

En el Capítulo 10, calculamos las desintegraciones Ξ−
b →π−Ξ0

c(2790) (JP = 1/2−),
Ξ−

b → π−Ξ0
c(2815) (JP = 3/2−) y las mismas reacciones reemplazando el π− por un

mesón D−
s . También evaluamos las transiciones semileptónicas Ξ−

b →Ξ0
c(2790)`ν̄` y

Ξ−
b →Ξ0

c(2815)`ν̄`. Es un estudio similar al realizado en el Capítulo 6, pero en este
caso para el sector con extrañeza y encanto. Mientras que el en Capítulo 6 hicimos
hincapié en las relaciones/restricciones que se derivaban de HQSS para las transi-
ciones, aquí adoptamos la perspectiva de que las resonancias Ξ0

c(2790) y Ξ0
c(2815)

forman un doblete de HQSS y que son generadas dinámicamente por la interacción
pseudoescalar-barión y vector-barión. Prestamos una atención especial a las razones
de las anchuras de desintegración con Ξ0

c(2790) ó Ξ0
c(2815) en el estado final y de-

mostramos que los resultados dependen bastante del acoplamiento entre las reso-
nancias Ξ∗

c y las componentes ΣD∗ y ΛD∗ del espacio de canales acoplados. Nuestras
predicciones para estos cocientes de anchuras podrán compararse con futuros expe-
rimentos, y proporcionarán una información valiosa, tal y como ya concluimos en el
Capítulo 6, para entender la estructura de las resonancias bariónicas de mas baja
energía y paridad negativa.

En la Parte IV estudiamos el efecto de las singularidades triangulares, haciendo
uso de las técnicas presentadas y desarrolladas a lo largo de esta tesis, en varias
reacciones que involucran hadrones ligeros y pesados. En el Capítulo 11 investi-
gamos el papel desempeñado por el mecanismo triangular en las desintegraciones
B− → D∗0π−π0η y B− → D∗0π−π+π−. En ambos procesos la singularidad aparece
en la reacción B− → D∗0K−K∗0, seguida de K∗0 → π−K+ y la interacción de estados
finales K+K−, que forma los estados a0(980) ó f0(980) y que finalmente se desinte-
gran en π0η o π+π−, respectivamente. El diagrama triangular del loop K̄∗KK̄ genera
un pico visible en la masa invariante de π−a0 ó π− f0 alrededor de 1420 MeV, y da
lugar a las anchuras parciales Br (B− → D∗0π−a0; a0 → π0η) = (1.66±0.45)×10−6 y
Br (B− → D∗0π− f0; f0 → π+π−)= (2.82±0.75)×10−6. En el Capítulo 12 investigamos
las secciones eficaces de los procesos π−p → K0πΣ y pp → pK+πΣ prestando atención
a los mecanismos que generan singularidades triangulares. El exceso de sucesos de-
bidos a la singularidad triangular se produce partiendo de la desintegración de una
resonancia N∗ en un par K∗Σ, seguida de K∗ → πK , y finalmente incluyendo la in-
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teracción fuerte de los estados finales πΣ, que generan dinámicamente la Λ(1405).
Encontramos que este mecanismo, cuando se considera la excitación de la resonan-
cia N∗(2030) que se acopla de forma importante a K∗Σ, produce un pico en la masa
invariante del par KΛ(1405) en la región de 2100 MeV, unos 40 MeV por debajo del
valor donde se esperaría la posición de la singularidad triangular para este proceso.
Además, y en buen acuerdo con los resultados del experimento HADES, el mecanis-
mo que hemos estudiado produce la señal de la resonancia Λ(1405) alrededor de 1400
MeV.

En el Capítulo 13 analizamos la contribución de un diagrama triangular para
la desintegración Λ+

c → π+π0Λ(1405), con Λ(1405) → π0Σ0. Este proceso se inicia
con Λ+

c → π+K̄∗N, seguido de K̄∗ → K̄π, y finalmente la interacción de estados fi-
nales K̄ N genera dinámicamente la resonancia Λ(1405). El mecanismo se produce
a través de un loop triangular que contiene K∗NK y que induce una singularidad
para masas invariantes π0Λ(1405) de alrededor de 1890 MeV. Esta reacción viola la
simetría de isospín, pero se ve favorecida por la presencia de la singularidad trian-
gular, que es muy sensible a la masa de las partículas internas. Encontramos un
pico muy estrecho en la masa invariante de π0Σ0, que se origina por la amplitud de
producción de la Λ(1405), pero que se debe a la diferencia de masas entre los estados
cargados y neutros K̄ N. La futura observación de este pico asociado a esta singulari-
dad en la producción de la resonancia Λ(1405), en esta reacción que viola isospín,
daría indudablemente un gran soporte a la interpretación molecular de la Λ(1405), y
proporcionaría una información muy valiosa sobre los detalles de la interacción K̄ N.

Finalmente, en la Parte V se resumen los resultados principales y conclusiones
de esta tesis.
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Abstract

Particle Physics is currently best described by the Standard Model. Within this
framework, the interaction between quarks and gluons is characterized by the theory
of Quantum Chromodynamics (QCD). Hadrons can be formed by combining quarks
and gluons through strong interaction. However, these interactions happen typically
at low energies and, unlike the other theories in the Standard Model, QCD can be
only calculated perturbatively at high energies. As a consequence, to describe this
non-perturbative regime one has to apply other approaches, like lattice QCD (LQCD),
scattering theory, effective theories... In this thesis, special attention will be given to
molecular resonances that result from the interaction between two hadrons, which
will be described using a combination of non-perturbative resummations and effec-
tive theories.

The work is divided into four parts. Part I deals with the mathematical and phys-
ical formalism necessary to understand the results shown in Parts II to IV. After a
first introductory chapter, in Chapter 2 we briefly present QCD and continue with a
review of different effective approaches used through this thesis. We begin with chi-
ral perturbation theory (χPT), which systematically describes the low energy dynam-
ics of Goldstone bosons and the interactions of these mesons with other matter fields.
The local hidden gauge (LHG) formalism to account for vector meson interactions is
presented in Section 2.3. Finally, the chapter ends by introducing heavy quark spin
symmetry (HQSS), which is an exact symmetry of QCD in the infinite quark mass
limit. We pay a special attention to the evaluation of matrix elements for transitions
involving hadrons with one heavy quark, and the constraints/simplifications that can
be deduced from HQSS. In Chapter 3, we review the concepts of analyticity, unitarity
and Riemann sheets of scattering amplitudes, starting with a brief introduction to
elastic two body scattering theory (Subsecs. 3.1.1 and 3.1.2). Then we discuss the
extension to the coupled channel case (Sec. 3.2) and present the chiral unitary ap-
proach (CUA), where the amplitudes obtained from the chiral effective Lagrangians
of Chapter 3 are unitarized using the Bethe-Salpeter equation (BSE)2 In this section

2 For simplicity, although abusing notation, we will systematically refer to CUA as any unitary
scheme in coupled channels, regardless of whether χPT is not used to calculate the BSE kernel.
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we also review some general features of resonances that are dynamically generated
using the CUA (Sec. 3.2.3) and relate them with the analytic properties discussed
in Sec. 3.1.2. Next, in Sec. 3.2.2, we introduce several ways to regularize the loop
function used in the BSE. Finally in Sec. 3.3, we explain under which conditions tri-
angle loops can give rise to singularities that can be experimentally observed. Such
study uses the concepts of analyticity and unitarity discussed at the beginning of the
chapter.

In Parts II, III and IV we present the results of this dissertation, that were ob-
tained using the techniques outlined in Part I. These contents of the thesis are based
on the references: [1–11].

In Part II, the behavior of hadrons in the light sector is explored, using the tech-
niques and models presented in the previous chapters, such as the CUA in coupled
channels and the study of dynamically generated resonances. In Chapter 4, a cal-
culation is performed of the τ− → ντM1M2 decays, with M1, M2 either pseudoscalar
or vector mesons, using the basic weak interaction and angular momentum algebra
to relate the different processes. This formalism also leads to a different interpre-
tation of the role played by G-parity in these decays. It is also observed that, while
pseudoscalar-pseudoscalar (PP) meson p−wave production is clearly compatible with
χPT and experiment, pseudoscalar-vector (PV) meson and vector-vector (VV) meson
p−wave production is incompatible with data and a scheme is developed in this case,
producing the PV or VV pairs in s−wave. A comparison of our results with experi-
ment is made as well as predictions for unmeasured decays. A special attention is
paid to the M1M2 mass distribution, which is shown to be a powerful tool to learn
about the meson-meson interaction and the nature of some resonances produced in
such decays.

In Chapter 5, the mass distributions of MB in the Λc → K̄0MB decay (MB =
πN(I = 1/2), ηp, and KΣ(I = 1/2)) are evaluated, and used to study the properties
of the N∗(1535) and N∗(1650). This is achieved by calculating the tree-level and
loop contributions, mixing pseudoscalar-baryon and vector-baryon channels using
the LHG formalism. We observed that in the ηN mass distribution only the N∗(1535)
is seen, with the N∗(1650) contributing to the width of the curve, while for the πN
mass distribution both resonances are clearly visible. In the case of MB = KΣ, we
found that the strength of the KΣ mass distribution is smaller than that of the mass
distributions of the πN and ηp in the Λ+

c → K̄0πN and Λ+
c → K̄0ηp processes, in spite

of this channel having a large coupling to the N∗(1650). This is because the KΣ pair
production is suppressed in the primary production from the Λc decay.

In Part III, baryon resonance states with heavy quarks, such as the Λ(∗)
c(b), Ω

(∗)
c

and Ξ(∗)
c(b), are studied using the various techniques presented in Parts I and II.

First, in Chapter 6, an exhaustive study of the HQSS implications for Λb → Λ∗
c`ν̄`
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and Λb → Λ∗
cπ

− [Λ∗
c = Λc(2595) and Λc(2625)] decays is conducted. Identifying the

odd parity Λc(2595) and Λc(2625) resonances as HQSS partners, with total angu-
lar momentum–parity jP

q = 1− for the light degrees of freedom, we find that the
ratios Γ(Λb → Λc(2595)π−)/Γ(Λb → Λc(2625)π−) and Γ(Λb → Λc(2595)`ν̄`)/Γ(Λb →
Λc(2625)`ν̄`) agree, within errors, with the experimental values given in the Review
of Particle Physics. A discussion is given of how future, and more precise, measure-
ments of the above branching fractions could be used to shed light into the inner
HQSS structure of the narrow Λc(2595) odd-parity resonance. Namely, it is shown
that such studies would constrain the existence of a sizable jP

q = 0− component in
its wave-function, and/or of a two-pole pattern, in analogy to the case of the similar
Λ(1405) resonance in the strange sector, as suggested by most of the approaches that
describe the Λc(2595) as a hadron molecule. Also, the lepton flavour universality
ratios R[Λ∗

c ] = Γ(Λb → Λ∗
cτν̄τ)/Γ(Λb → Λ∗

cµν̄µ) are investigated, and it is discussed
how R[Λc(2595)] may be affected by a new source of potentially large systematic er-
rors if there are two Λc(2595) poles. In Chapter 7, we study the structure of the
Λc(2595) and Λc(2625) resonances in the framework of an effective model consistent
with heavy quark spin and chiral symmetries, which incorporates the interplay be-
tween Σ(∗)

c π−ND(∗) baryon-meson degrees of freedom and bare p−wave cūd quark-
model states. We show that these two resonances might not be HQSS partners. The
JP = 3/2− Λc(2625) should be viewed mostly as a dressed three quark state, whose
origin is determined by a bare state, predicted to lie very close to the mass of the
resonance. The JP = 1/2− Λc(2595) seems to have, however, a predominant molec-
ular structure. This is because, it is either the result of the chiral Σcπ interaction,
which threshold is located much closer than the mass of the bare three-quark state,
or a ND − ND(∗) hadron molecule, where the light degrees of freedom in its inner
structure are coupled to the unnatural jP

q = 0− quantum-numbers. We show that
both situations can occur depending on the used renormalization procedure. We find
some additional states, but the classification of the spectrum in terms of HQSS is dif-
ficult, despite having used interactions that respect this symmetry. This is because
the bare quark-model state and the Σcπ threshold are located extraordinarily close
to the Λc(2625) and Λc(2595), respectively, and hence they play totally different roles
in each sector.

In Chapter 8, several Ξc and Ξb states, dynamically generated from the meson-
baryon interaction in coupled channels, are studied using an extension to SU(4) of
the LHG approach unitarized in the BSE. These molecular states appear as poles of
the scattering amplitudes, and several of them can be identified with the experimen-
tally observed Ξc states, including the Ξc(2790), Ξc(2930), Ξc(2970), Ξc(3055) and
Ξc(3080). Also, for the recently reported Ξb(6227) state, two poles with masses and
widths remarkably close to the experimental data are found, for both the JP = 1/2−

and JP = 3/2− sectors. Next, in Chapter 9, we use again the meson-baryon model of
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Chapter 7 (Weinberg-Tomozawa amplitudes derived from the chiral Lagrangian ex-
tended to the symmetry group SU(6)light-spin-flavor×HQSS and unitarized by solving
the BSE in coupled channels) to study the impact of the renormalization scheme in
the C = 1, S =−2, and I = 0 sector, where five Ω(∗)

c states have been recently observed
by the LHCb Collaboration. The meson-baryon interactions used in the model are
consistent with both chiral and heavy-quark spin symmetries, and lead to a plau-
sible description of the observed lowest-lying odd parity resonances Λc(2595) and
Λc(2625),and Λb(5912) and Λb(5920) resonances. It is shown that some (probably
at least three) of the states observed by LHCb will also have odd parity and J = 1/2
or J = 3/2, belonging two of them to the same SU(6)lsf×HQSS multiplets as the lat-
ter charmed and beauty Λ baryons. In addition, we revisit the Ξc and Ξb excited
states within this SU(6)lsf×HQSS-extended Weinberg-Tomozawa framework. These
states were previously studied in Chapter 8, but using the extended LHG framework
to include vector meson and heavy quark degrees of freedom. In this way, we try
to quantify systematic uncertainties arising from the use of various models for the
interaction between charmed pseudoscalar and vector mesons with JP = 1/2+ and
JP = 3/2+ baryons in this sector. Within the SU(6)light-spin-flavor×HQSS scheme, we
predict a large molecular ΛcK̄ component for the Ξc(2790) with a dominant jP

q = 0−

light-degree-of-freedom spin configuration. We discuss the differences between the
3/2− Λc(2625) and Ξc(2815) states, and conclude that they cannot be SU(3) siblings,
whereas we predict the existence of other Ξc−states, two of them related to the two-
pole structure of the Λc(2595). It is of particular interest a pair of J = 1/2 and J = 3/2
poles, which form a HQSS doublet and that we tentatively assign to the Ξc(2930) and
Ξc(2970), respectively. Within this picture, the Ξc(2930) would be part of a SU(3) sex-
tet, containing either the Ωc(3090) or the Ωc(3119), and that would be completed by
the Σc(2800). Moreover, we identify a J = 1/2 sextet with the Ξb(6227) state and the
recently discovered Σb(6097). Assuming the equal spacing rule and to complete this
multiplet, we predict the existence of a J = 1/2 Ωb odd parity state, with a mass of
6360 MeV and that should be seen in the ΞbK̄ channel.

In Chapter 10, calculations are performed for the nonleptonic Ξ−
b → π− Ξ0

c(2790)(
J = 1

2

)
and Ξ−

b → π− Ξ0
c(2815)

(
J = 3

2

)
decays and the same reactions replacing the

π− by a D−
s . At the same time the semileptonic rates for Ξ−

b → ν̄l l Ξ0
c(2790) and Ξ−

b →
ν̄l l Ξ0

c(2815) are evaluated. It is a study similar to the one carried out in Chapter 6,
but in this case for the sector with strangeness and charm. While in Chapter 6 we
emphasized the constraints that were derived from HQSS for these transitions, here
we take the perspective that the Ξ0

c(2790) and Ξ0
c(2815) resonances form a HQSS

doublet and are dynamically generated from the pseudoscalar-baryon and vector-
baryon interactions. The ratios of the rates of these processes are evaluated and
predictions made that can be tested in future experiments. Finally, it is found that
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the results are rather sensitive to the coupling of the Ξ∗
c resonances to the D∗Σ and

D∗Λ components.
In Part IV we study the effect of triangle singularities in several reactions in-

volving both light and heavy hadrons, making use also of the techniques explored
and developed so far in this thesis. In Chapter 11, the possible role of the triangle
mechanism in the B− decay into D∗0π−π0η and D∗0π−π+π− is investigated. In this
process, the triangle singularity appears from the decay of B− into D∗0K−K∗0 fol-
lowed by the decay of K∗0 into π−K+ and the fusion of the K+K−, which forms the
a0(980) or f0(980), that finally decay into π0η or π+π−, respectively. The triangle
mechanism from the K̄∗KK̄ loop generates a peak around 1420 MeV in the invariant
mass of π−a0 or π− f0, and gives sizable branching fractions Br (B− → D∗0π−a0; a0 →
π0η) = (1.66±0.45)×10−6 and Br (B− → D∗0π− f0; f0 → π+π−) = (2.82±0.75)×10−6.
In Chapter 12, the cross sections for the π−p → K0πΣ and pp → pK+πΣ reactions
are investigated paying attention to a diagram that develops a triangle singularity.
The triangle diagram is realized by the decay of a N∗ to K∗Σ and the K∗ decay into
πK , and the πΣ finally merges into Λ(1405). The mechanism is expected to produce a
peak around 2140 MeV in the KΛ(1405) invariant mass. It is found that a clear peak
appears around 2100 MeV, about 40 MeV lower than the expectation, and that is due
to the mass distribution of the N∗(2030) resonance, which plays a crucial role in the
K∗Σ production. The mechanism studied produces the peak of the Λ(1405) around
or below 1400 MeV, as it is seen in the pp → pK+πΣ HADES experiment.

In Chapter 13, the decay ofΛ+
c into π+π0Λ(1405) with theΛ(1405) decay into π0Σ0

through a triangle diagram is studied. This process is initiated by Λ+
c →π+K̄∗N, and

then the K̄∗ decays into K̄π and K̄ N produce the Λ(1405) through a triangle loop
containing K̄∗NK̄ , which develops a singularity around 1890 MeV in the π0Λ(1405)
invariant mass distribution. This process is prohibited by the isospin symmetry, but
the decay into this channel is enhanced by the contribution of the triangle diagram,
which is sensitive to the mass of the internal particles. A narrow peak is found
in the π0Σ0 invariant mass distribution, which originates from the Λ(1405) ampli-
tude, but is tied to the mass differences between the charged and neutral K̄ or N
states. The observation of the unavoidable peak of the triangle singularity in the
isospin-violating Λ(1405) production would provide further support for the hadronic
molecular picture of the Λ(1405) and further information on the K̄ N interaction.

Finally, in Part V, a summary of the main results and conclusions obtained in this
thesis is given.
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Chapter 1

Introduction

1.1 Quantum Chromodynamics and Hadrons
The theory of Quantum Chromodynamics (QCD) describes the (strong) interaction
between quarks and gluons. It has an analogous property to the electric charge,
called the color, that the particles should have to experience the interaction. The
difference in this case, compared with Quantum Electrodynamics, is that the quarks
can be in three different color states. In fact, QCD obeys the non-abelian SU(3) color
symmetry, where the gluons are the gauge fields of the theory, and have color content,
in clear contrast to photons, which do not carry electric charge. Two very important
properties of QCD are:

• Color confinement,

• Asymptotic freedom.

Color confinement results from the fact that the potential between two color
charges increases linearly with the distance between them. Thus, one can never
isolate non-singlet color particles. Asymptotic freedom comes from the fact that the
interaction between color particles decreases with increasing energy and increases
with a decrease in the energy scale. Thus, QCD only allows for perturbative calcu-
lations at high energies, unlike the other theories of the Standard Model. Because
of this, to study low energy QCD one has to apply other approaches like lattice QCD
(LQCD), effective field theories (Chapter 2) [12–14] or the use of non-perturbative
techniques from scattering theory (Chapter 3). Constituent quark model (CQM) cal-
culations are also quite popular. In those models, hadrons are composed of some
effective (constituent) quarks of valencia and, though they cannot systematically ap-
proach QCD, in some cases capture in an easy way some global aspects of the complex
QCD dynamics. The success of the constituent quark models in the low-lying hadron
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spectrum gives us an interpretation of the baryons as a composite of three quarks,
and the mesons as that of quark and anti-quark [15, 16]. Meanwhile, the possibility
of non conventional hadrons called exotics, which are not prohibited by QCD, have
been intensively studied [17]. The light sector of hadron spectrum is made of baryons
and mesons that one can construct using the three lightest quarks: up, down and
strange. Since their masses are very close to zero (compared to the typical hadronic
masses), they will obey the approximate SU(3) flavor symmetry. In the sixties it was
discovered [18–20] that one could organize the (many) hadron states found in the
light sector according to the irreducible representations (irreps) that one gets from
this symmetry. In the case of lowest-lying mesons we have,

3⊗3∗ = 1⊕8, (1.1)

which means we will have eight states from the octet irrep and one from the singlet,
with total angular momentum JP = 0−. For baryons we have, in principle, 27 possible
states1,

3⊗3⊗3= 1⊕8⊕8⊕10, (1.2)

which will have JP = 1/2+ and JP = 3/2+ total angular momenta.
The lowest-lying states belonging to these irreps can be found in Fig. 1.1.
Aside from the ground states, one can have excited states with higher angular

momentum or different parity. They will be unstable particles (resonances) that can
decay to the ground states.

From the Schrödinger equation we get that the probability density that a particle,
R, will decay at any given time, t, is given by,

|ψ(t)|2 = |ψ(0)|2e−Γt, (1.3)

where Γ is the decay width of the particle. From Eq. (1.3) we have that the time
dependent wave function of particle R will behave like

ψ(t)=ψ(0)e−iE0te−Γ/2t, (1.4)

with E0 a constant with dimensions of energy. We can get the energy distribution of
that particle by performing the Fourier transform,

ψ(E)=
∫

dt ψ(0)ei(E−E0+iΓ/2)t ∝ 1
E−E0 + iΓ2

. (1.5)

1The number is reduced when one demands symmetry of the flavor-spin wave function (color brings
the antisymmetry).
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Figure 1.1: Graphic representation of meson and baryon irreps.

3



Chapter • 1

A

B

C

D

R

Figure 1.2: Feynman diagram of a resonance appearing in a scattering A B → C D.

For a stable particle (Γ= 0), E0 is the mass. For an unstable particle, we can interpret
its mass as a continuous distribution around E0, instead of a fixed value. Alterna-
tively, one can see the mass of such particle as having a "imaginary component" given
by −iΓ/2.

In general, unstable particles, or resonances, will appear as peaks in the spectrum
of physical reactions, either in collisions like [21]

A+B → R → C1 +C2 +·· ·+Cn, (1.6)

or in decays,
A → R+B → C1 +·· ·+Cn +B. (1.7)

Eq. (1.5) is called the Breit-Wigner distribution, and it can be used to parametrize
resonance amplitudes. For baryonic resonances we use the same formula [6],

TBW = g i g fp
s−MR + iΓR

2

, (1.8)

while for mesonic resonances is common to use [21,22],

TBW = g i g f

s−
(
MR − iΓR

2

)2 → g i g f

s−M2
R + iMRΓR

, (1.9)

which one obtains by substituting MR → MR − iΓR
2 in the boson propagator and ne-

glecting (ΓR /2MR)2. Here g i and g f are couplings to the initial and final states (see
Fig. 1.2), respectively, and as such, will change with the reaction being parametrized.
MR and ΓR are the mass and width of the resonance, and ideally should remain con-
stant across reactions. From the Breit-Wigner amplitude we see that resonances can
appear as poles in the complex plane of the energy, in the position E = MR− iΓR

2 if ΓR
is considered constant. Yet, when ΓR has the right energy dependence one must go
to the second Riemann sheet to find the poles.
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In general this parametrization of resonance amplitudes is accurate only if a sin-
gle resonance exists, and if that resonance is far away from any relevant thresh-
olds [21]. There are ways of dealing with more resonances, and there exist other
distributions, such as that associated to the Flatté parametrization [23]. Typically a
spectrum is observed in an experiment and one has to try to get its characteristics by
using one of these parameterizations.

Some states that are observed cannot be described by the constituent quark model [13,
24]. To describe those resonances one needs other degrees of freedom, such as the in-
teraction of two hadrons, that can lead to the production of a hadronic molecule (see
the case of the Λ(1405) next section), or tetra/penta quark states, glueballs, etc [25].
A resonance may even be a combination of different components with several degrees
of freedom, for example:

|R〉 = N3q |q1q2q3〉+N5q |q1q2q3 qq̄〉+Nh |hadrons〉+ · · · , (1.10)

1.1.1 The case of the Λ(1405)

The nature of the Λ(1405), the lowest excitation of the Λ−hyperon with JP = 1/2−,
has been given much attention for a long time. The quark model predicts the mass at
higher energy than the observed peak [26], and a description of the Λ(1405) as a K̄ N
molecular state shows a good agreement with the experimental result, as originally
pointed out in Refs. [27–29]. The studies of the K̄ N system based on SU(3) chiral
symmetry with the implementation of unitarity and coupled channels suggest that
the Λ(1405) is generated as a K̄ N quasi-bound state [30–41]. The recent analysis
of the lattice QCD simulation supports the molecular picture of the Λ(1405) [42,
43]. Furthermore, the analysis of the compositeness [44–46], which is a measure of
the hadronic molecular component, and the root mean square radius [47, 48], also
support the picture of the Λ(1405) as a K̄ N molecule. Other than these works, many
studies for the Λ(1405) production induced by photons [49–54], pions [55], kaon [56–
60], proton-proton collision [61, 62], and in heavy meson decay [63] were carried out
to clarify the nature of the Λ(1405) resonance. The studies related to the K̄ N system
are summarized in Refs. [24,64] (see also note in the PDG [65]).

In addition to the essential coupling to K̄ N, it was also found that the Λ(1405)
has a large coupling to the πΣ channel [66–68]. If the Λ(1405) is a molecular state of
meson-baryon pairs that respect the chiral vector SU(3) symmetry, then Λ(1405) will
be formed from the interaction of two octets, which will have the following irreps,

8⊗8= 1⊕8S ⊕8A ⊕10⊕10⊕27, (1.11)

where the attraction occurs in the singlet and the octets [35]. Assuming perfect SU(3)
symmetry, all the states belonging to each irrep will be degenerate. However, because
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Figure 1.3: Trajectories of poles in scattering amplitudes, obtained when adiabatically breaking SU(3)
symmetry. Near the mass of the Λ(1405), in the physical limit, there are two poles, one broad (singlet)
and one narrow (octet). Graph taken from Ref. [35].

the light quarks (u,d,s) have different masses, SU(3) is only an approximate symme-
try and in this case the states stop being degenerate. One can see the evolution of
these states if one introduces in the CUA of Ref. [35] the masses of the light quarks
adiabatically (see Fig. 1.3). Doing this, in this reference and later in Refs. [32, 69]
it was shown that the observed Λ(1405) resonance is the result of two poles com-
ing from two different irreps of the SU(3) symmetry: one from the two octets, that
couples mostly to K̄ N, and one from the singlet, which couples mostly to πΣ (see
Fig. 1.3). In the physical limit both poles will be close in energy, but the singlet will
have a large width, while the octet will have a smaller one [32,35,69].

1.1.2 Heavy Baryon Resonances

Nowadays much attention is payed to the spectroscopy of heavy hadrons in order
to investigate the symmetries of QCD. As pointed out in Refs. [70–72], in the infi-
nite quark mass limit (mQ →∞), the spectrum of hadrons containing a heavy quark
should show a SU(2)–pattern, because of the symmetry that QCD acquires in that
limit under arbitrary rotations of the spin of the heavy quark. This is known as
heavy quark spin symmetry (HQSS) in the literature. In that case, the total angular
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momentum j of the brown muck, which is the subsystem of the hadron apart from
the heavy quark, is conserved and hadrons with J = j±1/2 form a degenerate dou-
blet. This is because the one gluon exchange chromomagnetic interaction between
the heavy quark and the brown muck is suppressed by the infinitely large mass of
the quark.

In particular, heavy baryons containing one c or b quark have been the subject of
intense study. Starting from early quark models [16], work along this line has been
rather extensive and fruitful [73–79]. Lattice QCD has also contributed to this area
[80–82] and dynamical models building molecular states in coupled meson-baryon
channels [83–95] have also brought their share to this intense research. There are
also many review papers on the subject to which we refer the reader [13,96–102].

A review of the physics involving hadrons with heavy quarks will be given in
Sec. 2.5 of Chapter 2.

1.2 Kinematical effects: Triangle Singularities
Not all peaks are resonances. An example of that are the Triangle Singularities
(TS). These type of singularities were first studied by Landau in Ref. [103], where
he explored what singularities could arise from different type of loop diagrams –
but here we shall focus only on triangle loops. A TS can occur when we have a
triangle diagram, like the one shown in Fig. 1.4, if certain conditions, known as the
Landau equations, are fulfilled. This singularity appears as a peak in the (B,C) mass
distribution (initial particle A). In Ref. [104], a physical interpretation of the Landau
equations, known as the Coleman-Norton theorem, was presented. In that paper, the
authors state that in order for a singularity to exist, the following must be true in
the corresponding loop diagram:

“...each vertex interaction occurs as an instantaneous event in space-time,
and the internal particles propagate on the mass shell with the momenta
qi, forward in time, for just the correct distances and times to « tie together
» the entire graph and allow it to be visualized as an ordered sequence of
successive interactions.” [104].

In other words, a loop diagram (in our case a triangle diagram) will have a singularity
as long as the reaction happening in the loop can happen classically, with all the
particles on-shell. A full mathematical description of the TS will be given in Sec. 3.3
of Chapter 3.

We shall now look at the example of the “a1(1420)”. In Ref. [105], the COMPASS
Collaboration, in a collision of a pion with a hydrogen stationary target, observed a
peak in the invariant mass of the π−π−π+ final state, at around 1.4 GeV, that they
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pA

pB

pC
q2

q1

q3

Figure 1.4: Feynman diagram corresponding to a triangle loop, where a particle A decays into particles
1 and 2. Then, particle 1 decays into 3 and B, and particles 2 and 3 fuse to form particle C.

classified as being an axial-vector meson resonance which they called a1(1420). How-
ever, the possibility of this peak being originated by a TS was explored in Refs. [106–
108]. There, a contribution from the reaction π+p → pa−

1 (1260) → pπ−π−π+ with a
triangle loop was analyzed, and they found a TS associated with this diagram which
appears at around m3π ' 1420 MeV and can explain the observed peak. In a subse-
quent publication by the COMPASS Collaboration, in Ref. [109], they mention that
the triangle diagram can describe the data equally as well as a Breit-Wigner am-
plitude, and in a recent review of “Hadronic molecules” [13], the TS is considered a
“natural explanation” for the a1(1420), thus signaling the acceptance of the validity of
these studies by the scientific community, as well as the importance of keeping TS in
mind when analyzing the hadronic resonances spectrum. Other than the “a1(1420)”,
the interpretation of the “ f1(1420)” and “ f2(1810)” in the PDG [110] as a peak of the
triangle singularity was proposed in Refs. [111] and [112], respectively.
Other examples are the studies in Refs. [106, 113, 114] which suggest the possible
explanation of Zc(3900) with the triangle mechanism. Also for the decay of η(1405)
into π0π0η via π0a0 and π0π+π− via π0 f0, the triangle mechanism gives a good expla-
nation [115–117]. The K∗K̄K loop generates the triangle singularity in this process,
and the anomalously large branching fraction of the isospin-violating π0 f0 channel
reported by BESIII [118] is well explained with the mechanism. The study of the
singularity is also potentially a useful tool to study some baryonic molecular states.
Regarding the pentaquark Pc peak, discovered in the J/ψp invariant mass distri-
bution of the Λb decay [119, 120], the possibility of the interpretation as a triangle
singularity was pointed out in Refs. [121, 122]. However, in Ref. [123] it was noted
that if the Pc quantum numbers were 1

2
+ or 3

2
+ the triangle mechanism could provide

an interpretation of the narrow experimental peak, but not if the quantum numbers
are 3

2
−, 5

2
+, as preferred by experiment. Furthermore, the possible manifestations of

the TS in the heavy sector were investigated in Refs. [9,106,124–128].
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Chapter 2

Effective Field Theories

Effective field approaches have shown to be powerful tools for the study of processes,
far below from the typical energy scale where the original theories are formulated. If
one is interested only in a particular energy scale, then one can “ignore” much bigger
scales contained in the underlying theory, thus obtaining what we call an effective
theory [129]. For example, in the case of hadron physics, if one is only interested in
the lowest-lying pseudo-scalar mesons (π±,π0,K±,K0,K

0
,η8), and their interactions,

then one can ignore the degrees of freedom above a typical hadronic mass scale Λ' 1
GeV (the lightest vector meson and baryon masses are mρ = 770 MeV and mp = 938
MeV, respectively). Since all these pseudo-scalar meson masses are bellow that scale,
the heavier degrees of freedom should not affect the system too strongly and thus can
be integrated out. In a more formal way, if one has a theory with light l i and heavy
Hi degrees of freedom, and if

ml i <<Λ. mH j , (2.1)

with Λ the typical “heavy” energy scale, then the heavy fields can be integrated out
of the theory, leaving an effective Lagrangian [130]

L (l i,H j)→Leff(l i). (2.2)

The heavy degrees of freedom are not actually fully forgotten, since their informa-
tion will appear as renormalization effects in effective coupling constants, or as sup-
pressed higher order operators [130].

In the next sections, we will briefly introduce effective Lagrangians for Goldstone-
boson and vector-meson interactions (chiral and local hidden gauge Lagrangians) and
for other processes, where HQSS provides useful constrains. With the exception of
those based on HQSS, the effective interactions shown here are valid in the light
sector (for SU(3) symmetry). However, in Chapters 6 to 8 we will extend these inter-
actions to other symmetry groups, to account for an extra (heavy) quark.
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2.1 QCD Lagrangian
Before starting with the effective interactions relevant for this thesis, one should
first introduce the QCD Lagrangian1,

LQCD = q̄α
(
i /D−M

)α
βqβ− 1

4
Gα
µνGµν

α , α,β= 1, · · · ,8 (2.3)

for Nc = 3 colors. In addition qT
α = (uα,dα, . . . ) the quark fields, M = diag (mu,md, . . . )

the quark mass matrix,

(
Dµ

)α
β
= ∂µδαβ− ig

(
Aγ
µ

λγ

2

)α
β

, γ= 1, · · · ,8 (2.4)

the covariant derivative, with Aα
µ the gluon fields, λα the Gell-Mann matrices, and

Gα
µν = ∂µAα

ν −∂νAα
µ + gf αβγAβ

µAγ
ν, (2.5)

the gluon field strength tensor, with f αβγ the color SU(3) structure constants.
If one ignores the quark masses then the Lagrangian in Eq. (2.3) will be invariant

under G = SU(N f )L ⊗SU(N f )R transformations2 (with N f the number of flavors).
Defining the left- and right-handed fields,

qL,R = 1
2

(1∓γ5)q = PL,R q, (2.6)

one gets

L 0
QCD = q̄i /Dq− 1

4
Gα
µνGµν

α = (q̄L i /DqL + q̄R i /DqR)− 1
4

Gα
µνGµν

α . (2.7)

Then, for a chiral transformation g = (gL, gR) ∈G, the fields transform as

qL
G−→ gLqL, qR

G−→ gR qR , (2.8)

which have the following associated Noether currents,

Jaµ
L,R = q̄L,Rγ

µTaqL,R , a = 1, . . . ,
(
N2

f −1
)
, (2.9)

where here Ta are the generators of SU(N f ) in the fundamental representation (i.e.
Ta = λa/2 for N f = 3). Another way to write the symmetry is with vector and axial

1We do not pay here full attention to the color transformation of the Lagrangian, which is designed
to remain invariant under local gauge transformations of color [131]

2The complete symmetry would be SU(N f )L ⊗SU(N f )R ⊗U(1)V , with V = R+L, but U(1)V which
gives the quark number/baryon number is trivial in the meson sector.
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transformations, G = SU(N f )V ⊗SU(N f )A, with V = L+R and A = R −L, and the
following Noether currents,

V aµ = q̄γµTaq, (2.10a)

Aaµ = q̄γµγ5Taq, a = 1, . . . ,
(
N2

f −1
)
. (2.10b)

2.2 Chiral Perturbation Theory
If one takes into account all flavors, up to the top quark, then chiral symmetry
is heavily broken. However, if one takes into account only the lightest quarks,
qT = (u,d, s), then their masses are light enough to consider chiral symmetry [now
G = SU(3)L ⊗SU(3)R] an approximate symmetry of QCD. Experimentally, however,
one does not observe the G symmetry in the hadronic spectrum, but instead only
the subgroup SU(3)V [12]. We say there is spontaneous chiral cymmetry break-
ing (SCSB), from G to SU(3)V . As a consequence of the spontaneous symmetry
breaking of chiral symmetry eight pseudoscalar Goldstone bosons will be produced,
since there are eight axial currents being broken, which are (π±,π0,K±,K0,K

0
,η8).

These will be the degrees of freedom of our effective theory. Lets call the vector
symmetry H = SU(3)V , such that G SCSB−−−−→ H. Let ~φ = (φ1, . . . ,φ8) be the Goldstone
fields. It can be proven that the Goldstone bosons can be identified with elements,
ξ(~φ) = (ξL(~φ),ξR(~φ)) ∈G, of the left coset G/H [130,132], since there is an isomorphic
mapping between the G/H space and the Goldstone boson fields. The left coset of a
subgroup H ⊆G with respect to a group element g ∈G is given by the set

gH = {gh :∀h∈H}. (2.11)

Then, G/H is the set of all gH cosets,

G/H = {
gH :∀g∈G

}
(2.12)

Then, a chiral transformation g = (gL, gR) will act on the Goldstone bosons as

ξL,R
G−→ gL,R ξL,R(~φ)h†(~φ, g), (2.13)

with h(~φ, g) ∈ H and it is required to return to the given choice of coset representa-
tive. Since an element g of G can be written as g = (gL, gR) = (1, gR g†

L)(gL, gL), and
gh = (1, gR g†

L)(gL, gL)h = (1, gR g†
L)h, one may represent each element of the coset as

gR g†
L. Thus, Goldstone bosons can also be represented by

U(~φ)= ξR(~φ)ξ†
L(~φ). (2.14)
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This way, a g transformation will act as

U(~φ) G−→ gRU(~φ)g†
L. (2.15)

Moreover, without lost of generality, we can take a canonical choice of coset represen-
tative such that ξR(~φ) = ξ

†
L(~φ) = u(~φ). In addition, Lie Algebra tells us that a group

element E, depending on a continuous variable x, can be represented by using the
group generators, g, as,

E(x)= eigx. (2.16)

In our case, the generators are the Gell-Mann matrices, and the continuous variables
are given by the Goldstone fields ~φ, such that

U(~φ)= u(~φ)2 = ei
p

2Φ/ f , (2.17)

with

Φ(x)=
~λp
2
~φ=


π0p

2
+ ηp

3
+ η′p

6
π+ K+

π− − π0p
2
+ ηp

3
+ η′p

6
K0

K− K̄0 − ηp
3
+

√
2
6η

′

 , (2.18)

where the standard η, η′ mixing is assumed [133], and f is the Goldstone-boson decay
constant, given by

〈0|Aµ
a|φb(p)〉 = ipµδab f . (2.19)

If we allow for some SU(3)V symmetry breaking, then fa will be different for each
Goldstone boson, otherwise, f ' fπ = 92.4 MeV in the chiral limit.
The usefulness of working with U(~φ), instead of ~φ, comes from the fact that the
group transformations on U(~φ) are linear, while on ~φ they are not [132]. This way,
it is easier to construct an effective Lagrangian which is symmetric under G. Such
a Lagrangian will only have even powers of derivatives (momentum) to conserve the
right parity. Then,

Leff =
∑
n

L2n (2.20)

For mesons, the lowest (non-trivial) order is given by,

L2 = f 2

4
Tr

(
∂µU∂µU†

)
= 1

2
Tr

(
∂µΦ∂

µΦ
)

+ 1
12 f 2 Tr

[(
Φ
←→
∂ µΦ

)(
Φ
←→
∂ µΦ

)]
+O (Φ6/ f 4), (2.21)
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where in the last part of the equation, we have expanded U(~φ) in Taylor series. Then,
the lowest order Φ term is given by,

LPP = 1
2

Tr
(
∂µΦ∂

µΦ
)
. (2.22)

In addition, there will be mass terms which explicitly break the symmetry.

2.3 Local Hidden Gauge Approach
So far, we have studied interactions involving pseudo-scalar mesons (PP). In this sec-
tion we shall describe interactions between pseudo-scalar mesons and vector mesons
(PV), and vector mesons with vector mesons (VV), using the local hidden gauge (LHG)
model. [134–138]. The LHG Lagrangian will be symmetric under H = SU(3)V trans-
formations, with elements h(~φ, g) ∈ H that have an implicit dependence on the coor-
dinates x through ~φ and hence, H will be a local symmetry. Instead of building an
effective Lagrangian that respects the global symmetry G, as we did in the previous
section, we can now explicitly use the symmetry S =Gglobal×Hlocal. Here, we are still
going to use the U(~φ) = ξRξ

†
L field representation for the Goldstone bosons, but we

will also have an additional gauge vector field, Vµ(x), associated with Hlocal, which is
used to define the covariant derivative,

DµξX (x)= ∂µξX (x)− igVµ(x)ξX (x), (2.23)

with g a coupling-constant and X = L,R. This vector field transforms under the full
symmetry as [134–138]

Vµ(x) S−→ h(x)Vµ(x)h†(x)− i∂µh(x)h†(x), (2.24)

where we have written h(~φ, g) as h(x) for simplicity. This new vector field can be
written as a vector meson nonet [137,139],

Vµ =


1p
2
ρ0
µ+ 1p

2
ωµ ρ+µ K∗+

µ

ρ−µ − 1p
2
ρ0
µ− 1p

2
ωµ K∗0

µ

K∗−
µ K̄∗+

µ φµ

 , (2.25)

where the ideal mixing of the isospin-singlet mesons is assumed.
One can construct two axial and vector quantities, symmetric under Gglobal ×

Hlocal, using the Maurer-Cartan 1-forms [134–138],

α
µ

⊥ = 1
2i

(
∂µξRξ

†
R −∂µξLξ

†
L

)
, (2.26a)

α
µ

∥ =
1
2i

(
∂µξRξ

†
R +∂µξLξ

†
L

)
, (2.26b)
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which transform as [134–138],

α
µ

⊥ → h(x)αµ⊥h†(x, ) (2.27a)

α
µ

∥ → h(x)αµ∥ h†(x)− i∂µh(x)h†(x). (2.27b)

The invariant version of these quantities, if we substitute ∂µ by Dµ, is given by [137]

α̂
µ

⊥ =αµ⊥, (2.28a)

α̂
µ

∥ =α
µ

∥ −Vµ. (2.28b)

Two invariant Lagrangians can be constructed with these quantities [137],

LA = f 2
π Tr

(
α̂⊥µα̂

µ

⊥
)
, (2.29a)

LV = C Tr
(
α̂∥µα̂

µ

∥
)
, (2.29b)

(2.29c)

where the most general Lagrangian, involving only the lowest derivatives, is con-
structed using a linear combination of the previous two [137],

Lχ =LA +aLV , (2.30)

with a a constant.
As anticipated in Sec. 2.2, the gauge can be fixed by requiring that ξ†

L = ξR = u =
e

i Φp
2 f (called the unitary gauge) [12,137], where u(~φ)2 =U(~φ).
Then, the 1-forms can be expanded as [137],

α̂
µ

⊥ = 1p
2 fπ

∂µΦ+ 1

12
p

2 f 3
π

[[Φ,∂µΦ],Φ]+·· · , (2.31a)

α̂
µ

∥ =−gVµ+ i
4 f 2

π

[Φ,∂µΦ]+·· · , (2.31b)

and,

Lχ = 1
2

Tr
(
∂µΦ∂

µΦ
)+aCg2 Tr

(
VµVµ

)− iaCg
2 f 2

π

Tr
(
[Φ,∂µΦ]Vµ

)+·· · , (2.32)

where the first term in the left hand side of the equation is equivalent to Eq. (2.22).
The lowest order term which has at least one Vµ field and at least one Φ field is given
by,

LV PP =−igTr
(
[Φ,∂µΦ]Vµ

)
, (2.33)
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with C = f 2
π , a = 2 and g = mV /(2 fπ), with mV ' 800 MeV [134–138]. In this way, the

t−channel exchange of vector mesons between Goldstone bosons implememts chiral
symmetry, incorporating the universal vector meson coupling hypothesis [Kawarabayashi,
Suzuki, Fayyazuddin, Riazudden (KSFR) [140,141]].

Now to get the interaction between vector fields, one can build the gauge field
strength tensor,

Vµν = ∂µVν−∂νVµ− ig[Vµ,Vν], (2.34)

and then construct the kinetic term of the Lagrangian for the vector field,

Lkin =−1
4

Tr
(
VµνVµν

)
. (2.35)

The lowest order interaction term is then given by,

LVVV = ig Tr
[(
∂µVν−∂νVµ

)
VµV ν

]
. (2.36)

2.4 Chiral SU(3) Meson-Baryon Interaction
The introduction of baryons into the theory is similar to the introduction of vector
mesons [12]. The octet of baryon fields is collected in the matrix field

B = λaBap
2

=


1p
2
Σ0 + 1p

6
Λ Σ+ p

Σ− − 1p
2
Σ0 + 1p

6
Λ n

Ξ− Ξ0 − 2p
6
Λ

 , (2.37)

which contains all the ground state JP = 1/2+ baryons that one can construct with
the three light quarks. The matrix B transforms non-linearly as an H = SU(3)V
octet,

B G−→ h(~φ, g) B h†(~φ, g). (2.38)

Again using the unitary gauge, we have that u(~φ) transforms as

u(~φ) G−→ Ku(~φ)g†
L = gRu(~φ)K†, (2.39)

The matrix K is a unitary matrix which is not only a function of the gL and gR
matrices, but also of the fields in ~φ(x), consequently it is also space-time dependent:
it is local, and comparing with Eq. (2.15), we get

K(~φ, g)= (gR U(~φ) g†
L)−1/2 gRu(~φ). (2.40)

17



Chapter • 2

In order for the interaction between B and u to preserve the right symmetry, the
easiest choice of transformation for B will be given by [12,132],

B G−→ K(~φ, g) B K†(~φ, g). (2.41)

By convention we shall write the 1-forms in Eq (2.26) as

Γµ =−iαµ∥ , (2.42a)

uµ = 2αµ⊥. (2.42b)

The covariant derivatives will then be of the form [132,137]

DµB = ∂µB+ [
Γµ,B

]
, (2.43)

Then, the lowest order effective Lagrangian is given by [142,143]3

L (1)
MB =Tr

[
B̄ (i /D−M)B

]+ D
2

Tr
(
B̄γµγ5

{
uµ,B

})+ F
2

Tr
(
B̄γµγ5

[
uµ,B

])
, (2.44)

with D = 0.85±0.06 and F = 0.52±0.04 constants of the interaction [144]. At low-
est order momentum, the interaction will come only from the Γµ term [31]. Then,
expanding u and taking lower order terms, one gets,

L (1)
MB =Tr

(
Biγµ

1
4 f 2

[[
Φ,∂µΦ

]
,B

])
. (2.45)

2.5 Heavy Quark Symmetries
Let us consider a baryon containing a heavy quark (the discussion for heavy mesons
runs in parallel). The single heavy baryon and heavy quark velocities are equal in
the mQ →∞ limit. The heavy baryon can be viewed as a freely propagating point-
like color source (the heavy quark), dressed by a strongly interacting brown muck
bearing appropriate color, flavour, baryon number, energy, angular momentum and
parity to make up the observed physical state. Since an infinitely massive heavy
quark does not recoil from the emission and absorption of soft (E ∼ΛQCD) gluons, and
since chromomagnetic interactions of such a quark are suppressed as 1/mQ , neither
its mass (flavour) nor its spin affect the state of the light degrees of freedom.

These symmetries of the heavy hadron system with regards to the flavour and
the spin of the heavy quark are called, respectively, heavy quark flavour symmetry
(HQFS) and heavy quark spin symmetry (HQSS), and in this section we shall see

3Note here that the masses of the baryons, given by M, do not break G symmetry.
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how they arise from QCD. In the heavy quark limit, the momentum of the hadron
(PH) is the same as the momentum of the heavy quark (pQ), such that

Pµ

H = mHvµ = pµQ + qµ
mQ→∞−−−−−→ pµQ = mQvµ, (2.46)

with qµ a residual momentum from low energy QCD [145].
For a mass mQ >> ΛQCD but not infinite, the four-velocities of the heavy quark

and the heavy hadron are not the same, vµ = vµH 6= vµQ , although they are still ap-
proximately the same. Then, the momentum of the heavy quark can be written as

pµQ = mQvµ+kµ, (2.47)

with kµ related to qµ through Eq. (2.46)

kµ = (mH −mQ)vµ− qµ, (2.48)

and the velocity of the heavy quark given by

vµQ = vµ+ kµ

mQ
. (2.49)

With these properties we can construct an effective Lagrangian for the heavy quark.
From QCD we have,

L
Q
QCD =ΨQ(x)

(
i /D−mQ

)
ΨQ(x), (2.50)

with ΨQ(x) the heavy quark field and, in the heavy quark limit, the free propagator
becomes,

∆0 =
i
(

/pQ +mQ
)

p2
Q −m2

Q + iε
→ i (1+ /v)

2v ·k+ iε
. (2.51)

One can also define the following projection operators:

Λ± ≡ (1± /v)
2

, (2.52)

with the following properties,

Λ±Λ± =Λ±, (2.53a)
Λ±Λ∓ = 0. (2.53b)

The heavy quark field can be further decomposed into the large (Qv) and small com-
ponents (Qv)

ΨQ(x)= e−imQv·x [Qv(x)+Qv(x)] , (2.54)
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where,

Qv(x)= eimQv·xΛ+ΨQ(x), (2.55a)

Qv(x)= eimQv·xΛ−ΨQ(x). (2.55b)

Then, Eq. (2.50) becomes,

L
Q
QCD =Qv(x)iv · /DQv(x)−Qv(x)iv · /DQv(x)−2mQQv(x)Qv(x)

+Qv(x)i /DQv(x)+Qv(x)i /DQv(x). (2.56)

The first term of the Lagrangian is invariant under both spin (HQSS) and flavour
(HQFS) transformations. The small component can be integrated out of the La-
grangian by using the following equations of motion [146,147],(

i /D−mQ
)
ΨQ(x)= 0= (

i /D−mQ
)
e−imQv·x [Qv(x)+Qv(x)]

= e−imQv·x (
i /DQv(x)+ [

i /D−2mQ
]
Qv(x)

)
. (2.57)

Then,

Qv(x)' 1
2mQ

i /DQv(x)+O

(
1

4m2
Q

)
. (2.58)

Putting Eq. (2.58) into Eq. (2.56), we get,

L
Q
QCD =Qv(x)iv · /DQv(x)− 1

2mQ
Qv(x) /D2Qv(x)+O

(
1

4m2
Q

)
, (2.59)

where, from Eqs. (2.4) and (2.5), we get

/D2 = D2 + g
σµν

2
Gµν, (2.60)

with
σµν = i

[γµ,γν]
2

. (2.61)

From Eq. (2.59) we see that the leading order term is invariant under both flavour
and spin transformations while the second term in the Lagrangian breaks both HQFS
and HQSS. HQFS is broken because of the mQ dependence and HQSS because of the
term proportional to σµν. This means that heavy quark symmetries can be regarded
as approximate symmetries of QCD, that become exact in the limit of infinite heavy
quark mass.
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2.5.1 Heavy Quark Symmetries In Semileptonic Decays

Heavy quark symmetries can provide remarkable simplifications to the description
of transitions in which a hadron containing a heavy quark, with velocity vµ, decays
into another hadron containing a heavy quark of a different flavour. To the heavy
quark, this looks like a free decay (up to perturbative QCD corrections), in which
the light dressing plays no role. The brown muck, on the other hand, knows only
that its point-like source of color is now recoiling at a new velocity v′µ, and it must
rearrange itself about it in some configuration [148]. Hence, in the mQ →∞ limit,
the weak matrix elements must become invariant under independent spin rotations
of the heavy quarks. This is easily shown in the brick wall frame (~v = −~v ′, v0 = v′0)
by quantizing the angular momentum of the light degrees of freedom (ldof) -(brown
muck)- about the spatial axis defined by ~v. It follows that neither the initial and
final heavy baryons, nor the initial and final quarks have orbital angular momentum
about this decay axis. Thus, in the Isgur-Wise (IW) limit, the spins of the heavy
quarks are decoupled from the light quanta, and the component of the ldof total
angular momentum along the decay axis is conserved [148,149].

The quantum state of a heavy hadron, |ΨJ(v)〉, will be given by,

|ΨJ(v)〉 ' |uQ(v);±1/2〉|light;v, j,m j〉, (2.62)

where the light and heavy degrees of freedom decouple. A consequence of the decou-
pling of the spins is that since J = j±1/2 when j 6= 0, a hadron with a total angular
momentum J = j−1/2 will always have a partner (called the heavy quark partner)
with J = j+1/2 that must have the same properties in the heavy quark limit.

A transition from one heavy hadron Hα to another Hβ,ΨαJ(v)→ΨβJ′(v′), through
a general current jC, will be given by a matrix element of the form,

〈ΨβJ′(v′)| jC |ΨαJ(v)〉 = 〈uQβ
(v′); s′Q | jC |uQα

(v); sQ〉 β〈light;v′, j′,m j′ |light;v, j,m j〉α.
(2.63)

If we take the vector current
jµV = ūQγ

µuQ , (2.64)

as an example, and we calculate the matrix element for the case of a meson with
j = 1/2, we get

〈ΨJ′(v′)| ūQγ
µuQ |ΨJ(v)〉 = 〈uQ(v′); s′Q | ūQγ

µuQ |uQ(v); sQ〉〈light;v′,m j′ |light;v,m j〉 =

2mHδs′Q sQ
〈light;v′,m j′ |light;v,m j〉 = 2mHδs′Q sQδm′

jm j

(
ξ(ω)+O

(
1

mQ

))
, (2.65)
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whereω= v′·v and ξ(ω) is the Isgur-Wise function which encodes the non-perturbative
dynamics of the interaction. For v′ = v (zero recoil), ξ(1)= 1 [145] and we get the tran-
sition amplitude entirely from HQSS arguments. For v′ 6= v, the Isgur-Wise function
does not depend on the heavy quark degrees of freedom, as it will only depend on the
quantum numbers of the ldof and thus will be the same for heavy quark partners.

Heavy Baryon States

In this thesis we are interested in the study of baryons with one heavy quark and
light degrees of freedom with j = 0,1, . . . . Then, we must generalize the procedure
used in Eq. (2.65).

From Eq. (2.50) one gets that the free Dirac equation for a heavy quark is given,

(i /∂−mQ)ΨQ(x)= 0, (2.66)

or, for a Dirac spinor,

( /pQ −mQ)uQ(v)= 0⇔ /vuQ(v)= uQ(v)− /k
mQ

uQ(v)
mQ→∞−−−−−→ uQ(v). (2.67)

Then, in the HQSS limit, the Dirac equation for a heavy quark can be written as

/vuQ(v)= uQ(v)+O

(
1

mQ

)
, (2.68)

where uQ(v) is the positive energy spinor.
For a heavy baryon with j = 0 and J = 1/2, all the system will be described by a

simple spinor ψ= u(v) that obeys Eq. (2.68)4

/vu(v)= u(v). (2.69)

For j = 1, we will have two heavy quark partners with J = 1/2 and J = 3/2. The
J = 3/2 baryon will no longer be described by a simple spinor, but a Rarita-Schwinger
spinor, ψµ(x), which obeys the Rarita-Schwinger equations,

(i /∂−M)Ψµ(x)= 0, (2.70a)
γµΨ

µ(x)= 0, (2.70b)

which give a third condition
∂µΨ

µ(x)= 0. (2.71)

4We drop the terms O
(

1
mQ

)
for the rest of the section, for simplicity.
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Then, in momentum space, the Rarita-Schwinger (RS) spinors obey,

( /p−M)uµ = 0, (2.72a)
pµuµ = γµuµ = 0. (2.72b)

These spinors can be obtained by combining a Dirac spinor [u(p, s)] and spin-1 vector
[εµ(p,λ)],

uµ(p, sR)=∑
C

(
1 λ

1
2

s
∣∣∣3
2

sR

)
εµ(p,λ)u(p, s), (2.73)

with s =±1/2 the third component of the 1/2 spin and λ the polarization of the vector
εµ(p,λ).

For a heavy quark spinor with j = 1, ψµ

3/2, Eqs. (2.72) become

/vψ
µ

3/2 =ψ
µ

3/2, (2.74a)

vµψ
µ

3/2 = γµψ
µ

3/2 = 0, (2.74b)

A heavy quark spinor, with J = 1/2 and 3/2 components, will have a form like [148]

ψµ = Aµu, (2.75)

with Aµ the j = 1 part and u a Dirac spinor, with the following spin sums∑
i=1,2

u(i)ū(i) = 1+ /v
2

=Λ+, (2.76a)∑
i=1,2,3

A∗(i)
µ A(i)

ν =−gµν+vµvν. (2.76b)

Furthermore, ψµ can be decomposed into 1/2 and 3/2 components,

ψµ =ψµ

1/2 +ψ
µ

3/2. (2.77)

Then, by writing [148],

ψ
µ

3/2 =
[
δ
µ
ν−

1
3

(
γµ+vµ

)
γν

]
ψν, (2.78a)

ψ
µ

1/2 =
1
3

(
γµ+vµ

)
γνψ

ν, (2.78b)

Eqs. (2.74) and (2.77) are fulfilled. The spin-1/2 component can also be written in
terms of the positive energy Dirac spinor ψ̃,

ψ
µ

1/2 =
√

1
3

(
γµ+vµ

)
γ5ψ̃, (2.79)
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with

ψ̃=
√

1
3
γ5γνψ

ν
1/2. (2.80)

Finally, from Eqs. (2.76), one gets

∑
i=1,2

ψ
µ

1/2ψ
ν
1/2 =−1

3
Λ+

(
γµ−vµ

)(
γν−vν

)
, (2.81a)

∑
i=1,2,3

ψ
µ

3/2ψ
ν
3/2 =Λ+

[
−gµν+vµvν+ 1

3
(
γµ−vµ

)(
γν−vν

)]
. (2.81b)

For the general case for arbitrary integer j, we will have the spinor [148],

ψµ1...µ j = Aµ1...µ j u, (2.82)

which can also be separated into heavy quark partners,

ψµ1...µ j =ψµ1...µ j
j−1/2 +ψµ1...µ j

j+1/2 . (2.83)

The j−1/2 component can be written as,

ψ
µ1...µ j
j−1/2 = 1

2 j+1

[(
γµ1 +vµ1

)
γν1δ

µ2
ν2 . . .δµ j

ν j +·· ·+δµ1
ν1 . . .δµ j−1

ν j−1

(
γµ j +vµ j

)
γν j

]
ψν1...ν j ,

(2.84)
or, in terms of lower dimension spinors,

ψ
µ1...µ j
j−1/2 =

√
1

2 j+1

[(
γµ1 +vµ1

)
γ5ψ̃

µ2...µ j + (
γµ2 +vµ2

)
γ5ψ̃

µ1µ3...µ j + . . .

+(
γµ j +vµ j

)
γ5ψ̃

µ1...µ j−1
]
, (2.85)

with

ψ̃µ1...µi−1µi+1...µ j =
√

j
2 j+1

γ5γµiψ
µ1...µ j
j−1/2 . (2.86)

As in the j = 1 case, ψµ1...µ j
j+1/2 can be written in terms of the partner.

Matrix Elements

The light part of the matrix element in Eq. (2.63) can be written as,

β〈light;v′, j′,m j′ |light;v, j,m j〉α = A′ν1...ν j′ Aµ1...µ jζ
αβ
ν1...ν j′ ;µ1...µ j , (2.87)
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where ζ
αβ
ν1...ν j′ ;µ1...µ j is a tensor that contains all the possible Isgur-Wise functions,

ξ(ω), and is given by [148]

ζ
αβ
ν1...ν j′ ;µ1···µ j = (−1) j∆ν j+1 . . .∆ν j′

[
ξ

( j′, j)
0 (ω) gν1µ1 · · · gν jµ j +ξ( j′, j)

1 (ω)∆ν1∆µ1×

gν2µ2 · · · gν jµ j + ·· ·+ξ( j′, j)
j (ω) ∆µ1∆ν1 · · ·∆ν j∆µ j

]
, (2.88)

with ∆µ = (v′µ−vµ). Then, using a general current,

jC = ūQβ
ΓuQα

, (2.89)

the matrix element for a general j to j′ transition becomes,

〈ψβ j′(v′)| jC |ψα j(v)〉 =−
p

4MM′ A′ν1...ν j′ ūβ Γuα Aµ1...µ jζ
αβ
ν1...ν j′ ;µ1...µ j . (2.90)

Then, using Eq.(2.83), Eq. (2.63) becomes

〈ψβ j′±1/2(v′)| jC |ψα j±1/2(v)〉 =−
p

4MM′ ψ̄
ν1...ν j′
j′±1/2 Γ ψ

µ1...µ j
j±1/2 ζ

αβ
ν1...ν j′ ;µ1...µ j (2.91)

This formalism can also be extended to half-integer j (mesons). However, this
case is not relevant for this thesis and so we will not show it here. For more informa-
tion the reader is referred to Ref. [148].

In this section we have explored what we could find out about matrix elements
involving heavy hadrons using HQSS. For the purpose of this thesis, this discussion
limited to HQSS is enough. However, effective Lagrangians can also be constructed
for heavy mesons and heavy baryon interactions. For more information about these
theories the reader is referred to Refs. [145,146,150].
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Analytic Structure Of Scattering
Amplitudes

3.1 Scattering Theory

If we have a system in an initial state |i〉, then the amplitude of probability that the
system will be found in a final state | f 〉 will be given by

S f i = 〈 f |S |i〉 , (3.1)

where S is the S-matrix of the system, also known as the scattering operator. The
S-matrix can be separated like

S = 1− iT, (3.2)

where 1 represents the amplitude of the system remaining unchanged by the inter-
action, and T the amplitude when it changes. From probability conservation (unitar-
ity), we have that

S†S = 1⇔ (T† −T)= iT†T. (3.3)

Since the total four momentum P of the system is conserved, then we can define an
S−matrix, SP , with a specific momentum, such that,

〈 f |S |i〉 = (2π)4 δ4(P f −Pi)〈 f |SP |i〉 . (3.4)

For a system of a single particle, its state can be written as

|m, j;~p,µ〉, (3.5)
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with m the mass, j the spin, µ the third spin component1 and ~p the three-momentum
of the particle. The normalization of these states will be given by

〈m, j;~p′,µ′|m, j;~p′,µ′〉 = 2E(2π)3 δ3(~p′−~p) δµ′µ, (3.6)

with E = (m2 +~p2)
1
2 the energy of the particle. The third component of the spin, µ,

can be related to a physical direction. For a particle at rest, the µ represents the spin
component along the z-direction. By making a boost along the z-axis, such that,

|m, j;~0,µ〉 boost−−−→ |m, j; qêz,µ〉, (3.7)

with êz = (0,0,1) and q = |~p| then, in this new reference frame, µ becomes the spin
component along the direction of movement, which is the definition of the helicity.
Furthermore, if we now make an arbitrary rotation in the three-momentum, such
that the direction of motion is no longer the z-axis,

|m, j; qêz,µ〉 rotation−−−−−→ |m, j;~p,µ〉, (3.8)

the helicity will still be given by µ, since it is unaffected by rotations [151]. This way
the state in Eq. (3.5) is defined by its helicity, and is thus an helicity state.

Using the helicity formalism is very useful for several reasons. First, even if
a particle has angular momentum ~L, because it is given by ~L =~r×~p, its projection
along the direction of movement will always be zero. Thus, µwill be both the spin and
the total angular momentum projections. Also, as was mentioned already, helicity is
invariant under rotations. It is also defined for massless particles, which means that
the formalism can be used for both massive and massless particles.

The state in Eq. (3.5) can be written in a more relativistically friendly manner if
one uses the four momentum of the particle, pµ = (E,~p),

|m, j;~p,µ〉→ |pµ, j;µ〉. (3.9)

From now on we will drop the index µ of the four-momenta in the scattering states
for the sake of clarity.

If we now consider two particle scattering, we can write a non-interaction scat-
tering state as

|p1 p2;µ1µ2;γ〉 = |p1, j1;µ1〉⊗ |p2, j2;µ2〉, (3.10)

where the γ label includes j1, j2 and other possible quantum numbers (e.g. baryon
number, strangeness, etc.). These states will have the the following normalization

1Considering the generators, Ji, i = 1,2,3, of the three dimensional rotation group, the eigenvalues
of ~J2 will be given by j( j+1) and of J3 by µ.
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rules:

〈p′
1 p′

2;µ′
1µ

′
2;γ′|p1 p2;µ1µ2;γ〉 = 2E12E2(2π)6 δ3(~p′

1 −~p1)δ3(~p′
2 −~p2) δµ′1µ1δµ′2µ2δγ′γ.

(3.11)
Then, the initial and final states of the system can be written as,

|i〉 = |p1 p2;µ1µ2;γ〉, (3.12a)
| f 〉 = |p′

1 p′
2;µ′

1µ
′
2;γ′〉. (3.12b)

One can also write |i〉 and | f 〉 in terms of the total four-momentum of the system,
P = p1 + p2, such that

|i〉 = |P〉|α〉, (3.13a)
| f 〉 = |P ′〉|α′〉, (3.13b)

where α, α′ depend on the rest of the quantum numbers, and

〈P ′|P〉 = (2π)4 δ(P ′−P), (3.14a)

〈α′|α〉 = (2π)2 4
p

s
q

δ(Ω′−Ω) δµ′1µ1δµ′2µ2δγ′γ, (3.14b)

with q = |~p1| = |~p2| in the C.M. frame. The explicit dependence of |α〉 on the angles
Ω= (θ,φ) and the parameters µ1, µ1, γ is given by [151]

|α〉 =
(
4
p

s
q

)1/2

|θ,φ;µ1µ2;γ〉. (3.15)

Because of momentum conservation, we can always write the S-matrix as

S = 1⊗SP , (3.16)

where the identity 1 acts on the |P〉 states, and SP on the |α〉 states. We can also
define TP in the same way. For the two particle scattering, Eq. (3.1) becomes

S f i = (2π)4 δ4(P f −Pi)〈α f |SP |αi〉, (3.17)

and the T−matrix is given by

T f i = (2π)4 δ4(P f −Pi)〈α f |TP |αi〉. (3.18)

One can define the following function of the Mandelstam variables s and t,

T(s, t)≡ 〈α f |TP |αi〉 = 4
√

s
qq′ 〈θ,φ;µ1µ2;γ|TP |θ′,φ′;µ′

1µ
′
2;γ′〉, (3.19)
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with q′ = |~p′
1| = |~p′

2| the momentum of the final state particles in the C.M. frame.
With these tools, we can write Eq. (3.3) as

〈 f |T†|i〉−〈 f |T|i〉 = i
∑
λβ

∫
dQdΩ
(2π)6

q
4
p

s
〈 f |T†|Q,β〉〈Q,β|T|i〉, (3.20)

where we used the projection operator for the states in Eq. (3.13),

1=∑
λβ

∫
dQdΩ
(2π)6

q
4
p

s
|Q,β〉〈Q,β|, (3.21)

with
∑
λβ , the sum over the quantum numbers of |β〉 and Q the total momentum of

the |Q,β〉 states. Using Eqs. (3.13) and (3.14a), we get

T∗(s, t)−T(s, t)= i
q

4
p

s

∑
λβ

∫
dΩ

(2π)2 〈α f |T†|β〉〈β|T|αi〉. (3.22)

3.1.1 Partial Wave Amplitudes
Because of conservation of total angular momentum, a scattering amplitude T(s, t)
can always be written as an expansion of partial scattering amplitudes that depend
only on a specific angular momentum [151]. For initial and final scattering states
|p1 p2;µ1µ2;γ〉 and |p′

1 p′
2;µ′

1µ
′
2;γ′〉 (respectively) with non-zero spin, the partial wave

expansion of the amplitude can be written as

T(s, t)=∑
j

(2 j+1)T j(s)d j
µµ′(θ), (3.23)

where µ=µ1 −µ2, µ′ =µ′
1 −µ′

2 , and

d j
µ′µ(θ)= 〈 jµ′|e−iθJy | jµ〉

=∑
n

(−1)n√
( j+µ)!( j−µ)!( j+µ′)!( j−µ′)!

( j−µ′−n)!( j+µ−n)!(n+µ′−µ)!n!

×[cos(θ/2)]2 j+µ−µ′−2n[−sin(θ/2)]µ
′−µ+2n, (3.24)

the Wigner small d-matrix.
At lot of properties relating to the analyticity of the partial wave amplitudes can

be studied for zero spin which remain valid for higher spins [151]. Thus, it is useful
to study this specific case. For scalar particles we have that µ′ = µ = 0, and d j

00 =
P j(cosθ), and the partial wave expansion can be written as

T(s, t)=
∞∑

l=0
(2l+1)Tl(s)Pl(cosθ). (3.25)
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Redefining the partial wave amplitude, such that

Tl(s)=−8π
p

s f l(s), (3.26)

then Eq. (3.25) becomes

T(s, t)=−8π
p

s
∞∑

l=0
(2l+1) f l(s)Pl(cosθ), (3.27)

The unitary condition in Eq. (3.22) for partial waves becomes

∞∑
l=0

(2l+1)Pl(cosθ)
[
f ∗l (s)− f l(s)

]= i
q

4
p

s

∑
l′

(2l′+1) f l′(s)
∫

dΩ
(2π)2 T∗(s,cosβ)

×Pl′(cosβ)= i
q

4
p

s

∑
l′

(2l′+1) f l′(s)
∫ 1

−1

dx′

(2π)
T∗(s, x′)Pl′(x)=

=−2iq
∑
l′

(2l′+1) f l′(s) f ∗l′ (s), (3.28)

were we have used the fact that

T∗(s, t)=−8π
p

s
∑
l

(2l+1) f ∗l (s)Pl(cosθ). (3.29)

Then, Eq. (3.28) becomes

f ∗l (s)− f l(s)=−2iIm f l(s)=−2iq | f l(s)|2 . (3.30)

Or, using the inverse of the amplitudes,

Im f −1
l (s)=−q, ImT−1

l (s)= ρ(s) (3.31)

with
ρ(s)= q

8π
p

s
, (3.32)

the phase space factor.2

From Eq. (3.23) one can also write the boson-fermion partial wave scattering am-
plitudes, which are useful to describe meson-baryon interactions. Separating the

2Note that, below the threshold of the interacting particles, the phase space of the reaction is zero.
So, there is an implicit Heaviside function Θ

(
s− (m1 +m2)2

)
multiplying in the left side of the phase

space equation above.
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contributions from J = l+ 1
2 and J = l− 1

2 , the operator amplitude T(s, t) can be writ-
ten as3 [151,152],

T(s, t)=∑
l

(2l+1)
[
f l+(s)Q̂l++ f l−(s)Q̂l−

]
Pl(cosθ), (3.33)

with Q̂l± and f l± the projection operators and partial wave amplitudes for J = l± 1
2 ,

respectively. The projection operators are given by [152]

Q̂l+ = l+1+~l ·~σ
2l+1

, (3.34a)

Q̂l− = l−~l ·~σ
2l+1

, (3.34b)

with ~σ the spin vectors. The amplitude of the interaction can also be separated into
spin-flip (h(s, t)) and spin non-flip parts (g(s, t)) [151,152],

T(s, t)= g(s, t)+ ih(s, t) ~σ · n̂, (3.35)

with

n̂ = ~p′
2 ×~p2

|~p′
2 ×~p2|

, (3.36)

and ~p2, ~p′
2 the momentum of the initial and final bosons. The functions g and h have

partial wave expansions of the form [151,152]

g(s, t)=∑
l

[(l+1) f l+(s)+ l f l−(s)]Pl(cosθ), (3.37a)

h(s, t)= sinθ
∑
l

[ f l+(s)− f l−(s)]P ′
l(cosθ). (3.37b)

For s-wave (l = 0), only the g(s, t) term will survive, because of the derivative in the
h(s, t) expansion. Then,

T(s, t)
∣∣
l=0 = g(s, t)

∣∣
l=0 = f0+(s). (3.38)

The projection of the full amplitude into s-wave can then be done as in the spinless
case,

f+(s)= 1
2

∫ 1

−1
d cosθ T(s, t) P0(cosθ). (3.39)

3It is important to remember here that T(s, t) describes the scattering of two particles and as such
is defined between both states.
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Chiral lowest order s−wave Goldstone boson-octet baryon amplitude

This s−wave meson-baryon amplitude will be the most used throughout this thesis.
From the density Lagrangian in Eq. (2.45), one can calculate the tree-level Goldstone-
boson-octet baryon amplitude, which is given by [24]

Vi j(
p

s,Ω,~σi,~σ j)=− Ci j

4 f 2

√
E i +Mi

2Mi

√
E j +M j

2M j
χT
σi

[
2
p

s−Mi −M j

+(2
p

s+Mi +M j)
~qi ·~q j + i(~qi ×~q j) ·~σ
(E i +Mi)(E j +M j)

]
χσ j , (3.40)

where E i, Mi, χσi and σi are the energy, mass, two component Pauli spinor (χσi and
χT
σi

for its transposed) and the spin of baryon in channel i, respectively. As expected,
the structure of this amplitude is indeed equal to Eq. (3.35).

The s-wave projection of the meson-baryon amplitude is given by the Weinberg-
Tomozawa term,

Vi j(s)=− Ci j

4 f 2

(
2
p

s−Mi −M j
)√E i +Mi

2Mi

√
E j +M j

2M j
(3.41)

'− Ci j

2 f 2

(
k0

i +k0
j

)
, (3.42)

with k0
i the energy of the meson in channel i,

k0
i =

s+m2
i −M2

i

2
p

s
. (3.43)

The Ci j coefficients for SU(3) can be found in Refs. [153, 154]. In Chapters 7 and 9,
we will use an extension of the Weinberg-Tomozawa term for SU(6)lsf ×SU(2)HQSS
symmetry, while in Chapter 8 we will use an extension within the local hidden gauge
approach to account for an extra (heavy) quark, both of which will result in different
Ci j factors.

3.1.2 Analyticity and Riemann Sheets
To understand why the unitarity and analyticity of the T-matrix are relevant to the
study of resonances, let us look at a simple example [155]. Consider an elastic 2→ 2
interaction of two identical spinless bosons with mass m. Then,

ρ(s)= 1
16π

√
s−4m2

s
, (3.44)
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and we get

ImT−1
l (s)= 1

16π

√
s−4m2

s
, (3.45)

as the unitarity condition. If we write tl(s) in the following way

tl(s)=− eiδl

ρ
sinδl =

(−ρ cotδl + iρ
)−1 , (3.46)

where δl is the phase shift, we see that Eq. (3.31) is automatically fulfilled. For
resonances, the amplitude is given by Eq. (1.9)

tl(s)= g2

s− sR + iρ(s)g2 , (3.47)

where, in this case MRΓ= g2ρ, and by comparing this with Eq. (3.46), we get that,

δl = tan−1 [
ρg2/ (sR − s)

]
. (3.48)

An interesting idea is to analyze the singularities present in Eq. (3.47), since the
mass and width of a resonance can be obtained from the position of the singularities
in the complex plane of s. For simplicity, let us approximate, close to the resonance
mass position, ρ by q/(8π

p
sR). Then,

tl(s)= g2

s− sR + i qg2

8π
p

sR

= g2

8A

[
1

q− qR
− 1

q+ q∗
R

]
, (3.49)

with qR = A− iγ, where A is a constant defined such that sR = 4(A2 +γ2 +m2), and
γ = g2

64π
p

sR
. As we can see in Eq. (3.49), tl(s) will have two singularities, one in

q = −q∗
R and another in q = qR . Both singularities have a negative imaginary part,

which means that if we make an analytical continuation of Eq. (3.49) into complex
values of q, both singularities will appear in the lower part of the complex plane of
q (see Fig. 3.1). To explain why this is important, let us explore a bit the nature of
complex variables and analytic continuations.

