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In this paper, we study a class of generalized and not necessarily differentiable functionals
of the form

J(u):/;ZG(x,Vu)dmf/S;jl(x,u)da:f/;njg(x,u)do

with functions ji: @ x R — R, jo: Q2 x R — R that are only locally Lipschitz in
the second argument and involving critical growth for the elements of their generalized
gradients Ojy(x,-),k = 1,2 even on the boundary 9. We generalize the famous result
of Brezis and Nirenberg [H! versus C' local minimizers, C. R. Acad. Sci. Paris Sér.
I Math. 317(5) (1993) 465-472] to a more general class of functionals and extend all the
other generalizations of this result which has been published in the last decades.

Keywords: Nonhomogeneous partial differential operator; local minimizer; Clarke’s gen-
eralized gradient; critical growth; Neumann problem.

Mathematics Subject Classification: 35-XX

1. Introduction
Consider the following functional ®: H}(2) — R defined by
1
O(u) = 3 ), |Vu|2d:1: - / F(z,u)dz,
Q

where F(z,s) fo x,t)dt w1th a Carathéodory function f: Q2 x R — R that
satisfies the growth cond1t10n

Fa ) < OO+ fuf?) withp < 252

It is well known that a local C¢ (Q)-minimizer of ® is also a local Hg ()-minimizer

of ®. Such a result is originally due to Brezis and Nirenberg [3] for functionals on
H} and the critical points of ® are weak solutions of the equation

—Au = f(z,u) in Q,
u =0 on 09,

where A denotes the well-known Laplace differential operator. An extension of the
result of Brezis and Nirenberg to functionals related with the p-Laplace differen-
tial operator was done by Garcia Azorero et al. [6] who considered the functional
Jy: Wy P(Q) — R defined by

Jp(u):Z—I)/ |Vu|pd9:—/QF(9:,u)dx,

where F(z,s) = fo x,t)dt and f:Q x R — R satisfies the following growth
condition:

Np ifp< N
If(z,8)] < C(L+|s|"") withr<{ N—Pp ’
00 ifp>N.

A simpler proof than those in [6] but only in case p > 2 was done by Guo and
Zhang [11]. A nonsmooth version for functionals defined on W, *(Q) with p > 2
has been studied by Motreanu and Papageorgiou [I7].
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The first paper concerning local minimizers of functional corresponding to non-
linear parametric Neumann problems was written by Motreanu et al. [16]. Therein,
the potential ®g: W1P(2) — R is defined by

1
®o(a) = ~[1Dall} - / Fo(za(2))dz, 1<p<oo
7

with

Wir(Q) = {x e Wr(Q): gz 0}

where g_ﬁ is the outer normal derivative of  and Fy(z,2) = [; fo(2,s)ds. The
first result dealing with nonsmooth functionals defined on W,''P(Q) for the case
2 < p < oo was proved by Barletta and Papageorgiou [2] while the general case
1 < p < oo has been treated by Iannizzotto and Papageorgiou [13]. The first result
concerning functionals defined on W (Q) involving a boundary term was published
by the third author in the smooth [2I] and in the nonsmooth [22] case. Moreover,
a singular functional I: Wy (Q) — R defined by

1
I(u) = = |ullyro(q) —/F(z,qu) d:z:—/G’(qu) dz,
p ° Q Q

with F(z,t) fo x,8)ds and G(t fo s)ds with g: RT — R™T being a singular
term such that lim;_ o+ g(t) = +oo was studled by Giacomoni and Saoudi [10].

All the above-mentioned works are related to the p-Laplace differential opera-
tor. A first result concerning local minimizers and nonhomogeneous operators was
presented in the work of Motreanu and Papageorgiou [I8] who studied functionals
of the form

goo(u):/QG(x,Vu)dx—/QFo(Lu)da?, u € Whe(Q),

where GG is the potential of a general nonhomogeneous operator. A prototype of
such operator is the (p,q)-Laplace differential operator which is the sum of the
p- and g-Laplacian. A nonsmooth version of functionals related to nonhomogeneous
operators defined on the space W1?(Q) has been studied by Gasinski and Papa-
georgiou [8].

