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Adaptive Vibration Control for an Active Mass
Damper of a High-rise Building

Jiali Feng and Zhijie Liu∗ and Xiuyu He and Qiang Fu and Guang Li

Abstract—As a kind of large flexible structure, high-rise build-
ings need to consider wind-resistant and anti-seismic problems
for the safety of occupants and properties, especially in coastal
areas. This paper proposes an infinite dimensional model and an
adaptive boundary control law for an active mass damper(AMD)
on this question. The dynamic model of the high-rise building is
a combination of some storeys which have flexible walls and rigid
floors under a series of physical conditions. Then the adaptive
boundary controller is acted on an AMD which is equipped on
the top floor, in order to suppress the vibration of every floor
and guarantee the comfort of residents. Moreover, simulations
and experiments are carried out on a two-floor flexible building
to illustrate the effectiveness of the proposed control strategy.

Index Terms—Adaptive Control, Vibration Control, Active
Mass Damper(AMD), Distributed Parameter System, High-rise
Buildings.

I. INTRODUCTION

TO guarantee the occupant comfort, high-rise buildings
need to satisfy some standards, for example the ISO

Building Standards ISO 9882-1993 and ISO 9883-1993, the
National Standard of P. R. China JGJ3-2002 where the max-
imum accelerate of public buildings is requested less than
0.28m/s2, and the National Standard of P. R. China JGJ99-
98 where the maximum accelerate of apartment buildings is
required less than 0.20m/s2. These standards require high-rise
buildings to increase the damp of structures and to suppress
vibrations induced by typhoons or earthquakes [1]. Many high-
rise buildings have considered this problem in engineering.
The One Wall Centre in Vancouver (157.8m) installs tuned liq-
uid column dampers to guarantee the comfort of the building.
The Taipei 101 Tower in Taipei (509.2m) [2] and the Canton
Tower in Guangzhou (454m) [3] use semi-active and active
tuned mass dampers for vibration suppression, respectively.

On the basis of various vibration suppression systems, many
studies are proposed in passive, semi-active, active, and hybrid
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control design to suppress the vibration. The development of
vibration control of building and bridge structures since 2013
is introduced in [4], and above four kinds of control methods
are analyzed in detail. Passive control methods can increase
the damp of structures and modify the stiffness of structures.
However passive control cannot adapt well to changeful nat-
ural frequency caused by structural nonlinearities and huge
seismic excitations, especially for multiple floor buildings [5].
Thus, researchers have been paying more attention to active,
semi-active and hybrid control methods recently [6], [7]. A
review of control algorithms and optimal methods for active
or semi-active devices before 2015 is presented in [8].

To combine the advantages of active control algorithms and
vibration suppression devices in high-rise buildings, such as
AMDs and active tendons, many researchers have proposed
some control methods applied on these systems. The authors in
[9] propose a tuned mass damper and use H2 linear quadratic
Gaussian control algorithm to design a kind of vibration
suppression precesses. A filtered sliding mode control method
is used for suppressing the vibration of a 76-storey building
with an active tuned mass damper in [10]. In [11], on the
basis of a modified Newton’s method, a multilayer feedforward
neural network is presented for suppressing the vibration of
a four-storey building structure. In [12], a multi-objective
adaptive genetic-fuzzy control strategy is used on an AMD
to reduce the wind-induced vibration.

Although many researchers have already proposed some
solutions for solving the wind-resistant and anti-seismic prob-
lems, the accuracy of the models of the high-rise buildings
with vibration suppression devices needs further improvement.
The models of flexible building structures are mainly consid-
ered as first order or second order finite dimensional models.
For example, the authors in [9] use the Lagrangian method to
establish the model which is described by ordinary differential
equations. However, because of the flexibility of high-rise
buildings, they really belong to distributed parameter systems
and should be described by partial differential equations [13],
[14], [15], [16]. Further, considering that high-rise buildings
are slender with a relatively large height-to-width ratio, they
can be modeled as Euler-Bernoulli beams [17], [18], [19]
which have been used in various systems. Comparing with
the Euler-Bernoulli beam model used in flexible robot arms
[20], [21], flexible satellites [22], [23] and marine risers [24],
[25], the model in this paper has different physical conditions:
the top and bottom ends of the different flexible walls in every
storey are connected by rigid floors respectively.

Bestowed upon a partial differential equation model, both
boundary control [26], [27] and distributed control can enable
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the control objectives of different distributed parameter sys-
tems to be achieved [28]. Many control method, like iterative
learning control [29], [30], neural control [31], [32], and fuzzy
control [33], can be designed as a boundary control strategy.
Boundary control, as a control method that can be easily
applied in practice [34], [35], is used to solve the problem
in this paper. The authors in [36] design an output feedback
boundary controller and an infinite-dimensional observer for
a servo system to track a one-dimensional heat equation and
resist external disturbance. In [37] and [38], using hyperbolic
barrier Lyapunov functions, boundary control is proposed to
a flexible string and a flexible satellite system, respectively.
The authors in [39] apply two boundary controllers on a plant
for grasping objectives. The plant is composed of two motors
and two flexible robot arms, where the motors move on a
slider in one dimension. Comparing with previous systems
which always use different boundary controllers to control
different Euler-Bernoulli beams or strings, this paper uses
one actuator to control several beams simultaneously, which
increases the challenge of the problem considered in this paper.
Besides, considering that the physical parameters, like bending
stiffness and tension of the walls, are difficult to measure,
an adaptive controller would be needed in this problem [40],
[41]. The authors in [42] use a robust adaptive boundary
control method to suppress the transverse vibration of a axially
moving string system, and use two adaptive laws to update
the estimated values of the system parameters. By designing
suitable adaptive laws, this paper is going to provide proper
estimated values of the unknown physical parameters.

In general, the contributions of this paper can be sum-
marised as follows. 1) Four Euler-Bernoulli beams, which are
described by partial differential equations, are used to model
a two-floor building structure with an AMD system, and an
adaptive boundary control law is proposed to suppress the vi-
bration of the building. Meanwhile, the closed-loop system can
realize the asymptotically stability in theory. 2) The adaptive
boundary control law in this paper is just applied on a cart
moving on the top floor to suppress the vibration of the four
beams. On the contrary, the pervious studies always use several
controllers to control several beams, like [39]. 3) Experiments
on the Quanser’s building platform are implemented to verify
the effectiveness of the proposed boundary control law.

In the rest of the paper, Section II describes the dynamic
model of the building system. Section III proposes a boundary
control law and discusses the stability of the closed-loop
system. Section IV and Section V illustrate the accuracy of the
dynamic model and the effectiveness of the boundary control
law by carrying out some simulations and experiments.
Finally, Section VI gives a brief conclusion of this paper.

II. PROBLEM FORMULATION

The model in this paper mainly is bestowed upon the
Quanser’s building plant (Fig. 1) that is a two-storey flexible
building-like structure on top of which a linear cart is driven
by a rack and pinion mechanism.