Riemann Sheets

Given a complex number z ∈C , one can write it as either,

z = x+ i y, (3.50)

with x and y ∈R, or, alternatively,

z = ρeiθ, (3.51)
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Re q

Im q

××

−|A| |A|

−γ

Figure 3.1: Position of the two poles of tl(s), qR and q∗
R . Note that they appear below the real axis for

resonances (and on the real axis for bound states).

with ρ =
√

x2 + y2 and θ = arctan(y/x). The phase θ is called the principal argument
of the complex number z. Then, it is straightforward to see that adding a phase equal
to 2π to θ does not change the value of z.

From z, we can also define the square root,

w =p
z =p

ρei θ2 . (3.52)

Now, if we add 2π to the principal argument θ in Eq. (3.51), although z still remains
the same, w changes

wI =
p

z → wI I =p
ρei θ2+iπ =−pz. (3.53)

This is by no means a unique behavior of the square root of complex numbers. Take,
for example, the case of the logarithm:

w = log(z)= log(ρ)+ iθ (3.54)

Here the situation is even more extreme, since we can have infinite different values
for the same z if we add and arbitrary number n of 2π phases,

w → wn = log(ρ)+ iθ+2inπ, (3.55)

with n ∈N .
This behavior is all the more interesting if we look at the square root (or the

logarithm) of z, as a complex function, f , such that

f : C →C , z →p
z = w. (3.56)
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From Eq. (3.53) one can see that f is a multi-valued function, that is, it can have
several values for the same point z. Let us look at this problem more carefully. Take
z = ρ+ iε, with ρ,ε ∈R. Then,

lim
ε→0+ f (ρ+ iε)=p

ρ, (3.57a)

lim
ε→0− f (ρ+ iε)= lim

ε→0+ f (ρ− iε)=−pρ, (3.57b)

where the principal arguments are taken between 0 and 2π. Or in other words,
whether one approaches ρ from above or below the real axis will affect the value of
the function.

One way to solve this problem is to define a branch cut, which basically means,
a line were a given function is not continuous. More precisely, a branch cut is a line
that connects two branch points, and a branch point is a point where f is discon-
tinuous if we go through a small circuit around the point [156]. Our function f will
have two branch points, one at z = 0 and another one at z = ∞, and thus we can
define the branch cut for z ∈ [0,+∞[. By doing this we disconnect the space above
and below this curve, and, by not being able to travel between these two spaces,
we impose the desired behavior into the function – it will not be multi-valued. Our
function f will not have two values for z ∈ [0,+∞[, because that line is no longer
part of the space were the argument z is mapped to. For values of z defined in
θ ∈ [0,2π[, all points of f (z) will be either in Im(w) > 0 or in the real axis Re(w) > 0
for Im(w)= 0 (see Fig. 3.2). Then, by allowing for a branch cut in the z space, we are
effectively separating the region [Im(w)< 0∨ (Im(w)= 0∧Re(w)< 0)] and the region
[Im(w)> 0∨ (Im(w)= 0∧Re(w)> 0)] in the w space (see Fig. 3.2b). Thus, the function
cannot have two different values for a given z, and in Eq. (3.57), f (ρ− iε) will no
longer be defined.

What we define as a branch cut is somewhat arbitrary, provided it connects two
branch points [156, 157]. For example, we have [0,+∞[ if we use θ ∈ [0,2π[, but if
one were to define the domain of θ as [−π,π[, the branch cut would be defined as
z ∈]−∞,0].

There is another way of describing these types of multi-valued functions. In
Eq. (3.56), instead of starting from a general complex plane C and going to a space
defined through a branch cut, one can divide the original space into subspaces Cn,
such that for each Cn no two values of z give the same w. For example, in the case of
the square root function, we only need two subspaces:

CI = {z ∈C : Arg(z) ∈ [0,2π]}, (3.58a)
CI I = {z ∈C : Arg(z) ∈ [2π,4π]}, (3.58b)

since adding another 2π to the domain of θ takes us back to CI . Because of this, it is
no longer sufficient to define a function f that accepts an argument z, one also has
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Re z

Im z

ρ+ iε
ρ− iε

(a) Space defined by θ ∈ [0,2π[, with a branch cut
along z ∈ [0,∞[.

Re w

Im w

p
ρ−pρ

(b) Space defined by [Im(w) > 0 ∨
(Im(w) = 0 ∧ Re(w) > 0)] (blue
defines the inaccessible part of the
space).

Figure 3.2: Subspaces in the complex plane of z (a) and w (b). Here, we no longer have a two valued
function defined in all of w-plane, a function defined only in one of the subspaces that originate from
the existence of a branch cut along z ∈ [0,∞[.

to define in which subspace our argument lives. Then, we define a parameter n that
we use to specify the space, which works almost like a second argument, alongside z.
Thus,

fn : Cn →C , z →p
z = w. (3.59)

This solves the discontinuity problem because now we define f = f I above the real
axis and f = f I I below,

f I(ρ+ iε)=p
ρeiε/2 'p

ρ ' f I I(ρ− iε)=p
ρe2iπ−iε/2, (3.60)

and
f I(ρ− iε)=p

ρeiπ−iε/2 '−pρ ' f I I(ρ+ iε)=p
ρeiπ+iε/2. (3.61)

Functions in physics are defined in the first Riemann sheet (FRS), CI in this case, and
to take them to the second Riemann sheet (SRS) we must do an analytic continuation.
We know that,

f I I(ρ− iε)= f I(ρ+ iε). (3.62)

and, by making some manipulations, we get

f I I(ρ+ iε)= f I(ρ− iε)= f I(ρ− iε)− f I(ρ+ iε)+ f I(ρ+ iε)⇔ (3.63)

f I I(ρ+ iε)=−Disc
[
f I(ρ)

]+ f I(ρ+ iε) (3.64)
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We can extend the real variable in that equation to a complex one, ρ→ z. Then, the
above equation becomes,

f I I(z)=−Disc[ f I(z)]+ f I(z). (3.65)

Poles and Resonances

Now we can look again at Eqs. (3.46) and (3.49). We see that the amplitude of the
resonance depends on the function ρ(s), which contains a square root. Hence, every-
thing we have talked about so far is relevant here. The amplitude tl(s) will have a
branch cut in the real axis, for Re(s) ∈ [4m2,+∞[ and, in Eq. (3.49), we see that the
poles associated to the resonance are in the lower half of the complex plane in the
q ∝ ρ(s) space. Also, in the previous section, we have seen that the lower half of
the complex plane in the w =p

z space corresponds to the SRS in the z space. Thus,
we can see that the singularities associated with the resonance of Eq. (3.49) will be
found in the SRS [155].

One can define the amplitude tl in the SRS by using Eqs. (3.64) and (3.31), to-
gether with the Hermitian analyticity condition, t∗l (s)= tl(s∗), and we get

t−1
lII(s)=−2iρ(s)+ t−1

lI (s). (3.66)

From Eq. (3.46) and since the partial wave S-matrix for an elastic interaction is given
by Sl = e2iδl [151], one can see that

t−1
lII(s)= t−1

lI (s)Sl , (3.67)

which means that the poles found in the SRS correspond to zeros of the Sl matrix
plus the poles of tlI [14].

The first Riemann sheet (FRS) is know as the physical sheet, and the amplitudes
that we typically use in physics are defined there.

A general amplitude will depend on the Mandelstam variables. Typically, one as-
sumes that T(s, t,u) will permit an analytical continuation over the complex planes
of s, t and u, apart from certain singularities of “physical origin”. This is known as
the Mandelstam Hypothesis. While constructing amplitudes, usually it is taken as a
postulate that they must have as little singularities as possible [151] (typically the
ones required by unitarity) which appear in the real axis. However, as we have seen
in Eq. (3.67), the amplitudes in the SRS will have extra singularities in the complex
plane, which can correspond to resonances. Even though these poles are in the non-
physical sheet, since both sheets are connected for Re(s) ∈ [4m2,+∞[, these poles can
still influence the real axis, which is the region that we observe in experiments.

In Fig. 3.3 we show an example of an amplitude in both sheets. Notice how both
sheets connect in the real axis.
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Figure 3.3: Plot of an hypothetical amplitude (z-axis) in terms of the real and imaginary part of s.
Picture taken from Ref.’s [110] review of “Resonances”.

This direct analysis between the case of f (z) =p
z and ρ(s) ∝

p
s−4m2 rests on

the fact the we have made the substitution ρ = q
8π

p
s → q

8π
p

sR
. The real ρ(s) is a bit

more complicated, since besides the branch cut for Re(s) ∈ [4m2,+∞[, because of thep
s in the denominator, we would have another branch cut for Re(s) ∈]−∞,0].4 It is

typical while studying hadronic resonances to neglect the left-hand cut [32,158,159].
If one wants to take it into account, the usual way is to use the N/D method. In this
method tl(s) is defined as a quotient of two functions,

tl(s)= Nl(s)
Dl(s)

, (3.68)

where Nl(s) contains the left-hand cut, and Dl(s) contains the right-hand cut. Any
other singularities that could be found in one of these functions can always be rede-
fined as zeros of the other function. This way, the study of each of these branch cuts
can be done using separate functions. An interesting result that comes from the N/D
method, as shown in Refs. [32, 158–160], is that one can express the amplitude tl(s)
as

t−1
l (s)= v−1

l (s)− gl(s), (3.69)

with gl(s) a function that has the right-hand cut, and v−1
l (s) a function that has

the contributions from other pole terms and crossed channel dynamics, but not the
right-hand cut. The function gl(s) is given by the scalar loop function [32,158,159]

gl(s)∝G(s)= i
∫

d4q
(2π)4

1
(P − q)2 −m2

1 + iε
1

q2 −m2
2 + iε

, (3.70)

4For scattering of particles with different masses there can also be a circular cut in the complex
s−plane, defined by |s| = |m2

2 −m2
1|, however we shall consider only the right- and left-hand cuts, as

was done in Ref. [158].
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in case of two mesons interacting and,

G(s)= i
∫

d4q
(2π)4

2M1

(P − q)2 −M2
1 + iε

1
q2 −m2

2 + iε
, (3.71)

in case of meson-baryon interaction. Here, P is the total momentum of the system.
As we will see in the following section, the function vl(s) can be related to the

amplitudes of the effective fields studied in Chapter 2.

3.2 Unitarity in Coupled Channels
The equations studied in the previous sections were deduced for elastic scattering.
However, they can be generalized to inelastic multichannel scattering in a straight-
forward way. In this case, for N channels, the unitary condition becomes

Im [tl]i j =−
N∑

k=1
[t∗l ]ik ρk [tl]k j θ(s− sk), (3.72)

with sk and ρk the threshold and phase space of the kth channel, respectively (from
now on and for simplicity, the partial wave label l will be left implicit). In matrix
notation

Im t =−t†ρt, (3.73)

where ρ =Diag
{
ρ1θ(s− s1), · · · ,ρNθ(s− sN)

}
. Then Eq. (3.31) becomes

Im t−1 = ρ. (3.74)

3.2.1 Bethe-Salpeter equation and the chiral unitary approach
Consider the elastic scattering of two particles A and B. One can calculate pertur-
batively this amplitude, T(p,k; p′,k′), using the effective theories discussed in Chap-
ter 2, which we shall represent as

k k′

p p′

, (3.75)

where p and k are the initial momenta, and p′, k′ the final momenta, respectively, of
A and B. Given one perturbative order, one can re-sum some higher order to restore
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unitarity by solving the Bethe-Salpeter equation (BSE) [161],

T(p,k; p′,k′)=V (p,k; p′,k′)+ i
∫

d4q
(2π)4 V (p,k; q, p+k− q) ∆A(q)

×∆B(p+k− q)T(q, p+k− q; p′,k′) (3.76)

with V (p,k; p′,k′) and ∆i, the perturbative two particle irreducible amplitude and
particles A and B propagators, respectively. The amplitude V (p,k; p′,k′) in this equa-
tion is typically called the kernel. The BSE fulfills the two particle unitary condition
(Eq. (3.3)) [161], while, at the same time, taking into account the symmetries of our
(effective) field theory through the kernel. In terms of Feynman diagrams, the new
BSE amplitude is represented as,

k k′

p p′

=

k k′

p p′

+

k

p

k′

p′

(3.77)

which we can expand as

k k′

p p′

=

k k′

p p′

+

k

p

k′

p′

+

k

p

k′

p′

+·· · (3.78)

The unitarized amplitude will contain the original kernel, plus the rescattering am-
plitudes of A and B.

At lowest order, in addition to considering the kernel at tree level, the particle
propagators are approximated by the free ones [161,162]

V (p,k; p′,k′)'V0(p,k; p′,k′), (3.79a)

∆i(q)'∆i0 = [q2 −m2 + iε]−1, (3.79b)
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from where one gets,

G(p,k)= i
∫

d4q
(2π)4 ∆A0(q)∆B0(p+k− q), (3.80)

which is equal to the loop function in Eq.(3.70). In the case of the meson-baryon
interaction, the loop function needs to be multiplied by two times the mass of the
baryon, within our normalizations.

It is common to take the s−wave projection of the amplitudes, which we write
as T(p,k; p′,k′) → t(s) and V (p,k; p′,k′) → V (s). Another common simplification is
to take only into account the on-shell contribution of the kernel, where q2 = m2,
which means that the kernel and the T−matrix can be factored out of the integral in
Eq. (3.76). For an s−wave Weinberg-Tomozawa (WT) type kernel and a cutoff regu-
larization scheme, it was shown in Refs. [31,122,163] that the off-shell contributions
will be reabsorbed in the lowest order Lagrangians by a suitable renormalization. In
general, as it was proven in Ref. [161] for ππ scattering, the off-shell terms will be
reabsorbed by a suitable renormalization of the effective theory involving higher per-
turbative orders. Then, from now on, we will use the on-shell approximation and
take into account only the on-shell part of the kernel. In this way, Eq. (3.76) becomes

t(s)=V (s)+V (s) G(s) t(s). (3.81)

Then, if we develop the geometric series, we get,

t(s)= V (s)
1−V (s) G(s)

. (3.82)

We can extend these equations to multiple channels by defining the matrices,

ti j = t(pi,ki; p′
j,k

′
j); Vi j =V (pi,ki; p′

j,k
′
j); G i j = δi jG(pi,ki), (3.83)

and, again for s−wave, we get

t(s)= [1−V (s)G(s)]−1V (s). (3.84)

If we take the inverse of t, we get

t−1(s)=V−1(s)−G(s), (3.85)

which is equal to Eq. (3.69) for V (s)= vl(s), (l = 0).

The chiral unitary approach (CUA) is defined by the scheme outlined in this sub-
section. Within this approach, the amplitudes obtained from the chiral effective La-
grangians are unitarized using the BSE. This non-perturbative resumed amplitudes,
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in some cases, give rise to dynamically generated resonances or bound states, after
they are properly renormalized, as we will discus in the next Secs. 3.2.3 and 3.2.2.

For simplicity, although abusing notation, we will systematically refer to CUA as
any unitary scheme in coupled channels, regardless of whether χPT is not used to
calculate the BSE kernel.

3.2.2 Regularizing the loop function
For the sake of simplicity, we shall only write here the expressions for the meson-
baryon loop function, keeping in mind that for the meson-meson case one needs to
remove the extra factor 2M multiplying the loop function.

The loop function defined in Eq. (3.80) is ultraviolet (UV) divergent and it needs
to be regularized. Usually, this is accomplished in one of two ways: either by using
dimensional regularization or a cutoff in the three momenta. Using dimensional
regularization, one introduces a subtraction constant a(µ) that depends on an energy
scale µ, such that for free propagators one gets5

GR
i (s)= 2Mi

16π2

[
ai(µ)+ log

M2
i

µ2 + s+m2
i −M2

i

2s
log

m2
i

M2
i
+ |~ki|p

s
×

{
log

−s−∆i +2
p

sqi

s−∆i +2
p

sqi
+ log

−s+∆i +2
p

sqi

s+∆i +2
p

sqi

}]
, (3.86)

with,

|~ki| =
λ1/2 (

s, M2
i ,m2

i
)

2
p

s
, (3.87)

∆i = M2
i −m2

i and Mi (mi) the baryon (meson) mass, and λ(x, y, z) the ordinary Källen
function. In general, this regularization scheme does not depend on the energy scale
µ, since any changes on the scale can be reabsorbed into the subtraction constant
a(µ) [164].

Alternatively, one can use a cutoff in the three momentum. Integrating out the
q0 component in Eq. (3.80), the loop function is given by [165],

G i(s)= 2Mi

∫
d3q

(2π)3
Ωi(~q)

s− (ωi(~q)+E i(~q))2 + iε
, (3.88)

with ωi(~q)=
√
~q2 −m2

i , E i(~q)=
√
~q2 −M2

i and

Ωi(~q)= E i(~q)+ωi(~q)
2E i(~q)ωi(~q)

. (3.89)

5Since we will be discussing several regularization methods, it is useful to add the R label to the
loop function in Eq.(3.86), although outside of this section, no such distinction will be made.
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To regularize this function using a cutoff, one can introduce a factor f (|~q|,Λi), such
that for |~q| > Λ the factor tends to zero in such a way that these terms do not con-
tribute to the integral in Eq.(3.88). Then, Λi will be our cutoff, which a priori does
not have to be the same for all channels (hence the subscript i). The loop function
becomes,

GΛ
i (s)= 2Mi

∫
d3q

(2π)3
Ωi(~q) f (|~q|,Λi)

s− (ωi(~q)+E i(~q))2 + iε
. (3.90)

The two most common factors correspond to a Gaussian-cutoff and a sharp-cutoff,

f (|~q|,Λi)|gaussian = e−2(|~q|2−|~k|2)/Λ2
i , (3.91a)

f (|~q|,Λi)|sharp =Θ (Λi −|~q|) , (3.91b)

with Θ(x) the Heaviside function. In this thesis, we will use the sharp-cutoff. Then,
the loop function becomes [166],

GΛ
i (s)= 2Mi

16π2

 |~ki|p
s

log
s−∆i +2

p
s|~ki|

√
1+ m2

i
Λ2

i

−s+∆i +2
p

s|~ki|
√

1+ m2
i

Λ2
i

+ log
s+∆i +2

p
s|~ki|

√
1+ M2

i
Λ2

i

−s−∆i +2
p

s|~ki|
√

1+ M2
i

Λ2
i



+ log
miMi

Λ2
i

− ∆i

s
log

mi

Mi
− log

1+
√√√√1+ m2

i

Λ2
i

1+
√√√√1+ M2

i

Λ2
i

+ ∆i

s
log

1+
√

1+ m2
i

Λ2
i

1+
√

1+ M2
i

Λ2
i

 .

(3.92)
It is also common to find in the literature [31, 164] calculations of the loop function
using a sharp-cutoff while neglecting the negative energy term of the baryon propa-
gator in the loop function. In this case, after integrating q0, the loop function is given
by

GΛ
i (s)=

∫
d3q

(2π)3
Mi

2E i(~q)ωi(~q)
Θ (Λi −|~q|)p

s−ωi(~q)−E i(~q)+ iε
. (3.93)

In Ref. [32], by comparing both the cutoff and subtraction constant schemes,
and taking Λ = µ, it was found that a cutoff near the energy region of the mass of
ρ(770) (the first meson resonance) gives a “natural” value for the subtraction con-
stant, around a '−2.

In Refs. [33,167–169] the chiral “low energy theorem”, which requires that

T(µ2
m)=V (µ2

m), (3.94)
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at some low energy scale µm (called the subtraction scale), is used to constrain the
values of the subtraction constant a(µ). The condition above implies that there is a
value of

p
s where

G(µ2
m)= 0, (3.95)

and since in both the right and left hand cuts, G(s) is complex, one has that [168,169]

M−m ≤µm ≤ M+m. (3.96)

In Refs. [170, 171] the subtraction scale is taken to be the same for all channels and
given by

µm =
√

m2
th +M2

th, (3.97)

with mth +Mth the smallest threshold energy among all the channels being consid-
ered. With this prescription, which we shall call Lutz’s prescription, the loop function
is given by

GL
i (s)=G i(s)−G i(µ2

m), (3.98)

where the function G(s) is given by the finite part of the loop function

G i(s)=G i(s)+G i(si+), (3.99)

with si± = (mi ±Mi)2 and, using Eq. (3.86), we get that

G i(s)= 2Mi

16π2


[

M2
i −m2

i

s
− Mi −mi

Mi +mi

]
log

Mi

mi
+ 2|~ki|p

s

log
1+

√
s−si+
s−si−

1−
√

s−si+
s−si−

− iπ


 , (3.100)

We can relate this latter scheme with the cutoff if we regularize the divergent
part of the loop function, G i(si+), with a sharp-cutoff. Then, from Eq. (3.92), we get

GΛ
i (si+)= 1

8π2
2Mi

mi +Mi

mi log
mi

Λi +
√
Λ2

i +m2
i

+Mi log
Mi

Λi +
√
Λ2

i +M2
i

 , (3.101)

and
GΛi

i (si+)=−G i(µ2
m). (3.102)

Then,
GΛ

i (s)=G i(s)+GΛi
i (si+). (3.103)

Note that, in order for this equation to be fulfilled, one is obligated to use a different
cutoff for each channel. If a common UV cutoff is employed for all channels within a
given sector characterized by some quantum numbers, both schemes are independent
and will lead to different results.
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3.2.3 Dynamically Generated Resonances
One of the most powerful features of unitarizing the amplitudes using the Bethe-
Salpeter equation is that resonances can be dynamically generated through this pro-
cess. In other words, even though our original kernel does not have any explicit
information about any resonance, the re-summation of these amplitudes can gener-
ate resonances. This because the full BSE amplitude obeys the unitarity properties
of two particle scattering amplitudes. A famous example, already discussed in the
Introduction, is the case of the Λ(1405), which is a molecular state, composed mostly
of K N and πΣ, which can be dynamically generated using the BSE with a WT par-
ticle irreducible amplitude. Also, as we have seen in section 3.1.2, resonances will
appear as poles in the SRS. From Eq. (3.64), we see that the SRS is defined through
the equation

t−1
I I (s)= t−1

I (s)−Disc[t−1
I (s)]. (3.104)

From Eq. (3.85) we have that

Disc[t−1
I (s)]=Disc[V−1(s)]−Disc[G(s)]. (3.105)

The kernels we use in this thesis do not have a discontinuity in s > s+ and thus

Disc[t−1
I (s)]=−Disc[G(s)]=−2i Im G(s). (3.106)

Then, applying the Sokhotski–Plemelj theorem to Eq. (3.88), we get that

Im G(s)=−2M
k(s)

8π
p

s
, (3.107)

and we can redefine the loop function such that,

G(s,n)=G I(s)+ i2M
nk(s)
4π

p
s

, (3.108)

with n a factor that is 0 for the FRS and 1 for the SRS. Now we have a way of going
from t−1

I to t−1
I I .

Generalizing this for more than one channel, we can first define the vector

~n = (n1,n2, ...,nN), (3.109)

with,

ni =
{

0 if FRS
1 if SRS . (3.110)

Then, one defines the loop matrix in Eq. (3.83) for N channels as G(s) → G(s,~n) =
Diag {G1(s,n1), · · · ,GN(s,nN)}. Typically, for each channel i, one will want G i to be in
the FRS for s < s+i, and in the SRS for s > s+i.
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Since some poles can couple only to certain channels, a useful way to see all the
poles of one given sector at the same time is by defining the function [172]

T̃(s)=max
j

∑
i
|ti j(s)|. (3.111)

This function will be used throughout the thesis to plot pole positions.
To calculate the coupling, g i, of a resonance to the different channels i we use the

fact that, near a pole, the amplitudes for meson-baryon become,

ti j(s)' g i g jp
s−p

sR
,

with sR = (MR− iΓR /2)2. Since the couplings g i can be complex, the relative signs be-
tween the real and imaginary parts of the couplings are very important. The method
we use to obtain the complex couplings is as follows: First we assign an arbitrary
sign to one of the non-zero couplings, ga, such that ga = |ga|. Then, we have, that

g2
a = limp

s→p
sR

(
p

s−p
sR) taa(s), (3.112)

and, to obtain the other couplings we use

g j = ga limp
s→p

sR
(
p

s−p
sR)

ta j(s)
taa(s)

. (3.113)

In the case of meson-meson interactions, we proceed in the similar way, just substi-
tuting (

p
s−p

sR)→ (s−sR) in both the amplitude near the pole and in the calculation
of the couplings.

Structure of Hadron Resonances

As we have seen in the Introduction, a resonance can have components from different
degrees of freedom. A certain resonance may be mostly a molecular state of a certain
channel, or it may be mostly a quark model state, etc. In this thesis, in order to
determine the importance of a given channel for a resonance R, two measures were
used, which we detail in this section.

In recent years, the compositeness condition, first proposed by Weinberg to ex-
plain the deuteron as a neutron-proton bound state [173, 174], has been advocated
as a model independent way to determine the relevance of hadron-hadron compo-
nents in a molecular state. With renewed interests in hadron spectroscopy, this
method has been extended to more deeply bound states, resonances, and higher par-
tial waves [44,175–185].
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From Ref. [183], we have that, for a state |R〉, the probability of scattering states
in the description of R is given by

X = 1−Z =−g2 dG(s)
d
p

s

∣∣∣∣p
s→p

sR

, (3.114)

with Z the measure of the probability of bare bound state contributions to |R〉, given
by,

Z =−g2G2(s)
dV (s)
d
p

s

∣∣∣∣p
s→p

sR

, (3.115)

and
p

sR the position of the state in the complex plane. Typically our scattering
states are the hadronic channels of the theory, thus X can measure the importance
of hadronic degrees of freedom. For more than one channel, we have that

X i =−∑
j

g i g j
dG i(s)
d
p

s

∣∣∣∣p
s→p

sR

δi j, (3.116a)

Z =−∑
i j

g i g jG i(s)G j(s)
dVi j(s)

d
p

s

∣∣∣∣p
s→p

sR

(3.116b)

with X i giving the probability of each individual channel. However, we should men-
tion that this analysis is only valid for bound states. For resonances, it involves com-
plex numbers and, therefore, a strict probabilistic interpretation is lost as pointed
out in Ref. [180]. A possible solution for this problem, when dealing with reso-
nances, is to take into account only the real part of the quantities in Eqs. (3.116a)
and (3.116b) [185],

X̃ i =−∑
j

Re

{
g i g j

dG i,SRS(s)
d
p

s

∣∣∣∣p
s→p

sR

δi j

}
, (3.117a)

Z̃ =−∑
i j

Re

{
g i g jG i(s)G j(s)

dVi j(s)
d
p

s

∣∣∣∣p
s→p

sR

}
. (3.117b)

Another method consists on using g iG i(sR), which is proportional to the wave func-
tion of each channel at the origin of the coordinate space [177],

g iG i(sR)= (2π)3/2ψ(0), (3.118)

thus also giving a measure of the importance of the ith channel.
A precise interpretation of the meaning of X when one has open channels is given

in [180]. The magnitude X measures the integral of the square (not the modulus
squared) of the wave function with a given phase convention, which gets most of its
contribution from distances before the channel becomes asymptotic.
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3.3 Triangle Singularities
Triangle Singularities (TS) have already been introduced in Sec. 1.2. In this section
we shall analyze how a triangle diagram can originate a TS, as well as how one can
predict their position in the invariant mass of the final state particles in Fig. 1.4.

In Ref. [103], the existence of singularities in generalized loops of the form

I =
∫

B dk1dk2 · · ·
A1A2A3 · · ·

(3.119)

was studied, where A i = q2
i −m2

i with qi a certain four-momentum, B a certain poly-
nomial of the four vectors qi and k j the momentum associated with the jth closed
loop. Then, by using the Feynman method,

1
A1A2A3 · · ·

= (n−1)! Πn
i=1

∫ 1

0
dαi

δ
(∑n

j=1α j −1
)

(∑n
k=1αk Ak

)n , (3.120)

to parametrize the generalized loop function, Landau argued that the integral in
Eq. (3.119) is regular everywhere except when the Landau equations [103,104,186],

q2
i = m2

i or αi = 0, (3.121a)∑
αi qi = 0, (3.121b)

are fulfilled.
As already mentioned in Section 1.2, the Coleman-Norton theorem gives a phys-

ical interpretation to these equations, specifically that there is only a singularity in
Eq. (3.119) if and only if one can interpret the corresponding loop diagram as a phys-
ical process with all particles in the loop on-shell and moving forward in time [104].

One should introduce now the Schmid theorem, developed in Ref. [187]. The
Schmid theorem states that if there is a triangle diagram like the one shown in
Fig. 3.4a, where the scattering, CD → CD, is an elastic one, then, if there is a corre-
sponding tree-level diagram (like the on in Fig. 3.4b) the TS will not appear in the
mass distribution of CD. If f tree

l is a partial wave amplitude of the tree-level diagram
and f ts

l a partial wave amplitude of the triangle diagram, then, at the position of the
TS, mCD =p

sts, according to Ref. [187],

f tree
l (sts)+ f ts

l (sts)= Sl f tree
l (sts) , (3.122)

with Sl the S-matrix of the elastic scattering process CD → CD. This equation
means that, since [187]∣∣ f l (sts)

∣∣2 = ∣∣ f tree
l (sts)+ f ts

l (sts)
∣∣2 = ∣∣ f tree

l (sts)
∣∣2, (3.123)
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(a) Triangle mechanism.
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(b) Tree level diagram.

Figure 3.4: Two possible diagrams for the A → BCD decay.

the presence of a TS would not be seen in the final observable – the singularity origi-
nated by the triangle mechanism is already contained in the tree level diagram [187].

A more recent analysis of the theorem was made in Ref. [188]. There the authors
find that the theorem is exact only when ΓR → 0. For values different from zero,
the system still has memory of the theorem, but a peak associated with the TS can
be visible in the mass distribution. In any case, within the context of this thesis,
the Schmid theorem does not apply, since for us the intermediate scattering will al-
ways be inelastic6, and the relative strengths between the tree level and the triangle
mechanism will have to be judged in a case by case basis.

In Ref. [123] a different method of analyzing TS, without the use of Feynman
parameters, was developed. Let us look at a triangle mechanism of the type of
Fig. 3.5 (which will be the mechanism used throughout this thesis) where the scat-
tering 2 3 → CD is inelastic (and typically will happen through a resonance). The
amplitude associated to the triangle loop will contain

tT = i
∫

d4q
(2π)4

1(
q2 −m2

2 + iε
)[

(P − q)2 −m2
1 + iε

][
(P − q−k)2 −m2

3 + iε
] , (3.124)

with pA = P, q2 = q, q1 = P − q, q3 = P − q−k and pB = k. For the cases that interest
us, we will typically be in the energy region where resonance 1 (labelled as R in the
figure) may be treated non-relativistically. Thus, one can integrate over q0 while
neglecting the negative energy pole of particle 1 and one gets:

tT =
∫

d~q
(2π)3

1[
P0 −ω2(~q )−E3(~k+~q )−k0 + i ε

][
P0 −E1(~q )−ω2(~q )+ i ε

] (3.125)

6In the examples studied in this thesis, the intermediate scattering (CD → CD in the example of
Fig. 3.4b) will always have an intermediate resonance, which usually magnifies the effects of the TS
in the final mass distribution [188].
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Figure 3.5: Triangle diagram for the A → BCD decay, through inelastic scattering.

×
P0ω2(~q )+ k0E3(~k+~q )−

[
ω2(~q )+E3(~k+~q )

][
ω2(~q )+E3(~k+~q )+E1(~q )

]
(
4 ω2(~q) E1(~q) E3(~k+~q )

)[
k0 −E3(~k+~q )−E1(~q )

][
P0 +ω2(~q )+E3(~k+~q )−k0

] ,

where ω2(~q ) =
√

m2
2 +~q2, E1(~q ) =

√
m2

1 +~q2, E3(~k+~q ) =
√

m2
3 + (~k+~q )2, P0 = mA,

and k0 =
√

m2
B +~k2.

As we have seen from the Coleman-Norton theorem, a TS will develop if all three
intermediate particles are on-shell which is equivalent to,

P0 −E1(~q)−ω2(~q)+ iε= 0, (3.126a)

P0 −ω2(~q)−E3(~k+~q)−k0 + iε= 0, (3.126b)

since the other propagators do not lead to singularities. Then, one just needs to
analyze the poles in the following simplified loop amplitude [123]

I(m23)=
∫

d~q
(2π)3

1[
P0 −ω2(~q )−E3(~k+~q )−k0 + i ε

][
P0 −E1(~q )−ω2(~q )+ i ε

] (3.127)

= 2π
∫ ∞

0
dq

q2

P0 −E1(q)−ω2(q)+ i ε

∫ 1

−1
dz

1

E23 −ω2(q)−
√

m2
3 + q2 +k2 +2qkz+ iε

,

(3.128)
with q = |~q|, k = |~k|, E23 = P0 − k0, and z = cosθ with θ the angle between ~q and ~k.
There are two integrals and so we must analyze the singularities in both of them.
There are two cases were a singularity in the integrand will be a singularity in the
integral: end point singularities and when two poles pinch at the real axis. In the
case of end point singularities, one cannot deform the contour around them since they
are at the limit of the domain of integration. In the case of two poles pinching, two
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singularities approach the contour (in this case the real axis) from different direction
and we cannot deform the contour in order to avoid both of them. For a triangle
mechanism, a TS will appear if there is a pair of singularities that pinch the contour
with one of them being an end point singularity [104]. Inspecting Eq. (3.128), one
can see that an end point singularity can appear for z = ±1, since −1 ≤ cosθ ≤ 1.
This is because for z =±1 the principal part of the integration over cosθ does not get
cancelled since there is no contribution above z = 1 or below z = −1. Now, one can
look again at Eqs. (3.126), substituting z =±1, such that

P0 −E1(~q)−ω2(~q)+ iε= 0, (3.129a)

E23 −ω2(q)−
√

m2
3 + q2 +k2 ±2qk+ iε= 0, (3.129b)

We shall call the momentum that satisfies Eq. (3.129a), qon+, and the solution will
be

qon+ = λ1/2 (
m2

A,m2
1,m2

2
)

2mA
+ iε. (3.130)

Eq. (3.129b) will have two solutions for each value of z. Then, for z =+1 we will have,

qb+ = γ(−vE∗
2 + p∗

2)+ iε, (3.131a)
qb− =−γ(vE∗

2 + p∗
2)− iε, (3.131b)

while for z =−1,

qa+ = γ(vE∗
2 + p∗

2)+ iε, (3.132a)
qa− = γ(vE∗

2 − p∗
2)− iε, (3.132b)

with

p∗
2 = λ1/2 (

m2
23,m2

2,m2
3
)

2m23
, v = k

E23
, (3.133a)

E∗
2 = (m2

23 +m2
2 −m2

3)
2m23

, γ= 1p
1−v2

, (3.133b)

and m23 the invariant mass of the (23) [or (CD)] pair.
Note that qb− is already negative and since the modulus of q in the integration

is positive this pole has no influence in the results. The pole at qb+ is equally inoper-
ative because it is in the same upper side of the complex plane as qon+ and one can
deform the contour integration to avoid both poles (see Fig. 3.6). So is the case in a
situation like in Fig. 3.7 (a). However, there are two situations where the singulari-
ties are unavoidable which correspond to Figs. 3.7 (b) and (c). In the first case p∗

2 = 0
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Figure 3.6: Case where all the poles are in the same size of the complex plane and thus no pinching is
possible. Image taken from Ref. [123].

(see Eqs. (3.132a) and (3.132b)) and we have a threshold singularity. In the case of
Fig. 3.7 (c) we have a different singularity which is the triangle singularity. Hence
the triangle singularity is given by the equation,

lim
ε→0

(qon+− qa−)= 0. (3.134)

This equation not only tells us if there is a triangle singularity, but also for which
values of the invariant masses m11 and m23. Indeed, for given m2, m3, mA and mB
the range of m1 where the triangle singularity shows up is given by [123]

m2
1 ∈

[
m2

Am3 +m2
Bm2

m2 +m3
−m2m3, (mA −m2)2

]
, (3.135)

and the triangle singularity in I(m23) is within the range

m2
23 ∈

[
(m2 +m3)2 ,

mAm2
3 −m2

Bm2

mA −m2
+mAm2

]
. (3.136)

Finally, it is worth noting that no actual infinity will appear in the final mass
distribution because, since particle 1 is by definition a resonance (it decays at least
into B and 3), it will have width, and then, in Eq. (3.126), one needs to add iΓ1/2 to
the mass of m1 in order to take it into account, and the infinite peak of the singularity
becomes a finite broader peak.
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Im q

Re q
qa−

qon+ qa+

0

(a) (c)(b)

Im q

Re q
qa−

qon+ qa+

0

Im q

Re q

qon+

0

qa+

qa−

Figure 3.7: (a) Case where there is no pinching. (b) Case where there is pinching of qa− and qa+,
which corresponds to a threshold singularity. (c) Case where there is pinching of qa− and qon+, which
corresponds to a TS. Notice how, when two poles pinch, one cannot deform the contour to avoid them,
which means that the singularity will remain after we integrate over q. Image taken from Ref. [123].

54



Part II

Hadrons In The Light Sector

55





Chapter 4

Decays of τ− to PP, PV and VV
meson pairs

4.1 Introduction

Tau decays have been instrumental to learn about weak interaction as well as strong
interaction affecting the hadrons produced on τ− hadronic decay [189–196]. τ− de-
cays into ντ and a pair of mesons make up for a sizable fraction of the τ− decay
width [110]. Several modes are well measured, as τ− → ντK0K− [197] 1, τ− → ντπ

−K̄0

[197], τ− → ντπ
−ω [198, 199], τ− → ντK∗0K− [200], τ− → ντηK∗− [201], τ− → ντK−ω

[202], τ− → ντπ
0ρ− [200], τ− → ντπ

−K∗0 [200], τ− → ντπ
−φ [203], τ− → ντK−φ [203],

τ− → ντηK− [204]. As we can see, there are modes with two pseudoscalar mesons
and also modes with pseudoscalar-vector. Surprisingly, there are no vector-vector
modes reported in the PDG [110]. Certainly the large mass of the vector mesons
leaves small phase space for the decay, but modes like ρ0ρ−, ρ−ω, K∗−ρ0, K∗−ω,
K̄∗0ρ− are kinematically possible, and even K∗0K∗− considering the width of K∗.
One may wonder whether there is some fundamental reason for this experimental
fact. Actually, in as much as the pseudoscalar and vector mesons differ only by the
spin arrangement of the quarks, it should be possible to relate the rates of decay for
two pseudoscalar mesons and the related pseudoscalar-vector or vector modes, for
instance, τ− → ντK0K−,ντK0K∗−,ντK∗0K−,ντK∗0K∗−.

Many of the works on τ decay into two mesons rely upon vector meson dominance
producing a vector meson that decays into two pseudoscalars, or a pseudoscalar and
a vector [195]. One approach often used [196] upon production of a qq̄ pair that
posteriorly hadronizes into two hadrons, and the Nambu−Jona-Lasinio (NJL) model

1We mention explicitly the most recent experiments. The full information can be obtained in Ref.
[110].

57



Chapter • 4

[205] is used for this purpose.
In the present chapter we use the basic dynamics of the weak interaction at the

quark level, producing a primary qq̄ pair. The hadronization of this pair into two
mesons is done using the 3P0 model [206–208]. The method allows us to correlate
many different processes. To make that possible we carry out an elaborate and de-
tailed angular momentum algebra that allows us to write amplitudes analytically in
a very simple form.

One interesting point concerning τ− mesonic decays is the issue of charge sym-
metry discussed in Ref. [209] and the classification of the weak interaction into first
and second class currents. The issue, with suggestions of experiments, is retaken in
Ref. [210]. One of the interesting reactions is the τ− → ντπ

−η(η′), which according to
that classification is forbidden by G-parity.

The G-parity plays indeed an important role in these reactions and in this paper
we offer a new perspective into this issue. We shall see that G-parity for the non
strange mesons plays an important role and the rules are different for pseudoscalar-
pseudoscalar (PP) pseudoscalar-vector (PV ) or vector-vector (VV ) production. In-
terestingly, an extension of these rules appears also in the strange sector for the
τ− → ντK−η(η′),ντK∗−η(η′) reactions.

This chapter is based on the findings of Ref. [1]. We make a thorough study of
all possible Cabibbo-favored and Cabibbo-suppressed reactions and compare with
present available data and with results of other theoretical approaches.

4.2 Formalism

The first step is to look at the τ− → ντqq̄ decay depicted in Fig. 4.1 for the Cabibbo-
favored dū production. We obtain the Cabibbo-suppressed mode substituting the d
quark by an s quark. However, we are interested in the production of two mesons,
not just one, as it would come from the mechanism of Fig. 4.1 when qq̄ merge into a
meson. The procedure to produce two mesons is hadronization by creating a new qq̄
pair with the quantum numbers of the vacuum. This is depicted in Fig. 4.2.

It is easy and important to see how two mesons appear, and in which order, to
see the relevance of the G-parity in the reactions. For this purpose, and looking only
at the flavor components, we proceed as follows [211–213]: we introduce the SU(3)
matrix M

M =
 uū ud̄ us̄

dū dd̄ ds̄
sū sd̄ ss̄

 , (4.1)

58



Chapter • 4

ντ

τ−

W− d (m)

ū (m′)

Figure 4.1: Elementary τ− → ντdū diagram. The labels m,m′ stand for the third component of spin
of the quarks.

ντ

τ−

W−

d

ū

q̄ (s)

q (S3 − s)

Figure 4.2: Hadronization of the primary dū pair to produce two mesons, s is the third component of
the spin of q̄ propagating as a particle, while S3 − s is the third component of the spin of q , where S3
is the third component of the total spin S of q̄q.

and when we do the hadronization of dū we get

dū →
3∑

i=1
d q̄i qi ū = M2i Mi1 = (M ·M)21. (4.2)

And now we write the M matrix in terms of pseudoscalar (Φ in Eq. (2.18)) or vector
mesons (Vµ in Eq. (2.25)). Then M2 becomes Φ ·Φ,Φ ·V ,V ·Φ,V ·V and it is important
to keep the order of the mesons. Thus we get

(Φ ·Φ)21 = π−
(
π0
p

2
+ ηp

3
+ η′p

6

)
+

(
− π0
p

2
+ ηp

3
+ η′p

6

)
π−+K0K−

=
(
π− π

0
p

2
− π0
p

2
π−

)
+π−

(
ηp
3
+ η′p

6

)
+

(
ηp
3
+ η′p

6

)
π−+K0K− . (4.3)

We shall see later that it is precisely the combination of π−η(η′) and η(η′)π− that
appears in Eq. (4.3) what makes the τ− → ντπ

−η decay G-parity forbidden, while the
π−π0, π0π− combination gets reinforced by the relative sign in Eq. (4.3).
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Similarly, we obtain

(Φ ·V )21 = π−
(
ρ0
p

2
+ ωp

2

)
+

(
− π0
p

2
+ ηp

3
+ η′p

6

)
ρ−+K0K∗− , (4.4)

(V ·Φ)21 = ρ−
(
π0
p

2
+ ηp

3
+ η′p

6

)
+

(
− ρ0
p

2
+ ωp

2

)
π−+K∗0K− . (4.5)

We see again that π−ρ0 appears as π−ρ0 or −ρ0π−, π−ω and ωπ− and ( ηp
3
+ η′p

6
)ρ−

with ρ−( ηp
3
+ η′p

6
). Once again, we shall see that the order matters in the G-parity

conservation.
Thirdly, for the VV combination we get

(V ·V )21 =
(
ρ−

ρ0
p

2
− ρ0
p

2
ρ−

)
+

(
ρ−

ωp
2
+ ωp

2
ρ−

)
+K∗0K∗− , (4.6)

with, again, relevant signs between the ρ−ρ0, ρ0ρ− and ρ−ω,ωρ− components.
Replacing the d quark by an s quark we get the Cabibbo-suppressed modes. The

hadronization leads to

sū →
3∑

i=1
s q̄i qi ū = M3i Mi1 = (M ·M)31 ,

with the results

(Φ ·Φ)31 = K− π
0

p
2
+ K̄0π−+

(
K− ηp

3
− ηp

3
K−

)
+

(
K− η′p

6
+ 2η′p

6
K−

)
, (4.7)

(Φ ·V )31 = K−
(
ρ0
p

2
+ ωp

2

)
+ K̄0ρ−+

(
− ηp

3
+ 2η′p

6

)
K∗− , (4.8)

(V ·Φ)31 = K∗−
(
π0
p

2
+ ηp

3
+ η′p

6

)
+ K̄∗0π−+φK− , (4.9)

(V ·V )31 = K∗−
(
ρ0
p

2
+ ωp

2

)
+ K̄∗0ρ−+φK∗− . (4.10)

Interestingly, even if here we do not have G-parity states, we have also some
states appearing in different order, as K−η, ηK− and K−η′, η′K− in PP and ηK∗−,
K∗−η, η′K∗−, K∗−η′ in PV , V P. This has also consequences, similar to those leading
to G-parity selection rules, as we shall see.
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4.2.1 Weak interaction
We shall not worry about the global normalization and concentrate only on the rela-
tionship of the different decay modes discussed before. Then the weak interaction is
given by

H =C LµQµ, (4.11)

with C containing weak interaction constants and radial matrix elements that we
shall see later on, where Lµ is the leptonic current

Lµ = 〈ūν|γµ−γµγ5|uτ〉, (4.12)

and Qµ the quark current

Qµ = 〈ūd|γµ−γµγ5|vū〉. (4.13)

As is usual in the evaluation of decay widths to three final particles, we evaluate
the matrix elements in the frame where the two mesons system is at rest. For the
evaluation of the matrix element Qµ we assume that the quark spinors are at rest in
that frame and we have in the Itzykson-Zuber normalization [214]

ur =
(
χr
0

)
,vr =

(
0
χr

)
,χ1 =

(
1
0

)
,χ2 =

(
0
1

)
, (4.14)

with the γµ matrices,

γ0 =
(

I 0
0 −I

)
;γ5 =

(
0 I
I 0

)
;γi =

(
0 σi

−σi 0

)
. (4.15)

For the spinors at rest we have
γ5vr = ur ,

and then

Qµ = 〈ū|γµ−γµγ5|v〉 = 〈ū|γµ−γµγ5|γ5u〉 = 〈ū|γµγ5 −γµ|u〉,
= −〈ū|γµ−γµγ5|u〉 . (4.16)

Thus, apart from a global sign we can work with the u spinors all the time.
Next we must care about how to combine the spins of the quark-antiquark to

states of given angular momentum. Indeed, in the Wqq̄ vertex of Fig. 4.1, we shall
have the matrix element

ME = 〈m| Operator |m′〉, (4.17)
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but we want to combine the spins to total angular momentum and for this we use for
the antiparticles the rule of particle-hole conjugation [215], where the hole with m′

behaves as a particle state according to

|hole,m′〉→ (−1)
1
2−m′ |1

2
,−m′〉 . (4.18)

We can include the minus sign of Eq. (4.16) and then we will implement the rule

|hole,m′〉→ (−1)
1
2+m′ |1

2
,−m′〉 . (4.19)

We shall, then, carry on the former phase and change the sign of m′ to combine spins
in what follows.

The next step is to realize that for the spinors at rest and γµ matrices, Eqs. (4.14)
and Eq. (4.15), ūγ0u →〈χ′|χ〉,

ūγ0u →〈χ′|χ〉 ,

which means, γ0 becomes the operator 1 with bispinors, and

ūγiγ5u →〈χ′|σi|χ〉 ,

hence, replacing γiγ5 by σi, the Pauli matrices, with bispinors. The rest of matrix
elements are zero. Then

Q0 = 〈χ′|1|χ〉 ≡ M0 ,
Q i = 〈χ′|σi|χ〉 ≡ Ni , (4.20)

Denoting for simplicity,
L
µν =∑∑

LµLν† , (4.21)

we can write∑∑
LµLν†QµQ∗

ν = L
00

M0 M∗
0 + L

0i
M0 N∗

i + L
i0

Ni M∗
0 + L

i j
Ni N∗

j , (4.22)

where in M0M∗
0 , M0N∗

i , NiM∗
0 , Ni N∗

j we shall sum over the final polarizations of

the mesons produced.
∑∑

LµLν† is easily evaluated and we have∑∑
LµLν† = 1

mνmτ

(
p′µpν+ p′νpµ− gµνp′ · p+ iεαµβνp′

αpβ
)
, (4.23)

where p, p′ are the momenta of the τ and ντ respectively and we use the field normal-
ization for fermions of Ref. [216]. These techniques have also been used successfully
in the evaluation of weak decays M1 → M2M3 [217] and semileptonic decays of B(∗),
D(∗) into νl and pseudoscalar or vector mesons [218] .
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Next we must evaluate M0 and Ni for the different PP, PV , V P and VV com-
binations. In order to implement the hadronization of Fig. 4.2 we use the 3P0
model [206–208]. The 3P0 model has been widely used in the literature and recently
it has been found very instrumental to address different problems in hadron physics.
A few of the most recent examples include the study of selfenergies of baryons from
the coupling to the meson-baryon continuum [219], or meson coupling to the meson-
meson continuum [220], the unquenching of the quark model to account for sea
quarks [221], the strong and electromagnetic decays of mesons [222], the strong de-
cay of charmed states into open charm meson pairs [223], the weak decays of Λb, Ξb
into open charmed baryons and mesons [8,224], the strong decays of higher isovector
scalar mesons [225], the strong decays of 1P and 2D double charmed states [226],
or to mix qq̄ bare meson states with meson-meson components [227]. The essence
of this model is that a q̄q state is introduced with parity + and zero total angular
momentum. Since q̄ has negative parity we need L = 1 to restore parity, which forces
the q̄q to couple to spin S = 1 and then L,S couple to J = 0. We take the contribution
of spin

|1S3〉 =
∑
s

C (
1
2

1
2

1; s,S3 − s)|1
2

, s〉|1
2

,S3 − s〉 , (4.24)

where |12 ,S3 − s〉 corresponds to the antiparticle q̄ with sign and phase implicitly
included and is considered as a normal particle state. This is now coupled to Y1,M3 to
give J = 0. Thus

|00〉 =∑
M3

C (110; M3,S3)Y1,M3(r̂)|1,S3〉 =
∑
S3

C (110;−S3,S3)Y1,−S3(r̂)|1,S3〉 . (4.25)

Next we must look at the spatial matrix element. We assume that for this low
energy problem all the quark states are in their ground state. This assumption leads
naturally to the weak chiral Lagrangians [228,229]. Then we have

ME(q)=
∫

d3rϕū(r)ϕd(r)ϕq(r)ϕq̄(r)eiq·rY1,−S3(r̂) (4.26)

with q = p1 − p2, where p1, p2 are the momenta of the mesons produced. By means
of

eiq·r = 4π
∑
l

il jl(qr)
∑
µ

Ylµ(q̂)Y ∗
lµ(r̂) (4.27)

we obtain

ME(q)= i4πY1,−S3(q̂)
∫

r2drϕū(r)ϕd(r)ϕq(r)ϕq̄(r) j1(qr) . (4.28)

As we have commented, we do not wish to evaluate this matrix element which
involves large uncertainties, but rather establish relationships between different de-
cays based exclusively on the flavor-spin structure. However, due to the fact that
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j1(qr) goes as qr, hence q, for low values of qr, and the fact that q is very different
for different decays, due to their different masses, the appropriate procedure is to
write

ME(q) = i4πqY1,−S3(q̂)
1
3

∫
r2dr

∏
i
ϕi(r)

3 j1(qr)
qr

r ≡ qY1,−S3(q̂)F(q) . (4.29)

where in the evaluation of F(q) we use the factor 3 j1(qr)
qr in the integrand which goes

to 1 as qr → 0 and is a smooth function over the range of
∏

iϕi(r). This allows for
a better comparison of rates for different decays, assuming F(q) the same for all
of them since the quark wave functions refer to the ground state in all cases that
we study. This factor qY1,−S3(q̂) =

√
3

4πq−S3 (in spherical basis) leads to the WPP
coupling of chiral perturbation theory [228,229].

Once the integral over d3r is done, and assuming F(q) the same in all the decays,
the |00〉 state of Eq. (4.25) leads to

|00〉q =
∑
S3

(−1)1+S3
1p
3

Y1,−S3(q̂)|1S3〉 , (4.30)

where we have permuted indices in C (110;−S3,S3) to obtain this Clebsch-Gordan
coefficient (CGC) (we follow Rose conventions and formulas for all the coming Racah
algebra in Ref. [230]).

Next we must combine |00〉q with the d, ū spins to obtain the final JM, J′M′

angular momenta of the two mesons produced. This is accomplished by means of the
CGC and we have

|JM〉 = ∑
m

C (
1
2

1
2

J;m, s, M)|1
2

m〉|1
2

s〉 ,

|J′M′〉 = ∑
m′

C (
1
2

1
2

J′;S3 − s,−m′, M′)(−1)
1
2+m′ |1

2
,S3 − s〉|1

2
,−m′〉 , (4.31)

which requires m = M−s,m′ = S3−s−M′, and combined with |00〉q of Eqs. (4.30) and
(4.24) lead to the matrix elements

ME = − 1p
3

∑
S3

∑
s

C (
1
2

1
2

1; s,S3 − s,S3)(−1)
1
2−s−M′

qY1,−S3(q̂)C (
1
2

1
2

J; M− s, s, M)

× C (
1
2

1
2

J′;S3 − s, M′−S3 + s, M′)

 〈m|1 |m′〉 (i)

〈m|σi|m′〉 (ii) . (4.32)

(i) In the case of the operator 1 leading to M0 of Eq. (4.20) we have the extra
constraint m = m′ = M− s and then S3 = M+M′.
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(ii) We shall work in spherical basis and evaluate 〈m|σµ|m′〉
(µ = ±1,0). We have 〈m|σµ|m′〉 = p

3C (1
211

2 ;m′,µ,m), which induces the con-
straint m′+µ = m, µ = M −S3 + M′. We call Nµ the matrix element resulting
from Eq. (4.32) in this case.

In Appendix A.1 we evaluate these matrix elements explicitly for PP, PV , V P,
VV and we quote here the results. For convenience, in the final formulas we take as
z axis of quantization the direction of the ντ in the τ− → ντM1M2 decay, which is the
direction of τ− and ντ when we make a boost to have the M1M2 system at rest.

(i) M0

(a) PP: J = 0, J′ = 0
M0 = 0 (4.33)

(b) PV : J = 0, J′ = 1

M0 = (−1)−M−M′ 1p
6

qY1,−(M+M′)(q̂)δM0 (4.34)

(c) V P: J = 1, J′ = 0

M0 = (−1)−M−M′ 1p
6

qY1,−(M+M′)(q̂)δM′0 (4.35)

(d) VV : J = 1, J′ = 1

M0 = (−1)−M−M′ 1p
3

C (111; M, M′, M+M′) qY1,−(M+M′)(q̂) (4.36)

(ii) Nµ

(a) PP: J = 0, J′ = 0

Nµ = 1p
6

qY1,µ(q̂)δM0δM′0 (4.37)

(b) PV : J = 0, J′ = 1

Nµ = (−1)1−M′ 1p
3

qY1,µ−M′(q̂)C (111; M′,−µ, M′−µ)δM0 (4.38)
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(c) V P: J = 1, J′ = 0

Nµ = (−1)−M 1p
3

qY1,µ−M(q̂)C (111; M,−µ, M−µ)δM′0 (4.39)

(d) VV : J = 1, J′ = 1

Nµ = 1p
6

qY1,µ−M−M′(q̂){(−1)−M′
δµM +2(−1)−MC (111; M,−µ, M−µ)

× C (111; M′,−M−M′+µ,−M+µ)} (4.40)

The formulas obtained allow us to exploit selection rules for G-parity. Let us see
how it proceeds. By inspecting the change when we permute particle 1 and 2, taking
into account that in this permutation Y1,ν(q̂) = Y1,ν( áp1−−− p2) goes to Y1,ν( áp2−−− p1) =
(−)1Y1,ν( áp1−−− p2), we find the results of Table 4.1.

PP PV V P VV
M0 0 − − +
Nµ − + + −

Table 4.1: Signs resulting in the M0, and Nµ amplitudes by permuting the order of the mesons.

In the signs of Table 4.1 we have taken into account that when exchanging par-
ticle 1 and 2 in the PV case we go to the V P case. For the case of the M0 amplitude
there is no sign change (apart from Y1,−(M−M′)(q̂)) in the formula to go from PV to V P,
but for the case of VV we have C (111; M, M′, M +M′) = (−1)1+1−1C (111; M′, M, M +
M′) and hence a change of sign. On the other hand, the situation in the Nµ ampli-
tude is opposite. For PP there is no change of sign, apart from Y1,µ(q̂). However, in
the PV to V P exchange we see a change of sign from the phase of CGC, apart from
Y1,µ−M(q̂). Finally the case of VV is more complicated but taking the z axis such
that σi becomes σz, only µ= 0 contributes and one can explicitly see by inspection of
all possible cases that the amplitude does not change by exchanging the two parti-
cles, except for the Y1,µ−M−M′(q̂). Interestingly, in some cases the role of the first and
second terms in Eq. (4.40) are exchanged, but the sum remains the same.

Let us use the result of Table 4.1 to see the contribution of the channels shown in
Eqs. (4.3), (4.4), (4.5) and Eqs. (4.7), (4.8),(4.9),(4.10). If we take the π−π0 channel
it comes with the combination π−π0 −π0π−. As a consequence Nµ adds for the two
terms and we have a weight 2 1p

2
for the π−π0 channel. On the other hand if we

take π−η, π−η′ they come with the combinations π−η+ηπ−, π−η′+η′π− and then the
combination of the two terms cancels and we do not have π−η, π−η′ production. In
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the next subsection we shall see the relationship of this to G-parity. We can proceed
like that for the π−ρ0, ρ0π− where the two terms add in M0 and cancel in Nµ. The
opposite happens to the π−ω channel and so on. A consequence of that, although
there is no G-parity in this case, is that the terms K−η, ηK− also add in Nµ to give a
weight of 2p

3
for the K−η channel, and K−η′, η′K− also lead to a weight − 1p

6
for Nµ

for the K−η′ channel. For the same reasons the contribution of ηK∗−, K∗−η leads to a
weight − 2p

3
in M0 for ηK∗− and zero in Nµ, while η′K∗− and K∗−η′ combine to give a

weight 1p
6

in M0 and 3p
6

in Nµ for η′K∗− . Altogether we find the weight of M0, hi, and

Nµ, hi, for the different channels in Table 4.2. Since we want to evaluate ratios, the
Cabibbo suppressed modes go with sinθc

cosθc
= tanθc with respect to the allowed modes,

with θc the Cabibbo angle, cosθc = 0.97427.

4.2.2 G-parity considerations
Taking into account the G-parity of the mesons, π(−), η(+), η′(+), ρ(+), ω(−), φ(−)
we can associate a G-parity to all non-strange M1M2 pairs. On the other hand,
the G-parity can already be established from the original dū pair and the operator
producing them, 1 or σi. We know that the G-parity for quarks belonging to the same
isospin multiplet is given in Ref. [208],

G = (−1)L+S+I , (4.41)

but here L = 0, I = 1 and S = 0 for the 1 operator and S = 1 for the σi operator. Thus
we have G-parity negative for the 1 operator and positive parity for the σi operator.
As a consequence we find the result of Table 4.3 for the different channels.

We can see, comparing with Table 4.2, that the G-parity rules of Table 4.3 coincide
with what we obtained in Table 4.2 considering the order of the M1M2 pairs in the
hadronization and the explicit formulas for M0 and Nµ, with their properties under
the exchange of M1 and M2. We can see that the matrix elements are all zero for
π−η, π−η′ cases, which shows from a different perspective that it is the value of M0 =
0 for PP and G-parity what makes the matrix elements zero, in coincidence with
results obtained through different methods [210]. Note, however, that the G-parity
restrictions have clear repercussions on which of the M0 or Nµ terms contribute to
the process.
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Channels hi (for M0) hi (for Nµ)
π0π− 0

p
2

π−η 0 0
π−η′ 0 0
π−ρ0 p

2 0
π−ω 0

p
2

π0ρ− −p2 0
ηρ− 0 2p

3
η′ρ− 0 2p

6
ρ−ρ0 0

p
2

ρ−ω
p

2 0
K−η′ 0 − 1p

6
tanθc

K0K− 0 1
K0K∗− 1 1
K∗0K− 1 1
K∗0K∗− 1 1
K−π0 0 1p

2
tanθc

K̄0π− 0 tanθc
K−ρ0 1p

2
tanθc

1p
2

tanθc

K−ω 1p
2

tanθc
1p
2

tanθc

K̄0ρ− tanθc tanθc
ηK∗− − 2p

3
tanθc 0

η′K∗− 1p
6

tanθc
3p
6

tanθc

K∗−π0 1p
2

tanθc
1p
2

tanθc

K∗0π− tanθc tanθc
φK− tanθc tanθc
K∗−ρ0 1p

2
tanθc

1p
2

tanθc

K∗−ω 1p
2

tanθc
1p
2

tanθc

K̄∗0ρ− tanθc tanθc
φK∗− tanθc tanθc

Table 4.2: Weight for the different channels after taking into account the M1M2 and M2M1 compo-
nents as they appear in the hadronization.
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Channels G-parity M0 Nµ

π−π0 + 0 ×
π−η − 0 0
π−η′ − 0 0
π−ρ0 − × 0
π−ω + 0 ×
π0ρ− − × 0
ηρ− + 0 ×
η′ρ− + 0 ×
ρ−ρ0 + 0 ×
ρ−ω − × 0

Table 4.3: Contributions of the different non-strange M1M2 pairs. The cross indicates non zero con-
tribution.
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4.3 Evaluation of
∑∑ |t|2 for the different processes

Following the nomenclature adopted in Eq. (4.21) we must evaluate∑∑ |t|2 = L
00

M0M∗
0 +L

0i
M0N∗

i +L
i0

NiM∗
0 +L

i j
NiN∗

j (4.42)

and in this equation we must sum over M, M′ the spin third components of J, J′.
This is done in Appendix A.2 and here we summarize the results.

1) PP, J = 0, J′ = 0
Only the term Nµ contributes and we obtain

∑∑ |t|2 = 1
mτmν

1
2π

p̃2
1

(
EτEν− p2

3

)
, (4.43)

which, as discussed previously, is evaluated in the frame where the system
M1, M2 is at rest, p is the momentum of the τ, or ν, in that frame, given by

p = λ1/2(m2
τ,m

2
ν, M2

inv(M1M2))

2Minv(M1M2)
, (4.44)

Eτ =
√

m2
τ+ p2, Eν = p and L

µν
of Eq. (4.23) is evaluated in this frame too. In

Eq. (4.43) p̃1 is the momentum of the meson M1 in the same frame where the
system M1M2 is at rest,

p̃1 =
λ1/2(M2

inv(M1M2),m2
M1

,m2
M2

)

2Minv(M1M2)
. (4.45)

2) PV , J = 0, J′ = 1;V P, J = 1, J′ = 0

a) The L
00

M0 M∗
0 contribution, summed over M, M′ gives

∑∑ |ta|2 = 1
mτmν

1
2π

p̃2
1

(
EτEν+ p2) . (4.46)

b) The M0 N∗
i and Ni M∗

0 combinations give zero.

c) The Ni N∗
j term of Eq. (4.42) gives

∑∑ |tc|2 = 1
mτmν

1
π

p̃2
1

(
EτEν− p2

3

)
. (4.47)

3) VV , J = 1, J′ = 1
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(a) The L
00

M0 M∗
0 term gives∑∑ |ta|2 = 1

mτmν

1
π

p̃2
1

(
EτEν+ p2) . (4.48)

(b) The L
0i

M0 N∗
i , L

i0
Ni M∗

0 terms give zero.

(c) The L
i j

Ni N∗
j term gives the result

∑∑ |tc|2 = 1
mτmν

1
π

p̃2
1

7
2

(
EτEν− p2

3

)
. (4.49)

Taking into account the weights hi, hi of Table 4.2, we get finally the following
result

1) PP, J = 0, J′ = 0

∑∑ |t|2 = h
2
i

1
mτmν

1
2π

p̃2
1

(
EτEν− p2

3

)
. (4.50)

2) PV , J = 0, J′ = 1;V P, J = 1, J′ = 0∑∑ |t|2 = 1
mτmν

1
2π

p̃2
1

[
h2

i
(
EτEν+ p2)+2h

2
i

(
EτEν− p2

3

)]
. (4.51)

3) VV , J = 1, J′ = 1∑∑ |t|2 = 1
mτmν

1
π

p̃2
1

[
h2

i
(
EτEν+ p2)+ 7

2
h

2
i

(
EτEν− p2

3

)]
. (4.52)

In the former equations the angle integrations are already done in a way that
finally we must take into account the full phase space with the angle independent
expressions obtained in the former equations and we obtain

dΓ
dMinv(M1M2)

= 2mτ2mν

(2π)3
1

4m2
τ

pν p̃1
∑∑ |t|2 , (4.53)

where pν is the neutrino momentum in the τ rest frame

pν =
λ1/2(m2

τ,m
2
ν, M2

inv(M1M2))

2Mτ
, (4.54)

and p̃1 the momentum of M1 in the M1, M2 rest frame given in Eq. (4.45). The mass
distribution of Eq. (4.53) is then integrated over the M1M2 invariant mass in order
to obtain the width.
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channels hi (for M0) hi (for Nµ)
π−ρ0 0

p
2

π−ω
p

2 0
π0ρ− 0 -

p
2

ηρ− 2p
3

0
η′ρ− 2p

6
0

ρ−ρ0 p
2 0

ρ−ω 0
p

2
ηK∗− 0 − 2p

3
tanθc

η′K∗− 3p
6

tanθc
1p
6

tanθc

Table 4.4: hi and hi coefficient for different channels with the two final mesons in s-wave.

4.4 s-wave decays
In the previous sections we have assumed that the quarks d, ū of Fig. 4.1 are pro-
duced in their ground state. This leads to a negative parity qq̄ state, which makes
the pair of mesons after the hadronization to be produced in p-wave and this is in
agreement with the results of chiral perturbation theory for τ− decay into ντ and a
pair of pseudoscalar mesons.

We shall extrapolate the scheme to pseudoscalar-vector and vector-vector produc-
tion, but we can anticipate that, since the masses of these mesons are larger, the
resulting momenta for the mesons are much smaller and the p-wave mechanism will
lead to very small widths. Certainly, in this case, s-wave production shall be prefer-
able. There is just one inconvenience. Two mesons with negative parity and s-wave
have positive parity. This means that the dū must be produced in an L′ = 1 state.
This is accomplished creating one quark in L′ = 1 state.

The formalism in this case proceeds in total analogy to what we have done be-
fore. There is only one difference. Since a Y (L′, M′

3,1) is introduced, we have now
two spherical harmonics: this one and the one from the 3P0 model, and they must
combine to a final s-wave. Hence

Y1M3Y1M′
3

= ∑
l

[
3 ·3

4π(2l+1)

]
C (11l; M3, M′

3)C (11l;0,0,0)Yl,M3+M′
3

(4.55)

which can have l = 0,2 for parity reasons and we then choose l = 0. Evaluating
explicitly the CGC we obtain

Y1M3Y1M′
3
→ 1

4π
(−1)M3δM3,−M′

3
(4.56)
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And the rest of calculations proceed as in the case of p-wave, only the Y1,µ(q̂) does
not appear. Also the form factor now implies j0(qr) in the integrand instead of 3 j1(qr)

qr
and the factor q outside the integral of Eq. (4.29) does not appear now. We obtain the
results:

1) M0

a) PP, J = 0, J′ = 0
M0 = 0 (4.57)

b) PV , J = 0, J′ = 1

M0 = 1p
6

1
4π

(4.58)

c) V P, J = 1, J′ = 0

M0 = 1p
6

1
4π

(4.59)

d) VV , J = 1, J′ = 1

M0 = 1p
3

1
4π

C (111; M, M′, M+M′) (4.60)

2) Nµ

a) PP, J = 0, J′ = 0

Nµ = 1p
6

1
4π

δM0δM′0 (−1)−µ (4.61)

b) PV , J = 0, J′ = 1

Nµ =−(−1)−µ
1p
3

1
4π

C (111; M′,−µ, M′−µ)δM0 (4.62)

c) V P, J = 1, J′ = 0

Nµ = (−1)−µ
1p
3

1
4π

C (111; M,−µ, M−µ)δM′0 (4.63)

d) VV , J = 1, J′ = 1

Nµ = 1p
6

1
4π

{
δMµ+2(−1)−µ−M′

C
(
111; M,−µ, M−µ)

× C
(
111; M′,−M−M′+µ,−M+µ)}

(4.64)
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In this case table 4.1 is changed and under the exchange of the two mesons we
obtain opposite signs than in this table because we do not have the Y1,µ(q̂) factor. As a
consequence, the weights of some channels, particularly those of defined G-parity, are
changed. Note that now the rule (−1)L+S+I for the G-parity implies positive G-parity
for the operator "1" and negative G-parity for the operator σi. As a consequence, we
get the results of table 4.4 for the new weights of the channels involved. The rest
do not change. The final formulas for

∑∑ |t|2, up to a global normalization, are the
same for p-wave removing the factor p̃2

1, concretely:

1) PP, J = 0, J′ = 0

∑∑ |t|2 = 1
mτmν

(
1

4π

)2 (
EτEν− p2

3

)
1
2

h
2
i (4.65)

2) PV , J = 0, J′ = 1;V P, J = 1, J′ = 0∑∑ |t|2 = 1
mτmν

(
1

4π

)2 [(
EτEν+ p2) 1

2
h2

i +
(
EτEν− p2

3

)
h

2
i

]
(4.66)

3) VV , J = 1, J′ = 1∑∑ |t|2 = 1
mτmν

(
1

4π

)2 [(
EτEν+ p2)h2

i +
7
2

(
EτEν− p2

3

)
h

2
i

]
(4.67)

4.5 Results
In Table 4.5 we show the results for the decays in Table 4.2 assuming the mesons are
in p-wave. We should be careful selecting the data because in some cases a strong
resonance can appear. This is the case of τ− → ντπ

0π−, where the ρ−(770) can be
formed and decay to π0π−. We should note that the τ− → ντρ

− decay does not require
the hadronization since a qq̄ can already produce the ρ− [231]. In this case the rate
of ρ− production should be bigger than the non-resonant ντπ0π− which is actually
the case experimentally. We calculate only the non-resonant part of the decay, which
involves the hadronization and we compare with the "non-resonant" results of the
PDG [110]. The same can be said about the ντπ−K̄0 and ντπ0K−. In fact, for ντπ−K̄0

the whole branching ratio is 8.4×10−3 while the "non-resonant" part is 5.4×10−4

. In this case the resonant part comes from τ− → ντK∗−. For the ντπ0K− the PDG
only quotes the whole branching ratio. We have estimated the non-resonant part as
explained in the footnote of Table 4.5.

If we look at the Table 4.5 for decay to two pseudoscalars, we find that fixing our
normalization to ντK−K0 the rates obtained in the other cases are close to experi-
ment within a factor of two or less. The rates obtained for ντηπ− and ντη′π− are zero
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in our case, and experimentally the upper bounds are very small. For the case of
ντη

′K− we also get a value of the branching ratio which is smaller than the experi-
mental upper bound. The exception to the rule is the τ− → ντπ

0π− that in our case
is about one order of magnitude bigger than experiment. This already indicates that
the form factor of Eq. (4.29), with q quite big and 3 j1(qr)

qr in the integrand, which we
have assumed equal for all decays, should be smaller in the case of ντπ0π− produc-
tion. We should also note that we are taking a pion as a simple qq̄, but this light
Goldstone boson should be more complicated. Our results, and the discrepancies
found, could serve as a tool of comparison for theoretical models of this form factor.

There is another consideration that we must do. If we take τ− → ντπ
0π−, the

π0π− pair is in I = 1, but for identical spin zero particles within the same isospin
multiplet this implies L = 1, p-wave. However, in the case that we have different
mesons in the final state this requirement does not hold and one could have some
s-wave contribution in cases like τ− → ντπ

0K−, τ− → ντK−K0, etc. Note that we have
related all the processes in Table 4.5 using the SU(3) results of Eq. (4.7). Dynamically
we have assumed that the dū pair (sū pair) is produced in L = 0 in all these cases,
but this is not necessarily the case when we have two different pseudoscalars in
the final state. Since the form factors in these two cases are different, we cannot
relate the two mechanisms and this brings an extra uncertainty to our non-resonant
pseudoscalar pair production. Since the s-wave requires L = 1 primary quark pair
production, the matrix element in Eq. (4.28) will be somewhat suppressed relative to
L = 0. The contribution from s-wave in τ− → ντπK̄ is found small in [232, 233], and
is shown to contribute only at very low πK̄ invariant masses in the πK̄ spectrum of
the experiment [197]. The integrated contribution is estimated in [232] to be of the
order of BR[τ− → ντ(Kπ)s−wave]= (3.88±0.19)×10−4, or about one half of the sum of
the non-resonant τ− → ντπ

0K− and τ− → ντπ
−K̄0 contributions in Table 4.5.

The discrepancies with experiment that we find are in line with all the uncertain-
ties that we have discussed. On the contrary the V P, PV and VV cases, which are
much less studied both theoretically and experimentally, proceeding all in s-wave,
can be better related and there is where our approach is more useful. Also, because
these reactions also allow to study the V P and VV interaction where some dynami-
cally generated resonance appear. We turn now to this sector.

In Table 4.6, for PV , and VV decay, what we observe is that the assumption
of p-wave in the mesons leads systematically to very small results compared to the
experiment. There are two cases where the discrepancies are larger than in the other
cases. This occurs for τ− → ντK−ρ0 and τ− → ντK̄0ρ−. This has to be understood as a
large contribution from the resonance K1(1270) decaying into K̄ρ, as found in [234],
while we only calculate the non-resonant contributions. Yet, the findings of that work
are illustrative because the K1(1270) couples to K̄ρ in s-wave [167, 235, 236], which
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clearly indicate that PV and VV proceed via s-wave meson-meson production, not
p-wave. We also take into account the mass distributions for the particles that have
a width, but this leads to effects of the order of 10−20% for the cases where there
are data, and do not improve the large discrepancies found.

As mentioned, the experimental data for τ− → PV or τ− → VV indicate that
p-wave is not adequate and instead the decays proceed with the two mesons in s-
wave. In Tables 4.7, 4.8, we show the results for the τ− → ντPV or τ− → ντVV with
and without the convolution to take into account the mass distribution of the vector
mesons that have a width. This has been done according to the following formulas.
In the case of only one vector we make the convolution

Γτ→ντM1M2 =
1
N

∫ (M1+2Γ1)2

(M1−2Γ1)2
dm2

1

(
−1
π

)
ImDM1(m1)

∫
dMinv

dΓ(m1,m2)
dMinv(12)

, (4.68)

where D(m1) is the vector propagator,

D(m1)= 1
m2

1 −m2
R + iΓR mR

. (4.69)

and N is the normalization factor

N =
∫ (M1+2Γ1)2

(M1−2Γ1)2
dm2

1

(
−1
π

)
ImDM1(m1) . (4.70)

For the case of two vectors we make a double convolution as

Γτ→ντM1M2 = 1
N ′

∫ (M1+2Γ1)2

(M1−2Γ1)2
dm2

1

(
−1
π

)
ImDM1(m1)

∫ (M2+2Γ2)2

(M2−2Γ2)2
dm2

2

(
−1
π

)
× ImDM2(m2)

∫
dMinv

dΓ(m1,m2)
dMinv(12)

, (4.71)

where

N ′ =
∫ (M1+2Γ1)2

(M1−2Γ1)2
dm2

1

(
−1
π

)
ImDM1(m1)

∫ (M2+2Γ2)2

(M2−2Γ2)2
dm2

2

(
−1
π

)
ImDM2(m2) . (4.72)

When performing the convolution, some of the decays forbidden in Table 4.7, as
τ− → ντη

′K∗− and τ− → ντK∗0K∗−, are now allowed, and finite results arise in Ta-
ble 4.8, although with very small rates. By looking at Table 4.8 and normalizing
the results to the τ− → ντηK∗− branching ratio, we obtain fair results compared to
experiment within a factor of about two, with two exceptions: τ− → ντK−ρ0 and
τ− → ντK̄0ρ−. As discussed previously, these two decays have a large contribution
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from the K1(1270) resonance [234] and thus, with the non-resonant part that we cal-
culate we underestimate the experimental results by about a factor three or more.
This can be used in an opposite direction: a gross underestimation of the rates that
we have calculated compared with future experiments would be indicative of sub-
stantial resonance contribution, which can stimulate the research for such resonance
in the mass distribution.