Recently, Papageorgiou and Réadulescu [I9] studied functionals that are not
only related to nonhomogeneous operator but also have a boundary term and the
potential term in the domain is related to a Carathédory function that has critical
growth. Namely, they considered the functional g : W1P(Q) — R defined by

! Pdo — z,u)dz
o (u) :/Q G(Du)dz + - B(2)|ulPdo /QFO( Ju)dz,

P Jog

where Fy(z,x) = [ fo(z,s)ds and fo(z,-) has critical growth.
In this paper, we are interested in a generalization of all the above-mentioned
results. The idea is to study functionals on W'P(Q) which are related to
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nonhomogeneous operators and involving boundary terms that allow critical growth
also at the boundary.

To this end, let Q C RY with N > 1 be a bounded domain with a C**-boundary
99 and consider the following functional J: W1P(Q) — R defined by

J(u) = 5 G(z,Vu)dx — /Q Ji(x,u)dz — /asz Jo(z, u)do, (1.1)

where G(z,-) is the primitive of a function a(x,-) and the nonlinearities j;: € x
R — R, jo: 002 x R — R are measurable in the first argument and locally Lipschitz
in the second one, that is, for every s € R there exist a neighborhood Us j, of s and
a constant Ly > 0 such that

l7k(z, ) — ju(z,t)| < Leg|r —t|  forall vt € Usy, for k=1,2,

and for all z €  and for all z € 9Q, respectively. It is easy to see that J: WLP(Q) —
R need not to be differentiable and clearly it corresponds to the following elliptic
inclusion:

—diva(z, Vu) € 9j1(z,u) in £,
a(z,Vu) - v € 9ja(x,yu) on 99,

where v(z) denotes the outer unit normal of Q at x € 9Q and Jji(z,u),k = 1,2,
stands for Clarke’s generalized gradient given by

Ojk(x,8) ={£ € R:jp(x,s;7) > &r, for all r € R},

where the term j; (z, s; ) denotes the generalized directional derivative of the locally
Lipschitz function s — ji(z, s) at s in the direction r defined by

) oy
Jp(x,s;r) :limsupjk(m’y+ r) — jr(2, )

b)
y—s,t10 t

see [B, Chap. 2|. Based on the Hahn—Banach theorem, the set 9ji(x, s) is nonempty.
An element u € R is said to be a critical point of a locally Lipschitz function
f:X — R if there holds

fo(z;y) >0 forallye X
or, equivalently, 0 € df(z) (see []).

2. Preliminaries and Hypotheses

For 1 < p < oo, we denote by LP(Q) and LP(Q,RY) the standard Lebesgue
spaces equipped with the norm || - ||, and, for 1 < p < oo, WHP(Q) denotes the
Sobolev spaces endowed with the norm || - ||1 ,. Duality pairing between W?(Q)
and W1P(Q)* will be denoted by (-, ).

On the boundary 02 we consider the (N — 1)-dimensional Hausdorff (surface)
measure o. Having this measure, we can consider the boundary Lebesgue spaces
L1(0Q) for 1 < g < oo with norm || - ||4,80. Furthermore, we know that there exists
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a unique linear, continuous map v: WHP(Q) — L4(9Q) for 1 < q < p. called the
trace map such that

Y(u) = ul,, forallueW'?(Q)nC(Q),
where p, is the critical exponent on the boundary given by

N -1
W=lp e,
p.=4 N-p (2.1)

any q € (1,00) if p > N.

Having the trace operator, we can talk about the boundary values for an arbitrary
Sobolev function. Within the paper, we will omit the usage of the trace operator 7,
for the sake of notational simplicity. Whenever considering the values of a Sobolev
function on 012, we understand that the trace operator is applied.

Furthermore, the Sobolev embedding theorem guarantees the existence of a
linear, continuous map i: WHP(Q) — LP"(Q) with the critical exponent in the
domain given by

N
= P if p < N,
pr=9" P (2.2)

any g € (1,00) ifp > N.

For more information on the Sobolev embeddings we refer to Gasinski and Papa-
georgiou [9] or Adams [I].

For s € (1,+00) we denote by s’ = 5 its conjugate, the inner product in RY
is denoted by - and the norm of RY is given by |- |. Moreover, Ry = [0, +00) and
the Lebesgue measure is denoted by | - |-

Next, let ¥ € C'1(0,00) be any function satisfying

' (t) -1 -1 -1
0<ar < 108 <ay and agt! ' <I(t) <ag (T +P7T) (2.3)
for all ¢ > 0, with some constants a; > 0, i € {1,2,3,4} and for 1 < ¢ < p < 0.
The hypotheses on a: Q x RY — RY are listed as follows:

H(a): a(z,&) = ag(z,[£]) € with ap € C(Q x Ry) for all ¢ € RY and with
ao(z,t) > 0 for all z € Q, for all t > 0 and
(i) ap € CHQ x (0,00)), t +— tag(w,t) is strictly increasing in (0, c0),
lim+ tap(z,t) = 0 for all z € Q and
t—0

taj(x,t)

im =c>-1 forallz €
t—0+ ao(z,t)

(i) |Vea(z, &) < as 2L for all 2 € Q, for all £ € RV\{0} and for some

H]
as > 0;
(i) Vea(z,8y -y > %WP for all x € Q, for all ¢ € RN\{0} and for all
y € RV,
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Remark 2.1. The idea in the choice of the special structure in H(a) is the usage
of the nonlinear regularity theory due to Lieberman [14] coupled with the nonlinear
maximum principle of Pucci and Serrin [20] as well as Zhang [23] when considering
certain differential equations. If we set

t
Go(.%‘,t)Z/ ag(z, s)sds,
0

then Gy € C1(Q2 x R;) and the function Go(z,-) is increasing and strictly convex
for all x € Q. We set G(z,£) = Go(x, [£]) for all (z,£) € Q x RY and obtain that
G € C1(Q x RY) and that the function £ — G(x,€) is convex. Moreover, we easily
derive that
£
VeG(z,£) = (Go)i(x, |€|)m = ao(z, [§])§ = a(z,§)

for all ¢ € RV\{0} and V¢G(z,0) = 0. In other words, G(z,-) occurs to be the
primitive of a(x,-). Combining this with convexity of G(x,-) and the fact that
G(z,0) =0 for all x € Q we get

G(z, &) < a(z,€)-¢ forall (z,6) € A x RY. (2.4)

The following lemma summarizes some properties of the function a: Q x
RN — RV,

Lemma 2.2. If hypotheses H(a) hold, then:
(i) a € C(Q x RN RY) n CHQ x (RM\{0}),RY) and for all x € Q the map

& — a(x,€) is continuous, strictly monotone and so mazimal monotone as
well;

(ii) there exists ag > 0, such that |a(z,§)| < ag (1+[£[P71) for all x € Q and
£ €RY;

(ili) a(z,§) &= ;27 [¢|P for all x € Q and for all € € RV,

Lemma together with (24) allow to obtain the following growth estimates
on G(z,-).

Corollary 2.3. If hypotheses H(a) hold, then there exists ay > 0 such that

as
mlﬁlp < G(x,6) < a7 (1+[¢7)

for all z € Q and £ € RV,
The nonlinear operator A: WHP(Q) — WhP(Q)* defined by

(A(u), p) = /Qa(a:7 Vu) - Vdz  for all u, o € WHP(Q), (2.5)

possesses the following useful properties (see Gasiriski and Papageorgiou [9]).

Proposition 2.4. If hypotheses H(a) hold and the operator A: WHP(Q) —
WLP(Q)* is defined by 23, then A is bounded, monotone, continuous, hence mawi-
mal monotone and of type (S4).
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The following examples expose some operators fitting in our setting.

Example 2.5. In the definitions of the operators a, we drop the dependence on x
just for simplicity. All the following maps satisfy hypotheses H(a):

(i) If a(§) = [£[P72€ with 1 < p < oo, then the corresponding operator is the
classical p-Laplacian

Apu = div(|VulP~?Vu) for all u € WHP(Q).

In this case G(§) = %|§|p for all £ € RY.

(i) If a(&) = |EP726 + pl€]972¢ with 1 < ¢ < p < oo and g > 0 then the
corresponding operator is the so-called weighted (p, ¢)-Laplacian defined by
Apu + pAgu for all uw € WHP(Q). In this case G(&) = %|§|p + £1¢]? for all
£ e RN,

(iii) If a(§) = (14 |§|2)p2;2§ with 1 < p < oo, then this map represents the gener-
alized p-mean curvature differential operator defined by

div{(1 + |Vul?) = V] for all u € WhP(Q).
In this case G(§) = (1 + 1€]?)% for all £ € RV,

Next, let us give the hypotheses on the nonsmooth potentials j;: 2 x R — R
and jo: 02 x R — R.