The structure frame is made up of four flexible steel sheets
and two rigid floors. Hence, four Euler-Bernoulli beams with

Fig. 1. The Quanser’s building plant.

some boundary conditions could describe the system (Fig. 2).
Hf is the hight of one storey. Mf and Mc are the mass of a
floor and the mass damper, respectively. w1l(y, t), w1r(y, t),
w2l(y, t) and w2r(y, t) are elastic deflections of the left and
right walls in the first and second storeys at the position y
for time t, respectively. w1l(Hf , t) and w1r(Hf , t) are elastic
deflections of the left and right walls at the top end. w2l(Hf , t)
and w2r(Hf , t) are elastic deflections of the left and right walls
at the bottom end. Because the top ends of the walls of the first
storey and the bottom ends of the walls of the second storey are
connected by first rigid floor, the vibrations at the four position
are equal, namely, w1l(Hf , t) = w1r(Hf , t) = w2l(Hf , t) =
w2r(Hf , t) = w(Hf , t). Similarly, the vibrations at the top
ends of the walls of the second storey are equal, namely,
w2l(2Hf , t) = w2r(2Hf , t) = w(2Hf , t). The mass damper
moves in a straight line on the top of the floor and the initial
position of the mass damper is on the center line the floor.
The positive direction of the mass damper is same as the
direction of X ′ axis. xc(t) is the mass damper’s displace-
ment in X ′O′Y ′ coordinates. u(t) is the adaptive boundary
control force. In addition, throughout the paper, we mark
that (·)′ = ∂(·)/∂y, (·)′′ = ∂2(·)/∂y2, (·)′′′ = ∂3(·)/∂y3,
(·)′′′′ = ∂4(·)/∂y4, ˙(·) = ∂(·)/∂t and (̈·) = ∂2(·)/∂t2.

The kinetic energy of the building structure with the AMD
Ek(t) can be described as

Ek(t) =
1

2

∫ Hf

0

ρ[ẇ1l(y, t)]
2dy +

1

2

∫ 2Hf

Hf

ρ[ẇ2l(y, t)]
2dy
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Fig. 2. The dynamic model of the building system.

+
1

2

∫ Hf

0

ρ[ẇ1r(y, t)]
2dy +

Mf

2
[ẇ1(Hf , t)]

2

+
1

2

∫ 2Hf

Hf

ρ[ẇ2r(y, t)]
2dy +

Mf

2
[ẇ2(2Hf , t)]

2

+
Mc

2
[ẋc(t) + ẇ2(2Hf , t)]

2 +
Jc
2
[ẋc(t)]

2 (1)

where ρ > 0 is the uniform mass per unit length of a wall
and four walls have same uniform density. Jc is the cart rotor
moment of inertia. Then, considering that different walls have
same bending stiffness and tension parameters, the potential
energy of the building structure with the AMD Ep(t) can be
described as

Ep(t) =
1

2

∫ Hf

0

EI{[w′′1l(y, t)]2 + [w′′1r(y, t)]
2}dy

+
1

2

∫ 2Hf

Hf

EI{[w′′2l(y, t)]2 + [w′′2r(y, t)]
2}dy

+
1

2

∫ Hf

0

T{[w′1l(y, t)]2 + [w′1r(y, t)]
2}dy

+
1

2

∫ 2Hf

Hf

T{[w′2l(y, t)]2 + [w′2r(y, t)]
2}dy (2)

where EI and T are bending stiffness and tension of a wall,
respectively. Then, the virtual work δWnc(t) done by the non-
conservative force can be represented as

δWnc(t) = u(t)δ[xc(t) + w2(2Hf , t)]. (3)

Using Hamilton’s principle, we obtain motion equations of the

building structure with the AMD as

ρẅ1l(y, t) + EIw′′′′1l (y, t)− Tw′′1l(y, t) = 0 (4)
ρẅ1r(y, t) + EIw′′′′1r (y, t)− Tw′′1r(y, t) = 0 (5)

∀(y, t) ∈ [0, Hf )× [0,∞)

ρẅ2l(y, t) + EIw′′′′2l (y, t)− Tw′′2l(y, t) = 0 (6)
ρẅ2r(y, t) + EIw′′′′2r (y, t)− Tw′′2r(y, t) = 0 (7)

∀(y, t) ∈ [Hf , 2Hf ]× [0,∞)

and boundary conditions as

Mf ẅ2(2Hf , t) + T [w′2l(2Hf , t) + w′2r(2Hf , t)]

−Jcẍc(t)− EI[w′′′2l (2Hf , t) + w′′′2r(2Hf , t)] = 0 (8)
Mf ẅ1(Hf , t)− EI[w′′′1l (Hf , t) + w′′′1r(Hf , t)

−w′′′2l (Hf , t)− w′′′2r(Hf , t)] + T [w′1l(Hf , t))

+w′1r(Hf , t− w′2l(Hf , t)− w′2r(Hf , t)] = 0 (9)
w1l(0, t) = w1r(0, t) = 0 (10)
w′1l(0, t) = w′1r(0, t) = 0 (11)

w′′1l(Hf , t) = w′′1r(Hf , t) = 0 (12)
w′′2l(Hf , t) = w′2r(Hf , t) = 0 (13)

w′′2l(2Hf , t) = w′′2r(2Hf , t) = 0 (14)
Mcẅ2(2Hf , t) + (Mc + Jc)ẍc(t) = u(t) (15)

∀t ∈ [0,∞)

Remark 1. The equations (4)-(5) describe the dynamic char-
acters of the left and right walls in the first storey, respectively.
The equations (6)-(7) describe the dynamic characters of the
left and right walls in the second storey, respectively. The
boundary conditions (8) and (15) describe the connection be-
tween the top floor and the controller. The boundary condition
(9) describes the connection between the first and second
storeys. Other boundary conditions describe the dynamic char-
acters of the first and second floors.

III. CONTROL DESIGN

This section presents the design of an exact model-based
boundary controller and an adaptive boundary controller. In
order to guarantee the occupant comfort within a short time
when the buildings are in influenced by winds or earthquakes,
the control objective is to suppress the vibration induced by
the external disturbance.

A. Exact Model-Based Boundary Control

When all of the parameters in the model are measurable,
an exact model-based boundary controller as follows can
be designed to realize the control objectives, by using the
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Lyapunov’s direct method.

µ(t) = ẇ2(2Hf , t)− γ1[w′′′2l (2Hf , t) + w′′′2r(2Hf , t)]

+γ2[w
′
2l(2Hf , t) + w′2r(2Hf , t)] (16)

u(t) = −kµ(t) +
(
Mc +

(Mc + Jc)Mf

Jc

)
[γ1ẇ

′′′
2l (2Hf , t)

+γ1ẇ
′′′
2r(2Hf , t)− γ2ẇ′2l(2Hf , t)− γ2ẇ′2r(2Hf , t)]

−Mc + Jc
Jc

EI[w′′′2r(2Hf , t) + w′′′2l (2Hf , t)]

+
Mc + Jc
Jc

T [w′2l(2Hf , t) + w′2r(2Hf , t)] (17)

where γ1, γ2 and k are positive constants.