It is also worth mentioning that in the work of Refs. [235, 236] two K1(1270)
resonances were found coupling mostly to πK∗ and Kρ. The fair agreement with
the data of τ− → ντK̄∗0π− should be looked with caution, because we expect some
overestimation due to the light pion mass, which indicates that there is room for a
resonant contribution, in this case one of the two K1(1270). Something similar could
be said about the τ− → ντπ

−ρ0 and τ− → ντπ
0ρ− decays. We should also expect an

overestimation due to the small pion mass but we instead underestimate the data by
about a factor of two. This again has to be looked with the perspective that the πρ
couples strongly to the h1(1170) and a1(1260) resonances [235].

An interesting and clean case is the decay τ− → ντφK−, where the agreement with
experiment is fair. In this case the coupling of φK− to the two K1(1270) resonances
found in Ref. [235] is quite weak. Also in the τ− → ντηK∗− decay, taken as reference,
the coupling of ηK∗− to one K1(1270) resonance is negligible and the coupling to the
second K1(1270) is also smaller than to the ρK dominant channel [235]. This makes
the comparison of these two modes fair.

For vector-vector there is also work leading to dynamically generated resonance
from the VV interaction [236–238]. However we do not have data for τ− decay into
ντ and VV , something that could change in the future. In that case the comparison
of the measured decay rates with our predictions would be of interest.

Finally, we should also mention that the formalism discussed here can be con-
sidered as a starting point to study the final state interaction of M1M2, eventually
leading to dynamically generated resonances. It would be most interesting to study
experimentally in detail invariant mass distributions in the τ− → ντM1M2 decays.
One case that has deserved some attention from this perspective is the τ− → ντπρ via
the a1(1260) [239]. In Ref. [240] this decay is done via τ− → ντPV , with PV coupled
channels that generate the a1(1260), which decays into πρ. In the approach [240] one
would take the amplitudes evaluated here for τ− → ντM̃1M̃2 with all possible cou-
pled channels that lead to a given resonance, then propagate M̃1M̃2 as they would
do in scattering theory, and later these M̃1M̃2 mesons would be coupled to M1M2,
which are the observed mesons. The transition of M̃1M̃2 to M1M2 is given by the
MM → MM matrix that contains information on the resonance [235, 236]. Work
along these lines has already been done studying the τ− decay into a pseudoscalar
and an axial-vector meson [241], or into π− and the f0(980), a0(980) resonances [242].

We have used a novel formalism with the explicit 3P0 model for hadronization
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and the necessary angular momentum algebra to relate the different processes, and
we have shown that only one form factor is needed for p-wave production and an-
other one for s-wave production. It is interesting to relate our formalism with a
more conventional one used in the related semileptonic M1 → ν̄lM2 process which
involves several form factors. This comparison is done in Section 5 of [243]. Indeed,
taking the P → ν̄lV reaction to compare, one can see in [244–246] that four form
factors are needed. Equivalently, four other form factors are proposed in [241, 247],
V (q2), A0(q2), A1(q2), A2(q2). In [243] it was found that close to the end point, ω= 1
(Minv(νl) maximum) the two formalisms, the one used here and the one of [241,247]
gave practically identical results for ratios of rates. This limit corresponds to having
the two mesons at rest, and this is the approximation that we have used in Section
4.2.1, which allows us to use only one form factor for this reaction. In [243] it was
shown that at the end point, Minv(νl) maximum, only the form factor A1(q2) con-
tributes, which shows in a different way that only one form factor is needed in this
limit. In [248] the application of the formalism of [241, 247] to τ− decay was done,
showing that, indeed, the range of Minv of the mesons in τ− decays falls well within
the range where the single form factor A1(q2) dominates. Our approach allows to
extrapolate the results to the τ− → ντVV case without extra form factors.

Decay process BR (Theo.) BR (Exp.)
1τ− → ντπ

0π− a 2.48×10−2 (3.0±3.2)×10−3

1τ− → ντηπ
− 0 < 9.9×10−5

1τ− → ντη
′π− 0 < 4.0×10−6

2τ− → ντηK− b 8.17×10−5 (1.55±0.08)×10−4

2τ− → ντη
′K− 3.26×10−7 < 2.4×10−6

2τ− → ντπ
0K− c 1.29×10−4 (2.7±1.1)×10−4

1τ− → ντK−K0 fit to the Exp. (1.48±0.05)×10−3

2τ− → ντπ
−K̄0 2.52×10−4 (5.4±2.1)×10−4

Table 4.5: Branching ratios for PP case in p-wave normalized by τ− → ντK−K0.
a Means Cabibbo-allowed
b Means Cabibbo-suppressed
c The PDG has only the whole contribution including K∗− production. We evaluate the rates in two
ways: 1

2 of the rate of τ− → ντπ
−K̄0 (non-resonant) and taking the whole range times the ratio of

BR(τ−→ντπ
−K̄0)(non−resonant)

BR(τ−→ντπ−K̄0)(whole) . Both ways give the same result. The error is taken from τ− → ντπ
−K̄0 in

the table.
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Decay process BR (Theo.) BR (Exp.)
1τ− → ντπ

−ρ0 3.90×10−3 —
1τ− → ντπ

−ω 5.31×10−3 (1.95±0.06)%
1τ− → ντπ

0ρ− 3.95×10−3 —
1τ− → ντηρ

− 4.32×10−4 —
1τ− → ντη

′ρ− 8.25×10−9 —
1τ− → ντK0K∗− 2.51×10−4 —
1τ− → ντK∗0K− 2.49×10−4 (2.1±0.4)×10−3

2τ− → ντK−ρ0 2.18×10−5 (1.4±0.5)×10−3

2τ− → ντK−ω 2.04×10−5 (4.1±0.9)×10−4

2τ− → ντK̄0ρ− 4.22×10−5 (2.2±0.5)×10−3

2τ− → ντηK∗− 3.70×10−6 (1.38±0.15)×10−4

2τ− → ντη
′K∗− 0 —

2τ− → ντπ
0K∗− 6.37×10−5 —

2τ− → ντK̄∗0π− 1.22×10−4 (2.2±0.5)×10−3

2τ− → ντφK− 2.40×10−6 (4.4±1.6)×10−5

2τ− → ντρ
−ρ0 1.24×10−4 —

2τ− → ντρ
−ω 3.35×10−5 —

2τ− → ντK∗0K∗− 0 —
2τ− → ντK∗−ρ0 9.04×10−8 —
2τ− → ντK∗−ω 6.65×10−8 —
2τ− → ντK̄∗0ρ− 1.54×10−7 —
2τ− → ντK∗−φ 0 —

Table 4.6: The same as Table 4.5 but for PV and VV cases. The results here in p-wave are only to
support that they are in clear contradiction with experiment. Our real predictions for these cases are
in Table 4.7 and 4.8.
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Decay process BR (Theo.) BR (Exp.)
τ− → ντπ

−ρ0 7.68×10−2 —
τ− → ντπ

−ω 5.80×10−2 (1.95±0.06)%
τ− → ντπ

0ρ− 7.78×10−2 —
τ− → ντηρ

− 4.50×10−3 —
τ− → ντη

′ρ− 5.89×10−7 —
τ− → ντK0K∗− 4.95×10−3 —
τ− → ντK∗0K− 4.93×10−3 (2.1±0.4)×10−3

τ− → ντK−ρ0 3.41×10−4 (1.4±0.5)×10−3

τ− → ντK−ω 3.24×10−4 (4.1±0.9)×10−4

τ− → ντK̄0ρ− 6.64×10−4 (2.2±0.5)×10−3

τ− → ντηK∗− fit to the exp. (1.38±0.15)×10−4

τ− → ντη
′K∗− 0 —

τ− → ντπ
0K∗− 1.07×10−3 —

τ− → ντK̄∗0π− 2.05×10−3 (2.2±0.5)×10−3

τ− → ντφK− 6.82×10−5 (4.4±1.6)×10−5

τ− → ντρ
−ρ0 1.15×10−3 —

τ− → ντρ−ω 3.19×10−3 —
τ− → ντK∗0K∗− 0 —
τ− → ντK∗−ρ0 5.15×10−6 —
τ− → ντK∗−ω 4.05×10−6 —
τ− → ντK̄∗0ρ− 9.09×10−6 —
τ− → ντK∗−φ 0 —

Table 4.7: Branching ratios for PV and VV cases in s-wave normalized by τ− → ντηK∗−
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Decay process BR (Theo.) BR (Exp.)
τ− → ντπ

−ρ0 7.81×10−2 —
τ− → ντπ

−ω 5.56×10−2 (1.95±0.06)%
τ− → ντπ

0ρ− 7.91×10−2 —
τ− → ντηρ

− 5.34×10−3 —
τ− → ντη

′ρ− 2.96×10−5 —
τ− → ντK0K∗− 4.91×10−3 —
τ− → ντK∗0K− 4.87×10−3 (2.1±0.4)×10−3

τ− → ντK−ρ0 3.82×10−4 (1.4±0.5)×10−3

τ− → ντK−ω 3.10×10−4 (4.1±0.9)×10−4

τ− → ντK̄0ρ− 7.44×10−4 (2.2±0.5)×10−3

τ− → ηK∗−ντ fit to the Exp. (1.38±0.15)×10−4

τ− → ντη
′K∗− 1.21×10−10 —

τ− → ντπ
0K∗− 1.03×10−3 —

τ− → ντK̄∗0π− 1.99×10−3 (2.2±0.5)×10−3

τ− → ντφK− 6.54×10−5 (4.4±1.6)×10−5

τ− → ντρ
−ρ0 3.31×10−3 —

τ− → ντρ
−ω 5.82×10−3 —

τ− → ντK∗0K∗− 8.18×10−6 —
τ− → ντK∗−ρ0 2.96×10−5 —
τ− → ντK∗−ω 6.0×10−6 —
τ− → ντK̄∗0ρ− 5.46×10−5 —
τ− → ντK∗−φ 0 —

Table 4.8: The same as Table 4.7 but with convolution.
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4.6 Discussion and perspective
The present paper brings some novelties and the results are useful for predictions of
new decay modes, as well as a means to find out resonances that couple to certain
meson-meson channels. We briefly discuss below the novelties of the present work:

1. Although the sums over CGC can be done numerically nowadays, the laborious
but useful work reported in the appendix allowed us to get finally extremely
simple matrix elements for all possible transitions to PP, PV , V P, VV . This
allows a qualitative understanding of the different rates obtained.

2. Another useful output of these analytical calculations is the fact that we could
see explicitly the role of G-parity in the different reactions, and how it affects
different PP or PV , VV decay modes. This was done from a very different
perspective to the conventional one, based on the order in which the M1M2
components are produced in the hadronization and the expressions of our am-
plitudes for M1M2 and M2M1 production. Also, it was interesting to find the
extrapolation of these constraints to the strange sector, even if G-parity is not
a good quantum number there, something that is pointed out for the first time.

3. The study done here also convinced us that the V P, PV and VV modes proceed
in the s-wave meson-meson channel, unlike the PP mode that requires p-wave,
although for PP corresponding to different particles a contribution from s-wave
is also possible. Experimental data in some reactions support this finding.

4. For the case of PP production we indicated that we did not consider the direct
vector production followed by V → PP. This is a part that has been calculated
in many approaches and is simpler and more accurate to evaluate because the
original qq̄ produced can directly produce the vector meson [195,196]. Instead,
we calculated the non-resonant part, which requires the hadronization of the
initial qq̄ pair and is subject to larger uncertainty, also in the experimental
extraction. Our agreement with experiment for this non-resonant part within
a factor of two is fair.

5. For the PV and V P decay modes there is no experimental separation between
the resonant and non-resonant parts. In this case we turn the discrepancies
found between our results and experiment into an advantage. Indeed, the re-
sults of [167, 235, 236] indicate that resonances in this sector stem from the
interaction of V P components in coupled channels. Hence, the discrepancies
found indicate the need for final state interaction of coupled channels that cou-
ple to the final V P. In other words, these cases constitute clear examples where
one can learn much about meson meson interaction and hadron dynamics. The
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same could be said in case of VV , which also produces dynamically generated
resonances [236–238], but there are no data so far.

6. We also value that by means of the simple formulas that we obtained we could
correlate many reactions and we did the calculations for eventually all possible
τ→ ντM1M2 decays.

7. As a new path to continue with this problem, starting from the findings of the
present work, we can suggest the test of quark models by implementing the
form factor 

∫
r3dr 3 j1(qr)

qr
∏

iϕi(r) , for PP case;∫
r2dr j0(qr)

∏
iϕi(r) , for PV and VV cases ,

(4.73)

and using them together with the amplitudes obtained here. Quark models like
those in Refs. [219,227] and [249] would be most suited for this work.

8. There is another benefit from the present formulation. We provide directly the
amplitudes in terms of JM, J′M′. Recently the power of polarization measure-
ments to provide information of models beyond the standard model in the re-
lated semileptonic decay of B mesons has been stressed [250,251]. The present
formalism provides accurate ratios of differential widths for different M, M′

since in these ratios the missing form factor cancels. Steps in this direction are
given within the present formalism in [218] for semileptonic reactions. Similar
steps could be done for τ decays into the different channels that we have stud-
ied. Steps in this direction are given in [248]. Actually, the polarization issue in
τ decays has already been addressed, concretely in the τ− → ντK−π0 reaction,
but only looking at the τ polarization [252].

9. Another path worth undertaking would be the consideration of final state inter-
action of the meson pair produced. As mentioned above, the rates evaluated by
us correspond to non-resonant contribution of the meson pairs. In some cases
of PP there is a clear contribution from vector mesons, which does not come
from final state interaction but from the direct production of qq̄ that forms the
vector mesons. Note that the dominance of the qq̄ component for the vector
mesons has been thoroughly checked [231]. Conversely, the meson-meson in-
teraction in s-wave gives rise to many dynamically generated resonances, and
the M1M2 invariant mass distribution would reveal this. Steps in this direc-
tion for other reactions have been done in Refs. [8, 224]. This is a promising
source of information which should be accompanied by a parallel experimental
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study of invariant mass distributions. Our work provides the M1M2 mass dis-
tributions at tree level (non-resonant part). Any experimental diversion from
these predictions is a signal of a resonance as a strong final state interaction of
the pair of mesons. To help in this direction we plot three mass distributions
to the PP, PV and VV cases, concretely the τ− → ντK−K0, τ− → ντηK∗−, and
τ− → ντρ

−ω in Figs. 4.3, 4.4 and 4.5, respectively.

We have chosen cases where one expects very small final state interaction, ac-
cording to the findings of Refs. [236,238,253], and we expect them to agree well
with experiments. It is rewarding that there are data for two of these reactions,
the τ− → K−K0ντ and the τ− → ηK∗−ντ.

We should note that the shapes of the PP (Fig.4.3) and PV , VV (Figs.4.4, 4.5)
distributions are quite different.

In Fig.4.3 we show our predictions for the K−K0 mass distribution for the τ− →
K−K0ντ decay. We show experimental data from the experiments [254–256],
the most recent one [256] providing a very precise spectrum. We can see that
the agreement of our mass distribution with experiments is relatively good,
particularly taking into account the very different shape of the mass distribu-
tion compared to the V P and VV cases. Our results and the data of [255] are
normalized to the area of the integrated experimental dΓ/dMinv of the other
two experiments.

In Fig.4.4 we also show our results compared to the experimental data for the
ηK∗− invariant mass distribution from the τ− → ηK∗−ντ decay [201]. The ex-
perimental mass distribution is for πK̄Sη , but in the same paper one can see
that πK comes from K∗. We see again that the agreement with experiment is
good, and the shape of the distribution is very different to the one of K−K0 in
Fig.4.3. This supports our conclusion that the PV pair is produced in s-wave.

In Fig.4.5 we show our predictions for the ρ−ω mass distribution in τ− → ντρ
−ω

decay. There are no data for this reaction, but we predict a shape similar to the
one of Fig.4.4, which is tied to the s-wave character of the VV pair produced.

It is interesting to mention that in [201] there is also a mass distribution for ηK
coming from τ− → ντηK decay. The shape is not symmetrical like the one of Fig.
4.3, but more similar to the one of Fig.4.4. However, one should not conclude
that this proceeds in s-wave, rather the reason for it is that the ηK channel
couples very strongly to K∗ (stronger than πK to K∗), and the K∗ mass is below
the threshold of ηK . As a consequence, the strength of the distribution tends
to pile up close to threshold. One may wonder why this does not happen in
Fig.4.3, since KK̄ also couples to the ρ. However, in studies of coupled channels
with unitarity for the ρ including ππ and KK̄ , the role of KK̄ is found small
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Figure 4.3: Invariant mass distribution for τ− → ντK0
SK− decay. Data of CLEO, ALEPH, and BaBar

Collaborations are from Refs. [254–256], respectively, and line (a) shows the results evaluated with
Eq. (4.50).

[158, 257]. Yet, this could be responsible for the small diversion of our results
with the very precise recent data of BaBar [256].
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Figure 4.4: invariant mass distribution for τ− → ντηK∗− decay. The experimental data is taken from
Belle Collaboration Ref. [201]. The line (a) shows the result without a convolution, and line (b) takes
into account the width of the K∗, evaluated with a convolution with the K∗ spectral function, as in
Eqs. (4.68) and (4.70) but putting the limits of m2 as given by phase space (not M1 −2Γ1, M1 +2Γ1).
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Figure 4.5: invariant mass distribution for τ− → ντρ
−ω decay. The results are normalized by fit-

ting the data of τ− → ντηK∗− decay, and line (a) with fixed mρ mass and (b) taking the mρ mass
distribution over the full phase space as in Fig. 4.4.
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4.7 Comparison with other approaches

In this section we take advantage to compare our results with other ones obtained in
different approaches. The example most studied is τ− → π−π0ντ [191, 192, 195, 258].
In Ref. [195] vector meson dominance is addressed in τ− → ντρ

− with the ρ decaying
into π−π0. In Ref. [191] vector form factors are considered and the ρ, ρ′, contributions
are evaluated. One model that has proved rather adequate to study these reactions
is the NJL model, which is used in [258]. The model for this and related reactions is
based on the mechanism of Fig.4.6 (a) and (b).

In the diagram of Fig.4.6 (a) the W couples to a qq̄ state and by means of a triangle
mechanism, exchanging a quark q′, the qq̄′ and q′ q̄ pairs give rise to two pions with
the Lagrangians of the NJL model [205]. In the diagram of Fig.4.6 (b) the W also
couples to qq̄ but this qq̄ couples later to a vector meson which again decays into
π−π0, for which the NJL model is used again. Eventually all models give fair results
for this mode where the ρ production is largely dominant.

As we discussed in the results section, for this mode we only calculated the non-
resonant part and furthermore it relies on form factors implicitly evaluated from
the τ− → ντK−K0 (our reference decay width). Since there are larger momentum
transfers for the case of the π production, the reduction should be bigger, and this is
the reason why we overestimate the experimental rate in at least a factor of four (note
also the large experimental errors). This is the largest disagreement of our results
for PP compared to the corresponding data. In all other PP cases the agreement is
much better, always within a factor of two, which we should accept as the intrinsic
uncertainty for our model, trying to correlate such diverse data.

It is interesting to observe that although the NJL model and our way of hadroniza-
tion using the 3P0 model and quark wave functions look so different, they are not.
Indeed, loops with intermediate particles (quarks or nucleons) are the alternative
way in Field Theory to take into account wave functions of a conventional Quantum
Mechanical approach [259,260].

Another channel worth discussing is the τ− → ντη (η′)π−. Our formalism, with
the 3P0 model for hadronization, produces amplitudes which clearly show why G-
parity is conserved in these decays and other ones, but in τ− → ντη (η′)π− there is
G-parity violation and the amplitude vanishes in our approach. Certainly there are
corrections when G-parity is broken, and again, within the NJL model, by taking
different u,d quark masses, a finite value for the width can be obtained [261], which
is consistent with the present experimental bounds.

The Cabibbo-suppressed τ− → ντηK− reaction is also studied within the extended
NJL model in [262] and a width of 1.45×10−4 is obtained, which compares well with
experiment. Our rate in Table 4.6 is 0.56 times this value. As we have mentioned
above, this kind of qualitative agreement is what we expect from our approach in
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Figure 4.6: The diagram of the τ− → ντπ
−π0 decay, (a) contact term; (b) vector meson production from

Ref. [258].

which we have no free parameters (up to the fit to one particular rate).
The τ− → ντπ

0K− decay is also addressed in [263] with the extended NJL model.
We cannot compare with the results of [263] because the full width is calculated
which is dominated by K∗− production. We compare with results of the experimental
non-resonant contribution and we find a rate about one half smaller, like in the ηK−

case. The same occurs with the π−K0 non-resonant width, where we also get about
one half the rate of the experiment. Actually, within the framework of [263] it is
possible to calculate the non-resonant contribution, removing the K∗− pole. Although
some numbers are given in [263] for different options, it would be most interesting
to address this individual problem from that perspective to the light of the existing
experimental data.

One example worth discussing is the τ− → ντK−K0. We used this reaction to get
the normalization for the rest of the reactions. So we cannot say anything about the
width, but we can comment on the invariant mass distribution of Fig. 4.3. There
are some theoretical works that provide rates for this reaction. Models based on the
vector meson dominance and form factors provide branching ratios of 27×10−4 [195],
12.5× 10−4 [264], 13.5× 10−4 [265], 16× 10−4 [266], and using the extended NJL
model 12.7×10−4 is obtained in [267]. Results are also available from [268] using
vector meson dominance with a branching rate Γ = 27× 10−4. In [267] the K−K0
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invariant mass distribution is provided (see Fig.4.3 of [267]) and a large contribution
is obtained from the ρ′(1450), providing a big peak in this energy region, although
uncertainties on this contribution are acknowledged. It also contains another peak at
lower invariant masses. The recent accurate measure of this amplitude in [256] does
not show any peak in the mass distribution. We plotted our results in Fig.4.3 and
we find a fair agreement with experiment, relating the small shift to lower invariant
mass of the experiment to the role of the moderate coupling of KK̄ to ρ.

For the case of τ− → ντPV decays we compare results with other ones for the
cases of τ− → ντρη, τ− → ντK∗K̄ and τ− → ντωπ

−.
For the reaction τ− → ντρη a branching ratio of 1.44×10−3 is obtained in [269]

using the extended NJL model. We get for this ratio 4.5×10−3 with no convolution
of the ρ and 5.34× 10−3 considering the ρ convolution to account for the ρ mass
distribution. This is a rate which in our case is related to the similar τ− → ντηK∗−

reaction (used as reference, see Tables 4.7,4.8) and should be rather reliable. We do
not expect diversions of more than a factor two from the experiment. Unfortunately
there are no data for this reaction, but it is clear that its measurement will provide
helpful information to get more insight into hadron physics from τ decay reactions.

The τ− → ντK∗K̄ branching ratio is evaluated in [195], using vector meson domi-
nance, with a result of 3.92×10−3. Our result in Table 4.8 is 4.87×10−3, very close
to the result of [195] and both of them within approximately a factor two from exper-
iment.

In the case of τ− → ντωπ
− there are results in [195] with a branching ratio of 1.2×

10−2, compared to 1.95×10−2 from experiment. Our result from Table 4.8 exceeds
the experiment by about a factor of two, following the usual trend. There are also
results of 1.85×10−2 using the extended NJL model in [270] and (1.22±0.56)×10−2

from [268].
There are calculations from other models that we can compare with. From Ref.

[195] we find BR[τ− → ντ(K̄0ρ−+K−ρ0)] = 7.5×10−4 versus 11.26×10−4 from our
results. Note however, that as mentioned earlier, this result would be enhanced in
both approaches when final state interaction of the K̄ρ is allowed. In [195] one finds
another rate which is BR[τ− → ντK−ω] = 2.5×10−4 for which we obtain 3.1×10−4

and the experiment is (4.1±0.9)×10−4. Finally, in [195] the rate for τ− → ντK∗η is
also evaluated with the result BR[τ− → ντK∗η]= 1.1×10−4 versus (1.38±0.15)×10−4

for the experiment. Here we cannot compare because this is the mode used by us for
normalization of the rest of the results.

The discussion above served to put our results in perspective and see that, once
we normalize to one datum, the branching ratios obtained for other reactions are in
line with the results of other approaches, usually a bit less accurate, but this is the
price to pay to obtain so many ratios with our approach with no parameters, while all
theories with which we compare have a fair amount of parameters that are fitted to
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different observables. As discussed earlier, these results constitute a basis to begin
with, using this different formalism, which can be improved with the use of form fac-
tors calculated for example from existing quarks models, and the implementation of
final state interaction of the mesons, for which the use of the chiral unitary approach
would be most suited.

4.8 Conclusions
We have performed a study of the τ− decay into ντ and two mesons, with the aim of
establishing a relationship between production of two pseudoscalars, a pseudoscalar
and a vector and two vectors. For this we have used the dynamics of the weak in-
teraction and worked out all the angular momentum-spin algebra to relate these
processes, provided the form factors stemming from the radial wave functions are
the same in the different cases.

The calculations done allow us to present a new perspective of the role played by
G-parity in these reactions, involving u,d quarks. However, we also find that the
selection rules of G-parity have repercussion in the matrix elements of τ− → ντK−η,
τ− → ντK−η′, τ− → ντK∗−η, τ− → ντK∗−η′, where G-parity does not apply.

We compare our results with experiment. For τ− decays into ντ and two pseu-
doscalars we assume that the two mesons are produced with p-wave. This is in agree-
ment with the formalism of chiral perturbation theory. In our case the two mesons
are produced from an initial qq̄ formation by the W , followed by the hadronization
of qq̄ into two mesons, which is done using the 3P0 model. For the case that the
two pseudoscalars are not identical particles, s-wave production is also possible, al-
though somewhat suppressed since it involves producing the primary dū system in
L = 1 rather than in its ground state.

However, we observe that assuming also p-wave for the pseudoscalar-vector and
vector-vector production one obtains results clearly incompatible with experimental
data. This fact and experimental evidence that in such cases the mesons are pro-
duced in s-wave, leads us to redo the formalism for production of the two mesons in
s-wave.

Comparison with the experimental results shows that our predictions are fair, in
spite of the large differences in the rates for different cases. We also compare our
results with other approaches and make predictions for unmeasured decays.

We have also compared our mass distributions with some available data and the
agreement found is relatively good. We also see a very different shape, both theoret-
ically and experimentally for PP production or PV , VV production.

Another point in the results is that sometimes there are larger discrepancies from
the data, and in these cases we could identify the reason of the discrepancies to
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large resonance contribution, with the resonance decaying finally into the two meson
observed.

We also emphasize that our formalism can be directly used to take into account
final state interaction of the mesons that in some cases lead to dynamically generated
resonances.

Finally we also emphasize the value of these decays to study the meson-meson
interaction and the nature of some resonances, which should stimulate experimen-
talists to measure the two-meson mass distributions with precision in these decays,
as recently done in the τ− → ντK−K0 decay in Ref. [256].
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N∗ production in Λc decays

5.1 Introduction

The nature of the N∗(1535) (JP = 1/2−) remains to be well understood [99, 271]. Its
properties have been studied within the context of the constituent quark model [110,
272] where the mass of the lowest excitation of the nucleon with a negative parity
is found smaller than its positive-parity counterpart, contrary to what is observed
in experiment, namely, the N∗(1535) and N∗(1440) resonances. This is known as
the mass reverse problem. Also it seems to be difficult to explain the fact that the
N∗(1535) could couple to channels with strangeness, such as ηN and KΛ [110, 273],
within the formalism of the quark model with a naive qqq configuration where the
s̄s component is not contained.

Studies, such as the ones found in Refs. [274–278], attempt to solve some dif-
ficulties in the description of the N∗(1535) properties with some extension of the
conventional quark model, and the possible role of the N∗(1535) resonance in some
reactions is explored in Refs. [279–286].

On the other hand, by using the chiral Lagrangians within the framework of
the unitary coupled channels approach, some previously unexplained baryonic reso-
nances could be understood as meson-baryon molecular states. A well-known exam-
ple of this are the studies of the Λ(1405) that were carried out in Refs. [24, 30–32,
34, 35, 64, 287–289]. In the same way, the N∗(1535) resonance is studied including
the ηN, πN, KΛ and KΣ channels. The mass and width of the N∗(1535) could be
obtained by calculating the position of the poles of the T matrix on the second (un-
physical) Riemann sheet [160,290–294], and were found to be in good agreement with
experiment. Using this formalism, the N∗(1535) was also found to couple strongly
to ηN, KΣ and KΛ, as well as less strongly to πN. In Refs. [287, 290, 295] in partic-
ular, where the N∗(1535) was dynamically generated through pseudoscalar meson–
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baryon (PB) interactions. The loop functions were renormalized using the cutoff
(in Refs. [287, 295]) and dimensional (in Ref. [290]) regularization schemes, and the
cutoffs/subtraction constants were required to have different values for each of the
coupled channels in order to get a good agreement with experiment. This is quite dif-
ferent from the case of the Λ(1405), where only a single global cutoff was needed [31].
In the case of the dimensional regularization [290], the values of the subtraction con-
stants are different from the “natural” size which is related to the mass of the first
resonance (the ρ meson in this case) [32]. On the other hand, from the consideration
of the Castillejo-Dalitz-Dyson pole contribution, the study of Ref. [168] suggests that
some contribution other than the meson–baryon component would also be important
for the N∗(1535).

In the vector meson-baryon system, the N∗(1650) was firstly obtained as a degen-
erate state of JP = 1/2− and 3/2− in the study of the vector octet-baryon octet system
with the chiral unitary approach [139]. The JP = 3/2− case was studied in Ref. [296]
with the ρN(s wave), π∆(s wave), πN(d wave) and π∆(d wave) channels, and there
a pole was found which can be associated with the N∗(1700) resonance, having a
sizable coupling to ρN. The mixing effects of the PB channels with vector meson–
baryon (V B) channels with JP = 1/2− were explored in Refs. [293,297–299] and they
were found to be quite significant. In Ref. [294], the possibility that the missing
component in Refs. [290,295] corresponds to V B channels was explored by introduc-
ing the ρN(s wave) and π∆(d wave) states in the model of Ref. [290] using the local
hidden gauge formalism. Doing this, both the N∗(1535) and N∗(1650) (JP = 1/2−)
resonances were dynamically generated, and the masses and widths obtained were
very close to their experimental values. Also the subtraction constants used in that
study, although still different for each channel, were now very close to a “natural”
value. A similar work to this was done in Ref. [293]. The two resonances were also
generated in Refs. [160,291] using only PB channels with an off-shell approach that
is equivalent to considering different subtraction constants from those in Ref. [294].

Nonleptonic weak decays have been widely explored with the objective of studying
and testing the properties of baryonic resonances [63,101,300–304], thus allowing for
a way to distinguish between the different models used to generate them. For exam-
ple, in Ref. [301] the decay Λ+

c → π+πΣ was studied in order to get the πΣ scattering
lengths. In Ref. [63] the Λ+

c → π+MB decay, with the M a meson and B a baryon,
for MB =πΣ, K̄ N, and ηΛ was studied to better understand the Λ(1405) and Λ(1670)
properties, and in Ref. [302] the Λ+

c → ηπ+Λ was used to investigate the a0(980) and
Λ(1670) resonances. With this in mind, in Ref. [304] the Λ+

c → K̄0ηp decay was used
to study the nature of the N∗(1535) by comparing different models, including the one
in Ref. [290]. In that study, only PB channels were considered in this process, which
corresponds to ignoring the influence that the V B channels can have in the nonlep-
tonic decay through a large coupling of the N∗(1535) to the ρN channel, as found in
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Ref. [294]. Indeed, the effect of the V B channel can be quite large in some reactions
as was shown in Refs. [8,224].

In this chapter we extend the calculations done in Ref. [304] to take into account
the V B channels, and the effects of the N∗(1650) resonance, using the model de-
veloped in Ref. [294]. Using this we calculate the mass distribution of ηN in the
Λ+

c → K̄0ηp decay and the mass distribution of πN and KΣ in the Λ+
c → K̄0πN,

Λ+
c → K̄0KΣ decays. In this way we hope to shed some light on the nature of the

N∗(1535) as well as the N∗(1650).
This chapter is based on the findings of Ref. [2] and it is organized as follows.

The theoretical framework of this study, the weak process of Λ+
c → K̄0MB and the

meson-baryon scattering amplitude, is given in Sec. 5.2. Section 5.3 is devoted to
the results, the mass distribution of the Λ+

c → K̄0MB [MB = πN(I = 1/2),ηp and
KΣ(I = 1/2)]. The conclusions of this chapter are outlined in Sec. 5.4.

5.2 Formalism
The diagrams for the Λ+

c decay into K̄0MB which we take into account in this study
are depicted in Fig. 5.1. The primary K̄0MB production in the Λ+

c decay occurs in
the weak process and it is followed by the rescattering of the meson-baryon pair MB
where, as studied in Ref. [294], the resonances N∗(1535) and N∗(1650) are generated
through the dynamics of hadrons.

First we discuss the primary vertex of the Λ+
c decay into K̄0MB. In this process,

we use the same approach as done in Ref. [304], but now we have an additional ρN
channel. We consider the diagram shown in Fig. 5.2 for the weak transition and
the hadronization at the quark level. The reaction can occur with the intermediate
W+ exchange with the Cabibbo-allowed coupling of W+ to cs and d̄u [305], with a
sequential pair creation of the light quark from the vacuum. The d̄s pair forms the
K̄0, and the remaining uud quarks with a q̄q from the vacuum hadronize into the
meson-baryon pair. In this approach, the ud pair in Λ+

c with the spin S = 0 and
isospin I = 0 acts as a spectator. Then, at the quark level we can write the final state
as

u(ūu+ d̄d+ s̄s)
1p
2

(ud−du)=∑
i

M1i qi
1p
2

(ud−du). (5.1)

and, at the hadronic level, we obtain∑
i

M1i qi
1p
2

(ud−du)=
(
π0
p

2
+ ηp

3

)
u

1p
2

(ud−du)

+π+d
1p
2

(ud−du)+K+s
1p
2

(ud−du). (5.2)
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Figure 5.1: The diagrams for the Λ+
c → K̄0MB decay.
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Figure 5.2: The quark-level diagram for the Λ+
c → K̄0MB process.

Referring to Ref. [306] for the quark representation of the baryons (see also footnote 1
in Chapter 10),

p =u (ud−du)p
2

, (5.3)

n =d (ud−du)p
2

, (5.4)

Λ=u (ds− sd)+d (su−us)−2s (ud−du)
2
p

3
, (5.5)

we can write the final state of the pseudoscalar meson and baryon |PB〉, apart from
the K̄0 meson, as

|PB〉 = 1p
2
|π0 p〉+ 1p

3
|ηp〉+ |π+n〉−

√
2
3
|K+Λ〉

=−
√

3
2
|πN(I = 1/2)〉+ 1p

3
|ηp〉−

√
2
3
|K+Λ〉, (5.6)
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where the πN channel is written in terms of the isospin basis (|π+〉 = −|I = 1, Iz = 1〉
in this convention). Here, we have omitted the η′p channel because the threshold is
far above the energy of the N∗(1535) and N∗(1650) that we focus on in this study. In
the same way, replacing the matrix M with V from Eq. (2.25), we can obtain the final
state with a vector meson |V B〉 as

|V B〉 =−
√

3
2
|ρN(I = 1/2)〉. (5.7)

Here, the irrelevant channels containing the ω, φ, K∗ and K̄∗ mesons are omitted
and the phase convention |ρ+〉 =−|I = 1, Iz = 1〉 should be understood.

Combining these two cases in Eqs. (5.6) and (5.7), we can write the hadronic final
state except for the K̄0 meson |MB〉 as

|MB〉 =−
√

3
2
|πN(I = 1/2)〉+ 1p

3
|ηp〉−

√
2
3
|K+Λ〉

−
√

3
2
|ρN(I = 1/2)〉

≡ ∑
MB

hMB|MB〉, (5.8)

where the coefficient of each channel hMB stands for the relative production weight
from the Λ+

c and is summarized in Table 5.1. The weight of the ρN channel in

πN(I = 1/2) ηN KΛ ρN(I = 1/2)

hMB −
√

3
2

1p
3

−
√

2
3 −

√
3
2

fMB
1

4π
1
2

1
4π

1
2

1
4π

1
2

1
4π

1
2
p

3

Table 5.1: The table for the coefficients hMB and fMB in Eq. (5.11).

Eq. (5.8) is only due to flavor. In addition a different spin structure of the pseu-
doscalar and vector meson leads to a different factor for the production weight in
the decay process, as was studied in Refs. [8, 224] based on the 3P0 model for the
hadronization. Now, we only need to see the J = 1/2 case because the resonances
N∗(1535) and N∗(1650) have JP = 1/2−. Because the qq̄ should have JP = 0+ which
are the same quantum numbers as those of the vacuum, the total angular momentum
after the hadronization should come from that of the u quark from the weak vertex
that is denoted by |J, M;u〉. The ud pair in the Λ+

c , or equivalently in the final state
baryon, has spin J = 0 and isospin I = 0, and is written as |0,0;ud〉spectator. Following
the works of Refs. [8, 224] and using the 3P0 model introduced in Section 4.2.1, one
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can write the relative angular momentum between the produced u quark from the
weak vertex and q̄ of the q̄q from the vacuum in the final state as j, and the spin
structure of the system can be rewritten as

|J, M;u〉|0,0; q̄q〉3P0
|0,0;ud〉spectator

=∑
j

C ( j, J)|J, M, j〉, (5.9)

where the q̄q state is written as |0,0; q̄q〉3P0
(see Eq. (4.25)).

Now, the j = 0 and 1 cases correspond to the pseudoscalar and vector meson pro-
duction, respectively. Then, since we are only interested in the J = 1/2 case, we can
write

|1
2

,±1
2

;u〉|0,0; q̄q〉3P0
|0,0;ud〉spectator

= ∑
MB

fMB|12 ,±1
2

; MB〉, (5.10)

where the factor fMB is 1
4π

1
2 and 1

4π
1

2
p

3
for the cases with M the pseudoscalar meson

and the vector meson, respectively, and we show it in Table 5.1.
Then, we can write the decay amplitude of the tree-level diagram given in Fig. 5.1(a)

as

tΛc→K̄0MB =VP hMB fMB, (5.11)

where VP is a common constant for the strength of the production and the coefficients
hMB and fMB are the factors originating from the flavor and spin structures given
in Eqs. (5.8) and (5.10) (see Table 5.1). In this study, we omit the possible energy
dependence of the amplitude because the reaction proceeds in s wave and, as we will
see later, only a small energy range around the N∗(1535) and N∗(1650) resonances
is of our interest.

In this approach, the π∆ and KΣ productions are suppressed because the ud
pair in Λ+

c , which has spin S = 0 and isospin I = 0, is a spectator, i.e., the spin and
isospin structure of the ud pair is not changed throughout the hadronization process.
While there are other possibilities for the creation of the quark pair which enable us
to have the KΣ or π∆ production, the study of Ref. [307] suggests that in the case
of Λ0

b → J/ψπ−p, which has the same topology as the diagram of the weak process
studied here, the spectator treatment gives a good description for the experimental
data of Ref. [308]. Then, we expect that this treatment also works well in the present
case.

For the meson-baryon amplitude tMB,M′B′ in Fig. 5.1(b) which is responsible for
the rescattering after the hadronization, we follow the study of Ref. [294]. In the
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study, the meson-baryon amplitude was evaluated by using the chiral unitary ap-
proach with the πN, ηN, KΛ, KΣ, ρN, and π∆(d wave) channels, and it was found
that the N∗(1535) and N∗(1650) resonances are dynamically generated. The inter-
action kernel of PB to PB and V B to V B is given by the leading order of the chiral
Lagrangian, or equivalently the vector meson exchange [139,290], and the transition
of PB to V B is taken into account through the one pion exchange and the Kroll-
Ruderman term [296,297]1

In this section, the meson-baryon loop function will be evaluated using dimen-
sional regularization (Eq. (3.86)).

Finally, the decay amplitude of the Λ+
c → K̄0MB process from the diagrams in

Fig. 5.1(a) and (b) is given by

tΛ+
c →K̄0MB =VP hMB fMB

+ ∑
M′B′

VP hM′B′ fM′B′GM′B′(MM′B′)tM′B′,MB(MMB), (5.12)

where MMB denotes the invariant mass of the meson M and baryon B (now MMB =
MM′B′). Regarding the meson-baryon loop function GMB following the tree-level am-
plitude for Λ+

c → K̄0M′B′ and before tM′B′,MB in Fig. 5.1(b), we use the same subtrac-
tion constants as those in the meson-baryon amplitude tMB,M′B′ given in Ref. [294].
In the same way as done in Refs. [294, 296], and in Eq. (4.68) for the differential de-
cay width, we use the ρN loop function G̃ρN which is obtained by smearing the loop
function GρN(

p
s,mρ, MN) given by Eq. (3.86) with the ρ-meson spectral function to

take account of the width of the ρ meson2,

G̃ρN(
p

s)= 1
N

∫ mρ+2Γρ

mρ−2Γρ
2m̃dm̃

(
−1
π

)

× Im

[
1

m̃2 −m2
ρ+ im̃Γρ(m̃)

]
GρN(

p
s, m̃, MN) (5.13)

with

Γρ(m̃)=Γρ |~q |3
|~q |3on

θ(m̃−2mπ), (5.14)

|~q | =λ
1/2(m̃2,m2

π,m2
π)

2m̃
, (5.15)

1In practice to obtain the same result of Ref. [294], we add the contact and Born terms to the
diagonal ρN channel of the interaction kernel as in Ref. [299], and the energy transfer in the one pion
exchange diagram is omitted in this calculation.

2We note that the real part of the ρN loop function becomes positive below the ρN threshold with
the subtraction constant in Ref. [294].
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|~q |on =
λ1/2(m2

ρ,m2
π,m2

π)

2mρ
, (5.16)

N =
∫ mρ+2Γρ

mρ−2Γρ
2m̃dm̃

(
−1
π

)

× Im

[
1

m̃2 −m2
ρ+ im̃Γρ(m̃)

]
. (5.17)

Here, we note that the KΣ and π∆ channels are not included in the sum of M′B′ in
Eq. (5.12) because there is no direct production from Λ+

c in our approach in Eq. (5.8),
while these channels appear in the meson-baryon amplitude tMB,M′B′ .

With an appropriate phase-space factor, the mass distribution dΓΛ+
c →K̄0MB/dMMB

as a function of MMB is given by

dΓΛ+
c →K̄0MB

dMMB
= 1

(2π)3
MB

MΛ+
c

|~pK̄0 ||~̃pM ||tΛ+
c →K̄0MB|2, (5.18)

where pK̄0 and p̃M are the momentum of K̄0 in the Λ+
c rest frame and that of the

meson M in the MB CM frame, respectively, with

|~pK̄0 | =
λ1/2(M2

Λ+
c
,m2

K̄0 , M2
MB)

2MΛ+
c

, (5.19)

|~̃pM | =λ
1/2(M2

MB,m2
M , M2

B)
2MMB

. (5.20)

Here, we give a comment on the possible modification of the mass distribution by
the rescattering of K̄0 with the meson M or baryon B in the final state, which are
not taken into account in this study. The K̄0 p in the Λ+

c → K̄0ηp decay can couple
to some Σ∗ resonances, but as pointed out in Ref. [304], these resonances would not
give a large modification to the mass distribution because of the small overlap with
the phase space and the p-wave coupling of the Σ∗ to the K̄0 p channel. Another
possibility is the coupling of KK̄ with the a0(980) or f0(980) states in the Λ+

c → K̄0KΛ
or K̄0KΣ decays. In this case, the invariant mass of the K̄0K pair spreads up in a
range of invariant masses above 1050 MeV, and then, the overlap of the a0(980) and
f0(980) resonances with the Λ+

c → K̄0KΛ or K̄0KΣ phase space is small. Though
some Λ∗ resonances can also contribute in the Λ+

c → K̄0πN process through the K̄0N
rescattering, it does not matter in our case because now we are interested in the mass
distribution as a function of MπN , not MK̄0N , where the Λ∗ distributes its strength.
Then, a resonance such as Λ(1800) [110] which can have a certain overlap with the
phase space in d2ΓΛ+

c →K̄0πN /dMπN dMK̄0N is integrated over in MK̄ N , and gives just
a broad background in the MπN mass distribution.
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Figure 5.3: Dalitz plots for K̄0π+n showing Minv(π+n) versus Minv(K̄0π+) for the case (a) and
Minv(nπ+) versus Minv(K̄0n) for the case (b). The shaded areas are the energies of N∗(1535) and
N∗(1650) which we are interested in. The vertical lines in (a) and (b) correspond to the masses of
κ(800) and Λ(1670), respectively.

To clarify further this issue, we show in Fig. 5.3 two examples of what happens to
the interaction of K̄0π or K̄0N in the Λ+

c → K̄0πN reaction (we take the Λ+
c → K̄0π+n

reaction, as an example). In Fig. 5.3, we show two Dalitz plots for this reaction,
one showing Minv(π+n) versus Minv(K̄0π+) and another one showing Minv(nπ+) ver-
sus Minv(K̄0n). In the first case, the K̄0π+ can lead to the κ(800) resonance in s
wave. This resonance is very broad, and furthermore, as can be seen in Fig. 5.3 (a),
the strength of this resonance is spread out in a range of values of Minv(π+n) from
1100 MeV to about 1750 MeV. Then the effect of this resonance in the K̄0π+ channel
is spread out over 650 MeV of Minv(π+n) and its effects are totally diluted, contribut-
ing with a small and smooth background to the Minv(π+n) distribution. The case in
Fig. 5.3 (b) is similar. Here, we plot Minv(nπ+) versus Minv(K̄0n). Now in s wave we
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can have three resonances of K̄0n, either of the two Λ(1405) and the Λ(1670). The
two Λ(1405) resonances are below the K̄ N threshold, but the Λ(1670) could in prin-
ciple contribute. Once again we see that for this value of the K̄0n invariant mass the
values of Minv(nπ+) range from about 1350 MeV to 1730 MeV, nearly 400 MeV span
where the effect of the Λ(1670) (relatively weak) would be also spread out, leading to
a smooth background below the πN resonance peaks of N∗(1535) and N∗(1650).

5.3 Results
The mass distributions dΓΛ+

c →K̄0MB/dMMB with MB = πN(I = 1/2),ηp, and KΣ(I =
1/2) as functions of MMB are given in Fig. 5.4. In these figures, we show the results
with VP = 1 MeV−1 because of our lack of the knowledge to fix the value of VP . This
is not a problem since we only want to focus on the qualitative behavior of the mass
distribution.

For the πN mass distribution of the Λ+
c → K̄0πN decay, we can see two peaks;

the peak located in the lower energy, which is associated with the N∗(1535) reso-
nance, has larger strength than the one in the higher energy which comes from the
N∗(1650). On the other hand in the scattering amplitude of the diagonal πN chan-
nel in Ref. [294], the magnitude of the higher peak is larger than that of the lower
peak. We can understand this difference from the coupling of the resonances with
the meson-baryon states given in Ref. [294]. Indeed, gN∗(1535),πN = 1.03+ i0.21 versus
gN∗(1650),πN = 1.37+ i0.54. Then, the Breit-Wigner amplitude g2

R,πN /(
p

s−MR+ iΓR /2)
has larger strength in the case of the N∗(1650). On the other hand, if we write the
meson-baryon amplitude with the Breit-Wigner amplitude (see Fig. 5.5 for the dia-
gram), the Λ+

c → K̄0MB amplitude TBW is given by

TBW =∑
N∗

∑
M′B′

VP hM′B′ fM′B′GM′B′(MM′B′)

× gN∗,M′B′ gN∗,MB

MMB −MN∗ + iΓN∗ /2
, (5.21)

where the sum of N∗ runs over N∗(1535) and N∗(1650). Then, the difference of the
intermediate states appears in the combination of gN∗,M′B′GM′B′ around the reso-
nance peak. We compare the absolute values of gN∗,M′B′GM′B′ , given here in Ta-
ble 5.2, to get a rough understanding. The value of gN∗,MBGMB for the ηN and KΛ
channels is larger for N∗(1535) than N∗(1650) while the magnitude of the coupling
of the πN channel to N∗(1650) is larger than the coupling to N∗(1535). Furthermore,
in the primary vertex the KΣ channel which has a larger coupling to N∗(1650) than
N∗(1535) is not produced. As the result, the peak of the N∗(1535) resonance is larger
than that of the N∗(1650) in the mass distribution of Λ+

c decay into K̄0πN.
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Figure 5.4: The mass distributions for Λ+
c decay into K̄0πN with I = 1/2 (top), K̄0ηp (middle), and

K̄0KΣ with I = 1/2 (bottom) as functions of MMB. In the middle figure, the lines other than the solid
one are the results given in Ref. [304] with the height scaled to agree with the result of this study.

At the middle of Fig. 5.4, we show the ηp invariant mass distribution in the
Λ+

c → K̄0ηp process with the result of Ref. [304] for comparison. In this case, we can
see only a single peak. Compared with the mass distribution of Model I in Ref. [304],
the mass distribution has a larger width. This would be attributed to the effect of the
N∗(1650), analogously to the amplitude of the πN to ηN reaction in Ref. [294] where
a single peak is observed in the cross section and its larger width than in Ref. [290]
is ascribed to the N∗(1650). On the other hand, the contribution from the N∗(1650)
is more suppressed than that in the Λ∗

c → K̄0πN process because of the stronger cou-
pling of the ηN channel to the N∗(1535) than N∗(1650). In addition, the absence
of the KΣ channel in the initial production process (see Eq. (5.8)), also weakens the
strength of the N∗(1650) because, while gG for this channel is stronger for N∗(1650)
than for N∗(1535) (see Table 5.2), the present process cannot be initiated by the KΣ
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πN ηN KΛ KΣ ρN π∆

N∗(1535) 25.2 42.2 40.7 3.2 17.9 8.8
N∗(1650) 36.6 34.0 20.3 31.6 8.1 9.0

Table 5.2: The absolute values of gN∗,M′B′GM′B′ (in MeV) at the resonance pole, taken from Ref. [294].

Λ
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M '
B'

M 

B

+
N *

Figure 5.5: The diagram from the resonance for the Λ+
c → K̄0MB.

channel. However, the mass distribution in Fig. 5.4 still has a larger width compared
to the mass distribution of the Model I in Ref. [304], where only the N∗(1535) is in-
cluded following the work of Ref. [290], using the chiral unitary approach without the
ρN(I = 1/2) and π∆(d wave) channels. Meanwhile, the width of the mass distribu-
tion of the Λ+

c → K̄0ηp is smaller than those of Models II, III and IV in Ref. [304]. In
these models, the N∗(1535) is treated as a Breit-Wigner amplitude and its width is
larger than that obtained in Refs. [290,294] or has energy dependence which makes
the width effectively large at higher energy.

For completeness, the KΣ mass distribution of the Λ+
c → K̄0KΣ decay is shown at

the bottom of Fig. 5.4. In Ref. [294], the value of gN∗,KΣGKΣ is larger for the N∗(1650)
resonance than the N∗(1535) resonance, and the N∗(1535) energy is about 200 MeV
below the KΣ threshold. Then, we can expect that the KΣ production is mainly
driven by the N∗(1650) resonance. However, as given in Eq. (5.8) the KΣ pair is not
produced directly from the Λc decay. Then, the KΣ pair is produced only through the
coupled channel effect of the meson-baryon amplitude tMB,M′B′ in our approach, and
the magnitude of the mass distribution is much smaller compared with that of πN or
ηN.

In Fig. 5.6, we show the mass distribution omitting the ρN channel in the sum
of M′B′ in Eq. (5.12). The ρN channel contributes in a destructive way to the mass
distribution. In the πN case, the effect of the ρN channel looks more significant for
the lower peak. This is because, as shown in Ref. [294], the ρN channel has a larger
value of gN∗,ρNGρN for the N∗(1535) resonance than for the N∗(1650) resonance.

Thus, in the Λ+
c decay into K̄0MB [MB =πN(I = 1/2),ηp and KΣ(I = 1/2)] the res-
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Figure 5.6: The mass distribution for Λ+
c → K̄0πN with I = 1/2 (top) and K̄0ηp (bottom) without ρN

channel. The mass distributions with the ρN channel are shown with the dotted lines.

onances N∗(1535) and N∗(1650) appear in a different way than in the meson-baryon
amplitude in Ref. [294]. In addition, we found a difference from the models which do
not contain the N∗(1650), or with respect the five-quark models of the N∗(1535) that
were discussed in Ref. [304]. Then, the production of the N∗(1535) and N∗(1650)
from the Λ+

c decay is a good process to clarify the properties of the N∗(1535) and
N∗(1650) resonances.

5.4 Conclusions
We have studied the mass distribution of the Λ+

c → K̄0MB [MB = πN(I = 1/2),ηp,
and KΣ(I = 1/2)] including the effect of the N∗(1535) and N∗ (1650) resonances,
which are generated by the hadron dynamics with the πN,ηN,KΛ,KΣ,ρN, and π∆(d
wave) channels, as investigated in Ref. [294]. While both effects of the N∗(1535) and
N∗(1650) are seen in the mass distributions, we found that their manifestation is
different from that in the meson-baryon amplitude given in Ref. [294]. In our mass
distribution for Λ+

c → K̄0πp(I = 1/2) and K̄0ηp, the peak from N∗(1535) is larger
than that from N∗(1650), while two peaks with a comparable magnitude are seen
in the amplitude of the πN to πN channel in Ref. [294], as well as in data. This
is because the KΣ channel which couples more strongly to N∗(1650) than N∗(1535)
is suppressed in the primary production from Λ+

c in our treatment of the weak and
hadronization processes and the ρN(I = 1/2) and KΛ channels have larger couplings
to the N∗(1535) resonance than to the N∗(1650) resonance.

Furthermore, we find differences from the treatment of the N∗(1535) made in
Ref. [304], where a five-quark component is included using a Breit-Wigner amplitude.
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In the case of MB = KΣ(I = 1/2), the N∗(1650) resonance is expected to give a
dominant contribution to the production amplitude, but we found that the magnitude
of the mass distribution of the Λ+

c → K̄0KΣ(I = 1/2) is much smaller than for the
other processes, like Λ+

c → K̄0ηp, because the production of the KΣ is suppressed in
the weak and hadronization process.

The subtleties and results in the different channels in the reactions studied here
are tied to the nature of the N∗(1535) and N∗(1650) resonances as dynamically gen-
erated from the hadron interaction in coupled channels, and the experimental obser-
vation of these decay modes should bring new information concerning the nature of
these states.
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Chapter 6

Λb →Λ∗
c decays and heavy quark

spin symmetry

6.1 Introduction

Constituent quark models (CQMs) predict a nearly degenerate pair of p−waveΛ∗
c ex-

cited states, with spin–parity JP = 1/2− and 3/2−, whose masses are similar to those
of the isoscalar odd-parity Λc(2595) and Λc(2625) resonances [74, 309–312]. In the
most recent of these CQM studies [312], two different types of excitation-modes are
considered: The first one, λ−mode, accounts for excitations between the heavy quark
and the brown muck as a whole, while the second one, ρ−mode, considers excitations
inside the brown muck. When all quark masses are equal, λ− and ρ−modes are de-
generate [312]. However for singly-heavy baryons, the typical excitation energies of
the λ−mode are smaller than those of the ρ−mode. This is because for singly charm
or bottom baryons, the interactions between the heavy quark and the brown muck
are more suppressed than between the light quarks [312,313]. Thus, one should ex-
pect the λ excitation modes to become dominant for low-lying states of singly heavy-
quark baryons. Within this picture, the ΛCQM

c (2595) and ΛCQM
c (2625) resonances

would correspond to the members of the HQSS–doublet associated to (`λ = 1,`ρ = 0),
with total spin Sq = 0 for the light degrees of freedom (ldof), leading to a spin-flavor-
spatial symmetric wave-function for the light isoscalar diquark subsystem inside of
the Λ∗

c baryon. The total spins of these states are the result of coupling the orbital-
angular momentum `λ of the brown muck –with respect to the heavy quark– with
the spin (SQ) of the latter. Thus both ΛCQM

c (2595) and ΛCQM
c (2625) states are con-

nected by a simple rotation of the heavy-quark spin, and these resonances will be
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degenerate in the heavy-quark limit1.
Since the total angular momentum and parity of the ldof in the s−wave πΣc and

πΣ∗
c pairs are 1−, as in the CQMΛc(2595) andΛc(2625) resonances, theΛCQM

c (2595)→
πΣc → ππΛc and ΛCQM

c (2625) → πΣ∗
c → ππΛc decays respect HQSS, and hence one

should expect sizable widths for these resonances, unless these transitions are kine-
matically suppressed. This scenario seems plausible, as can be inferred from the
masses and thresholds compiled in Table 6.1. Indeed, the recent works of Refs. [314,
315] find widths for the CQM (`λ = 1,`ρ = 0) states ( jP

q = 1−) predicted in [312] con-
sistent with data.

A different mechanism to explain the small width of the Λc(2595) would be that
its wave-function had a large jP

q = 0− ldof component2. This is because the transition
of this jP

q = 0− term of theΛc(2595) to the final πΣc state will be suppressed by HQSS.
This new mechanism will act in addition to any possible kinematical suppression. As
we will see in the next section, it turns out that some of the approaches that describe
the Λc(2595) as a hadron-molecule predict precisely a significant jP

q = 0− component
for the inner HQSS structure of this resonance. These models generate also the
existence of a second, broad, resonance in the region of the Λc(2595), with a large
jP
q = 1− ldof component, that could be naturally identified to the HQSS partner of

the Λc(2625), since both states will have the same brown muck configuration in the
heavy-quark limit3.

In this chapter, we will derive HQSS relations between the Λb decays into Λ∗
cπ

−

1The lowest-lying ρ−mode, (`λ = 0,`ρ = 1) gives rise to two 1
2
− and also two 3

2
− multiplets of Λ∗

c ’s,
together with an additional 5

2
−
Λc−excited state, significantly higher in the spectrum [312]. Note that

the isoscalar light diquark could have 0−, 1− and 2− quantum-numbers, resulting from the coupling
of the spin, Sq = 1, and the orbital-angular momentum, `ρ = 1, of the light quarks. In the heavy quark
limit all the baryons with the same light diquark jP

q configuration will be degenerate [313].
2Note that, in principle, both jq = 0− and jq = 1− configurations can couple with the spin (SQ = 1

2 )
of the charm quark to give a total JP = 1

2
− for the Λc(2595).

3Since the spin-parity of the Λc(2625) is 3
2
− and it is the lowest-lying state with these quantum

numbers, one should expect the total angular momentum and parity of the ldof in the Λc(2625) to be
1−.

M Γ M(Σ(∗)+
c +π0) M(Σ(∗)0

c +π+) M(Σ(∗)++
c +π−)

Λc(2595) 2592.25±0.28 2.6±0.6 2587.9±0.4 2593.32±0.14 2593.54±0.14
Λc(2625) 2628.11±0.19 < 0.97 2652.5±2.3 2658.05±0.20 2657.98±0.20

Table 6.1: Masses and widths of theΛc(2595) andΛc(2625) resonances (MeV units). Thresholds (MeV)
of some possible s−wave decay channels are also given. In addition, the thresholds of the three-body
channels, after the p−wave decay of the Σ(∗)

c resonances, are M(Λc +π++π−) = 2565.60±0.14 MeV
and M(Λc +π0+π0)= 2556.41±0.14 MeV. Data taken from the Review of Particle Physics (RPP) [21].
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and Λ∗
c`ν̄` [Λ∗

c = Λc(2595) and Λc(2625)], supposing firstly that the Λc(2595) and
Λc(2625) form the lowest-lying jP

q = 1− HQSS doublet. We will also discuss how
measurements of the ratio of branching fractions Γ[Λb →Λc(2595)]/Γ[Λb →Λc(2625)]
can be used to constrain the existence of a sizable jP

q = 0− ldof component in the
Λc(2595) wave-function, and/or of a second pole, in analogy to the case of the similar
Λ(1405) resonance.

Exclusive semileptonic Λb decays into excited charmed Λc(2595) and Λc(2625)
baryons have been studied using heavy quark effective theory (HQET), including or-
der ΛQCD /mQ corrections [316,317], and non-relativistic and semi-relativistic CQMs
[318], always assuming a single pole structure for the first of these resonances and
a dominant jP

q = 1− configuration. Recently, it has also been suggested that mea-
surements of these decays by LHCb could be used to perform precise lepton fla-
vor universality (LFU) tests [319, 320], comparing branching fractions with τ− or
µ−leptons in the final state. The analyses of Refs. [319] and [320] assumed that both
excited charmed baryons form a doublet under HQSS, and therefore it neither con-
templated the possibility that the narrow Λc(2595) might not be the HQSS partner
of the Λc(2625), nor that it could contain a non-negligible jP

q = 0− component, as it
occurs in most of the molecular descriptions of this resonance. It is therefore timely
and of the utmost interest to test the HQSS doublet assumption for the Λc(2595) and
Λc(2625) with the available data.

A first step in that direction was given in Refs. [224, 321]. In these two works,
the semileptonic Λb → Λ∗

c transitions, together with the Λb decays into Λ∗
cπ

− and
Λ∗

c D−
s were studied. It was found that the ratios of the rates obtained for Λc(2595)

and Λc(2625) final states are very sensitive to the couplings of these resonances to
the D∗N channel, which also becomes essential to obtain agreement with the avail-
able data. Following the claims of Refs. [224, 321], these results seem to give strong
support to the molecular picture of the two Λ∗

c states, and the important role of
the D∗N component in their dynamics4. As we will discuss in the next section, the
Λc(2595)D∗N and Λc(2625)D∗N couplings, together with those to the DN and πΣ(∗)

c
pairs, can also be used to obtain valuable information on the inner HQSS structure
of these resonances.

Within a manifest Lorentz and HQSS invariant formalism [148,322,323], we will
re-examine here some of the results obtained in Refs. [224,321], and will connect the
findings of these two works with the quantum numbers of the ldof in the Λc(2595)
wave function. Specifically, we will discuss how future accurate measurements of the
different ratios of branching fractions proposed in [224,321] may be used to constrain
or discard i) a sizable jP

q = 0− component in the Λc(2595) wave-function, and ii) the

4The same type of ideas were extended in Ref. [8] to the semileptonic and one pion decays of the Ξ−
b

baryons into Ξ∗
c resonances, analogs of the Λc(2595) and Λc(2625) states in the charm-strange sector.
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existence of a second pole, analog to the second (broad) Λ(1405) resonance [21]. The
study will also shed some light on the validity of some of the most popular hadron-
molecular interpretations of the odd-parity lowest-lying Λ∗

c states.
This chapter is based on the findings of Ref. [3] and it is structured as follows. Af-

ter this introduction, in Sec. 6.2 we critically review different molecular descriptions
of theΛc(2595) andΛc(2625) baryons, and discuss in detail the main features of those
models that predict a two-pole pattern for the Λc(2595). Next in Sec. 6.6, we study
the semileptonic Λb →Λ∗

c`ν̄` decays and the constrains imposed by HQSS to these
processes. We derive a scheme that preserves spin-symmetry in the b−quark sector
and that leads to simple and accurate expressions for the differential widths, includ-
ing O (1/mc) corrections and full finite-lepton mass contributions that are necessary
for testing LFU. Semileptonic decays to molecular ΛMOL

c states are addressed in Sub-
sec. 6.9, and the pion mode is examined in Sec. 6.10. The numerical results of this
work are presented in Sec. 6.11. First in Subsec. 6.12, we discuss the semileptonic
(µ−ν̄µ or e−ν̄e) and pion Λb →Λ∗

c decays, and present mQ →∞, O (1/mQ) HQET and
molecular-model predictions for the ratios of branching fractions studied in [224,321].
Next in Subsec. 6.13, we show results for Λb semileptonic decays with a τ lepton in
the final state that can be of interest for LFU tests. Finally, we outline the main
conclusions of this work in Sec. 6.14.

6.2 HQSS structure of theΛc(2595) andΛc(2625) states
in hadron-molecular approaches.

In this section, we will discuss the most important common features and results ob-
tained from approaches where the Λc(2595) and Λc(2625) are described as hadron-
molecules. These studies are motivated by the appealing similitude of these res-
onances to the Λ(1405) and Λ(1520) in the strange sector. In particular the two
isoscalar s−wave Λ(1405) and Λc(2595) resonances have several features in com-
mon. The mass of the former lies in between the πΣ and K̄ N channel thresholds, to
which it couples strongly [27–29]. In turn, the Λc(2595) lies below the DN and just
slightly above the πΣc thresholds, and substituting the c quark by a s quark, one
might expect the interaction of DN to play a role in the dynamics of the Λc(2595)
similar to that played by K̄ N in the strange sector.

The hadronic molecular interpretation of the Λ(1405) provides a good description
of its properties. Actually, the dynamics of this resonance is mostly governed by the
leading order (LO) SU(3) chiral WT meson-baryon interaction. One of the distinctive
features of this resonance is its two-pole structure [24,32,34,35,64,69,324], that have
found experimental confirmation [325, 326] as discussed in Ref. [56]. This two-pole
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pattern5 is by now widely accepted by the community (see f.i. the mini review on this
issue in the RPP by the Particle Data Group [21]).

On the other hand, many works have been also devoted to the study of dynami-
cally generated JP = 3/2− states in the SU(3) sector [139, 164, 292, 327–335]. Early
works considered only the chiral interaction of pseudoscalar 0− mesons with the
baryons of the 3/2+ decuplet, but more recently, vector-mesons degrees of freedom
have also been incorporated in the coupled-channel approach, using different schemes
(see for instance the discussion in [292]). In these approaches, the Λ(1520) is dynam-
ically generated mostly from the s−wave πΣ∗− K̄∗N coupled-channels dynamics, ap-
pearing it slightly above the πΣ∗ threshold. It has a non-vanishing width, since the
πΣ∗ channel is open. In clear analogy, one might naturally think of a similar mech-
anism to generate the Λc(2625) from the πΣ∗

c − D∗N dynamics, though the major
difference is that the charm-resonance is located around 30-25 MeV below the πΣ∗

c
threshold.

6.3 Molecular models
The general scheme consists of taking some s−wave interactions as kernel of a BSE,
conveniently ultraviolet (UV) renormalized, and whose solutions fulfill exact elastic
unitarity in coupled-channels. In this context, bound and resonant states appear
as poles in the appropriate Riemann-sheets6, and the residues provide the coupling
of the dynamically generated states to the different channels considered in the ap-
proach.

The resemblance of the physics in the odd-parity charm C = 1 baryon sector to
the phenomenology seen in K̄ N −πΣ dynamics was first exploited in the works of
Refs. [336,337]. These first two works had some clear limitations. In the first one, the
JP = 1/2− sector is studied using the scattering of Goldstone bosons off 1/2+ heavy-
light baryon resonances. Despite the interactions were fully consistent with chiral
symmetry, neither the DN, nor the D∗N channels were considered [336]. The work
of Ref. [337] also studied the Λc(2595) and there, the interactions were obtained from
chirally motivated Lagrangians upon replacing the s quark by the c quark. Though
in this way, the DN channel was accounted for, the HQSS counterpart D∗N was not
considered.

The subsequent works of Refs. [170, 338] and [171] for the JP = 3/2− sector, in-
troduced some improvements on the schemes of Refs. [336, 337]. Namely, the BSE

5One narrow state situated below the K̄ N threshold and with a small coupling to the open πΣ

channel, and a second state much wider because its large coupling to the open πΣ channel.
6This is in gross features also the scheme used in the previous works on the Λ(1405) and Λ(1520),

and in most of the studies leading to hadron-molecular interpretations of many other resonances.
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interaction kernels were obtained from t-channel exchange of vector mesons between
pseudoscalar mesons and baryons, in such a way that chiral symmetry is preserved
in the light meson sector. Besides, the universal vector meson coupling hypothesis
[Kawarabayashi-Suzuki-Fayyazuddin-Riazudden (KSFR) [140,141]] was modified to
take into account the reduction of the interaction strength provoked by the mass of
the t−channel exchanged meson. In this way, some SU(4) flavor-symmetry breaking
corrections, additional to those induced by the use of the physical masses, were con-
sidered. Similar qualitative findings were obtained in the work of Ref. [339], where
some finite range effects were explored.

A detailed treatment of the interactions between the ground-state singly charmed
and bottomed baryons and the pseudo-Nambu-Goldstone bosons, discussing also the
effects of the next-to-leading-order chiral potentials, was carried out in [340]. How-
ever, channels not involving Goldstone bosons, like DN or D∗N, were again not con-
sidered. In this reference, several aspects related to the renormalization procedure
were also critically discussed7.

In all cases, the Λc(2595), or the Λc(2625) if studied, could be dynamically gen-
erated after a convenient tuning of the renormalization constants. However, none of
these works were consistent with HQSS since none of them considered the D∗N [172].
Heavy pseudoscalar and vector mesons should be treated on equal footing, since they
are degenerated in the heavy quark limit, and are connected by a spin-rotation of the
heavy quark that leaves unaltered the QCD Hamiltonian in that limit. This is to say
the D and D∗ mesons form a HQSS-doublet.

The first molecular description of theΛc(2595) andΛc(2625) resonances, using in-
teractions fully consistent with HQSS, was derived in Refs. [86,172]. In these works
a consistent SU(6)lsf ×SU(2)HQSS extension of the WT πN Lagrangian –where “lsf”
stands for light-spin-flavor symmetry–, is implemented, although the adopted renor-
malization scheme (RS) [170,171] might not respect HQSS (see the discussion below).
Within such scheme, two states are dynamically generated in the region of 2595 MeV.
The first one, identified with the Λc(2595) resonance, is narrow and it strongly cou-
ples to DN and especially to D∗N, with a small coupling to the open πΣc channel.
The second state is quite broad since it has a sizable coupling to this latter channel.
On the other hand, a JP = 3/2− state is generated mainly by the (D∗N−πΣ∗

c ) coupled-
channel dynamics. It would be the charm counterpart of the Λ(1520), and could be
identified with the Λc(2625) resonance. The same SU(6)lsf ×SU(2)HQSS scheme also
dynamically generates the Λb(5912) and Λb(5920) narrow resonances, discovered by
LHCb in 2012 [346], which turn out to be HQSS partners, naturally explaining in

7It is also worth mentioning Ref. [341], where the properties of the Λc(2595) are discussed in the
limit of large number of colors (Nc), within several schemes. The Nc À 3 behaviour of the resonance
properties (mass, width, couplings, etc.) puts constrains on its possible dynamical origin, since the
importance of the unitary loops involving Goldstone bosons decreases as Nc grows [342–345].
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this way their approximate mass degeneracy [83]. The extension of the model to the
hidden charm sector was carried out in [347], and more recently, it was shown [6]
that some (probably at least three) of the narrow Ω∗

c states recently observed by
LHCb [348] in the Ξ+

c K− spectrum in pp collisions can be also dynamically gener-
ated within the same scheme.

Several Λ∗
c poles were also obtained in the approach followed in Ref. [85]. There,

the interaction of DN and D∗N states, together with their coupled channels are
considered by using an extension to four flavours of the SU(3) local hidden gauge
formalism from the light meson sector [134–136]. The scheme also respects LO HQSS
constraints [349] and, as in Refs. [86,172], a two-pole structure for the Λc(2595) was
also found, with the D∗N channel playing a crucial role in its dynamics. This is
a notable difference to the situation in the strange sector, where the analog K̄∗N
channel is not even considered in most of the studies of the Λ(1405), because of the
large K̄∗− K̄ mass splitting. (See also the discussion carried out in Ref. [298].)

The beauty Λb(5912) and Λb(5920) states were also studied in the extended local
hidden gauge (ELHG) approach in Ref. [84], while the predictions of this scheme
referred to the LHCb Ω∗

c states can be found in [350]. These latter states were also
addressed in Ref. [351] using a model constructed out of the SU(4)-flavor t-channel
exchange of vector mesons. There, the original model of Ref. [170] is revisited, and
after taking an appropriate regularization scheme with physically sound parameters,
two of the LHCb Ω∗

c resonances could be accommodated.

6.4 HQSS structure of the Λc(2595) and Λc(2625) ha-
dron-molecules

To make more transparent the inner HQSS structure of theΛMOL
c (n) (2595), ΛMOL

c (b) (2595)
and ΛMOL

c (2625) states found in molecular (MOL) scenarios [(n) and (b) refer to the
narrow and broad resonances that form the two-pole structure of the Λc(2595) in
these schemes], we perform a change of basis. We pass from s−wave states where
the meson and baryon spins are defined, to other ones, where the total angular mo-
mentum of the ldof is well determined. In both sets of states, the total angular mo-
mentum of the meson-baryon pair is defined. The two basis are related by a Racah
rotation [349], which is straightforward to obtain in the present case, where the dis-
cussion is restricted to s−wave meson-baryon pairs. Thus for instance, we find (the
rotation is independent of the isospin of the meson-baryon pair)

|SP
Q = 1/2+ jP

q = 1−; JP = 3/2−〉1 = |πΣ∗
c ; JP = 3/2−〉 (6.1)

|SP
Q = 1/2+ jP

q = 1−; JP = 3/2−〉2 = |D∗N; JP = 3/2−〉 (6.2)
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|SP
Q = 1/2+ jP

q = 1−; JP = 1/2−〉1 = |πΣc; JP = 1/2−〉 (6.3)

|SP
Q = 1/2+ jP

q = 1−; JP = 1/2−〉2 =
p

3
2

|DN; JP = 1/2−〉+ 1
2
|D∗N; JP = 1/2−〉 (6.4)

|SP
Q = 1/2+ jP

q = 0−; JP = 1/2−〉2 = −1
2
|DN; JP = 1/2−〉+

p
3

2
|D∗N; JP = 1/2−〉(6.5)

where we have used that the total angular momentum and parity of the ldof in the
Σ(∗)

c and D(∗) ground states are jP
q = 1+ and 1/2−, respectively. Besides, the sub-

indices 1 and 2 on the states in the left-hand side of the equations distinguish if the
meson is a Goldstone or a charmed heavy-light boson. In this context, the approxi-
mate HQSS of QCD leads to meson-baryon interactions V satisfying (kinetic terms
respect HQSS)

α〈SP
Q = 1/2+ jP

q ; JP |V |SP
Q = 1/2+ ĵP ′

q ; ĴP ′〉β = δ jP
q ĵP′

q
δJP ĴP′ 〈α||V ||β〉 jP

q
, α,β= 1,2 (6.6)

where O (ΛQCD/mQ) corrections have been neglected. The reduced matrix elements
depend only on the configuration of the ldof, because QCD dynamics is invariant un-
der spin rotations of the heavy quark in the infinite mass limit. Note that quantum
numbers like isospin or strangeness . . . , are conserved by QCD, and that for sim-
plicity, such trivial dependencies are not explicitly shown in Eq. (6.6), though the
〈α||V ||β〉 jP

q
elements obviously depend on these additional properties needed to de-

fine the ldof. Finally, just mention that, in principle, the orthogonal | jP
q = 1−; JP〉1

and | jP
q = 1−; JP〉2 states can be connected by an interaction respecting HQSS. For

instance, in the context of models based on the exchange of vector mesons, these
contributions necessarily involve a D∗, instead of a ρ−meson, that will induce the
transfer of charm between the baryon-baryon and meson-meson vertices.