H(j1) (i) @+~ ji(x,s) is measurable in Q for all s € R;
(ii) s+ ji(x, s) is locally Lipschitz for almost all x € Q;
(iii) for some constants ¢; > 0 and 1 < ¢1 < p* (where p* is the given

in (Z2))), we have
Gl < er(X+]s|"7)

for almost all z € Q and for all & € 9ji1(x, s).
H(j2) (i) @+ ja(x,s) is measurable in 99 for all s € R;
(ii) s+ ja(x, s) is locally Lipschitz for almost all x € 9€;
(iii) for some constants ¢z > 0 and 1 < g2 < p, (where p, is given in (1)),
we have

|&2] < ca(1+|s]=71)

for almost all € 92 and all & € Jja(x, s);
(iv) for any u € WHP(Q) and & € 0ja(w,u) we have

|€s(21) — Ea(x2)| < Lizy — 22|,
for all 21,22 in OQ with « € (0, 1].
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3. Main Result

The following main result of this paper gives an answer about the relation between
local Sobolev and Holder minimizers of functionals of type J given in (III). We
point out again that our functional is more general than the functionals of all the
other cited papers above because we have a general, nonhomogeneous operator and
we allow critical growth even on the boundary.

Theorem 3.1. Let Q C RY with N > 1 be a bounded domain with a Cl’a-boundary
9Q and let the assumptions H(a), H(j1), and H(j2) be satisfied. If ug € W1P(£2)
is a local C1(Q)-minimizer of J, that is, there exists po > 0 such that

J(ug) < J(ug 4+ h) for all h € C*(Q) with 1hllcr@) < po,

then ug € C(Q) for some n € (0,1) and ug is a local WYP(Q)-minimizer of J,
that is, there exists p1 > 0 such that

J(up) < J(ug+h)  for all h € WHP(Q) with ||h|1, < p1.

Proof. First, from hypotheses H(a), H(j1), H(j2) and Hu and Papageorgiou [12]
p. 313], we know that the functional J: W1P(2) — R is locally Lipschitz continu-
ous. Let h € C1(Q2) and let ¢ > 0 be small. Since ug is a local C!(2)-minimizer of
J, we have

0< J(ug —&-tl“;) - J(uo)'

This implies
0 < J°(ug;h) for all h € CH(Q).

Note that the function h + J°(ug;h) is upper semicontinuous and C'(f2) is dense
in W1P(Q), hence

0 < J°(ug;h) for all b € WHP(Q).
Obviously, we have
0e 3J(u0)

This means that there exist functions g, € L9 (Q) with g (z) € 41 (x, uo(x)) for
almost all 2 € Q and go € L9 (9Q) with go(x) € 0j2(x, ug(z)) for almost all 2 € A
such that

/ a(x, Vug) - Vudr = / grvdx +/ govdo  for allv € WHP(Q).  (3.1)
Q Q o9

Equation (3] stands for the weak formulation of the following nonhomogeneous
Neumann boundary value problem:

—diva(z,Vug) =g1 inQ, a(x,Vug) -v=gs on .

It follows from Marino and Winkert [I5, Theorem 3.1] that ug € L*°(92). This
combined with the regularity results due to Lieberman [I4] implies the existence of
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n € (0,1) and M > 0 such that
ug € CH1(Q)  and [wollgrn @y < M. (3.2)

To obtain out thesis, we need to show that ug is also a local minimizer of J in
the WP (Q)-norm. For this purpose, consider the minimizing problem
mg = inf J(ug + h), (3.3)
heB.

where
B. = {h e W' (Q)|||hll1, < e}

Arguing by contradiction, assume that ug is not a local minimizer of the functional
J in the W1P(Q)-topology. Then we find gq € (0,1] such that

mg < J(ug) for all e € (0,e0). (3.4)
Fix ¢ € (0,¢0) and let {h,},>1 C B be a minimizing sequence for [33)), that is
lim J(ug + hy) = mg. (3.5)

From (34)), we see that [|[Vh,], is bounded and since u +— ||[Vu|, + |lullp- is an
equivalent norm on W1P(Q) (we can also use the norm u — ||Vul, + [|ull,. 00),
it is clear that the sequence {hy},>1 C B. is bounded in W1?(2) and so we can
assume that
By — he in WHP(Q), in LP () and in LP*(99),
(3.6)
hn(z) — he(z) for almost all z € Q and for almost all 2 € 99,
by the Sobolev and the trace embedding theorem, respectively.

