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Abstract

Growing applications of non-homogenous media in engineering structures require the
application of powerful computational tools. A novel hybrid Meshless Displacement
Discontinuity Method (MDDM) for cracked Reissner's plate in Functionally Graded Materials
(FGMs) is presented in this paper. The fundamental solutions of slope and deflection
discontinuity for an isotropic homogenous media are chosen as a part of general solutions to
create the gaps between the crack surfaces. The governing equation is satisfied by using the
meshless methods such as the Meshless Local Petrov-Galerkin (MLPG) and the Point
Collocation Method (PCM) with Lagrange series interpolation and mapping technique. The
Stress Intensity Factors (SIFs) are evaluated analytically with the Chebyshev polynomials. The

accuracy is verified by comparison of numerical and analytical results.
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1. Introduction

Plate and shells are main components in aerospace structures. There are two major theories
of plates and shells in engineering, namely the Kirchhoff thin plate theory and the Reissner
moderately thick plate theory. The application of the Finite Element Method (FEM) to the
Kirchhoff plate and Reissner plate was reported by Zienkiewicz and Taylor [1]. More recent
researches on the fracture analysis of plates and shells can be found in [2][3][4]. The application
of the Boundary Element Method (BEM) to the plate was first proposed by Jaswon et al [5],
based on the bi-harmonic analysis with two unknown boundary values i.e. the deflection and
normal slope. The derivation of the boundary integral equation and the fundamental solution for
the Reissner's plate theory was reported by Vander Weeén [6]. Karam and Telles [7] have
shown that the Reissner's plate model can be applied to the Kirchhoff thin plate too. Rashed et
al [8,9] derived the traction integral equation for the Reissner's plate theory to solve the
boundary value problems. Dirgantara and Aliabadi [10,11,12] extended the application of dual
BEM to the fracture analysis of Reissner's plate successfully. Fracture analysis of curved
stiffened panels, crack growth analysis for multi-layered airframe structures and non-linear
large deformation analysis of Reissner's plate by Boundary Element Method were reported by
Wen et al [13,14,15]. Recent developments in boundary element method for plate bending
analysis can be found in the book by Aliabadi [16].

Recently, the meshless methods such as Element-free Galerkin method and Point
collocation method were developed and have attracted huge attention for solving boundary
value problems. The Diffuse element method was reported by Nayroles et al [17], the Element-
free Galerkin method and the reproducing kernel particle methods were proposed by Belyschko
et al [18] and Liu et al [19]. Atluri and his colleagues presented a set of meshless methods,
named as Meshless Local Petrov-Galerkin formulations (MLPG), for solving partial differential
equations [20,21 and 22] with the Moving-Least Square (MLS) approximation. The MLPG was
reported to provide a rational basis for constructing meshless methods with greater applicability.
In addition, the Local integral equation method with the MLS and polynomial radial function
was proposed by Sladek et al [23,24,25]. A comprehensive review of the meshless methods can
be found in Atluri [24] and Liu [26].

It is well known that the Method of Fundamental Solutions (MFS) is a simple and efficient

technique to solve the partial differential equations numerically. However, there are just a few
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works on modeling linear elastic fracture mechanics problems using the MFS. The Green’s
function approach including the adopted numerical Green’s function (NGF) avoids boundary
elements over the crack surfaces, since the fundamental solution removes boundary integration
there. Guimar&s and Telles [27,28] developed the numerical Green’s function formulation used
as the fundamental solution for Reissner’s plate for stress intensity factor computations. Sladek
et al [29,30,31] developed a meshless method based on the local Petrov-Galerkin weak-form to
solve thermal problems of orthotropic thick plates with material properties continuously varying
through the plate thickness. Wen and Hon [32] extended meshless method to nonlinear analysis
of the Reissner’s plate.

Regarding the functionally graded materials, it is clear that the mechanical properties of the
material vary with the coordinates. It leads to significant difficulty in obtaining solutions of the
complex partial differential equations in anisotropic and non-homogeneous media. Although
FEM, BEM and meshless methods can be applied to find the numerical solutions, they have
different difficulties. The main issue for the FEM is the accuracy due to the discontinuity of the
stresses between elements. The availability of the fundamental solution is essential for the BEM
and the convergence by using the meshless methods needs more attention in computations.

For 2D/3D elasticity, the dual boundary element method with a single region technique for
the crack growth analysis was demonstrated by Portela et al [33] and by Mi and Aliabadi [34].
Displacement Discontinuity Method (DDM) was reported by Crouch [35]. Wen et al [36,37]
extended the DDM to fracture static/dynamic 2D/3D problems successfully. The hybrid
MDDM is a novel investigation of the Stress Intensity Factor (SIFs) at the tip for the Reissner's
plate theory for non-homogenous media. The motivation of the MDDM proposed recently by Li
et al [38] inherits the advantages from the boundary element method and meshless method. The
general solution consists of two parts: (a) a solution with an embedded crack in an infinite plate
of isotropic homogenous material; (b) a solution for a finite non-homogenous material without
crack. The first one is obtained by using boundary integral equation method (displacement
discontinuity), in order to create the gap between crack surfaces and the second part is
determined by the meshless method, in order to consider the governing equation in the domain.
For the first solution, the problem is transformed to solve a set of singular integral equations
with hyper and strong singularities. Highly accurate numerical solutions can be obtained by

using the Chebyshev polynomials. An analytical treatment enables us to achieve the closed
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form solutions of SIFs at the tip in functionally graded materials. In this paper, the formulations
with the MDDM for the cracked Reissner plate theory of FGM are firstly derived with
distributed dislocation of the slopes and deflection on the crack surface (discontinuous field in
infinite plate) and the nodal displacements in the field and on the boundary as well (continuous
field). Finally, several numerical examples are presented to illustrate the applicability of the
MDDM and the comparative analysis has been carried out for the cracked FGM plates with

different approaches.