6.4.1 SU(6)lsf×SU(2)HQSS

To illustrate the discussion on the HQSS structure of the Λc(2595) and Λc(2625)
within molecular descriptions, we will focus on the model derived in Refs. [86, 172].
There, the isoscalar interaction, V̂ , used as kernel of the BSE in the JP = 1/2− and
JP = 3/2− sectors respects HQSS (Eq. (6.6)) and it leads to8

〈1||V̂ ||1〉1− =−4 f (s), 〈2||V̂ ||2〉1− = 0, 〈1||V̂ ||2〉1− =
p

2 f (s), 〈2||V̂ ||2〉0− =−12 f (s),
(6.7)

8Note that the order baryon-meson, instead of meson-baryon, is used in Refs. [86,172]. This induces
a minus sign for off diagonal elements involving the D∗N pair in the J = 1/2 sector. In addition, there
exists a minus sign of difference between the conventions of [86, 172] and those adopted here for the
Σ∗

c .
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when the coupled-channels space is truncated to that generated by the πΣ(∗)
c and

D(∗)N pairs. Besides, f (s) is a function of the meson-baryon Mandelstam variable s.
Note that 〈1||V̂ ||1〉1− is determined by the isoscalar πΣ(∗)

c →πΣ(∗)
c transition, which is

approximated in [86,172] by the LO WT chiral interaction. This fixes f (s) to

f (s)=
p

s−M
2 f 2

π

E+M
2M

(6.8)

using the normalizations of these works. In the above equation, M(E) is the common
mass (center-of-mass energy) of the Σ(∗)

c baryons and fπ ∼ 92 MeV is the pion decay
constant9. Coming back to Eq. (6.7), we see a large attraction for the jP

q = 0− ldof
configuration, which is constructed out of the DN and D∗N pairs, since the ldof in
the s−wave πΣc channel can be only jP

q = 1−. Indeed, the jP
q = 0− eigenvector of the

matrix V̂ is
vatr

0 ≡ |SP
Q = 1/2+ jP

q = 0−; JP = 1/2−〉2 . (6.9)

On the other hand, diagonalizing V̂ in the jP
q = 1− ldof subspace, we find additional

attractive and slightly repulsive eigenvalues λatr
1 = −2−p

6 ∼ −4.45 and λ
rep
1 = −2+p

6 ∼ 0.45, respectively, to be compared to λ0 = −12 obtained in the jP
q = 0− sector.

The corresponding eigenvectors are vatr
1 ∼ (1,

p
2−p

3) and vrep
1 ∼ (

p
3−p

2,1) in the
| jP

q = 1−〉α, α= 1,2 basis. Taking normalized vectors, we find for JP = 1/2−

||vatr
1 ||21/2− = 0.91︸︷︷︸

πΣc

+0.07︸︷︷︸
DN

+0.02︸︷︷︸
D∗N

, ||vrep
1 ||21/2− = 0.09︸︷︷︸

πΣc

+0.68︸︷︷︸
DN

+0.23︸︷︷︸
D∗N

, ||vatr
0 ||21/2− = 0.25︸︷︷︸

DN

+0.75︸︷︷︸
D∗N

,

(6.10)
while for JP = 3/2−, we have

||vatr
1 ||23/2− = 0.91︸︷︷︸

πΣ∗
c

+0.09︸︷︷︸
D∗N

, ||vrep
1 ||23/2− = 0.09︸︷︷︸

πΣ∗
c

+0.91︸︷︷︸
D∗N

(6.11)

In light of these results, we could easily explain some features of the results found in
Refs. [86, 172] for the lowest-lying odd-parity Λ∗

c states. There, a narrow JP = 1/2−

ΛMOL
c (n) (2595) resonance (Γ∼ 1 MeV) is reported, mostly generated from the extended

WT DN −D∗N coupled-channels dynamics. The modulus square of the couplings of
this resonance to DN and D∗N are approximately in the ratio 1 to 2.4, which does not
differ much from the 1 to 3, that one would expect from the decomposition of ||vatr

0 ||21/2−

9In the approach of Refs. [86, 172] sizable flavor symmetry breaking terms are included. Actually,
the symmetry-pattern exhibited by the reduced matrix elements in Eq. (6.7) is modified, by comput-
ing the function f (s) using physical hadron masses and decay constants (see for instance, Eq. (7) of
Ref. [86]). This induces mostly SU(4)-flavor breaking corrections, since the charmed-hadrons masses
and decay constants follow in good approximation the HQSS-predictions, which do not significantly
alter the discussion that follows.
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in Eq. (6.10). Besides, this state has a small coupling to the πΣc channel, which
further supports a largely dominant 0− ldof attractive configuration in its structure.
Moreover, the detailed analysis carried out in [86] reveals that this narrow resonance
stems from a 21 SU(6)lsf irreducible representation (irrep), where the light quarks
–three quarks and anti-quark– behave (do not behave) as an isoscalar spin-singlet
(triplet) diquark–symmetric spin-flavor state–.

The RS adopted in Ref. [86, 172], proposed in [170, 171], plays an important
role in enhancing the influence of the D∗N channel in the dynamics of the narrow
ΛMOL

c (n) (2595) state. Furthermore, this RS also produces a reduction in the mass of the
resonance of around 200 MeV, which thus appears in the region of 2.6 GeV, instead of
in the vicinity of the DN threshold. The RS establishes that all loop functions are set
to zero at a common point (see Section 3.2.2 and Eq. (3.97)), regardless of the total
angular moment J of the sector. However, we should point out that such RS might
not be fully consistent with HQSS.

In addition, there appears a second JP = 1/2− pole [ΛMOL
c (b) (2595)] in the 2.6 GeV

region [86,172]. Although it is placed relatively close to the πΣc threshold, this reso-
nance is broad (Γ∼ 70−90 MeV) thanks to its sizable coupling to this open channel,
which in this case is larger than those to DN and D∗N. The study of Ref. [86] asso-
ciates this isoscalar resonance to a 15 SU(6)lsf irrep, where the ldof effectively behave
as an isoscalar spin-triplet diquark (antisymmetric spin-flavor configuration). Thus,
it is quite reasonable to assign a dominant jP

q = 1− configuration to the ldof in this
second pole. However, the ratios of πΣc,DN and D∗N couplings of this second res-
onance do not follow the pattern inferred from ||vatr

1 ||21/2− in Eq. (6.10) as precisely
as in the case of the narrow state. Actually, the couplings of this broad state to the
DN and D∗N pairs, though smaller, turn out to be comparable (absolute value) in
magnitude to the πΣc one (1.6, 1.4 and 2.3, respectively [86]). This points to the pos-
sibility that this second pole might also have a sizable component of the 1− repulsive
configuration, for which we should expect DN and D∗N couplings much larger than
the πΣc one (likely in proportion 9 to 1 for the squares of the absolute values, just
opposite to what is expected from the 1− attractive eigenvector in Eq. (6.10)). In-
deed, the fact that the ΛMOL

c (b) (2595) is located above the πΣc threshold reinforces this
picture, where there would be a significant mixing among the attractive and repul-
sive 1− configurations, provoked by the flavor breaking corrections incorporated in
the model of Refs. [86, 172]. These symmetry breaking terms affect the kernel f (s)
of the BSE, the meson-baryon loops and the renormalization of the UV behaviour of
the latter to render finite the unitarized amplitudes. The large difference between
the actual πΣc and D(∗)N thresholds, which are supposed to be degenerate to obtain
the results of Eq. (6.10), should certainly play an important role. The mass break-
ing effects were less relevant for the narrow ΛMOL

c (n) (2595) resonance, because in that
case i) the πΣc channel had little influence in the dynamics of the state, and ii) the

118



Chapter • 6

dominant DN and D∗N thresholds turn out to be relatively close, thanks to HQSS.
In addition, other higher channels like ηΛc, KΞ(′)

c , DsΛ, ρΣc, . . . which are considered
in [86, 172], have not been included here in the simplified analysis that leads to the
results of Eq. (6.10). Finally, one should neither discard a small 0− ldof component in
the ΛMOL

c (b) (2595) wave-function that will also change the couplings of this broad state
to the different channels.

Note that the total angular momentum and parity of the ldof are neither really
conserved in the SU(6)lsf ×SU(2)HQSS model, nor in the real physical world because
the charm quark mass is finite. Hence, both the narrow and broad ΛMOL

c (n,b)(2595) reso-
nances reported in [86,172] will have an admixture of the 0− and 1− configurations10

in their inner structure. More importantly, the physical Λc(2595) and the second
resonance, if it exists, will also contain both type of ldof in their wave-function. As
stressed in the Introduction, a non-negligible 0− component in the Λc(2595) or a
double-pole structure have not been considered in the theoretical analyses of the ex-
clusive semileptonic Λb decays into Λc(2595) carried out in Refs. [316,317,319]. One
of the main objectives of this work is precisely the study of how these non-standard
features affect the Λb →Λ∗

c transitions.
Finally, the lowest-lying JP = 3/2− isoscalar resonance found in Refs. [86, 172] is

clearly the HQSS partner of the broad JP = 1/2− ΛMOL
c (b) (2595) state, with quantum

number jP
q = 1− for the ldof. It is located above the πΣ∗

c threshold, with a width of
around 40-50 MeV, and placed in the 15 SU(6)lsf irrep [86], as the broad ΛMOL

c (b) (2595)
resonance. Moreover, the complex coupling of this JP = 3/2− pole to the πΣ∗

c channel
is essentially identical to that of the ΛMOL

c (b) (2595) to πΣc. In turn, the square of the
absolute value of its coupling to D∗N compares reasonably well with the sum of the
squares of the couplings of the ΛMOL

c (b) (2595) to DN and D∗N, as one would expect
from Eqs. (6.10) and (6.11). This JP = 3/2− isoscalar resonance is identified with the
d−wave Λc(2625) in Refs. [86,172]. In these works, it is argued that a small change
in the renormalization subtraction constant could easily move the resonance down
by 40 MeV to the nominal position of the physical state, and that in addition, this
change of the mass would considerably reduce the width, since its position would get
much closer to the threshold of the only open channel πΣ∗

c .
Thus, within the SU(6)lsf ×SU(2)HQSS model, the Λc(2625) turns out to be the

HQSS partner of the second broadΛMOL
c (b) (2595) pole instead of the narrowΛMOL

c (n) (2595)
resonance, as commonly assumed in the theoretical analyses of the exclusive semilep-
tonic Λb decays into Λc(2595). This picture clearly contradicts the predictions of the
CQMs where first, there is not a second 2595 pole, and second, the Λc(2625) and the

10However, the previous discussion has allowed us to reasonably identify the dominant one in each
case. The existence of a certain mixing is out of doubt, thus for instance, the narrow state can decay
into πΣc through its 1− small component.
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narrow Λc(2595) are HQSS siblings, produced by a λ−mode excitation of the ground
1/2+ Λc baryon.

6.4.2 Extended local hidden gauge (ELHG)
Within the model of Ref. [85], the dynamics of the lowest-lying odd-parity Λ∗

c is
mostly governed by the DN, D∗N and πΣc interactions (V HG). They are constructed
using an SU(4) extension of the local hidden gauge formalism derived for the light
meson sector [134–136], that in a first stage respects HQSS. It gives rise to reduced
matrix elements

〈1||V HG||1〉1− =−4 f (s), 〈2||V HG||2〉1− =−3 f (s), 〈1||V HG||2〉1− = 0,

〈2||V HG||2〉0− =−3 f (s), (6.12)

in the isoscalar sector. The flavor symmetry of the WT function f (s) is broken in
the meson-baryon space by the use of physical masses. At first, D∗−exchange driven
interaction terms connecting | jP

q = 1−; JP〉1 and | jP
q = 1−; JP〉2 states are neglected,

as well as DN → D∗N coupled-channel interactions in the JP = 1/2− sector.
In a second stage, some additional contributions driven by the D∗Dπ coupling,

that formally vanish in the infinitely heavy quark mass limit, are considered in the
kernels (potentials) of the BSE. These new terms provide:

• First, DN → πΣc transitions in the JP = 1/2− sector, which would give rise
to 〈1||V HG||2〉1− = p

2 f (s)/4. The factor 1/4 roughly accounts for the ratio
(mρ/mD∗)2, which one would expect to suppress the diagrams induced by the
t−channel exchange of charmed vector mesons compared to those mediated by
members of the light ρ−octet [338]. This assumes a universal KSFR vector-
meson coupling. However, the effects due to 〈1||V HG||2〉1− 6= 0 are, inconsis-
tently with HQSS, not considered in the JP = 3/2− sector, and thus D∗N and
πΣ∗

c channels are not connected11 in the formalism of Ref. [85]. Actually, the
isoscalar πΣ∗

c pair is separately treated as a single channel. We will come back
to this point below.

• Second, D(∗)N → DN transitions in the JP = 1/2− sector obtained from box
diagrams, which also generate contributions to the DN → DN and D∗N →
D∗N diagonal interaction-terms. In the JP = 3/2− sector, modifications of the

11We should also point out that the D∗N →πΣc transition in the JP = 1/2− sector is also set to zero
in [85]. This is also inconsistent with HQSS, since this symmetry relates this off diagonal term of the
interaction with the DN →πΣc one (a factor 1/

p
3).

120



Chapter • 6

D∗N → D∗N potential induced by box-diagrams constructed out, in this case,
of the anomalous D∗D∗π coupling are also taken into account in [85].

In addition, other higher channels like ηΛc, ρΣc, . . . are considered in [85], though
they have a little influence in the lowest-lying Λ∗

c states. After fine tuning some UV
cutoffs to reproduce the masses of the experimental narrow Λc(2595) and Λc(2625),
the authors of Ref. [85] found that the latter resonance is essentially a D∗N state,
while the former one couples strongly both to DN and D∗N and has a quite small
coupling to πΣc. In addition, a state at 2611 MeV and a width of around 100 MeV,
which couples mostly to πΣc is also dynamically generated, confirming the double
pole structure predicted in the SU(6)lsf ×SU(2)HQSS model of Refs. [86, 172]. Note
also that the narrowΛc(2595) state found in [85] has similar DN and D∗N couplings,
from where one can conclude that it should have an important 0− ldof configuration.

On the other hand, in the JP = 3/2− sector the isoscalar πΣ∗
c is treated as a single

channel in [85]. It gives rise to a further broad state (Γ∼ 100 MeV) in the region of
2675 MeV, which is not related to the Λc(2625) in that reference.

Finally, we should mention that the box-diagrams interaction terms evaluated in
this ELHG model break HQSS at the charm scale, and it becomes difficult to identify
any HQSS resonance doublet among the results reported in [85].

6.4.3 SU(4) flavor t-channel exchange of vector mesons
As already mentioned in this kind of models [170, 338], the BSE potentials are cal-
culated from the zero-range limit of t−channel exchange of vector mesons between
pseudoscalar mesons and baryons. Chiral symmetry is preserved in the light meson
sector, while the interaction is still of the WT type. Thus, the J = 1/2 lowest-lying
odd-parity Λ∗

c resonances are mostly generated from DN,πΣc coupled-channels dy-
namics. SU(4) flavor symmetry is used to determine the DN → DN and DN → πΣc
interactions, which could be also derived assuming that the KSFR coupling relation
holds also when charm hadrons are involved. The flavor symmetry is broken by
the physical hadron masses, and in particular the large mass of the D∗ suppresses
the off diagonal matrix element DN → πΣc, as compared to the diagonal ones that
are driven by ρ−meson exchange (see also the discussion in the previous subsec-
tion about the factor 1/4 included in the ELHG approach of Ref. [85]). These ap-
proaches do not include the D∗N → D∗N,DN,πΣc transitions, and therefore are not
consistent with HQSS. Nevertheless, a JP = 1/2− narrow resonance close to the πΣc
threshold, which can be readily identified with the Λc(2595), is generated. It couples
strongly to DN, and its nature is therefore very different from those obtained in the
SU(6)lsf ×SU(2)HQSS and in the ELHG models, for which the D∗N channel plays a
crucial role. The reason why these SU(4) models can generate theΛc(2595) is that the
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lack of the D∗N in the JP = 1/2− sector is compensated by the enhanced strength in
the DN channel. For instance, the DN coupling in the approaches of Refs. [170,338]
turned out to be of the same magnitude as that of the narrow ΛMOL

c (n) (2595) to D∗N
in the SU(6)lsf ×SU(2)HQSS model of Refs. [86, 172]. On the other hand, the πΣc cou-
pling, though still small, was found twice larger in Refs. [170,338]. By construction,
the resonance described in [170,338] will mix jP

q = 0− and 1− ldof configurations. The
gross features of this dynamically generated state are similar to those of the the reso-
nance reported in Ref. [337], where the similarity between the DN and K̄ N systems,
once the strange quark in the later is replaced by a charm quark, was exploited.

In addition, the models based on the t-channel exchange of vector mesons, when
the unitarized amplitudes are renormalized as suggested in [170,171], produce also a
second JP = 1/2− broad resonance (Γ∼ 100 MeV) above 2600 MeV, with πΣc (largest)
and DN couplings similar to those found in the SU(6)lsf×SU(2)HQSS and in the ELHG
approaches (see Table XIV of Ref. [172] and the related discussion for an update of
the results of the model used in [338]). Therefore, this type of molecular models
might also predict a double pole structure for the Λc(2595), in analogy with what
happens in the unitary chiral descriptions of the Λ(1405). We should, however, note
that this second broad state is not generated when a RS based on an UV hard-cutoff
is used [338,339].

In the isoscalar JP = 3/2− sector, the chiral πΣ∗
c WT interaction, driven by ρ−ex-

change, leads to a resonance with some resemblances to that reported in Refs. [86,
172], and that it is identified in [171] with the Λc(2625), despite being located above
2660 MeV and having a width of the order of 50 MeV. Actually, this pole corresponds
to that found in the single channel πΣ∗

c analysis of Ref. [85], where it was, however,
not associated to the physical Λc(2625) state.

6.4.4 Chiral isoscalar πΣ(∗)
c molecules

The chiral interactions between the ground-state singly charmed baryons and the
Goldstone bosons lead to scenarios [171, 336, 340] where πΣc and πΣ∗

c isoscalar mo-
lecules naturally emerge in the JP = 1/2− and JP = 3/2− sectors, respectively. These
states will form a 1− HQSS doublet, whose masses and widths depend on the details
of the used RS. The works of Refs. [171, 336] found JP = 1/2−,3/2− resonances of
around 50 MeV of width and masses in the 2660 MeV region using a RS, inspired
in the success of Refs. [33, 69, 327] to describe the chiral SU(3) meson-baryon JP =
1/2− and JP = 3/2− sectors, later also employed in the SU(6)lsf ×SU(2)HQSS model of
Refs. [86, 172]12. The πΣ∗

c pole found in the ELHG scheme followed in [85] clearly

12As we discussed above, the consideration of the DN and D∗N channels in [86,172] strongly mod-
ifies the JP = 1/2− sector, leading to a quasi-bound D∗N state.
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matches the results of Ref. [171], though it was not identified with the Λc(2625) in
the work of Ref. [85].

In sharp contrast, subtraction constants or UV cutoffs were fine-tuned in Ref. [340]
in such a way that the Λc(2595) and Λc(2625) experimental masses were reproduced,
leading to weakly πΣc and πΣ∗

c bound states. Thus, the needed UV cutoffs turned out
to be slightly higher than expected, 1.35 and 2.13 GeV, respectively. This could in-
dicate some degrees of freedom that are not considered in the approach, such that
CQM states or D(∗)N components, and that could play a certain role, being their ef-
fects effectively accounted for the fitted real parts of the unitarity loops [352, 353].
The importance that the CQM degrees of freedom can have on the behavior of these
resonances will be studied in Chapter 7.

6.5 Weinberg compositeness condition
In section 3.2.3 we discussed the Weinberg compositeness condition (Eq. (3.117a)),
which can be used to determine the relevance of hadron components in molecular
states. For the particular case of the Λc(2595), the situation is a bit unclear. For in-
stance, it was shown in Ref. [354] that theΛc(2595) is not predominantly a πΣc molec-
ular state using the effective range expansion. A similar conclusion was reached in
Ref. [355], using a generalized effective range expansion including Castillejo-Dalitz-
Dyson pole contributions. In this latter work, the effects of isospin breaking correc-
tions are also taken into account and the extended compositeness condition for res-
onances developed in Ref. [45] was applied to calculate the component coefficients.
Furthermore, although in the unitary approaches, the Λc(2595) is found to be of
molecular nature [85,86,170,172,336–338,340], there is no general agreement on its
dominant meson-baryon components yet.

In general, one can conclude that the compositeness of the Λc(2595) depends on
the number of considered coupled channels, and on the particular regularization
scheme adopted in the unitary approaches and, therefore, would be model depen-
dent [341].

6.6 Semileptonic Λb →Λ∗
c`ν̄` decays

The differential decay width for the semileptonic b → c transition shown in Fig. 6.1
is given by

dΓ
dω

=Γ0

96 M3
Λ∗

c

πM5
Λb

√
ω2 −1L αβ(q)Hαβ(P,P ′) , Γ0 = |Vcb|2

G 2
F M5

Λb

192π3 (6.13)
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Figure 6.1: Above: Diagrammatic representation of the Λb → Λ∗
c`ν̄` decay. Bellow: Hadronization

creating qq̄ pairs, together with the pictorial representation of the mechanism to produce a Λ∗
c reso-

nance, through an intermediate propagation of DN and D∗N pairs.

where |Vcb| is the modulus of the Cabibbo–Kobayashi–Maskawa (CKM) matrix el-
ement for the b → c transition, GF = 1.16638 × 10−11 MeV−2 is the Fermi decay
constant, Pµ, MΛb (P ′µ, MΛ∗

c ) are the four-momentum and mass of the initial (final)
baryon, qµ = Pµ−P ′µ. In the decay, ω ranges from ω= 1, corresponding to zero recoil
of the final baryon, to a maximum value given, neglecting the antineutrino mass,

by ω = ωmax =
M2
Λb

+M2
Λ∗c

−m2
`

2MΛb MΛ∗c
, where m` is the final charged lepton mass. In addition,

L αβ(q) is the leptonic tensor after integrating in the lepton momenta

L αβ(q) =
∫

d3k

2|~k |
d3k′

2
√

m2
`
+~k′2

(
k′αkβ+k′βkα− gαβk ·k′+ iεαβρσk′

ρkσ
)
δ4(q−k−k′)

= − π

6q2 (q2 −m2
`)

{(
q2 − m2

`

2
− m4

`

2q2

)
gαβ−

(
q2 +m2

`−2
m4
`

q2

)
qαqβ

q2

}
(6.14)
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where k and k′ are the four-momenta of the outgoing antineutrino and charged lepton
[in our convention, we take ε0123 = +1 and the metric gµµ = (+,−,−,−)]. Besides,
Hαβ(P,P ′) is the hadronic tensor given by

H αβ(P,P ′) = 1
2

∑
r,r′

〈
Λ∗

c , r′ ~P ′∣∣Jα
bc(0)

∣∣Λb, r ~P
〉 〈
Λ∗

c , r′ ~P ′∣∣Jβ

bc(0)
∣∣Λb, r ~P

〉∗ (6.15)

with
∣∣Λb, r ~P

〉 (∣∣Λ∗
c , r′ ~P ′〉) the initial (final) baryon state with three-momentum ~P

(~P ′) and helicity r (r′), and normalized such that

〈
B, r′ ~P ′ |B, r ~P

〉= (2π)3 E
M
δrr′ δ

3(~P −~P ′), B =Λb,Λ∗
c (6.16)

with E and M, the baryon energy for three-momentum ~P and its mass, respectively.
Finally, Jµ

bc(0) is the b → c charged weak current

Jµ

bc(0)= Ψ̄c(0)γµ(1−γ5)Ψb(0) (6.17)

withΨb,c, Dirac fields, with dimensions of mass to the 3/2. Hadronic matrix elements
can be parameterized in terms of form factors [317]. For 1

2
+ → 1

2
− transitions the form

factor decomposition reads

〈
Λ∗1/2−

c , r′ ~P ′ ∣∣ Jµ

bc(0)
∣∣Λb, r ~P

〉= ūΛ
∗
c (~P ′, r′)

{
γµ

[
F1γ5 −G1

]+vµ
[
F2γ5 −G2

]

+v′µ
[
F3γ5 −G3

]}
uΛb (~P, r ) (6.18)

The ur are dimensionless Dirac spinors (ūr′ur = δrr′), vµ, v′µ are the four velocities
of the initial and final baryons and the three vector (axial) F1, F2, F3 (G1, G2, G3)
form factors are functions of ω or equivalently of q2. For 1

2
+ → 3

2
− decays we write

〈
Λ∗3/2−

c , r′~P ′ |Jµ

bc(0) |Λb, r ~P
〉= ūΛ

∗
c

α (~P ′, r′)ΓαµuΛb (~P, r )

Γαµ = vα
{
γµ

[
lV1 − lA1γ5

]+vµ
[
lV2 − lA2γ5

]+v′µ
[
lV3 − lA3γ5

]}
(6.19)

+gαµ
[
lV4 − lA4γ5

]
Here uΛ

∗
c

α r′ is the Rarita-Schwinger spinor of the final spin 3/2 baryon normalized such
that (ūB′

α r′)u
B′α
r =−δrr′ , and we have four vector (lV1,2,3,4(ω)) and four axial (lA1,2,3,4(ω))

form factors.
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6.7 Infinite heavy quark mass limit
The large spin invariance in the mQ → ∞ limit leads to considerable simplifica-
tions [322, 356]. In particular, the semileptonic decay of the ground state Λb into
either Λ∗

c in the jP
q = 1− heavy doublet is described by an universal form-factor [313].

In this limit, the bottom quark carries all of the angular momentum of the Λb, where
the ldof are coupled to jP

q = 0+. As discussed in Section 2.5.1, the Λb is accounted
by a Dirac spinor ub(v), with v the velocity of the Λb (and of its heavy point-like
constituent), satisfying Eq. (2.68). The charm jP

q = 1− doublet of baryons, with four
velocity v′, are represented by the multiplet-spinor U

µ
c (v′), which obeys Eqs. (2.77)

and (2.78), where the spin 1/2 and spin 3/2 members of this doublet are written as
the Dirac u1/2

c (v′) and the Rarita-Schwinger spinors u3/2µ
c (v′), respectively.

Under a Lorentz transformation, Λ, and b and c quark spin transformations Ŝb
and Ŝc, the above spinor wave functions transform as S(Λ)ub,Λµ

νS(Λ)U ν
c and Ŝb ub

and Ŝc U
µ
c , respectively, with S(Λ) = exp{−iσµνSµν/4}, the usual spinor representa-

tion. Note that Ŝb and Ŝc are also of the form S(Λ̂), but with Λ̂ restricted to spatial
rotations and affecting only to the heavy quark spinor.

In addition in the mQ → ∞ limit, under heavy quark spin rotations, the b → c
flavor changing current transforms as Jµ

bc → Ŝc Jµ

bcŜ†
b. From Eq. (2.91), we get that

the most general form for the matrix element respecting HQSS is [313,317]〈
Λ

∗1/2−,3/2−
c ; jP

q = 1− ∣∣ Jµ

bc(0)
∣∣Λb

〉=σ(ω)vλ Ū λ
c (v′)γµ(1−γ5)ub(v)+O (1/mb,c) , (6.20)

Here σ(ω) is the (real) dimensionless leading IW function for the transition to this
excited doublet. It follows

p
3F1/(ω−1)=p

3G1/(ω+1)=−p3F2/2=−p3G2/2= lV1 =
lA1 =σ and F3 =G3 = lV2,3,4 = lA2,3,4 = 0. In Ref. [317], σ(ω) was predicted in the large
Nc limit,

σ(ω)= 1.2[1−1.4(ω−1)] (6.21)

where subleading 1/Nc corrections are neglected.
The matrix element in Eq. (6.20) vanishes at zero recoil, where v = v′, and it

trivially leads to13

H
αβ

3/2−[ jP
q = 1−]= 2H

αβ

1/2−[ jP
q = 1−]= 2σ2(ω)

3
(ω2 −1)

(
vαv′β+vβv′α−ωgαβ

−iεαβρσvρv′σ
)
+O (1/mb,c) (6.22)

13The sum over the initial and final polarizations in the definition of the hadronic tensor in Eq. (6.15)
can be written as trace in the Dirac space, with the help of the spin 1/2 and 3/2 projectors. These latter
operators are given in Eq. (2.76).
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the antisymmetric term does not contribute to dΓ/dω since the leptonic tensor, after
integrating in the lepton momenta, becomes symmetric. Thus in the mQ →+∞ limit,
dΓΛ∗3/2

c
/dω = 2dΓΛ∗1/2

c
/dω since both members of the jP

q = 1− doublet are degenerate.
Furthermore, one easily deduces that Λb decays to excited Λ∗3/2−

c with helicity ±3/2
are forbidden by HQSS in the IW limit, since the component of the ldof total angular
momentum along the decay axis is conserved, and equal to zero.

On the other hand, for the ground-state Λb transition to the JP = 1/2− charmed
baryon with jP

Q = 0− ldof, one can use for the latter a spinor uc(v′), but the form-
factors must be pseudoscalar and therefore involve a Levi-Civita tensor [323]. At
leading order in the 1/mQ expansion, there are not enough vectors available to con-
tract with the indices of the epsilon tensor so these unnatural14 parity matrix ele-
ments vanish [316,317].

A different way to understand why the Λb[1/2+, jP
q = 0+] → Λ∗

c [1/2−, jP
q = 0−] is

forbidden in the IW limit is adopting the picture introduced in Refs. [224, 321]. In
the heavy-quark limit, the weak transition occurs on the b quark, which turns into
a c quark and a W− boson, as shown in the lower panel of Fig. 6.1. Since we will
have a 1/2− or 3/2− state at the end, and the u,d quarks are spectators, remaining
in a 0+ spin-parity configuration, the final charm quark must carry negative parity
and hence must be in an L = 1 level. This corresponds to an orbital angular momen-
tum excitation between the heavy quark and the isoscalar u,d diquark as a whole,
which maintains the same spin-parity quantum numbers, 0+, as in the initial Λb,
leading to a non-zero ldof wave-function overlap. Within this picture, the total an-
gular momentum and parity of the light subsystem will be jP

q = 1− [= 0+⊗ (L = 1)],
and the transition will be described by the matrix element in Eq. (6.20), that will
go through p−wave, giving rise to the (ω2 − 1) factor in Eq. (6.22). In sharp con-
trast, the ( jP

q = 0−, JP = 1/2−) final baryon contains a p−wave excitation inside the
brown muck and a realignment of the light quarks spins to construct a spin triplet
state. That requires going beyond the spectator approximation of Fig. 6.1, involving
dynamical changes in the QCD dressing of the heavy baryon during the transition,
which are 1/mQ− suppressed. Thus in the heavy quark limit, the initial and final
ldof overlap for the unnatural 0+ → 0− transition vanishes. It would be parametrized
by a pseudoscalar form-factor, involving the Levi-Civita tensor. As mentioned above,
at leading order in the 1/mQ expansion, there are not enough vectors available to
contract with the indices of the epsilon tensor.

14A semileptonic baryonic transition is unnatural if it involves transitions between tensor
(0+,1−,2+, · · · ) to pseudo-tensor (0−,1+,2−, · · · ), or vice-versa, jP

q ldof quantum numbers.
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6.8 O (ΛQCD/mc) corrections

Corrections of order 1/mQ to dΓ(Λb → Λ∗3/2
c [ jP

q = 1−])/dω and dΓ(Λb → Λ∗1/2
c [ jP

q =
1−])/dω distributions were studied in [317] and shown to be quite large, specially in
the JP = 1/2− case (see Fig. 1 of that reference).

Neglecting O (ΛQCD/mb) terms, this is to say keeping still the invariance of the
weak matrix element under arbitrary b−quark spin rotations, the general forms of
the semileptonic matrix elements are〈

Λ∗1/2−
c

∣∣ Jµ

bc(0)
∣∣Λb

〉= 1p
3

ūc(v′) [( /v−ω)∆1 −∆2]γµ(1−γ5)ub(v)+O (1/mb) , (6.23)〈
Λ∗3/2−

c
∣∣ Jµ

bc(0)
∣∣Λb

〉= ūλc (v′)vλ [Ω1 − ( /v−ω)Ω2]γµ(1−γ5)ub(v)+O (1/mb) , (6.24)

where ∆1,2 andΩ1,2 are form factors function of ω that are used to construct indepen-
dent linear combinations of the identity and /v matrices. For semileptonic transitions
to Λ∗1/2−

c , we find
p

3F1 = (ω−1)∆1 +∆2,
p

3G1 = (ω+1)∆1 +∆2, F2 = G2 = −2∆1/
p

3
and F3 =G3 = 0. Similarly for Λ∗3/2−

c , we find lV1 =Ω1+(ω+1)Ω2, lA1 =Ω1+(ω−1)Ω2,
lV2 = lA2 =−2Ω2 and lV3,4 = lA3,4 = 0.

If ∆1 =Ω1 = σ and ∆2 =Ω2 = 0, the IW limit of Eq. (6.22) is recovered for transi-
tions to Λ∗3/2−,1/2−

c [ jP
q = 1−] states15.

The differential decay widths deduced from the general matrix elements of Eqs. (6.23)
and (6.24) are given by

dΓ[Λb →Λ∗
c (JP )]

dω
= CJ

8Γ0

3

(MΛ∗
c

MΛb

)3 (
1− m2

`

q2

)2

(ω2 −1)J

{
α2

J

[
3ω

q2 +m2
`

M2
Λb

+2
MΛ∗

c

MΛb

(ω2 −1)

(
1+ 2m2

`

q2

)]
+2(ω2 −1) [α1(ω)α2(ω)]J

[
2q2 +m2

`

M2
Λb

+
(
1−

M2
Λ∗

c

M2
Λb

)(
1+ 2m2

`

q2

)]}
+O (1/mb) , (6.25)

with JP = 1/2−, 3/2−, CJ = (2J+1) and

α2
J=1/2(ω) = ∆2

2(ω)+ (ω2 −1)∆2
1(ω), α1(ω)α2(ω) |J=1/2 =∆1(ω)∆2(ω) (6.26)

α2
J=3/2(ω) = Ω2

1(ω)+ (ω2 −1)Ω2
2(ω), α1(ω)α2(ω) |J=3/2 =Ω1(ω)Ω2(ω) (6.27)

At order O (ΛQCD/mQ), there are corrections originating from the matching of the
b → c flavor changing current onto the heavy quark effective theory and from order

15Note that for the 1/2− member of the jP
q = 1− multiplet, we have vλ

[
(γλ+v′λ

)
γ5u1/2

c (v′)]†γ0 =
ū1/2

c (v′) ( /v−ω)γ5 and γ5γ
µ(1−γ5)= γµ(1−γ5).
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ΛQCD/mQ corrections to the effective Lagrangian [72, 316, 317, 357, 358]. Following
the discussion of Ref. [317], for Λb decays, they have a quite different physiognomy
depending on the total angular momentum and parity of the ldof in the daughter
charm excited baryon. In particular,

• jP
q = 1−: Neglecting 1/mb corrections and QCD short-range logarithms [317],

∆1(ω) = σ(ω)+ 1
2mc

(
φ(c)

kin(ω)−2φ(c)
mag(ω)

)
, ∆2(ω)= 1

2mc

(
3(ωΛ̄′− Λ̄)σ(ω)+

2(1−ω2)σ1(ω)
)

(6.28)

Ω1(ω) = σ(ω)+ 1
2mc

(
φ(c)

kin(ω)+φ(c)
mag(ω)

)
, Ω2(ω)= σ1(ω)

2mc
(6.29)

with mc ∼ 1.4 GeV, the charm quark mass, and Λ̄ ∼ 0.8 GeV [Λ̄′ ∼ (1± 0.1
GeV)] the energy of the ldof in the mQ → ∞ limit in the Λb [Λ∗

c ( jP
q = 1−)]

baryon. The σ1(ω) form-factor determines, together with Λ̄ and Λ̄′, the 1/mc
corrections stemming from the matching of the QCD and effective theory cur-
rents. This sub-leading IW function is unknown and in Ref. [317], it was varied
in the range ±1.2[1−1.6(ω−1)] GeV. In addition, φ(c)

kin and φ(c)
mag account for

the time ordered product of the dimension-five kinetic energy and chromomag-
netic operators in the effective Lagrangian. The chromomagnetic term is ne-
glected in [317], because it is argued that it should be small relative to ΛQCD.
In addition, the kinetic energy correction is estimated in the large Nc limit,

φ(c)
kin =− Λ̄8

√
Λ̄3

κ

(
ω2 −1

)
σ(ω), with κ= (0.411GeV)3 [317].

The Eqs. (6.28) and (6.29) can be re-derived from〈
Λ

∗1/2−,3/2−
c ; jP

q = 1− ∣∣ Jµ

bc(0)
∣∣Λb

〉= Ū λ
c (v′)

{
vλ[β1 + (ω− /v)β2]

+γλβ3/3
}
γµ(1−γ5)ub(v)+O (1/mb) , (6.30)

where the O (1/mc) β2 and β3 form-factors and the sub-leading term of β1 de-
pend on J. Thus, we have

β1(ω)|J = σ(ω)+ 1
2mc

(
φ(c)

kin(ω)+ cJφ
(c)
mag(ω)

)
β2(ω)|J = cJ

2mc
σ1(ω) , β3(ω)= 3

(ωΛ̄′− Λ̄)
2mc

σ(ω) (6.31)

with cJ=1/2 = −2 and cJ=3/2 = 1, which correspond to the eigenvalues of the
operator 2~Sc ·~jq

cJ = J (J+1)− 1
2

(
1
2
+1)−1(1+1) , (6.32)
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for jq = 1 and Sc = 1/2, and

Ω1 =β1(ω)|J=3/2 , ∆1 =β1(ω)|J=1/2, Ω2 =β2(ω)|J=3/2 , ∆2 =β3(ω)+β2(ω)|J=1/2.
(6.33)

The 1/mb contributions, not taken into account, are much smaller than the
theoretical uncertainties induced by the errors on (Λ̄− Λ̄′) and the σ1(ω) form-
factor. Hence, the form-factors of Eqs. (6.28) and (6.29) provide an excellent
approximation to the results reported in Ref. [317].

Two final remarks to conclude this discussion: i) The (ωΛ̄′− Λ̄) difference in ∆2
[γλ form-factor in Eq. (6.30)] provides a s−wave W−Λ∗

c (1/2−) term that should
scale as

p
ω2 −1, and hence should dominate this differential rate at zero recoil.

ii) The kinetic operator correction is the only 1/mc term that does not break
HQSS.

• jP
q = 0−: For the case of this unnatural transition, the matrix elements of the

1/mQ current and kinetic energy operator corrections are zero for the same
reason that the leading form factor vanished [317]. The time ordered products
involving the chromomagnetic operator lead to non-zero contributions, which
however vanish at zero recoil [317] and can be cast in a ∆1−type form factor.
At order 1/mQ the corresponding ∆2 form-factor is zero.

From the above results, we conclude that the Λb semileptonic decay to a JP =
1/2−−daughter charm excited baryon with a jP

q = 0− ldof–configuration can be
visible only if HQSS is severely broken and higher

(
1/mQ

)n corrections are siz-
able.

6.9 Decays to molecular ΛMOL
c states

Following the spectator image of Fig. 6.1, the c quark created in the weak transition
must carry negative parity and hence must be in a relative p−wave. The parity and
total angular momentum of the final resonance are those of the intermediate system
before hadronization. Since the molecular ΛMOL

c states come from meson-baryon in-
teraction in our picture, we must hadronize the final state including a uū+dd̄+ ss̄
state as in the upper panel of Fig. 6.1. The c quark must be involved in the hadroniza-
tion, because it is originally in an L = 1 state, but after the hadronization produces
the D(∗)N state, and the c quark in the D(∗) meson is in an L = 0 state. Neglecting
hidden-strange contributions, the hadronization results in isoscalar s−wave DN and
D∗N pairs, but does not produce πΣ(∗)

c states [224,321].
The production of JP = 1/2−,3/2− resonances (RJ) is done after the created DN

and D∗N in the first step couple into the resonance, as shown in the upper panel of
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Fig. 6.1. The transition matrix, tRJ , for such mechanism leads to

∑∑ |tRJ |2 =
∑
M

C (
1
2

1J|M0M)2 |ϕ(ω) |2
∣∣∣CDN

J gDN
RJ

GDN +CD∗N
J gD∗N

RJ
GD∗N

∣∣∣2 , (6.34)

where the sums are over the spins of the initial and final particles, and the bar
over the sum denotes the average over initial spins. The Clebsch-Gordan coefficient
accounts for the coupling of spin and orbital angular momentum of the c−quark to
the total angular momentum J of the intermediate system, composed by the charm
quark and the spectator isoscalar 0+ ud diquark (see Fig. 6.1). Because angular
momentum conservation, the spin of the resonance, produced after hadronization
and meson-baryon re-scattering, will be J as well. The important point is that the
third component of the orbital angular momentum of the c−quark must be zero [148,
149] (see also the discussion at the beginning of Subsec. 6.7). Let us note for future
purposes that C (1

213
2 |M0M)2 /C (1

211
2 |M0M)2 = 2, M =±1/2.

The function ϕ(ω) accounts for some ω dependences induced by the hadronization
process and by the matrix element between the initial s−wave b−quark, the outgoing
W−plane wave and the p−wave c−quark created in the intermediate hadronic state.
This latter factor should scale like |~q |∝

p
ω2 −1 close to zero recoil [224,321]. In the

heavy quark limit assumed in the mechanism depicted in Fig. 6.1, one expects ϕ(ω)
to be independent of the angular momentum, J, of the final resonance.

The CD(∗)N
J coefficients account for different overlaps between DN and D∗N s−wave

pairs and the intermediate hadronic state, whose wave-function is determined by a
excitation among the heavy quark and the brown muck (ldof) as a whole. This is a
λ−excited state in the framework of CQM’s, and it has jP

q = 1− quantum-numbers for

the brown muck. The values of CD(∗)N
J can be readily obtained from Eq. (6.5),

CD(∗)N
J = 〈D(∗)N; J |SP

Q = 1/2+ jP
q = 1−; J〉2 (6.35)

Finally, GD(∗)N is the loop function for the D(∗)N propagation16 and gD(∗)N
RJ

is the
dimensionless coupling of the resonance RJ to the D(∗)N channel in isospin zero.
They are defined for instance in Eqs. (15) and (18) of Ref. [172], and we compute
them at the resonance position in the complex plane. Note that the couplings gD(∗)N

RJ
,

obtained from the residues of the coupled-channels meson-baryon T−matrix, contain
effects from intermediate πΣ(∗)

c loops.

16We are assuming that GD∗N is the same both for J = 1/2 and J = 3/2. This is correct as long
as the renormalization of the UV divergences of this loop function does not depend on the angular
momentum, as in the SU(6)lsf ×SU(2)HQSS and ELHG models of Refs. [86,172] and [85], respectively.

131



Chapter • 6

With all these ingredients close to zero recoil, we find

dΓ/dω[Λb →Λ∗
c (1/2−)]

dΓ/dω[Λb →Λ∗
c (3/2−)]

∣∣∣∣
MOL

= 1
2

∣∣∣p3
2 gDN

RJ=1/2
GDN + 1

2 gD∗N
RJ=1/2

GD∗N

∣∣∣2∣∣∣gD∗N
RJ=3/2

GD∗N

∣∣∣2 (6.36)

where the factor 1/2 comes from the ratio of Clebsch-Gordan coefficients. In this way,
we recover the main result of Ref. [321]. It shows that the above ratio of differential
decay widths is very sensitive to the couplings of the Λ∗

c resonances to the DN and
D∗N channels. We could expect Eq. (6.36) to hold also in good approximation for the
ratio of integrated rates since the available phase space is quite small

In the infinite heavy quark mass limit, the degeneracy of the D and D∗ masses
implies GDN =GD∗N . In addition for 1− and 0− ldof quantum numbers, the couplings
of DN and D∗N to Λ∗

c are related

jP
q = 1− ⇒ 2p

3
gDN
Λ∗

c (1/2−) = 2gD∗N
Λ∗

c (1/2−) = gD∗N
Λ∗

c (3/2−) (6.37)

jP
q = 0− ⇒

p
3 gDN

Λ∗
c (1/2−) =−gD∗N

Λ∗
c (1/2−) , (6.38)

as inferred from Eq. (6.5). Hence, we re-obtain the mQ →∞ results of Subsec. 6.7,

dΓ/dω[Λb →Λ∗
c (1/2−)] jp

q=1−

dΓ/dω[Λb →Λ∗
c (3/2−)] jp

q=1−
= 1

2
,

dΓ/dω[Λb →Λ∗
c (1/2−)] jp

q=0−

dΓ/dω[Λb →Λ∗
c (3/2−)] jp

q=1−
= 0 (6.39)

For molecular states, we might have deviations from the above IW limit predictions,
and in particular visible widths for a charm JP = 1/2− excited baryon with significant
0− ldof components. This could happen if the meson-baryon interactions, which gen-
erate the molecular state, induce important

(
1/mQ

)n corrections, bigger than would
be expected from the discussion in Subsec. 6.8.

6.10 Λb →Λ∗
cπ

− decay
Looking again at the diagram depicted in the lower panel of Fig. 6.1, the Λb →Λ∗

cπ
−

decay could proceed through the mechanism of external emission [305], where the
gauge W− boson couples to π− instead of to the (`−ν̄`) lepton pair. This is the factor-
ization approximation, which should be accurate for processes that involve a heavy
hadron and multiple light mesons in the final state, provided the light mesons are
all highly collinear and energetic [359]. Actually for Λb → Λ∗

cπ
− decay, corrections

are expected to be of the order ΛQCD/Eπ, with Eπ the energy of the pion in the cen-
ter of mass frame. There exist also some small strong coupling logarithmic correc-
tions stemming from the matching of full QCD with the effective heavy quark theory.
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The Λb → Λ∗
cπ

− width is related to the differential decay rate dΓsl/dω at q2 = m2
π

[ω= (M2
Λb

+M2
Λ∗

c
−m2

π)/2MΛb MΛ∗
c ] for the analogous semileptonic decay [317],

Γπ[Λb →Λ∗
cπ

−]∝|Vud|2 f 2
π

dΓsl[Λb →Λ∗
c e−ν̄e]

dω

∣∣∣∣
q2=m2

π

(6.40)

with mπ and fπ, the pion mass and decay constant, respectively. In the case of de-
cays into Λ∗

c molecular states, we find again that the ratio of gG factors of Eq. (6.36)
provides an estimate for Γπ[Λb→Λ∗

c (1/2−)]
Γπ[Λb→Λ∗

c (3/2−)]

∣∣∣
MOL

. However, the kinematics now is signifi-
cantly different to that of zero recoil. In the MΛb rest frame, the recoil three momen-
tum is of the order of 2.2 GeV, even larger than the charm quark mass. Hence, the
approximation of neglecting the effects of operators like ~Sc ·~jq in the weak transi-
tion becomes inappropriate, since factors proportional to |~q |/mc can be large in this
kinematics [(ω2 −1) ∼ 0.7]. This type of operators couples the charm quark spin and
the angular momentum of the ldof and induces dependences on J, the total angular
momentum of the created hadron. In this situation, it can not be guarantied that the
function ϕ(ω), introduced in Eq. (6.34), is independent of J. In fact, in Ref. [224] and
in addition to the quotient of gG coefficients, a factor (~q2+E2

π)/E2
π ∼ 2 was found that

increased the value of the Γπ[Λb→Λ∗
c (1/2−)]

Γπ[Λb→Λ∗
c (3/2−)]

∣∣∣
MOL

ratio. We will also use here this result,
with some precautions, and we will multiply by a factor of 2 the estimates for the
latter ratio deduced from the gG factors.

6.11 Results

6.12 Semileptonic (µ−ν̄µ or e−ν̄e) and pion Λb → Λ∗
c

decays
In Table 6.2, we show results for the ratios of semileptonic (µ−ν̄µ or e−ν̄e) and pionΛb
decays into odd parity J = 1/2 and 3/2 charm baryons, obtained within the molecular
schemes of Refs. [86, 172] (SU(6)lsf ×SU(2)HQSS) and [85] (ELHG). As commented in
Subsec. 6.4, a double pole structure for the Λc(2595) is found in these approaches,
with clear similarities to the situation for the Λ(1405), and hence we give results for
both, the narrow (n) and (b) broad ΛMOL

c (2595) states. In Table 6.2, we also show
experimental estimates for these ratios deduced from branching fractions given in
the RPP [21]. We have considered that the reconstructed Λc(2595) resonance ob-
served in the decays corresponds to the molecular narrow resonance. In addition,
mQ →∞ limit results (IW∞) and predictions obtained incorporating the subleading
corrections (IWO (1/mQ )) discussed in Ref. [317] are also shown in Table 6.2. In this lat-
ter work, it is assumed that the Λc(2595) and Λc(2625) form the lowest-lying jP

q = 1−
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HQSS doublet, and the values quoted in the table follow mostly from Eqs. (2.26) and
(2.28) of that reference. To the error budget deduced from these equations, we have
added in quadrature the effects due to the uncertainty (±0.1 GeV) on the Λ̄′ param-
eter in Eq. (6.28), which produces variations in the ratios of about 25%–30% [317].
The errors on the IWO (1/mQ ) ratios are largely dominated by the uncertainties on the
subleading σ1 form-factor. It leads to opposite effects for Λc(2595) or Λc(2625) final
states [317], as can be inferred here from Eqs. (6.31) and (6.32). The biggest (small-
est) ΓΛ1/2

sl,π /ΓΛ3/2
sl,π values correspond to σ1(1)=−1.2 (+1.2) GeV, while the central values

are obtained for σ1(ω) = 0. The ΓΛ1/2
sl rate, depending on σ1, could be significantly

enhanced (around a factor 2.5 for σ1 = 0) compared to the infinite mass prediction
(∼ 0.020Γ0), while 1/mQ effects are much smaller for ΓΛ3/2

sl . Predictions for the pion
decay widths depend on dΓsl/dω at q2 = m2

π, and turn out to be quite uncertain due to
σ1. We see that IWO (1/mQ ) predictions and experimental estimates for the ΓΛ1/2 /ΓΛ3/2

ratios agree, within errors, for both semileptonic and pion Λb decay modes. A certain
tendency is observed in the central values, for which the theoretical estimations are
greater than the experimental ones, in particular in the semileptonic mode. However,
it would not be really significant due to the great uncertainties.

Concerning the ELHG ratios for the narrow molecular Λc(2595) state, we give in
Table 6.2 the ranges quoted in the original works of Refs. [224,321]. The lowest ratios
can be found using the gG coefficients compiled in Table 6.3, while the highest values
account for corrections due to the contribution of hidden-strange (D(∗)

s Λ) channels in
the hadronization. Within the ELHG scheme the broad Λc(2595) ratios are negligi-
ble. This is because in this approach, the JP = 3/2− Λc(2625) is a quasi-bound D∗N
state with a large coupling to this channel, whose absolute value is around five times
bigger than that of the broad Λc(2595) resonance to D∗N or DN [224]. The narrow
ELHG Λc(2595) molecule has DN and D∗N couplings (in absolute value) similar to
gD∗N
Λc(2625), and its ΓΛ1/2

sl,π /ΓΛ3/2
sl,π ratios are larger and about 0.4 and 0.8, respectively, com-

patible within errors with the experimental expectations. It should be also noted that
after renormalization, the DN loop function is almost a factor of two smaller than
the D∗N one, which produces a significant source of HQSS breaking in the ELHG
approach of Ref. [224].

Finally, we see that the SU(6)lsf × SU(2)HQSS ratios for the narrow molecular
Λc(2595) resonance, though small (0.14− 0.28), are neither negligible, nor totally
discarded by the available data. As we expected, they are suppressed because within
this approach this state has a large jP

q = 0− ldof component. Semileptonic decays into
the broad Λc(2595) resonance are about a factor of three larger, but the Γ1/2(b)

sl,π /Γ3/2
sl,π

ratios are still below 1/2, the mQ →∞ prediction, and well below the IWO (1/mQ ) cen-
tral values obtained in [317] (see Fig. 6.2). Both sets of results point to important(
1/mQ

)n corrections, induced by the meson-baryon interactions that generate the
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molecular states. On the other hand, we do not expect large variations from the
consideration of hidden strange channels as intermediate states. From the couplings
reported in Refs. [86,172], only ΛDs and ΛD∗

s might be important through their cou-
pling to the narrow Λc(2595) state, but the respective thresholds are located (around
3.1 and 3.2 GeV) well above the resonance position, and it is not reasonable to claim
for large effects produced by these high energy physics contributions. Actually, we
have checked that the ratios given in Table 6.2 for the SU(6)lsf ×SU(2)HQSS model
hardly change if the large number of coupled-channels used in Refs. [86, 172] is re-
duced only to D(∗)N and πΣ(∗)

c .
The predictions for the ratios in molecular schemes are very sensitive to the in-

terference and relative weights of the DN and D∗N contributions [224, 321], and
thus future accurate measurements of these ratios will shed light on the nature of
the Λc(2595), allowing us to address issues as the existence of two poles or the im-
portance of the D∗N channel in the formation of the resonance(s). Such studies will
also help to understand the interplay between CQM and hadron-scattering degrees
of freedom [22,165,360–363] in the dynamics of the Λc(2595) and Λc(2625).

Note that in other molecular schemes, like the SU(4) flavor t-channel exchange
of vector mesons of Refs. [170, 338, 339] or those based on the chiral isoscalar πΣ(∗)

c
interactions [171, 336, 340], where the D∗N channel is not included, the Γsl[Λb →
Λc(2625)] and Γπ[Λb → Λc(2625)] widths will be zero or highly suppressed. This is
because the πΣ∗

c pair, that dynamically generates the Λc(2625) resonance in these
models, can be only produced by going beyond the spectator approximation implicit
in the mechanism of Fig. 6.1. This places an additional limitation on the validity of
these approaches, which already have some problems to describe the mass and width
of the Λc(2625) (see the related discussion in Subsecs. 6.4.3 and 6.4.4).
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Figure 6.2: Differential Λb → Λ∗
c (1/2−)τν̄τ (solid blue line) and Λb → Λ∗

c (1/2−) e ν̄e rates calculated
using different approaches. The black dashed and solid lines, together with the error bands of the
latter, are taken from Fig.1a of Ref. [317], where the final baryon is treated as the JP = 1/2− member
of the lowest-lying jP

q = 1− HQSS doublet. The dashed line shows the mQ →∞ prediction, Eqs. (6.21)
and (6.22), while the solid line include 1/mQ effects for σ1(ω) = 0. The bands account for the changes
in the differential decay rate when σ1(1) is varied in the range [−1.2,1.2] GeV. The spectrum of the
τ−mode, which ends around ω ∼ 1.2, is calculated using Eq. (6.25) with ∆1,2 given in Eq. (6.28), and
taking σ1(ω) = 0. (Further details on the O (1/mc) corrections for τ−decays can be found in Table
6.4). On the other hand, the lowest dotted and dashed-dotted curves, together with the error bands
of the latter, stand for the decay into the broad [ΛMOL

c (b) (2595)] and narrow [ΛMOL
c (n) (2595)] molecular

resonances found in the SU(6)lsf ×SU(2)HQSS model of Refs. [86, 172]. These differential rates have
been obtained multiplying the corresponding molecular gG ratios given in Table 6.2 by the O (1/mQ)
improved Λb → Λ∗

c (3/2−[ jP
q = 1−]) e ν̄e distribution displayed in Fig.1b of Ref. [317]. Central values

have been evaluated using the black solid line of this latter figure. The bands, depicted for the decay
into the narrow Λc(2595) molecular state, show the impact in the spectrum of the uncertainties on the
O (1/mQ) corrections, and have been calculated using the shaded region shown in Fig.1b of Ref. [317].
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6.13 Λb →Λc(2595)τν̄τ and Λb →Λc(2625)τν̄τ decays
Let us now pay attention to Λb semileptonic decays with a τ lepton in the final state.
At the LHC, a large number of ground-state Λb baryons are produced [364], and its
decays into charmed baryons can be used to constrain violations of LFU. These decays
are of interest in light of the R(D(∗)) puzzle in the semileptonic B̄ → D(∗)τν̄τ decays
(see for instance the discussion in [17], and references therein). Decays involving the
ground state charmed baryon, Λc, have been already studied in lattice QCD [365]
and beyond the Standard Model [366]. On the other hand, the LHCb collaboration
has reported large samples of Λc(2595) and Λc(2625) baryons in Λb semileptonic
decays [367], which makes meaningful to investigate the LFU ratios [319,320]

R[Λ∗
c ]= B(Λb →Λ∗

cτν̄τ)
B(Λb →Λ∗

cµν̄µ)
(6.41)

with Λ∗
c =Λc(2595) or Λc(2625), due to the good prospects that LHCb can measure

them in the short term. Results are shown in Table 6.4.
We have used Eq. (6.25) to compute Γ[Λb →Λc(2595) τ ν̄τ] and Γ[Λb →Λc(2625)

τ ν̄τ], assuming that the Λc(2595) and Λc(2625) form the lowest-lying jP
q = 1− HQSS

doublet, and have taken the O (1/mc) improved form factors given in Eq. (6.31).
Therefore, spin symmetry in the b−quark sector is conserved, which implies neglect-
ing terms of order ΛQCD/mb. This is an excellent approximation, and we reproduce
within a 5% the Λc(2595) differential and integrated rates reported in Ref. [317]. The
approximation works even better for the Λc(2625), and moreover it leads to simple
expressions for the ω−differential widths, including full finite-lepton mass contribu-
tions that are necessary for testing LFU. Note that the calculations of Ref. [317] were
made in the m`→ 0 limit.

Predictions for semileptonic τ−decays are relatively stable against the uncertain-
ties on the O (1/mc) corrections, because in this case ωmax ∼ 1.2, and the largest con-
tributions to the integrated width come from regions relatively close to zero recoil
(see blue solid line of Fig. 6.2). However, there are still some uncertainties associated
with the lack of information about the form factor σ1(ω), although they are signifi-
cantly smaller than those shown in Table 6.2 for the case of massless leptons. The
σ1 term produces, also for τ−decays, opposite effects for Λc(2595) or Λc(2625) final
states (see Eqs. (6.31) and (6.32)). Uncertainties partially cancel in the R[Λc(2595)]
and R[Λc(2625)] ratios, which are predicted in Table 6.4 with moderate errors. We
expect these ratios to be comprised in the intervals [0.10, 0.15] and [0.10, 0.13], re-
spectively. These estimates compare rather well with those obtained in the covariant
confined quark model employed in Ref. [320].

Next we discuss the Γ1/2
sl;τ/Γ

3/2
sl;τ ratio, for which theoretical errors are larger. The

central value of this ratio compares rather well with that quoted in Table 6.2 for light
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leptons (µ or e), though its errors for the τ mode are slightly smaller.
The Γ1/2

sl;τ/Γ
3/2
sl;τ ratio would drastically change if the final charmed baryons turned

out to be predominantly hadronic molecules. In that situation, we would obtain the
same values as in Table 6.2 from the gG factors compiled in Table 6.3. We should
point out that because the available phase space is smaller for the τ mode, the decay
most likely occurs near the zero-recoil point where the approximations that lead to
the quotient of gG factors in Eq. (6.36) are more precise. The predicted ratios would
depend on the molecular scheme, and on the member of the double pole structure of
the Λc(2595) involved in the decay. However, in all cases, we would obtain values
below 0.5, at least one-sigma away from the predictions collected in Table 6.4, based
on the hypothesis that the Λc(2595) and Λc(2595) form the lowest-lying 1− HQSS
multiplet of excited charm-baryons. This latter picture also discards the existence of
a second JP = 1/2− (broad) resonance in the 2.6 GeV region.

It is not clear how the R[Λc(2595)] and R[Λc(2625)] ratios would be affected if
any of the resonances has a large molecular component, since this will also affect
the decay widths into light leptons that appear in the denominators of these ratios.
Therefore, one might think that they would not be significantly modified with respect
to the values given in Table 6.4, that mostly account for the reduction of phase space.
Nevertheless, it is difficult to be more quantitative. However, R[Λc(2595)] may be
affected by a new source of potentially large systematic errors, if in the τ and µ or
e modes, the same Λc(2595) molecular state is not observed. This confusion would
produce large numerical variations that would suggest false violations of LFU.

Finally, in Table 6.5 we collect several predictions [320,368–372] of the LFU ratios
for the Λb semileptonic decay into the ground-state Λc (1/2+).

Comparing the ratios of Tables 6.4 and 6.5, we see that R[Λc] is predicted to
be significantly larger than R[Λ∗

c ]. (Note, however, that the result of Ref. [372] is
considerably smaller than those given by the other authors.)

6.14 Conclusions
In this chapter, we have studied the Λb → Λ∗

c`ν̄` and Λb → Λ∗
cπ

− [Λ∗
c = Λc(2595)

and Λc(2625)] decays, paying special attention to the implications that can be de-
rived from HQSS. We have critically reviewed different molecular descriptions of
these charm excited baryons, and have discussed in detail the main features of those
schemes that predict a two-pole pattern for the Λc(2595), in analogy to the case of
the similar Λ(1405) resonance in the strange sector.

We have calculated the ratios Γ(Λb →Λc(2595)π−)/Γ(Λb →Λc(2625)π−) and Γ(Λb →
Λc(2595)`ν̄`)/Γ(Λb → Λc(2625)`ν̄`), and have shown that molecular schemes are
very sensitive to the interference and relative weights of the DN and D∗N contri-
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butions, as firstly pointed out in Refs. [224, 321]. Actually, we have re-derived some
of the results of these latter works using a manifest Lorentz and HQSS invariant
formalism. In this context, we have argued that future accurate measurements of
the above ratios will shed light on the nature of the Λc(2595), allowing us to address
issues as the existence of two poles or the importance of the D∗N channel in the
formation of the resonance(s).

We have also investigated the LFU ratios R[Λ∗
c ] = B(Λb → Λ∗

cτ ν̄τ)/ B(Λb →Λ∗
c

µν̄µ). We have computed Γ[Λb → Λc(2595)τν̄τ] and Γ[Λb → Λc(2625)τν̄τ] assuming
that the Λc(2595) and Λc(2625) form the lowest-lying jP

q = 1− HQSS doublet, and
have taken O (1/mc) improved form factors [317]. We have used a scheme that pre-
serves spin-symmetry in the b−quark sector, which implies neglecting corrections of
order ΛQCD/mb. This is an excellent approximation that leads to simple expressions
for the ω−differential widths, including full finite-lepton mass contributions that are
necessary for testing LFU. Finally, we have pointed out that the R[Λc(2595)] ratio
may be affected by a new source of potentially large systematic errors if there are
two Λc(2595) poles.

At the LHC, a large number Λb baryons are produced, and the LHCb collabora-
tion has reported large samples of Λc(2595) and Λc(2625) baryons in its semileptonic
decays. Hence, there are good prospects that LHCb can measure in the near future
some of the ratios discussed in this chapter.
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Chapter 7

The nature of the Λc(2595) and
Λc(2625) resonances

7.1 Introduction

Constituent quark models (CQMs) find a nearly degenerate pair of p−wave Λ∗
c ex-

cited states, with spin–parity JP = 1/2− and 3/2−, and masses similar to those of the
isoscalar odd-parity Λc(2595) and Λc(2625) resonances [74,309–312]. Taking into ac-
count the two different excitation-modes generally considered (the λ− and ρ−modes),
theΛCQM

c (2595) andΛCQM
c (2625) resonances should correspond to the members of the

HQSS–doublet associated to (`λ = 1,`ρ = 0), with total spin Sq = 0 for the ldof. The
total spins of these states are the result of coupling the orbital-angular momentum
`λ of the ldof–with respect to the heavy quark– with SQ , spin of the heavy quark.
Therefore, both ΛCQM

c (2595) and ΛCQM
c (2625) states will be connected by a simple

rotation of the heavy-quark spin, and these resonances will be degenerate in the
mQ →∞ limit.

Since the total angular momentum and parity of the ldof in the s−wave Σcπ and
Σ∗

cπ pairs are 1−, as in the CQM Λc(2595) and Λc(2625) resonances, the ΛCQM
c (2595

,2625) → π Σ(∗)
c → π πΛc decays respect HQSS, and hence one could expect sizable

widths for these resonances, unless these transitions are kinematically suppressed.
This turns out to be precisely the case [21], and as it is shown in Refs. [314,315], the
use of the actual resonance masses leads to widths for the CQM (`λ = 1,`ρ = 0) states
( jP

q = 1−) predicted in [312] consistent with data.
Within CQM schemes, it is nevertheless unclear why the role played by the Σ(∗)

c π

baryon-meson pairs in the generation of theΛc(2595) andΛc(2625) resonances can be
safely ignored, especially in the Λc(2595) case, since it is located very close to the Σcπ

threshold (1 MeV below or four MeV above depending on the charged channel). This
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observation leads us naturally to consider molecular descriptions of these lowest-
lying odd parity charmed baryon states, which should show up as poles in coupled-
channel T−matrices, fulfilling exact unitary.

As already mentioned in the previous chapter, the first molecular studies [336,
337] of the Λc(2595) and Λc(2625) were motivated by the appealing similitude of
these resonances to the Λ(1405) and Λ(1520) in the strange sector. In particular the
two isoscalar s-wave Λ(1405) and Λc(2595) resonances have several features in com-
mon. The mass of the former lies in between the Σπ and NK̄ thresholds, to which it
couples strongly. In turn, the Λc(2595) lies below the ND and just slightly above the
Σcπ thresholds, and substituting the c quark by a s quark, one might expect the inter-
action of ND to play a role in the dynamics of the Λc(2595) similar to that played by
NK̄ in the strange sector. The first works had some clear limitations. The JP = 1/2−

sector was studied in [336], where the amplitudes obtained from the scattering of
Goldstone-bosons off 1/2+ heavy-light baryons were unitarized. Despite the interac-
tions being fully consistent with chiral symmetry, neither the ND, nor the ND∗ chan-
nels were considered1. The work of Ref. [337] also studied theΛc(2595) and there, the
interactions were obtained from chirally motivated Lagrangians upon replacing the
s quark by the c quark. Though in this way, the ND channel was accounted for, the
HQSS counterpart ND∗ was not considered. Subsequent works [170, 171, 338, 339]
introduced some improvements, but they failed to provide a scheme fully consistent
with HQSS. In all cases, the Λc(2595), or the Λc(2625) when studied, could be dy-
namically generated after a convenient tuning of the low energy constants (LEC)
needed to renormalize the ultraviolet (UV) divergences resulting from the baryon-
meson loops. As mentioned before, none of these works were consistent with HQSS
since none of them considered the ND∗ channel [172]. Heavy pseudoscalar and vec-
tor mesons should be treated on equal footing, since they are degenerated in the
heavy quark limit, and are connected by a spin-rotation of the heavy quark that
leaves unaltered the QCD Hamiltonian in that limit.

The first molecular description of the Λc(2595) and Λc(2625) resonances, using
interactions fully consistent with HQSS, was proposed in Refs. [86, 172]. In these
works a consistent SU(6)lsf ×SU(2)HQSS extension of the chiral WT πN Lagrangian,
was derived. Two states with JP = 1/2− were dynamically generated in the region
of 2595 MeV. The first one, identified with the Λc(2595) resonance, was narrow and
it strongly coupled to ND and especially to ND∗, with a small coupling to the open
Σcπ channel. Its wave-function had a large jP

q = 0− component that coupled to the
spin (SQ = 1

2 ) of the charm quark gives a total JP = 1
2
− for the Λc(2595). Since the

1A detailed treatment of the interactions between the ground-state 1/2+ and 3/2+ singly charmed
and bottomed baryons and the pseudo-Nambu-Goldstone bosons, discussing also the effects of the
next-to-leading-order chiral potentials, can be found in [340].
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transition of the dominant jP
q = 0− term of the Λc(2595) to the final Σcπ state is

forbidden by HQSS, this mechanism will act in addition to any possible kinematical
suppression.

The second JP = 1/2− state found in [86, 172] was quite broad since it had a
sizable coupling to the Σcπ channel, and reproduced, in the charm-sector, the chiral
two-pole structure of the Λ(1405) [24, 32, 34, 35, 64, 69, 324]. On the other hand, a
JP = 3/2− state is generated mainly by the (ND∗−Σ∗

cπ) coupled-channel dynamics.
It would be the charm counterpart of the Λ(1520), and it was argued that could be
identified with the Λc(2625) resonance.

Several Λ∗
c poles were also obtained in the approach followed in Ref. [85]. There,

the interaction of ND and ND∗ states, together with their coupled channels are
considered by using an extension of the SU(3) local hidden gauge formalism from the
light meson sector [134–136] to four flavours . The scheme also respects LO HQSS
constraints [349] and, as in Refs. [86,172], a two-pole structure for the Λc(2595) was
also found, with the ND∗ channel playing a crucial role in its dynamics. This is
a notable difference to the situation in the strange sector, where the analog NK̄∗

channel is not even considered in most of the studies of the Λ(1405), because of the
large K̄∗− K̄ mass splitting. We will refer to this model as ELHG for the rest of this
Chapter.

However neither the SU(6)lsf ×SU(2)HQSS model, nor the ELHG consider the in-
terplay between Σ(∗)

c π− ND(∗) baryon-meson degrees of freedom and bare p−wave
cūd quark-model states. This is unjustified, in the same way, it was also unjustified
the neglect of baryon-meson effects in the CQM approaches.

The CQM approach of Ref. [312] finds isoscalar JP = 1/2− and 3/2−states at 2628
and 2630 MeV, respectively. Given the proximity of these bare three-quarks states
to the Λc(2595) and Λc(2625), it is reasonable to expect a significant influence of the
CQM degrees of freedom on the dynamics of the physical states. This seems to be spe-
cially true for the Λc(2625), for which the CQM prediction almost matches its mass.
CQM degrees of freedom can be taken into account in hadron scattering schemes by
considering an additional energy dependent interaction [257, 363, 373], driven by a
pole in the baryon-meson tree-level amplitudes located at the bare mass,

◦
MCQM, of

the CQM state. At energies far enough from
◦

MCQM, the contribution of the CQM
degrees of freedom can be possibly accounted for an appropriate LEC (induced by
the UV regulator of the loops) in the unitarized baryon-meson amplitude. However,
such contribution becomes more important for energies approaching

◦
MCQM, and its

energy dependence might then not be safely ignored.
In this chapter we will study the structure of the Λc(2595) and Λc(2625) reso-

nances in the framework of an effective theory consistent with heavy quark spin
and chiral symmetries, incorporating for the very first time the interplay between
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Σ(∗)
c π−ND(∗) baryon-meson degrees of freedom and bare p−wave cūd quark-model

states. For simplicity, we will use the SU(6)lsf×HQSS baryon-meson amplitudes,
though the most important conclusions extracted here do not depend on the par-
ticular hadron scattering model employed.

The chapter is based on the findings of Ref. [4] and it is organized as follows. After
this Introduction, the used formalism is briefly revised in Sect. 7.2, that is split in
several subsections dealing with the SU(6)lsf×HQSS hadron amplitudes, their renor-
malization and structure in the complex plane, with the inclusion of the CQM degrees
of freedom and finally with the evaluation of the Λ∗

c (1/2−,3/2−) →Λc(1/2+)ππ three-
body decays. The results of this research are presented and discussed in Sect. 7.3,
first neglecting CQM effects (Subsec. 7.3.1) and next coupling CQM and baryon-
meson degrees of freedom (Subsec. 7.3.2). Finally, the main conclusions of this chap-
ter are summarized in Sect. 7.4.

7.2 Formalism

7.2.1 SU(6)lsf×HQSS amplitudes and renormalization

The building-blocks considered in [86, 172, 347] in the C = 1 sector are the pseu-
doscalar (Ds,D,K ,π,η, K̄ , D̄, D̄s) and vector (D∗

s ,D∗,K∗,ρ,ω, K̄∗, D̄∗, D̄∗
s ,φ) mesons,

the spin–1/2 octet and the spin–3/2 decuplet of low-lying light baryons, in addition
to the spin-1/2 (Λc, Σc, Ξc, Ξ′

c, Ωc), and spin-3/2 (Σ∗
c , Ξ∗

c , Ω∗
c ) charmed baryons. All

baryon-meson pairs with (C = 1,S = 0, I = 0) quantum numbers span the coupled-
channel space for a given total angular momentum J and odd parity. The s-wave
tree level amplitudes between two channels are given by the SU(6)lsf × HQSS WT
kernel

V J
i j (s)= DJ

i j
2
p

s−Mi −M j

4 f i f j

√
E i +Mi

2Mi

√
E j +M j

2M j
, (7.1)

with s the baryon-meson Mandelstam variable, Mi and mi, the masses of the baryon
and meson in the i channel, respectively, and E i, the center-of-mass energy of the
baryon in the same channel. The hadron masses and meson decay constants, f i,
have been taken from Ref. [86]. The DJ

i j matrices are determined by the underlying
SU(6)lsf× HQSS group structure of the interaction. Tables for all of them can be found
in the Appendix B of Ref. [86]. Here, we truncate the coupled-channels space to that
generated by the Σcπ, ND and ND∗ and Σ∗

cπ and ND∗ in the JP = 1/2− and 3/2−

sectors, respectively. Other higher channels like Λcη, Λcω, Ξ(′,∗)
c K (∗), ΛD(∗)

s , Σ(∗)
c ρ, . . .

are little relevant for the dynamics of theΛc(2595) andΛc(2625) resonances [86,172],
and have not been considered in the analysis carried out in this Chapter.
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The matrices DJ are given in [86] in a basis of s−wave baryon-meson states.
They become, however, diagonal when states with well defined ldof total angular mo-
mentum, jq, are used. For the latter states, HQSS constrains are straightforward
because of the symmetry that QCD acquires, in the infinite quark mass limit, under
arbitrary rotations of the spin of the heavy quark [70–72]. In both bases, the to-
tal angular momentum of the baryon-meson pair is defined, and both sets of states
are related by a Racah rotation [3, 349] (see also Chapter 6). In the (Σ(∗)

c π, ND(∗))
truncated space, these matrices read

Σcπ ND ND∗ Σ∗
cπ ND∗

DJ=1/2 =


−4

p
3/2 −1/

p
2

p
3/2 −3 −3

p
3

−1/
p

2 −3
p

3 −9

 DJ=3/2 =

 −4 −p
2

−p2 0

(7.2)

with eigenvalues λ0 = −12, λatr
1 = −2−p

6 and λ
rep
1 = −2+p

6, and λatr
1 and λ

rep
1 ,

for JP = 1/2− and JP = 3/2−, respectively, as was seen in Chapter 6. Actually, the
SU(6)lsf ×SU(2)HQSS extension of the WT πN interaction proposed in [86, 172, 347]
leads to a large attraction (λ0) in the subspace where the total angular-momentum–
parity quantum numbers of the ldof are jP

q = 0−. This latter configuration does not
occur for J = 3/2, when only s−wave interactions are considered, and the ldof are nec-
essarily coupled to jP

q = 1−. In the jP
q = 1−−subspace, there exist both attractive (λatr

1 )
and repulsive (λrep

1 ) components, and HQSS relates the DJ=1/2 and DJ=3/2 matrices.
In this chapter, for the two-body loop function, we will use two renormaliza-

tion schemes. First, dimensional regularization using Lutz prescription, found in
Eq. (3.98) (which we shall call µ-RS), and then a sharp-cutoff, using the loop function
in Eq. (3.103) (this scheme we shall call Λ-RS).

