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Abstract

Oluyede et al. (2016) and Mdlongwa et al. (2017) consider the continuous univariate distributions called
Dagum-Poisson (DP) and Burr XII Modified Weibull (BXIIMW), respectively, and study certain properties and
applications of these distributions. Shahid and Raheel (2019) and Para and Jan (2019) proposed the univariate discrete
distributions called Discrete Modified Inverse Rayleigh (DMIR) and Discrete Generalized Inverse Weibull (DGIW) and
study some of their mathematical properties. The present short note is intended to

complete, in some way, the works cited above via establishing certain characterizations of these distributions in
different directions.

1. Introduction

Characterizations of distributions is an important research area which has recently attracted the attention of many
researchers. This short note deals with various characterizations of DP, BXIIMW, DMIR and DGIW distributions to
complete, in some way, the works cited above. These characterizations are based on: (i) a simple relationship between
two truncated moments; (ii) the hazard function and (iii) conditional expectation of a function of the random variable,
for DP and BXIIMW. It should be mentioned that for characterization (i) the cdf (cumulative distribution function) is
not required to have a closed form. As for the DMIR and DGIW, certain characterizations of these distributions are
presented based on: different form of (iii) which we call it (iii") and (iv) the reverse hazard function. Oluyede et al.
(2016) introduced the DP distribution with cdf and pdf (probability density function) given, respectively, by

1—exp(9[1+ zx-y]’”)

1-¢?

F(x4.7.8,0)= , x>0, )

and

BAyOX (1+ AX7 )_ﬂ_1 exp (9[1+ AX7 ]71} )

e’ -1

f(x4,7,8,0)= , x>0, (2)

where 4,7, 8,0 are all positive parameters.
Mdlongwa et al. (2017) proposed the BXIIMW distribution with cdf, pdf and hazard function given, respectively, by

F(xcka B A)=1-(1+x) ‘e, x>0, @3)

f(xcka B4)=(1+ x°)7k71 e e {kcx°’1+(l+ xc)ax/”le"x(ﬂ+/1x)}, x>0, (4)
and

kex*™ +(1+ x°)ocx’“e‘X (B+Ax)

he (x;¢.k,a, 8,4) = (1+x°)

, x>0, (5)

where ¢, K, &, B all positive and A > 0 are parameters.
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Shahid and Raheel (2019) introduced the DMIR distribution with cdf, pmf (probability mass function) and reverse
hazard function given, respectively, by

F(xa60)=¢ o , xeN, (6)
f(xa0)=e"* g —efﬁfﬁ(“) : xeN, @)

and

, xeN, (8)

where a,fare positive parameters and |y is the set of all positive integers.

Remark 1: Shahid and Raheel's definition of pmf results in f (0;c,0) =€, but F(0;cr,8)=0. The corrected
versions are given above.

Para and Jan (2019) proposed the DGIW distribution with cdf, pmf and reverse hazard function given, respectively, by

F(xaB)=q [X/il)n xeN =NuU{0}, (9)
f(xaB)=q (ﬁlf —q@n, xeN =NuU{0}, (10)

and

; x N (12)

where &, 3 are positive parameters.

2. Characterizations of DP and BXIIMW Distributions
We present our characterizations (i)-(iii) in three subsections.
2.1 Characterizations Based on Two Truncated Moments

In this subsection we present characterizations of DP and BXIIMW distributions in terms of a simple relationship
between two truncated moments. The first characterization result employs a theorem due to Gl&nzel (1987); see
Theorem 2.1.1 below. Note that the result holds also when the interval H is not closed. Moreover, as mentioned above,
it could be also applied when the cdf F does not have a closed form. As shown in Gl&nzel (1990), this characterization is
stable in the sense of weak convergence.