Consider the Lyapunov function candidate as

V (t) = Va(t) + Vb(t) + Vc(t), (18)

where Va(t), Vb(t) and Vc(t) are defined as

Va(t) =
1

2
β

∫ Hf

0

ρ{[ẇ1l(y, t)]
2 + [ẇ1r(y, t)]

2}dy

+
1

2
β

∫ 2Hf

Hf

ρ{[ẇ2l(y, t)]
2 + [ẇ2r(y, t)]

2}dy

+
1

2
β

∫ Hf

0

EI{[w′′1l(y, t)]2 + [w′′1r(y, t)]
2}dy

+
1

2
β

∫ Hf

0

T{[w′1l(y, t)]2 + [w′1r(y, t)]
2}dy

+
1

2
β

∫ 2Hf

Hf

EI{[w′′2l(y, t)]2 + [w′′2r(y, t)]
2}dy

+
1

2
β

∫ 2Hf

Hf

T{[w′2l(y, t)]2 + [w′2r(y, t)]
2}dy

+
β

2
Mf [ẇ1(Hf , t)]

2 (19)

Vb(t) =
1

2

(
Mc +

(Mc + Jc)Mf

Jc

)
[µ(t)]2 (20)

Vc(t) = αρ

∫ Hf

0

y[ẇ2l(y, t) + ẇ2r(y, t)][w
′
2l(y, t)

+w′2r(y, t)]dy (21)

where α and β both are positive constants.
The Lyapunov function candidate (18) has following Lem-

mas.
Lemma 1. The Lyapunov function candidate defined by

(18) has upper and lower bounds and it is positive definite,
namely,

0 ≤ λ1(Va(t) + Vb(t))≤V (t)≤λ2(Va(t) + Vb(t)) (22)

where

λ1 = 1−max
{2αδ1Hf

β
,
2αρHf

δ1βT

}
(23)

λ2 = 1 +max
{2αδ1Hf

β
,
2αρHf

δ1βT

}
(24)

and δ1 is a positive constant.
Proof : See Appendix A.

Lemma 2. The first derivative of Lyapunov function
candidate given by (18) satisfies V̇ (t) ≤ 0 and that V̇ (t) = 0
if and only if all states remain in zero.

Proof : See Appendix B.

On the basis of above Lemma 1 and Lemma 2, Theorem 1
is obtained.

Theorem 1. For the system described by (4)-(7) and
boundary conditions (8)-(15), we can conclude that the
high-rise building system with exact model-based boundary
controller (17) is asymptotically stable.

Proof : Using the Lyapunov’s direct method and Lemma
1 and Lemma 2, the asymptotical stability of the closed-loop
system can be deducted. Then, using the Lemma 1 and Lemma
2, we can find that V (t) can converge to zero as t → ∞.
Because the Lyapunov function candidate satisfies Lemma 1,
i.e. 0 ≤ λ1(Va(t) + Vb(t))≤V (t)≤λ2(Va(t) + Vb(t)), every
square term in V (t) can converge to zero as t→∞.

B. Adaptive Boundary Control

For a high-rise building structure, its physical parameters,
like EI , T and Mf , are difficult to be measured accurately.
To deal with the parameter uncertainty, an adaptive boundary
control is designed as follows.

u(t) = −kµ(t)− Mc + Jc
Jc

ÊI(t)[w′′′2r(2Hf , t)

+w′′′2l (2Hf , t)] +
Mc + Jc
Jc

T̂ (t)[w′2l(2Hf , t)

+w′2r(2Hf , t)] + γ1

(Mc + Jc
Jc

M̂f (t) +Mc

)
×[ẇ′′′2l (2Hf , t) + ẇ′′′2r(2Hf , t)]− γ2

(Mc + Jc
Jc

×M̂f (t) +Mc

)
[ẇ′2l(2Hf , t) + ẇ′2r(2Hf , t)] (25)

where ÊI(t), T̂ (t) and M̂f (t) are the estimates of EI , T and
Mf , respectively. The adaptation laws are designed as

˙̂
EI(t) =

Mc + Jc
Jcχ1

[w′′′2r(2Hf , t) + w′′′2l (2Hf , t)]µ(t) (26)

˙̂
T (t) = −Mc + Jc

Jcχ2
[w′2l(2Hf , t) + w′2r(2Hf , t)]µ(t) (27)

˙̂
Mf (t) = γ2

Mc + Jc
Jcχ3

[ẇ′2l(2Hf , t) + ẇ′2r(2Hf , t)]µ(t)

−γ1
Mc + Jc
Jcχ3

[ẇ′′′2l (2Hf , t) + ẇ′′′2r(2Hf , t)]µ(t)

(28)

where χ1, χ2 and χ3 are positive constants.
Consider a modified Lyapunov function candidate as

E(t) = V (t) +
χ1

2
[ẼI(t)]2 +

χ2

2
[T̃ (t)]2 +

χ3

2
[M̃f (t)]

2

(29)

where ẼI(t), T̃ (t) and M̃f (t) are the parameter estimate
errors and they are defined as ẼI(t) = EI − ÊI(t), T̃ (t) =
T − T̂ (t) and M̃f (t) =Mf − M̂f (t).
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The Lyapunov candidate function (29) has following Lem-
mas.

Lemma 3. The Lyapunov function candidate defined by
(29) has upper and lower bounds and it is positive definite.

Proof : Combining (29) and Property 1, we have

0 ≤ λ3{Va(t) + Vb(t) +
χ1

2
[ẼI(t)]2 +

χ2

2
[T̃ (t)]2

+
χ3

2
[M̃f (t)]

2}

≤ E(t)

≤ λ4{Va(t) + Vb(t) +
χ1

2
[ẼI(t)]2 +

χ2

2
[T̃ (t)]2

+
χ3

2
[M̃f (t)]

2} (30)

where λ3 = min(λ1,
χ1

2 ,
χ2

2 ,
χ3

2 ) and λ4 = max(λ2,
χ1

2 ,
χ2

2 ,
χ3

2 ).
Lemma 4. The first derivative of Lyapunov function

candidate given by (29) satisfies Ė(t) ≤ 0 and that Ė(t) = 0
if and only if all states remain in zero.

Proof : See Appendix C.

Theorem 2. For the system described by (4)-(7) and
boundary conditions (8)-(15), we can conclude that the
high-rise building system with adaptive boundary controller
(25) and adaptation laws (26)-(28) is asymptotically stable.

Proof : Using the Lyapunov’s direct method and Lemma
3 and Lemma 4, the asymptotical stability of the closed-loop
system can be deducted. Then, using the Lemma 3 and Lemma
4, we can find that V (t) can converge to zero as t → ∞.
Because the Lyapunov function candidate satisfies Lemma 3,
i.e. 0 ≤ λ1(Va(t) + Vb(t))≤V (t)≤λ2(Va(t) + Vb(t)), every
square terms in V (t) can converge to zero as t→∞.