For the µ-RS, we use the prescription adopted in Ref. [86], where the subtraction
points, µ, are chosen to be independent of the total angular momentum J, common
for all channels in a given CSI sector, and equal to

µ=αµm, (7.3)

with µm defined in Eq. (3.97) (see Eq. (3.95)). In addition, α is a parameter that
can be slightly adjusted to data [172]. Also, for the Λ-RS, note that there are no
cutoff effects in the finite G i(s)−loop function, as it would happen if the two-body
propagator would have been directly calculated using the UV cutoff Λ.
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7.2.2 Interplay between bare CQM and baryon-meson degrees
of freedom

Within the quark model approach of Ref. [312], odd-parity Λ∗ states are obtained at
2628 and 2630 MeV for J = 1/2 and 3/2, respectively. The ldof are coupled to an-
gular momentum–parity quantum numbers jP

q = 1− (λ−mode) in both cases, which
explains their approximate degeneracy. Higher excited states appear at 2.9 GeV
(ρ−mode), far from the Λc(2595) and Λc(2625) narrow resonances, and will not be
considered in the present analysis. However. the low-lying λ−mode states, given
their proximity to the Λc(2595) and Λc(2625), might significantly influence the dy-
namics of the physical states. This seems to be specially truth for the Λc(2625), since
the prediction of Ref. [312] for its mass is only 2 MeV higher than the experimental
one [(2628.11±0.19) MeV [21]].

Bare CQM-states effects on the baryon-meson dynamics can be effectively consid-
ered by means of an energy dependent interaction [22,165,363]

V J
ex(s)= 2

◦
MCQM

[V J
CQM]† · [V J

CQM]

s− (
◦

MCQM)2
, V J=1/2

CQM =
(

d1
p

3c1/2 −c1/2
Σcπ ND ND∗

)

V J=3/2
CQM =

( −d1 c1
Σ∗

cπ ND∗
)

(7.4)

where d1 and c1 are undetermined dimensionless parameters that control the str-
ength of the baryon-meson-CQM-state vertex. Note that [V J

CQM]† · [V J
CQM] gives rise

to 3×3 and 2×2 matrices in the JP = 1/2− and 3/2− sectors, respectively. The relation
between ND and ND∗ in V J=1/2

CQM and ND∗ in V J=1/2
CQM was obtained using Eq. (6.4).

The above interaction accounts for the contribution to baryon-meson scattering of
the exchange of an intermediate odd-parity CQM λ−mode state. It does not obviously
affect the jP

q = 0−−subspace of the JP = 1/2− sector, and it is consistent with HQSS
in the jP

q = 1−subspace of the JP = 1/2− and JP = 3/2− sectors, which are related by a
spin rotation of the heavy quark.

Note that V J
ex(s) introduces a pole in the baryon-meson tree-level amplitudes lo-

cated at the bare mass value,
p

s = ◦
MCQM. It should be interpreted as the mass of the

CQM state in the limit of vanishing coupling to the baryon–meson-pairs (d1, c1 → 0),
and therefore it is not an observable. The interaction with the baryon-meson cloud
dresses the CQM state through loops, renormalizing its mass, and the dressed state
might also acquire a finite width, when it is located above threshold. A priori,

◦
MCQM

is a free parameter of the present approach, and moreover it depends on the renor-
malization scheme [363]. This is because, in the effective theory, the UV regulator
is finite, and the difference between the bare and the physical resonance masses is
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π−

Λ+
c

π+

Σ(∗)++
c

Λ∗+
c

π+

Λ+
c

π−

Σ(∗)0
c

Λ∗+
c

π0

Λ+
c

π0

Σ(∗)+
c

Λ∗+
c

Figure 7.1: Diagrams for Λc(2595) or Λc(2625) decay into Λ+
c and two pions, mediated by the Σc or Σ∗

c
resonances, respectively.

a finite renormalization that depends on the adopted scheme. The value of the bare
mass, which is thus a free parameter, can either be indirectly fitted to experimen-
tal observations, or obtained from schemes that ignore the coupling to baryon-meson
pairs, such as some CQMs. In this latter case, the issue certainly would be to set
the UV regulator to match the quark model and the baryon-meson scattering ap-
proaches [363]. For simplicity, and consistently with HQSS, we take a common bare
mass for both J = 1/2 and J = 3/2, which is fixed to the average of masses reported in
the quark model of Ref. [312] (

◦
MCQM= 2629 MeV). We will explore different values

of the renormalization scheme-dependent bare couplings d1 and c1 to elucidate the
robustness of our results.

At energies far enough from
◦

MCQM, the contribution of Vex can be regarded as a
small contact interaction that can be accounted for by means of a LEC. However, the
exchange contribution becomes more important for energies approaching

◦
MCQM, and

it may not be safe to ignore its energy dependence. One might expect such situation
in the J = 3/2 sector, where Vex should provide a sizable attraction (repulsion) for
energies slightly below (above)

◦
MCQM, relevant in the dynamics of the Λc(2625). We

expect a less relevant role in the case of the Λc(2595), since this resonance is located
furthest from

◦
MCQM.

7.2.3 The Λ∗
c (1/2−,3/2−)→Λc(1/2+)ππ three-body decays through

the πΣ(∗)
c intermediate state

Isospin conservation forbids single pion transitions between the Λ∗
c and Λc, and

hence the Λ∗
c (1/2−,3/2−) decay into Λc and two pions. The decays proceed via an

intermediate I = 1 baryon-state down to a Λcπ pair. The relatively small masses of
the Λ∗

c ’s above Λc kinematically restrict the outgoing pion energies, making feasi-
ble a chiral derivative expansion [150]. There are two different final states, Λ+

c π
−π+

and Λ+
c π

0π0, and we will consider here only the resonant term driven by the exci-
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tation of the Σ(∗)
c and its subsequent decay into Λcπ, as shown in Fig. 7.1. This is

by large the dominant contribution to the Λc(2595) width, while it becomes signifi-
cantly smaller for the Λc(2625) one, since the virtual Σ∗

c intermediate state is very
much off-shell [150,374]. Indeed the ARGUS Collaboration reported a ratio [375] R =
Γ[Λc(2625)→Λ+

c π
+π− (non−resonant)]/Γ[Λc(2625)→Λ+

c π
+π− (total)]= 0.54±0.14.

The Λc(2595) or Λc(2625) decay width into the charged-pions mode2, at lowest
order in chiral perturbation theory and in the heavy mass limit, is given in the reso-
nance rest frame (LAB) by [150]

dΓπ−π+
ds12ds23

=Γ0

{
E2

3~p
2
2

∣∣∣G
Σ(∗)

c
(s12)

∣∣∣2 +E2
2~p

2
3

∣∣∣G
Σ(∗)

c
(s13)

∣∣∣2 +2E2E3

×Re
[
G∗
Σ(∗)

c
(s12)G

Σ(∗)
c

(s13)
]
~p2 ·~p3

}
(7.8)

Γ0 =
g2

D g2
RΣ(∗)

c π

144 f 2
ππ

3

MΛc M2
Σ(∗)

c

M2
R(MR −M

Σ(∗)
c

)2
G
Σ(∗)

c
(s)= 1

s−M2
Σ(∗)

c
+ i M

Σ(∗)
c
Γ
Σ(∗)

c
(s)

Γ
Σ(∗)

c
(s)= g2

D

6π f 2
π

MΛc

M
Σ(∗)

c

|~pΛcπ
π |3 , |~pΛcπ

π | =
λ

1
2 (s, M2

Λc
,m2

π)

2
p

s
,

s13 = M2
R +2m2

π+M2
Λc

− s12 − s23 , E3 =
√

m2
π+~p2

3 = M2
R +m2

π− s12

2MR
,

2The Λ(2595) and Λ(2625) amplitudes read

TJ=1/2
π−π+ =− gD gRΣcπ

3 fπ

2MΣc

(MR −MΣc )
ūΛc

{
(vpπ− )GΣc (s12)( /pπ+ +vpπ+ )γ5

1+ /v
2

+ (vpπ+ )GΣc (s13)

×( /pπ− +vpπ− )γ5
1+ /v

2

}
uR (7.5)

TJ=3/2
π−π+ = gD gRΣcπ

3 fπ

2MΣc

(MR −MΣc )

[
(vpπ− )GΣc (s12)pµ

π+ + (vpπ+ )GΣc (s13)pµπ−
]

ūΛc Pµν(v)uνR (7.6)

where v is the common velocity of all involved charmed hadrons, which remains unaltered in the
heavy quark limit. It satisfies v2 = 1 and /vu(ν)

R = u(ν)
R and /vuΛc = uΛc , with u and uν mass-dimensions

Dirac and Rarita-Schwinger spinors, respectively. The spin 3/2 projector is

Pµν(v)=
(
−gµν+vµvν+ 1

3
(γµ+vµ)(γν−vν)

)
1+ /v

2
(7.7)

with metric (+,−,−,−), and the sum over fermion polarizations is given by uū = 2M(1+ /v)/2 and
uµūν = 2MPµν.
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E2 =
√

m2
π+~p2

2 = M2
R +m2

π− s13

2MR
, ~p2 ·~p3 = E2E3 +m2

π− s23/2

with MR the resonance mass, λ(x, y, z)= x2+ y2+ z2−2xy−2xz−2yz. In addition, s12
(invariant mass square of Λcπ

+) varies between (MΛc +mπ)2 and (MR −mπ)2, while
the limits of s23 (invariant mass square of the π+π− pair) are

smax,min
23 = (

E∗
π+ +E∗

π−
)2 − (

p∗
π+ ∓ p∗

π−
)2 , E∗

π+ =
s12 +m2

π−M2
Λc

2
p

s12
,

E∗
π− = M2

R −m2
π− s12

2
p

s12
(7.9)

with p∗2
π± = E∗2

π±−m2
π. The expression of Eq. (7.8) corresponds to the square of the sum

of amplitudes associated to the first two diagrams of Fig. 7.1. The processes occur
so close to threshold, specially the Λc(2595) decay, that the available phase space
might depend significantly on the small isospin-violating mass differences between
members of the pion and Σ(∗)

c −multiplets. We have used mπ = mπ± , M
Σ(∗)

c
= (M

Σ++(∗)
c

+
M
Σ0(∗)

c
)/2, MΛc(2595) = 2592.25 MeV and MΛc(2625) = 2628.11 MeV. The errors on the

masses of the Λ∗
c resonances quoted in the RPP [21] are 0.28 MeV and 0.19 MeV,

respectively, and turn out to be relevant only for the Λc(2595) width, but even in
that case, it induces variations of the order of 1%. In addition gD / fπ = 0.0074 MeV−1,
which leads to Γ[Σc →Λcπ]= 1.9 MeV and Γ[Σ∗

c →Λcπ]= 14.4 MeV, and we take the
dimensionless coupling gRΣ(∗)

c π
from the residue at the resonance-pole of the Σ(∗)

c π

channel (s−wave) that we choose to be real, by an appropriate redefinition of the
overall phases of the meson and baryon fields.

The rates for the neutral-pions channel can be obtained by adding a symmetry
factor 1/2 to avoid double counting the two identical bosons in the final state and
using mπ = mπ0 , M

Σ(∗)
c

= M
Σ+(∗)

c
.

Adding the contribution of neutral and charged pion modes, we find that the
Σ(∗)

c −resonant contribution to the Λc(2595) and Λc(2625) decays into Λ+
c and two

pions are

Γ[Λc(2595)→Λcππ] = 1.84× g2
Λc(2595)Σcπ

[MeV] ,

Γ[Λc(2625)→Λcππ] = 0.27× g2
Λc(2625)Σ∗

cπ
[MeV] (7.10)

with the π0π0 channel being the 81.5% and 45.0% of the total for the Λc(2595) and
Λc(2625) partial widths, respectively. In the exact isospin limit, the two-neutral-
pions partial width is a factor of two smaller than the π+π− one. The experimen-
tal width of the Λc(2595) is 2.6±0.6 MeV (nearly 100% saturated by the two Λcππ

modes), while there exists an upper bound of 0.97 MeV for the Λc(2625) [21]. Hence,
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the experimental Γ[Λc(2595)] provides a direct measurement of the s−wave cou-
pling constant g2

Λc(2595)Σcπ
, assuming that a possible D−wave contribution is neg-

ligible [376]. The bound on Γ[Λc(2625)], on the other hand, puts upper limits on the
coupling in s−wave of this resonance to the Σ∗

cπ pair, but one should bear in mind
that in this case, the resonant contribution does not saturate the decay width.

The interference term in Eq. (7.8) for the charged mode, and the equivalent one
in the case of π0π0, gives a small contribution to the integrated width. In particular
for the Λc(2595), it is of the order of −1% and −0.2% for the π+π− and π0π0 channels,
respectively. For the Λc(2625), it becomes larger around −5% and −4%, respectively,
but it is still quite small. This can be easily understood by changing the s12 and s23
integration variables to E3 and cosθ23, with θ23 the angle formed by the two pions
in the resonance rest-frame. The energy E2 (or equivalently s13) depends on cosθ23
through the conservation of energy equation, MR = E3(~p3 )+E2(~p2)+EΛc (~p2 +~p3).
In the infinite charm limit, the recoiling Λc baryon carries off momentum but not
kinetic energy, and hence the approximation [150]

E2 ∼ MR −MΛc −E3 (7.11)

turns out to be quite accurate, specially for the Λc(2595) where the energy released
by the decaying resonance is very small. Within this approximation, the only depen-
dence of the differential decay rate on cosθ23 comes from the scalar product ~p2 ·~p3
in the interference term, that would vanish in the integrated width, since cosθ23
covers almost totally the [−1,1] range for all E3 allowed values. Indeed, we re-
cover Eq. (3.5), up to a factor 1/2, of Ref. [150] from the expression of Eq. (7.8) by
neglecting the interference term and adopting the approximation of Eq. (7.11), us-
ing that ds12 = 2MRdE3 and taking into account that the integration over ds23 gives
4p∗

π+ p∗
π− ∼ 4

√
E2

3 −m2
π

√
E2

2 −m2
π, approximating in the propagators (s12(13)−M2

Σ(∗)
c

) by

2M
Σ(∗)

c
(MR −E3(2) −M

Σ(∗)
c

), and finally identifying g2
D = h2

1/2 and g2
RΣ(∗)

c π
= 3h2

2(MR −
M
Σ(∗)

c
)2/(2 f 2

π ), with h1,2 used in Ref. [150]. The factor 1/2 introduced in this latter
work does not hold for the π+π− decay mode, though should be included for the neu-
tral mode 3.

Finally, we would like to mention that the three-bodyΛc(2595)→Λcππ decay rate
can be approximated by using the narrow width approximation of the Σ(∗)

c −propagators,

∣∣GΣc (s)
∣∣2 ∼ π

MΣcΓΣc (s)
δ(s−M2

Σc
)= 6π f 2

π

MΛc |~pΛcπ
π |3

δ(s−M2
Σc

) (7.12)

3Note, however, that the expression for the Λcπ
0π0 partial width used by the CDF Collaboration

in Ref. [376] is wrong by a factor of two. The 1/2 in Eq. (13) for the amplitude in that reference should
be replaced by 1/

p
2.
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which leads to

Γπ−π+ ∼ (ΓΛc(2595)→Σ++
c π− +ΓΛc(2595)→Σ0

cπ
+) , Γπ0π0 ∼ΓΛc(2595)→Σ+

c π
0 (7.13)

ΓΛc(2595)→Σa
cπ

b = g2
Λc(2595)Σcπ

6π
MΣa

c
MΛc(2595)

|~pπ| , |~pπ| =
λ

1
2 (M2

Λc(2595),M
2
Σa

c
,m2

πb )

2MΛc(2595)
(7.14)

for the charge-combinations (a,b) = (++,−), (0,+) and (+,0), which correspond to the
square of the amplitudes of each of the three diagrams depicted in Fig. 7.1. To obtain
Eq. (7.13) from Eq. (7.8), using the approximation of Eq. (7.12), we have neglected the
interference contributions, have approximated the LAB energy of the non-resonant
pion and the momentum of the resonant one by (MΛc(2595) − MΣc ) and |~pπ|, respec-
tively, and in addition, we have made use that the momentum of the non-resonant
pion in the Σc−rest frame is MΛc(2595)|~pπ|/MΣc . The two body s−wave-widths limit
of Eq. (7.13) works well when the intermediate Σc is nearly on-shell. The value used
here for MΛc(2595) is 1.2 (4.6) MeV below (above) the Σ++,0

c mπ∓ (Σ+
c mπ0) threshold. We

find that Γπ0π0 and ΓΛc(2595)→Σ+
c π

0 differ only in 0.19 g2
Λc(2595)Σcπ

[MeV], this is to say,
the latter width is just 2.5% greater than the former one. The Σ++

c and Σ0
c cannot be

put on shell for this mass of the Λc(2595), but clearly the differential decay width of
Eq. (7.8) is strongly dominated by the contribution of two well separated peaks that
correspond to the first two mechanisms shown in Fig. 7.1 [150].

Finally, we should acknowledge that we have neither considered direct two pion
emission processes mediated by heavier Σ(∗)

c −resonances, nor ππ or πΛc final state-
interactions (FSI) effects. In the case of the Λc(2595), the decay is dominated by the
intermediate Σc(2455)−mechanism [21]. Indeed, the ARGUS Collaboration reported
a value of 0.66+0.13

−0.16 ±0.07 for the ratio of resonant contribution to width and total
width [377], while the results of the E687 Collaboration are consistent with this ratio
being 100% [378]. Other mechanisms are then expected to be significantly smaller.
We should bear in mind that we only use the three body decays of the Λc(2595)
and Λc(2625) to limit the acceptable values of the couplings of these resonances to
the Σ(∗)

c π pairs, and thus considering only the intermediate Σc(2455)−contribution
is sufficiently accurate for our purposes. On the other hand, pions are produced al-
most at threshold and hence one should expect small effects from their FSI. The πΛc
FSI are however large, and are dominated by the production of the Σc(2455), which
effects are explicitly taken into account thanks to the complex propagator of this in-
termediate resonance. For the Λc(2625) case, contact two pion emission processes
can be more relevant. However, the strongest bound for g2

Λc(2625)Σ∗
cπ

comes from the
Σ∗

c (2520) resonant contribution measured by the ARGUS Collaboration [375], which
is precisely what we compute here using the mechanisms depicted in Fig. 7.1.
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7.3 Results and discussion

7.3.1 SU(6)lsf×HQSS hadron molecules: dependence on the renor-
malization scheme

Figure 7.2: Absolute value of the determinant of the T−matrix (AVD-T) in the JP = 1/2− (left) and
JP = 3/2− (right) sectors using two UV renormalization schemes: µ-RS with α = 0.95[SC-µ in the
figure] and a cutoff of 650 MeV in the top and bottom panels respectively. We display the AVD-T for
both the FRS (Im(E) > 0) and the SRS (Im(E) < 0) [fm] of the unitarized amplitudes as a function of
the complex energy E [MeV]. We also show the scattering line (blue solid curve) in all the cases. Bare
CQM exchange interactions are set to zero (d1 = c1 = 0 in Eq. (7.4)). In the z−axis we have AVD-T, in
the x−axis we have Re(E) and in the y−axis we have Im(E).

First we present in Fig. 7.2 the dynamically generated resonances (poles in the
SRS of the amplitudes) that are obtained, when the effects produced by the exchange
of CQM bare states are neglected. We show both the J = 1/2 and J = 3/2 sectors, and
consider the two renormalization schemes introduced in Subsec. 7.2.1. The numerical
positions of the poles and residues are given in the first row of Tables 7.1 and 7.2.

The µ-RS results found here, working with the reduced ND(∗) −Σ(∗)
c π coupled-
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channels space, reproduce reasonably well the most important features reported in
the original works of Refs. [86,172]. Indeed, we choose α= 0.95 to better account for
some of the effects produced by the channels that have not been considered in the
current approach. We see that a narrow JP = 1/2− Λ0−

c (n)(2595) resonance (Γ∼ 2 MeV)
is produced. This is mostly generated from the extended WT ND − ND∗ coupled-
channels dynamics in the jP

q = 0− subspace. This state has a small coupling to the
( jP

q = 1−) Σcπ channel which, in addition to the proximity to the open threshold,
explains its small width. There appears a second JP = 1/2− pole [Λ1−

c (b)(2595)] in
the 2.6 GeV region. Although it is placed relatively close to the Σcπ threshold, this
resonance is broad (Γ ∼ 75 MeV) because of its sizable coupling to the latter open
channel. Nevertheless, as seen in Fig. 7.2, this second wide state will not produce
visible effects on the baryon-meson s−wave cross sections, since its possible impact
for real values of s will be shadowed by the narrow Λ0−

c (n) that is located at a similar
mass and much closer to the scattering line. Thus, this double pattern structure
would be difficult to be confirmed experimentally, and it will not certainly show up
in the Λcππ spectrum, where the evidences of the Λc(2595) have been reported [376,
377, 379]. However, it has been argued that exclusive semileptonic Λb ground-state
decays into excited charmed Λ∗

c baryons could unravel the two Λc(2595) states [3,
321], if they exist.

In the JP = 3/2− sector, we find a resonance that clearly is the HQSS partner
of the broad JP = 1/2− Λ1−

c (b)(2595) state, with quantum numbers 1− for jP
q . It is

located above the Σ∗
cπ threshold, with a width of around 55 MeV. Furthermore, the

coupling of this JP = 3/2− pole to the Σ∗
cπ channel is essentially identical to that

of the Λ1−
c (b)(2595) to Σcπ. This JP = 3/2− isoscalar resonance might be identified

with the D−wave Λc(2625), although its mass and width significantly differ from
those of the physical state. In Refs. [172] and [86], it is argued that a change in the
renormalization subtraction constant could move the resonance down by 40 MeV to
the nominal position of the physical state, and that in addition, this change of the
mass would considerably reduce the width, since the state might even become bound
below the Σ∗

cπ threshold. Thus, within the SU(6)lsf ×SU(2)HQSS model, the Λc(2625)
would turn out to be the HQSS partner of the second broad Λ1−

c (b)(2595) pole instead
of the narrow Λ0−

c (n)(2595) resonance4. This is in sharp contrast to the predictions of
the CQMs, where there is no a second 2595 pole, and the Λc(2625) and the narrow
Λc(2595) are HQSS siblings, produced by a λ−mode excitation of the ground 1/2+ Λc
baryon.

The µ-RS plays an important role in enhancing the influence of the ND∗ channel
in the dynamics of the narrow Λ0−

c (n)(2595) state. Indeed, this scheme also produces a

4A more detailed discussion, incorporating some elements of group theory, can be found in [86] and
in Subsection 6.4.1 of Chapter 7.
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reduction in the mass of the resonance of around 200 MeV, which thus appears in the
region of 2.6 GeV, instead of in the vicinity of the ND threshold. Indeed, we see also
in Fig. 7.2 and Table 7.2 that if the UV behaviour of the amplitudes is renormalized
by means of a common momentum cutoff of 650 MeV, the position of the jP

q = 0− pole
in the JP = 1/2− sector moves up drastically, and it now appears at 2.8 GeV with little
chances to be identified with the physical Λc(2595) state. It is still narrow, because
HQSS prevents its coupling to Σcπ to become large. However, the main features of
the broad JP = 3/2− resonance and the jP

q = 1− one in the J = 1/2 sector are not much
affected by the change of renormalization scheme. The mass position of the latter
resonance can be moved down to the vicinity of the Σcπ threshold using cutoffs of the
order of 750 MeV, still reasonable. At the same time its width also decreases since
the available phase space for the decay becomes smaller. However, to obtain masses
for the 3/2−state of around 2625 MeV, significantly larger cutoffs of the order of 1200
MeV are needed. This might hint the existence of some further contributions to those
induced for the baryon-meson unitarity loops, and that are effectively accounted for
the somehow unnatural UV regulator. In this context, we will discuss in the next
subsection effects produced by CQM degrees of freedom. In addition, the coupling
|gΣ∗

cπ| would take values of around 1.6 leading to Γ[Λc(2625) → Λcππ] ∼ 0.7 MeV
from Eq. (7.10), 30% below the upper bound on the total width of the resonance.
However, taking into account that the Σ∗

c−resonant contribution measured by the
ARGUS Collaboration is (46±14)% [375] of the total, we find that 0.7 MeV is around
two sigmas above the inferred upper bound for the resonant mechanism. Note that
using Eq. (7.10), the upper bound on the Σ∗

c−resonant contribution to the Λc(2625)
width leads to

|gΣ∗
cπ| < 1.3±0.2 (7.15)

We end up this discussion by studying the relation between cutoff and µ-RS UV
renormalization schemes. Results obtained in µ-RS are recovered by using appro-
priate channel-dependent cutoffs as detailed in Eq. (3.102). These are 459 MeV, 544
MeV, 905 MeV and 1044 MeV for πΣc, πΣ∗

c ND and ND∗, respectively. We see that
the cutoff for ND∗ is large and it enhances the importance of this channel in the
dynamics of the narrow Λ0−

c (n)(2595) resonance found in the µ-RS.

7.3.2 CQM and baryon-meson degrees of freedom
As mentioned in Subsec. 7.2.2, the quark model of Ref. [312] predicts a (JP = 1/2−,3/2−)
HQSS doublet of states, almost degenerate and with

◦
MCQM∼ 2629 MeV. Though with

some precautions, because the CQM bare mass is not an observable and the matching
procedure between the quark model and the effective hadron theory is not well de-
fined, it seems natural to think that the bare CQM states should have an important
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Figure 7.3: Dependence of the JP = 3/2− CQM and molecular pole positions as a function of the
LEC d1, for c1 = 0. We show results for both, the cutoff and µ-RS (α = 0.95) [SC-µ in the figure]
renormalization schemes, and the values of the bare CQM mass and the Σ∗

cπ threshold energy.

influence in the dynamics of theΛc(2595) andΛc(2625) resonances, which are located
so close. Indeed, the baryon-meson interactions of Eq. (7.4), driven by the exchange
of the CQM state, have a strong energy dependence close to

◦
MCQM∼ 2629 that might

be difficult to accommodate by just modifying the real part of the unitarity loops. The
LECs c1 and d1, that control the interplay between bare CQM and baryon-meson de-
grees of freedom, are unknown. They are also renormalization scheme-dependent,
and once the scheme is fixed, they should be inferred from data. The hope is that in
this way, some theoretical predictions could become renormalization independent, at
least in some energy window around the experimental inputs.

The Λc(2625)

First we pay attention to the JP = 3/2− sector. In Figs. 7.3, 7.4 and 7.5, we show
results obtained using µ-RS (α= 0.95) or a common UV cutoff of 650 MeV for different
CQM & baryon-meson couplings. In principle one expects that d1 should be more
relevant than c1 because the Σ∗

cπ−threshold is closer to
◦

MCQM than the ND∗ one.
Thus, in a first stage we set c1 to zero and start varying d1. Results are depicted in
Fig. 7.3 (note that in this situation, the irreducible amplitudes depend on d2

1). There
are now two poles in both renormalization schemes. The lightest one is located below
the Σ∗

cπ−threshold and it tends to
◦

MCQM when d1 → 0. Its coupling to Σ∗
cπ, |gΣ∗

cπ|,
grows from zero, when d1 = 0, to values of around 1.8 or 1.9, when d1 =−2, for the UV
cutoff or µ-RS renormalization schemes, respectively. The upper bound of Eq. (7.15)
is not satisfied above |d1| > 1.2(1.0) for the Λ= 650 MeV (µ-RS) scheme.

On the other hand, the second pole, located a higher masses, is a broad resonance,
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Figure 7.4: Dependence of the couplings, mass and Σ∗
cπ−molecular probability of the JP = 3/2−

dressed CQM pole as a function of the LEC c1, for d1 = −0.8. We show results for both, the
cutoff and µ-RS (α = 0.95) [SC-µ in the figure] renormalization schemes. In addition, ∆MCQM =
[MCQM(d1)−MCQM(d1 = −0.8)], with MCQM(d1 = −0.8) = 2615.81 MeV and 2617.49 MeV for the left
and right panels, respectively.

with a width of around 60 MeV and little sensitivity to d1. Indeed, as can be seen
in the figure, the width varies less than 2 (8) MeV in the UV cutoff (µ-RS) scheme,
when d1 changes from 0 to −2. The mass of this second resonance is more affected
by d1, and gets bigger when d2

1 increases, since the CQM exchange interaction is

repulsive for energies above
◦

MCQM. The pole matches the SU(6)lsf×HQSS molecular
one discussed in Subsec. 7.3.1, when the coupling between CQM and baryon-meson
degrees of freedom is switched off.

Within the non-relativistic CQM used in Ref. [315], the LEC d1 is predicted to
be −0.8. With all cautions, already mentioned, about the matching between quark-
models and hadron-hadron based images of the problem, and the dependence on the
renormalization procedure, we will fix d1 to the latter value, and study the depen-
dence of the previous results on c1. We let this latter parameter vary in the range −3
to 2 in Fig. 7.4, where the |gΣ∗

cπ| and |gND∗ | couplings, the mass and Σ∗
cπ−molecular

probability of the JP = 3/2− dressed CQM pole are shown as a function of c1. The
molecular probability is defined through the Weinberg’s compositeness, given by
Eq. (3.114), which here we write as Pi, with i the channel. As can be seen in the
left panel of the figure, the variation of the mass of the CQM pole with c1 is quite
mild within the cutoff scheme. It changes only about 3 MeV, MCQM ∈ [2614.7,2617.8]
MeV, when c1 varies in the [−2.0,0.5] interval and, at most, MCQM reaches values
close to 2630 MeV for the largest positive values of c1 shown in the figure. At the
same time |gΣ∗

cπ| goes from 1.3 down to 0.8 when c1 varies from −3 to 2. Hence,
one can accommodate the experimental mass in the region of 2628 MeV, consistently

160



Chapter • 7

Figure 7.5: AVD-T in the JP = 3/2− sector using two UV renormalization schemes : µ-RS (α = 0.95)
and a cutoff of 650 MeV in the bottom and top panels, respectively, for different CQM & baryon-meson
pair couplings (from left to right): (c1 = −3,d1 = −0.8), (c1 = 0,d1 = −0.8) and (c1 = 2,d1 = −0.8).
We display the AVD-T for both the FRS (Im(E) > 0) and the SRS (Im(E) < 0) [fm] of the unitarized
amplitudes as a function of the complex energy E [MeV]. We also show the scattering line (blue solid
curve) in all the cases. Axes are defined as in Fig. 7.2.

with the upper bound on the Σ∗
c−resonant contribution to the width discussed in

Eq. (7.15). The molecular probability of this state would be small since PΣ∗
cπ ∼ 0.1,

reaching maximum values of about 0.2, when c1 is close to −3. Moreover, for this lat-
ter value of c1, PND∗ is of the order of 0.04. When c1 increases, PND∗ (not shown in
the plot) continues decreasing and it becomes zero close to c1 = 0.2. From this point,
PND∗ starts growing to reach values of the order of 0.08 for c1 = 2. The coupling
|gND∗ |, displayed in the figure, follows a similar pattern, as expected.

Results obtained within the µ-RS, shown in the right panel of Fig. 7.4, differ
from those discussed above, but some qualitative features are similar. The PND∗ and
|gND∗ | patterns, the small molecular probability and the mild dependence of MCQM
and |gΣ∗

cπ| on c1. The maximum values obtained for the mass (∼ 2618) of the state
are found for c1 in the region of −0.8. Note however that the possible tension with
the experimental mass of 2628.11 MeV is not really significant, since the agreement
can be likely improved by changing the renormalization parameter α.

In Table 7.1, we present together the properties of CQM and molecular JP = 3/2−

poles, for d1 = −0.8 and c1 = 0,1 and −1, and both renormalization schemes. The
dressed CQM results of the table were already discussed in Fig. 7.4. The properties
of the molecular state, that would have jP

q = 1− quantum-numbers, hardly depend
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on c1 and both renormalization schemes predict a new state around 2.7 GeV and 60
MeV of width. The emergence of this new resonance, that would not be the Λc(2625),
can be clearly seen in the FRS and SRS plots of Fig. 7.5, where larger values of |c1|
than in Table 7.1 have been considered.

Hence, we conclude that the physical Λc(2625) finds naturally its origin in the
CQM bare state obtained in Ref. [312], while we predict the existence of a molecular
baryon, moderately broad, with a mass of about 2.7 GeV and sizable couplings to
both Σ∗

cπ and ND∗.
This latter pole will not show up in the experimental Λcππ spectrum, dominated

by the physical resonance. Furthermore this state, mistakenly associated with the
Λc(2625) in the previous SU(6)lsf×HQSS studies of Refs. [86, 172] where the cou-
pling to CQM degrees of freedom was not considered, will be similar to that found
in the chiral approach of Ref. [171] or to the Σ∗

cπ pole reported in the ELHG scheme
followed5 in [85]. The SU(3) chiral approach of Ref. [340] reduces the mass of this
molecular state down to that of the Λc(2625) by using a large UV cutoff of 2.13 GeV.
This points out, following the arguments given in [352,353], to the existence of some
relevant degrees of freedom (CQM states and/or ND∗ components) that are not prop-
erly accounted for in [340].

The Λc(2595)
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Figure 7.6: Dependence of the JP = 1/2− CQM and molecular pole positions as a function of the LEC
d1, for c1 = 0. We show results for both, the cutoff and µ-RS (α = 0.95) [SC-µ in the figure] renor-
malization schemes, and the values of the bare CQM mass and the Σcπ threshold energy. Molecular
states are labeled according to their dominant ldof configuration, 0− or 1−.

5In that work, it was not identified with the Λc(2625) resonance, which is generated there as a
ND∗ state, after modifying the ELHG ND∗ → ND∗ potential including box-diagrams constructed out
of the anomalous D∗D∗π coupling, and fitting the UV cutoffs to reproduce its mass.
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Figure 7.7: AVD-T in the JP = 1/2− sector using two UV renormalization schemes : µ-RS (α = 0.95)
[SC-µ in the figure] and a cutoff of 650 MeV in the bottom and top panels, respectively, for different
CQM & baryon-meson pair couplings (from left to right): (c1 = −3,d1 = −0.8), (c1 = 0,d1 = −0.8) and
(c1 = 2,d1 =−0.8). We display the AVD-T for both the FRS (Im(E)> 0) and the SRS (Im(E)< 0) [fm] of
the unitarized amplitudes as a function of the complex energy E [MeV]. We also show the scattering
line (blue solid curve) in all the cases. Note that the range of Re(E) is much larger in the top panels
than in the bottom ones. Axes are defined as in Fig. 7.2.

Now, we turn the discussion into the JP = 1/2− sector. As we did before, in a
first stage we set c1 to zero and start varying d1. Results are depicted in Fig. 7.6.
There appear now three poles for both renormalization schemes considered in this
Chapter. As compared to the case in the left panels of Fig. 7.2, where the coupling
between CQM and baryon-meson degrees of freedom was switched off, there is an
extra state which has its origin in the jP

q = 1− CQM bare state. The mass and the
width of the narrow state at 2800 MeV (Λ= 650 MeV) or 2610 MeV (µ-RS) are prac-
tically unaltered by d1. This is a trivial consequence of the largely dominant jP

q = 0−

configuration of these states, since HQSS forbids their coupling to the jP
q = 1− CQM

bare state.
The location of the second broad molecular state, [Λ1−

c (b)(2595)], observed in Fig. 7.2
is strongly influenced by the quark-model state that produces an attraction that
grows with d2

1. Thus, for d1 < −0.6 or −0.7, depending of the renormalization pro-
cedure, it moves below the Σcπ threshold and becomes a bound state. Within the
µ-RS, this jP

q = 1− molecular state would not be, however, identified with the phys-
ical Λc(2595) resonance, that would be reproduced by the narrow Λ0−

c (n)(2595) pole
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at 2610-2611 MeV, with small |gΣcπ| coupling6 and large |gND | and |gND∗ | ones, es-
pecially the latter (≥ 6.2). The situation is different in the UV cutoff scheme, since
the jP

q = 0− narrow resonance is placed at 2800 MeV, and it is precisely the jP
q = 1−

molecular state, the best candidate to describe the physical Λc(2595).
In addition, we see in Fig. 7.6 that the bare CQM state is modified due to the

baryon-meson loop effects, and it is moved to the complex plane acquiring also a
finite width that obviously grows with d2

1. The quantitative details, nevertheless,
depend on renormalization scheme.

As in the Λc(2625) subsection, we fix d1 = −0.8 from the CQM of Ref. [315], and
study in Table 7.2 and Fig. 7.7, the dependence of the spectrum of states on the LEC
c1. As expected, the mass position of the jP

q = 0− pole is hardly affected, while its
small width depends much more on c1. As mentioned above, within the µ-RS scheme
the physical Λc(2595) is identified with the Λ0−

c (n)(2595). We see that the pole might
have a coupling to the Σcπ−pair smaller than 1, and thus it would be smaller than
needed to reproduce the experimental width from Eq. (7.10). In the UV cutoff ap-
proach, instead, there would be a molecular narrow state close to the ND threshold,
strongly coupled to it and that might provide some visible signatures in processes
involving final state interactions of this baryon-meson pair (see bottom panels of
Fig. 7.7). In this latter renormalization scheme, the Λc(2595) is described by the
jP
q = 1− hadron molecule located below threshold at around 2590 MeV, little affected

by c1, and with |gΣcπ| ∼ 1. Thus from Eq. (7.10), the Λc(2595) → Λππ width will
be predicted to be around 1.8, in good agreement with experiment (2.6±0.6). Nev-
ertheless, the Λc(2595), despite of having 1− quantum numbers for the ldof, would
not be the HQSS partner of the Λc(2625) either in this case, because the predomi-
nantly quark-model structure of the latter. Indeed, the Λc(2595) would have a large
molecular content, PΣ∗

cπ = 0.6−0.7.
Note that the jP

q = 1−state in the µ-RS scheme will be irrelevant, since its ef-
fects will be completely overcome by those produced by the Λ0−

c (n)(2595) (see Fig. 7.7),
independently it is placed below the Σcπ threshold or it becomes a broad resonance.

The different inner structure of the Λc(2595) within the UV cutoff and µ-RS
schemes, and the dependence of this structure on c1 will lead to differences in ND
and ND∗ couplings that would produce different predictions for the exclusive semilep-
tonic Λb →Λc(2595) decay [3,321].

Finally, we see that in both renormalization schemes we obtain the dressed CQM
pole at masses around 2640–2660 MeV and with a width of the order of 30-50 MeV,
depending on the chosen regulator and on c1, though for moderate variations, one
should not expect a large dependence on c1 because the ND and ND∗ thresholds are
not too close. This is a prediction of the present work, and this state should provide

6It decreases with d2
1 and it varies from 0.5 for d1 = 0 down to 0.04 for d1 =−2.
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signatures in the open channel Σcπ since its coupling to this pair is sizable, well
above one. As seen in Fig. 7.7, for large negative values7 of c1 in the µ-RS case, it
could be, however, be shadowed by the Λ0−

c (n)(2595) resonance.

7.3.3 Further comments
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Figure 7.8: Mass (left) and coupling to Σ∗
cπ (right) of the dressed CQM state as a function of the LEC

d1, for three different values of the mass of the bare CQM state,
◦

MCQM= 2544,2529 and 2514 MeV, in
the JP = 3/2− sector. In addition, the LEC c1 has been fixed to zero. We show results obtained with
the cutoff renormalization scheme.

Here, we briefly revisit and summarize some of the features/assumptions of the
current approach that induce ambiguities in the main conclusions of this Chapter,
which we will be collected in the next section. We also suggest, when possible, how
the model dependence can be fixed by future measurements.

• The regularization of the loop function determines the off-shell behaviors of the
amplitudes and leads to a model dependence, as we have put here of manifest
by comparing the SCµ and UV cutoff results. This source of systematic errors
is ignored in most of the molecular approaches available in the literature. The
existence of a narrow JP = 1/2− state close to the ND threshold would disen-
tangle between these two renormalization schemes, since it will definitely favor
the UV cutoff scheme. This state would show up in the Σcπ spectrum through
virtual ND and ND∗ loops.

• The LECs c1 and d1, that control the interplay between the bare CQM and the
baryon-meson degrees of freedom are uncertain and are UV renormalization

7What it is really relevant is that the product c1 d1 is positive.
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scheme dependent parameters. Nevertheless, the results displayed in Fig. 7.3
for the JP = 3/2− higher mass resonance constrain considerably d1 (coupling
between the bare CQM state and Σcπ). We find a sizable dependence of the
mass of this state on d1 that can serve to fix this LEC in both renormalization
schemes employed in this Chapter. Interestingly, we also observe that the mass
and the width of this resonance do not depend drastically on the regularization
method. We note that the range of values considered in Fig. 7.3 for |d1| is
sufficiently large, given that it is estimated to be around 0.8 in Ref. [315], using
a framework compatible with the CQM employed in [312] from which we have
taken

◦
MCQM. Hence, we end up with a reasonably robust prediction for the

existence of a JP = 3/2− molecular baryon, moderately broad (Γ ∼ 60 MeV),
with a mass of about 2.7 GeV and sizable couplings to both Σ∗

cπ and ND∗. The
future observation of this resonance, additional to the Λc(2625), would greatly
limit the possible values of d1.

The results shown in Fig. 7.3 were obtained for c1 = 0, i.e. a vanishing cou-
pling between the bare CQM state and the jP

q = 1−−component of the ND∗

pair. Nevertheless, moderate non-zero values of this LEC do not modify appre-
ciably the mass and the width of the higher JP = 3/2− resonance, as seen in
Table 7.1. This is because this state is placed significantly far from the ND∗

threshold. Indeed, most of the results found in this Chapter are little sensi-
tive to c1, because the ND and ND∗ thresholds are far from

◦
MCQM, mass of

the bare three-quark state with jP
q = 1−, and in addition, the former meson-

baryon pairs feel the strongest interaction in the jP
q = 0− channel, as discussed

in Subsec. 7.2. This reduced dependence on c1 certainly make our results more
robust8.

• The CQM jP
q = 1− bare mass,

◦
MCQM, is also an UV renormalization scheme

dependent parameter in our approach. We have fixed it to the value obtained
in the state of the art CQM calculation of Ref. [312]. There, single- and double-
heavy baryons were studied, with model parameters fixed by the strange baryon
spectra, finding that the predictions for the masses of the observed charmed
and bottomed baryons turned out to be in a fairly good agreement with exper-
iment. The predictions for the Λc(2625) are the most sensitive to the choice of
◦

MCQM, but even in this case, the properties of this resonance are reasonably
stable in front of moderate variations of the mass of the bare CQM state, as
can be seen in Fig. 7.8. In this latter figure, we show the produced changes
in the mass (left) and coupling to Σ∗

cπ (right) of the dressed JP = 3/2− CQM
8In any case as we mentioned, the position of the JP = 1/2− poles show certain dependence for very

large values of c1 (see Fig. 7.7), which might be used to constrain this LEC.
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state, as a function of the LEC d1, when
◦

MCQM is shifted by ± 15 MeV with
respect to the value of 2529 MeV used here and taken from [312]. We see that
as |d1| increases the effect on the mass of the dressed state decreases. The
JP = 3/2− higher mass resonance, located in the region of 2.7 GeV, is much less
affected and for the largest |d1| = 2 coupling, its mass changes only at the level
of 5 MeV, while it becomes 2-3 MeV wider (narrower) when

◦
MCQM= 2614(2644)

MeV is employed. These variations are comparable to those produced by c1, as
mentioned above.

7.4 Conclusions
We have shown that the Λc(2595) and the Λc(2625) are probably not HQSS partners.
The JP = 3/2− resonance should be viewed mostly as a quark-model state naturally
predicted to lie very close to its nominal mass [312]. This contradicts a large number
of molecular scenarious suggested for this resonance in the literature. In addition,
there will exist a molecular baryon, moderately broad, with a mass of about 2.7 GeV
and sizable couplings to both Σ∗

cπ and ND∗, that will fit into the expectations of
being a Σ∗

cπ molecule generated by the chiral interaction of this pair.
The Λc(2595) is predicted, however, to have a predominant molecular structure.

This is because, it is either the result of the chiral Σcπ interaction, which threshold is
located much closer than the mass of the bare three-quark state, or because the ldof
in its inner structure are coupled to the unnatural 0− quantum-numbers. The latter
scenario is what happens in the µ-RS renormalization scheme that enhances the
influence of the ND∗ channel in the dynamics of this narrow resonance. Attending to
the three-body Λc(2595)→Λππ decay width, the µ-RS scenario is slightly disfavored,
and it looks more natural to assign a 1− configuration to the ldof content of the
physical Λc(2595) state, as found when an UV cutoff is employed.

We also obtain a further JP = 1/2− resonance that is the result of dressing with
baryon-meson loops the bare CQM pole. It would have a mass of around 2640–2660
MeV and a width of the order of 30-50 MeV. Finally, within the UV cutoff renormal-
ization scheme, we also find a narrow state at 2800 MeV close to the ND threshold.
This state has large ND and ND∗ couplings and it should provide some visible sig-
natures in processes involving final state interactions of the ND and ND∗ pairs.

The spectrum found in this chapter cannot be easily understood in terms of HQSS,
despite having used interactions that respect this symmetry. This is because the
bare quark-model state and the Σcπ threshold are located extraordinarily close to
the Λc(2625) and Λc(2595), respectively, and hence they play totally different roles
in each sector. Note that (MΣ∗

c −MΣc )∼ 65 MeV is around a factor of two larger than
the Λc(2625)−Λc(2595) mass splitting. This does not fit well into a molecular picture
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of these two resonances generated by Σ(∗)
c π chiral forces, and in addition the split-

ting found in the CQM study of Ref. [312] is only of 2 MeV, much smaller than any
of the mass differences quoted above. Moreover, the µ-RS renormalization scheme
leads to an unexpected enhancing of the importance of the jP

q = 0− components of the
SU(6)lsf×HQSS interaction in the JP = 1/2− sector, which are driven by ND −ND∗

coupled-channels interactions. This is not the case when an UV cutoff is employed.
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Ξb and Ξc as molecular states from
extended Local Hidden Gauge

8.1 Introduction

In the present chapter we study, with the extended local hidden gauge formalism,
in detail the Ξc and Ξb states from the molecular point of view. There are many Ξc
states reported in the PDG [21] corresponding to excited states. One of the Ξc states,
Ξc(2930), first reported by the BaBar Collaboration [380], was recently confirmed
with more statistics by the Belle Collaboration [381]. On the other hand, for Ξb,
apart from the JP = 1/2+ ground states, Ξb, Ξ′

b, and the JP = 3/2+ Ξ∗
b, there are no

states reported in the PDG [21]. Yet, the LHCb Collaboration has recently reported
one such state, the Ξb(6227) [382], which we shall also investigate in the present
work.

Recent studies of such states using QCD sum rules can be found in Refs. [383–
386], where also reference to works on this particular issue is done, mostly on quark
models. As to molecular states of this type we refer to the work of Ref. [86].

The experimental finding of five new excited Ωc states by the LHCb Collabora-
tion [348] (see also Ref. [387]) stimulated new work along the molecular line and in
Ref. [351] a study was done of coupled channels interaction using an extension to
SU(4) of the chiral Lagrangians. The interesting result from this work was that two
states could be interpreted as 1/2− resonances and the mass and width were well re-
produced. This is a non trivial achievement since in other approaches mostly masses
are studied and not widths. Some quark models go one step forward and using the
3P0 model also evaluate widths, as in Ref. [78]. The fact that the widths obtained
are quite different than in the molecular model is a positive sign that the study of
the widths, and partial decay widths of these resonances, carry valuable information
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concerning their nature.
The work of Ref. [351], with vector meson exchange in an extension to SU(4) of the

chiral Lagrangians, got a boost from Ref. [388], where it was shown that the relevant
matrix elements of the interaction can be obtained considering the exchange of light
vector mesons in an extension of the local hidden gauge approach [134–138], where
the heavy quarks were mere spectators, such that there was no need to invoke SU(4)
and one could make a mapping of the SU(3) results where the local hidden gauge
approach was developed. Like in Ref. [351], in Ref. [388] the same two states were
obtained with similar widths, and in addition there was another state reproduced
with 3/2−, which was not addressed in [351]. Similar results were then obtained in
Ref. [6] with a continuation of the work of Ref. [86] with parameters adjusted to input
from the experiment of Ref. [348].

The former results stimulated further work along these lines with predictions
for Ωb states in Ref. [350], for which there are not yet experimental counterparts.
Encouraged by the success in the Ωc states, in the present work we follow this line
of research to study Ξc and Ξb states. In the first case there are several states to
compare with our predictions, and in the second case only one excited state, such that
many of the states found will be predictions to be tested with future experiments.

Related to these works is the study of the Ξcc molecular states in Ref. [389],
stimulated by the new measurement of the Ξcc by the LHCb Collaboration, with a
mass of 3621MeV [390]. This value is higher than that previously measured by the
SELEX Collaboration [391, 392]. However, this first measurement by SELEX was
not confirmed by the FOCUS [393], Belle [394], BABAR [395] and the LHCb [396]
Collaborations. Using the value of the new measurement of the LHCb Collaboration
[390], molecular Ξcc states were studied in Ref. [389], where excited bound states
were found above 4000MeV and broad Ξccπ and Ξ∗

ccπ resonances were found around
3837 and 3918 MeV, respectively.

With all this recent experimental activity there is much motivation to make pre-
dictions with different models which can serve as potential guide for experimental set
ups and finally to deepen our understanding of the nature of the baryon resonances.

This chapter is based on Ref. [5].

8.2 Formalism
Recently two new resonances, the Ξc(2930)

(
J =??) and the Ξb(6227)

(
J =??), have

been measured by the Belle [381] and LHCb [382] Collaborations, respectively. Be-
sides these, there is also an abundance of other unexplained resonances in the charm
sector [21]: Ξc(2790) (J = 1/2−), Ξc(2815) (J = 3/2−), Ξc(2970)

(
J =??), Ξc(3055)

(
J =??),

Ξc(3080)
(
J =??) and Ξc(3123)

(
J =??). The objective of this work is to shed some
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light into the nature of these states and to explain at least some of them within
the hadronic molecular picture. For that, we shall use an extension of the chiral
unitary approach with coupled channels outlined in Ref. [388], since as we shall
see, only the light quarks play a relevant role in the interaction. As in Ref. [388],
we will separate the interaction into pseudoscalar meson-baryon(1/2+) (PB), vector
meson-baryon(1/2+) (V B) and pseudoscalar meson-baryon(3/2+) (PB∗). One should
mention that in this theory, these three sectors do not decay into each other, be-
cause that would require the exchange of pseudoscalar mesons, and those transitions
are momentum-dependent and small compared to the ones with a vector meson ex-
change [349,388]. Analyzing the spin-parity of each sector, we find that for the states
that arise from PB we have JP = 0−⊗1/2+ = 1/2−, for V B we have degenerate states
JP = 1−⊗1/2+ = 1/2−, 3/2− and for PB∗ we have JP = 0−⊗3/2+ = 3/2−. In Tables 8.1
to 8.3 we show, for the charm sector, the channels chosen for the PB, V B and PB∗

sectors. To get the channels for the beauty sector, one needs only to substitute the c
quark by a b quark, and we show the results in tables 8.4 to 8.6.

Ξcπ Ξ′
cπ ΛcK̄ ΣcK̄ ΛD Ξcη ΣD Ξ′

cη ΩcK ΞDs

2607 2716 2782 2949 2983 3017 3060 3126 3191 3287

Table 8.1: Charm sector channels with JP = 1/2− and respective thresholds (in MeV).

ΛD∗ ΛcK̄∗ ΣD∗ Ξcρ Ξcω ΣcK̄∗

3124 3182 3202 3245 3252 3349

Table 8.2: Charm sector channels with JP = 1/2−, 3/2− and respective thresholds (in MeV).

Ξ∗
cπ Σ∗

c K̄ Ξ∗
cη Σ∗D Ω∗

c K
2784 3014 3194 3252 3262

Table 8.3: Charm sector channels with JP = 3/2− and respective thresholds (in MeV).

Ξbπ Ξ′
bπ ΛbK̄ ΣbK̄ ΛB̄ Ξbη ΣB̄ Ξ′

bη ΩbK ΞBs

5931 6073 6115 6309 6395 6341 6473 6483 6542 6685

Table 8.4: Beauty sector channels with JP = 1/2− and respective thresholds (in MeV).

In this work, the kernel will be calculated using an extension of the local hid-
den gauge approach (LHG), which produces Feynman diagrams of the type shown in
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ΛB̄∗ ΛbK̄∗ ΣB̄∗ Ξbρ Ξbω ΣbK̄∗

6440 6515 6518 6568 6576 6709

Table 8.5: Beauty sector channels with JP = 1/2−, 3/2− and respective thresholds (in MeV).

Ξ∗
bπ Σ∗

bK̄ Ξ∗
bη Σ∗B̄ Ω∗

bK
6091 6329 6500 6664 6567

Table 8.6: Beauty sector channels with JP = 3/2− and respective thresholds (in MeV).

Fig. 8.1, that is, the initial meson baryon pair goes into the final pair through the
exchange of a vector meson in the t−channel.

In the PB case, the meson-meson interaction (the upper vertex in Fig. 8.1) is
given by the V PP Lagrangian in Eq. (2.33), where here the matrices Φ and Vµ are
the SU(4) pseudoscalar meson and vector meson flavor matrices, respectively. Note
that the original LV PP interaction obeys SU(3) flavor symmetry, but just like in
Ref. [388], we extend it to SU(4) to take into account the c (b) quark. The meson
matrices are thus

Φ=


1p
2
π0 + 1p

3
η+ 1p

6
η′ π+ K+ D̄0

π− − 1p
2
π0 + 1p

3
η+ 1p

6
η′ K0 D−

K− K̄0 − 1p
3
η+

√
2
3η

′ D−
s

D0 D+ D+
s ηc

 , (8.1)

Figure 8.1: Example of a type of diagram that arises from the LHG.
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and

V =


1p
2
ρ0 + 1p

2
ω ρ+ K∗+ D̄∗0

ρ− − 1p
2
ρ0 + 1p

2
ω K∗0 D̄∗−

K∗− K̄∗0 φ D∗−
s

D∗0 D∗+ D∗+
s J/Ψ

 . (8.2)

The use of SU(4) here is a formality. We shall see later that the dominant terms
are due to the exchange of light vectors, where the heavy quark are spectators. Then
Eq. (2.33) automatically projects over SU(3). The terms with the exchange of a heavy
vector are very suppressed, as we shall see. In principle, in this case one would be
using explicitly SU(4), however, as seen in Ref. [397], since the matrices φ and V
stand for qq̄, Eq. (2.33) actually only measures the quark overlap of φ and V and
possible q vector structure , hence, the role of SU(4) is just a final counting of the
number of quarks. The lower vertex VµBB does not rely on SU(4) either, as we see
below.

Now, for the lower vertex in Fig. 8.1, the interaction in SU(3) can be described by
the following Lagrangian [296]

LV BB = g
(
Bγµ

[
Vµ,B

]+〈BγµB〉〈Vµ〉
)
, (8.3)

where B is the SU(3) baryon matrix, and V the 3×3 part of V in Eq. (8.2) containing ρ,
ω, K∗, φ. Here we do a non-relativistic approximation, which consists in substituting
γµ → γ0. The extension to the charm or bottom sectors is done without relying on
SU(4) as explained below. As discussed in Refs. [388, 389], it can be shown that the
same interaction in SU(3) of Eq. (8.3) can be obtained considering an operator at the
quark level, such that Eq. (8.3) becomes

LV B f Bi = g〈B f
∣∣Vql

∣∣Bi〉, (8.4)

where
∣∣Bi〉,

∣∣B f 〉 are the initial and final baryon spin-flavor wave functions with the
following structure, ∣∣B〉 = ∣∣φflavor〉⊗

∣∣χspin〉, (8.5)

and Vql is the quark operator of the exchanged vector meson, which, for example, for
the diagonal ones in Eq. (8.2) is

ρ0 = 1p
2

(uū−dd̄), (8.6a)

ω= 1p
2

(uū+dd̄), (8.6b)

φ= ss̄. (8.6c)
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The states described by Eq. (8.5) are constructed using only SU(3) symmetry,
taking the heavy quark as a spectator, which implies that all diagonal terms are de-
scribed through the exchange of light vectors, respecting heavy quark spin symmetry.

The states that we will be using in the PB sector are constructed using the
method outlined in Ref. [208], but with the necessary changes in phases in order
to obey the sign notation in Ref. [8,306], which is consistent with the chiral matrices.
Doing this we obtain the following states:

∣∣Ξ+
c 〉 =

∣∣ 1p
2

c(us− su)〉∣∣χMA〉,
∣∣Ξ0

c〉 =
∣∣ 1p

2
c(ds− sd)〉∣∣χMA〉, (8.7a)

∣∣Ξ′+
c 〉 = ∣∣ 1p

2
c(us+ su)〉∣∣χMS〉,

∣∣Ξ′0
c 〉 =

∣∣ 1p
2

c(ds+ sd)〉∣∣χMS〉, (8.7b)

∣∣Λ+
c 〉 =

∣∣ 1p
2

c(ud−du)〉∣∣χMA〉,
∣∣Σ++

c 〉 = ∣∣cuu〉∣∣χMS〉, (8.7c)

∣∣Σ+
c 〉 =

∣∣ 1p
2

c(ud+du)〉∣∣χMS〉,
∣∣Σ0

c〉 =
∣∣cdd〉∣∣χMS〉, (8.7d)

∣∣Λ0〉 = 1p
2

(∣∣φMS〉
∣∣χMS〉+

∣∣φMA〉
∣∣χMA〉

)
,

∣∣φMS〉 =
1
2

(∣∣dus〉+ ∣∣dsu〉− ∣∣uds〉− ∣∣usd〉) ,∣∣φMA〉 =
1

2
p

3

(∣∣u(ds− sd)〉+ ∣∣d(su−us)〉−2
∣∣s(ud−du)〉) , (8.7e)

∣∣Σ+〉 = 1p
2

(∣∣φMS〉
∣∣χMS〉+

∣∣φMA〉
∣∣χMA〉

)
,

∣∣φMS〉 =− 1p
6

(∣∣u(us+ su)〉−2
∣∣suu〉) ,

∣∣φMA〉 =
1p
2

∣∣u(su−us)〉, (8.7f)

∣∣Σ0〉 = 1p
2

(∣∣φMS〉
∣∣χMS〉+

∣∣φMA〉
∣∣χMA〉

)
,

∣∣φMS〉 =
1

2
p

3

(∣∣u(ds+ sd)〉+ ∣∣d(su+us)〉−2
∣∣s(du+ud)〉) ,

∣∣φMA〉 =
1
2

(∣∣u(ds− sd)〉− ∣∣d(su−us)〉) , (8.7g)∣∣Σ−〉 = 1p
2

(∣∣φMS〉
∣∣χMS〉+

∣∣φMA〉
∣∣χMA〉

)
,

∣∣φMS〉 =
1p
6

(∣∣d(ds+ sd)〉−2
∣∣sdd〉) ,
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∣∣φMA〉 =
1
2

∣∣d(ds− sd)〉, (8.7h)∣∣Ω0
c〉 =

∣∣css〉∣∣χMS〉, (8.7i)∣∣Ξ0〉 = 1p
2

(∣∣φMS〉
∣∣χMS〉+

∣∣φMA〉
∣∣χMA〉

)
,

∣∣φMS〉 =
1p
6

(∣∣s(us+ su)〉−2
∣∣uss〉) ,

∣∣φMA〉 =−1
2

∣∣s(us− su)〉, (8.7j)∣∣Ξ−〉 = 1p
2

(∣∣φMS〉
∣∣χMS〉+

∣∣φMA〉
∣∣χMA〉

)
,

∣∣φMS〉 =− 1p
6

(∣∣s(ds+ sd)〉−2
∣∣dss〉) ,

∣∣φMA〉 =
1
2

∣∣s(ds− sd)〉. (8.7k)

Here, the
∣∣χMS〉 and

∣∣χMA〉 are the mixed-symmetric and mixed-antisymmetric spin
states, respectively, which, together with the symmetric,

∣∣χS〉, and antisymmetric,∣∣χA〉, states, form an orthogonal basis, such that

〈χi
∣∣χ j〉 = δi j. (8.8)

Now we need to go from the charge basis to the isospin basis. When calculat-
ing the isospin states, one needs to pay attention to the phases that come from the
following isospin multiplets:

Ξ=
(
Ξ0

−Ξ−
)
;

K̄ =
(

K̄0

−K−
)
;

D =
(

D+

−D0

)
;

π=
−π+

π0

π−

 ;

Σ=
−Σ+

Σ0

Σ−

 ;

ρ =
−ρ+ρ0

ρ−

 .

Then, for the isospin states we obtain:
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1.
∣∣Ξcπ〉 =

√
2
3

∣∣Ξ0
cπ

+〉+
√

1
3

∣∣Ξ+
c π

0〉,

2.
∣∣Ξ′

cπ〉 =
√

2
3

∣∣Ξ′0
cπ

+〉+
√

1
3

∣∣Ξ′+
c π

0〉,
3.

∣∣ΛcK̄〉 = ∣∣Λ+
c K̄0〉,

4.
∣∣ΣcK̄〉 =−

(√
2
3

∣∣Σ++
c K−〉+

√
1
3

∣∣Σ+
c K̄0〉

)
,

5.
∣∣ΛD〉 = ∣∣Λ0D+〉,

6.
∣∣Ξcη〉 =

∣∣Ξ+
c η〉,

7.
∣∣ΣD〉 =

√
2
3

∣∣Σ+D0〉−
√

1
3

∣∣Σ0D+〉,
8.

∣∣Ξ′
cη〉 =

∣∣Ξ′+
c η〉,

9.
∣∣Ωcη〉 =

∣∣Ω0
cK+〉,

10.
∣∣ΞDs〉 =

∣∣Ξ0D+
s 〉.

For the V B sector, the upper vertex of the three vector meson interaction is given
by Eq. (2.36) and for the lower vertex we again use Eq. (8.4).

Finally, for the PB∗ sector, for the upper vertex we will use again the V PP in-
teraction given by Eq. (2.33). Since from Eq. (8.3) to Eq. (8.4) we have made the
approximation that γµ → γ0, this makes Eq. (8.4) spin independent and as such, we
can still use it for the V B∗B∗ vertices. Additionally, we have, for the B∗ baryons, the
following spin-flavor states:

1.
∣∣Ξ∗+

c 〉 = ∣∣ 1p
2

c(us+ su)〉∣∣χS〉,
2.

∣∣Ξ∗0
c 〉 = ∣∣ 1p

2
c(ds+ sd)〉∣∣χS〉,

3.
∣∣Ω∗

c 〉 =
∣∣css〉∣∣χS〉,

4.
∣∣Σ∗++

c 〉 = ∣∣cuu〉∣∣χS〉,
5.

∣∣Σ∗+
c 〉 = ∣∣ 1p

2
c(ud+du)〉∣∣χS〉,

6.
∣∣Σ∗0

c 〉 = ∣∣cdd〉∣∣χS〉,
7.

∣∣Σ∗+〉 = 1p
3

∣∣u(su+us)+ suu〉∣∣χS〉,
8.

∣∣Σ∗0〉 = 1p
6

∣∣s(du+ud)+d(su
+us)+u(sd+ds)〉∣∣χS〉,

9.
∣∣Σ∗−〉 = 1p

3

∣∣d(sd+ds)+ sdd〉∣∣χS〉.

The isospin states for the V B and PB∗ cases are similar to the ones of the PB
case.

All these Lagrangians will give the WT kernels of Eq. (3.42) [296,388]. Here, we
define D i j =−Ci j, and also f → fπ = 93 MeV. In the case of the V B interaction we get
the same kernel, even though the VVV vertex is described by a different Lagrangian.
Actually the meson baryon chiral lagrangians [398, 399] can be obtained from the
local hidden gauge approach neglecting the (p/mV )2 term in the exchanged vectors
[139]. Then, the kernel will be the same as in Eq. (3.42) with an extra~ε ·~ε ′ factor,
due to the polarizations of the initial and final vector mesons, which can be factorized
in the Bethe-Salpeter equation. This means that the equation is spin independent,
and that is why we find degenerate states with JP = 1/2− and JP = 3/2− with this
interaction [349]. Because of this we can just omit that factor.

One can also add relativistic corrections to Eq. (3.42) using Eq. (3.41).
Finally, the D i j coefficients are calculated using the interactions in Eqs. (2.33)

and (8.4), and the obtained results are illustrated in Tables 8.7, 8.8 and 8.9 for PB,
V B and PB∗ sectors respectively.
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JB = 1/2 Ξcπ Ξ′
cπ ΛcK̄ ΣcK̄ ΛD Ξcη ΣD Ξ′

cη ΩcK ΞDs

Ξcπ -2 0 −
√

3
2 0 1

2
p

2
λ 0 - 1

2
p

2
λ 0 0 0

Ξ′
cπ -2 0 − 1p

2
− 3

2
p

6
λ 0 − 1

2
p

6
λ 0 -

p
3 0

ΛcK̄ -1 0 − 1p
3
λ 2p

3
0 0 0 0

ΣcK̄ -3 0 0 − 1p
3
λ -2 0 0

ΛD -1 −1
6λ 0 1

2
p

3
λ 0 −

p
6

2
Ξcη 0 −1

2λ 0 0 1p
6
λ

ΣD -3 − 1
2
p

3
λ 0 −

√
3
2

Ξ′
cη 0 −2

p
6

3 − 1
3
p

2
λ

ΩcK -2 − 1p
3
λ

ΞDs -2

Table 8.7: D i j coefficients for the PB states coupling to JP = 1/2−.

JB = 1/2 ΛD∗ ΛcK̄∗ ΣD∗ Ξcρ Ξcω ΣcK̄∗

ΛD∗ -1 − 1p
3
λ 0 1

2
p

2
λ − 1

2
p

6
λ 0

ΛcK̄∗ -1 0 −
√

3
2

1p
2

0
ΣD∗ -3 − 1

2
p

2
λ − 3

2
p

6
λ − 1p

3
λ

Ξcρ -2 0 0
Ξcω 0 0
ΣcK̄∗ -3

Table 8.8: D i j coefficients for the V B states coupling to JP = 1/2−, 3/2−.

JB = 3/2 Ξ∗
cπ Σ∗

c K̄ Ξ∗
cη Σ∗D Ω∗

c K
Ξ∗

cπ -2 − 1p
2

0 − 1p
6
λ −p3

Σ∗
c K̄ -3 -2 1p

3
λ 0

Ξ∗
cη 0 − 1p

3
λ −2

p
6

3
Σ∗D -3 0
Ω∗

c K -2

Table 8.9: D i j coefficients for the PB∗ states coupling to JP = 3/2−.

Note the factor λ in some of the nondiagonal terms. This factor was added to
the terms in the interaction that have an exchange of a heavy vector meson. One
can understand this by looking at the propagator of the vector meson (VH) when, in
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Fig. 8.1, the upper vertex is of the type LVH H, with H, VH heavy mesons, and L a
light meson (see Fig. 8.2). Then, the propagator will be,

∆∼ 1
q2 −m2

VH

, (8.9)

with q the transferred momentum. Since VH is heavy, we can take ~q ' 0 and

∆∼ 1

(q0)2 −m2
VH

' 1
(mH −mL)2 −m2

VH

, (8.10)

where we also have used that ~pH ' 0 and ~pL '~q ' 0. In the calculation of the ampli-
tudes in Eq. (3.42), we end up with a factor, which is relative to the exchange of the
light vector

λ=−m2
V∆' −m2

V

(mH −mL)2 −m2
VH

, (8.11)

with mV = 800MeV. In the case of heavy vector exchange, because mVH > mV , the λ
will be smaller and of the order of λ' 1/4 [338, 388]. We can check that, for the case
of K̄ → D with D∗

s exchange, one gets λ' 0.25. For more details on how to calculate
the kernel of the interaction we refer the reader to the Appendix of Ref. [389].

Figure 8.2: Diagram of L → H vertex with VH emission , where L is a light meson, H a heavy meson
and VH a heavy vector meson.

Since the Ξc and Ξb states are heavy quark states, one should comment on how
our model deals with HQSS. For that, one should note that, with the exception of
the vertices with the λ, in all other vertices the heavy quark behaves as a spectator,
which guarantees that the dominant terms (in the 1/mQ counting) obey HQSS rules.
In the terms where that does not happen, their influence is scaled down because of
the introduction of the λ parameter, which is a small number.

Finally, the same process can be repeated for the beauty sector, where one only
needs to substitute the c quark by a b quark. Then, the D i j coefficients will be equal
to the ones in the charm sector case, the only difference being that now λ= 0.1 [350],
because the heavy vector mesons will now be B∗ and B∗

s instead of D∗ and D∗
s .
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8.3 Results

The cutoff scheme is used here to regularize the loop integration. The cutoff regular-
ization avoids potential pathologies of the dimensional regularization in the charm
sector or beauty sector, where the real part of G can become positive below the thresh-
old and artificial poles can be found in the T-matrix, which can lead to the production
of the bound states with a repulsive potential [400]. Also, in order to respect the rules
of the heavy quark symmetry in bound states, the same cutoff has to be taken for all
channels as it was shown in Refs. [340,401,402]. The explicit form for the loop func-
tion G was given in Eq. (3.93).

8.3.1 Molecular Ξc states generated from meson-baryon states

First, we will start with the PB states, which will lead us to the states with JP = 1/2−.
The poles that appear in this sector are illustrated in Table 8.10, where we vary the
value of the cutoff qmax from 600MeV to 800MeV.

It can be seen in Table 8.10 that we can always obtain six poles in the range of the
masses observed experimentally, and the reason we vary the value of qmax is to ad-
just the pole position to the experimental data. In this way, it can be seen clearly that
if we take qmax to be 700MeV, we get two poles that are in a good agreement with the
experimental data. One is located at 2791.30MeV, the other at 2937.15MeV. They
are found to agree very well with the first and the third resonances of Ξc, Ξc(2790)
and Ξc(2930), which were first reported in Refs. [403, 404] and [380] respectively.
Although some of the poles in Table 8.10 are relatively sensitive to the variation of
qmax, obtaining a good agreement with two resonances simultaneously, while adjust-
ing only one parameter, is very reasonable. Furthermore, if we look at the imaginary
parts of these two poles we get their widths, 7.26MeV and 14.62MeV, which are very
close to the experimental data, 8.9±0.6±0.8MeV and 36±7±11MeV respectively,
within errors. On top of that, it is also important to look at the couplings to various
channels as well as the product g iG I I

i . As shown in Tables 8.11, the 2791.30MeV
resonance has a large contribution from the ΣD component. However, there are only
three open channels where this resonance can decay into, and we can see that one of
these open channels (Ξ′

cπ) is exactly the same channel where the state Ξc(2790) was
discovered in the first place [404, 405]. Apart from that, although the couplings are
considerably smaller than some to closed channels (for example, ΣD), the coupling
constant to Ξ′

cπ is the dominant one among all the open channels, which is consis-
tent with the experimental observation. Predictions on the decay widths to the open
channels can be made precisely using the couplings obtained in Table 8.11 and the
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formula of Ref. [10], which has the form

Γa = 1
2π

Ma

MR
g2

a pa, (8.12)

with

pa =
λ1/2(M2

R , M2
a,m2

a)
2MR

, (8.13)

where Ma and ma stand for the masses of the ath-channel baryon and meson respec-
tively, and MR is the mass of the resonance (the real part of the pole). In Table 8.13,
we give the partial decay widths of the pole in Table 8.11, and it can be clearly seen
that the state decays mostly to Ξ′

cπ, as expected.
Similarly, for the state located at 2937.15MeV, we can see that the resonance has

a large contribution from the ΛD channel. Also, we have the same open channels
as the ones in Table 8.13. We can see that the coupling constant to the channel
Ξ′

cπ becomes smaller than before as shown in Table 8.12. However, the couplings to
the channels Ξcπ and ΛcK̄ are bigger, yet, there is more phase space for decay for
Ξcπ and Ξ′

cπ, but altogether the final width to these three channels are comparable
as one can see in Table 8.14. The ΛcK̄ channel accounts for about 1/3 of the total
width width and this is the channel where the BaBar Collaboration observed the
state Ξc(2930) [380].

On the other hand, for the V B channels, in Table 8.15, we obtain four poles for
all the cutoffs, and in order to be consistent with the JP = 1/2− sector, we stick with
the same cutoff qmax = 700MeV, which leads us to three poles that can be selected as
possible candidates for Ξc(2970), Ξc(3055) or Ξc(3080), and Ξc(3123) states.

As shown in Table 8.16, we present the couplings of the first three poles for qmax =
700MeV. For the first state, 2973.76MeV, it couples very strongly to ΣD∗ and almost
nothing to the rest of the channels, thus it can be considered as a ΣD∗ bound state.
The second state, located at 3068.21MeV, couples to bothΛcK̄∗ andΞcρ, with similar
values for the coupling as well as gG I I . The situation of the third state, 3109.04MeV,
is similar to what we found in the first state, where it practically only couples toΛD∗,
and the product gG I I is also significantly larger than for the rest of the channels.
Moreover, we notice that all these three poles are below thresholds, so they do not
decay to any of the coupled states shown in Table 8.16, instead it may decay into the
pseudoscalar-baryon ones.

Now we study the PB∗ states with JP = 3/2−. All the poles obtained in this sector
are given in Table 8.17. One can see from the poles with qmax = 700MeV, two of them
are relatively close to the experimental observed states, Ξc(2930) and Ξc(3055). It
is noteworthy that the first one, 2912.78+ i19.94, which agrees rather well with the
experimental data, is similar to the pole (2937.15+i7.31) found in the JP = 1/2− sector
in Table 8.10, since the JP of Ξc(2930) has not been measured, it can be either one of
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these two poles. Although the mass of the state, 2912.78MeV, may be slightly smaller
than the observed state Ξc(2930), the width (which is 39.88MeV) is remarkably close
to the data fit (36±7±11MeV) by the BaBar Collaboration [380]. Similarly, for the
other pole obtained at the position 3015.18MeV, its width (2.74MeV) is a few MeV
below the value of 7.8±1.2±1.5MeV reported in Refs. [21, 406]. Apart from that,
in Table 8.18, we present our results on the couplings of these two poles to various
channels, where we can see that for the first pole only the channel Ξ∗

cπ is open for
decay, and the width of this state decaying to Ξ∗

cπ is found to be 56.92MeV using
Eq. (8.12). On the other hand, for the pole at 3015.18MeV, both channels Ξ∗

cπ and
Σ∗

c K̄ are open for decay. We can see that the state at 3015.18MeV couples mostly
to the channel Σ∗D, and the coupling constants to the open channels are both very
small, but the strengths of the wave functions at the origin are considerable for these
open channels, and clearly, gG I I for the former channel is bigger than the latter
one, which can also be seen in the widths obtained, 2.65MeV and 0.08MeV, for the
channels Ξ∗

cπ and Σ∗
c K̄ , respectively.

8.3.2 Molecular states for Ξb generated from meson-baryon
states

In this subsection, we follow closely the calculations in the previous one. It starts
with the JP = 1/2− sector, where we also have ten coupled channels similar to the
ones we considered for Ξc, only with the c quark replaced by a b quark in each chan-
nel. The poles from the PB interaction are given in Table 8.19, where we obtain
six poles for each cutoff. Taking into account the uncertainty caused by the varia-
tion of the cutoff, we can associate the pole, 6220.30MeV with qmax = 650MeV, to
the state Ξb(6226) recently observed by the LHCb Collaboration [382]. The newly
observed state Ξb(6226) is reported with the values 6226.9± 2.0± 0.3± 0.2MeV/c2

and 18.1± 5.4± 1.8MeV/c2 for its mass and width, respectively. We can see that
the mass obtained is merely a few MeV below the experimental data, and the width
(25.20MeV) is also in very good agreement with the data. Moreover, for the couplings
of this pole we can look at the results in Table 8.20, where we can see that the main
contribution comes from the ΣbK̄ channel. Also, we see that it has only three open
channels, and it should be noted that two of these channels, the Ξbπ and ΛbK̄ , are
the ones where the state Ξb(6226) has been observed [382]. However, according to
our findings, it couples mostly to the Ξ′

bπ among the open channels, which suggests
that it would be easier to find the state Ξb(6226) in the Ξ′

bπ channel instead of the
other two, which can be confirmed by future experiments.

The decay widths of the pole of Table 8.20 are given in Table 8.24, where we can
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obtain the ratio of branching fractions of state 6220.30MeV as follows

B(6220.30→ΛbK̄)
B(6220.30→Ξbπ)

= 0.5, (8.14)

which is relatively close to the results (1±0.5) presented in Ref. [382] given its un-
certainty.