2. Embedded crack in infinite homogenous plate

In linear elasticity, functionally graded materials are designed to exhibit a particular spatial

variation of their properties. It will be assumed in-plane gradation of Young’s modulus E(x), in

this paper. For both homogenous and non-homogenous materials, the stress resultant-strain

relationship for plate bending are given by Reissner [39]

@-v)D 2v
M, = S W, 5+ W, , +—1_V W, 0. |

Q, =C(w, +w,,),

1)

where D = E(x)h®/12(1-v?) is the bending stiffness of the plate, E(x) is Young's modulus, v

is Poisson ratio and defined as a constant, M, are the bending and twisting moments per unit
length, Q, is the shearing force per unit length, C=D(1—v)A*/2 is the shear stiffness,
A =+/10/h is shear factor, h denotes the thickness of the plate, w, is the slope, w;, is the out-
of-plane deflection normal to the middle surface of the plate, 5, is the Kronecker delta and

Latin indices vary from 1 to 2. Bearing in mind the definition of the bending stress-couples

Mgz, shear stress-resultants Q, and supposing the quadratic distribution of shear stresses as

well as boundary conditions on the plate surfaces, one can write the following relationships

2 2
12x 3 2% 2% 2%
7o = Mo %3:%[1—[73} ]Q“ | "33=T{3‘(ng ]

with o33 =+0/2 being the transversal loading on the plate surfaces X3 =xh/2.

g
Z ' (2)

The equations of equilibrium can be written as
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M,,-Q,=0 and Q,,+q=0 (3)

in which g denotes the pressure load on the plate. Differentiations of Eq.(1) yield

1-v)Dw 1+v)Dw 1-v)D
Maﬂp=( V) “'ﬁﬂ+( V) ﬂ’“ﬂ+( V) 'ﬁ(waﬂ+wﬁa+—zv w 50,5),
’ 2 2 2 ' o l-v (4)
Q.= C(Wm +W3ﬁﬁ)+Cva (W, +w,,,).
Substituting Eq.(4) into the equilibrium equations (3), we have
1-v)Dw 1+v)Dw D
(A=v)DW, +( V)OWy. oy + £ Maﬁ—C(Wa+W3a)=0,
2 2 D ' (5)

C(W,, +W, ) +0 +%Qa =0.
Considering homogenous media and applying the reciprocal theorem, we obtain the integral
representations of slopes and deflection [8,10] by .

COW () = [ (W (x,x) p; (x) = Py (%, X)w; () AT (<) + [Wi (x, X )q(x')d(x) (6)
where p;(x’) are the generalized tractions defined as

P.(X)=M,n, and py(x)=Q,n, 0
on the boundary contour I' of the domain Q in the mid-plane of the plate. Furthermore, n, are
components of the unit outward normal vector on ', x and x" are the source and field points
respectively, C(x) is a geometric coefficient at x, which equals to either &; or 0.55; for either
an internal point or a point on a smooth part of the boundary, Wij*(x,x') and Pij*(x,x') are

displacement and traction fundamental solutions [6] in an infinite domain and can be written,

for plane stress circumstance, as

\ 1
= m{[ss(z) ~(1-v)2Inz-1)]s,, —[8A(Z)+2(1—v)tjafﬂ]},
) .1

W,=-W,, = %(ZIn z-1rr,, (8)
\ 1

o = W[a—v)zz(ln z-1)-8Inz]

and
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* 1

P, = o —[(4A(2) + 22K (2) +1-v) (1,3, +1 40, ) +
+(4A@2) +1+v)r,n, —2(8A(2) + 22K, (2) +1-v)r 1 1, |

* ﬂ*z

P =5 B@N, —A@I,T, ]

P = ~1=v) ( 1Jrvlnz—ljna+2rarn : 9)
8r 1-v o

* _1

I:)33:2_7“,",n1

where

A(z) = Ko(z)+g[Kl(z)—1} and B(z)= Ko(z)+1{Kl(z) —l}
z z z z
in which K;(z) and K, (z) are modified Bessel functions of the second kind [6], z=Ar,

r=4r,r, is the distance from the source point to the field point with the components

r, =X, —X,, the derivatives of r are defined as r, = or/ox;

o !

r,=r,n,. Substituting Eq.(6) into
Eq.(4) yields

M 09 = [ (Wi 05) P 06) = DR, (6, 09 ATCX) + W0 x)a0)dR0X)  (20)
and

Q. () = [ (Wi (x, )y (%)~ DPL, (X)W, (X)) AT (x) + [Wo, (x, X)a(x)dQ(x) . (10)

where the integral kernels are defined

* 1
Waﬁy=4—7”[—2(8A(z)+22Kl(z)+1—v)rarﬂ(y+(4A(z)+22K1(z)+1—v)(5ﬂ7ra+5 ry)+
+(4A(2) +14+ V)3, |
«  —(1-v) 1+v
W, 45 = o 21_Vlnz—1 O +21,1, |5 (12)