IV. NUMERICAL SIMULATION

This section will provide simulation results of the two-floor
building plant with the exact model-based boundary controller
(17) and the adaptive boundary controller (25), respectively.
The initial state of the two-floor building plant is as follows.

w1l(y, 0) = 1.5y4 − 2.275y3 + 1.061y2 (31)
w1r(y, 0) = 2y4 − 2.95y3 + 1.280y2 (32)
w2l(y, 0) = 0.7y4 − 0.756y3 + 0.256y + 0.079 (33)
w2r(y, 0) = 0.9y4 − 0.972y3 + 0.288y + 0.079 (34)

The parameters of the building system are shown in Table 1.
Remark 2. The initial state is chose according to the

boundary conditions (10)-(14). From the boundary conditions,
we can find that the initial state need to satisfy the following
conditions,

w1l(0, 0) = w1r(0, 0) = 0 (35)
w′1l(0, 0) = w′1r(0, 0) = 0 (36)

w′′1l(Hf , 0) = w′′1r(Hf , 0) = 0 (37)
w′2l(Hf , 0) = w′2r(Hf , 0) = 0 (38)

w′′2l(2Hf , 0) = w′′2r(2Hf , 0) = 0 (39)

TABLE I
THE PHYSICAL PARAMETERS OF THE BUILDING SYSTEM IN THE

SIMULATIONS

Parameter Value Unit
Mc 0.65 kg
Jc 0.133 kg.m2

L 0.54 m
ρ 0.453 kg/m
Mf 0.68 kg

25 (0 ∼ 2s) N.m2

EI 20 (2 ∼ 7s) N.m2

30 (7 ∼ 10s) N.m2

440 (0 ∼ 2s) N
T 435 (2 ∼ 7s) N

500 (7 ∼ 10s) N

Based upon the analyzing of the above conditions, we can
find that if the initial state is chosen as polynomial functions,
the order of those functions must more than three. Then
by analyzing different initial states, we choose the initial
state which looks the most similar with the real experiment
platform.
A. Simulation Results for the Building Plant without Control

When the high-rise plant without control vibrates under the
aforementioned initial condition, the displacements and the
accelerations of first and second floors cannot converge to
zero (Fig. 3). In Fig. 3, the x-axes denote the time, and the y-
axes denote the accelerations of the first and the second floors
(ẅ1(Hf , t) and ẅ2(2Hf , t)) and the displacements of the first
and the second floors (w1(Hf , t) and w2(2Hf , t)).
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Fig. 3. The building plant system without control.

B. Simulation Results for the Building Plant with Model-Based
Boundary Control

The simulation results of the building system with exact
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model-based boundary control are shown in Fig. 4. The control
gains are γ1 = 0.013, γ2 = 0.44 and k = 3.5. Fig.
4(a) and Fig. 4(b) show the displacements of the first and
second floor respectively. Fig. 4(c) and Fig. 4(d) show the
accelerations of the first and second floor respectively. In the
range of 0 ∼ 2 seconds, EI = 25Nm2, T = 440N, and
Mf = 0.68kg, the exact model-based boundary controller
enables the displacements and the accelerations of first and
second floors to be suppressed within 1.5s. However, in the
range of 2 ∼ 7 seconds, when the parameters change to
EI = 20Nm2, T = 435N, and Mf = 0.68kg, the displace-
ments and accelerations of the building system jump greatly
or even be impossible to converge to a small range. Then,
in the range of 7 ∼ 10 seconds, EI = 30Nm2, T = 500N,
and Mf = 0.68kg, the displacements and the accelerations of
the building system with model-based boundary control can
converge to zero, but both the displacements and accelerations
have overshoot. Hence, the change of system parameters has
great influence on exact model-based control. Exact model-
based control cannot deal with the condition that the physical
parameters of high-rise buildings are unknown or variational.
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Fig. 4. The building plant system with exact model-based boundary control.

C. Simulation Results for the Building Plant with Adaptive
Boundary Control

The adaptive boundary control law is used in the building
plant to deal with the uncertainty of the physical parameters.
The control gains are γ1 = 0.033, γ2 = 1.17 and k = 3.5,
and the adaptive parameters are χ1 = 0.0000023, χ2 = 0.0001
and χ3 = 8.5. Fig. 5 and Fig. 6 show the displacements of the
left and right walls of the the whole building respectively. In
Fig. 5 and Fig. 6, the x-axes denote the time; the y-axes mean
the hight of the building; the z-axes denote the displacements.

Fig. 7(a) and Fig. 7(b) show the displacements of the first
and second floor respectively. Fig. 7(c) and Fig. 7(d) show
the accelerations of the first and second floor respectively.
From Fig. 5 - Fig. 7, we can find that the adaptive boundary
controller enables that the building system has stable and good
control effects when the physical parameters change in the
range of 2 ∼ 7 seconds and 7 ∼ 10 seconds, although the
converge time of building system with the adaptive boundary
controller is longer than with the exact model-based controller.
Moreover, the converge time is not a big deal, because the
converge time is just 2.0 seconds. Hence, the change of
system parameters cannot exert a great influence on adaptive
boundary control. Adaptive boundary control can deal with the
condition that the physical parameters of high-rise buildings
are unknown or variational efficiently.
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Fig. 5. The displacement of the left wall with adaptive boundary control.
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Fig. 6. The displacement of the right wall with adaptive boundary control.

Moreover, for quantitatively analyzing, Table 2 presents the
root-mean-square(RMS) values of the displacements and the
accelerations of the building system, where the simulations
(a), (b) and (c) mean the building system has no control,
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Fig. 7. The building plant system with adaptive boundary control.

TABLE II
THE COMPARISON WITH ROOT-MEAN-SQUARE VALUE IN THE

SIMULATIONS

Displacement Acceleration
w1(Hf , t) w2(2Hf , t) ẅ1(Hf , t) ẅ2(2Hf , t)

[m] [m] [m/s2] [m/s2]
(a) 0.0545 0.1117 232.3180 148.5863
(b) 0.0076 0.0176 51.3506 74.2390
(c) 0.0100 0.0241 34.5350 11.5332

has exact model-based control and has adaptive boundary
control, respectively. Comparing with the no control state,
exact model-based control and adaptive boundary both has
small RMS values. For displacement, the RMS value of the
exact model-based controller is about 33% smaller than the
adaptive boundary controller. But combining the Fig. 4 and
Fig. 7, we can find that the RMS values for displacement
should not be considered because of the bad performance of
the exact model-based controller when the physical parameters
are changing. Then, for acceleration, the RMS value of the
exact model-based controller is over 50% bigger than the
adaptive boundary controller. Especially for the acceleration
of the second floor, the RMS value of the exact model-based
controller is over 6.5 times the RMS value of the adaptive
boundary controller.

From the simulations in Part A, B and C and the analysis of
Table 2, we can summarize that the adaptive boundary control
strategy can improve the performance of exact model-based
boundary control strategy. Adaptive boundary control can also
solve the problem that the parameters of buildings are difficult
to be measured and change frequently.

Remark 3. When the parameters EI and T change in the

model, the parameters EI and T used in the exact model-based
controller remain in 25 N.m2 and 440 N. These simulations
simulate the changes of physical parameters in a long period,
which is slow process in practice. The derivative of the
parameters (EI , T ) with respect to time is near zero, i.e.
ĖI ≈ 0, Ṫ ≈ 0.