On the other hand, for the V B interaction, we observed four poles for each cut-
off, but none of these poles for qmax = 650MeV can be associated to any known Ξb
states with negative parity, since there are not enough data available for Ξb states.
Furthermore, almost all of the poles found in this sector are below their respective
thresholds, which makes it more plausible that these channels could qualify as bound
states rather than resonances.

Moving on to the JP = 3/2− sector, we also get four poles for each cutoff, which
are given in Table 8.21, where we also find a possible candidate for Ξb(6227). The
state 6240.21MeV agrees really well with the experimental data [382], as both mass
and width are within acceptable ranges. For the couplings as well as g iG I I

i , shown
in Table 8.22, it can be seen that the state at 6240.21MeV couples mostly to Σ∗

bK̄
and Ξ∗

bη, and only slightly to the rest of the channels. However, when we look at the
magnitude of gG I I , we can see that not only the channel Σ∗

bK̄ is significantly big-
ger than the others, also the only open channel Ξ∗

bπ is considerably large compared
to the other channels. Besides, the decay width of this particular pole to Ξ∗

bπ is
34.3851MeV, which is similar to the value of the width for at 6220.30 MeV decaying
to Ξ′

bπ, in Table 8.24, because they have almost the same phase space for decay.
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Channel Ξcπ Ξ′
cπ ΛcK̄

Γi 0.04 8.00 0.12

Table 8.13: The widths of pole 2791.30+i3.63 decaying to various channels (all units are in MeV).
Channel Ξcπ Ξ′

cπ ΛcK̄
Γi 5.22 4.45 5.88

Table 8.14: The widths of pole 2937.15+i7.31 decaying to various channels (all units are in MeV).
qmax 600 650 700 750 800

3055.63 3016.46 2973.76 2928.28 2880.75
3117.37 3094.39 3068.21 3040.89 3013.14
3121.75 3115.67 3109.04 3100.55 3090.16

3234.03+i0.22 3204.98 3174.50 3143.09 3111.43

Table 8.15: The poles in the JP = 1/2−, 3/2− sector from the vector-baryon interaction (all units are in
MeV). The bold numbers indicate the poles that can be associated with the experimental data.

2973.76 ΛD∗ ΛcK̄∗ ΣD∗ Ξcρ Ξcω ΣcK̄∗

g i 0 0.07 9.30 0.33 0.30 0.55
g iG I I

i 0 -0.48 -31.85 -2.29 -2.02 -2.87
3068.21 ΛD∗ ΛcK̄∗ ΣD∗ Ξcρ Ξcω ΣcK̄∗

g i 0.37 3.08 -0.26 3.57 -0.85 -0.04
g iG I I

i -2.33 -30.22 1.20 -30.89 7.19 0.22
3109.04 ΛD∗ ΛcK̄∗ ΣD∗ Ξcρ Ξcω ΣcK̄∗

g i 3.05 0.05 0.03 -0.51 0.09 0.01
g iG I I

i -26.23 -0.60 -0.17 5.04 -0.81 -0.05

Table 8.16: The coupling constants to various vector-baryon channels and g iG I I
i for the poles in the

JP = 1/2−,3/2− sector with qmax = 700MeV (all units are in MeV). The bold numbers indicate the
channels with largest couplings.
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8.4 Conclusions
Motivated by the experimental findings of Ξc and Ξb states, we use the BSE coupled
channel formalism to study the Ξc(b) states dynamically generated from the extended
LHG meson-baryon interaction, considering three types of interactions (PB, V B and
PB∗), for both the charm and beauty sectors. We search for poles with different
cutoffs in the SRS once the scattering matrix is evaluated. In addition, the couplings
of the poles to various channels are also calculated. With that, we are able the assess
the strength at the origin of the wave function and further evaluate the decay widths
to the open channels.

The only free parameter in our study is the ultraviolet regulator in the meson-
baryon loop function, where we employ the cutoff regularization scheme, and we have
taken different values for the cutoff in the charm and beauty sectors.

We obtain multiple Ξc excited states, with some of them agreeing significantly
well with the experimental data. For example, the lowest state we observe in the
charm sector is at 2791.30MeV (with a width of 7.26MeV) generated from the PB in-
teraction. This resonance has the same JP quantum numbers as the state Ξc(2790)
(with width 8.9±0.6±0.8MeV), also it can be seen that there is a very good agreement
in their masses and widths. On top of that, we also obtain states at 2937.15MeV
(2912.78MeV), 2973.76MeV, 3068.21MeV (3015.18MeV) and 3109.04MeV (the num-
bers in the brackets implying the second option), which can be associated to the
experimentally observed states Ξc(2930), Ξc(2970), Ξc(3055) and Ξc(3080), respec-
tively. On the other hand, we found two poles in the b sector, at 6220.30MeV (with
width 25.20MeV) and 6240.21 MeV (with width 29.30MeV) and JP = 1/2− and 3/2−,
respectively. We see that both their masses and widths agree well with the recent
observed state Ξb(6227) with width 18.1±5.4±1.8MeV.

Overall, the states obtained in this chapter agree well with some of the already
observed resonances in both charm and beauty sectors, and it would be interesting
to see the further measurements of spin and parity of these states to see if they also
agree with our predictions. Furthermore, with the increased luminosity in future
runs, the comparisons of the predictions made here and the experimental measure-
ments will shed light on the nature of these hadrons.
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Chapter 9

Ωc, Ξc and Ξb molecular states
within a SU(6)lsf×HQSS model

9.1 Introduction

The study of heavy baryons with charm or bottom content has been the subject of
much interest over the past years in view of newly discovered states [21]. In par-
ticular, there has been a tremendous effort to understand the nature of the experi-
mental states within conventional quarks models, QCD sum-rules frameworks, QCD
lattice analysis or molecular baryon-meson models (see Refs. [13, 98–102] for recent
reviews).

The attention has been recently revived by the experimental observation of sev-
eral excited states. Recent detections have been reported by the LHCb Collaboration
regarding five Ωc excited states in the Ξ+

c K− spectrum in pp collisions [348], and
the excited Ξb(6227) state in Λ0

bK− and Ξ0
bπ

− invariant mass spectra also in pp
collisions [382], as already mentioned in the previous chapter. Moreover, the Belle
Collaboration has confirmed the observation of four of the excited Ωc states [387],
and detected the Ξc(2930) state in its decay to Λ+

c K− in B− → K−Λ+
c Λ̄

−
c decays [381].

Earlier predictions for such states have been reported within conventional quark
models [73–75,77,79,310–312,384,407–409]. The experimental discovery of the five
Ωc states has triggered a large activity in the field, and thus some quark models
have been revisited in view of the new results [410–416], suggestions as pentaquarks
have been advocated [417–421], models based on QCD sum-rules have been put to
test [383,422–427], or quark-soliton models have been employed [428]. Also, Lattice
QCD has reported results on the spectroscopy of Ωc states [429].

Within molecular models, there have been previous predictions on Ωc states [86,
170,172,339]. In Ref. [170] several resonant states were obtained with masses much
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below 3 GeV, by employing a zero-range exchange of vector mesons as the bare in-
teraction for the s-wave baryon-meson scattering. Similar qualitative results were
obtained in Ref. [339], where finite range effects were considered. Lately the work
of Ref. [351] has revisited Ref. [170], finding that, after modifying the regularization
scheme with physically motivated parameters, two Ωc resonant states were gener-
ated at 3050 MeV and 3090 MeV with spin-parity JP = 1/2−, reproducing the masses
and widths of two of the experimental states. More recently, the Ωc states have
been also investigated using an extended local hidden gauge (LHG) approach [388].
Within this scheme, low-lying 1/2+ and 3/2+ baryons, as well as pseudoscalar and
vector mesons, are considered to construct the baryon-meson coupled channel space.
In this manner, two Ωc states of JP = 1/2− and one Ω∗

c JP = 3/2− can be identified,
the first two in good agreement with the results of [351] and the third one fairly well.

With regards to Ξc, the theoretical analysis based on the extended LHG formal-
ism of Chapter 8 has shown that not only the Ξc(2930) can have a molecular inter-
pretation, but also other Ξc states around 3 GeV reported in the PDG [21]. In partic-
ular, the Ξc(2790) would be a JP = 1/2− molecular state, whereas Ξc(2930), Ξc(2970),
Ξc(3055) and Ξc(3080) could be described as molecules with either 1/2− or 3/2−. On
the other hand, the same model has produced two states for Ξb(6227) with masses
close to the experimental one with similar widths, being the spin-parity assignment
either 1/2− or 3/2−. TheΞb state has been also studied within a unitarized model that
uses the leading-order chiral Lagrangian in Refs. [340,430], identifying the Ξb(6227)
state as a s−wave ΣbK̄ molecule, with a preferred 1/2− spin-parity assignment [430].

The leading order terms of the extended hidden-gauge formalism are consistent
with HQSS [349], which, as we have seen, is an accurate symmetry of QCD when the
quark masses become larger than the typical confinement scale. Aiming to incorpo-
rate explicitly HQSS, a scheme was developed in Refs. [83,86,172,347,431] that im-
plements an extension of the Weinberg-Tomozawa (WT) interaction that is consistent
with the SU(6)lsf ×SU(2)HQSS symmetry group. Indeed, the works of Refs. [86, 172]
are the first meson-baryon molecular studies, fully consistent with HQSS, of the well-
established odd-parity Λc(2595) [J = 1/2] and Λc(2625) [J = 3/2] resonances.

Within this framework, it has been identified a two-pole pattern for the Λc(2595)
resonance1 [86, 172], similar to the Λ(1405) [32, 35, 288]. The same scheme has also
generated dynamically the Λb(5912) and Λb(5920) narrow resonances, discovered by
LHCb [346], which turn out to be HQSS partners, naturally explaining their approx-
imate mass degeneracy [83].

In the SU(6)lsf ×SU(2)HQSS work of Ref. [86] five Ωc states were found, three

1The details of this double pole structure, generated by the Σcπ, ND and ND∗ coupled-channels
dynamics, depend strongly on the adopted renormalization scheme, which could considerably enhance
the role played by the two latter channels around the resonance energy. This was discussed in great
detail in Chapter 7.
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J = 1/2 and the two J = 3/2 bound states, the positions being shown in Table VI of
that reference or in Table 9.1 in the present chapter. These states come from the
most attractive SU(6)lsf×HQSS representations. Attending to the breaking pattern
of the spin-flavor SU(8) symmetry discussed in Ref. [86], the two lowest-lying Ωc
and Ω∗

c states (a and b) and the Λc(2595) would be members of the same 21 SU(6)lsf
multiplet, while both, the thirdΩc (c) and theΛc(2625) resonances would be in the 15
SU(6)lsf− irreducible representation (irrep), if one assumes that the Λc(2625) is the
HQSS partner of the Λc(2595) (see Chapter 7 for arguments against that). Finally,
the two heaviest Ωc and Ω∗

c states (d and e) reported in [86] would not be directly
related to the Λc(2595) and Λc(2625) resonances, since they would stem originally
from a different SU(8) representation. These five odd-parity Ωc,Ω∗

c states, coming
from the most attractive SU(6)lsf× HQSS representations, have masses below 2.98
GeV, and cannot be easily identified with any of the LHCb resonances, located all of
them above 3 GeV. Predicted masses, however, depend not only on the baryon-meson
interactions, but also on the adopted renormalization scheme (RS), as revealed for
the Λc(2595) and Λc(2625) resonance sectors in Chapter 7. In the present chapter,
we review the RS used in [86], and its impact in the generation of the Ω(∗)

c states.
We show how the pole positions can be moved up by implementing a different RS,
making then feasible the identification of at least three states with the observed Ω(∗)

c
states by LHCb.

Furthermore, with the discovery of the Ξc(2930) and Ξb(6227) we can follow a
similar procedure and study the possible molecular interpretation of those states,
revisiting the previous SU(6)lsf ×SU(2)HQSS works on the Ξc [86] and Ξb [83] sec-
tors. We can then compare these results with the ones obtained in Chapter 8 within
the LHG formalism, showing the assigned spin-parity JP (when possible) as well as
masses, widths, and decay channels. Hence, this study is a first step to quantify the
systematic uncertainties associated with the use of different models for the BSE in-
teraction kernels involving charmed pseudoscalar and vector mesons and JP = 1/2+

and JP = 3/2+ baryons. We also pay in this context a special attention to the depen-

Name MR (MeV) ΓR (MeV) J
a 2810.9 0 1/2
b 2814.3 0 3/2
c 2884.5 0 1/2
d 2941.6 0 1/2
e 2980.0 0 3/2

Table 9.1: Ωc an Ω∗
c states, reported in Ref. [86], coming from the most attractive SU(6)lsf× HQSS

representations. We label those states from a to e, according to their position in energy.
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dence on the RS as well as to the flavor-symmetry content of the SU(6)lsf ×HQSS
model, as we determine the possible HQSS partners and siblings among the experi-
mental states while predicting new ones. We are able to unambiguously identify the
corresponding multiplets among the resonances generated dynamically. At the same
time, we are also able to assign approximate heavy SU(8) and light SU(6) spin-flavor
multiplet labels to the states.

This part of the thesis is based on Refs. [6, 7] and it is organized as follows. In
Sec. 9.2 we briefly present the SU(6)lsf ×SU(2)HQSS extension of the WT interaction.
Next, in Sec. 9.3 we show the results obtained in this chapter. The section is divided
into three subsections, Subsecs. 9.3.1, 9.3.2 and 9.3.3 for theΩ(∗)

c , Ξ(∗)
c and Ξ(∗)

b states,
respectively. Finally, in Sec. 9.4 we present our conclusions.

9.2 Formalism
We will consider the C = 1 charmed sectors with strangeness S = −2 and isospin
I = 0 quantum numbers, where the Ω(∗)

c excited states are located, and with S = −1
and I = 1/2, where the Ξc(2930) resonance has been observed by the Belle Collabo-
ration [381]. Also, we examine the bottom (B =−1,S =−1, I = 1/2) sector, where the
Ξb(6227) has been found [382]. We will revise the results of Refs. [83, 86] for the Ωc
and Ξc resonances, and the Ξb states, respectively.

The building-blocks in the (C = 1,S =−2, I = 0) sector are the pseudoscalar and
vector

Ds,D,K ,π,η, K̄ , D̄, D̄s

D∗
s ,D∗,K∗,ρ,ω, K̄∗, D̄∗, D̄∗

s ,φ (9.1)

mesons, the spin–1/2 octet and the spin–3/2 decuplet of low-lying light baryons, in
addition to the spin-1/2 (Λc, Σc, Ξc, Ξ′

c, Ωc), and spin-3/2 (Σ∗
c , Ξ∗

c , Ω∗
c ) charmed

baryons [86,347]. In the case of (C = 1,S =−1, I = 1/2) sector, the building-blocks are
the pseudoscalar (Ds,D,K ,π,η, K̄) and vector (D∗

s ,D∗,K∗,ρ,ω, K̄∗,φ) mesons, and the
spin-1/2 (Λ, Σ, Ξ, Λc, Σc, Ξc, Ξ′

c, Ωc), and spin-3/2 (Σ∗
c , Ξ∗

c , Ω∗
c ) charmed baryons [86,

172]. For bottom (B =−1,S =−1, I = 1/2) states, one can substitute the c quark by a
b quark, and we have the spin-1/2 (Λ, Σ, Ξ, Λb, Σb, Ξb, Ξ′

b, Ωb), and spin-3/2 (Σ∗
b, Ξ∗

b,
Ω∗

b) baryons, and the pseudoscalar (B̄s, B̄,K ,π,η, K̄) and vector (B̄∗
s , B̄∗,K∗,ρ,ω, K̄∗,φ)

mesons [83]. All baryon-meson pairs with (C = 1 or B = −1,S, I) quantum numbers
span the coupled-channel space for a given total angular momentum (J). The s−wave
tree level amplitudes between two channels are given by the SU(6)lsf × HQSS WT
interactions shown in Eq. (7.1). The hadron masses and meson decay constants, f i,
have been taken from Ref. [86]. The DJ

i j matrices are determined by the underlying
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SU(6)lsf× HQSS group structure of the interaction. Tables for all of them can be
found in Refs. [86] and [83] for the charm and bottom sectors, respectively.

We then solve the BSE in coupled-channels using the HQSS WT interactions as
kernels of the non-perturbative re-summation (see Sec. 3.2). We look for poles both
in the FRS and SRS of the complex amplitudes, and as in the previous Chapter 7,
we compare results from the subtraction constant, µ-RS, and the sharp cutoff, Λ-RS,
schemes. In order to analyze the contribution of each baryon-meson channel, since
we will be dealing with resonances, we shall also use here Eq. (3.118), to estimate
the wave function of each channel at the origin of the coordinate space [177].

9.3 Results

9.3.1 Ωc excited states
The LHCb experiment has analyzed the Ξ+

c K− spectrum using pp collisions and five
new narrow excitedΩ0

c states have been observed: theΩ0
c(3000), Ω0

c(3050), Ω0
c(3066),

Ω0
c(3090) and the Ω0

c(3119), the last three also seen in the Ξ
′+
c K− decay. Moreover, a

sixth broad structure around 3188 has also been found in the Ξ+
c K− spectrum.

Name MR (MeV) ΓR (MeV) J Mexp
R Γ

exp
R

a 2922.2 0 1/2 — —
b 2928.1 0 3/2 — —
c 2941.3 0 1/2 — —
d 2999.9 0.06 1/2 3000.4 4.5
e 3036.3 0 3/2 3050.2 0.8

Table 9.2: Ωc and Ω∗
c states obtained using α= 1.16

As mentioned, the unitarized coupled-channel model of Ref. [86], based on a
SU(6)lsf×HQSS- extended WT interaction, predicted five excited odd-parityΩc states
with spins 1/2 and 3/2 and masses below 3 GeV (Table 9.1). In Fig. 9.1, the positions
of the three Ωc states (upper panel) and the two Ω∗

c (lower panel) are shown. We
see that all masses are below 2.98 GeV, which makes difficult to identify any of them
with any of the LHCb resonances. Masses and widths of other five resonances above 3
GeV are also displayed in Fig. 9.1. These resonances were not discussed in Ref. [86],
and are much more uncertain, as they result from less attractive SU(6)lsf×HQSS
multiplets related to the exotic 4752 SU(8) irrep.

All these states have been dynamically generated by solving a coupled-channel
BSE using a SU(6)lsf×HQSS-extended WT interaction as a kernel. The baryon-
meson loops have been renormalized implementing one-substraction with α= 1 (the
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Figure 9.1: Ωc(J = 1/2) and Ω∗
c (J = 3/2) odd-parity states, reported in Ref. [86], coming from the most

attractive SU(6)lsf× HQSS representations. These five states, denoted as in Table 9.1, are located
below 3 GeV for J = 1/2 (upper plot) and J = 3/2 (lower plot), while the five heavier resonant states
above 3 GeV, also shown, come from less attractive SU(6)lsf×HQSS multiplets, stemming from the
exotic 4752 SU(8) representation. Since the dynamically generated states may couple differently to
their baryon-meson components, we show the i j−channel independent quantity |T̃(z)|J defined in
Eq. (3.111), which allows us to identify all the resonances within a J−sector at once. The blue dots
correspond to the experimentally observed states. We display them both in the upper and lower plots
because their spin is not determined.

one used in Eqs. (3.95) and (3.97)). This RS was chosen following the works of
Refs. [170,171], where it was claimed that such a choice guarantees an approximate
crossing symmetry2. Moreover it also allowed for a successfully description of the
Λc(2595) and Λc(2625) resonances, with almost3 no-free parameters [172].

However, it is possible to allow for some freedom and slightly modify the choice
of the subtraction point by changing the value of α. In this way, we might move up
in energy the states found in Ref. [86] and compiled in Table 9.1, and try to identify
some of them with the experimentally observedΩ(∗)

c states. We concentrate our study
on those states as they are the ones most likely to exist since they originate from the
most attractive SU(6)lsf× HQSS representations.

Masses become higher when α becomes greater than one. Allowing for just mod-
erately changes, we find that for α = 1.16 the two last states, labeled with d and
e in Table 9.1, are now located near the experimental Ωc(3000) and Ωc(3050), with
masses 2999.9 MeV and 3036.3 MeV, respectively, while their widths are almost zero.

2Note that exact crossing symmetry is only achieved where the loop function is equal to zero.
3The α parameter in Eq. (7.3) was slightly reduced from the default value of 1 advocated in

Ref. [170,171].

194



Chapter • 9

Figure 9.2: Ωc and Ω∗
c states obtained within the scheme of Ref. [86] using α= 1.16. The left (right)

plot shows the states dynamically generated for J = 1
2 (J = 3

2 ). The dotted blue points are the ex-
perimental observations, while some baryon-meson thresholds (dashed-dotted lines) are displayed for
completeness. The function |T̃(z)|J is defined as in Fig. 9.1.

The poles found with this new value of α are compiled in Table 9.2 and displayed in
Fig. 9.2. Moreover, the analysis of the product of the coupling times the loop function
at the pole, g iG i(sR), of Table 9.3 allows us to study the importance of the different
baryon-meson channels in the dynamical generation of the Ωc and Ω∗

c states. In par-
ticular, the state at 2999.9 MeV is mainly a Ξ

′+
c K̄ molecular state that also couples

strongly to Ωcη, ΞD and ΞcK̄∗. As for the state at 3036.3 MeV, the dominant Ξ∗
c K̄

channel can be reconciled with the experimentally seen decay Ξ+
c K−, if one allows

for the Ξ∗
c K̄ → ΞcK̄ d−wave transition, that does not involve the exchange of the

charm-quark.
In view of the previous results, we now explore a different RS in order to evaluate

the impact of the renormalization procedure in the predictions of the Ωc and Ω∗
c

low-lying odd parity states, aiming at providing an alternative description for some
of the states observed by LHCb. Thus, we allow for a variation of the subtraction
constants in each channel different to that imposed within the µ−RS, but still in
a controlled way. For that purpose, we use the relation between the subtraction
constants and the Λ-RS, and employ a common UV cutoff for all baryon-meson loops
within reasonable limits (we refer the reader to Subsec 3.2.2 for details). In this way,
on the one hand, we avoid any fictitious reduction of any baryon-meson channel by
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using a small value of the cutoff and, on the other hand, we prevent an arbitrary
variation of the subtraction constants4, since we correlate all of them to a reasonable
value of the UV cutoff, while still keeping the full analyticity of the baryon-meson
loops.

To identify our five dynamically generatedΩc andΩ∗
c states of Table 9.1 using the

new subtraction constants, we first need to determine how the masses (and widths)
of our generated states change as we adiabatically vary the values of the subtraction
constants. This can be done by

G i(s)=G i(s)− (1− x)G i(µ2)+ xGΛ
i (si+), (9.2)

where x is a parameter that changes slowly from 0 to 1, µ2 = (m2
th+M2

th) and GΛ
i (si+)

is the divergent part of the loop function regularized with a sharp–cutoff (given by
Eq. (3.101)). In this manner, we can follow in the complex energy plane the original
Ωc and Ω∗

c as we modified our prescription to use a common cutoff for the computa-
tion of the subtraction constants.

Our results for the Ωc and Ω∗
c are shown in Table 9.4 for a fixed cutoff of Λ= 1090

MeV. In this case, we find that three poles (those previously named c, b and d) can
be identified with the three experimental states at 3000 MeV, 3050 MeV and 3119 or
3090 MeV. The identification is possible not only due to the closeness in energy to the
experimental ones but also because of the dominant contribution of the experimental
ΞcK̄ and Ξ

′
cK̄ channels to their dynamical generation. The contribution is measured

by the product gG at the pole, as reported in Table 9.5 for J = 1/2 and Table 9.6 for
J = 3/2. For the J = 1/2 state at 2994 MeV (pole c), we observe a significant contri-
bution of the Ξ

′
cK̄ and ΞcK̄ channels, while Ωcη is also relevant. We identify this

state with Ωc(3000). As for the J = 1/2 state at 3117 MeV (pole d), the dominant con-
tribution comes from ΞD but also from ΞcK̄∗, ΞD∗ and ΞcK̄ . Thus, we can identify
this state with Ωc(3119) or the Ωc(3090) given its proximity in mass. Moreover, a
sizable width of 8.7±1.0±0.8 MeV is reported for the latter state in Ref. [348] to be
compared with the one around 4 MeV found here for the state d. Finally, the J = 3/2
state at 3049 MeV (pole b) could be identified with Ωc(3050) as it couples strongly
to Ξ∗

c K̄ and ΞcK̄∗, channels connected to ΞcK̄ by d−wave transitions, while having
also an important contribution from Ω∗

cη. In summary, two J = 1/2 and one J = 3/2
can be identified experimentally for a cutoff of Λ= 1090 MeV.

In order to assess the dependence of our results on the cutoff, we have examined
lower and higher values. As indicated before, the variation in the cutoff scale changes
the value of the subtraction constant. This variation is related to the change of the
size of higher order corrections in the meson-baryon scattering amplitude that are
not known and not fixed by unitarization. Below 800 MeV, all resonances become

4This will induce an enormous freedom difficult to fix with the scarce available data.
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heavier and much wider than the observed LHCb states. Actually, a clear identifi-
cation between our results and some of the experimental states is not possible until
a value of Λ ∼ 1000 MeV. For cutoffs bigger than 1300–1350 MeV, the Ωc and Ω∗

c
states coming from the most attractive SU(6)lsf× HQSS representations appear well
below 3 GeV, and we can neither make an identification between those states and the
LHCb spectrum. In Fig. 9.3, we show the obtained pole positions for Λ = 1090 MeV
(Table 9.4) and two additional cutoffs, around 100 MeV smaller and bigger, respec-
tively, than this central one. It can be seen that for Λ=1090 MeV and Λ=1200 MeV,
a maximum number of three states can be identified. As compared to the Λ =1090
MeV case previously discussed, for Λ=1200 MeV we can identify two Ω∗

c states with
J = 3/2 at 3000 MeV and 3090 MeV, whereas a J = 1/2 Ωc is seen at 3050 MeV. The
J = 1/2 state at 3050 MeV corresponds now to the d state, that for Λ = 1090 MeV
was identified with the Ωc(3119) or Ωc(3090) resonances, and it has a dominant ΞD
component. It might still be the Ωc(3090). The J = 1/2 c pole now moves well below
3 GeV and this makes difficult its identification with any of the LHCb states. In the
J = 3/2 sector, the resonance that appears a 3000 MeV is the pole b and strongly
couples to Ξ∗

c K̄ and ΞcK̄∗, as already mentioned above. The additional J = 3/2 state
at 3090 MeV is the pole e in the nomenclature used in Table 9.4 for Λ = 1090 MeV,
and as it can be seen there, it has a large ΞD∗ molecular component, and it could be
associated to the Ωc(3119) or Ωc(3090) LHCb resonances. In all three cases and in
order to make the experimental identification possible, a significant coupling to the
ΞcK̄ channel could be obtained, often via Ξ∗

c K̄ and ΞcK̄∗ allowing for the d−wave
transitions. In summary we see that by changing the UV cutoff, the pole positions
of the dynamically generated states are modified making more plausible different
identifications between some of these states and those observed by LHCb.

As mentioned in the introduction of the chapter, the molecular nature of the five
Ωc narrow states has been recently analyzed in Refs. [351, 388] as well as the ob-
served broad structure around 3188 MeV in Ref. [432]. In Ref. [351] the interaction of
the low-lying mesons (pseudoscalar and vector mesons separately) with the ground-
state 1/2+ baryons in the C =+1, S−2 and I = 0 sector has been built from t-channel
vector meson exchanges. Two J = 1/2 baryon-meson molecular states could be iden-
tified with the experimental Ωc(3050) and Ωc(3090), mostly having the state at 3050
MeV a Ξ

′
cK̄ component with an admixture of Ωcη, while the 3090 MeV would be a

ΞD molecule. These results have been reproduced in the J = 1/2 sector in Ref. [388],
within a LHG approach extended to the charm sector that also incorporates baryon
3/2+-pseudoscalar meson components. This is because the diagonal terms in the in-
teraction kernel are the same in both models and these twoΩc states do not couple to
baryon 1/2+-vector meson channels in Refs. [351, 388]. Furthermore, by incorporat-
ing baryon 3/2+-pseudoscalar meson states, a J = 3/2 baryon-meson molecular state
has been also identified in Ref. [388] with the experimental Ωc(3119). This state
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would be a baryon 3/2+- pseudoscalar meson molecule with large couplings to K̄Ξ∗
c

and Ω∗
cη.

For Λ = 1090 MeV, we have also obtained in the present analysis three baryon-
meson molecular states that couple predominantly to K̄Ξ

′
c, DΞ and K̄Ξ∗

c , respec-
tively, but with a different experimental assignment of masses, that is, J = 1/2
Ωc(3000) and J = 1/2 Ωc(3119) or Ωc(3090), and J = 3/2 Ωc(3050), which correspond
to poles c and d, and b, respectively. However, the g iG i(sR) strengths for the domi-
nant channels found in this work are in reasonable good agreement with those given
in Ref. [388]. As we have illustrated in Fig. 9.3, our predictions for masses are sub-
jected to sizable uncertainties, which might lead to confusions in the assignments to
the LHCb states proposed in this work.

Nevertheless we should highlight that, we use here a different regularization
scheme of the loop functions and different interaction matrices than in the works
of Refs. [351, 388] that should explain the differences found. Note that the matrix
elements involving the interaction of Goldstone-bosons and heavy-baryons are fixed
by chiral symmetry and should agree in the three approaches. The differences come
from channels involving D, D∗ and light-vector mesons, where HQSS does not com-
pletely fix the interactions. Furthermore, in the models of Refs. [351,388] some HQSS
breaking terms suppressed by the heavy-quark-mass are accepted. In addition, we
incorporate the mixing of channels involving pseudoscalar mesons with channels in-
volving vector mesons, while such mixings are claimed to be negligible in the case of
Ref. [388]. Our model also incorporates the contribution of baryon-meson states of
higher mass than those included in Refs. [351, 388], though, those heavier baryon-
meson channels do not give any relevant contribution to the generation of the low-
lying Ωc and Ω∗

c states.
In Ref. [432] the broad structure observed by the LHCb Collaboration around

3188 MeV has been analyzed as the superposition of two DΞ bound states within the
Bethe-Salpeter formalism in the ladder and instantaneous approximation. As can
be seen in Fig. 9.3. we also generate resonances in this region, but it is difficult to
reach any conclusion since most likely, we would have to consider also some states
from less attractive SU(6)lsf×HQSS multiplets, stemming from the exotic 4752 SU(8)
representation [86]. A candidate of a loosely bound molecular state with a large Ξ∗

c K̄
component and a mass around 3140 MeV is also predicted in Ref. [89]. It results from
Ξ∗

c K̄ /ΞcK̄∗/Ξ′
cK̄∗ coupled-channel dynamics using a one-boson-exchange potential. It

is difficult to associate such state with any of the predictions obtained here from the
scheme of Ref. [86], since the work of Ref. [89] does not consider Ξ(∗)D(∗) channels.
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Figure 9.3: Ωc and Ω∗
c states for different UV cutoffs. The blue squares indicate the experimental

points. Dashed-dotted lines represent the closest baryon-meson thresholds. The left plots are for
J = 1

2 and the right ones for J = 3
2 , while the function |T̃(z)|J is defined as in Fig. 9.1. For the two

largest values of Λ, some resonant states from less attractive SU(6)lsf×HQSS multiplets, stemming
from the exotic 4752 SU(8) representation, are also visible in the region of higher masses.
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9.3.2 Ξc excited states
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Figure 9.4: Evolution of the masses and widths of the dynamically generated Ξc states as we vary
the renormalization scheme from using a subtraction constant to a common cutoff of Λ =1090 MeV.
The cross symbolizes the position of the states in the subtraction constant scheme (or dimensional
regularization (DR)) [86], while the triangle indicates the mass and width of the same states for the
cutoff scheme.
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As already pointed out, the first observation of the Ξc(2930) state was reported by
the Belle Collaboration in Ref. [381]. This state was observed through its decay to
Λ+

c K− with no assigned quantum numbers. Besides this recently discovered state,
there are other three Ξc excited states with energies below 3 GeV [21]. As seen in
Table 9.7, the 1/2− Ξc(2790) state decays into Ξ′

cπ, whereas the 3/2− Ξc(2815) decays
into Ξ′

cπ and has also the decay chain Ξ∗
cπ, followed by Ξ∗

c → Ξcπ [403]. Also, a
Ξc(2970) with unknown quantum numbers has been observed decaying into Λ+

c K̄π,
ΣcK̄ , Ξc2π, Ξ′

cπ and Ξ∗
cπ.

We again start by revising the results Ref. [86] in the Ξc sector in order to under-
stand whether the experimental states can be accommodated in our model. We per-
form in this sector an analysis similar to that carried out in the previous subsection
for the Ω∗

c states. In view of these latter results, we will only attempt to vary here
the UV cutoff Λ and not the subtraction parameter α of the µ-RS (Eqs. (3.95),(3.97)
and (7.3)). The widths of our Ξc states as a function of their masses in the J = 1/2
and J = 3/2 sectors are shown in the upper and lower plots of Fig. 9.4, respectively,
together with different baryon-meson thresholds, to which they can couple. The
dynamically generated states of Ref. [86] are displayed with a cross and the "DR"
legend, as those have been obtained using one subtraction at certain scale or di-
mensional regularization. In what follows, we label the states as c1 . . . c9, and they
correspond to those given in Table V of Ref. [86]. They have either JP = 1/2− or
JP = 3/2− and are ordered by their mass position. Hence, c1 (c9) corresponds to the
lightest (heaviest) state of mass 2699.4 MeV (2845.2 MeV), among those quoted in
the mentioned table, where their SU(6) and SU(3) quantum numbers are also given.
We observe that the masses of our Ξc states using one subtraction constant (DR) are
below or close to the experimental Ξc(2790) or Ξc(2815) states, while being far below
in mass with respect to Ξc(2930) or Ξc(2970).

Again, we slowly evolve in Eq. (9.2) x from 0 to 1 while following the evolution of
the states, as seen in Fig. 9.4, to a sharp cutoff. Here we choose Λ= 1090 MeV, which
was the preferred cutoff for the Ωc excited states studied in the previous subsection.
The c1 to c9 states for a Λ= 1090 MeV are shown with a triangle. We find that most
of these states move to higher energies, except for c2, c5 and c8, whereas getting
closer to the experimental values. Note that for this cutoff, the JP = 1/2− c1 state
become virtual above the ΛcK̄ threshold.

Once we have identified our Ξc states in the cutoff scheme, we can assess the
dependence of our results on this regulator, as well as their possible experimental
identification. In Fig. 9.5 we show the evolution of the c1 to c9 states as we vary
the cutoff from 1 GeV (triangles) to 1.2 GeV (crosses), and we also display different
two-body thresholds. Moreover, in Table 9.8 we show masses and widths of the c1
to c9 states with J = 1/2 or J = 3/2, together with the couplings to the dominant
baryon-meson channels (g > 1) and the couplings to the decay channels reported
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experimentally for the Ξc states. All these results are obtained for Λ= 1150 MeV. In
this table we also indicate the SU(6)lsf×HQSS, SU(6) and SU(3) irreps, to which the
c1 to c9 states belong (see Ref. [86] for group-structure details).

As we evolve the cutoff value from Λ= 1000 MeV to Λ= 1200 MeV, that is, from
the right to left in Fig. 9.5, we observe that some of our dynamically generated res-
onances can be identified with the experimental states attending to the complex en-
ergy position. In the JP = 1/2− sector, we observe that the Ξc(2790) could be one of
the c1, c3, c6 or even the c5 states. The identification with the Ξc(2790) is possible be-
cause these states couple to Ξ′

cπ, although this baryon-meson channel is not the dom-
inant one for their dynamically generation, as seen in Table 9.8 for a Λ= 1150 MeV,
except for c5. Indeed, this latter feature of c5 disfavors its identification with the
Ξc(2790). This is because it would become too broad (Γ ≥ 70 MeV) for UV cutoffs of
around 1 GeV, that would lead the c5 resonance to have masses closer to the exper-
imental one, as seen in Fig. 9.5. In addition in the DR scheme, the mass of the c5
state is close to 2790 MeV, but its width is approximately of 84 MeV [86] (see also
Fig. 9.4), while experimentally ΓΞc(2790) ∼ 10 MeV.

Looking at the behavior of the c1, c3, c6 poles with the UV cutoff in Fig. 9.5, it
seems natural to assign the Ξc(2790) to the c1 pole. This state has a width of the
order of 10 MeV for UV cutoffs in the region of 1.2 GeV, where it is located below the
ΛcK̄ threshold. At the same time, the state has large ΛcK̄ and small Ξ′

cπ couplings
(see Table 9.8), respectively, which explains its small experimental width despite be-
ing placed well above the latter threshold, and it is natural to think that the ΛcK̄
channel should play an important role in the dynamics of the Ξc(2790) given its
proximity to that threshold. Note that the light degrees of freedom (ldof) in the inner
structure of the c1 are predominantly coupled to jP

q = 0− spin-parity quantum num-
bers (see Chapter 7). Thus with this identification, this first odd parity excited Ξc
state would not have a dominant configuration consisting of a spinless light diquark
and a unit of angular momentum between it and the heavy quark, as argued for in-
stance in the Belle paper [403]. This is to say, the Ξc(2790) will not be a constituent
quark model λ−mode excited state (see Ref. [312] and Chapter 7) with jP

q = 1− and
hence it will not form part of any HQSS doublet, thus making the assignment to c3
unlikely. Actually, if the spin-parity quantum numbers for the ldof in the Ξc(2790)
were predominantly 1−, one would expect a larger width for this resonance, since its
decay to the open channel Ξ′

cπ is HQSS allowed. This is precisely the situation for
the c3 that is broader than the experimental state. In summary, we conclude a large
molecular ΛcK̄ component for the Ξc(2790) that will have then a dominant jP

q = 0−

configuration. The Ξc(2790) identification with the c1 pole differs from the previous
assignments in Ref. [86], where the Ξc states were obtained using the one subtrac-
tion RS. There, the c7 state was assigned to Ξc(2790) due to its closeness in energy
and the sizable Ξ′

cπ coupling within the DR scheme.
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Figure 9.5: Evolution of the masses and widths of the dynamically generated Ξc states, as we vary
the cutoff from Λ= 1 GeV (triangles) to Λ= 1.2 GeV (crosses). In Fig. 9.5a (Fig. 9.5b), the c1 (c8) state
becomes virtual above (below) the ΛcK (Ξ∗

cπ) threshold. The squares and their associated errorbars
show the masses and widths of the experimental Ξc(2790) and Ξc(2930) (Fig. 9.5a) and Ξc(2815) and
Ξc(2970) (Fig. 9.5b) together with their experimental errors. The spin-parity of both Ξc(2930) and
Ξc(2970) resonances are not experimentally determined [21], and we have displayed them here just
for illustrative purposes.
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With regards to the recently discovered Ξc(2930), if we assume that this state has
JP = 1/2−, we could identify it either with our c6 or c7 states, as they both couple to
the ΛcK̄ channel, although not dominantly as seen in Table 9.8 for a Λ= 1150 MeV.
The assignment to the c6 pole is, however, disfavored because of the mass difference
between this state and the experimental Ξc(2930). As for c7, the small ΛcK̄ coupling
of this state makes also somehow doubtful its identification with the Ξc(2930). In
the case of our c2 and c5 states, we should mention that we do not have any clear
experimental candidate at this point for the c5 dynamically generated J = 1/2 state,
whereas the c2 state becomes broad and appears below 2650 MeV, thus not allowing
for any reasonable experimental assignment.

For JP = 3/2−, the analysis of the evolution of the different states in Fig. 9.5
allows for the identification of the experimental Ξc(2815) with c4 or c8. These states
couple to Ξ∗

cπ in s−wave, although for c4, couplings to other baryon-meson states
(Σ∗

c K̄ , ΛcK̄∗ or Σ∗
c K̄∗) are larger as seen in Table 9.8. The experimental Ξc(2815) is

quite narrow, ΓΞc(2815) ∼ 2−3 MeV, despite the Ξ∗
cπ threshold being around 30 MeV

below its mass. This hints to a subdominant Ξ∗
cπ molecular component in the inner

structure of this resonance. Moreover, looking at the dependence of the JP = 3/2−

pole masses and widths with the UV cutoff displayed in Fig. 9.5, it seems reasonable
to assign the c4 state to the Ξc(2815) resonance.

As for Ξc(2970), assuming that it has J = 3/2−, we could identify it with the c9
state for values of the cutoff around Λ ' 1.1 GeV. In this case, we have to take into
account that this state couples to ΛcK̄∗ and Σ∗

c K̄ , and Ξ∗
cπ (though not dominantly),

and those baryon-meson channels can decay into ΛcK̄π and Ξcππ, respectively. Nev-
ertheless, the predicted width would be significantly smaller than the range of 20-30
MeV quoted in the PDG [21] and shown in Table 9.7. Compared to the results of
Ref. [86], the Ξc(2815) was identified there with c9, assuming that Ξc(2790) and
Ξc(2815) were the c7 and c9 HQSS partners.

In fact, we observe several HQSS partners among our states as well as possible
siblings within the same SU(3) representation. The Ξc(2790) resonance belongs to
an J = 1/2 SU(3) antitriplet irrep, and it would be the SU(6)lsf×HQSS (see Table 9.8)
partner of a narrow Λ∗

c state discussed in Refs. [86, 172] and Chapter 7. This latter
state has large (small) ND and ND∗ (Σcπ) couplings, and depending on the renor-
malization scheme (one-subtraction or UV cutoff), it is part of a double pole pattern
for the Λc(2595), similar to that found for the Λ(1405) within unitarized chiral mod-
els [24, 32, 34, 35, 64, 69, 292, 324] (see related review in [21]), or it is located in the
region of 2.8 GeV close to the ND threshold (see Chapter 7).

On the other hand, the c3 pole belonging to (168,21,62) representation and the c4
of the (168,21,64) form a ( jP

q = 1−)−HQSS doublet. As mentioned earlier, the c4 can
be identified with the Ξc(2815), but we note that the Ξc(2815) is not the sibling of
theΛc(2625) because of the different coupling strengths toΞ∗

cπ and Σ∗
cπ, respectively.
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Whereas Ξc(2815) weakly couples to Ξ∗
cπ, the Λc(2625) strongly does to Σ∗

cπ. How-
ever, this latter state is narrow because the Σ∗

cπ channel is closed (located around 30
MeV above the mass of the resonance). Indeed, recently it has been argued that the
Λ(2625) is probably a constituent three quark state (see [312] and Chapter 7).

As for the J = 1/2 c5 and the J = 3/2 c8 states, those form part of a SU(6) 15−plet,
belonging to the SU(6)lsf× HQSS (168,15,32) and (168,15,34) irreps [86]. They form
a HQSS doublet with jP

q = 1− and hence have large couplings to Ξ′
cπ and Ξ∗

cπ, re-
spectively. Indeed, as a good approximation, they are dynamically generated by the
charmed baryon–Goldstone boson interactions. These moderately broad states are
in the SU(3)2J+1 3∗

2 and 3∗
4 irreps, which should be completed by one J = 1/2 and

one J = 3/2 Λc resonances stemming from the Σcπ and Σ∗
cπ chiral interactions (see

Ref. [340] and Chapter 7), neglecting higher energy channels. The J = 3/2 sibling is,
however, not the Λc(2625). As mentioned before, the Λc(2625) is probably a quark
model (λ−mode excitation) state (see Ref. [312] and Chapter 7). Another resonance
with mass and width of around 2.7 GeV and 60 MeV (see Ref. [340] and Chapter 7),
that has not been discovered yet, would then be the SU(3) sibling of the c8 state.

The features of the J = 1/2 counterpart of c5 in the Λc sector are much more
uncertain and depend on both the employed renormalization scheme and on the in-
terplay between quark-model and baryon-meson degrees of freedom (see Chapter 7).
Thus, for instance neglecting the latter, it would appear around 2.6 GeV with a large
width of 60-80 MeV because its sizable coupling to the Σcπ pair. Within the UV
cutoff RS, this state can be easily moved below the Σcπ threshold and be identified
with the narrow Λc(2595) [340]. In the DR scheme advocated in Ref. [86], this broad
state, together with the jP

q = 0− narrow state mentioned above in the discussion of
the Ξc(2790), gives rise to a double pole structure for the Λc(2595).

Within the UV cutoff renormalization scheme examined here, the (c7, c9) HQSS-
doublet might correspond to the experimental Ξc(2930) and Ξc(2970) states. The c7
state, that we have tentatively assigned to the Ξc(2930), exhibits (Table 9.8) mod-
erate couplings to Ξcπ and ΛcK̄ , small ones to Ξ′

cπ and ΣcK̄ , and finally large cou-
plings to ΛD(∗), ΣD(∗) and Σ∗D∗. It belongs to a SU(3) sextet, where there is also a
Ωc state. The latter corresponds to the one labeled as d in the previous subsection,
where it was tentatively assigned either to the Ωc(3090) or the Ωc(3119) observed by
the LHCb Collaboration in the ΞcK̄ mode [348]. This is in fact consistent with what
one might expect from its c7−sibling couplings. Assuming the equal spacing rule we
could predict the possible existence of a J = 1/2− Σc state around 2800 MeV that will
complete the sextet. The Σc(2800) clearly fits into this picture since it is observed in
the Λcπ channel [21].

Recently there has been an analysis of the Ξc sector within a baryon-meson
molecular model based on LHG that implements the interaction between the 1/2+

and 3/2+ ground-state baryons with 0− and 1− mesons (see Chapter 8). The authors
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have found that five of their dynamically generated Ξc states can be identified with
the experimental Ξc(2790), Ξc(2930), Ξc(2970), Ξc(3055) and Ξc(3080). Whereas the
Ξc(2790) would be a 1/2− state, the Ξc(2930), Ξc(2970), Ξc(3055) and Ξc(3080) could
be either 1/2− or 3/2− ones. Compared to this approach, our model identifies the ex-
perimental Ξc(2790) and Ξc(2930) as 1/2− states, and the Ξc(2815) and Ξc(2970) as
3/2−. The different assignment is mainly due the distinct renormalization scheme
used in the two approaches as well as the fact the interactions involving D and D∗

and light vector mesons with baryons are not completely fixed by HQSS or chiral
symmetries, thus allowing for different assumptions.

9.3.3 Ξb excited states

With regards to the bottom sector, the Ξb(6227) resonance has been recently mea-
sured by the LHCb experiment [382], with ΓΞb(6227) ∼ 18 MeV. Its quantum numbers,
though, remain unknown, whereas the observed decay channels are Λ0

bK− and Ξ0
bπ

−

(see Table 9.7).
We start again by revising the previous results of Ref. [83] with B = −1, S = −1,

I = 1/2 (Ξb sector). Masses and widths of the dynamically generated states within
our model using the DR scheme, together with their irreps, spins and couplings to the
dominant baryon-meson channels as well those for the experimental decay channels
ofΞb(6227) are shown in Table 9.9. We obtain nine states, which are the bottom coun-
terparts of the Ξc ones discussed in the previous subsection. Compared to Ref. [83],
we report here five more poles, since in that reference only SU(3) flavor partners of
Λb states were searched (members of antitriplet irreps). Also, two of them, the state
at 6035 MeV with J = 1/2 and the one at 6043 MeV with J = 3/2 were wrongly as-
signed in Ref. [83] to the SU(6) 15 representation. Instead, their should belong to the
SU(6) 21 representation, as seen in Table 9.9. Moreover, there is a state at 6073 MeV
in Table IV in Ref. [83] that does not appear in our present calculation. The differ-
ences between of them are due to the difficulty in determining the number of states
and their representations as we break the SU(6)lsf×HQSS symmetry to SU(3) in the
bottom sector, as almost all states have zero width and states with widths closer to
zero are more difficult to follow in the complex energy plane.

As in the Ξc sector, our b1 to b9 states using one-subtraction renormalization are
too low in energy so as to assign any of them to the experimental Ξb(6227) state.
Thus, we proceed as in the previous subsection and vary the renormalization scheme
from one-subtraction to cutoff. In this manner, we identify our b1 to b9 states us-
ing one-subtraction renormalization with the ones within the cutoff scheme, and we
study their evolution as we change the value of the cutoff.
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Figure 9.6: Evolution of the masses and widths of the dynamically generated Ξb states, as we vary the
cutoff from Λ= 1000 MeV (triangles) to Λ= 1400 MeV (crosses), with J = 1/2 (upper panel) and J = 3/2
(lower panel). The square and its bars represent the position of the Ξb(6227) resonance, and its errors
in mass and width, respectively. We show the experimental result for both values of J due to its
unknown quantum numbers. In Fig. 9.6b, the last five thresholds (not labelled in the figure because
they are too close to each other) are: Ξ∗

bη (6492.45 MeV), ΣB∗ (6518.35 MeV), ΩbK (6564.68 MeV),
Ξbρ (6565.04 MeV) and Ξbω (6572.12 MeV).
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In Fig. 9.6 we display the evolution of the masses and widths of the dynamically
generated Ξb states as we vary the cutoff from Λ = 1000 MeV (triangles) to Λ =
1400 MeV, for J = 1/2 (upper plot) and J = 3/2 (lower plot). The square and its bar
represent the position of the Ξb(6227) resonance, and the error for its mass and
width, respectively. We show the experimental result (Ξb(6227)) for both J = 1/2 and
J = 3/2 because its quantum numbers have not been determined yet. Additionally, in
Table 9.10, we collect the masses and the widths of the b1 to b9 states with J = 1/2
or J = 3/2, together with the couplings to the dominant baryon-meson channels and
the couplings to the decay channels of the Ξb(6227), for Λ = 1150 MeV as in the
charm sector. We also indicate the SU(6)lsf× HQSS, SU(6) and SU(3) irreducible
representations of these states.

We might try now to assign the experimental Ξb(6227) to any of our states, while
determining the negative parity baryons with B = −1 belonging to the same 3∗ and
6 SU(3) representations. The observed decay modes, Λ0

bK−, Ξ0
bπ

− [382], of the reso-
nance support that this state should have 1/2− spin-parity, assuming s−wave. More-
over, the jP

q = 0− component should be also quite relevant, which according to the
couplings collected in Table 9.10 makes plausible its identification either with the
b1 or b2 states. The evolution displayed in the upper plot of Fig. 9.6 leads us to
assign the Ξb(6227) to the b2 state. The b2 pole would stem from a SU(6) 15-plet,
composed of J = 1/2 and J = 3/2 SU(3) antitriplets and of a J = 1/2 SU(3) sextet,
where the Ξb(6227) would be accommodated. The J = 1/2− Λb(5912) and J = 3/2−

Λb(5920) (LHCb [346]) would be part of the 3∗
2 and 3∗

4 multiplets forming a HQSS-
doublet [83]. These antritriplets should be completed by another HQSS-doublet of
Ξb and Ξ∗

b states, b5 and b8, that according to Fig. 9.6 and Table 9.10 should have
masses around 6250 MeV and could be seen in the Σ(∗)

b K̄ and Ξ(′∗)
b π modes.

Coming back to the Ξb(6227), it belongs to a jP
q = 0−−sextet that should be com-

pleted by J = 1/2 Σb and Ωb states. The recent Σb(6097) resonance seen by the LHCb
Collaboration [433] in the Λbπ channel nicely fits in this multiplet. Relying again in
the equal spacing rule, we could foresee the existence of a J = 1/2 Ωb odd parity state
with a mass of around 6360 MeV that should be observed in the ΞbK̄ channel. Some
molecular Ωb states were predicted previously in Ref. [350], but all of them above 6.4
GeV.

Previous works based on molecular approaches have also found the Ξb(6227)
as a dynamically-generated state. In Refs. [340, 430] a unitarized model using the
leading-order chiral Lagrangian found the Ξb(6227) as a s−wave ΣbK̄ molecule, with
a preferred 1/2− spin-parity assignment [430]. In our present model the ΛB̄∗, ΣB̄
and ΛB̄ are the dominant channels in the generation of the Ξb(6227), though it also
couples (weakly) to ΣbK̄ . The main difference between models comes from the fact
that our scheme has a more extensive number of channels, whereas the antitriplet
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and sextet multiplets of ground-state baryons mix when constructing the interaction
matrices. Also, in Chapter 8 we have also analyzed the Ξb sector. There we have
found two poles with masses close to the Ξb(6227) and widths ∼ 25−30 MeV, close to
the experimental one, with 1/2− and 3/2− spin-parity. In this chapter, we identify the
Ξb(6227) as a 1/2− state and, again, the difference arises because of the renormaliza-
tion scheme and the interaction matrices involving D, D∗ and light vector mesons.

Ξb(6240) ?

Λb(5912)

Ξb(6240) ?

Λb(5920)

Figure 9.7: Bottom baryon states classified within the J = 1/2 (left diagram) and J = 3/2 (right dia-
gram) SU(3) 3∗ irreps. The question mark indicates states predicted in this work.

Ξc(2930)

Σc(2800)

Ωc(3090)/Ωc(3119)

Ξb(6227)

Σb(6097)

Ωb(6360)?

Figure 9.8: Charm and bottom resonances classified within SU(3) 6 irreps with J = 1/2, which however
stem from different SU(6)lsf×HQSS irreps: (120,21,62) and (168,15,62), respectively. The question
mark indicates states predicted in this work.
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D
1.7

10.4
Ξ

D
∗

1.6
−

8.5
Ω

c η
1.7

15.7
Ξ

c K̄
∗

1.6
−

14
Ξ

D
∗

0.8
−

3.5−
0.1

j
Ξ

∗D
0.5

−
2.7

Ξ
c K̄

∗
1.3

10.1
Ξ

′c K̄
∗

0.6
−

4.9
Ξ

′c K̄
∗

1.1
−

7.3−
0.2

j
Ω

c ω
0

0.3
Ω

c ω
0.1

0.7
Ξ

∗c K̄
∗

1.3
−

8.9
Ξ

∗c K̄
∗

0.6
3.6−

0.2
j
Ξ

∗D
∗

0.6
−

2.4
Ξ

∗D
∗

0.7
−

2.6
Ω

∗c ω
0.1

0.4
Ω

∗c ω
0

0
Ω

D
s

0.8
−

3.3
Ω

c η ′
0.5

2.5
Ω

c φ
0.6

3.5
Ω

c φ
1.1

5.4+
0.1

j
Ω

∗c η ′
0.5

2.8
Ω

D
∗s

1.2
−

3.7
Ω

D
∗s

1
−

3.4
Ω

∗c φ
0.6

−
2.9+

0.1
j
Ω

∗c φ
1.2

6.5

Table
9.3:

P
roperties

of
the

Ω
c (2999.9)

an
Ω

c (3036.3)
states,labeled

as
poles

d
and

e,respectively,obtained
using

α
=

1.16.
T

he
first

colum
n

displays
the

different
baryon-m

eson
channels

coupled
to
Ω

c (2999.9),ordered
by

their
threshold

energies,in
the

J=
1/2

sector.
T

he
second

and
third

colum
ns

show
the

absolute
value

of
the

coupling
and

the
product

of
the

coupling
tim

es
the

loop
function

at
the

pole
position,

respectively,
for

all
baryon-m

eson
coupled

states.
T

he
fourth,

fifth
and

sixth
colum

ns
are

equivalent
to

the
first

three
colum

ns
but

for
Ω

∗c (3036.3)in
the

J=
3/2

sector
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Name MR (MeV) ΓR (MeV) J Mexp
R Γ

exp
R

a 2963.95 0.0 1/2 — —
c 2994.26 1.85 1/2 3000.4 4.5
b 3048.7 0.0 3/2 3050.2 0.8
d 3116.81 3.72 1/2 3119.1/ 3090.2 1.1/ 8.7
e 3155.37 0.17 3/2 — —

Table 9.4: Ωc and Ω∗
c states calculated using the subtraction constants associated to a cutoff of Λ =

1090 MeV. We identify experimentally two J = 1/2 and one J = 3/2 states.

pole a pole c pole d
channel |g| gG (MeV) |g| gG (MeV) |g| gG (MeV)
ΞcK̄ 0.9 −33.0−0.1 j 0.3 −10.2+6.0 j 0.3 −11.7+2.2 j
Ξ′

cK̄ 0.4 −7.3 1.7 39.1+0.9 j 0.0 −0.6+0.1 j
ΞD 1.8 10.1 1.0 −6.4−2.1 j 2.3 −26.9−1.1 j
Ωcη 0.4 4.1 1.9 −22.7−0.5 j 0.3 −4.6
ΞD∗ 1.7 3.6 1.4 3.5−0.9 j 2.2 12.5−0.8 j
ΞcK̄∗ 0.0 −0.1 1.8 −8.7+0.2 j 1.8 17.4+0.1 j
Ξ′

cK̄∗ 0.9 0.4 1.4 1.8−0.3 j 0.2 −0.7−0.6 j
Ωcω 0.5 −0.4 0.6 −1.0+0.2 j 0.3 1.7+0.1 j
Ξ∗

c K̄∗ 1.2 −2.0 0.3 0.1+0.2 j 1.5 3.8−0.4 j
Ξ∗D∗ 0.2 0.4 0.9 1.7−0.1 j 2.5 0.4−0.1 j
Ω∗

cω 0.4 0.5 0.1 0.0+ 0.9 −2.7+0.1 j
Ωcη

′ 0.1 −0.6 0.2 1.0+0.1 j 0.6 0.8
Ωcφ 0.4 2.6 1.1 7.2−0.6 j 0.1 0.2−0.3 j
ΩD∗

s 0.3 2.0 0.1 −0.8−0.4 j 1.9 −9.2−0.2 j
Ω∗

cφ 0.8 6.5 0.4 −2.8−1.2 j 0.6 3.4−0.5 j

Table 9.5: J = 1/2 Ωc states, labeled as poles a, c and d, calculated using the subtraction constants
determined by a unique UV cutoff Λ= 1090 MeV [see Eq. (3.103)]. The first column displays the dif-
ferent baryon-meson coupled channels, ordered by their threshold energies. The subsequent columns
show the absolute value of the coupling and the product of the coupling times the loop function at the
pole for all baryon-meson coupled states for pole a at 2963.95 MeV (second and third columns), pole
c at 2994.26 MeV (fourth and fifth columns) and pole d at 3116.81 MeV (sixth and seventh columns).
Poles c at 2994.26 MeV and d at 3116.81 MeV might be identified with the experimental Ωc(3000)
and the Ωc(3119) or Ωc(3090), respectively.
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pole b pole e
channel |g| gG (MeV) |g| gG (MeV)
Ξ∗

c K̄ 1.8 −38.8−0.1 j 0.1 −4.3+0.1 j
Ω∗

cη 1.8 20.1 0.8 13.3−0.3 j
ΞD∗ 0.8 −3.0 3.6 −24.4
ΞcK̄∗ 2.1 −14.0 0.9 10.5+0.2 j
Ξ∗D 0.9 1.9 2.2 −10.7
Ξ′

cK̄∗ 0.5 −1.3 0.1 −0.6+0.1 j
Ωcω 0.3 1.0 0.4 −2.9
Ξ∗

c K̄∗ 1.2 −0.7 0.6 2.4+0.1 j
Ξ∗D∗ 1.1 −1.2 2.4 −2.3
Ω∗

cω 0.4 0.4 0.2 −1.0
ΩDs 0.1 −0.4 1.4 2.1
Ωcφ 0.5 −2.6 0.2 −0.4
Ω∗

cη
′ 0.1 −0.5 0.8 −2.0

ΩD∗
s 0.2 −1.1 1.9 8.1

Ω∗
cφ 1.1 −7.6 0.1 0.4

Table 9.6: J = 3/2 Ω∗
c states, labeled as poles b and e, calculated using the subtraction constants

determined by a unique UV cutoff Λ = 1090 MeV [see Eq. (3.103)]. The first column displays the
different baryon-meson coupled channels, ordered by their threshold energies, for J = 3/2. The sub-
sequent columns show the absolute value of the coupling and the product of the coupling with the
loop function at the pole for all baryon-meson coupled states for pole b at 3048.7 MeV (second and
third columns) and pole e at 3155.37 MeV (fourth and fifth columns). Pole b at 3048.7 MeV might be
identified with the experimental Ωc(3050).
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Irreps
State

M
(M

eV
)
Γ

(M
eV

)
J

C
ouplings

(168,21
2,1 ,3 ∗2 )

c1
2773.59

10.52
1/2

g
Ξ

c π =
0.5,g

Ξ
′c π =

0.3,g
Λ

c K̄ =
1.3,g

Σ
c K̄ =

0.9
,

g
Λ

D =
1.6,g

Σ
D =

1.5,g
Λ

D
∗=

2.9,g
Σ

D
∗=

1.0,
g
Ξ
′c ρ =

1.0,g
Λ

c K̄
∗ =

0.2

(168,15
2,1 ,6

2 )
c2

2627.5
38.84

1/2
g
Ξ

c π =
1.8,g

Ξ
′c π =

0.04,g
Λ

c K̄ =
1.2,g

Σ
c K̄ =

0.1,
g
Λ

c K̄
∗ =

0.04,g
Σ

D =
1.2,g

Λ
D

∗=
1.0,g

Σ
D

∗=
1.9

(168,21
2,1 ,6

2 )
c3

2790.99
16.09

1/2
g
Ξ

c π =
0.3,g

Ξ
′c π =

0.8,g
Λ

c K̄ =
0.2,g

Σ
c K̄ =

1.7,
g
Σ

D =
2.6,g

Λ
D

∗=
2.2,g

Ξ
′c η =

1.1,g
Λ

c K̄
∗ =

1.0,
g
Σ

D
∗=

2.3,g
Σ

c K̄
∗ =

1.1,g
Ξ

D
∗s =

1.7

(168,21
2,1 ,6

4 )
c4

2850.89
6.76

3/2
g
Ξ
∗c
π =

0.6,g
Σ ∗c K̄ =

2.2,g
Λ

c K̄
∗ =

1.5,g
Ξ
∗c
η =

1.1,
g
Σ ∗D =

1.1,g
Σ ∗D

∗=
1.5,g

Σ ∗c K̄
∗ =

1.8

(168,15
2,1 ,3 ∗2 )

c5
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12.28
1/2

g
Ξ

c π =
0.2,g

Ξ
′c π =
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Λ
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Σ
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Λ

D =
3.1,g

Λ
c K̄

∗ =
0.1,g

Σ
D =

1.5
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2,1 ,3 ∗2 )

c6
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1/2

g
Ξ

c π =
0.1,g

Ξ
′c π =

0.1,g
Λ

c K̄ =
0.2,g

Σ
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1.4,
g
Σ

D =
1.6,g

Λ
D

∗=
1.1,g

Σ
D

∗=
4.3,g

Ξ
D

s =
1.1,

g
Σ

c K̄
∗ =

1.4,g
Ξ

D
∗s =

1.9

(120,21
2,1 ,6

2 )
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2922.5
2.48
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Ξ
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Ξ
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0.2,g

Σ
c K̄ =
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g
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Σ
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D
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g
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D
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Ξ
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Σ ∗D
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Σ

c K̄
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g
Ξ
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ρ =

1.0,g
Ξ
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(168,15
2,1 ,3 ∗4 )

c8
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22.79
3/2

g
Ξ
∗c
π =

1.7,g
Σ ∗c K̄ =

1.0,g
Λ

D
∗=

2.4,g
Σ

D
∗=

1.2,
g
Λ

c K̄
∗ =

0.2

(120,21
2,1 ,6

4 )
c9

2942.05
1.46

3/2
g
Ξ
∗c
π =

0.2,g
Σ ∗c K̄ =

0.2,g
Λ

c K̄
∗ =

0.4,g
Λ

D
∗=

2.7,
g
Σ

D
∗=

2.2,g
Σ ∗D =

2.8,g
Σ ∗D

∗=
3.4,g

Ξ
∗D

s =
1.4,

g
Ξ
∗D

∗s =
1.8

Table
9.8:M

asses
and

w
idths

ofthe
c1

to
c9

states
w

ith
J=

1/2
or

J=
3/2

and
odd

parity
in

the
C
=

1,S=
−

1
and

I=
1/2

sector,together
w

ith
the

couplings
(in

m
odulus)

to
the

dom
inant

baryon-m
eson

channels
(g>

1)
and

the
couplings

to
the

decay
channels

reported
experim

entally
for

the
Ξ

c
states.

A
ll

results
have

been
obtained

for
Λ

=
1150

M
eV.W

e
also

indicate
the

SU
(6)lsf ×

H
Q

SS,SU
(6)

and
SU

(3)irreducible
representations

ofthese
states.W

e
use

the
notation

R
2J

C +
1,C

,w
here

R
is

the
SU

(6)irreducible
representation

(irrep)
label(for

w
hich

w
e

use
the

dim
ension),J

C
is

the
spin

carried
by

the
quarks

w
ith

charm
(1/2

in
allcases)and

C
the

charm
content

(1
in

allcases).
In

addition,w
e

also
use

r2J+
1 ,w

here
r

is
the

SU
(3)irrep,w

ith
J

the
totalangular

m
om

entum
ofthe

state
(see

R
ef.[86]for

details).
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9.4 Conclusions

In this chapter we have explored the possible molecular interpretation of several ex-
perimental excited Ωc, Ξc and Ξb states. We have used a coupled-channel unitarized
model, that is based on a SU(6)lsf×HQSS-extended WT baryon-meson interaction,
within the on–shell approximation for the BSE. We have paid special attention to
the dependence of our predictions on the renormalization scheme, so as to assess the
robustness of our results.

In the (C = 1,S =−2, I = 0) sector, where five Ωc states have been recently ob-
served by the LHCb Collaboration [348], we have firstly reviewed the previous re-
sults of Ref. [86]. There, the BSE is renormalized using a one-subtraction RS at fixed
scale for all channels, as advocated in Refs. [170,171]. Five odd-parity Ωc,Ω∗

c states,
coming from the most attractive SU(6)lsf×HQSS representations, are dynamically
generated, but with masses below 2.98 GeV that cannot be easily identified with any
of the LHCb resonances, located all of them above 3 GeV. Predicted masses can be
moved up by implementing a different RS. We have explored two different scenarios,
introducing at most only one additional undetermined parameter in the scheme. In
the first one, the common energy-scale used in [86] to perform the subtractions is
modified allowing for moderate variations. In the second one, a common UV cutoff is
used to render finite the UV divergent loop functions in all channels. In both cases,
we could move two or three states in the region between 3 and 3.1 GeV, where the
LHCb resonances lie. In particular, when we use Λ = 1090 MeV, we obtain three
baryon-meson molecular states (poles c and d, and b) that couple predominantly to
K̄Ξ

′
c, DΞ and K̄Ξ∗

c , and can be easily related to the LHCb resonances and to results
of Refs. [351, 388]. For the dominant channels, we obtain strengths for the wave
function at the origin in a reasonable good agreement with those found in Ref. [388].
There exist, however, some disagreements in the predictions for the masses, which
need to be taken with some caution. At least, our predictions for masses are subjected
to sizable uncertainties, which might lead also to confusions in the assignments to
the LHCb states proposed in this work. Nevertheless, we can conclude that some
(probably at least three) of the states observed by LHCb [348] will have odd parity
and spins J = 1/2 and J = 3/2. Moreover, those associated to the poles b with J = 3/2
and c with J = 1/2 would belong to the same SU(6)lsf × HQSS multiplets [83,86] that
the strangeness-less Λc(2595) and Λc(2625), and Λb(5912) and Λb(5920) resonances
in the charm and bottom sectors, respectively. We should, however, warn the reader
about the effects produced by quark model states, which might significantly alter the
actual wave-function of the Λc(2595) and Λc(2625) resonances, as it was discussed in
Chapter 7.

In the (C = 1,S =−1, I = 1/2) and (B =−1,S =−1, I = 1/2) sectors, we have also
presented molecular interpretations for the experimentalΞc(2790),Ξc(2815), Ξc(2930),
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Ξc(2970) and Ξb(6227) states, and have predicted the spin-parity quantum numbers
of the latter three resonances. We have found that the Ξc(2790) state has a large
molecular ΛcK̄ component, with a dominant jP

q = 0− configuration, and discussed
the differences between the 3/2− Λc(2625) and Ξc(2815) states, finding that they can-
not be SU(3) siblings. We have also predicted the existence of other Ξc−states, not
yet experimentally detected, being two of them siblings of the two poles that might
form the Λc(2595), assuming that such a pattern exists. Interestingly, the recently
discovered Ξc(2930) and Ξc(2970) are found to be HQSS partners.

The flavor-symmetry content of the framework has also allowed us to understand
the nature of the Σc(2800) and Σb(6097) states, for which we have determined their
spin-parity. Moreover, we have predicted several states, some of them displayed in
Figs. 9.7 and 9.8 (marked with a ? symbol). Among them, we stress the Ωb(6360)
state, with a dominant ΞbK̄ contribution, in the sextet where the Σb(6097) and
Ξb(6227) are located, together with the Ξb(6240) and Ξ∗

b(6240) states, partners of
the HQSS doublet Λb(5912) and Λb(5920) discussed in [83].

Comparison of the results of this chapter with those obtained in Ref. [388] and
Chapter 8 with the LHG formalism, for the Ωc and Ξb,c molecular states, represents
a first step to quantify the systematic uncertainty due to the use of different models
for the BSE interaction kernels involving charmed pseudoscalar and vector mesons,
which are not constrained by chiral symmetry. However, it should also be noted
that some differences are also produced by the renormalization procedure adopted to
make finite the UV divergent loops.
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Predictions for Ξ−
b →π− (

D−
s
)
Ξ∗

c and
Ξ−

b → ν̄ll Ξ∗
c decays, with Ξ∗

c =Ξ0
c(2790)

and Ξ0
c(2815)

10.1 Introduction

The introduction of chiral dynamics in the study of meson-baryon interactions [399,
434] has allowed a rapid development in this field. A qualitative step forward was
given by introducing unitarity in coupled channels, using the chiral Lagrangians as
a source of the interaction [24, 30–32, 34]. In many cases the interaction is strong
enough to generate bound states in some channels, which decay into the open states
considered in the coupled channel formalism. The most renowned case is the one of
the twoΛ(1405) states [32,34,35,65]. The original works considered the interaction of
pseudoscalar mesons with baryons, but the extension to vector mesons with baryons
was soon done in Refs. [31, 334]. The extension to vector mesons finds its natural
framework in the use of the local hidden gauge Lagrangians [135–137], which extend
the chiral Lagrangians and accommodate vector mesons.

The mixing of pseudoscalar-baryon (PB) and vector-baryon (V B) channels in that
framework was done in Ref. [297] in the light sector, and was extended to the charm
sector in Refs. [85, 435]. An alternative approach to this mixing was used in Chap-
ters 7 and 9 to describe the Λ∗

c and the new Ω∗
c and Ξ∗

c,b states, respectively. Within
this framework, the chiral Weinberg-Tomozawa SU(3) meson-baryon interaction is
extended to four flavors, including vector meson and JP = 3/2+ baryon degrees of
freedom, as well. The model implements leading order HQSS constraints, and full
details can be found in Ref. [86].

The study described in this part of the thesis is similar to the one carried out
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in Chapter 6, but in this case for the sector with charm and strangeness. However,
while in Chapter 6 we emphasized the HQSS constraints derived for transitions, here
we take the perspective that the Ξ0

c(2790) and Ξ0
c(2815) resonances are dynamically

generated from the pseudoscalar-baryon and vector-baryon interactions, and pay spe-
cial attention to effects of these latter channels on the considered non-leptonic and
semileptonic Ξ−

b decays. There is the further assumption that these two resonances
form a jP

q = 1− (spin-parity of the light degrees of freedom) HQSS doublet. Actually,
the present analysis is an extension of the similar ones in Refs. [224, 321] for the
corresponding Λb decays. Thus in the present chapter, based on Ref. [8], we retake
the ideas of Refs. [224,321] and apply them to the study of the Ξ−

b →π− Ξ0
c(2790)(1

2
−),

Ξ−
b → π− Ξ0

c(2815)(3
2
−), Ξ−

b → D−
s Ξ

0
c(2790), Ξ−

b → D−
s Ξ

0
c(2815), Ξ−

b → ν̄l l Ξ0
c(2790) and

Ξ−
b → ν̄l l Ξ0

c(2815) decays. The Ξ0
c(2790)(1

2
−) and Ξ0

c(2815)(3
2
−) play an analogous role

to the Λc(2595)[1
2
−] and Λc(2625)[3

2
−], substituting the u-quark by an s-quark. For

the couplings of the Ξ0
c(2790) and Ξ0

c(2815) to the different coupled channels, we will
use results from the SU(6)lsf×HQSS model of Ref. [86], which has been described in
Chapters 7 and 9. We will adapt the formalism developed in Refs. [224, 321] to the
present case and will make predictions for these partial decay modes, which are not
yet measured.

10.2 Formalism

We follow the steps of Ref. [212] for the weak decay of B mesons leading to hadronic
resonances in the final state, generalized to the weak decay of Λb baryons into bary-
onic resonances in Ref. [436]. In this latter study, the Λb → J/ψK−p and Λb → J/ψπΣ
reactions in the region of the Λ(1405) resonance were studied, and predictions were
made for the K−p invariant mass distribution, which were confirmed by experiment
later in the LHCb work disclosing pentaquark states [119]. The analysis of Ref. [436]
also predicted that the K−p and πΣ would be produced with isospin I = 0, which was
also confirmed in Ref. [119] since their partial wave analysis only gave J/ψ and Λ∗

states. Work along the same lines as Ref. [436] was done in Ref. [63] in the decay of
Λc leading to Λ(1405) and Λ(1670), and in Ref. [437] in the Λb → J/ψKΞ reaction.
The scheme of Ref. [436] applied to the present case proceeds as depicted in Fig. 10.1.

The first point to take into account is that in the Ξ−
b baryon, the ds pair has spin

S = 0. Symmetry of the wave function requires the flavour combination ds− sd, and
color provides the antisymmetry. The next step is the hadronization of the final cds
state into meson-baryon pairs.

We must consider some basic facts:
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b
d
s

c
d
s

W−

ū
d

π−

Ξ−
b

Figure 10.1: Diagrammatic representation of the weak decay Ξ−
b →π−Ξ∗

c .

1. The ds quarks are spectators in the process. They have S = 0 and come in the
combination 1p

2
(ds− sd).

2. We will consider only final Ξ∗
c resonances with negative parity, and generated

from the meson-baryon interaction in s−wave. Since the pair ds has positive
parity, the c quark must carry the negative parity and hence it will be produced
in p−wave (L = 1) in the weak interaction diagram depicted in Fig. 10.1.

3. The c quark will be incorporated into a final D (D∗) meson and thus will go
back to its ground state. Hence, the hadronization, introducing

(
ūu+ d̄d+ s̄s

)
with the quantum numbers of the vacuum, must involve the c quark.

With these constraints, the hadronization proceeds as shown in Fig. 10.2.

Technically the hadronization is implemented as follows: The Ξ−
b state has a fla-

vor function ∣∣Ξ−
b
〉≡ 1p

2
|b (ds− sd)〉 , (10.1)

and after the weak decay, the b quark is substituted by a c quark and we will have a
state

|H〉 = 1p
2
|c (ds− sd)〉 . (10.2)

With the hadronization, we will have now

∣∣H′〉= 1p
2

3∑
i=1

|cqi(ds− sd)〉 . (10.3)
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b

d

s

c

d

s

W−

ū
d

π−

ūu + d̄d + s̄sΞ−
b

Figure 10.2: Hadronization after the weak process in Fig. 10.1 to produce a meson-baryon pair in the
final state.

Next we write the qq̄ matrix in terms of the physical mesons given by Eq. (8.1),

∣∣H′〉= 1p
2

3∑
i=1

|Φ4i qi (ds− sd)〉 . (10.4)

Then we can write∣∣H′〉= 1p
2

[∣∣D0u (ds− sd)
〉+ ∣∣D+d (ds− sd)

〉+ ∣∣D+
s s (ds− sd)

〉]
. (10.5)

The last state in Eq. (10.5) contains two extra s quarks and corresponds to a more
massive component that we omit in our study.