Sﬂ;/ [B(Z) A(Z)r,ﬂr,},]’
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= (i V){(4A(z)+2zK (2) +1-V)(8,n, +5,1,)
+(4A(2) +1+3v)5,,n, —(16A(2) + 62K (2) + 2°Ky(2) +2-2v)

x[(n,r,+n,r,)r, +( g H0,0 )]
—2(B8A(2) +2zK,(2) +1+V)(S,,r X, + N1, T ;)

af’,y .n

+4(24A(2) +82K (2) + 2°Ky(2) +2-2v)r It n}

Pl = d- V)’lz (@A) + 2K, (2)(rn, +T,n,) (13)

—2(4A(2) + ZK (2))r, 1T, +2A(2)3,,, |,

P, = (1 VW = [ (2A@2) + 2K, (2))(S 4, +T,N,)

+2A(z)n r —2(4A(z)+zKl(z))ryrﬁrn ,

Py = %ﬂ[(z B(2) +1)n, —(2A(2) +2)1 1, ]
wr

Consider an embedded straight crack in an infinite plate with generalized traction over the

crack boundary p;(x")=-p,(X"), the superscripts + and — indicate the upper and lower faces

of the crack. Writing the integrals only over boundary I''(=T",), the classical and hyper-
singular formulations in an infinite sheet, derived from Eq.(6) without pressure load (q=0), are

simplified as
W, ()= [ By 06Xy (X )dT(x,), (14)

where y; (X.) =W, (X;)—wW(x;) (i=12,3) is defined as a displacement discontinuity. Then, the

stress resultants at the domain point in the case of homogenous material can be evaluated from
Egs. (10)-(11) as

M, (x) =D j (XX (X )AT (X,) (15)
and

Q, (%) = D Py (%, ) (,)AT(x, ). (16)

Multiplying Egs (15) and (16) by outward normal n,(x"), we obtain generalized tractions
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on the lower crack surface x™as

p,(x") =, (X)D F P (X Xy (x)AT(X,), (17)

where f indicates the Hadamard principal value integral [6]. It is clear that the fundamental

*

solution P, involves strong singularity of O(1/r) and can be rewritten as
* f”
P=-+0(nr), (18)
where
£y = @-vrn, @], fa=fy, = £, =0 (19)
af 47 Bla al'p a3 3a 33
On the straight crack surface, the fundamental solution Pi;k has hyper-singularity of O(1/r?) as
.
Pijk=r—’2k+T’k+O(ln r, (20)
where
1-v
0., = (4_7[)[(1—v)(5mnﬂ +8,n.)-(1-3)5,,n,
+2V(nar, + nﬁr.a)r,y +2(1_V)n7r,ar,ﬂ}
(1-v)A?
=" n,, 21
93,33 Ar B ( )
(1-v)A?
fop = Tapa =0, Ty, = ar e

3. Displacement discontinuity method for Reissner's plate

Consider a straight crack of length 2a in a isotropic homogenous plate, as shown in Figure
1 (in this case n(x)=0, n,(x )=1on ' =I" 3x with (x, x;)=(x,0) ), therefore, the

integral equation (17) can be rewritten as

a

§ 7w a2 = R0 @
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X2

d4ddar
+CCCCC

Figure 1. Embedded crack in an infinite plate subjected to bending moment M, .

For mode | (opening) fracture, the integral equation above gives

M (x)

$ P (%, &)y, (E)dx = - (23)

because Py (X,£) 1 Sko, Since N, =0, and r, =0, njrj =0 on I'"". However, model I y, (&)

(sliding) and mode 11 (&) (tearing) fractures are coupled in the following equations

ﬂF’m(x EVp(€) + Ps (X, E)ry (&) |dé = _M

(24)

ﬂps’;l(x,i)%(fh s (X, g)l,,s(g)]dg Q(X)

where M(x), T(x) and Q(x) are applied bending, twisting moments and shear force on the

-1/2

crack surface, respectively. Because of the singularity O(r ') of the stress resultants at the

crack tips x ==a [40], the displacement discontinuity of the crack can be approximated as
L
V/k(f):\/az_égzzck,|u|(§/a)v —as<é<a, (25)
1=0

where ¢, represents the coefficient for different fracture modes, U, (x/a) are the Chebyshev

polynomials of the second kind as

sin[(l +1)arccos(&/a)]
sin[arccos(&/a)]

U(&/a)=

(26)

Considering the integral formula given by Kaya and Erdogan?®, we have
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;\/azg?u.)(f/a)dgz:_;;(|+1)u|(x/a) 7
—X

and

foe fu(gla)df—— (/). (29)

where T (x) are the Chebyshev polynomials of the first kind. Taking the integral equation (23)

at collocation points

X™ fa=cos M 012 L, (29)
2(L+1)
we obtain
iCZJ {—7[(' +1)UI (X(m) /a)9222 + i EZ(X(m),(f) laz —§2U|(§/a)d§:| :_@1 m=0,1,..., L,
(30)
where
E2 (X(m)’g) — p2*22 (X(m),f) 9222 (31)

(&—x™)*
It is clear that there is a weak singularity O(Inr) in E,(x,<), thus a coordinate transformation
is required to cancel the weak singularity with &'= \/éTx Therefore, Eq.(30) provides a set of
linear algebraic equations to determine L +1 unknown coefficients c,,. From the definition of
stress intensity factor at the crack tip, we have