Applying the Extended Fatou Lemma (see, [7l Theorem A.2.8]), we can obtain
that ¢ is sequentially weakly semicontinuous. From (B3] and ([B.0) it follows that
mg = inf J(ug+ h) < J(up + he) <liminf J(ug + hy) < lim J(ug + hy) = mg,

heBE n—oo n—o0
and hence, due to (B4, h. # 0.
We are now in the position to apply the nonsmooth Lagrange multiplier rule, see

[5, Theorem 1 and Proposition 13], which guarantees the existence of a multiplier
A > 0 such that

0 € 0J(uo + he) + \-K(he),
where the function K : WHP(Q) — W1P(Q)* is defined by
(K (he),v) = / |Vhe[P2Vh, - Vodz +/ |ho[P~2hovdx  for all v € WHP(Q).
Q Q

Therefore,
there exist §; € L%(Q) and jo € L%(dQ) with §,(z) € 971 (x, (uo + he)(z)) for
almost all x € Q and go(x) € 9ja(z, (up + he)(x)) for almost all z € 92 such
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that

/Qa(a:, V(uo + he)) - Voda — /

glvdzf/ govdo
Q o0

+ )\E/ |he [P 2hevdx + Ag/ |Vhe|P~2Vh, - Vodr =0 (3.7)
Q Q

for all v € W1P(Q). We need to prove that h. belongs to L°(2) and hence to
C11(Q) for some 1 € (0,1) due to the regularity results due to Lieberman [14]. To
end this, let us consider three cases for the multiplier A..

Case 1. A\, = 0 with ¢ € (0,1]
In this case, Eq. (B) becomes

L“%Ww+@ywm:/

grvdx +/ govdo  for all v € WHP(Q).
Q o0

As before, by applying the a priori results of Marino and Winkert [I5, Theorem
3.1], the regularity results due to Lieberman [14, Theorem 2] and the fact that
up € C11(Q) for some 7 € (0,1) gives

he € CY1(Q) and  lhellpraggy < M (3.8)
for some 7 € (0,1) and M > 0.

Case 2. 0 < \. <1 with € € (0, 1]
Multiplying (B by A > 0 and adding this to (1) results in

/ a(x,V(ug + he)) - Vodz + A. / a(x, Vug) - Vodz
Q Q

+/\E/ |Vh.|P~2Vh, - Vudzx
Q

= / (_)\e|h5|p_2hs +g1+ )\agl)vdaj + / (92 + )\592)7}(10' (3'9)
Q o0

Now we introduce the map T.: Q x RN — RY defined by
T-(z,€) = a(x,€) + Acalz, H(w)) + Ae|€ — H(2)[P7*(€ — H(x))

for all ¢ € R and for almost all x € Q, where H(z) = Vug(x) and H € C"(;RY)
for some n € (0,1), thanks to (3Z). Since a: Q@ x RN — R¥Y is continuous (see
Lemma 2.2(i)), let mpy = max, g |a(z, H(z))| = max, g |a(z, Vue(x))]. It is easy
to see that T. € C(Q x RY;RY). On the other side, we can apply Lemma 22(iii)
and Young’s inequality to obtain

Te(x,€) - € = a(x,€) - € + Acalw, H(x)) - E+ AcJ€ — H(x)|P72(6 — H(x)) - €

el — claCa, H(@)| €] + Alé — H(a)P

= Ae|€ = H(2)[P7*(¢ — H(x)) - H(x)

>
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a —
> STl = Aemrlé] = Acfe = H@) | H @)
a —
2 SZlel = Aemal€] = Aemlé — H(@)"!
> e = dlel = di (),

where § = % and dy(Ae,mp,d) > 0 is a constant, which is independent of &.
Hence, we have

Te(w,€) - € = 5———=|¢l” = di(Ae, mir, )

T 2(p-1)

for all ¢ € RY and for almost all € Q. This means that 7. satisfies a strong
ellipticity condition. Note that Eq. (3.9) can be written in the form

—div(Te(x, V(ug + he))) = —Aelhe|P"2he +G1 + Aegr in Q, (3.10)
3.10
To(x,V(ug + he)) v =32+ Aeg2 on 0N

Now are able to apply the again the results of Marino and Winkert [I5, Theorem
3.1] which gives ug + he € L®(Q). However, ug € C17(Q) leads to h. € L>(9Q).
Moreover, by using ([23]) and hypothesis H(a)(ii), we obtain

VeTe(,€)| < [Vea(@, )] + Ae|Vell€ — H(2)P72(€ — H())]|

(e
=%

< asag(1+2[E[P7) + by + bo|¢[P2

+ by + bo|¢[P?