Theorem 2.1.1. Let (¢, F, P) be a given probability space and let H = [d; €] be an interval for some d<e
d = —o0: e — oo Might as well be allowed). Let X: ¢y _y 4 be a continuous random variable with the distribution
f( nction F and let g and p be two real functions defined on H such that

E(g(X)IX =x)=E(h(X)|X =x)&(x), xeH,

is defined with some real function & . Assume thatg, heC'(H), £eC?(H)and F is twice continuously differentiable and
strictly monotone function on the set H. Finally, assume that the equation &h = g has no real solution in the interior of
H. Then F is uniquely determined by the functions g, h and &, particularly

X h ) |ex =S(u u
(9=l ] ")
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/
where the function s(u) is a solution of the differential equations’ = E_h and C is the normalization constant, such
¢h-g

that [dF =1.
l
Proposition 2.1.1. Let X: Q—(0,0) be a continuous random variable and let h(X)=exp(—9[1+/1X”]fﬁ) and

g(x)=h(x)[1+4x7]" for x > 0.. The random variable X has pdf (2) if and only if the function& defined in Theorem
2.1.1 is of the form

§(X)=%{1+(1+ﬂx‘y)fﬂ}, x> 0.

Proof. Let X be a random variable with pdf (2), then

1= F (X)) E(h(X)[ X = x)= —~{1-(1+ ax7) "}, x>0,

(1-F () E(M(X) 1 X =) = f1-(L+2x7)
and

1 L, \28

(l—F(x))E(g(X)|X2x)=m{l—(l+ﬂ,x/) } x>0,

and finally

E(x)h(x)-g(x) :%h(x){l—(l+;tx‘y)fﬂ} >0, for x> 0.

Conversely, if & is given as above, then

x>0,

s'(x) = &' (x)h(x) zyﬁﬂx*’*(lwxw)‘”‘l
E0ONC-9(x)  1-(1eax7)”

and hence
s(x)=-log {1—(1+ AX7 )%}, x> 0.

Now, in view of Theorem 2.1.1, X has density (2).

Corollary 2.1.1. Let X: Q2 —(0,90) be a continuous random variable and let h(x) be as in Proposition 2.1.1. The pdf
of X'is (2) if and only if there exist functions g and & defined in Theorem 2.1.1 satisfying the differential equation

EN(x)h(x) _ YBAXT (1+ix,y )—/H
E(x)h(x)—g(x) 1—(1+lx‘7)_ﬁ

The general solution of the differential equation in Corollary 2.1.1 is

E(x)={1-(1+2x7)” }71 | ~famx (1 2x7) 7 (h(x) 9 (x)+ D,

where D is a constant. We like to point out that one set of functions satisfying the above differential equation is given in
Proposition 2.1.1 with D=1/2. However, it should be also noted that there are other triplets (h,g,<)satisfying the
conditions of Theorem 2.1.1.

, x> 0.

Proposition 2.1.2. Let X: €2 —>(0,%0) be a continuous random variable and leth(x)=1and g(x)=(1+x° )_k g e
for x > 0.. The random variable X has pdf (4) if and only if the function & defined in Theorem 2.1.1 has the form

—k

1 B aAX
X)==(1+x°) e™™* x> 0.
£(x)=5(1+x) >
Proof. Let X be a random variable with pdf (4), then

—k

1-F(X))E(h(X)IX =x)=(1+x) e“*", x>0,
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and

(1-F(x))E(g(X)| X 2x)= %(1+ x°) e x>0,
and finally

é‘(x)h(x)—g(x)z—%(u x°) ‘e’ <0, for x>0.

Conversely, if & is given as above, then

(oS0 _KxTr(ex)ax e (prax)

E(x)h(x)-g(x) (1+x°)

Now, in view of Theorem 2.1.1, X has density (4).

Corollary 2.1.2. Let X: 2 —>(0,=0) be a continuous random variable and leth(x) be as in Proposition 2.1.2. The pdf of
X is (4) if and only if there exist functions 9 and & defined in Theorem 2.1.1 satisfying the differential equation

£(h(x) kX +(1+ X Jax” e (B + Ax)
£09h()-9(%) Lx)

The general solution of the differential equation in Corollary 2.1.2 is

, x> 0.