V. EXPERIMENTS

Using the experiments on the Quanser’s building platform,
this section will verify the feasibility of the adaptive boundary
controller and the exact model-based boundary controller. The
physical parameters of the Quanser’s platform are shown in
Table III. The excitation signals are provided by external force
which can make the top floor of the building platform move
5cm.

TABLE III
THE PHYSICAL PARAMETERS OF QUANSER’S HIGH-RISE BUILDING

SYSTEM

Description Value Unit
Flexible Module Length 0.32 m
Flexible Module Height 0.5 m
Flexible Module Depth 0.11 m

Structure Top Floor Height 1.06 m
Structure Floor Mass 0.68 kg

Cart Mass 0.39 kg
Cart Rotor Moment of Inertia 3.90E − 7 kg.m2

Cart Planetary Gearbox Gear Ratio 3.71
Cart Motor Pinion Radius 6.35E − 3 m

As shown in Fig. 8, the control laws are written in Simulink
on computer, then transmitted to the data acquisition device
by USB. The VoltPAQ-X1 amplifier convert the digital control
signal to analog signal for controlling the cart on the top
floor. At the same time, the data acquisition device receives
the sensor signals from the building platform, and sends the
immediate sensor signals to computer.

Q8-USB Data Acquisition Device

VoltPAQ-X1 Amplifier Building Structure 

with Active Mass Damper

Computer

Digital Signals

D/A ConverterA/D Converter

Fig. 8. The working principle of the Quanser’s building platform.

During the experiments, we give a disturbance which can
make the top floor move 5cm. The control gains of the exact
model-based boundary controller and the adaptive boundary
controller are k = 9, γ1 = 0.05, and γ2 = 50. The value
of the adaptive parameters is χ1 = 0.000002, χ2 = 0.0001,
χ3 = 9. Fig. 9 to Fig. 11 show the control effect when
the building system has no control, boundary control and
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adaptive boundary control, respectively. From Fig. 9, we can
find that, the building platform without control can suppress
the vibration slowly with the help of damping. From Fig.
10 and Fig. 11, we can find that, the building platform with
model-based control and adaptive control both can suppress
the vibration within 2.5s. And the adaptive boundary control
method can present a better control effect on acceleration. But
when the physical parameters cannot be known exactly, the
adaptive boundary control can also reach a stable and good
control effect. In addition, for quantitatively analyzing, the
root-mean-square value of the displacement and acceleration
in above three experiments is shown in Table 4 where the
experiments (a), (b) and (c) denote the experiments without
control, with exact model-based boundary control and with
adaptive boundary control, respectively. Comparing with the
no control state, the RMS values of the displacement of the two
control states are smaller. The RMS values of the displacement
of the adaptive control state are smaller than the exact model-
based control state, which is different with the simulation
results. For acceleration, the RMS values of the first floor of
the two control states are smaller than the no control state,
but the RMS values of the second floor of the two control
states are bigger than the no control state. Combining with
the Fig. 9-Fig. 11, we can find that this situation is caused
by the spines at the beginning of acting of the controller. To
sum up, from the Table 4, we can also find that the building
system with adaptive control has a smaller RMS value than
the building system with exact model-based control, and the
adaptive boundary controller has better control effect than the
exact model-based controller.

TABLE IV
THE COMPARISON WITH ROOT-MEAN-SQUARE VALUE IN THE

EXPERIMENTS

Displacement Acceleration
w1(Hf , t) w2(2Hf , t) ẅ1(Hf , t) ẅ2(2Hf , t)

[m] [m] [m/s2] [m/s2]
(a) 0.0138 0.0099 0.5913 0.5489
(b) 0.0102 0.0079 0.5744 0.9205
(c) 0.0091 0.0069 0.4588 0.9205

VI. CONCLUSION

In this paper, a two-storey building platform is modeled as a
partial differential equation model which guarantees that infi-
nite characters can be reserved in the model. Then a boundary
controller and an adaptive boundary controller are presented in
order to suppress the vibration of the building platform, and
to adapt the changes of physical parameters of the building
structure, like EI , T and Mf . By using the Lyapunov’s
direct method, the asymptotical stability of the closed-loop
building system is proved. Besides, the simulations and the
experiments illustrate the adaptivity and effectiveness of the
adaptive boundary control by comparing with exact model-
based boundary control.

Based on the work in this paper which mainly deals with
the vibration suppression and parameters’ uncertainty of a two-
storey building, we plan to extend the adaptive control method

to finite-time control [43], [44], and be used in an N-storey
building model in the future.
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Fig. 9. The control effect of the building system without control.
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Fig. 10. The control effect of the building system with model-based boundary
control.
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APPENDICES

A. PROOF OF PROPERTY 1

Proof: By using the Young’s inequality to Vc(t), we have

|Vc(t)| ≤ αρHf

∫ Hf

0

δ1
2
[ẇ2l(y, t) + ẇ2r(y, t)]

2dy

+αρHf

∫ Hf

0

1

2δ1
[w′2l(y, t) + w′2r(y, t)]

2dy

≤ αρHf

∫ Hf

0

δ1[ẇ2l(y, t)]
2dy

+αρHf

∫ Hf

0

δ1[ẇ2r(y, t)]
2dy

+αρHf

∫ Hf

0

1

δ1
[w′2l(y, t)]

2dy

+αρHf

∫ Hf

0

1

δ1
[w′2r(y, t)]

2dy

≤ µ1Va(t), (A.1)

where δ1 is a positive constant and

µ1 = max
{2αδ1Hf

β
,
2αρHf

δ1βT

}
(A.2)

Therefore, we have −µ1Va(t)≤Vc(t)≤µ1Va(t). When µ1 sat-
isfies 0 < µ1 < 1, we further have

0 ≤ λ1(Va(t) + Vb(t))≤V (t) ≤ λ2(Va(t) + Vb(t)). (A.3)

where λ1 = 1− µ1 and λ2 = 1 + µ1.

B. PROOF OF PROPERTY 2

Proof: Taking the derivative of (18) with respect to time,
we have

V̇ (t) = V̇a(t) + V̇b(t) + V̇c(t) (B.1)

Substituting the motion equations (4) to (7), and integrating
by part, the first term of (B.1) can be written as

V̇a(t) = −βEIw′′′2l (2Hf , t)ẇ2l(2Hf , t)

−βEIw′′′2r(2Hf , t)ẇ2r(2Hf , t)

+βTw′2l(2Hf , t)ẇ2l(2Hf , t)

+βTw′2r(2Hf , t)ẇ2r(2Hf , t)

= −βγ1EI
2
{[w′′′2l (2Hf , t) + w′′′2r(2Hf , t)]}2

−βγ2
2EI

2γ1
{[w′2l(2Hf , t) + w′2r(2Hf , t)]}2

−βEI
2γ1

[ẇ2(2Hf , t)]
2 + βγ2EI[w

′′′
2l (2Hf , t)

+w′′′2r(2Hf , t)][w
′
2l(2Hf , t) + w′2r(2Hf , t)]