Next we see that we have a mixed antisymmetric component for the baryonic
states of three quarks. If we evaluate the overlap with the mixed antisymmetric
representations of the Σ−, Σ0, Λ0 states [438], we find

∣∣H′〉= 1p
2

∣∣D0Σ0〉+ ∣∣D+Σ−〉− 1p
6

∣∣D0Λ
〉

. (10.6)

Yet, we have to be careful here with the phase conventions. By looking at the phase
convention of Ref. [438] and the one inherent in the baryon octet matrix given by
Eq. (2.37), which is used in the chiral Lagrangians, one can see that one must change
the phases of Σ+, Λ, Ξ0 from Ref. [438] to agree with the chiral Lagrangians1.

1One way to see this is to take the singlet baryon state of Ref. [438] with a minus sign, introduce
the hadronization with ūu+ d̄d+ s̄s as we have done before and see the meson-baryon content. The
relative phases are deduced by comparing this result with the SU(3) singlet Tr

(
B ·φ)

, obtained with
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With this clarification about the phases, the state that we obtain consistent with
the chiral convention is:∣∣H′〉= 1p

2

∣∣D0Σ0〉+ ∣∣D+Σ−〉+ 1p
6

∣∣D0Λ
〉

. (10.7)

We also mention the phase convention for mesons in terms of isospin states, where∣∣π+〉 = −|1,1〉, |K−〉 = − ∣∣1
2 ,−1

2

〉
,
∣∣D0〉 = − ∣∣1

2 ,−1
2

〉
, and for baryons Σ+ = −|1,1〉, Ξ− =

− ∣∣1
2 ,−1

2

〉
.

In terms of isospin,
∣∣H′〉 can be written as

∣∣H′〉=−
√

3
2

∣∣∣∣ΣD(J = 1
2

)
〉
+ 1p

6

∣∣∣∣ΛD(J = 1
2

)
〉

. (10.8)

For D∗ production the flavour counting is the same and we would have the same
combination substituting D by D∗.

10.3 The weak vertex
One must evaluate the weak transition matrix elements. For this we follow the
approach in Ref. [224]. The vertex W− →π− is of the type [229,306]

LWπ ∼Wµ∂µφ, (10.9)

while the bcW vertex is of the type

LqWq ∝ q̄finWµγ
µ(1−γ5)qin. (10.10)

Since we are dealing with heavy quarks, as in Ref. [224] we keep the dominant terms
in a non-relativistic expansion: γ0 and γiγ5 (i = 1,2,3). Thus, combining the two
former vertices we obtain a structure for the weak transition at the quark level of
the type

VP ∼ q0 +~σ ·~q, (10.11)

with qµ the four-momentum of the pion.
In Ref. [224] the operator in Eq. (10.11), which acts at the quark level between

the b and c quarks, was converted into an operator acting over the Λ∗
c and Λb at the

macroscopical level with the result

VP ∼
{(

i
q0

q
~σ ·~q+ iq

)
δJ, 1

2
− i

q0

q

p
3 ~S+ ·~q δJ, 3

2

}
ME(q), (10.12)

the nonet of mesons in Eq. (8.1) for φ (taking only the 3×3 part of the matrix), and Eq. (2.37) for B.
The matrix φ contains also a singlet of mesons, the octet matrix is the same putting in the diagonal(
π0p

2
+ η8p

6
,− π0p

2
+ η8p

6
,− 2η8p

6

)
. Two alternative derivations are done in the Appendix of Ref. [306] with the

same conclusions.
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where ~S+ is the spin transition operator from spin 1
2 to spin 3

2 normalized such that

〈M′∣∣S+
µ |M〉 =C (

1
2

, 1,
3
2

; M, µ, M′), (10.13)

with µ in the spherical basis and C (1
2 , 1, 3

2 ; M, µ, M′) the Clebsch-Gordan coefficients.
In addition, ME(q) is the quark matrix element involving the radial wave functions
(here we do the same as in Ref. [224], but the macroscopic states are Ξ∗

c and Ξb
respectively),

ME(q)=
∫

dr r2 j1(qr)φin(r)φ∗
fin(r), (10.14)

where j1(qr) is a spherical Bessel function and φin(r) is the radial wave function of
the b quark in Ξ−

b and φfin(r) the radial wave function of the c quark, prior to the
hadronization, which is in an excited L = 1 state.

Since we require ratios of production rates, the matrix element ME(q) cancels in
the ratio and what matters to differentiate the cases with spin 1

2 and 3
2 is the operator

in Eq. (10.12). One should note that the presence of the factor j1(qr) in Eq. (10.14)
is due to the fact that the c quark is created with L = 1 as we discussed previously.

In Sect. 10.7, we will improve on the non-relativistic approximation of Eq. (10.11),
but we already advance that the ratios of rates only change at the level of 1% with
respect to this non-relativistic approximation.

10.4 The spin structure in the hadronization
The next issue is to see how the hadronization affects the cases of DB or D∗B (with
B =Σ,Λ) production in spin J = 1

2 or 3
2 . For this we follow again the approach of Ref.

[224]. The calculation proceeds in a similar way as in Sec. 5.2 for the hadronization
process shown in Fig. 5.2:

1. The q̄q pair is created with JP = 0+. Since the q̄ has negative intrinsic parity
we need L = 1 in the quarks to restore the positive parity and this forces the q̄q
pair to come with spin S = 1 to give J = 0. This is the essence of the 3P0 model.

2. Since what we want is to elaborate on the spin dependence of the matrix ele-
ments, we assume a zero range interaction, as is also done in similar problems
like the study of pairing in nuclei [439,440].

3. Since the d, s quarks are spectators and carry J = 0, the total angular momen-
tum of the Ξ∗

c is the same as the angular momentum of the c quark after the
weak production.
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C ( j, J) J = 1
2 J = 3

2
(pseudoscalar) j = 0 1

4π
1
2 0

(vector) j = 1 1
4π

1
2
p

3
− 1

4π
1p
3

Table 10.1: C ( j, J) coefficients in Eq. (5.9).

4. The angular momentum of the c quark and the q̄q pair are recombined to give
L′ = 0, since all quarks are in their ground state in the DΣ, D∗Σ, DΛ, and
D∗Λ final states. The total angular momentum of the c quark and that of the
q̄ of the q̄q pair are recombined to give j = 0,1, for the D or D∗ production.
The total angular momentum of the q from the q̄q pair determines the spin
of the baryon Ξ∗

c since the ds quarks carry spin zero. The Clebsch-Gordan
coefficients appearing in the different combinations are recombined to give a
Racah coefficient [230] and the final result is given by Eq. (5.9), substituting
|00;ud〉spectator by |00;ds〉 with the coefficients C ( j, J) given in Table 10.1.

What we have done so far is to obtain the angular structure of the mechanism for
DB (D∗B) production, but we finally want to have the production of the resonances
Ξ0

c(2790) and Ξ0
c(2815). The way to produce these dynamically generated resonances

is depicted in Fig. 10.3. It involves the amplitudes for Ξb → π−D (D∗)B production
studied before, together with the D (D∗)B loop functions and the couplings of the Ξ∗

c
resonance to these meson-baryon components. The width for the Ξb →π−Ξ∗

c decay is

Ξb

π−

Ξ∗
c

B

D(D∗)

Figure 10.3: Mechanism for the production of the Ξ∗
c resonances by re-scattering of D (D∗)Σ (Λ) and

coupling of the meson-baryon components to Ξ∗
c .

given by

ΓΞb→π−Ξ∗
c =

1
2π

MΞ∗
c

MΞb

q
∑∑ |t|2, (10.15)

with q the momentum of the pion in the Ξb rest frame.
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By combining Eqs. (10.8), (10.12), (5.9), we obtain

J = 1
2

:
∑∑ |t|2 = C2 (

q2 +ω2
π

)∣∣∣∣∣1
2

(
−

√
3
2

)
gR,ΣD GΣD + 1

2
1p
6

gR,ΛD GΛD

+ 1

2
p

3

(
−

√
3
2

)
gR,ΣD∗ GΣD∗ + 1

2
p

3

1p
6

gR,ΛD∗ GΛD∗

∣∣∣∣∣
2

,(10.16)

and

J = 3
2

:
∑∑ |t|2 = C2 2ω2

π

∣∣∣∣∣ 1p
3

(
−

√
3
2

)
gR,ΣD∗ GΣD∗ + 1p

3

1p
6

gR,ΛD∗ GΛD∗

∣∣∣∣∣
2

, (10.17)

where ωπ is the pion energy
√

m2
π+ q2, and GBD , GBD∗ are the loop functions for

the propagator of BD (BD∗) in the resonance formation mechanism of Fig. 10.3, and
gR,BD(BD∗) the coupling of the resonance Ξ∗

c to any of the states BD (BD∗). C in Eqs.
(10.16) (10.17) is a factor that contains the matrix element ME(q) and constants of
the weak interaction. Since the mass of the two Ξ∗

c that we investigate are not very
different, then we assume C to be a constant that cancels in the ratio of the rates for
the production of the two resonances. In this case we find

R1 ≡
ΓΞb→π−Ξc(1)

ΓΞb→π−Ξc(2)
= MΞc(1) pπ(1)

∑∑ |t|2(1)

MΞc(2) pπ(2)
∑∑ |t|2(2)

, (10.18)

where 1,2 refer to the Ξc(2790) and Ξc(2815) respectively.
The case of D−

s production instead of π− is identical. Instead of the ūd coupling
to the gauge boson W , we now have that of the c̄s pair, which is equally Cabbibo
favoured and is proportional to cosθC in both cases, with θC the Cabbibo angle. The
only difference in this case is that the momentum of the D−

s is smaller than that in
the case of pion production. The momenta of D−

s in the cases Ξc(2790) and Ξc(2815)
are very similar and, hence, by analogy to Eq. (10.18) we can write

R2 ≡
ΓΞb→D−

s Ξc(1)

ΓΞb→D−
s Ξc(2)

= MΞc(1) pD−
s (1)

∑∑ |t|2(1)

MΞc(2) pD−
s (2)

∑∑ |t|2(2)
, (10.19)

with pD−
s (1,2) evaluated for the Ξc(2790) and Ξc(2815) respectively, and

∑∑ |t|2(1,2)
have to be reevaluated with the new momentum.

If we assume that ME(q) is not very different in the case of π− or D−
s production

we can also write

R3 ≡
ΓΞb→D−

s Ξc(1)

ΓΞb→π−Ξc(1)
= pD−

s (1)
∑∑ |t|2(1,D−

s )

pπ−(1)
∑∑ |t|2(1,π−)

. (10.20)

We expect this equation to hold only at the qualitative level since ME(q) is not nec-
essarily the same for these two different values of q.
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10.5 Semileptonic decay
The semileptonic processes, Ξb → ν̄l lΞ0

c(2790) and Ξb → ν̄l lΞ0
c(2815) proceed in a

similar way but instead of a π− we have ν̄l l production. The semileptonic decays of
BD hadrons along the lines described here have been studied in Refs. [253,441]. The
weak decay of Λc → ν̄l lΛ(1405) is addressed in Ref. [442] and the Λb → ν̄l lΛc(2595)
and Λb → ν̄l lΛc(2625) in Ref. [321]. The first step for the Ξb → ν̄l lΞ∗

c reaction is
shown in Fig. 10.4a.

The only difference with the nonleptonic decay studied in the former sections is
the coupling of W to ν̄l l. Following Ref. [253] we have, for the combined Wν̄l l and
Wcb vertices,

t′ =−iGF
Vbcp

2
LαQα, (10.21)

with GF the Fermi coupling constant, Vbc the Cabbibo-Kobayashi-Maskawa matrix
element for the b → c transition, and Lα, Qα the leptonic and quark currents:

Lα = ūlγ
α(1−γ5)uνl , (10.22a)

Qα = ūcγα(1−γ5)ub. (10.22b)

Once again we retain γ0 and γiγ5 from the quark matrix elements, which are the
leading terms in a non-relativistic reduction. Actually the ν̄l l pair comes out with a
large momentum [321] and the momenta of the baryons are small.

The first step in Fig. 10.4a produces a different structure from Eq. (10.11) in the
nonleptonic case, and one finds (see Eqs. (5),(6),(14) of Ref. [321])∑

lepton pol.
LαL† βQαQ†

β
= 8

mνml
pνpl , (10.23)

where pν, pl are the neutrino and lepton momenta in the Ξb rest frame, and mν,ml
their masses. Note that we are using the field normalization of Mandl and Shaw [216]
and

∑
λuλ(p)ūλ(p) = (p/+m)/2m. The masses mν,ml in Eq. (10.23) get canceled in

the formula of the width, Eq. (10.26), and there are no problems even in the limit
of small or zero neutrino mass. In Ref. [321] it was shown that by constructing the
hadron states from the quark-model ones and summing over the initial and final
polarizations of the hadrons (see Eq. (16) of Ref. [321]) one obtains,∑∑

LαL†βQαQ†
β
→ AJ

8
mνml

pνpl , (10.24)

with

A1/2 = 1, (10.25a)
A3/2 = 2. (10.25b)
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b
d
s

c
d
s

W−

ν̄l

l

Ξ−
b Ξ∗

c

(a) First step at quark level.

b

d

s

c

d

s

W−

ν̄l

l

ūu + d̄d + s̄sΞ−
b

(b) Hadronization to produce D(D∗)B.

Ξb
Ξ∗

c
B

D(D∗)

l
ν̄l

(c) Propagation of D (D∗)B and coupling to the Ξ∗
c .

Figure 10.4: Different steps of Ξ∗
c production in the Ξb → ν̄l lΞ∗

c process.
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The rest of the work needed is identical to the one in the nonleptonic case of the
former sections. One can also do an angle integration analytically in the evaluation
of Γ and one finally obtains

dΓ
dMinv(ν̄l l)

= MΞ∗
c

MΞb

2mν2ml
1

(2π)3 pΞ∗
c p̃l

∑∑ |t′|2, (10.26)

where pΞ∗
c is the Ξ∗

c momentum in the Ξb rest frame and p̃l the lepton momentum
in the ν̄l l rest frame, and

∑∑ |t′|2 is given by [321]∑∑ |t′|2 = C′2 8
mνml

1
M2
Ξb

(
Minv

2

)2 [
Ẽ2
Ξb

− 1
3
~̃p2
Ξb

]
AJVhad(J), (10.27)

with

J = 1
2

: AJVhad(J)=
∣∣∣∣∣1
2

(
−

√
3
2

)
gR,ΣD GΣD + 1

2
1p
6

gR,ΛD GΛD

+ 1

2
p

3

(
−

√
3
2

)
gR,ΣD∗GΣD∗ + 1

2
p

3

1p
6

gR,ΛD∗GΛD∗

∣∣∣∣∣
2

, (10.28)

and

J = 3
2

: AJVhad(J)= 2

∣∣∣∣∣ 1p
3

(−
√

3
2

)gR,ΣD∗ GΣD∗ + 1p
3

1p
6

gR,ΛD∗ GΛD∗

∣∣∣∣∣
2

, (10.29)

where GBD , GBD∗ and gR,BD , gR,BD∗ are the same as in the nonleptonic decay and
C′ is again a factor that contains the matrix element ME(q) evaluated at the proper
value of q. A novelty here is that q is not constant when one integrates dΓ

dMinv
over

Minv. However, the fact that Minv peaks around the maximum allowed in the Dalitz
plot [321], as we show in Fig. 10.5 for the present case, allows us to consider C′

constant over the whole range of Minv.
The magnitudes ẼΞb and ~̃pΞb in Eq. (10.26) are the energies of Ξb and its mo-

mentum in the rest frame of the ν̄l l pair which are given by [253]

ẼΞb =
M2
Ξb

+M2
inv −M2

Ξ∗
c

2Minv
, (10.30a)

p̃Ξb =
λ

1
2

(
M2
Ξb

, M2
inv, M2

Ξ∗
c

)
2Minv

. (10.30b)

An approximate value for the ratio of the semileptonic production for the two
resonances is given by

R = ΓΞb→ν̄l l Ξc(2790)

ΓΞb→ν̄l l Ξc(2815)
=

A 1
2
Vhad

(1
2

)
A 3

2
Vhad

(3
2

) . (10.31)
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Figure 10.5: The invariant mass distribution for ν̄l l in the Ξb → ν̄l lΞc(2790). The one for the
Ξb → ν̄l lΞc(2815) decay is very similar.

Σ D Σ D∗ Λ D Λ D∗

g −1.178− i0.101 0.777+ i0.285 −1.396+ i0.892 0.569− i0.601
gG 6.544+ i0.239 −3.372− i1.067 8.277− i5.921 −2.45+ i2.844

Table 10.2: Values of g and gG for the different channels for the resonance Ξ0
c(2790)( 1

2
−).

Λ D∗ Σ D∗

g 2.346− i0.599 0.791+ i0.49
gG −12.297+ i4.213 −4.148− i2.15

Table 10.3: Values of g and gG for the different channels for the resonance Ξ0
c(2815)( 3

2
−).

10.6 Results

We use the values of gR,ΣD , gR,ΣD∗ , gR,ΛD , gR,ΛD∗ and of the GΣD , GΣD∗ , GΛD , GΛD∗

from Ref. [86] which we have redone in order to evaluate the complex couplings and
the G functions since only the modulus of gR,i were given there and the values of G i
were not tabulated. We give all this information in Tables 10.2 and 10.3. The overall
procedure is equivalent to what was done in Chapters 7 and 9 for the Λ(∗)

c and Ω(∗)
c

and Ξ(∗)
c,b states, respectively (see Ref. [86] for some more details).
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R1 R2 R3

gR,ΣD∗ = 0 0.84 0.596 0.686
gR,ΛD∗ = 0 0.205 0.145 0.686
gR,ΣD∗ →−gR,ΣD∗ 0.481 0.341 0.686
gR,ΛD∗ →−gR,ΛD∗ 0.071 0.05 0.686

Table 10.4: Values of R1,R2,R3 obtained by both changing the sign of the gR,BD∗ couplings or setting
them to zero.

Using the values in Tables 10.2 and 10.3 and Eq. (10.18) we obtain

R1 =
ΓΞb→π−Ξ0

c (2790)

ΓΞb→π−Ξ0
c (2815)

= 0.384, (10.32)

and from Eq. (10.19)

R2 =
ΓΞb→D−

s Ξ
0
c (2790)

ΓΞb→D−
s Ξ

0
c (2815)

= 0.273. (10.33)

Similarly we can obtain from Eq. (10.20)

R3 =
ΓΞb→D−

s Ξ
0
c (2790)

ΓΞb→π−Ξ0
c (2790)

= 0.686. (10.34)

In order to see how sensitive these rates are to the values of the D∗B couplings
we reevaluate them by first setting them to zero or changing their sign. The results
we obtain are shown in Table 10.4.

As we can see, the results shown in Table 10.4 tell us the relevance of the D∗B
components in the production of these resonances.

As for the sector of the semileptonic decay rates corresponding to Eq. (10.31) we
find that

R = ΓΞb→ν̄l l Ξc(2790)

ΓΞb→ν̄l l Ξc(2815)
= 0.191, (10.35)

and if we integrate Eq. (10.26) we find

R = 0.197. (10.36)

As we can see, the numbers are essentially the same.
Once again, if the couplings to D∗B states are changed we obtain different results,

shown in Table 10.5.
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R
gR,ΣD∗ = 0 0.430
gR,ΛD∗ = 0 0.105
gR,ΣD∗ →−gR,ΣD∗ 0.246
gR,ΛD∗ →−gR,ΛD∗ 0.036

Table 10.5: Values of R of the semileptonic decay, obtained by both changing the sign of the gR,BD∗

couplings or setting them to zero.

10.7 Relativistic Effects
The evaluation of rates presented in the previous section was based in a non rela-
tivistic approximation to the operator in Eq. (10.10), given by Eq. (10.11). This could
look as a very drastic approximation since in the Ξ−

b → π−Ξ0
c(2790) decay, the mo-

mentum of the Ξ0
c(2790) is ∼ 2223 MeV/c, not much smaller than its mass. Yet, the

difference between the relativistic and non relativistic energies is only 12%. But the
effect of some neglected terms in the matrix element of Eq. (10.10) could be bigger.
Actually this is the case, and in Ref. [321] the relativistic effects were considered in
the Λb → ν̄l lΛc(2595)(Λc(2625)) semileptonic decays and the effect was an increase
in about 30% of the individual decay rates. Yet, when the ratios of rates were taken,
the effects amounted to only about 1%. Here we will do this exercise again for the
semileptonic decay and extend it to the nonleptonic case. Let us begin by this latter
one.

Let us start from the full relativistic amplitude obtained from Eqs. (10.9), (10.10),

trel ∝ qµ q̄finγ
µ(1−γ5)qin ≡ qµQµ. (10.37)

Considering the b and c quarks as free particles, for the purpose of estimating the ef-
fect of the relativistic terms, and summing and averaging over the spin third compo-
nents (hence, also neglecting the separation into the PB and V B baryon components
that we have done), we can write (see Eq. (8) of Ref. [253])∑∑ |trel|2

= qµqν
pbµpcν+ pcµpbν− pb · pc gµν− iερµσνpρb pσc

mbmc

= 2(q · pb)(q · pc)− q2(pb · pc)
mbmc

. (10.38)

At this point we make use of the heavy-quark symmetry approximate relations

pµb
mb

∼
pµΞb

MΞb

,
pµc
mc

∼ pµR
MR

, (10.39)
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where R stands for the Ξ∗
c final baryon resonance produced. These relationships are

obtained neglecting the internal relative three momenta of the quarks in the heavy
baryons versus their masses, and are commonly used in heavy hadron dynamics.
Then Eq. (10.38) can be approximately written as

∑∑ |trel|2 =
2(q · pΞb )(q · pΞ∗

c )− q2(pΞb · pΞ∗
c )

MΞb MΞ∗
c

. (10.40)

We can see that if we make the non relativistic reduction pΞ∗
c ' (MΞ∗

c ,~0), then we
get

∑∑ |trel|2 = q02 +~q 2, which is the (|~q |2 +ω2
π) factor that we find in Eq. (10.16) for

J = 1/2. For J = 3/2 the factor is 2ω2
π. There is only 0.2% difference between these

two magnitudes, but we can take just the first term in the numerator of Eq. (10.40),
2(q·pΞb )(q·pΞ∗c )

MΞb MΞ∗c
, as the relativistic form for the case of spin 3/2, replacing 2ω2

π. The

terms in Eq. (10.40) are trivially evaluated since

q2 = m2
π, 2q · pΞ∗

c = M2
Ξb

−m2
π−M2

Ξ∗
c
,

2q · pΞb = M2
Ξb

+m2
π−M2

Ξ∗
c
,

2pΞb · pΞ∗
c = M2

Ξb
+M2

Ξ∗
c
−m2

π.

When we make these replacements in the individual rates we obtain the following
results:

Γ(rel)
Ξ−

b→π−Ξ0
c (2790)

Γ(nonrel)
Ξ−

b→π−Ξ0
c (2790)

= 2.07, (10.41a)

Γ(rel)
Ξ−

b→π−Ξ0
c (2815)

Γ(nonrel)
Ξ−

b→π−Ξ0
c (2815)

= 2.05. (10.41b)

As we can see, the relativistic corrections are important and increase the individ-
ual rates in about a factor of two. Yet, since the ratios of rates is the only thing that
we determine, we have now, replacing R1 of Eq. (10.32),

R(rel)
1 =

Γ(rel)
Ξ−

b→π−Ξ0
c (2790)

Γ(rel)
Ξ−

b→π−Ξ0
c (2815)

= 0.389, (10.42)

while before R1 was 0.384. Hence, the change in the ratio is a mere 1%. Similarly we
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evaluate

Γ(rel)
Ξ−

b→D−
s Ξ

0
c (2790)

Γ(nonrel)
Ξ−

b→D−
s Ξ

0
c (2790)

= 1.64, (10.43a)

Γ(rel)
Ξ−

b→D−
s Ξ

0
c (2815)

Γ(nonrel)
Ξ−

b→D−
s Ξ

0
c (2815)

= 1.52. (10.43b)

We can see that because of the larger mass of the D−
s with respect to the one of the

pion, the Ξ0
c momentum is smaller and the relativistic effects are also smaller. Once

again we look at the ratio R2 of Eq. (10.33) and we obtain now

R(rel)
2 =

Γ(rel)
Ξ−

b→D−
s Ξ

0
c (2790)

Γ(rel)
Ξ−

b→D−
s Ξ

0
c (2815)

= 0.295, (10.44)

replacing the non-relativistic value of 0.273. The effects in this ratio are of the order
of 8%.

Finally, we look into the ratio R3 of Eq. (10.34) and we find now

R(rel)
3 =

Γ(rel)
Ξ−

b→D−
s Ξ

0
c (2790)

Γ(rel)
Ξ−

b→π−Ξ0
c (2790)

= 0.543, (10.45)

replacing the non-relativistic value of 0.686. In this case the change is of the order of
20%, because of the larger relativistic effects in the case of the π− emission compared
to the one of D−

s emission.
In order to estimate the relativistic effects of the semileptonic decay we follow the

steps of Ref. [321]. We do not repeat the steps here but, using the results of Section
VI of Ref. [321], we replace in Eq. (10.23)

pνpl →
(pΞb · pν) (pΞ∗

c · pl)
MΞb MΞ∗

c

, (10.46)

or, equivalently (see Eq. (35) of Ref. [321]) replacing the angle integrated value of
pνpl

pνpl ≡ 1
M2
Ξb

(
Minv

2

)2 [
Ẽ2
Ξb

− 1
3
~̃p2
Ξb

]

→ 1
MΞb MΞ∗

c

(
Minv

2

)2 [
ẼΞb ẼΞ∗

c −
1
3
~̃p2
Ξb

]
, (10.47)
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where Minv is the ν̄l invariant mass and the energies and momenta with tilde refer
to the rest frame of the ν̄l, given by [321]

p̃Ξb = p̃Ξ∗
c =

λ1/2(M2
Ξb

, M2
inv, M2

Ξ∗
c
)

2Minv
, (10.48)

and ẼΞb =
√

p̃2
Ξb

+M2
Ξb

, ẼΞ∗
c =

√
p̃2
Ξc

+M2
Ξ∗

c
. When we make these replacements in

the semileptonic decays we find the following results:

Γ(rel)
Ξ−

b→ν̄l lΞ0
c (2790)

Γ(nonrel)
Ξ−

b→ν̄l lΞ0
c (2790)

= 1.46, (10.49a)

Γ(rel)
Ξ−

b→ν̄l lΞ0
c (2815)

Γ(nonrel)
Ξ−

b→ν̄l lΞ0
c (2815)

= 1.45, (10.49b)

and the ratio R of Eqs. (10.35), (10.36) becomes now

R =
Γ(rel)
Ξ−

b→ν̄l lΞ0
c (2790)

Γ(rel)
Ξ−

b→ν̄l lΞ0
c (2815)

= 0.198, (10.50)

replacing the non-relativistic value of 0.197 of Eq. (10.36), less than 1% change. The
smaller relativistic effects in the case of the semileptonic decay can be traced back to
the large invariant mass of the ν̄l l pair (see Fig. 10.5) with respect to the π− or even
the D−

s mass.

10.8 Estimation of absolute values for the rates and
uncertainties

The evaluation of the absolute values for the rates would require the knowledge of
the form factor of Eq. (10.14) for which we do not have enough information, partic-
ularly for the excited c quark of φfin(r). This is the reason why we have calculated
ratios where this matrix element will cancel. In order to evaluate absolute values for
the decay rates, we shall construct ratios with respect to a related process for which
there are experimental data. The ideal one is the decay Λb →π−Λc(2595)(Λc(2625)).
In the case of the π−Λc(2595) the momentum of the Λc is q = 2208MeV/c. This value
only differs in 15MeV/c from the one of the Ξb → π−Ξc(2790), less than 1% differ-
ence. Thus, since the transition b → π−c is the same in both cases and the ds or ud
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quarks are spectators in the Ξb and Λb decays respectively, we can simply assume
the matrix ME(q) of Eq. (10.14) to be the same in both reactions. In that case, we
have

BR(Ξb →π−Ξ∗
c )

BR(Λb →π−Λ∗
c )

= MΞ∗
c

MΞb

MΛb

MΛ∗
c

q
∑∑ |t|2

∣∣∣
Ξb

q
∑∑ |t|2

∣∣∣
Λb

· ΓΛb

ΓΞb

, (10.51)

where
∑∑ |t|2

∣∣∣
Ξb

is given by Eqs. (10.16), (10.17) and
∑∑ |t|2

∣∣∣
Λb

by Eqs. (41), (42) of

Ref. [224] which we write below

J = 1
2 :

∑∑ |t|2
∣∣∣
Λb

= (q2 +w2
π)

∣∣∣∣1
2

gR,DN GDN

+ 1

2
p

3
gR,D∗N GD∗N

∣∣∣∣2 , (10.52)

J = 3
2 :

∑∑ |t|2
∣∣∣
Λb

=2w2
π

∣∣∣∣ 1p
3

GD∗N gR,D∗N

∣∣∣∣2 . (10.53)

In Eq. (10.51), we could take [110],

ΓΛb

ΓΞb

= τΞb

τΛb

= 1.08±0.19. (10.54)

Using the following ratios [110]

BR[Λb →π−Λc(2595)] = (3.4±1.5)×10−4

BR[Λc(2595)→Λcπ+π−]
, (10.55)

BR[Λb →π−Λc(2625)] = (3.3±1.3)×10−4

BR[Λc(2625)→Λcπ+π−]
, (10.56)

with BR[Λ∗
c →Λcπ

+π−]= 0.67 [110], we obtain

BR[Ξb →π−Ξc(2790)] = (7±4)×10−6, (10.57)
BR[Ξb →π−Ξc(2815)] = (13±7)×10−6, (10.58)

where the 50% relative error is obtained summing in quadratures the relative errors
in Eqs. (10.54), (10.55), (10.56) and an error of the order of 20% affecting to the
Λb → π−Λ∗

c decay, as discussed in Ref. [224]. It estimates the effects produced by
the DsΛ and D∗

sΛ channels neglected in the approach followed in that work (see
discussion in Section 6 of that reference).

As for the semileptonic decay, we would equally have

BR(Ξb → ν̄l lΞ∗
c )

BR(Λb → ν̄l lΛ∗
c )

=
∫

dMinv
dΓ

dMinv

∣∣∣
Ξb∫

dMinv
dΓ

dMinv

∣∣∣
Λb

· ΓΛb

ΓΞb

, (10.59)
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where dΓ
dMinv

∣∣∣
Ξb

is given by Eq. (10.26) and dΓ
dMinv

∣∣∣
Λb

by Eq. (27) of Ref. [321], which we

reproduce below, with

dΓ
dMinv

∣∣∣
Λb

= MΛ∗
c

MΛb

2mν 2ml
1

(2π)3 pΛ∗
c p̃l

∑∑ |T|2
∣∣∣
Λb

(10.60)

with pΛ∗
c the Λ∗

c momentum in the Λb rest frame and p̃l the lepton momentum in
the ν̄l rest frame, and∑∑ |T|2

∣∣∣
Λb

= C′2 8
mνml

pν pl AJVhad(J) (10.61)

with

AJVhad(J)

≡


∣∣∣1

2 gR,DN GDN + 1
2
p

3
gR,D∗N GD∗N

∣∣∣2 , for J = 1/2

2
∣∣∣ 1p

3
gR,D∗N GD∗N

∣∣∣2 , for J = 3/2
(10.62)

The experimental branching ratios are [110]

BR[Λb → ν̄l lΛc(2595)] = (
7.9+4.0

−3.5
)×10−3, (10.63)

BR[Λb → ν̄l lΛc(2625)] = (
13.0+6.0

−5.0
)×10−3, (10.64)

from where we obtain

BR[Ξb → ν̄l lΞc(2790)] = (
1.0+0.6

−0.5
)×10−4, (10.65)

BR[Ξb → ν̄l lΞc(2815)] = (
3.3+1.8

−1.6
)×10−4, (10.66)

where the 50-60% relative error comes from summing in quadratures the relative
errors of Eq. (10.54), Eqs. (10.63), (10.64) and an extra 20% from the consideration of
the DsΛ, D∗

sΛ channels in Ref. [321].
We have also estimated uncertainties in the magnitudes that we have calculated,

related to uncertainties in the model. For this, we have used the freedom that we
have in the cut off, or subtraction constant in dimensional regularization, employed
to regularize the loops. We have allowed small changes that induce a change of about
6 MeV in the mass of the Ξ0

c
∗ states (about double than the empirical errors). With

this we find the uncertainties:

δR1

R1
' 0.35,

δR2

R2
' 0.35,

δR3

R3
' 0,

δR
R

' 0.35.
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As to the absolute values in Eqs. (10.57) (10.58) (10.65) (10.66) we find uncertain-
ties also of the order of 25% from this source, which summed in quadratures to the
existing errors, do not change much the errors that we already associated to these
numbers and discussed above. It might be surprising that the errors in the ratios are
bigger than in the absolute values of the rates from this source. This is because an in-
crease in the subtraction constant decreases the rate for the Ξc(2790) and increases
the rate for the Ξc(2815) both in the nonleptonic and the semileptonic decays.

We want to note that the smaller absolute numbers obtained for the present de-
cay, compared to those of the Λb stem from the large cancellations between the terms
in Eqs. (10.16) (10.17) and (10.28) (10.29), between the ΣD and ΛD contributions.
We should also warn that to estimate the absolute rates we have used two differ-
ent theoretical models for the DN, D∗N and DΣ, D∗Σ, DΛ, D∗Λ interactions from
Ref. [435] and Ref. [86] respectively. One should expect some systematic errors from
this source, more difficult to evaluate, but we think that, with the large uncertainties
that we already have, these new uncertainties would also be accommodated.

10.9 Conclusion
We have studied the nonleptonicΞ−

b → M+Ξ∗
c , with M =π−, D−

s andΞ∗
c =Ξ0

c(2790)[1
2
−],

Ξ0
c(2815)[3

2
−]. We have assumed that the Ξ∗

c resonances are dynamically generated
from the PB and V B interactions, as done in Ref. [86], and that they form a jP

q = 1−

HQSS doublet. We saw that the present decays only involved the DΛ, DΣ, D∗Λ, D∗Σ
channels and we took the needed couplings from that work. Given the fact that
the momentum of the meson M is very similar for the case of the production of the
two resonances (since their masses are very close) we could eliminate in the ratio of
widths the matrix element at the quark level involving the wave functions of the b
and c quarks. Then, only factors related to the spin structure of the channels and
the couplings of the hadronic model for the resonances were relevant, which tells us
that the measurement of these partial decay widths are relevant to learn details on
the nature of the Ξ∗

c resonances. With more uncertainty we were able to also predict
the ratio of Ξ−

b →π−Ξ∗
c and Ξ−

b → D−
s Ξ

∗
c for the same resonance.

We also evaluated the semileptonic rates. In this case we can only evaluate one
ratio, the one of the semileptonic decay Ξb → ν̄l lΞ∗

c for the Ξ0
c(2790) and Ξ0

c(2815)
resonances. Once again, the predictions will be valuable when these partial decay
widths can be measured. We should stress that both the nonleptonic and semilep-
tonic decay widths are measured for the case of Λb → π−Λc(2595), Λb → π−Λc(2625)
and Λb → ν̄l lΛc(2595) and Λb → ν̄l lΛc(2625) and the method used here gave re-
sults in agreement with experiment [224, 321], so we are confident that the pre-
dictions done here are fair. We also estimated the absolute branching ratios of
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all these decays from the ratios to the related Λb → π−Λc(2595)(Λc(2625)), Λb →
ν̄l lΛc(2595)(Λc(2625)) reactions and the experimental rates for these latter decays.
The branching ratios obtained are well within measurable range, where branching
ratios of Ξ−

b of the order of 10−7 have already been observed [110]. In any case the ex-
perimental result could test the accuracy of the model of Ref. [86], which is one of the
possible ways to address the molecular states, with a particular dynamics consistent
with HQSS.

We also checked that the results were sensitive to the couplings of the D∗B com-
ponents and confirmation of this feature by experiment could give a boost to the
relevance of the mixing of pseudoscalar-baryon and vector-baryon components in the
building up of the molecular baryonic states, a subject which is catching up in the
hadronic community [85,86,297,332,435,443,444].

239



Chapter • 10

240



Part IV

Triangle Singularities

241





Chapter 11

Triangle Singularities in
non-leptonic B−→ D∗0 decays

11.1 Introduction

In this chapter, based on Ref. [9], we investigate the B− → D∗0π−π0η and B− →
D∗0π−π+π− decays via a0 and f0 formation. The process of B− → D∗0K−K∗0 followed
by the K∗0 decay into π−K+ and the merging of the K+K− into a0 or f0 (see Fig. 11.1)
generate a singularity, which would appear around 1418 MeV in the invariant mass
of π−a0 or π− f0, as calculated using Eq. (3.134). In this study, these a0 and f0 states
appear as the dynamically generated states of ππ, KK̄ , ηη, and KK̄ , π0η in the I = 0
and I = 1 channels, respectively, as studied in Refs. [122,166].

The mechanism proposed here, without the indication of how the K∗K̄ could
be formed, and without a quantitative evaluation of the process, was suggested in

B−

D∗0

K∗0(P − q)

K+(P − q−k)K−(q)

π−
(k)

R

Figure 11.1: Diagram for the decay of B− into D∗0, π− and R, where R = a0(980) or f0(980).
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Ref. [106]. We provide here a realistic example of a physical process where this can
occur, which also allows us to perform a quantitative calculation of the amplitudes
involved.

Weak decays of heavy hadrons are turning into a good laboratory to find many
triangle singularities. Apart from the work of Ref. [128], the Bc → Bsππ reaction has
been suggested, where B+

c → K̄∗0B+, K̄∗0 → π0K̄0 and K̄0B+ → πB0
s [127]. Yet, there

are large uncertainties quantizing the K̄0B+ → πB0
s amplitude and the B+

c → K̄∗0B+

weak decay.
In the present case we rely upon the well known KK̄ →ππ (KK̄ →πη) amplitudes,

and the B− → D∗0K̄∗0K− vertex can be obtained from experiment. Hence, we are
able to quantize the decay rates of the mechanism proposed and we find that the
mass distribution of these decay processes shows a peak associated with the triangle
singularity, and finally find the branching fractions Br(B− → D∗0π−a0;a0 → π0η) =
(1.66±0.45)×10−6 and Br(B− → D∗0π− f0; f0 →π+π−)= (2.82±0.75)×10−6.

11.2 Formalism

We will analyze the effect of triangle singularities in the following decays: B− →
D∗0π−ηπ0 and B− → D∗0π−π+π−. The complete Feynman diagram for these decays,
with the triangle mechanism through the a0 or f0 mesons, is shown in Fig. 11.2.

B−

D∗0

K∗0

K+K−

π−

a0( f0)
π0(π+)

η(π−)

Figure 11.2: Diagram for the decay of B− → D∗0π−ηπ0(π+π−).

At first, we evaluate the B− → D∗πR (R = a0, f0). This then produces the triangle
diagram shown in Fig. 11.1. From Eq. (3.124), the T matrix tB→D∗πR will have the

244



Chapter • 11

b

c

W− d

ū

ū

ūu+ d̄d+ s̄s

Figure 11.3: Diagram for the decay of B− into D∗0, K∗0 and K− as seen through the quark constituents
of the hadrons.

following form,

−itB→D∗πR = i
∑

pol. of K∗

∫
d4q

(2π)4
i tB−→D∗0K∗0K−

q2 −m2
K + iε

i tK∗K+π−

(P − q)2 −m2
K∗ + iε

i tK+K−,R

(P − q−k)2 −m2
K + iε

.

(11.1)
The amplitude in Eq. (11.1) is evaluated in the center-of-mass (CM) frame of πR.

Now we need to calculate the three vertices, tB−→D∗0K∗0K− , tK∗K+π− and tK+K−,R , in
Eq. (11.1).

First, we discuss the B− → D∗0K−K∗0 vertex. At the quark level, the Cabibbo-
allowed vertex is formed through an internal emission of a W boson [305] (as can be
seen in Fig. 11.3), producing a cū that forms the D∗0, with the remaining dū quarks
hadronizing and producing the K− and K∗0 mesons with the selection of the s̄s pair
from a created vacuum ūu+ d̄d + s̄s state1. Since both D∗0 and K∗0 have JP = 1−,
the interaction in the B− → D∗0K−K∗0 vertex can proceed via s-wave and we take
the amplitude of the form,

tB−→D∗0K∗0K− = C εµ(K∗)εµ(D∗). (11.2)

Given that we know that the branching ratio of this decay is Br(B− → D∗0K∗0K−) =
(1.5±0.4)×10−3 [110,445], we can determine the constant C by calculating the width
of this decay,

dΓB−→D∗0K∗0K−

dMinv(K∗D∗)
= 1

(2π)3
|~pK− ||~̃pK∗ |

4M2
B

∑∑∣∣tB−→D∗0K∗0K−
∣∣2 , (11.3)

where ~pK− is the momentum of K− in the B− rest frame, and ~̃pK∗ is the momen-
tum of K∗0 in the K∗0D∗0 CM frame. The absolute values of both momenta are given

1In weak decays of B mesons, there is always a bc transition (could be bu) which is Cabibbo sup-
pressed. It is then customary to refer to Cabibbo allowed or suppressed processes by looking at the
second weak vertex.
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by

|~pK− | = λ1/2(M2
B,m2

K− , M2
inv(K∗D∗))

2MB
, (11.4a)

|~̃pK∗ | = λ1/2(M2
inv(K∗D∗),m2

K∗ ,m2
D∗)

2Minv(K∗D∗)
. (11.4b)

Now, if we square the T matrix in Eq. (11.2) and sum over the polarizations, we
get ∑∑∣∣tB−→D∗0K∗0K−

∣∣2 (11.5)

=C2 ∑
pol
εµ(K∗)εν(K∗)εµ(D∗)εν(D∗) (11.6)

=C2

(
2+ (pK∗ · pD∗)2

m2
K∗m2

D∗

)
(11.7)

=C2

(
2+

(
M2

inv(K∗D∗)−m2
K∗ −m2

D∗
)2

4m2
K∗m2

D∗

)
. (11.8)

where we used the fact that (pK∗+pD∗)2 = M2
inv(K∗D∗), i.e., pK∗ ·pD∗ = 1

2 (M2
inv(K∗D∗)

−m2
K∗ −m2

D∗).
Then, using this last equation in Eq. (11.3), we get

C2

ΓB−
= Br(B− → D∗0K∗0K−)∫

dMinv(K∗D∗) 1
(2π)3

|~pK− ||~̃pK∗ |
4M2

B

(
2+

(
M2

inv(K∗D∗)−m2
K∗−m2

D∗
)2

4m2
K∗m2

D∗

) , (11.9)

where the integral has the limits Minv(K∗D∗)|min = mD∗+mK∗ and Minv(K∗D∗)|max =
MB −mK .

Now we calculate the contribution of the vertex K∗0 → π−K+ using the local hid-
den gauge formalism. Performing the matrix operations and the trace we get

LK∗Kπ =−igK∗0µ (
K−∂µπ+−π+∂µK−)

. (11.10)

So, for the t matrix we get,

−itK∗K+π− =− igεµK∗(pK+ − pπ)µ (11.11)

'− ig~εK∗ · (~̃pπ− ~̃pK+), (11.12)

with ~̃pK+ and ~̃pπ calculated in the CM frame of πR. At the energy where the tri-
angle singularity appears (Minv(πR) = 1418 MeV), the momentum of K∗ is about
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150 MeV/c, which is small enough, compared with the mass of K∗, to omit the zeroth
component of the polarization vector in Eq. (11.11).

Finally we only need the R → K+K− coupling before we can analyze the triangle
diagram. The coupling of R with π0η or π+π− proceeds in s-wave. Then, the vertex is
written simply as a constant,

tK+K−,R = gK−K+,R . (11.13)

We shall use this coupling only formally, since its product with the gR,π+π− (gR,π0η)
coupling will be traded off in favor of the KK̄ →π+π−(π0η) scattering amplitude. We
can now analyze the effect of the triangle singularity on the B− → D∗πR decay.
Substituting Eqs. (11.2), (11.12) and (11.13) for Eq. (11.1), the decay amplitude tB−→D∗0π−R
is written as

tB−→D∗πR =−igK−K+,R gC
∑

pol. of K∗

∫
d4q

(2π)4
~εD∗ ·~εK∗

q2 −m2
K + iε

~εK∗ · (~̃pπ− ~̃pK+)
(P − q)2 −m2

K∗ + iε

× 1
(P − q−k)2 −m2

K + iε
, (11.14)

where for tB−→D∗0K∗0K− we have also the spatial components of the polarization vec-
tors, and ~̃pK+ , ~̃pK+ are taken in the CM frame of πR. As we have mentioned below
Eq. (11.12), the momentum of the K∗0 around the triangle peak is small compared
with the mass, and we can omit the zeroth component of the polarization vector of
the K∗0 [128].

Now we only need to calculate the width Γ associated with the diagram in Fig.
11.1. Right away we see that since∑

pol. of K∗
εi

K∗ε
j
K∗ = δi j, (11.15)

Eq. (11.14) reduces to

tB−→D∗πR = gK−K+,R gCi
∫

d4q
(2π)4

~εD∗ · (~̃pK+ − ~̃pπ)
q2 −m2

K + iε
1

(P − q)2 −m2
K∗ + iε

1
(P − q−k)2 −m2

K + iε
,

(11.16)
where ~̃pK+ = ~P −~q−~k =−(~q+~k) and ~̃pπ =~k.
Defining f (~q,~k) as a product of the three propagators in Eq. (11.16), we can use the
formula, ∫

d3qqi f (~q,~k)= ki

∫
d3q

~q ·~k
|~k|2

f (~q,~k), (11.17)
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which follows from the fact that the ~k is the only vector not integrated in the inte-
grand of Eq. (11.16). Then, Eq. (11.16) becomes

tB−→D∗πR =−~εD∗ ·~k gK−K+,R gC tT , (11.18)

with

tT = i
∫

d4q
(2π)4

(
2+ ~q ·~k

|~k|2

)
1

q2 −m2
K + iε

1
(P − q)2 −m2

K∗ + iε
1

(P − q−k)2 −m2
K + iε

.

(11.19)
Squaring and summing over the polarizations of D∗, Eq. (11.18) becomes∑

pol
|tB−→D∗πR |2 = |~k|2 g2

K−K+,R g2C2|tT |2, (11.20)

The analytical integration of tT in Eq. (11.19) over q0 leads to (see Eq. (3.125)),

tT =
∫

d3q
(2π)3

(
2+ ~q ·~k

|~k|2

)
1

8ω∗ωω′
1

k0 −ω′−ω∗
1

P0 +ω+ω′−k0
1

P0 −ω−ω′−k0 + iε
×

× {2P0ω+2k0ω′−2[ω+ω′][ω+ω′+ω∗]}
P0 −ω∗−ω+ iε

, (11.21)

with ω∗(~q) =
√

m2
K∗0 +|~q|2, ω′(~q) =

√
m2

K +|~q+~k|2 and ω(~q) =
√

m2
K +|~q|2. To regu-

larize the integral in Eq. (11.21) we use the same cutoff of the meson loop that will
be used to calculate tK+K−→π0η and tK+K−→π+π− (which are calculated using the BSE),
θ(qmax −|q∗|), where ~q ∗ is the K− momentum in the R rest frame [123].

From Eq. (3.134) we can determine that the singularity will appear at around
Minv(πR)= 1418 MeV.

For the three body decay of B− → D∗0π−R in Fig. 11.1, the mass distribution is
given by

dΓ
dMinv(πR)

= 1
(2π)3

|~pD∗ ||~̃pπ|
4M2

B

∑
pol.

|tB−→D∗πR |2 , (11.22)

with

|~pD∗ | = λ1/2(M2
B,m2

D∗ , M2
inv(πR))

2MB
, (11.23a)

|~̃pπ| = |~k| = λ1/2(M2
inv(πR),m2

π, M2
R)

2Minv(πR)
(11.23b)
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With Eq. (11.18) and a factor 1/ΓB− , the mass distribution of B− decaying into D∗πR
is written as

1
ΓB−

dΓ
dMinv(πR)

= C2

ΓB−

g2

(2π)3
|~pD∗ ||~k|

4M2
B

|~k|2 · ∣∣tT × gK−K+,R
∣∣2 , (11.24)

where C2

ΓB− is given in Eq. (11.9).
To take into account the fact that a0 and f0 are resonances that have a width and

can decay to π0η and π+π−, respectively, we proceed as done in Eq. (4.68) and do a
convolution of the mass distribution,

dΓ
dMinv(πR)

= 1
(2π)3

∫
dM2

inv(R) (−1
π

ImD) |gK−K+,R |2
|~pD∗ ||~̃pπ|

4M2
B

∑∑∣∣t̃B−,D∗πR
∣∣2 ,

(11.25)
where

D = 1
M2

inv(R)−M2
R + iMRΓR

, (11.26)

with t̃B−,D∗πR = tB−→D∗πR /gK−K+,R and R = a0 and f0. What Eq. (11.25) is accom-
plishing is a convolution of Eq. (11.22) with the mass distribution of the R reso-
nance given by its spectral function. Note that the mass distributions of the f0(980),
a0(980) states follow a Flatté distribution rather than the Breit Wigner, but the use
of Eq. (11.26) is only formal to arrive to an expression that uses the scattering am-
plitudes tK+K−,π+π−(π0η), which are calculated with the chiral unitary approach and
automatically incorporate the Flatté form and the usual requirements of analyticity
and unitarity.

Evaluating explicitly the imaginary part of D, Eq. (11.25) becomes

dΓ
dMinv(πR)

= 1
(2π)3

∫
dM2

inv(R)
1
π

|gK−K+,R |2
|~pD∗ ||~̃pπ|

4M2
B

∑∑∣∣t̃B−,D∗πR
∣∣2

× MRΓR

(M2
inv(R)−M2

R)2 + (MRΓR)2
. (11.27)

Now, for the case of a0(980), we only have the decay a0 → π0η (we neglect the
small KK̄ decay fraction), and thus,

Γa0 =
1

8π

|ga0→π0η|2
M2

inv(π0η)
|~̃qη|, (11.28)
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with

|~̃qη| =
λ1/2(M2

inv(π0η),m2
π,m2

η)

2Minv(π0η)
. (11.29)

Then Eq. (11.27) becomes

dΓ
dMinv(πa0)

= 1
(2π)3

∫
dM2

inv(π0η)
|~pD∗ ||~̃pπ|

4M2
B

∑∑∣∣t̃B−,D∗πR
∣∣2

×
Ma0 |ga0→π0η|2|gK−K+→a0 |2

(M2
inv(π0η)−M2

a0)2 + (Ma0Γa0)2

1
8π2

|~̃qη|
M2

inv(π0η)
. (11.30)

But since for the resonance we have formally,

|ga0→π0η|2|gK−K+→a0 |2
(M2

inv(π0η)−M2
a0)2 + (Ma0Γa0)2

=
∣∣∣tK+K−→π0η

∣∣∣2 , (11.31)

Eq. (11.30) reduces to

d2Γ

dMinv(πa0)dMinv(π0η)
= 1

(2π)5

|~pD∗ ||~k||~̃qη|
4M2

B

∑∑∣∣∣t̃B−,D∗πR × tK+K−→π0η

∣∣∣2 , (11.32)

where we have approximated a factor Ma0 /Minv(π0η) to unity. For the case of f0(980),
f0 → π+π− is not the only possible decay and as such Γ f0→π+π− will not be the same
as the ΓR in Eq. (11.26). However, when we put |tK+K−→π+π− |2 in the end, we already
select the ππ part of the f0 decay. Thus, for the case of f0 we just need to substi-
tute, in Eq. (11.32), tK+K−→π0η → tK+K−→π+π− , Minv(πa0) → Minv(π f0), Minv(π0η) →
Minv(π+π−), and |~̃qη|→ |~̃qπ|, with

|~̃qπ| =
λ1/2(M2

inv(π+π−),m2
π+ ,m2

π−)

2Minv(π+π−)
. (11.33)

The amplitudes tK+K−→π0η and tK+K−→π+π− themselves are calculated based on the
chiral unitary approach, where the a0 and f0 appear as dynamically generated states
[122,166], with a sharp cutoff of qmax = 600 MeV for the reproduction of the a0 and f0
peaks which appear around 980 MeV in the invariant mass of π0η or π+π− [212,213].

Finally, we substitute everything we have calculated into Eq. (11.32) and obtain,

1
ΓB−

d2Γ

dMinv(πR)dMinv(R)
= g2

(2π)5

|~pD∗ ||~̃qη||~k|3
4M2

B

∣∣∣tT × tK+K−→π0η(π+π−)

∣∣∣2 C2

ΓB−
. (11.34)
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11.3 Results
Let us begin by showing in Fig. 11.4 the contribution of the triangle loop (defined in
Eq. (11.21)) to the total amplitude. We plot the real and imaginary parts of tT , as
well as the absolute value with Minv(R) fixed at 980 MeV. As can be observed, there
is a peak around 1420 MeV, as predicted in Eq. (3.134).

Figure 11.4: Triangle amplitude tT for the decay B− → D∗0πR. We take Minv(R)= 980 MeV.

In Figs. 11.5 and 11.6 we plot Eq. (11.34) for both B− → D∗0π−ηπ0 and B− →
D∗0π−π+π−, respectively, by fixing Minv(πR)= 1418 MeV, which is the position of the
triangle singularity, and varying Minv(R). We can see a strong peak around 980 MeV
and consequently we see that most of the contribution to our width Γ will come from
Minv(R) = MR . For Fig. 11.5 the dispersion is bigger, we have strong contributions
for Minv(π0η) ∈ [880,1080]. However, for Fig. 11.6 most of the contribution comes
from Minv(π+π−) ∈ [940,1020]. The conclusion is that when we calculate the mass
distribution dΓ

dMinv(πa0) , we can restrict the integral in Minv(R) to the limits already
mentioned.

When we integrate over Minv(R) we obtain dΓ
dMinv(πR) which we show in Fig. 11.7.

We see a clear peak of the distribution around 1420 MeV, for f0 and a0 production.
However, we also see that the distribution stretches up to large values of Minv(πR)
where the phase space of the reaction finishes. This is due to the |~k|3 factor in
Eq. (11.34) that contains a |~k| factor from phase space and a |~k|2 factor from the
dynamics of the process, as we can see in Eq. (11.20). Yet, a clear peak in Minv(π−R)
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Figure 11.5: The derivative of the mass distribution of B− → D∗0π−π0η with regards to Minv(a0).
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Figure 11.6: The derivative of the mass distribution of B− → D∗0π−π+π− with regards to Minv( f0).

can be seen for both the B− → D∗0π− f0 and B− → D∗0π−a0 reactions.
Integrating now dΓ

dMinv(πa0) and dΓ
dMinv(π f0) over the Minv(πa0) (Minv(π f0)) masses in
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Figure 11.7: The mass distribution of B− → D∗0π−π0η (full line) and B− → D∗0π−π+π− (dashed line).

Fig. 11.7, we obtain the branching fractions

Br(B− → D∗0π−a0;a0 →π0η)= (1.66±0.45)×10−6, (11.35a)

Br(B− → D∗0π− f0; f0 →π+π−)= (2.82±0.75)×10−6. (11.35b)

These numbers are within measurable range. The errors come from the experimental
errors in the branching ratio of B− → D∗0K∗0K−. Another source of uncertainty
would come from the tK+K−,π+π−(π0η) matrices, but the errors in |tK+K−,π+π−(π0η)|2 are
smaller than 10% from the study of many reactions, which summed in quadrature to
those of the experimental branching ratio, are essentially negligible.

Note that we have assumed all the strength of π0η from 880 MeV to 1080 MeV to
be part of the a0 production, but in an experimental analysis one might associate part
of this strength to a background. We note this in order to make proper comparison
with these results when the experiment is performed.

The shape of tT in Fig. 11.4 requires some extra comment. We see that Im(tT)
peaks around 1420 MeV, where the triangle singularity is expected. However Re(tT)
also has a peak around 1390 MeV. This picture is not standard. Indeed, in Ref. [446],
where a triangle singularity is disclosed for the process N(1835)→πN(1535), tT has
the real part peaking at the place of the triangle singularity and Im(tT) has no peak.
In Ref. [286], a triangle singularity develops in the γp → pπ0η→ π0N(1535) process
and there Im(tT) has a peak at the expected energy of the triangle singularity while
the Re(tT) has no peak. Similarly, in the study of N(1700)→π∆ in Ref. [447] a trian-
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gle singularity develops and here Im(tT) has a peak but Re(tT) has not. However, the
two peaks in the real and imaginary parts of tT are also present in the study of the
B− → K−πD+

s0 reaction in Ref. [128]. This latter work has a loop with D0K∗0K+, and
by taking ΓK∗ → 0, ε→ 0 the peak of Im(tT) was identified with the triangle singu-
larity while the peak in the Re(tT) was shown to come from the threshold of D0K∗0.
In the present case the situation is similar: The peak of Im(tT) at about 1420 MeV
comes from the triangle singularity while the one just below 1400 MeV comes from
the threshold of K∗0K− in the diagram of Fig. 11.1, which appears at 1386 MeV. Yet,
by looking at |tT | in Fig. 11.4 and the region of the peak of dΓ

dMinv
in Fig. 11.7, we can

see that this latter peak comes mostly from the triangle singularity.

11.4 Conclusions
We have performed the calculations for the reactions B− → D∗0π−a0(980);a0 → π0η

and B− → D∗0π− f0(980); f0 →π+π−. The starting point is the reaction B− → D∗0K∗0K−,
which is a Cabibbo favored process and for which the rates are tabulated in the
PDG [110] and are relatively large. Then we allow the K∗0 to decay into π−K+ and
the K+K− fuse to give the f0(980) or the a0(980). Both of them are allowed, since the
K∗0K− state does not have a particular isospin. The triangle diagram corresponding
to this mechanism develops a singularity at about 1420 MeV in the invariant masses
of π− f0 or π−a0, and makes the strength of the process studied relatively large.

We evaluate d2Γ
dMinv(π−a0)dMinv(π0η) , and d2Γ

dMinv(π− f0)dMinv(π+π−) and see clear peaks in

the Minv(π0η), Minv(π+π−) distributions, showing clearly the a0(980) and f0(980)
shapes. Integrating over Minv(π0η) and Minv(π+π−) we obtain dΓ

dMinv(πa0) and dΓ
dMinv(π f0)

respectively, and these distributions show a clear peak for Minv(πa0), Minv(π f0) around
1420 MeV. This peak is a consequence of the triangle singularity, and in this sense
the work done here should be a warning not to claim a new resonance when this peak
is seen in a future experiment. On the other hand, the results make predictions for an
interesting effect of a triangle singularity in an experiment that is feasible in present
experimental facilities. The rates obtained are also within measurable range. Find-
ing new cases of triangle singularities is of importance also, because their study will
give incentives to update present analysis tools to take into account such possibility
when peaks are observed experimentally, avoiding the natural tendency to associate
those peaks to resonances.
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Triangle Singularities in Λ(1405)
production in πp and pp reactions

12.1 Introduction

In Ref. [54], the role of the triangle singularity (TS) on the angle and the energy de-
pendence of the Λ(1405) photo-production was studied. The strength of the triangle
peak is tightly connected with the coupling strength of the two hadrons merging into
a third one. For example, in the study of the B− decay into K−π−D+

s0(D+
s1) [128], the

DK (D∗K) in the triangle loop goes into Ds0 (Ds1), which is dynamically generated
from the DK (D∗K) and has a large coupling to this channel [448,449]. Then, the ob-
servation of the peak from the triangle mechanism would give an additional support
for the hadronic molecular picture of these states.

For further understanding of the nature of the Λ(1405) and triangle mechanisms,
in this chapter, based on Ref. [10], we investigate the π−p → K0πΣ and pp → pK+πΣ
processes including a triangle diagram. In both processes, the triangle diagram is
formed by a N∗ decay into K∗Σ followed by the decay of K∗ into πK and the fusion
of the πΣ to form the Λ(1405), which finally decays into πΣ. In this process, the
K∗πΣ loop generates a triangle singularity around 2140 MeV in the invariant mass
of KΛ(1405) from the formula given by Eq. (3.134). The corresponding diagram is
shown in Fig. 12.1. The N∗ resonance which strongly couples to K∗Σ is obtained
in Ref. [139] based on the hidden local symmetry and the chiral unitary approach,
and the analysis of the KΣ photo-production off nucleon around the K∗Λ threshold
energy suggests that the resonance is responsible for the observed cross section [450].

As the result of our calculation, we found a peak in the KΛ(1405) mass distri-
bution around 2100 MeV in both reactions, which is lowered with respect to the
2140 MeV given by the TS master formula, Eq. (3.134), by the initial N∗ resonance
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N* K* K

π
Σ

Λ(1405)

Figure 12.1: Triangle diagram for the Λ(1405) production from a N∗ resonance.

which peaks around 2030 MeV. The experimental study on the Λ(1405) production
from the π−p is reported in Refs. [325,451], but the energy is too small for the triangle
singularity from the K∗πΣ loop to be observed. The production of the Λ(1405) from
the proton-proton collision is studied in Refs. [452–454]. The future observation of
the inevitable peak from the triangle mechanism induced by the Λ(1405) would give
further support for the molecular nature of the Λ(1405).

12.2 Formalism

12.2.1 π−p→K0πΣ

In this subsection we will study the effects of the triangle loop in the following decays:
π−p → K0π+Σ−, π−p → K0π0Σ0 and π−p → K0π−Σ+. The diagrams where the trian-
gle singularity can appear for those reactions are shown in Fig. 12.2. To evaluate the
differential cross section associated with this diagram we will use

dσK0πΣ

dminv
= MpMΣ |~k||~̃pπ|

2(2π)3 s |~pπ|
∑∑ |tπ−p→K0πΣ|2, (12.1)

with minv the invariant mass of the final πΣ,

|~pπ| =
λ

1
2 (s,m2

π, M2
N)

2
p

s
, (12.2)

the momentum of the initial π− in the π−p center-of-mass frame (CM),

|~k| = λ
1
2 (s,m2

K ,m2
inv)

2
p

s
, (12.3)
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Figure 12.2: Diagrams for the reaction π−p → K0πΣ that contain the triangle mechanism, where πΣ
can be π−Σ+, π0Σ0 and π+Σ−.

the momentum of the final K0 in the π−p CM, and

|~̃pπ| =
λ

1
2 (m2

inv,m2
π, M2

Σ)

2minv
, (12.4)

the momentum of the final π in the πΣ CM.
The resonance N∗(2030) studied in Ref. [139] from the vector-baryon interaction,

mediated by the exchange of vector mesons, appears there as spin degenerate in JP =
1/2− and 3/2−. The degeneracy can be broken by mixing with states of pseudoscalar-
baryon and connecting these by pion exchange as done in Ref. [297]. There should be
then two states near degenerate at the end. We conduct our study with the JP = 1/2−

state.
The case of spin 3/2− is discussed at the end of this subsection. For the moment it

is sufficient to mention that the structure and conclusions for that term are the same
as for the 1/2− state.

In the isospin basis the π−p → N∗ vertex has then the form

−itπN,N∗ =−ig
I= 1

2
πN,N∗ . (12.5)

To estimate the g
I= 1

2
πN,N∗ we assume that ΓN∗,πN is of the order of 70 MeV and then

use the formula,

ΓN∗,πN = 1
2π

MΣ

MN∗
(g

I= 1
2

πN,N∗)2 |~pπ| (12.6)

with MN∗ the mass of N∗(2030). Here, |~pπ| is the momentum of π that results
from the decay of N∗ and is evaluated using Eq. (12.2), s = M2

N∗ . Finally, we ob-

tain g
I= 1

2
πN,N∗ ' 1.1.
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The value of ΓN∗,πN = 70 MeV is just an estimate. We should warn here that
we are not so much interested in the strength of the cross section, which we cannot
evaluate accurately in this formalism. One reason is precisely that ΓN∗,πN is not
known. Yet, the important thing is the shape of the invariant mass distribution,
and as we shall see later on, we also prove that the triangle mechanism is more
important than tree-level mechanisms. The estimate of 70 MeV is based on values
that we get from the old version of the PDG [455], for two states N∗(2080)(3/2−) and
N∗(2090)(1/2−) and the original papers of Refs. [456,457] and Ref. [458], playing with
very large errors in both experiments.

Since we will have different amplitudes if we change the charge of the interme-
diate πΣ particles, it is convenient to go from the isospin basis (|I, I3〉) to the charge
basis. Although a formalism using the different πΣ isospin channels is possible, we
find it convenient to work in the charge basis. Using the Clebsch-Gordan coefficients,
we have

|π−p〉 =
√

1
3
|3
2

,−1
2
〉−

√
2
3
|1
2

,−1
2
〉. (12.7)

This means that the coupling of π−p to N∗ will be

gπ−p,N∗ =−
√

2
3

g
I= 1

2
πN,N∗ (12.8)

For the N∗(2030) → K∗Σ process in s−wave, as shown in the appendix for spin
J = 1/2, we have

−itN∗,K∗Σ =−i
1p
3

gN∗,ΣK∗ ~σ ·~εK∗ . (12.9)

From Ref. [139], we get g
I= 1

2
N∗,K∗Σ = 3.9+i0.2, and since we have both Σ−K∗+ and Σ0K∗0

(Figs. 12.2a and 12.2b respectively), then, using

|Σ0K∗0〉 =
√

2
3
|3
2

,−1
2
〉+

√
1
3
|1
2

,−1
2
〉, (12.10a)

|Σ−K∗+〉 =
√

1
3
|3
2

,−1
2
〉−

√
2
3
|1
2

,−1
2
〉, (12.10b)

we get

gN∗,Σ0K∗0 =
√

1
3

g
I= 1

2
N∗,ΣK∗ , (12.11a)

gN∗,Σ−K∗+ =−
√

2
3

g
I= 1

2
N∗,ΣK∗ . (12.11b)
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Then, for the amplitude of the π−p →ΣK∗ reaction through N∗(2030), we have

tπ−p,Σ0K∗0 = 1p
3

gπ−p,N∗ gN∗,Σ0K∗0

p
s−MN∗ + iΓN∗

2

~σ ·~εK∗ , (12.12a)

tπ−p,Σ−K∗+ = 1p
3

gπ−p,N∗ gN∗,Σ−K∗+
p

s−MN∗ + iΓN∗
2

~σ ·~εK∗ . (12.12b)

The K∗+ → K0π+ vertex can be calculated using the local hidden gauge lagrangians,

−itK∗+,K0π+ =− ig εµK∗(pK0 − pπ+)µ (12.13)

= ig εµK∗(P − q−2k)µ (12.14)

' ig~εK∗ · (~q+2~k), (12.15)

where in the last step we made a non-relativistic approximation, neglecting the ε0
K∗

component. This is very accurate when the momentum of the K∗ is small compared
to its mass. We shall evaluate the triangle diagram in the ΣK∗ CM, where the on-
shell momentum of the K∗ is about 250 MeV/c at Minv(ΣK∗) ' 2140 MeV where the
triangle singularity appears. In Ref. [128] it is shown that the effect of neglecting
the ε0 component goes as (pK∗ /mK∗)2, with a coefficient in front that renders this
correction negligible.

Similarly, for K∗0 → K0π0 we get

−itK∗0,K0π0 =−i
1p
2

g~εK∗ · (~q+2~k). (12.16)

The last amplitude, tΣπ,Σπ, can be calculated using the BSE with the kernel of
Eq. (3.42). For the evaluation of the t matrix, we use the momentum cutoff qmax =
630 MeV for the loop function G, and f = 1.15 fπ with the pion decay constant fπ =
93 MeV as done in Ref. [31].

Thus, the amplitude associated with the diagram in Fig. 12.2a, that we call t1, is
given by

t1 =−i
2

3
p

3

g
I= 1

2
πN,N∗ g

I= 1
2

N∗,ΣK∗
p

s−MN∗ + iΓN∗
2

g
∑

pol. of K∗

∫
d4q

(2π)4
2MΣ ~σ ·~εK∗

q2 −M2
Σ+ iε

(2~k+~q) ·~εK∗

(P − q)2 −m2
K∗ + iε

× tΣ−π+,Σπ

(P − q−k)2 −m2
π+ iε

. (12.17)

Again, using Eq. (11.17), in the non-relativistic approximation,∑
pol.

εK∗ iεK∗ j = δi j,
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Eq. (12.17) becomes

t1 =−4MΣ

3
p

3

g
I= 1

2
πN,N∗ g

I= 1
2

N∗,ΣK∗
p

s−MN∗ + iΓN∗
2

g ~σ ·~k tT tΣ−π+,Σπ, (12.18)

with tT given by Eq. (11.19) (with the appropriate substitutions for the different
particles). Again we integrate tT over q0, to get Eq. (11.21), where now P0 = p

s,

ω∗(~q ) =
√

m2
K∗0 +|~q |2, ω′(~q ) =

√
m2
π+|~q+~k|2 and ω(~q ) =

√
M2
Σ+|~q |2. We regularize

the integral in Eq. (11.21) by using the same cutoff used to calculate the amplitude
tΣπ,Σπ.

For the case when N∗(2030)→ K∗+Σ−, t2, we have

t2 =−2MΣ

3
p

3

g
I= 1

2
πN,N∗ g

I= 1
2

N∗,ΣK∗
p

s−MN∗ + iΓN∗
2

g ~σ ·~k tT tΣ0π0,Σπ. (12.19)

Thus, the total amplitude in Eq. (12.1) associated with π−p → K0πΣ becomes

tπ−p→K0πΣ = t1 + t2 = C ~σ ·~k tT( tΣ−π+,Σπ+
1
2

tΣ0π0,Σπ), (12.20)

with
C =− 2

3
p

3
g

I= 1
2

πN,N∗ g
I= 1

2
N∗,ΣK∗ g

2MΣp
s−MN∗ + iΓN∗

2

. (12.21)

Here, the tT associated with the diagrams in Figs. 12.2a and 12.2b are the same
because we use the isospin averaged mass and width of the hadrons in tT .

Calculating the square of the amplitude and summing and averaging over the
spins we get

∑∑ |tπ−p→K0πΣ|2 = |C|2|~k|2|tT |2| tΣ−π+,Σπ+
1
2

tΣ0π0,Σπ|2 (12.22)

Finally, using Eq. (12.22) in Eq. (12.1) we can calculate the
dσK0πΣ
dminv

associated with
the diagrams in Fig. 12.2.

In order to incorporate the contribution of spin 3/2, we follow the appendix Eq. (B.11)
and (B.14) and we see that instead of∑

K∗ pol.

1
3
~σ ·~εK∗~εK∗ ·~k (12.23)

we get ∑
K∗ pol.

σ3εK∗3~εK∗ ·~k. (12.24)
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Hence, after summing over the K∗ polarizations

1
3
~σ ·~k →σ3k3 (12.25)

and upon squaring it for |t|2 and summing and averaging over the baryon spins we
get

1
9
|~k |2 → k2

3 →
1
3
|~k |2 (12.26)

where the last step considers the angle integration over~k in dσ/Minv.
The conclusion is that the sum of the spin 1/2 and 3/2 is three times bigger than

the contribution of J = 1/2 alone, or equivalently, the J = 3/2 contributes twice the
amount of J = 1/2. This is logical since in the diagram of Fig. B.2, one is summing
over two third components of the R for J = 1/2 and over four for J = 3/2. For prac-
tical reasons we can evaluate the whole contribution using the J = 1/2 formalism
removing the factor 1/

p
3 in Eq. (12.9) and this is what we shall do in what follows.

12.2.2 pp → pK+πΣ

a

b R

1

2

3

Figure 12.3: Diagram of a b → 1 R → 1 2 3.

Now we will study the effects of the triangle loop in the following decays: pp →
pK+π+Σ−, pp → pK+π0Σ0 and pp → pK+π−Σ+. For this, we will first start analyzing
the diagram in Fig. 12.3. For this diagram, the differential cross section is calculated
using the formula in Ref. [111],

d2σ

dtdMinv
=

∏
F (2MF )

32p2
as(2π)3

|~̃p2|
∑∑ |tab→123|2, (12.27)

with t = (pa − p1)2, Minv the invariant mass of particles 2 and 3, ~̃p2 the momentum
of particle 2 in the 23 CM, such that

|~̃p2| =
λ

1
2 (M2

inv,m2
2,m2

3)

2Minv
, (12.28)
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pa the momentum of the particle a in the initial state,

pa =
λ

1
2 (s, M2

a, M2
b)

2
p

s
, (12.29)

and ΠF (2MF ) means that we multiply 2MF for each fermion in Fig. 12.3, where
MF is the mass of the respective fermion. This factor appears because we use the
normalization of Ref. [216].

The complete diagrams for our reaction are shown in Fig. 12.4. The triangle
part of the diagrams is very similar to the last case, except that because of charge
conservation the particles in the loop will be different. Thus, instead of Eqs. (12.10a)
and (12.10b), we will have

|Σ+K∗0〉 =−
√

1
3
|3
2

,
1
2
〉−

√
2
3
|1
2

,
1
2
〉, (12.30a)

|Σ0K∗+〉 =
√

2
3
|3
2

,
1
2
〉−

√
1
3
|1
2

,
1
2
〉, (12.30b)

where, to match the sign convention of the Φ and B matrices, we used |Σ+〉 = −|1 1〉.
Then, we get gN∗,Σ+K∗0 =−p2/3g

I= 1
2

N∗,ΣK∗ and gN∗,Σ0K∗+ =−p1/3g
I= 1

2
N∗,ΣK∗ .

The vertices K∗0 → K+π− and K∗+ → K+π0 are calculated using Eq. (2.33), which
gives

− itK∗0,K+π− = ig(~q+2~k) ·~εK∗ , (12.31a)

− itK∗+,K+π0 = i
gp
2

(~q+2~k) ·~εK∗ (12.31b)

To calculate the cross section for the diagrams in Fig. 12.4, we proceed as done in
Ref. [111]. In Fig. 12.3, the t matrix found in Eq. (12.27) is given by

tab→123 = C′ 1

Minv −MR + iΓR
2

gR,23, (12.32)

with C′ a parameter that carries the dependence of the amplitude on the variable t
as well as information about the pp → pR transition. Substituting

ΓR,23 = 1
2π

M3

Minv
g2

R,23|~̃p2|, (12.33)

where particle 3 is assumed to be a baryon, into Eq. (12.27), we get

d2σ

dtdMinv
=

∏
F (2MF )

32p2
as(2π)3

|C′|2
∣∣∣∣∣ 1

Minv −MR + iΓR
2

∣∣∣∣∣
2

2π
Minv

M3
ΓR,23. (12.34)
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Figure 12.4: Diagrams for the reaction pp → pK+πΣ that contain the triangle mechanism, where πΣ
can be π−Σ+, π0Σ0 and π+Σ−.