E(za)h*Vr jim V2(£8)
48\/5 r—0 \/F '

in which E(#a) indicates Young's modulus at the crack tips. Considering Eq.(25), we can

KP(+a) = (32)

obtain the stress intensity factors directly with the slope discontinuity y, by

ki) =I5 e b e, (33)

where U, (+1) =1+1 and U, (-1) = (-1)' (I +1) . Considering the twist moment and shear force in

Eq.(24), the integral kernels of hyper and strong singularities from Eq.(24) are obtained

-10 -
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R = 9209 Jad) g ) (34)

where E, (x,&) is of weak singularity of O(Inr). Therefore, the coupled integral equations are

written as

>a, {—ﬂa FU, (K 2) G T, (7 12) 4 | By (X7, a7 EU, (¢ 2 a:}

e, {—:z(l DU, (47 12) g — 7T, (X7 1 2) F + | EX™, )2 -7, (éla)dé}

T (y(M)
_ T m=0,1..L
D

(35)

ZL:CM {—ﬁ(l DU, (X" 18) G5, — 2T, (X7 /@) Ty + T E,,(x™,&)ya* -&°U, (S /a)d 5}

L a
+2Cs) {—z(l FDU, (X1 8) Gy — 2T, 1 (X 1) Ty + [ Egg(x™, £)yJa% - 20, (¢ /2)d f}
1=0 ‘a
A (x™
_ Q) m=01..L
D
(36)
Similarly to mode I, the mixed mode fractures under twisting moment and shear force can be

solved numerically. The mixed mode stress intensity factors are obtained by

Kﬁ(ia)—E(+a)h3i U ) ma 37)
and
Kﬁ.(ia)—if((l a)hzo U, (). (38)

It is worth noting that the singular stresses vary along the thickness of the plate (coordinate

X;). The stress intensity factors above can be related to the stress intensity factors through the

following relationships:

KI 12)(3 Kb Ku :12)(3 Klt:’ Km :i 1-| — 2X Kﬁl (39)
h® h

h® 2h

-11 -
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Example 1. Embedded crack under various loads

We assume that a crack embedded in an infinite homogenous plate is subjected to uniform

bending moment M, twist moment T, and shear force Q,, respectively. Firstly, the uniform
bending moment M, is considered and the numerical results of normalized stress intensity

factor K /M +/za is shown in Figure 2 versus the normalized plate thickness A,(= h/\/l_Oa).

The maximum number of the Chebyshev polynomials is only one free parameter L in the

numerical computational process. The convergence of the numerical result is shown in Table 1.
The solution from the handbook [41] gives Kf;/MO\/E:O.?Q. The relative error is less than
0.5% when the maximum number L>3. For the constant twisting moment T, acting on the
crack surface, the normalized stress intensity factors K!/T,«/za and Ky, @+v)A,a

IT,Nza versus the parameter A, are shown in Figure 3(a) and (b) respectively, with the

maximum number of the Chebyshev polynomials L =10. Finally, consider a constant shear

force Q, on the crack surfaces, the normalized stress intensity factors K /Q,avza and K},

(1+v)4,/Q,~/7a are presented in Figure 4(a) and (b) respectively.

Table 1. Convergence observation when 4,=0.5,v =0.25.

L 0 1 2 3 4
K} /M, /7a 0.6723 0.7746  0.7931 0.7940 0.7940

-12 -
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Figure 2. Normalized stress resultant intensity factor K /M +/za under a bending moment

M,.
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Figure 3. Normalized stress resultant intensity factors under a twist moment T, : (a) K} /T,v/7a ;
(b) Ko, @+v)alTN7a .
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Figure 4. Normalized stress resultant intensity factor under a shear force Q, : (a)

K> /Qavra; (b) KB (@+v)A,/Qra .

4. Hybrid method for crack in FGM plate

Simple examples in chapter 3 have shown the accuracy obtained for the stress intensity
factors by DDM with the Chebyshev polynomials in homogeneous body. However, that
approach is not applicable to the continuously non-homogenous media due to the absence of
explicit expressions of fundamental solutions (integral kernels). It is known that the crack tip
behaviour in continuously non-homogeneous media has the same characteristics as in
homogeneous ones with the only need to take into account the material coefficients at the crack
tip [42]. In order to utilize the DDM formulation with the Chebyshev polynomials, also in the
case of FGM, the general solutions of the displacements in non-homogeneous media are

decomposed into two parts, as follows

Wo=w +w", (40)

-15-
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where the superscripts "*" and "m" represent the solutions given by the DDM (described in
chapter 3) and the meshless methods, respectively. Then, the bending and twisting moments,

and shear forces become

Maﬂ:M;ﬂ+Mg‘ﬂ, Qa:Q;+Q;“. (41)
in which M_,, Q, and M7, , Q are defined by (1) with replacing w; by w;" and w",
respectively, and taking D(x) = E(x)h®/12(1-v?*), C(x) = D(X)(1—v)A*/2. Then, according

to Eq. (5), the solutions for homogeneous plate M_,, Q, satisfy the equations

M* Q

D| —£| -Q.=0. C| = "=0 42
B a0 o[ v (520

B @
Furthermore, the governing Egs. (3) yield
M M

D,—%+D|—£| -Q,=0, ca&w(&j +0=0. (42b)