+
βEI

2γ1
[µ(t)]2 − βγ2EI

γ1
ẇ2(2Hf , t)

×[w′2l(2Hf , t) + w′2r(2Hf , t)] (B.2)

In addition, the terms −βγ2EIγ1
ẇ2(2Hf , t)[w

′
2l(2Hf , t) +

w′2r(2Hf , t)] and βγ2EI[w
′′′
2l (2Hf , t) +

w′′′2r(2Hf , t)][w
′
2l(2Hf , t) + w′2r(2Hf , t)] satisfy following

inequalities, respectively.

| − βγ2EI

γ1
ẇ2(2Hf , t)[w

′
2l(2Hf , t) + w′2r(2Hf , t)]|

≤ βγ2EIδ2
2γ1

[ẇ2(2Hf , t)]
2

+
βγ2EI

2γ1δ2
[w′2l(2Hf , t) + w′2r(2Hf , t)]

2 (B.3)

|EIβγ2[w′′′2l (2Hf , t) + w′′′2r(2Hf , t)][w
′
2l(2Hf , t)

+w′2r(2Hf , t)]|

≤ EIβγ2δ3
2

[w′′′2l (2Hf , t) + w′′′2r(2Hf , t)]
2

+
EIβγ2
2δ3

[w′2l(2Hf , t) + w′2r(2Hf , t)]
2 (B.4)

where δ2 and δ3 are positive constants. Using the boundary
conditions (8) and (15), and the boundary control law (17),
the second term of (B.1) can be written as

V̇b(t) =
(
Mc +

(Mc + Jc)Mf

Jc

)
µ(t)µ̇(t)

= µ(t)
{Mc + Jc

Jc
EI[w′′′2l (2Hf , t) + w′′′2r(2Hf , t)]

−Mc + Jc
Jc

T [w′2l(2Hf , t) + w′2r(2Hf , t)]

−
(
Mc +

(Mc + Jc)Mf

Jc

)
[γ1ẇ

′′′
2l (2Hf , t)

+γ1ẇ
′′′
2r(2Hf , t)− γ2ẇ′2l(2Hf , t)

−γ2ẇ′2r(2Hf , t)] + u(t)
}

= −k[µ(t)]2 (B.5)

Substituting the motion equations (6) and (7), and integrating
by part, the third term of (B.1) can be written as

V̇c(t) = αρ

∫ 2Hf

Hf

y[ẅ2l(y, t) + ẅ2r(y, t)][w
′
2l(y, t)

+w′2r(y, t)]dy + αρ

∫ 2Hf

Hf

y[ẇ2l(y, t)

+ẇ2r(y, t)][ẇ
′
2l(y, t) + ẇ′2r(y, t)]dy

= −2αEIHf [w
′′′
2l (2Hf , t) + w′′′2r(2Hf , t)]

×[w′2l(2Hf , t) + w′2r(2Hf , t)]

−3α

2
EI

∫ 2Hf

Hf

[w′′2l(y, t) + w′′2r(y, t)]
2dy

+αTHf [w
′
2l(2Hf , t) + w′2r(2Hf , t)]

2

−α
2
THf [w

′
2l(Hf , t) + w′2r(Hf , t)]

2

−α
2
T

∫ 2Hf

Hf

[w′2l(y, t) + w′2r(y, t)]
2dy

+2αρHf [ẇ2(2Hf , t)]
2 − 2αρHf [ẇ(Hf , t)]

2

−α
2
ρ

∫ 2Hf

Hf

[ẇ2l(y, t) + ẇ2r(y, t)]
2dy (B.6)
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The term −2αEIHf [w
′′′
2l (2Hf , t) + w′′′2r(2Hf , t)]

×[w′2l(2Hf , t) + w′2r(2Hf , t)] satisfies following inequality

| − 2EIαHf [w
′′′
2l (2Hf , t) + w′′′2r(2Hf , t)][w

′
2l(2Hf , t)

+w′2r(2Hf , t)]|
≤ EIαHfδ4[w

′′′
2l (2Hf , t) + w′′′2r(2Hf , t)]

2

+
EIαHf

δ4
[w′2l(2Hf , t) + w′2r(2Hf , t)]

2 (B.7)

where δ4 is a positive constant. Using equations (B.2) to (B.7),
we can obtain

V̇ (t) ≤ −(βEI
2γ1

− 2αρHf −
βγ2EIδ2

2γ1
)[ẇ2(2Hf , t)]

2

−EI(βγ1
2
− βγ2δ3

2
− αHfδ4)[w

′′′
2l (2Hf , t)

+w′′′2r(2Hf , t)]
2 − (

βγ2
2EI

2γ1
− βγ2EI

2γ1δ2

−EIβγ2
2δ3

− EIαHf

δ4
− α

2
THf )[w

′
l(2Hf , t)

+w′r(2Hf , t)]
2 − 2αρHf [ẇ(Hf , t)]

2

−3α

2
EI

∫ 2Hf

Hf

[w′′2l(y, t) + w′′2r(y, t)]
2dy

−α
2
T

∫ 2Hf

Hf

[w′2l(y, t) + w′2r(y, t)]
2dy

−α
2
ρ

∫ 2Hf

Hf

[ẇ2l(y, t) + ẇ2r(y, t)]
2dy

−(k − βEI

2γ1
)[µ(t)]2 (B.8)

where the positive constants α, β, γ1, γ2, δ2, δ3, δ4 and k are
chosen under the following conditions.

σ1 = k − βEI

2γ1
> 0, (B.9)

σ2 =
βEI

2γ1
− 2αρHf −

βγ2EIδ2
2γ1

> 0 (B.10)

σ3 =
βγ1
2
− βγ2δ3

2
− αHfδ4 > 0 (B.11)

σ4 =
βγ2

2EI

2γ1
− βγ2EI

2γ1δ2
− EIβγ2

2δ3

−EIαHf

δ4
− α

2
THf > 0 (B.12)

From (B.8), we have V̇ (t) is negative semidefinite. When
V̇ (t) ≡ 0, we can obtain w′′2l(y, t) + w′′2r(y, t) = 0, w′2l(y, t)
+w′2r(y, t) = 0, ẇ2l(y, t) + ẇ2r(y, t) = 0, µ(t) = 0,
ẇ(Hf , t) = 0, ẇ2(2Hf , t) = 0, w′′′2l (2Hf , t) + w′′′2r(2Hf , t)
= 0, w′2l(2Hf , t) +w′2r(2Hf , t) = 0, the dynamic model can
be rewritten as

ρẅ1l(y, t) + EIw′′′′1l (y, t)− Tw′′1l(y, t) = 0 (B.13)
ρẅ1r(y, t) + EIw′′′′1r (y, t)− Tw′′1r(y, t) = 0 (B.14)
ρẅ2l(y, t) + EIw′′′′2l (y, t)− Tw′′2l(y, t) = 0 (B.15)
ρẅ2r(y, t) + EIw′′′′2r (y, t)− Tw′′2r(y, t) = 0 (B.16)

ẇ2(2Hf , t) = 0 (B.17)
ẇ1(Hf , t) = 0 (B.18)

−EI[w′′′1l (Hf , t) + w′′′1r(Hf , t)]

+T [w′1l(Hf , t) + w′1r(Hf , t)] = 0 (B.19)
w1l(0, t) = w1r(0, t) = 0 (B.20)
w′1l(0, t) = w′1r(0, t) = 0 (B.21)

w′′1l(Hf , t) = w′′1r(Hf , t) = 0 (B.22)
w′2l(Hf , t) = w′2r(Hf , t) = 0 (B.23)

w′′2l(2Hf , t) = w′′2r(2Hf , t) = 0 (B.24)

The boundary controller is rewritten as

u(t) = 0. (B.25)

In order to analyze the rewritten system, we use the method of
separating variables. Assuming that w2l(y, t) = P2l(y)Q(t),
w2r(y, t) = P2r(y)Q(t), w1l(y, t) = P1l(y)Q(t) and
w1r(y, t) = P1r(y)Q(t), we obtain the following equations.