Now we can take into account the complete reaction by substituting ΓR,23 for
ΓN∗→K+πΣ, where

dΓN∗→K+πΣ
dminv

= 2MN∗2MΣ

(2π)34M2
inv

|~pK ||~̃pπ|
∑∑ |t′|2, (12.35)

with |~pK | the momentum of K in the rest frame of N∗,

|~pK | = λ
1
2 (M2

inv,m2
K ,m2

inv)

2Minv
, (12.36)

and |~̃pπ| the π momentum in the πΣ CM given by Eq. (12.4).
Then, from Eq. (12.34) we obtain

d3σpK+πΣ

dt dMinvdminv
= (2Mp)3 2MΣ

32p2
as(2π)5

|~pK ||~̃pπ||C′|2
∣∣∣∣∣ 1

Minv −MN∗ + iΓN∗
2

∣∣∣∣∣
2 ∑∑ |t′|2. (12.37)

The transition amplitude t′ in Eq. (12.37) is

t′ =
√

2
3

2MΣg
I= 1

2
N∗,ΣK∗ g (tΣ+π−,Σπ+

1
2

tΣ0π0,Σπ) ~σ ·~k tT , (12.38)

which is constructed in a similar way to what was done in the previous subsection to
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obtain Eq. (12.20) but now changing the following variables in Eq. (11.21),

P0 = Minv (12.39a)

|~k| = |~pK | = λ
1
2 (M2

inv,m2
K ,m2

inv)

2Minv
(12.39b)

k0 = M2
inv +m2

K −m2
inv

2Minv
(12.39c)

Putting Eq. (12.38) into Eq. (12.37) we get

d3σpK+πΣ

dt dMinvdminv
= C′′ 1

|Minv −MN∗ + iΓN∗
2 |2

|~̃pπ||tΣ+π−,Σπ+
1
2

tΣ0π0,Σπ|2|~k|3|tT |2, (12.40)

where |~̃pπ| is the π momentum in the πΣ CM,

|~̃pπ| =
λ

1
2 (m2

inv,m2
π, M2

Σ)

2minv
, (12.41)

and

C′′ = 2
3

(2Mp)3 2MΣ

32p2
as(2π)5

|gI= 1
2

N∗,ΣK∗ |2 g2(2MΣ)2|C′|2, (12.42)

which is a function of s = (pa + pb)2 and t = (pa − p1)2.
Using now the relation

dt = 2|~pa||~p1| d cosθ, (12.43)

which follows from t = (pa − p1)2, then we obtain

d3σpK+πΣ

d cosθ dMinvdminv
= C′′ 2|~pa||~p1|

|Minv −MN∗ + iΓN∗
2 |2

|~̃pπ||tΣ+π−,Σπ+
1
2

tΣ0π0,Σπ|2|~k|3|tT |2,

(12.44)
with

|~pa| =
λ

1
2 (s, M2

p, M2
p)

2
p

s
, (12.45a)

|~p1| =
λ

1
2 (s, M2

p, M2
inv)

2
p

s
. (12.45b)

This last step is important to account for the phase space of this process that depends
on |~p1|, which is tied to Minv.
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Finally, we should integrate out the cosθ in Eq. (12.44) but C′ in C′′ depend on
it. The resultant factor of the cosθ integration is denoted by C′′′ and since we do not
know the expression for C′, we take C′′′ = 1. This means that from now on we will
use arbitrary units (a.u.) for the cross section.

Thus, we end up with

d2σpK+πΣ

dMinvdminv
= C′′′2|~pa||~p1|

|Minv −MN∗ + iΓN∗
2 |2

|~̃pπ||tΣ+π−,Σπ+
1
2

tΣ0π0,Σπ|2|~k|3|tT |2. (12.46)

12.3 Results
In Fig. 12.5, we show the real, imaginary part and absolute value of the amplitude tT
of Eq. (11.21) as a function of the invariant mass of the KΛ(1405), Minv, by fixing the
invariant mass of πΣ, minv, at 1400 MeV. The absolute value of tT has a peak around
2140 MeV as expected from Eq. (3.134), and the peak is dominated by the imaginary
part of the amplitude. As mentioned in Ref. [128], the peak of the imaginary part is
responsible for the triangle singularity.

In Fig. 12.6, we plot the mass distribution of the π−p → K0πΣ scattering process
as a function of minv(π0Σ0), minv(π+Σ−) and minv(π−Σ+) with a fixed of

p
s = Minv

= 2050, 2100, 2140, 2200, 2230 MeV. Let us first look at the π0Σ0 mass distribu-
tion in Fig. 12.6. At Minv = 2140 MeV, where a peak associated with the triangle
singularity is expected from Eq. (3.134), we can see a clear peak at 1400 MeV asso-
ciated with Λ(1405) in the πΣ invariant mass. As we see in the figure the largest
strength is obtained with Minv = 2100 MeV. A peak is found around 1385 MeV for
Minv = 2200, 2230 MeV with a smaller strength, and the peak position moves to-
wards higher energy a little for Minv = 2050 MeV. In the case of the π+Σ− and π−Σ+

final state, while the basic features are shared with the π0Σ0, the peak positions of
the the π+Σ− mass distribution are about 5 MeV less than that of the π0Σ0 mass dis-
tribution, and the peak positions in the π−Σ+ mass distribution are about 5 MeV big-
ger than the values of the π0Σ0 mass distribution with a similar width and strength.
Among these processes, the π+Σ− gives the largest strength. This is roughly because
the tΣ−π+,Σπ term is twice larger than tΣ0π0,Σπ in Eq. (12.22).

As stated before Eq. (12.7), we separate the π0Σ0, π+Σ−, and π−Σ+ channels,
although an isospin formalism could be equally implemented. Indeed the N∗ has I =
1/2 and hence the final KπΣ state also has I = 1/2, but the πΣ subsystem can be either
I = 0 or I = 1, and the amplitudes πΣ→πΣ have a contribution of both I = 0 and I = 1
and even a small one of I = 2, and these contributions appear with different signs in
the charge channels hence leading to different mass distributions. These differences
between cross sections of the πΣ channels were predicted in the theoretical study
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Figure 12.5: Re(tT ), Im(tT ) and |tT | of Eq. (11.21).

of the γp → K+πΣ reaction in Ref. [49] and corroborated by experiments done in
Refs. [459,460].

In Fig. 12.7, we show the results of
d2σpK+πΣ

dMinvdminv
for the pp → pK+πΣ scattering

as a functions of minv(π0Σ0), minv(π+Σ−) and minv(π−Σ+), respectively. The total
energy of the system

p
s is fixed at 3179 MeV which can be accessed experimentally

[452–454]. The dependence on minv is similar to that in dσK0πΣ/dminv. In the case
of the π0Σ0 the peak is located at 1400 MeV by fixing Minv = 2140 MeV. For Minv =
2200 and 2230 MeV, the peak positions move towards 1380 MeV and also the widths
are broader than that of the 1400 MeV case. Decreasing the value of Minv to 2100
MeV, we obtain the peak position around 1405 MeV. The shapes of the results are
similar for the π+Σ− and π−Σ+ mass distributions, but the peak positions are 10
MeV bigger for the case of π+Σ− and 5 MeV smaller for π−Σ+ mass distribution. In
these processes, the π−Σ+ gives the largest strength because of the additional factor
two for the tΣ+π−,Σπ term in Eq. (12.44) compared with tΣ0π0,Σπ. We should note that
the peak with this mechanism appears at lower πΣ invariant mass than with the
model of Ref. [61], where the peak showed at 1420 MeV. This is due to the fact that
with the TS the Λ(1405) is formed by πΣ, rather than K̄ N, and this channel couples
mostly to the lower mass state of the two Λ(1405) states [35].

For the case of the π−p → K0πΣ reaction, we integrate
dσK0πΣ

dminv
over minv in the

range of the Λ(1405) peak, minv ∈ (mπ+mΣ,1450 MeV), with mπ and mΣ the isospin-
averaged mass of π and Σ, and we obtain the cross section of π−p → K0πΣ, σK0πΣ, as
a function of Minv. The results are represented in Fig. 12.8. There are peaks around
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2100 MeV for all cases, though the expected value of triangular singularity is 2140
MeV. This is because the N∗ resonance in the K∗Σ production has a peak around
2030 MeV (the term 1/|Minv −MN∗ + iΓN∗

2 |2 in Eq. (12.44)).

For the case of the pp → pK+πΣ reaction, integrating now the
d2σpK+πΣ

dMinvdminv
over

the minv we obtain
dσpK+πΣ

dMinv
which are shown in Fig. 12.9 as a function of Minv for

π0Σ0, π+Σ− and π−Σ+. Similarly we get peaks around 2100 MeV for the three cases.
In the π−p and pp reactions, the strength is largest for the π+Σ− and π−Σ+ final

state, respectively, reflecting the strength before the integration shown in Figs. 12.6
and 12.7.

We should note that the N∗(2030) is about 50 MeV below the K∗Σ threshold, but
the width of about 125 MeV makes the overlap of the resonance in the region of K∗Σ
invariant masses studied still sizable, and the important thing is that this resonance
has a large coupling to the K∗Σ channel as we have discussed. We can also rightly
question whether the structure found for tT is not tied to two-body thresholds rather
than to the TS. We can have two thresholds where (in the absence of a K∗ width)
two singularities (finite) would appear: the K∗Σ threshold and the Σπ threshold.
The latter one appears at 1337 MeV but the peaks in the πΣ mass distributions
show up at about 1400 MeV, related to the Λ(1405), hence it is not the πΣ threshold
enhancement what one is seeing there. The K∗Σ threshold appears at 2087 MeV,
and the width of the K∗ softens a structure related to this threshold. Actually we
see a soft enhancement of Re(tT) in Fig. 12.5 around this energy. This is related
to this threshold and a detailed study of the threshold effect and the TS, going to
the limit of small width, was conducted in Ref. [128] where a triangle diagram with
K∗DK intermediate states was studied. It was indeed found that Re(tT) had a bump
associated with the K∗D threshold while Im(tT) had a peak stemming from a triangle
singularity. Here we have a similar situation where Re(tT) in Fig. 12.5 is influenced
by the K∗Σ threshold, while Im(tT) is driven by the TS peaking at higher energy. We
see in Fig. 12.5, by looking at |tT |, that the peak structure is just provided by Im(tT),
hence it is the TS what is responsible for the peak structure in the cross sections
studied.

We should note that our calculations are done without a normalization. In the
case of the π−p → K0πΣ reaction we made an estimate of the absolute value by as-
suming a N∗(2030) decay width to πN of about 70 MeV. This is only a guess of the
order of magnitude based on similar decay widths for N∗ resonances in that en-
ergy range. It is not possible right now to be more quantitative. In the case of the
pp → pK+πΣ reaction, we did not even attempt to make an estimate of the absolute
value of the cross section. Yet, the results that we find in the next section, where we
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show that the triangle mechanism is far more important than the tree-level diagram,
give us confidence that the triangle mechanism discussed here is indeed very impor-
tant and provides a plausible solution to the puzzle of the experimental results of
Ref. [453]. At present we would suggest that an experimental exploration is done of
the dependence of the cross sections on the K+πΣ invariant mass to see if the predic-
tions tied to the TS studied here hold or not. A further theoretical study after some
extra experimental information from these observables would then be advisable.
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Figure 12.6: The
dσ

dminv
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for the π−p → K0πΣ scattering with several fixed values of Minv.
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12.4 Further considerations
The results obtained so far have relied on a triangle loop with K∗πΣ in the inter-
mediate state. We can ask what happens to the related tree-level mechanism with
the same final state. Then we can consider the mechanism of Fig. 12.10 for the
pp → pK+π−Σ+ reaction. The first thing we realize is that in this mechanism the
π+Σ− are not in a resonant state (the Λ(1405)) unlike in Fig. 12.4(a). Its contribution
will appear as a background that in experiments is removed to get the Λ(1405) sig-
nal. Yet, we can make an estimate of this contribution relative to the loop mechanism
of Fig. 12.4. We must replace in Eq. (12.46)

2MΣ

(
tΣ+π−,Σ+π− +

1
2

tΣ0π0,Σ+π−

)
~σ ·~k tT (12.47)

by

1
M2

inv(π−K+)−m2
K∗ + imK∗ΓK∗

~σ · (~k−~pπ). (12.48)

We have made estimates of these two terms in the region of the peak of Minv(K∗0Σ+)
(∼ 2100 MeV) and the peak of Minv(π−Σ+) (∼ 1400 MeV) and we find the tree level
small compared to the loop terms, of the order of five times smaller, and out of phase
with the other mechanism, which gives rise to a small background below the struc-
ture that we have studied.

Next we would like to see what happens if we had a mechanism with K̄ N instead
of πΣ in the loop. Our argumentation is that by having πΣ in the loop we guarantee
that the Λ(1405) state of small energy (1385− 1400 MeV) is produced. However,
should there be a mechanism with K̄ N in the loop, then the Λ(1405) state of higher
energies (∼ 1420 MeV) would be produced and we would reach different conclusions
in the paper. Actually, related to the mechanism that we have we could have the
mechanism of Fig. 12.11. The same resonance N∗ that we have discussed also couples
to φN. However, as we can see in Fig. 2 of Ref. [139] the strength of the N∗ resonance
coupling to φN channel is of the order of 0.25 compared to 7 for the coupling to K∗Σ
that we have considered here. This is about a factor 30 smaller than the mechanism
we have considered.

We can also see at which Minv(φn) value one expects the triangle singularity peak,
and we find it at Minv(φn) = 1970 MeV (we put the mass of Λ(1405) as 1433 MeV to
be above the K̄ N threshold and be able to apply Eq. (3.134)). This energy is lower
than the energy of 2100 MeV where the former triangle singularity appeared. This
invariant mass is lower than the one reached in the π−p → K0πΣ experiments of
Refs. [325, 451]. It is at reach in the pp → pK+πΣ experiment of Ref. [453]. In ad-
dition, the small width of the φ makes the TS structure narrower, but the p−wave
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p

Σ+

π-

φ K 0
π-

N *

K0
n

Λ*

Figure 12.11: Triangle mechanism with φnK̄0 intermediate state.

coupling of φ→ KK̄ reduces drastically the strength. Indeed, the |~k |3 factor in the
cross sections of Eqs. (12.1,12.22) for π−p → K0πΣ and (12.46) for pp → pK+πΣ intro-
duces an extra 0.08 relative reduction factor of the K̄ N triangle mechanism versus
the K∗Σ one. The two factors discussed make the φK̄ N mechanism negligible versus
the K∗πΣ one.

On the other hand, one may wonder if there are other N∗ resonances around the
2000−2150 MeV that couple strongly to φN, but by looking into the PDG [110] and
the older version of the PDG [455], we do not find any resonance with coupling to
φN.

We could think of other possible vector mesons and N∗. The next vector meson
is the ρ(1450). This mechanism develops a TS at 2614 MeV (the mass of Λ(1405)
is again put as 1433 MeV here), which cannot be reached in the experiment of
Ref. [453]. In addition the ρ(1450) → KK̄ is quoted as “not seen” in the PDG [110]
although some searches are quoted there. Furthermore, we do not know of any N∗

resonance around this energy that could have a sizable coupling to Nρ(1450).
Finally, we would like to insist that we have not done a determination of the

strength of the cross section. For reasons discussed at the beginning we would need
information, the πN decay of N∗, which is not known, and we did estimates. For
the case of the pp reaction we simply give results in arbitrary units. However, the
comparison done with the tree level, showing that the strength of the triangle mech-
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anism is much more important than the tree level, indicates that the mechanism
discussed is relevant for the reaction. Leaving this apart, the shape of the invari-
ant mass distributions is totally given by the mass and width of the particles in the
triangle diagram and there is no uncertainty in the shape.

The discussion done above is illustrative and shows the relevant role of the TS
with K∗Σπ intermediate state, that enhances the excitation of the low-energyΛ(1405)
state, providing a plausible explanation of the experimental findings of Ref. [453].

12.5 Conclusions
We have carried out a study of contributions of a triangle diagram to the the π−p →
K0πΣ and pp → pK+πΣ processes. In both reactions, the triangle diagram is formed
by a N∗ decaying first to K∗ and Σ, the K∗ decays into πK , and then the Σ and the π
merge to give Λ(1405), which finally decays into πΣ. In this process, the K∗πΣ loop
generates a triangle singularity around 2140 MeV in the invariant mass of KΛ(1405)
from of Eq. (3.134). We evaluate the real part, imaginary part and absolute value

of the amplitude tT and find a peak around 2140 MeV. We calculate the
dσK0πΣ

dminv

with some values of Minv in the π−p → K0πΣ reaction and
d2σpK+πΣ

dMinvdminv
with some

values of Minv and fixed
p

s = 3179 MeV as a function of minv(π0Σ0), minv(π+Σ−) and
minv(π−Σ+). In these distributions, we see peaks around 1400 MeV, representing

clearly the Λ(1405). Integrating over the minv we obtain σK0πΣ and
dσpK+πΣ

dMinv
and

these distributions show a clear peak for Minv(N∗(2030)) around 2100 MeV. The peak
of the singularity shows up around 2140 MeV. This peak position of the triangular
singularity is lowered by the initial N∗ resonance peak around 2030 MeV in the K∗Σ
production.

Thus, our results constitute an interesting prediction of the triangle singularity
effect in the cross sections of these decays. The work done here could explain why
in the experiments of Refs. [453, 454] the invariant mass distribution of πΣ for the
Λ(1405) are found at lower invariant masses than in other reactions. It would also
be interesting to see if the predictions done here concerning the triangle singularity
are fulfilled by the experimental data, an issue that has not been investigated so
far. This work also can serve as a warning to future experiments that measure these
reactions, that they should be careful when associating peaks in this energy region
to resonances.
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Triangle Singularity and
enhancement of the
isospin-violating decay
Λ+

c →π+π0π0Σ0

13.1 Introduction

Recent studies suggest that the triangular singularities (TS) can give a significant
contribution to isospin-violating processes. In Refs. [115–117], the role of the triangle
diagram in the unusually large isospin-violating π0 f0(980) production from η(1405)
observed in BESIII [118] was studied. The triangular diagrams formed by K∗−K+K−

and K̄∗0K0K̄0 contribute to this process because of the sensitivity of the triangle sin-
gularity to the masses of the particles in the loop diagram, the TS can have a sizable
contribution in the isospin-violating process. It is noteworthy that the shape of the
f0(980) resonance appears narrower than observed in other processes because the
resonance shape is modified by the amplitude of the triangle diagram, which gives
the width with the order of the charged- and neutral-kaon mass difference. Also, the
line shape of the ππ invariant mass distribution calculated with the triangle diagram
agrees with what was observed experimentally [118]. Following these studies, the
isospin-violating f0(980) productions enhanced by the TS in the D+

s → π+π0 f0(980)
and B̄0

s → J/ψπ0 f0(980) processes were studied in Refs. [461] and [462], respectively.
In this chapter, based on the findings of Ref. [11], we study the isospin-violating

Λ+
c → π+π0Λ(1405) process with the Λ(1405) decay into π0Σ0 from the triangle di-

agram. The triangle diagram is formed by the decay of Λ+
c into π+K∗−p (π+K̄∗0n)

followed by the decay of K∗− → π0K− (K̄∗0 → π0K̄0) and the fusion of the K−p (K̄0n)

275



Chapter • 13

to formΛ(1405). From Eq. (3.134) one can predict that a singularity from the triangle
diagram would appear around 1890 MeV in the π0Λ(1405) invariant mass distribu-
tion. The Λ(1405) is successfully described as a hadronic molecule [27–35], and has
a large coupling to the K̄ N and the πΣ channels (see also Refs. [24, 64] and refer-
ences therein for the details). The decay of heavy hadrons containing a charm or
bottom quark is an exciting field in hadron physics as summarized in Ref. [303], and
particularly the Λ(1405) production in the Λ+

c , χc0(1P) and Ξb decays was studied
in Refs. [63, 301], Ref. [463] and Ref. [464], respectively, where the Λ(1405) affects
the πΣ or K̄ N mass distribution through the final-state rescattering. Considering
the external W+ emission for the transition of Λ+

c into π+K̄∗N, which would give
the main contribution to this process, the Λ(1405) production is isospin forbidden.
Indeed the W produces the π+ in one vertex and in the other one includes a cs tran-
sition. We have thus π+ and sud, with ud in I = 0, because there these quarks are
spectators. Thus the sud final state has I = 0 and hadronizes in K̄∗N (see Fig. 13.3).
Meanwhile, the possible effect of the TS on the Λ(1405) production was studied in
Refs. [10, 54, 465]. Now, as found in Refs. [115–117, 461, 462] for the f0(980) pro-
duction, we expect that the isospin-violating Λ(1405) production is enhanced by the
TS around 1890 MeV in the π0Λ(1405) mass distribution, where the triangle singu-
larity would appear from Eq. (3.134), and that a narrow peak around the Λ(1405)
energy in the π0Σ0 mass distribution would appear. The observation of the TS in
this isospin-violating Λ(1405) production would give further support to the hadronic
molecular picture of the Λ(1405) resonance, and provide us better understanding on
the triangle singularity.

13.2 Formalism
In the present study, we investigate the Λ+

c → π+π0π0Σ0 decays via Λ(1405) forma-
tion. The process of Λ+

c → π+K∗−p followed by the K∗− decay into π0K− and the
merging of the K−p into Λ(1405) (see Fig. 13.1(a)) or Λ+

c → π+K̄∗0n followed by the
K̄∗0 decay into π0K̄0 and the merging of the K̄0n intoΛ(1405) (see Fig. 13.1(b)) gener-
ate a singularity, and we will see a signal for the Λ(1405) around 1420 MeV because
it comes from K̄ N which couples to the second pole at 1420 MeV in the invariant
mass of π0Σ0. In the study of Ref. [31], the Λ(1405) appears as the dynamically gen-
erated state of K−p, K̄0n, π0Λ, π0Σ0, ηΛ ηΣ0, π+Σ−, π−Σ+, K+Ξ− and K0Ξ0 in the
coupled-channels calculation.

We will analyze the effect of triangle singularities in the decay of Λ+
c →π+π0π0Σ0.

In this study, we focus on the decay channel of π0Σ0 from Λ(1405), which does not
contain the I = 1 contribution and have small I = 2 one, to focus on the isospin vio-
lation. The complete Feynman diagram for the decay with the triangle mechanism
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Λ+
c

π+

K∗−

p
K−

π0

R Σ0

π0

(a)

Λ+
c

π+

K̄∗0

n
K̄0

π0

R Σ0

π0

(b)

Figure 13.1: Diagram for the decay of Λ+
c →π+π0π0Σ0

P − q

q
P − q − k

k

R

Figure 13.2: The momenta assignment for the decay process
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through the Λ(1405) baryon is shown in Fig. 13.1 and the momenta assignment for
the decay process is given in Fig. 13.2.

Now we would like to evaluate the Λ+
c → π+π0R with R → π0Σ0 process which

produces the triangle diagram shown in Fig. 13.1, where R stands for the Λ(1405)
resonance. First, let us consider the T matrix of Fig. 13.1(a), which is given by

−it = i
∑

pol. of K∗

∫
d4q

(2π)4

i tΛ+
c →π+K∗−p

q2 −M2
p + iε

i tK∗−→π0K−

(P − q)2 −m2
K∗− + iε

i tK−p→π0Σ0

(P − q−k)2 −m2
K− + iε

.

(13.1)
where the amplitude is evaluated in the center-of-mass frame of π0R. Thus we need
to calculate the three vertices, tΛ+

c →π+K∗−p, tK∗−→π0K− and tK−p→π0Σ0 , in Eq. (13.1).

13.3 Decay mechanism at quark level
Now we look into the Λ+

c decay mechanism at quark level depicted in Fig. 13.3(a). At
the quark level, the Cabibbo-allowed vertex is formed through an external emission
of a W boson [466], which is also color-favored, producing a ud̄ pair that forms the
π+, with the remaining sud quarks hadronizing from a created vacuum ūu+ d̄d+ s̄s
state. Note that ud in theΛ+

c are in I = 0 and since they are spectators in the reaction
they also have I = 0 in the final state of Fig. 13.3 (a). Performing the hadronization as
shown in Fig. 13.3 (b), by writing the qq̄ matrix in terms of physical vector mesons,
and looking at the quark content of the octet baryons in Ref. [306] (see table III of
that work), one can write the quark states in terms of the hadron states,

|H〉 = K∗−p+ K̄∗0n−
√

2
3
φΛ . (13.2)

However, we will neglect the φΛ component since this does not contribute to our
triangle singularity mechanism.

d d

u u

Λ+
c

I = 0 {
c s

W+

d̄

u
}π+

(a)

d d

u u

Λ+
c

I = 0 {
ūu + d̄d + s̄s

c s

W+

d̄

u
}π+

(b)

Figure 13.3: (a) Diagram for Λ+
c → π+π0π0Σ0 decay; (b) Hadronization through q̄q creation with

vacuum quantum numbers.
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13.4 Calculation of the three vertices

13.4.1 First vertex
The Λ+

c →π+K∗−p process can proceed via s−wave, and we take the amplitude of the
process tΛ+

c →π+K∗−p as
tΛ+

c →π+K∗−p = A~σ ·~ε. (13.3)

The K∗−p invariant mass distribution of the Λ+
c →π+K∗−p decay,

dΓΛ+
c →π+K∗−p

dMinv(K∗−p)
= 1

(2π)3

2MΛ+
c
2Mp

4M2
Λ+

c

pπ+ p̃K∗−
∑∑∣∣tΛ+

c →π+K∗−p
∣∣2 , (13.4)

where pπ+ is the momentum of π+ in the Λ+
c rest frame, and p̃K∗− is the momentum

of K∗− in the K∗−p rest frame,

pπ+ =
λ1/2(M2

Λ+
c
,m2

π, M2
inv(K∗−p))

2MΛc

, (13.5a)

p̃K∗− =
λ1/2(M2

inv(K∗−p),m2
K∗− , M2

p)

2Minv(K∗−p)
. (13.5b)

Now, if we square the T matrix in Eq. (13.3) and sum and average over the polariza-
tions and spins, we get ∑∑∣∣tΛ+

c →π+K∗−p
∣∣2 = 3 |A|2 . (13.6)

Thus we get
|A|2
ΓΛ+

c

= Br(Λ+
c →π+K∗−p)∫ MΛ+c −mπ+

MK∗−+mp
3

(2π)3
Mp

MΛ+c
pπ+ p̃K∗−dMinv(K∗−p)

. (13.7)

By calculating the width of this decay, using the experimental branching ratio of this
decay Br(Λ+

c → π+K∗−p)= (1.5±0.5)×10−2 [110], we can determine the value of the
constant |A|.

13.4.2 Second vertex
In a similar way as done in the previous chapter, we calculate the contribution of the
vertex K∗− → π0K− by using the local hidden gauge Lagrangian, and then, for the t
matrix we get,

−itK∗−→π0K− =ig
1p
2
ε
µ

K∗−(pK− − pπ0)µ (13.8)

'ig
1p
2
~εK∗− · (~pπ0 −~pK−), (13.9)
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with ~pK− and ~pπ0 calculated in the center-of-mass frame of π0R. At the energy where
the triangle singularity appears, compared with the mass of K∗−, the momentum of
K∗− is small enough, hence we again omit the zeroth component of the polarization
vector in Eq. (13.8).

13.4.3 Third vertex
The third vertex corresponds to the mechanism for the production of the π0Σ0 pair
in the final state, after the rescattering of the K−p that dynamically generates the
Λ(1405) resonance as intermediate state. We will write the vertex as

−it3 =−iti f , t3 ≡ tK−p→π0Σ0 (13.10)

where ti f is the i f element of the 10×10 scattering matrix t for the channels K−p (1),
K̄0n (2), π0Λ (3), π0Σ0 (4), ηΛ (5), ηΣ0 (6), π+Σ− (7), π−Σ+ (8), K+Ξ− (9), and K0Ξ0

(10), in the coupled-channels calculation. We have i = 1 for the diagrams of Fig.
13.1(a), while the index f stands for channel 4. The t matrix is obtained using the
BSE, with the chiral Weinberg-Tomozawa kernel. The loop functions for the interme-
diate states are regularized using the cutoff method and the peak of the Λ(1405) is
well reproduced using a cutoff of 630 MeV. We will need this parameter for the next
steps of the calculation, being necessary in order to evaluate the loop integral in the
diagram of Fig. 13.1.

13.5 The total amplitude
Now we obtain the final amplitude of Λ+

c →π+π0π0Σ0 for Fig. 13.1(a),

tΛ+
c →π+π0π0Σ0 =−A

1p
2

g ~σ ·~k tK−p→π0Σ0 tT , (13.11)

where for simplicity we use tT ≡ tT(mK∗− , Mp,mK−) for Fig. 13.1 (a) decay. Here,
tT(mK∗− , Mp,mK−) = 2Mp t̃T(mK∗− , Mp,mK−), with t̃T given by Eq. (11.21), making
the appropriate substitutions to account for the different particles. The energy k0

and momentum |~k| of π0 emitted from K̄∗ are given by

k0 =
M2

inv(π0Λ(1405))+m2
π0 −M2

inv(π0Σ0)

2Minv(π0Λ(1405))
, (13.12)

|~k| =
λ1/2(M2

inv(π0Λ(1405)),m2
π0 , M2

inv(π0Σ0))

2Minv(π0Λ(1405))
. (13.13)
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We follow the method of Ref. [9], and obtain the final differential distribution for four
particles in the final state,

1
ΓΛ+

c

d2Γ

dMinv(π0Λ(1405))dMinv(π0Σ0)
= 1

(2π)5
MΣ0

MΛ+
c

p̃π+ p̃π0 q̃Σ0
1
2

g2 A2

ΓΛ+
c

|~k|2 |tT |2×
∣∣tK−p→π0Σ0

∣∣2 ,

(13.14)
with

p̃π+ =
λ1/2(M2

Λ+
c
, M2

inv(π0Λ(1405)),m2
π+)

2MΛ+
c

, (13.15a)

p̃π0 = |~k| =
λ1/2(M2

inv(π0Λ(1405)),m2
π0 , M2

inv(π0Σ0)

2Minv(π0Λ(1405))
, (13.15b)

q̃Σ0 =
λ1/2(M2

inv(π0Σ0),m2
π0 , M2

Σ0)

2Minv(π0Σ0)
. (13.15c)

13.6 Isospin-breaking effect
If we use the same masses for K̄ N and K∗ with isospin conservation, we find that
the contributions from Fig. 13.1 (a) and Fig. 13.1 (b) will cancel each other. An
interesting thing is to investigate the isospin-breaking effect. That means, for the
first time, we will precisely look at the Λ(1405) formation in an isospin forbidden
mode. We expect that the formation will be driven by a triangle singularity and the
shape will be narrower than usual, because it will be tied to the different masses of
K̄ N. Therefore, in the following, we will use different masses for K−p or K̄0n, and
also for K∗− and K̄∗0.

Now we consider Fig. 13.1 (b), for the Λ+
c → π+K̄∗0n followed by K̄∗0 → π0K̄0

decay and K̄0n → π0Σ0 to see the Λ(1405) formation. We also need to calculate the
three vertices, tΛ+

c →π+K̄∗0n, tK̄∗0→π0K̄0 and tK̄0n→π0Σ0 .
For the first vertex, tΛ+

c →π+K̄∗0n, we can use the same amplitude in Eq. (13.3)

tΛ+
c →π+K̄∗0n = A~σ ·~ε. (13.16)

As shown in Eq. (13.2), the weight of the production is the same as the π+K∗−p
process with the same sign. Then, we can use the same A in this case.

The amplitude tK̄0→π0K̄0 for the second vertex is written by using Eq. (2.33) as
two times as K∗− →π0K−

−itK∗0→π0K̄0 =− ig
1p
2
ε
µ

K̄∗0(pK̄0 − pπ0) (13.17)

'− ig
1p
2
~εK̄∗0 · (~pπ0 −~pK̄0), (13.18)
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where the amplitude has the opposite sign to the K̄∗− → π0K− in Eq. (13.9). Finally,
the K̄0n → π0Σ0 amplitude for the third vertex t3 = ti f is the component with i = 2
and f = 4.

The triangle amplitude for the K̄∗0nK̄0 loop, given by tT = tT(mK̄∗0 , Mn,mK̄0) =
2Mn t̃T(mK∗0 , Mp,mK0), with t̃T given by Eq. (11.21) and replacing the masses and
width of the internal particles.

Hence, for the isospin-breaking effect, we get the final differential distributions,

1
ΓΛ+

c

d2Γ

dMinv(π0Λ(1405))dMinv(π0Σ0)
= 1

(2π)5
MΣ0

MΛ+
c

p̃π+ q̃Σ0
1
2

g2 A2

ΓΛ+
c

|~k|3 (13.19)

× ∣∣tT(mK∗− , Mp,mK−)tK−p→π0Σ0 − tT(mK̄∗0 , Mn,mK̄0)tK̄0n→π0Σ0
∣∣2 ,

13.7 Results

Let us begin by showing in Fig. 13.4 the contribution of the triangle loop, tT(mK∗−

, Mp, mK−). We plot the real and imaginary parts of tT(mK∗− , Mp, mK−), as well as
the absolute value with Minv(R) ≡ Minv(π0Σ0) fixed at 1420 MeV. It can be observed
that the Re(tT) has a peak around 1838 MeV, and Im(tT) has a peak around 1908
MeV, and there is a peak for |tT | around 1868 MeV. As discussed in Ref. [128], the
peak of the real part is related to the K∗−p threshold and the one of the imaginary
part, that dominates for the larger π0R invariant masses, to the triangle singularity.

In Fig. 13.5 we plot Eq. (13.19) forΛ+
c →π+π0π0Σ0 by fixing Minv(π0R)=1850 MeV,

1890 MeV, and 1930 MeV and varying Minv(R). We can see that the distribution with
largest strength is near Minv(π0R)=1890 MeV. We can also see a strong peak around
1432 MeV for the three different masses of Minv(π0R). Consequently, we see that
most of the contribution to our width Γ will come from Minv(R) = MR , thus we have
strong contributions for Minv(π0Σ0) ∈ [1390 MeV,1450 MeV]. The conclusion is that
when we calculate the mass distribution dΓ

dMinv(π0Λ(1405)) , we can restrict the integral
in Minv(R) to the limits already mentioned.

By integrating over Minv(R), we obtain 1
ΓΛ+c

dΓ
dMinv(π0R) which is shown in Fig. 13.6.

We see a clear peak of the distribution around 1880 MeV for Λ(1405) production.
When performing the integral we observe that the strong contribution comes from
Minv(π0Σ0) ∈ [1390 MeV,1450 MeV]. The conclusion is that when we calculate the
mass distribution dΓ

dMinv(π0Λ(1405)) , we can restrict the integral in Minv(π0Σ0) to the
limits already mentioned.

Integrating now dΓ
dMinv(π0Λ(1405)) over Minv(π0Λ(1405)) ∈ [1800 MeV,2050 MeV] in
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Figure 13.4: Triangle amplitude tT for the decay in Fig. 13.1 (a), here taking Minv(R)=1420 MeV.

Fig. 13.6, we obtain the branching fraction

Br(Λ+
c →π+π0Λ(1405); Λ(1405)→π0Σ0)= (4.17±1.39)×10−6. (13.20)

This number is within measurable range. The errors come from the experimental
errors in the branching ratio of Br(Λ+

c →π+K∗−p).
One should stress the most remarkable feature in the distributions of Fig. 13.5:

the width of the Λ(1405) produced is a mere 6.5 MeV, remarkably smaller than the
nominal widths for the Λ(1405) at 1420 MeV of the order of 30 MeV. As mentioned
before, this narrow width is tied basically to the different masses of the K−, K̄0 or
p,n. This exceptionally narrow shape has been observed in all the isospin forbidden
f0(980) production mode. The present reaction would be the first one where the
narrow Λ(1405) is seen in an isospin forbidden mode.
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Figure 13.5: The derivative of the mass distribution of Λ+
c →π+π0π0Σ0 with regards to Minv(Λ(1405)).
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Figure 13.6: The mass distribution of Λ+
c →π+π0π0Σ0.

13.8 Conclusions

The triangle singularities have recently shown to be very effective, enhancing the
production of f0(980) or a0(980) in isospin suppressed modes. These reactions have
played a double role. On the first hand they have provided clear examples of triangle
singularities, and on the second hand the rates and shapes obtained for the isospin
suppressed modes are closely tied to the nature of these resonances and offer extra
support to their dynamical origin from the interaction of mesons in coupled channels.

The two states of the Λ(1405), now already official in the PDG, are another ex-
ample of dynamical generation from the interaction of meson-baryon in this case.
Yet, the resonance has not been observed in an isospin violating reaction so far. The
present work provides the first evaluation of the Λ(1405) production in an isospin
forbidden reaction. We devised one such reaction, which, as in the case of the f0(980)
or a0(980), can be enhanced by a triangle singularity. We found such an example in
the decay of Λ+

c into π+π0Λ(1405). The mechanism for the production is given by a
first decay of the Λ+

c into π+K̄∗N, then the K̄∗ decays into K̄π and the K̄ N merge
to produce the Λ(1405) through a triangle loop containing K̄∗NK̄ , which develops a
singularity around 1890 MeV.

The remarkable observation is that a peak tied to the Λ(1405) state of higher
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energy (around 1420 MeV) appears in the final π0Σ0 mass spectrum, but peaking
even at higher energy, close to the K̄ N threshold of 1432 MeV. It is also remarkably
narrow, of the order of 6-7 MeV, and is tied to the difference of masses between the
K− and K̄0 and p,n.

We have shown that the amount of Λ(1405) production has its largest strength
at a π0Λ(1405) invariant mass of around 1890 MeV, where the mechanism suggested
develops a triangle singularity. The shape and strength obtained are intimately tied
to the nature of the Λ(1405) as a dynamically generated resonance from the meson
baryon interaction, and in the present case, to its large coupling to the K̄ N com-
ponent. We found that the strength of the width observed falls within measurable
range. The implementation of the reaction would thus bring valuable information
on the nature of this resonance, the mechanisms of triangle singularities, plus extra
information on the continuously searched for K̄ N interaction.
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Conclusions and Summary

Hadron physics, dealing with the structure and dynamics of strongly interacting sys-
tems, has always been the toughest part of particles physics. While QCD is uni-
versally admitted as the theory behind it, the intrinsic non-perturbative nature of
hadrons made progress slow. The spectrum of hadrons is composed of bound states
of quarks and gluons. The distinctive property of confinement in strong interactions
prevents quarks and gluons from appearing as free particles. A new generation of
dedicated experiments in hadron physics has been proposed with the aim of uncov-
ering properties of strong interactions and specifically the mysteries of confinement.

Indeed, the field has been boosted by the unexpected wealth of data from hadronic
physics facilities worldwide. New fields of research in hadron physics opened, in
particular on emergence of structures in QCD and the possible formation of exotic
states, which did not fit the expectations of the very successful quark model until
recently. These discoveries occur especially in the open and hidden charm and bottom
hadron sectors, but some of them also occur in the light quark sector. Among various
explanations of the internal structure of these excitations, hadronic molecules, being
analogues of light nuclei, tetraquarks and glueballs naturally emerge.

The description of hadron molecular exotic states that result from the interaction
between two hadrons and the identification of new states from experiments have
been the main objectives of this thesis. This work has required the combination of
different QCD effective field theories and analytic methods. As sketched in Part I of
the thesis, exact and approximate QCD symmetries at the hadron level can be used
to construct EFT’s, which supplemented with unitarization techniques, are able to
describe the low energy hadronic phenomenology.

In addition, triangular singularities and their analytic structure were described
50 years ago, but only now experimental evidences are being reported. We have
also investigated various reactions to find out which of the resonances reported by
experiments could be just a consequence of these singularities.

In Part II, Hadrons In The Light Sector, we have studied different reactions and
some excited N∗ states using some of the techniques presented in Part I. In Chap-
ter 4, several reactions of the type τ− → ντM1M2, with M1M2 = PP, PV , V P or VV
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mesons, were studied. The decay widths of these reactions were compared with their
experimental values and, in general, were found to be in good agreement with ob-
servation. In the reactions where the agreement was not as optimal, the difference
could be justified by the existence of resonance states decaying into the two (final)
mesons observed. The importance of G-parity conservation in reactions that involve
only u and d quarks was confirmed and, even more surprisingly, we also found that
the selection rules of G-parity have repercussion in reactions with K and K∗ mesons,
where G-parity cannot be defined. This is a novel and interesting result. We also
concluded that PP reactions proceed through p-wave interactions, as predicted by
χPT, but PV and VV reactions must decay through s-wave interaction. In addition,
some mass distributions were successfully compared with experiments, as well.

In Chapter 5, we studied the mass distribution of Λ+
c → K̄0MB decay, with MB =

πN,ηp and KΣ. One of the possible Feynman diagrams for this decay involves the
N∗(1535) as an intermediate state. This resonance is very important for the study
of molecular states, since it remains to be well understood outside of the CUA. While
effects of the N∗(1535) and N∗(1650) are clearly visible in the Λ+

c → K̄0πp(I = 1/2)
and K̄0ηp mass distributions, we found that the characteristics are different from
those in the meson-baryon amplitude of Ref. [294]. In the mass distributions studied
in this chapter, the peak from N∗(1535) is larger than that from N∗(1650), while
two peaks with a comparable magnitude are seen in the amplitude of the πN to
πN channel obtained in Ref. [294] as well as in data. This is because the KΣ channel
which couples more strongly to N∗(1650) than N∗(1535) is suppressed in the primary
production from Λ+

c in our treatment of the weak and hadronization processes, and
the ρN(I = 1/2) and KΛ channels have larger couplings to the N∗(1535) resonance
than to the N∗(1650) resonance.

We have also revised the study made in Ref. [304], where several methods of cal-
culating this decay through N∗(1535) were compared, and some discrepancy between
CUA and the other methods was found. For this, we used the model developed in
Ref. [294] which takes into account V B channels necessary to generate the N∗(1650)
resonance which adds extra width to the mass distribution, making the discrepancy
between CUA and the other models smaller, although still present. The importance
of taking into account V B and PB channels together is a recurring theme found in
this thesis, which was also explored in Chapters 6 and 10.

The fact that the results shown in Part II explained so well the experimental
features of the systems studied, served also to establish the effectiveness of the
methods used in the light sector and the energy and momentum scales where non-
perturbative effects were developed. In Part III, these methods were extended to the
heavy sector (baryons with c and b quarks). In Chapter 6, we have described Λb →
Λ∗

c R transitions, with Λ∗
c =Λc(2595)[JP = 1/2−], Λc(2625)[JP = 3/2−] and R = `ν̄` or

π, using a manifest Lorentz and HQSS invariant formalism, with special emphasis
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on the important simplifications/relationships that HQSS imposes on these decays.
In the beginning of the chapter, a review was given of the different molecular descrip-
tions of the Λ∗

c excited states which are commonly used in the literature: BSE uni-
tarized amplitudes in coupled channels with kernels obtained from i) the extended
local hidden gauge, ii) the SU(6)lsf×HQSS and iii) the chiral SU(3) WT Lagrangians.
The decay widths for both Λ∗

c states and the ratios between them were calculated,
and they could be related to each other assuming that both resonances form a HQSS
doublet. A novel result presented in this chapter is the evaluation of Λc(2595) and
Λc(2625) LFU ratios, this is to say ratios of semileptonic decay widths involving τν̄τ
or µν̄µ final lepton pairs. Furthermore, the possibility of a two pole structure for the
Λc(2595) –one pole with jP

q = 0− and another one with jP
q = 1− for the light degrees of

freedom–, together with the possibility of the unnatural Λb →Λc(2595)[ jP
q = 0−]`ν̄`

transition were also studied. The impact of these new ingredients on the LFU ratios
is discussed in detail, and it is also argued that the existence of the last Λb decay
mode would require HQSS will be severely broken. The LHCb collaboration has re-
ported large samples of Λc(2595) and Λc(2625) baryons, thus there are good chances
that LHCb could measure in the near future some of the ratios discussed in this
chapter, which can shed light on the nature of these resonances.

Following this line of research, in Chapter 7, we have shown that the Λc(2595)
and the Λc(2625) are very likely not HQSS partners, as the JP = 3/2− resonance was
found to be mostly a quark-model state. This finding contradicts a large number of
molecular scenarios suggested in the literature, where this resonance is dynamically
generated by the Σ∗

cπ chiral force. We have also predicted a JP = 3/2− state with
a mass of about 2.7 GeV and sizable couplings to both Σ∗

cπ and ND∗. In turn, the
Λc(2595) was found to be predominantly a hadron-molecule, with the precise details
of its nature depending drastically on the renormalization scheme used. As in the
JP = 3/2− sector, for JP = 1/2− we also found an extra resonance, with a mass of
around 2640–2660 MeV and a width of the order of 30-50 MeV, that is the result
of dressing the bare CQM pole with baryon-meson loops. Finally, for the UV cutoff
scheme, we found a narrow state at 2800 MeV with large ND and ND∗ couplings. In
summary, the results found in this chapter could not be easily understood in terms
of HQSS. The bare quark-model state and the Σcπ threshold are located very close to
the Λc(2625) and Λc(2595), respectively, and play completely different roles in both
sectors.

In Chapter 8, a study was conducted for several Ξc and Ξb states, using the ex-
tended local hidden gauge approach to calculate BSE kernels consistent with HQSS.
With only one free parameter (a sharp UV cutoff ) several experimentally detected
charm and bottom resonances were explained as molecular states, as well as predic-
tions were made that can be confirmed in future experiments. In both Chapters 7 and
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8, we have confirmed the versatility of the CUA when extended to the heavy sector,
and its ability to explain and predict heavy resonance states. This is further shown
in Chapter 9, where we have studied five new Ω∗

c states measured by the LHCb col-
laboration. We use here the CUA with coupled channels, but now extended to the
heavy sector by the use of a WT kernel based on the SU(6)lsf×HQSS symmetry. A
detailed study of the effects of the renormalization scheme was done, and results for
different sharp cutoff regulators were given. For a cutoff of Λ = 1090 MeV, three of
the five LHCb Ω∗

c resonances could be explained as molecular states and predictions
were made for their quantum numbers. We then extended the study to the case of Ξc
and Ξb excited states, where we have provided molecular interpretations for several
–Ξc(2790), Ξc(2815), Ξc(2930), Ξc(2970) and Ξb(6227)– states, and have predicted
the spin-parity quantum numbers of the latter three resonances. In addition, we
were also able to predict several new states using the equal spacing rule. The com-
parison of the results of this chapter with those obtained in Ref. [388] and Chapter 8
with the LHG formalism, for the Ωc and Ξb,c molecular states, opens the possibility
of estimating systematic uncertainties associated with the use of different models for
the interactions of charmed pseudoscalar and vector mesons with baryons.

In Chapter 10, a calculation of ratios of bottom to charm decay widths, Ξb →
Ξ∗

c R with Ξ∗
c = Ξc(2790)[JP = 1/2−], Ξc(2815)[JP = 3/2−] and R = lν̄l , π, Ds, was

done. We show here once again the significant effects of the V B channels. The vector
meson-baryon degrees of freedom appear through the dynamical generation of the
Ξ∗

c within the SU(6)lsf×HQSS scheme of Ref. [86], and are taken into account in the
computation of the ratios by means of the corresponding resonance couplings. An
explicit calculation of the decay rates was made, starting from the microscopic quark
states and using the 3P0 model to hadronize the quarks and create the Ξc(2790) and
Ξc(2815) states. Assuming that both states form a jP

q = 1− HQSS doublet, we could
obtain the decay widths to both resonances except for a common unknown factor.
This is a matrix element involving the wave functions of both b and c quarks, and it
cancels out when calculating the ratios. We found that these rates showed a strong
dependence on the couplings of the resonances to the V B states. Finally, predictions
were made for the branching ratios of these reactions.

Overall in this Part III, Hadrons In The Heavy Sector, we have studied differ-
ent odd parity charm and bottom resonances, using several models consistent with
HQSS. We obtained some interesting results regarding the nature of theΛc(2595)[JP =
1/2−] and Λc(2625)[JP = 3/2−] states, explained several Ωc, Ξc and Ξb resonances
and demonstrated the importance of the coupling between V B and PB channels.
Also, a detailed study of the effects of the renormalization procedure on the model-
predictions was made, showing the similarities and distinctions between the schemes,
justifying for which cases each of them worked the best.

Finally, in Part IV, we have studied the influence of triangle singularities (TS) in
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reactions with both light and heavy hadrons. We have shown how TS can produce
signatures in the observed spectra that can look like resonances, or how they can
distort some properties of existing states, such as the mass position or width of the
peaks. We have also shown how TS can be used to test properties of resonances,
since the strength of the triangle diagram strongly depends on the resonance that
appears on the lower right vertex. In Chapter 11, we have studied the B− → D∗0

π−a0(980); a0 → π0η and B− → D∗0 π− f0(980); f0 → π+π− reactions. We have evalu-
ated double mass distributions and saw clear peaks in the Minv(π0η) and Minv(π+π−)
invariant masses, showing clearly the a0(980) and f0(980) shapes. Integrating over
Minv(π0η) and Minv(π+π−), we have obtained the single mass distributions, Minv(πa0)
and Minv(π f0), which show a clear peak for around 1420 MeV which is a consequence
of the TS. In Chapter 12, we have studied the contributions of a triangle diagram
to the π−p → K0πΣ and pp → pK+πΣ processes. Calculating the differential cross
sections for the π−p → K0πΣ and the pp → pK+πΣ reactions, we have seen peaks
around 1400 MeV for the πΣ mass distribution, produced by the Λ(1405). In addi-

tion, σπ−p→K0πΣ and
dσpp→pK+πΣ

dMinv(K+πΣ)
showed a clear peak around 2100 MeV in the KπΣ

invariant mass. This signal corresponded to the position of the triangular singular-
ity, lowered by the large influence of the initial N∗ resonance, which peaks around
2030 MeV. These results could explain why in the experiments of Refs. [453,454] the
Λ(1405) was found at lower πΣ invariant masses than in other reactions. Finally,
in Chapter 13, we have studied the isospin violating decay of Λ+

c into π+π0Λ(1405),
which develops a triangular singularity around 1890 MeV in the π0Λ(1405) invariant
mass distribution. We observed that a peak tied to the octet Λ(1405) state appears
in the final π0Σ0 mass spectrum, showing up at higher energy than usual, close to
the K̄ N threshold (1432 MeV). The peak was also found to be quite narrow, ∼ 6−7
MeV, and it is tied to the difference of masses between the K− and K̄0 and p,n. We
have shown that the shape and strength obtained for the Λ(1405) are largest around
a π0Λ(1405) invariant mass of 1890 MeV, and importantly both features are related
to the nature of the Λ(1405) as a dynamically generated resonance from the meson-
baryon interaction, in particular to its K̄ N component. We also found that the decay
width of this reaction is within measurable range, even though it violates isospin
conservation, because of the effects of the triangle singularity.

Overall, we have produced in this thesis many interesting and new results. We
have studied light and heavy resonances using the extended CUA with coupled chan-
nels and testing the influence of renormalization schemes. We have described several
different decays and scattering reactions, studying what the effects of dynamically
generated states, HQSS, double pole structure and triangle singularities can be. We
have explained many experiments and proposed interesting predictions that can be
realistically tested in the near future.
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Appendix A

Some additional details for the
study of the τ−→ ντM1M2 decays

A.1 Evaluation of the matrix elements for the oper-
ators "1" and σi

We start from Eq. (4.32)

ME = − 1p
3

∑
S3

∑
s

(−1)
1
2−s−M′

C

(
1
2

1
2

1; s,S3 − s,S3

)
q Y1,−S3(q̂) C

(
1
2

1
2

J, M− s, s, M
)

× C

(
1
2

1
2

J′,S3 − s, M′−S3 + s, M′
){〈m|1 ∣∣m′〉

〈m|σµ
∣∣m′〉 (A.1)

where in the case of the "1" operator we have m = m′ = M− s and S3 = M+M′, while
in the case of σµ we have m = M − s, m′+µ= m, µ= M −S3 +M′. In the case of the
operator "1" we obtain M0 and with σµ, Nµ.

1) M0 case

−
√

1
3
∑

s(−1)
1
2−s−M′

q Y1,−(M+M′)(q̂)C
(1

2
1
2 J; M− s, s, M

)
×C

(1
2

1
21; s, M+M′− s, M+M′)C (1

2
1
2 J′; M+M′− s,−M+ s, M′) .

Using the permutation relations in Ref. [230]

C

(
1
2

1
2

1; s, M+M′− s, M+M′
)

=(−1)
1
2−s

√
3
2

C

(
1

1
2

1
2

; M+M′,−s, M+M′− s
)
, (A.2a)
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C

(
1
2

1
2

J; M− s, s, M
)
=C

(
1
2

1
2

J;−s,−M+ s,−M
)
, (A.2b)

we obtain:

M0 = − 1p
3

(−1)−M′
√

3
2

q Y1,−(M+M′)(q̂)
∑
s

C

(
1

1
2

1
2

; M+M′,−s, M+M′− s
)

× C

(
1
2

1
2

J′; M+M′− s,−M+ s, M′
)

C

(
1
2

1
2

J;−s,−M+ s,−M
)
, (A.3)

and summing over s, keeping M fixed we obtain, using the formulas of Ref.
[230],

M0 =− 1p
2

(−1)−M′√
2(2J+1) q Y1,−(M+M′)(q̂)W

(
1

1
2

J′1
2

;
1
2

J
)

C
(
1JJ′; M+M′,−M, M′) , (A.4)

in terms of a Racah coefficient, W (· · · ).
We can write this in a more symmetrical way by taking

C
(
1JJ′; M+M′,−M, M′)= (−1)J−M

√
2J′+1

3
C

(
JJ′1; M, M′, M+M′) , (A.5)

such that finally we obtain,

M0 =−(−1)J−(M+M′) 1p
3

p
(2J+1)(2J′+1)

×W
(
11

2 J′ 1
2 ; 1

2 J
)
C

(
JJ′1; M, M′, M+M′) q Y1,−(M+M′)(q̂) . (A.6)

We apply it to the different M1M2 cases:

a) PP : J = 0, J′ = 0
The CGC C (001; · · · ) is zero, hence:

M0 = 0. (A.7)

b) PV : J = 0, J′ = 1
Using the table in the Appendix of Ref. [230] we find

W

(
1

1
2

1
1
2

;
1
2

0
)
=− 1p

6
, (A.8)

and then, for any M′,

M0 = (−1)−M−M′ 1p
6
δM0 q Y1,−(M+M′)(q̂) (A.9)

298



Chapter • A

c) V P : J = 1, J′ = 0
Now

W

(
1

1
2

0
1
2

;
1
2

1
)
= 1p

6
, (A.10)

and thus we get, for any M,

M0 = (−1)−M−M′ 1p
6
δM′0 q Y1,−(M+M′)(q̂) (A.11)

d) VV : J = 1, J′ = 1
Now

W

(
1

1
2

1
1
2

;
1
2

1
)
= 1

3
, (A.12)

and thus we get

M0 = (−1)−M−M′ 1p
3

C
(
111; M, M′, M+M′) q Y1,−(M+M′)(q̂). (A.13)

2) Nµ case

Nµ =− 1p
3

∑
s(−1)

1
2−s−M′

qY1,µ−(M+M′)(q̂)C
(1

2
1
2 J; M− s, s, M

)
×C

(1
2

1
21; s, M+M′−µ− s, M+M′−µ)

×C
(1

2
1
2 J′; M+M′−µ− s,−M+µ+ s, M′)p3 C

(1
211

2 ; M− s−µ,µ, M− s
)

.(A.14)

Note that now the variable s is in the four CGC and we cannot get directly a
Racah coefficient. For this we use again formulas of Ref. [230] to decompose
two CGC into other two, one of which does not depend on s. First we use the
permutations

C
(1

2
1
21; s, M+M′−µ− s, M+M′−µ)= (−1)

1
2−s

×
√

3
2C

(
11

2
1
2 ; M+M′−µ,−s, M+M′−µ− s

)
,

and

C

(
1
2

1
2

J; M− s, s, M
)
=C

(
1
2

1
2

J;−s,−M+ s,−M
)

,

and we find:

Nµ = − 1p
3

∑
s

(−1)−M′
q Y1,µ−(M+M′)(q̂)

√
3
2

C

(
1

1
2

1
2

; M+M′−µ,−s, M+M′−µ− s
)

× C

(
1
2

1
2

J′; M+M′−µ− s,−M+µ+ s, M′
)
C

(
1
2

1
2

J;−s,−M+ s,−M
)

×
p

3 C

(
1
2

1
1
2

; M− s−µ,µ, M− s
)

. (A.15)
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We can write the first two CGC as

C
(
11

2
1
2 ; M+M′−µ,−s, M+M′−µ− s

)
C

(1
2

1
2 J′; M+M′−µ− s,−M+µ+ s, M′)

=∑
j′′

√
2(2 j′′+1)W

(
11

2 J′ 1
2 ; 1

2 j′′
)
C

(1
2

1
2 j′′;−s,−M+µ+ s,−M+µ)

×C
(
1 j′′J′; M+M′−µ,−M+µ, M′) . (A.16)

We use again CGC permutation relations:

C
(1

211
2 ; M− s−µ,µ, M− s

)=−C
(
11

2
1
2 ;µ, M− s−µ, M− s

)
,

C
(1

2
1
2 J;−s,−M+ s,−M

)=C
(1

2
1
2 J; M− s, s, M

)
,

C
(1

2
1
2 j′′;−s,−M+µ+ s,−M+µ)=C

(1
2

1
2 j′′; M−µ− s, s, M−µ)

. (A.17)

Then summing over M −µ− s, keeping M −µ fixed, we get for the sum of the
three CGC to the right of Eq. (A.17) in Ref. [230]

√
2(2 j′′+1) W

(
1

1
2

J
1
2

;
1
2

j′′
)
C

(
1 j′′J;µ, M−µ, M

)
. (A.18)

So, finally we get

Nµ = (−1)−M′p
6 q Y1,µ−(M+M′)(q̂)

∑
j′′

(2 j′′+1)W
(
1

1
2

J
1
2

;
1
2

j′′
)
W

(
1

1
2

J′1
2

;
1
2

j′′
)

× C
(
1 j′′J;µ, M−µ, M

)
C

(
1 j′′J′; M+M′−µ,−M+µ, M′) . (A.19)

We apply this equation to the different M1M2 cases and find:

a) PP : J = 0, J′ = 0

C
(
1 j′′0;µ, M−µ, M

)= (−1)1−µ
√

1
2 j′′+1 C

(
10 j′′;µ,−M,µ−M

)
(A.20)

which implies M = 0, and j′′ = 1,

C
(
1 j′′0; M+M′−µ,−M+µ, M′)= (−1)1−M−M′+µ

√
1

2 j′′+1

×C
(
10 j′′; M+M′−µ,−M′, M−µ)

, (A.21)

which also implies that M′ = 0 and j′′ = 1. The Racah coefficients are the
same as in Eq. (A.10) and we finally get

Nµ = 1p
6

q Y1,µ(q̂) δM0δM′0. (A.22)
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b) PV : J = 0, J′ = 1
We use Eq. (A.20) which implies M = 0 and j′′ = 1 and then write

C
(
111; M+M′−µ,−M+µ, M′)= (−1)1−M−M′+µ

×C
(
111; M+M′−µ,−M′, M−µ)

. (A.23)

We need the Racah coefficients of Eqs. (A.10) and (A.12), and we get

Nµ = (−1)−M 1p
3

q Y1,µ−(M+M′)(q̂) δM0C
(
111; M′−µ,−M′,−µ)

, (A.24)

and writing the CGC as (−1)1−M′
C

(
111; M′,−µ, M′−µ)

we get finally

Nµ = (−1)1−M−M′ 1p
3

q Y1,µ−M′(q̂) δM0C
(
111; M′,−µ, M′−µ)

. (A.25)

c) V P : J = 1, J′ = 0
We use

C
(
1 j′′0; M+M′−µ,−M+µ, M′)= (−1)1−M−M′+µ

√
1

2 j′′+1

×C
(
10 j′′; M+M′−µ,−M′, M−µ)

, (A.26)

which implies M′ = 0 and j′′ = 1 and using

C
(
111;µ,−M,µ−M

)=C
(
111; M,−µ, M−µ)

we finally find

Nµ = (−1)−M 1p
3

q Y1,µ−M(q̂) δM′0C
(
111; M,−µ, M−µ)

. (A.27)

d) VV : J = 1, J′ = 1
We find now

W 2
(
1

1
2

1
1
2

;
1
2

j′′
)
= 1

36
(3+ j′′)(2− j′′), (A.28)

which means that only j′′ = 0, j′′ = 1 contribute and for j′′ = 2 the coeffi-
cient is zero.

i) if j′′ = 0 we get

Nµ→ (−1)−M′ 1p
6
δMµ q Y1,µ−(M+M′)(q̂). (A.29)
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ii) if j′′ = 1 we write

C
(
111;µ, M−µ, M

)= (−1)1−µC
(
111; M,−µ, M−µ)

,

C
(
111; M+M′−µ,−M+µ, M′)= (−1)1−M−M′+µ

×C
(
111; M′,−M−M′+µ,−M+µ)

, (A.30)

and then

Nµ→ (−1)−M
√

2
3 q Y1,µ−(M+M′)(q̂)C

(
111; M,−µ, M−µ)

×C
(
111; M′,−M−M′+µ,−M+µ)

, (A.31)

and for the sum of j′′ = 0, j′′ = 1 we get the final result

Nµ = 1p
6

q Y1,µ−(M+M′)(q̂)
{
(−1)−M′

δMµ+2(−1)−M ×C
(
111; M,−µ, M−µ)

C
(
111; M′,−M−M′+µ,−M+µ)}

. (A.32)

A.2 Evaluation of
∑∑ |t|2

Following the nomenclature L̄µν = ∑∑
LµL†ν adopted before for simplicity, we have

for the leptonic sector

L̄µν ≡∑∑
LµL†ν = 1

mτmν

{
p′µpν+ p′νpµ− gµν(p′ · p)+ iεαµβνp′

αpβ
}

. (A.33)

Thus for the leptonic plus hadronic matrix elements we have∑∑ |t|2 = L̄00M0M∗
0 + L̄0iM0N∗

i + L̄i0NiM∗
0 + L̄i jNiN∗

j . (A.34)

We have to take the product of these hadronic components, sum over M, M′ and
contract with L̄µν. We do that for the different M1M2 cases.

a) PP : J = 0, J′ = 0

In this case M0 = 0 and we only have to calculate NiN∗
j .

We use Eq.(A.22) and write

q Y1,µ(q̂)=
√

3
4π

qµ =
√

3
4π

(p̃1 − p̃2)=
√

3
4π

2p̃1, (A.35)
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since p̃1 is evaluated in the rest frame of M1M2. This means that in cartesian
coordinates we can write

Ni = 1p
6

√
3

4π
δM0δM′0 2p̃1i, (A.36)

and then from Eq. (A.34):∑∑ |t|2 = ∑
MM′

1
mτmν

1
2π

{
2pi p j +δi j(p · p′)

}
p̃1i p̃1 jδM0δM′0, (A.37)

with
pi p j p̃1i p̃1 j = (p · p̃1)2 = (pp̃1)2 cos2θ→ 1

3
(pp̃1)2 , (A.38)

where the last step comes from the integral over cos2θ. We replace cos2θ by 1/3
and put the whole phase space later independent on the angles. Then we get,
including the weight h̄i for the Ni term∑∑ |t|2 = 1

mτmν

1
2π

(
EτEν− 1

3
p2

)
p̃2

1h̄2
i , (A.39)

with

p̃1 =
λ1/2 (

M2
inv(M1M2), M2

1 , M2
2
)

2Minv(M1M2)
, (A.40)

and p given in Eq. (4.44),

p = λ1/2 (
m2
τ,m

2
ν, M2

inv(M1M2)
)

2Minv(M1M2)
. (A.41)

In Eq. (A.39) and what follows Eτ, Eν are also calculated in the M1M2 rest

frame, Eτ =
√

m2
τ+ p2, Eν = p.

The εαiβ j p̃1i p̃1 j is zero. This term does not contribute in any case, but in some
cases the cancellation comes from different terms in the sum over M, M′. The
cancellation of this term when summing over polarizations in semileptonic de-
cays was already found in [253,442] and we do not elaborate on it further here.

b) PV : J = 0, J′ = 1

Now we have

M0 = (−1)−M′ 1p
6
δM0 q Y1,−M′(q̂), (A.42a)

Nµ = (−1)1−M′ 1p
3
δM0 q Y1,µ−M′(q̂)C

(
111; M′,−µ, M′−µ)

. (A.42b)
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First let us see that the M0Nµ components do not contribute. Indeed we find in
the phase space integration∑

M′
∫

dΩY1,−M′Y ∗
1,µ−M′ C

(
111; M′,−µ, M′−µ)

= δµ0
∑

M′ C
(
111; M′,−µ, M′−µ)= 0. (A.43)

This is again the case also in V P and VV and we do not discuss it further.

Thus, we have contributions from:

i) M0M∗
0

M0M∗
0 = 1

6
δM0Y1,−M′(q̂)Y ∗

1,−M′(q̂) q2. (A.44)

In the phase space calculation we shall have∫
dΩY1,−M′(q̂)Y ∗

1,−M′(q̂)= 1, (A.45)

and then we replace Y1Y ∗
1 by 1

4π evaluating later the phase space for an
angle independent amplitude. Thus summing over M′ (M = 0) we get∑

MM′
M0M∗

0 = 1
6

1
4π

4p̃2
1 3= 1

2π
p̃2

1, (A.46)

which multiplied by L̄00 gives∑∑ |t|2 = 1
mτmν

(
EτEν+ p2) 1

2π
p̃2

1. (A.47)

ii) L̄i jNiN∗
j For simplicity of the calculation we take p in the z direction.

Then

L̄i jNiN∗
j =

1
mτmν

(
2p2δi3δ j3NiN∗

j + (p · p′)NiN∗
i

)
, (A.48)

but one can see that ∑
NiN∗

i =∑
µ

NµN∗
µ . (A.49)

Then, from Eq. (A.25)∑
M,M′

∑
µ NµN∗

µ =∑
M′

∑
µ

1
4π

1
3 q2 ∫

Y1,µ−M′(q̂)Y ∗
1,µ−M′(q̂)dΩ

×C
(
111; M′,−µ, M′−µ)2

=∑
µ,M′ 1

4π
1
34p̃2

1 C
(
111; M′,−µ, M′−µ)2

=∑
µ,M′ 1

3
1

4π C
(
111; M′,µ−M′,µ

)2 4p̃2
1 =

∑
µ

1
4π

4
3 p̃2

1 = 1
π

p̃2
1. (A.50)
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On the other hand for i = 3, Ni ≡ Nµ=0, and again

∑
M′ 1

4π
1
3 q2 ∫

Y1,−M′(q̂)Y ∗
1,−M′(q̂)dΩC

(
111; M′,0, M′)2

= 1
4π

1
34p̃2

1
∑

M′ C
(
111; M′,−M′,0

)2 = 1
3π p̃2

1 , (A.51)

and we find for this term

∑∑ |t|2 = 1
mνmτ

1
π

p̃2
1

(
EτEν− 1

3
p2

)
. (A.52)

Recalling that we have different weights for M0 and Ni in each channel we sum
the two terms of Eqs. (A.47) and (A.52) to give

∑∑ |t|2 = 1
mτmν

1
2π

p̃2
1

{
h2

i
(
EτEνp2)+ h̄2

i 2
(
EτEν− 1

3
p2

)}
. (A.53)

c) V P : J = 1, J′ = 0

The evaluation proceeds as before and we obtain the same result.

d) VV : J = 1, J′ = 1

From Eqs. (A.13) and (A.32) we have

M0 =(−1)−M−M′ 1p
3

C
(
111; M, M′, M+M′) q Y1,−(M+M′)(q̂), (A.54a)

Nν = 1p
6

q Y1,µ−(M+M′)(q̂)
{
(−1)−M′

δMµ+2(−1)−M C
(
111; M,−µ, M−µ)

× C
(
111; M′,−M−M′+µ,−M+µ)}

.
(A.54b)

i) M0M∗
0

1
4π

∫
dΩY1,−(M+M′)(q̂)Y ∗

1,−(M+M′)(q̂)= 1
4π

, (A.55a)∑
M,M′

C
(
111; M, M′, M+M′)2 = ∑

M,M′
C

(
111; M,−M′−M,−M′)2 =∑

M′
1= 3.

(A.55b)

Then we get for this term

∑∑ |t|2 = 1
mτmν

1
π

(
EτEν+ p2) p̃2

1. (A.56)
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ii) L̄i jNiN∗
j

We get again in the frame where p is in the z direction

1
mτmν

{
2p2δi3δ j3 +δi j(p · p′)

}
NiN∗

j =
1

mτmν

{
2p2N0N∗

0 + (EτEν

−p2)
∑
µ

NµN∗
µ

}
(A.57)

N0N∗
0 → 1

6 q2 1
4π

∫
dΩY1,−(M+M′)(q̂)Y ∗

1,−(M+M′)(q̂)
{
(−1)−M′

δM0 +2(−1)−M

×C (111; M,0, M)C
(
111; M′,−M−M′,−M

)}{
(−1)−M′

δM0

+2(−1)−MC (111; M,0, M)C
(
111; M′,−M−M′,−M

)}
. (A.58)

Now for the δM0δM0 term we have∑
M′
δM0δM0 = 3. (A.59)

For the crossed term in Eq. (A.58), δM0 C (· · · ) C (· · · ), we have

δM0 C (111; M,0, M)=C (111;0,0,0)= 0. (A.60)

The last term in Eq. (A.58) involves∑
M

C (111; M,0, M)2 ∑
M′

C
(
111; M′,−M−M′,−M

)2 = 1 . (A.61)

Hence, altogether the N0N∗
0 contribution is

∑∑ |t|2 = 7
6

1
π

p̃2
1. (A.62)

Next we must evaluate
∑
µ NµN∗

µ∑
µ NµN∗

µ = 1
6 q2 1

4π
∫

dΩY1,µ−(M+M′)(q̂)Y ∗
1,µ−(M+M′)(q̂)

∑
µ

{
(−1)−M′

δMµ

+2(−1)−MC
(
111; M,−µ, M−µ)

C
(
111; M′,−M−M′+µ,−M+µ)}

×
{
(−1)−M′

δMµ+2(−1)−MC
(
111; M,−µ, M−µ)

×C
(
111; M′,−M−M′+µ,−M+µ)}

. (A.63)
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The first term involves ∑
µ

δMµδMµ = δMM , (A.64a)∑
M,M′

δMM = 9. (A.64b)

The crossed term involves∑
M′

(−1)M′
C

(
111; M′,−M′,0

)= 0, (A.65)

and vanishes, and the product of the second terms in Eq. (A.63) gives∑
M,M′ 1

6 q2 1
4π

∫
dΩY1,µ−(M+M′)(q̂)Y ∗

1,µ−(M+M′)(q̂)4
∑
µC

(
111; M,−µ, M−µ)2

×C
(
111; M′,−M−M′+µ,−M+µ)2 . (A.66)

Fixing M−µ the sum over M, and M′ of the CGC coefficients gives 1, and
then ∑

M−µ
1= 3, (A.67)

and we get altogether for L̄i jNiN∗
j ,

∑∑ |t|2 → 1
mτmν

7
2

p̃2
1

1
π

. (A.68)

Summing the N0N∗
0 and NµN∗

µ terms we find

∑∑ |t|2 = 1
mτmν

1
π

p̃2
1

{
2p2 7

6
+ (EτEν− p2)

7
2

}
= 1

mτmν

1
π

p̃2
1

7
2

{
EτEν− 1

3
p2

}
, (A.69)

and finally, considering the weights for the M0 and Ni parts we get

∑∑ |t|2 = 1
mτmν

1
π

p̃2
1

{
h2

i

[
EτEν+ p2

]
+ 7

2
h̄2

i

[
EτEν− 1

3
p2

]}
. (A.70)
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Appendix B

Spin 1/2 and 3/2 N∗ contributions to
the K∗Σ→ K∗Σ and πN → K∗Σ
reactions

For K∗Σ → K∗Σ, we have the contribution from vector exchange in Ref. [139] as
shown in Fig. B.1. The contribution close to the resonance pole is given by

tK∗Σ,K∗Σ =
g2

K∗Σp
s−MR + iΓR /2

~ε ·~ε ′ ≡ tR~ε ·~ε ′, (B.1)

where ~ε and ~ε ′ are the polarization vectors of the initial and final vectors. This
amplitude contains both spin 1/2 and 3/2. It is easy to split this in spin 1/2 and
3/2. We can write symbolically the amplitude of Fig. B.1 as in Fig. B.2. We can write
the vertices corresponding to Fig. B.3 as

t̃ (1/2)
K∗Σ =

1p
3

gK∗Σ~σ ·~ε, (B.2)

t̃ (3/2)
K∗Σ =gK∗Σ~S ·~ε, (B.3)

where ~S is the transition operator from spin 3/2 to 1/2, with the properties,∑
ms

σi |ms〉〈ms|σ j =δi j + iεi jkσk, (B.4)

∑
Ms

Si |Ms〉〈Ms|S†
j =

2
3
δi j − i

3
εi jkσk. (B.5)

Each of these operators projects the amplitude of Fig. B.2 over spin 1/2 and 3/2
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Figure B.1: Source of K∗Σ→ K∗Σ interaction through vector exchange.

K*

Σ

K*

Σ

R

Figure B.2: Representation of Fig. B.1 in terms of the resonance generated by the mechanism of
Fig. B.1.

respectively and we have

t(1/2+3/2)
R =tR

{
1
3
~σ ·~ε~σ ·~ε ′+~S ·~ε ~S† ·~ε ′

}
=tR~ε ·~ε ′, (B.6)

which gives us the proper separation of the amplitude of Fig. B.2 into its spin 1/2 and
3/2 parts. Using the vertices of Eqs. (B.2) and (B.3) it is easy to see that

∑∑∣∣∣t̃ (1/2)
K∗Σ

∣∣∣2 =∑∑∣∣∣t̃ (3/2)
K∗Σ

∣∣∣2 = g2
K∗Σ, (B.7)

which means that by using the form of Eq. (B.1) one has the same width of R → K∗Σ
for J = 1/2 and J = 3/2 and one can use the coupling gK∗Σ for either case ignoring the
spin variables, as done in Ref. [139].

The coupling to πN proceeds via the loop shown in Fig. B.4 [139, 297]. We are
only concerned about the ratio between J = 1/2 and 3/2, and thus, we assume the
loop of Fig. B.4 dominated by the on shell intermediate K∗Σ. In the limit of small K∗

momentum and separating the product of the K∗ → Kπ and ΣK → N vertices into s−
and d−waves (we remove the factor 2 from~ε · (~pπ−~pK ) = 2~ε ·~pπ, for simplicity), we
find

~ε ·~pπ~σ ·~pπ = εiσ j
|~pπ|2

3
δi j +εiσ j

(
pπi pπ j − |~pπ|2

3
δi j

)
, (B.8)
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K*

Σ

R

Figure B.3: Effective R → K∗Σ vertex.

K*

Σ

R
K

N

π (p
π
)

Figure B.4: Effective mechanism for R →πN.

the couplings of the πN to N∗ with J = 1/2 and 3/2 are given by

t̃ (1/2)
πN = ∑

K∗ pol.

g̃
3
|~pπ|2~σ ·~ε gK∗Σp

3
~σ ·~ε= g̃gK∗Σ

3
p

3
|~pπ|2~σ ·~σ

= 1p
3

g̃gK∗Σ|~pπ|2; for J = 1/2, (B.9)

t̃ (3/2)
πN = ∑

K∗ pol.
g̃εiσ j

(
pπi pπ j − 1

3
|~pπ|2δi j

)
gK∗Σ~S ·~ε

= g̃gK∗Σσ jSi

(
pπi pπ j − 1

3
|~pπ|2δi j

)
; for J = 3/2. (B.10)

Next, we look at the πN → K∗Σ transition of Fig. B.5 and we have

t̄ (1/2)
πN,K∗Σ =

gK∗Σp
3
~σ ·~ε 1p

s−MR + iΓR /2
g̃gK∗Σp

3
|~pπ|2

≡ g̃
3
~σ ·~ε |~pπ|2tR , (B.11)

t̄ (3/2)
πN,K∗Σ =gK∗Σ~S ·~ε 1p

s−MR + iΓR /2

· g̃gK∗ΣS†
iσ j

(
pπi pπ j − 1

3
|~pπ|2δi j

)
= g̃

(
~σ ·~pπ~ε ·~pπ− 1

3
|~pπ|2~σ ·~ε

)
tR . (B.12)
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K*

Σ

R

N

π

Figure B.5: Mechanism for πN → K∗Σ combining the vertices of Figs. B.2 and B.4.

In the coupling g̃ we have included for convenience the result that would come from
the loop integration of Fig. B.4, which is common to J = 1/2 and J = 3/2.

We can sum Eqs. (B.11) and (B.12) to account for both the spin 1/2 and 3/2 (if one
adds incoherently the cross sections one obtains the same result, because spin 1/2
and 3/2 do not interfere) and we get

t̄ (1/2+3/2)
πN,K∗Σ = g̃~σ ·~pπ~ε ·~pπtR . (B.13)

Since in the scattering ~pπ is in the z direction we can write

t̄ (1/2+3/2)
πN,K∗Σ = g̃|~pπ|2σ3ε3tR . (B.14)

In the triangle loop of Fig. 12.1, ε3 → k3 and then we get a factor σ3k3 instead of
~σ ·~k/3 using Eq. (B.11) for J = 1/2.
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