7 D D), “C cC ),

Hence and from (41)-(42), assuming q" =0, one obtains

M M™ Q QU
D,—“2+D|—%| -Q"=0, C =e4C|=3«| 4+g=0 42¢
7D (D]ﬂQ“ “ C c’aq (42c)

or in view of (41) and the definitions of M, Q, and M7, Q7 these equations become

(1—V)DW2”B/;’ . (1+V)DW;,aﬁ —C(W;n +W;a)+%('v|;ﬁ + M;n/;)=0

2 2 (43)
m m Da * m
C(w), +w3ﬁﬁ)+F'(Qa +Q)+q=0

where we have utilized the relationshipC ,(x)/C(x) = D, (x)/ D(x) . Applying the governing
equations (43) to the problem with a straight crack in infinite medium and making use of the
integral representation of the bending stress-couples M. (x) and shear stress-resultants
Q. (x)according to Egs (15) and (16), using the Chebyshev polynomials for approximation of
displacement discontinuities y, (&) by (25), one can re-cast the governing equations (43) into

the form

-16 -



Hybrid meshless/displacement discontinuity method for FGM Reissner’s plate with cracks Zheng, Sladek, Sladek, Wang, Wen

D, ()
D(x)

0,003 j (G E)G A U (HdE=0  (44)

1=0 _3

) D(())Q (X)+D (X)IZJR.’)QK(X f)C“Va U (§)d§+q 0

Two kinds of boundary conditions are considered as follows

OO 0, (0 + W, (= COO (W2 00 0, (9 + =2 M2, (00 -

CX) (W), +Wg'

(1) Displacement boundary condition on T, :

w, +w' =W, (x) , (k=123), xel,, (45)
where W, indicate the slopes and deflection specified on the displacement boundary T,

(2) Traction boundary condition on I, :

(M, +M7)n, =p,(x) and (Q,+Q))n, =p,(x), xel,, (46)
where P, are the moments and shear force specified on the traction boundary I", . The integrals
in Eq. (44) are regular as the integral kernels are regular as long as x¢T'; . However, when the
source point is located on the crack surface, i.e. xeI',, the traction boundary conditions

become

e, {—ﬂ(' +1)U, (x/ )G,y + j E, (x, Oa’ =&, (g/a)dg} M{Z)(X) _

1=0

(47)

M)
D

ZL:Cl,I {_”(I +DU, (X, /)Gy — 7T, (X, /@) iy + jl SHCRTIN a’ _§2U| (éla)dé{|

+ZL:C3,| {_”(I +DU, (X @)g,ps — 7T, (X1 @) Fipg + j} Ei(X, & a’ _§2U| (éla)dé} (48)

M3(x) _ T(x)
D D'

ZL:CLl {_”(I +DU, (X, /@) ggp, — 7T (X, /) fypy + T ESl(Xm’éZ)'\j a’ _§2U| (é:/a)dg}
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+ZL:C3,| —(1+DU, (X/ @)y — 7T, (X/ @) fypy + ]l Eg(X, ) a’ _§2U|(§/a)dég}

LMW Q)
D D
Thus, the task is to solve the boundary value problem for the partial differential equations with

(49)

variable coefficients, in order to get “meshless” displacements.

5. Meshless approaches for FGMs

Two meshless approaches will be presented: (i) the Point Collocation Method as a strong
meshless formulation of the boundary value problem; (ii) MLPG (Meshless Local Petrov-
Galerkin method) as a local weak formulation. In both approaches, we employ the polynomial
interpolation of “meshless” field variables within a finite block, using the standard Lagrange
finite elements [43-45].

5.1. Hybrid MDDM with Point Collocation Method (PCM)
Considering a block shown in Figure 5, we have a quadratic block with area Q in physical
domain mapped into a square in the intrinsic space, by using quadratic shape functions with 8

seeds. Then the coordinate transform (mapping) can be written as
S k
=2 N ()% (50)
k=1

where N, (77,,7,) is the shape function, (x*,x{)) are the coordinates of the seed k. For the first

order partial differentials of function f(x;, x,) , one has

6f 6f
) ) 51
5X1 J [ﬂn 1812 zj 5)(2 (ﬂm ﬂzz 772} (51)
where
OX OX %) %)
ﬂn = _2’ﬂ12 = __Z'ﬂzl = __Xl’ﬂzz = _Xla J= ﬂzzﬂn _1821:812 . (52)
on, on, on, on,

Consider a set of two dimensional uniformly distributed nodes shown in Figure 5(a),
70 =1+ 2(i-)/(L, -1, i=12,..,L and ¥ =-1+2(j -1 /(L,~1), j=12,..,L,, in which

and L, are the number of nodes distributed along 7, and 7, axes respectively. The number
2 1 2
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of nodes in total is L, =L, xL,. To interpolate any continuous function f (x, X,)with Lagrange

series, one has

L L L (m) L, (n)
S A (-m) v e —m7) e
Fx) =Y D T2 [ [e—2en T, (53)
W)= Ll na (" =n™) wa (70 - 1)
m=l n#j

where the superscript (ij ) indicates the global number of node ij =(j—1)L, +i. Then, the first

order partial differential is determined easily by

o _1&&[ ) oFm) 66,1)7 . 4
S =20 B TG () + BaF () T £, 54
OX, ‘]IZ=1:J2=1:|: ' on, e ’ ' on, .
12
4 17 3
0 o