EIP ′′′′2l (y)− TP ′′2l(y)
ρP2l(y)

= − Q̈(t)

Q(t)
(B.26)

EIP ′′′′2r (y)− TP ′′2r(y)
ρP2r(y)

= − Q̈(t)

Q(t)
(B.27)

EIP ′′′′1l (y)− TP ′′1l(y)
ρP1l(y)

= − Q̈(t)

Q(t)
(B.28)

EIP ′′′′1r (y)− TP ′′1r(y)
ρP1r(y)

= − Q̈(t)

Q(t)
(B.29)

P2(2Hf ) = P1(Hf ) = 0 (B.30)
P1l(0) = P1r(0) = 0 (B.31)
P ′1l(0) = P ′1r(0) = 0 (B.32)

P ′′1l(Hf , t) = P ′′1r(Hf , t) = 0 (B.33)
P ′2l(Hf , t) = P ′2r(Hf , t) = 0 (B.34)

P ′′2l(2Hf , t) = P ′′2r(2Hf , t) = 0. (B.35)

Defining − Q̈(t)
Q(t) = ε where ε is a constant. At first we analyze

P2l(y).

P ′′′′2l (y)−
T

EI
P ′′2l(y)−

ερ

EI
P2l(y) = 0 (B.36)

The characteristic equation is λ4 − T
EIλ

2 − ερ
EI = 0

1)If ε > 0, the characteristic values are λ1 =

√
T
EI+b

2 , λ2 =

−
√

T
EI+b

2 , λ3 =

√
b− T

EI

2 i and λ4 = −
√

b− T
EI

2 i, where b =√
T 2

EI2 + 4ερ
EI . The general solution of (B.36) is

P2l(y) = C3 cos(

√
T
EI − b

2
y) + C4 sin(

√
T
EI − b

2
y)

+C1e

√
T
EI

+b

2 y
+ C2e

−

√
T
EI

+b

2 y (B.37)

Substituting (B.30)-(B.33), we have

P2l(Hf ) = C1e

√
T
EI

+b

2 Hf + C2e
−

√
T
EI

+b

2 Hf

+C3 cos(

√
b− T

EI

2
Hf )
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+C4 sin(

√
b− T

EI

2
Hf ) = 0 (B.38)

P2l(2Hf ) = C1e
2

√
T
EI

+b

2 Hf + C2e
−2

√
T
EI

+b

2 Hf

+C3 cos(2

√
b− T

EI

2
Hf )

+C4 sin(2

√
b− T

EI

2
Hf ) = 0 (B.39)

P ′2l(Hf ) =

√
T
EI + b

2
C1e

√
T
EI

+b

2 Hf

−

√
T
EI + b

2
C2e

−

√
T
EI

+b

2 Hf

−

√
b− T

EI

2
C3 sin(

√
b− T

EI

2
Hf )

+

√
b− T

EI

2
C4 cos(

√
b− T

EI

2
Hf ) = 0

(B.40)

P ′′2l(2Hf ) =
T
EI + b

2
C1e

2

√
T
EI

+b

2 Hf

+
T
EI + b

2
C2e

−2

√
T
EI

+b

2 Hf

−
b− T

EI

2
C3 cos(2

√
b− T

EI

2
Hf )

−
b− T

EI

2
C4 sin(2

√
b− T

EI

2
Hf ) = 0

(B.41)

From (B.38)-(B.41), we have C1 = C2 = C3 = C4 = 0,
namely, (B.37) is a trivial solution.
2)If ε = 0, the characteristic values are λ1 = 0, λ2 = 0,
λ3 =

√
T
EI and λ4 = −

√
T
EI . The general solution of (B.36)

is

P2l(y) = C1 + C2y + C3e
√

T
EI y + C4e

−
√

T
EI y (B.42)

Substituting (B.30)-(B.33), we have

P2l(Hf ) = C1 + C2Hf + C3e
√

T
EIHf

+C4e
−
√

T
EIHf = 0 (B.43)

P2l(Hf ) = C1 + 2C2Hf + C3e
2
√

T
EIHf

+C4e
−2
√

T
EIHf = 0 (B.44)

P ′2l(Hf ) = C2 +

√
T

EI
C3e
√

T
EIHf

−
√

T

EI
C4e

−
√

T
EIHf = 0 (B.45)

P ′′2l(2Hf ) =
TC3

EI
e2
√

T
EIHf +

TC4

EI
e−2
√

T
EIHf = 0

(B.46)

From (B.43)-(B.46), we have C1 = C2 = C3 = C4 = 0,
namely, (B.42) is a trivial solution.

3)If − T 2

4EIρ < ε < 0, the characteristic values are λ1 =√
T
EI+b

2 , λ2 = −
√

T
EI+b

2 , λ3 =

√
T
EI−b

2 and λ4 = −
√

T
EI−b

2 ,

where b =
√

T 2

EI2 + 4ερ
EI . The general solution of (B.36) is

Pl(y) = C1e

√
T
EI

+b

2 y
+ C2e

−

√
T
EI

+b

2 y
+ C3e

√
T
EI

−b
2 y

+C4e
−

√
T
EI

−b
2 y (B.47)

Substituting (B.30)-(B.33), we have

P2l(Hf ) = C1e

√
T
EI

+b

2 Hf + C2e
−

√
T
EI

+b

2 Hf

+C3e

√
T
EI

−b
2 Hf + C4e

−

√
T
EI

−b
2 Hf = 0

(B.48)

P2l(2Hf ) = C1e
2

√
T
EI

+b

2 Hf + C2e
−2

√
T
EI

+b

2 Hf

+C3e
2

√
T
EI

−b
2 Hf + C4e

−2

√
T
EI

−b
2 Hf = 0

(B.49)

P ′2l(Hf ) =

√
T
EI + b

2

(
C1e

√
T
EI

+b

2 Hf − C2e
−

√
T
EI

+b

2 Hf
)

+

√
T
EI − b

2
C3e

√
T
EI

−b
2 Hf

−

√
T
EI − b

2
C4e

−

√
T
EI

−b
2 Hf = 0 (B.50)