= (2(14(15 + b2)|§|p72 + b1 + aqas (311)

for all £ € RV\{0}, for almost all z €  and for some by, by > 0 which are indepen-
dent of £. In the same way, applying (23] and hypothesis H(a)(iii) leads to

VeTo(2,8)y -y = Vea(®, )y -y + AVe[|l¢ — H(@) [P (6 — H(2))]y -y

s
2—%#MF+&K—HMW”WP

+Ae(p —2)[€ — H(@)["H (¢~ H(2)) -y
> c€P7?lyf* + e min{1, p — 1}|€ — H(2)[P~2|y|?
> 1€yl (3.12)

Finally, since h. € L*°(Q) satisfies (BI0) and because of H(a), 1)), (B12) along
with hypotheses H(j1) and H(j2) we are able to apply the regularity results due to
Lieberman [I4] which gives (88) in Case 2 as well.
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Case 3. \; > 1 with € € (0,1]
Multiplying (3]) by —1 and adding this to [B.7) results in

/Qa(a:,V(uo +h2)) - Voda _/

a(x, Vug) - Vodr + A / |Vhe|P~2Vh, - Vvdz
Q Q

= /(91 — g1 — )\Elhslp72h€)v($)d$ +/ (gg — gg)d(f. (313)
Q o)

As before, we define a map T.: 2 x RY — R by

T.(,€) = o (alw, H(x) + ) — ala, H(z))) + €€

€
for all ¢ € RY and for almost all # € §, where H(z) = Vuo(z) with H € C"(Q; RY)

for some n € (0,1) because of [B2). Applying the notation for 7. we can
rewrite (BI3]) in the following sense:

—div(Te(x, Vhe)) = — (g1 — 91) — |he|P2he in Q,

T.(x,Vhe) - v=—(d2 —g2) on .

&=

As before we can easily show that
VeTe(x, )y -y > bal€P~2[y|?,
To(x,8) - § > by|§|P + bs,
VT (x,€)| < bl&]P~* + b,

for some positive constants bs, by, b5, bg, b7. Finally, applying Marino and Winkert
[15, Theorem 3.1] and Lieberman [I4, Theorem 2] we reach again (38)) in Case 3.

Let € | 0. By the compactness of the embedding C*7(Q) — C*(Q) (see [}, p.11]),
there exists a subsequence {h., },>1 of {h.} and a function h* € C1(Q) such that

he, — h* in C1(Q).

Note that h., € an which gives h* = 0. Therefore, we are able to find Ny € N
large enough such that

lhe,llcr@y < forall n > No.
Because g is a minimizer of .J in the C*(Q)-topology, we have
J(uo) < J(uo + he, ).
However, by the choice of {h., }n>1, it holds
J(uo + he, ) =m2 < J(up).

which is a contradiction. Therefore, we conclude that ug is a local minimizer of J
in the WP (Q)-topology. 0
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Let us comment on the case where the functional is smooth. Let f: @ x R — R
and h: 02 x R — R be Carathéodory functions, that means, we assume measura-
bility in the first argument and continuity in the second one. We define F(z,s) =

(x,t)dt, H(z,s) h(z,t)dt and consider the functional I: whr(Q) — R
o t
given by

I(u) = /QG(Q:,Vu)dI - /QF(Q:,u)d:L’ - H(x,u)do. (3.14)

Of course, I € CH(W1P(Q)). For the functions f: @ x R - R and h: 90 x R - R
we suppose the existence of constants c1,co > 0 such that

|f(x,8)] <eci(1+]s]271)  for almost all = € Q,
(3.15)
|h(x,s)| < ca(1 4 [s|271)  for almost all = € 99,

for all s € R and for 1 < g1 < p* as well as 1 < g2 < p,. Moreover, h: 002 x R — R
satisfies the condition

h(x,s) = by, t)| < Lllz —y|* + [s = t|°], |g(z,s)| < L (3.16)

for all (z,s), (y,t) € 00 x [—My, Mp] with o € (0,1] and constants My > 0 and
L >0.
Then, Theorem B.I] states the following for the functional I: W1?(Q2) — R

defined in (BI4).

Theorem 3.2. Let Q C RY with N > 1 be a bounded domain with a C’l’a-boundary
0 and let the assumptions H(a), BI5) and @B.I8) be satisfied. If ug € WHP(£2)
is a local C1(Q)-minimizer of I, that is, there exists pg > 0 such that

I(ug) < I(ug+h) for all h € C*(Q) with 1701 @) < pos

then ug € CT1(Q) for some n € (0,1) and ug is a local WP (Q)-minimizer of I,
that is, there exists py > 0 such that

I(ug) < I(uo+h) for all h € WHP(Q) with ||h|[1, < p1.
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