(a) (b)
Figure 5. Mapping and node distribution: (a) physical quadratic block; (b) square domain

in intrinsic space with 8 seeds. o mapping seeds; o node.

where S, and J are given in Eq.(52). Changing f® with (of /ox, )(ij) in Eq.(54), any higher
order partial differentials at collocation points can be obtained in terms of the nodal values of
function f . Substituting those first order and second order partial derivatives into the governing
equations in Eqgs (44, 47, 48, 49) and boundary conditions, we obtain the linear algebraic
equations with unknown nodal slopes w®, deflection w{", and coefficients c,,. By solving
those linear algebraic equations, we receive all unknown coefficients and displacements in the

analyzed domain, which can be used to determine mixed modes stress intensity factors from
Egs (33), (37) and (38) respectively.

-19-



Hybrid meshless/displacement discontinuity method for FGM Reissner’s plate with cracks Zheng, Sladek, Sladek, Wang, Wen

3.3. Hybrid MDDM with MLPG

Consider a flat FGM plate with the neutral plane of the plate x, =0, on which the normal

bending stress is zero and the governing equations (3) can be written in weak form as

j(MW—Qa)adgzo, [(Q..+a)ude=0, (55)
Ql al
where U is a test function, which is different from zero in the local integral domain. By the

divergence theorem, Eq. (55) can be rewritten as

j M,,n,adl - [[M,,0, +Qd i@ =0, [Q,nadr - [[Q.u,+qd Q=0 (56)
r ol r! ol

s

where n_ is the component of normal outward to the boundary T} of the local integral domain

Q.. The simplest choice of the test function is selected as a unit step function in the local

integral domain as follows

1 atxeQ)
u(x)= . 57
*) {0 atx g Q. &

Then, the governing equations in Eg. (56) become

[M,n,dr-[Qda=0, [Q.ndr-[qda=0. (58)
r o r ol
Considering the identity
(X,Qp) 5 =Qu +X,Qp.5 (59)
and governing equation (3), we have
Q, =(x,Qp) ,+X,0. (60).
Then, we obtained the domain integral
andQ:JxaQﬁnﬂdDL j X,qdQ. (61)
(o) T (o)
Therefore, the integration in Eq. (58) can be simplified as
[(M,,=x,Q,)n,dr - [ ax,dQ=0. (62)
r al

If the pressure load is constant, i.e. q=gq,, we have
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j( ~X,Q, )n,dT = q,x 0}, (63)

1—~|

[Q.n.dr=g,Ql, (64)
Fi

in which (X, x{") indicates the centroid of the local integral domain Q.. It is worth to point

out that the stress resultants M_, and Q, are given by Eq. (41) with M_,, Q; being known

af !

from the DDM formulation with the Chebyshev polynomials, while

M;“ﬂ:(l_v)D(waﬂ+wa+ 2w s j
2 1-v

B vy ap (65)
Q =C(w) +w, ),

where the bending stiffness D=D(x) for non-homogenous media and displacements

(W, wy',wg') are approximated by the Lagrange series interpolation from Eq.(53) in terms of

the nodal values.

For the sake of simplicity, the local integral domain is selected as a circle of radius r,
centered at (7”,7{") which corresponds to the point x”in the physical domain, where r, is
free parameter in MLPG. A point on the local integral boundary S'(;,7,) shown in Figure 6,
IS

7. =n"+rn, , n,=05,0080+8,,5in0 (66)

o H

and its coordinates in the physical domain are
8
= N )X . (67)
k=1

Apparently, the different segments of global coordinates

dx? —rdez ~ N Ging+ MNigosg x* =g, ,n3)r,dé,
oy on, (68)

dx; —rdBZ( “sing+ '6(5’77) COS@]XS() = 0,0, m;)r,d0,
n

correspond to differentials dnS=7,r,d@ along the circle T'! with tangent vector

=—0,,5In6+0,,cosd . Thus, the integration segment is
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(a) (b)
Figure 6. Local integral domain and its boundary: (a) circle in normalized coordinate; (b)

physical local integral domain.

ds = /(d)? +(dx})? =4/(g,)* +(g,)*r,do="dg (69)

and the tangential at point S(x;, x;) on the boundary

ty =X, ((d0) =0, /9, 9=1(01)+(g,)° (70)

Therefore, the components of the normal outward to the boundary in Eqs (63), (64) are given as
n=t,n=- (71)

Finally, the weak form of the governing equations, Egs (63), (64), can be written as

27 27

[[M,+M7,—x, (Q+Q)) [n,9'do=qxQ!, [(Q+Q)n,d'do =g, (72)
0

0

in which the bending stiffness D is variable along the boundary T". . Considering Egs (15), (16)

for DDM and Eg. (65) for M;‘ﬂ, Q" together with meshless polynomial interpolation, we

obtained the linear algebraic equations from Eqg. (72) in terms of the coefficients of the
Chebyshev polynomials and nodal displacements. The meshless approach is applicable also to
the homogeneous plate. Then, the fundamental solutions of the moments and shear forces in Eq.