P ′′2l(2Hf ) =
T
EI + b

2

(
C1e

2

√
T
EI

+b

2 Hf + C2e
−2

√
T
EI

+b

2 Hf
)

+
T
EI − b

2
C3e

2

√
T
EI

−b
2 Hf

+
T
EI − b

2
C4e

−2

√
T
EI

−b
2 Hf = 0 (B.51)

From (B.48)-(B.51), we have C1 = C2 = C3 = C4 = 0,
namely, (B.47) is a trivial solution.
4)If ε = − T 2

4EIρ , the characteristic values are λ1 = λ2 =√
T

2EI and λ3 = λ4 = −
√

T
2EI . The general solution of

(B.36) is

P2l(y) = (C1 + C2y)e
√

T
2EI y + (C3 + C4y)e

−
√

T
2EI y

(B.52)

Substituting (B.30)-(B.33), we have

P2l(Hf ) = (C1 + C2Hf )e
√

T
2EIHf

+(C3 + C4Hf )e
−
√

T
2EIHf = 0 (B.53)

P2l(2Hf ) = (C1 + 2C2Hf )e
2
√

T
2EIHf

+(C3 + 2C4Hf )e
−2
√

T
2EIHf = 0 (B.54)
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P ′2l(Hf ) = C2e
√

T
2EIHf + C4e

−
√

T
2EIHf

+(C1 + C2Hf )

√
T

2EI
e
√

T
2EIHf

−(C3 + C4Hf )

√
T

2EI
e−
√

T
2EIHf = 0 (B.55)

P ′′2l(2Hf ) = 2

√
T

2EI

(
C2e

2
√

T
2EIHf − C4e

−2
√

T
2EIHf

)
+(C1 + 2C2Hf )

T

2EI
e2
√

T
2EIHf

+(C3 + 2C4Hf )
T

2EI
e−2
√

T
2EIHf = 0 (B.56)

From (B.53)-(B.56), we have C1 = C2 = C3 = C4 = 0,
namely, (B.52) is a trivial solution.
5)If ε < − T 2

4EIρ , the characteristic values are λ1 = ϕ + ψi,
λ2 = ϕ − ψi, λ3 = −ϕ + ψi and λ4 = −ϕ − ψi, where

ϕ =

√
T
EI+2

√
− ερ
EI

2 and ψ =

√
− T
EI+2

√
− ερ
EI

2 . The general
solution of (B.36) is

P2l(y) = eϕy(C1 cos(ψy) + C2 sin(ψy))

+e−ϕy(C3 cos(ψy) + C4 sin(ψy)) (B.57)

Substituting (B.30)-(B.33), we can find that the solution of
(B.36) is P2l(y) = 0.

Then because the differential equation of P2r(y) and
w2l(y, t) = 0, P ′′′′2r (y) −

ερ
EIP2r(y) = 0, and the boundary

conditions of P2r(y) are similar with P2l(y), we can obtain
P2r(y) = 0 and w2r(y, t) = 0. Similarly, we have w1l(y, t) =
w1r(y, t) = 0. Combining with (B.8), we can obtain V̇ (t) = 0
if and only if states are zero.

C. PROOF OF PROPERTY 3

Proof: Differentiating the Lyapunov function candidate (29)

Ė(t) = V̇ (t) + χ1
˙̃
EI(t)ẼI(t) + χ2

˙̃T (t)T̃ (t)

+χ3
˙̃Mf (t)M̃f (t) (C.1)

Substituting the adaptive boundary controller into the deriva-
tion of (20), we have

V̇b(t) =
(
Mc +

Mc + Jc
Jc

Mf

)
µ(t)µ̇(t)

= −k[µ(t)]2 + µ(t){−Mc + Jc
Jc

ÊI(t)[w′′′2r(2Hf , t)

+w′′′2l (2Hf , t)] +
Mc + Jc
Jc

T̂ (t)[w′2l(2Hf , t)

+w′2r(2Hf , t)] + γ1

(Mc + Jc
Jc

M̂f (t) +Mc

)
×[ẇ′′′2l (2Hf , t) + ẇ′′′2r(2Hf , t)]− γ2

(Mc + Jc
Jc

M̂f (t)

+Mc

)
[ẇ′2l(2Hf , t) + ẇ′2r(2Hf , t)] +

Mc + Jc
Jc

EI

×[w′′′2l (2Hf , t) + w′′′2r(2Hf , t)]−
Mc + Jc
Jc

T

×[w′2l(2Hf , t) + w′2r(2Hf , t)]−
( (Mc + Jc)Mf

Jc

+Mc

)
γ1[ẇ

′′′
2l (2Hf , t) + ẇ′′′2r(2Hf , t)] +

(
Mc

+
(Mc + Jc)Mf

Jc

)
γ2[ẇ

′
2l(2Hf , t) + ẇ′2r(2Hf , t)]}

= −k[µ(t)]2 + µ(t){Mc + Jc
Jc

ẼI(t)[w′′′2r(2Hf , t)

+w′′′2l (2Hf , t)]−
Mc + Jc
Jc

T̃ (t)[w′2l(2Hf , t)

+w′2r(2Hf , t)]− γ1
Mc + Jc
Jc

M̃f (t)[ẇ
′′′
2l (2Hf , t)

+ẇ′′′2r(2Hf , t)] + γ2
Mc + Jc
Jc

M̃f (t)[ẇ
′
2l(2Hf , t)

+ẇ′2r(2Hf , t)]} (C.2)

Using adaptation laws, we obtain

Ė(t) = µ(t){Mc + Jc
Jc

ẼI(t)[w′′′2r(2Hf , t) + w′′′2l (2Hf , t)]

−Mc + Jc
Jc

T̃ (t)[w′2l(2Hf , t) + w′2r(2Hf , t)]

−γ1
Mc + Jc
Jc

M̃f (t)[ẇ
′′′
2l (2Hf , t) + ẇ′′′2r(2Hf , t)]

+γ2
Mc + Jc
Jc

M̃f (t)[ẇ
′
2l(2Hf , t) + ẇ′2r(2Hf , t)]}

+V̇ (t) + χ1
˙̃
EI(t)ẼI(t) + χ2

˙̃T (t)T̃ (t)

+χ3
˙̃Mf (t)M̃f (t)

= V̇ (t)− {χ1
˙̂
EI(t)− µ(t)Mc + Jc

Jc
[w′′′2r(2Hf , t)

+w′′′2l (2Hf , t)]}ẼI(t)− {χ2
˙̂
T (t) + µ(t)

Mc + Jc
Jc

×[w′2l(2Hf , t) + w′2r(2Hf , t)]}T̃ (t)− {χ3
˙̂
Mf (t)

+µ(t)γ1
Mc + Jc
Jc

[ẇ′′′2l (2Hf , t) + ẇ′′′2r(2Hf , t)]

−µ(t)γ2
Mc + Jc
Jc

[ẇ′2l(2Hf , t)

+ẇ′2r(2Hf , t)]}M̃f (t)

= V̇ (t) (C.3)

Referencing the derivation in Appendix B, we can obtain
Ė(t) = 0 if and only if states are zero.
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