(72) disappear and the weak form governing equations become

T(M;"ﬂ -x,Qp )n,J'd6 =X, QL TQ;“naJ 'dd = q,Q! (73)

0 0
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where M7, and Q7' represent now the whole bending stress-couples and shear stress-resultants

respectively. Because all integral functions in Eqs (72) and (73) are regular in the domain
except the crack surface, hence, any standard integral algorithm is valid. To employ the MLPG,

the main advantage is that the first order partial derivatives of displacement w, , are required

only in Egs (72) and (73) in the computation process for homogenous and non-homogenous

materials.

6. Numerical examples

In order to demonstrate the efficiency and accuracy of the hybrid MDDM with either PCM
or MLPG, a rectangular plate of 2H x2W containing a central crack of length 2a and a
rectangular plate of 2H xW containing an edge crack of length a are under investigation. Both
homogenous and non-homogenous materials are considered. Without specifications in each

example, the default values are listed in Table 2. Nodal distributions in the normalized square

domain —-1<(n, ,7,) <1 are chosen as

(i-Dr
(L-1)

, i=12,...,L and néj)zcos(J_l)ﬁ i=12,..,L,, (74)

0 = cos =
L (L-1)

and the dimensionless radius of the local integral domain in MLPG r, is chosen as 1/4(L, -1).

The numerical results show that the selection of the radius r; has very limited influence.

Table 2. Default setting

E, 1 Young's modulus

v 0.3 Poisson Ratio

h/a 0.2 Normalized thickness
H/a 2 Normalized height
W/a 2 Normalized width

N, 10 Chebyshev number

L 20 Node number

L, 20 Node number
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Example 2. A simply supported square plate with a centre crack

A simply supported square plate with a center crack of length 2a, height 2H and width 2wW
subjected to a uniformly distributed pressure load g, is considered first, as shown in Figure 7.
Three different ratios of width and thickness are considered, i.e. W/h=2, 6 and 10. This
simplified panel in homogenous media was observed by Sosa and Eishen [42] and Dirgantara
[11]. Figure 8 shows the normalized bending stress resultant intensity factors against the
normalized crack length a/W . As it can be seen, the results by hybrid MDDM (MLPG) are in
excellent agreement with those presented by Sosa and Eischen [42]. In addition, the difference
between the results by the hybrid MDDM (PCM) and the dual BEM reported by Dirgantara [10]
is very small. To show the convergence and accuracy of the hybrid MDDM, the values of the

normalized bending stress resultant intensity factors for nodal density (L,) when W /h =2 and
a/W =0.5 are found in Table 3. From Table 4, it is seen that, when L, =L, >5, the difference

between the results of the PCM and MLPG is about 0.1 percent. Furthermore, we noticed that

there is no difference between those results with different values of radius r, shown in Table 4.

X1

(@) (b)
Figure 7. Simply supported square plate with center crack: (a) horizontal crack; (b) slant

crack.
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Table 3. Normalized SIF K} /(q,W?~/za)

L,L, PCM  MLPG

55 01174 0.1138
11,11 01153 0.1116
1515 0.1143  0.1116

0.20
------ MDDM (PCM)
016 1 — _ MDDM (MLPG)
=
R
~ 0.12 A
2
s
Z 0087 Wih=2 [12]
W/ih=6 [12]
bou ] 0 W/h=10 [12]
0.00 T T . T
0.0 0.2 0.4 06 0.8 1.0

al/W

Figure 8. Normalized stress resultant intensity factor K/qW?</7za under uniform
pressure load d,.

Table 4. Convergence investigation with local integral size

r, /(0.1a) 05 025 0125 0.0625
K’ /(qW?/za) 01116 0.1116 01116 0.1116

Example 3. A square FGM plate with a centre crack

The same configuration of the plate with a uniform pressure load g, as in Example 2, but

non-homogenous media is being investigated now. Firstly, we consider a square plate with
either four simply supported edges or clamped edges with normalized thickness h/a=1/3 and

width W/a=2. Young’s modulus is graded horizontally as E=E,f(x), where f(x)=1+
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(o, —1)x?IW?, o, =E,/E,and E, =E (x =W). The values of the normalized stress resultant
intensity factors for various ratios ¢, with different supports are given by the curves in Figures

9 and 10 respectively. In order to compare other numerical methods, the finite block method
developed by Wen et al [36,37] is considered as reference. Due to the symmetry of the problem,
a quarter plate is modeled with two blocks only. The COD technique and Singular Stress
Method (SSM) are employed to calculate the stress resultant intensity factors. A good

agreement can be observed between those approaches.

0.14
0.12
0.10
<
R
~ 0.08
o
=
S
= 0.06 -
oz —— MDDM(PCM)
X
ooa 4 MDDM (MLPG)
FBM (COD)
0.02 o  FBM(SSM)
0.00 . . :
0 1 2 3 4
al

Figure 9. Normalized stress resultant intensity factors K} /(qW°vza) for a simply
supported plate subjected to uniform pressure load with ¢, by different approaches: MDDM

(PCM): hybrid MDDM and point collocation; MDDM (MLPG): hybrid MDDM and meshless
local Petro-Galerkin; FBM (COD): crack opening displacement; FBM (SSM): singular stress

method.
Secondly, we consider Young’s modulus varying with E = E;f (X, X,), where f(x,X,)=
euh/Arbelal o —In(E, /E,) and a, =In(E, /E,) , E, =E(x =W,x,=0) , E, =E(x =0,

X, =H) and thickness h/a= 0.24/10 . Normalized stress resultant intensity factors are given by
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the curves in Figures 11(a) and 11(b) respectively, versus the ratios ¢, and «, and different

constraints. The comparisons with the finite block method using COD are shown in the same

figures and the average relative error is in 3%.

0.06
0.05 -
— 004 A
l;) -
S
N ]
= 003 -
U -
N
a~ O
> ]
0.02 A MDDM(PCM)
] MDDM (MLPG)
0.01 - A FBM (COD)
o  FBM (SSM)
0 -
0 1 2 3 4

o
Figure 10. Normalized stress resultant intensity factors K} /(q,W?~/za) for a clamped plate

subjected to uniform pressure load with g, by different approaches.

Finally, a square plate with a slant center crack is analyzed. Young’s modulus is graded as
E = E,e“"'* where o, =In(E,, / E,) and thickness h/a=0.24/10 and W /a = 2. The variation

of the normalized stress resultant intensity factors by the hybrid MDDM (MLPG) is shown in
Figures 12(a) and 12(b) against the slant angle € and ¢, . In addition, we noticed that the

absolute values of mode Il and mode Il stress resultant intensity factors are too small to be

presented.
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—— MDDM (PCM)
------ MDDM (MLPG)

a, =1 (FBM)
a,=0 (FBM)
a,=1 (FBM)

o o =-1(FBM)
o a=0 (FBM)
A o =1 (FBM)

K\/(goW? ¥ 73)

T2 T —
| 1 —— MDDM (PCM)

001 9 _____. ~MDDM (MLPG)
- (b)

-10 -08 -06 -04 -02 00 0.2 0.4 0.6 0.8 1.0

Figure 11. Normalized stress resultant intensity factor K /qW?’«za subjected to uniform

pressure load: (a) simply supported edges; (b) clamped edges.
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0.14
| - =02
0.13 O -0 =0.5
P, =
1 A —A— 1
012 1 A
~ A A
g < g
~> b, (]
N
= 011 A X L X
(=) =~
O P
£ —— —~%
X 010 A =
C O O o)
T -
0.09 - 5 — =5
C
€Y
0.08 . . . . . . . : : : : |
0 15 30 45 60 75 90
0
0.05
0.045
©
R
-
N
= 004
(=]
O
N
a-
Y
0.035
(b)
0.03 . . . . . . . . : :
0 15 30 45 60 75 90

0
Figure 12. Normalized stress resultant intensity factor K /qW°+/za with slant centre crack

subjected to uniform pressure load: (a) simply supported edges; (b) clamped edges.
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Example 4. A rectangular FGM plate with an edge crack

Consider a rectangular plate of width W and height 2H containing an edge crack of length a
under uniform pressure load q,, as shown in Figure 13, and ratios H/W =1, h/W =0.1.
Young’s modulus is graded as E = E,f(x,), where f(x)=e"*"" o =In(E, /E,) and E, =E
(x, =W). We have the results of the normalized stress resultant intensity factors by MDDM
(MLPG) shown in Figure 14 against the crack length a/W and material parameter ¢, . Again,

the results by the finite block method are presented in Figure 15 for comparison. Seeing from
Figure 15, we found that the results by MDDM (MLPG) and FBM are in a good agreement with
two blocks used in FBM. The error is bigger if the crack length is too small (a/W <0.1) or is
too large (a/W >0.9).

Figure 13. Rectangular plate with edge crack.
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0.025
0.020 -
_ |
g
5 0015 4
o
;o |
O
N
3~ 0010 -
Nz
0.005 -
0.000 : : : : : : : :
0.0 0.2 0.4 0.6 0.8 1.0
al/W

Figure 14. Normalized stress resultant intensity factor KP/qW?«/za with four simply

supported edges.

0.020
0.016 -
- |
R 0012 A
S
N
; i
o
=
S~ 0.008 A —— MDDM (MLPG) O
Y
h O FBM
0.004 -
0.000 . . . : : : : :
0.0 0.2 0.4 0.6 0.8 1.0
a/Ww

Figure 15. Comparison with the results by FBM when ¢, =0.25.
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7. Conclusion

A hybrid meshless displacement discontinuity method is formulated to the bending of the
FGM Reissner's plate with cracks in this paper. It is the first attempt to solve the crack problems
in the continuous non-homogeneous plate structures. The key point is that the fundamental
solution for a homogenous body is employed to generate the displacement discontinuity on the
crack surface. In the MLPG, a unit step function is utilized as the test function in the local
weak-form of governing equations with Lagrange polynomials interpolation. The advantages of
the boundary element method and meshless approaches are inherited in the hybrid MDDM, to
deal with the fracture problems. By introducing the Chebyshev polynomials in the hyper-
singular integral equations, the analytical solution of the stress intensity factors can be obtained
with high accuracy. Several numerical examples demonstrate the accuracy and efficiency of the
present hybrid meshless displacement discontinuity method via tests in the case of
homogeneous media. The following is the summary of the hybrid meshless displacement
discontinuity method applied to Reissner’s plate(1) The fundamental solutions found in the case

of homogenous media are useful also for non-homogenous media;

(2) Highly accurate solution can be obtained by the meshless approaches, as all components of

stress and displacement are continuous on the interface between each two blocks;

(3) Numerical solutions exhibit convergence with increasing the number of the Chebyshev
polynomials in DDM as well as the node density used by MLPG;

(4) Crack propagations can be solved easily without re-meshing.
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