[k + (14 x° ) e (B4 Ax)} (14 x7) e
g(x):(l_'_xc)eax/}lx .[{ _1( ) ( )}( ) ,
x(h(x)) g(x)dx+D
where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 2.1.2
with D = 0. However, it should be also noted that there are other triplets (h, g,é) satisfying the conditions of Theorem
2.1.1.

2.2 Characterization Based on Hazard Function

It is known that the hazard function, h: , of a twice differentiable distribution function, F , satisfies the first order
differential equation

f/(x) hi(x
() _P()
) he(x)
For many univariate continuous distributions, this is the only characterization available in terms of the hazard function.

The following proposition establishes a characterization of BXIIMW distribution in terms of the hazard function, which
is not of the above trivial form.

Proposition 2.2.1. Let X: € —>(0,%0)be a continuous random variable. The pdf of X is (4) if and only if its hazard
function h; () satisfies the differential equation

%m (x)= (1+ X )71 %(kcxc’1 +(1+ X )ozxﬂ’le‘x (ﬁ+/1x)), x>0,
with the initial condition h. (0)=0forc>0and /> 0.

Proof. If X has pdf (4), then clearly the above differential equation holds. Now, if the differential equation holds, then

hi (x)+

%{(1+ x° ) he (x)} = &(kcxc‘1 +(1+x° ) ax” e (B + Ax)), x>0,
or

kex® ™ + (1+ x° )ozxﬁ’le‘X (B+2x)

L) X0

he (x) =
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which is the hazard function of the BXIIMW distribution.
2.3 Characterizations Based on Conditional Expectation

The following proposition has already appeared in Hamedani (2013), so we will just state it here which can be used to
characterize the BXIIMW distribution.

Proposition 2.3.1. Let X: Q—>Ea,b) be a continuous random variable with cdf F. Let y (X)be a differentiable
functionon (a,b)withlim . w(x).Thenfor & =1,

E[w (X)X 2x]=6w(x), x e(a,b),

if and only if
v (x)={1-F(x)l7 ", x(ab).

1 B k .. .
Remark 23.1. For (a,b)=(0,), y/(x):(1+x°)1e K and §=k—+1, Proposition 2.3.1 provides a

characterization of BXIIMW distribution. Of course there are other suitable functions than the one we mentioned above,

which is chosen for simplicity.
3. Characterizations of DMIR and DGIW Distributions

We present our characterizations (iii’) and (iv) in the following two subsections.

3.1 Characterizations Based on Conditional Expectation

Proposition 3.1.1. Let X: €2 — N be a random variable. The pmf of X is (7) if and only if
a 1Y a 1 ¥ a 12
E{[MXJ et } X< k}zeﬂ@ reN 1)
Proof. If X has pmf (7), then the left-hand side of (12) will be

(F (k))f1 Zk:{ezzw@z —eizﬁiw[ﬁjz ] [X < k} = ei%ig[g eiz%iw(%jz :ei%g[az , xeN.

x=1

Conversely, if (12) holds, then

i e-%—o(;j +e'é-0[ﬁj f(X) _ F(k)e_%_y(ﬂ ) (13)
From (12), we also have
Sl e | (2 e T F Z(R (- 1 () 7T s

Now, subtracting (14) from (13), we arrive at

From the last equality, we have
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which, in view of (8), implies that X has pmf (7).
Proposition 3.1.2. Let X: Q— N" be arandom variable. The pmf of X is (10) if and only if

E {[q[xﬁ“j + q[gj J| X < k} = q[%] —qf[éj - : keN" (15)

Proof. Is similar to that of Proposition 3.1.1 and hence is omitted.
3.2 Characterization Based on Reverse Hazard Function

Proposition 3.2.1. Let X: Q— N be a random variable. The pmf of X is (7) if and only if its reverse hazard function
satisfies the difference equation

f (k+1) -1 (k) =—— - : (16)

with the boundary condition 1. (1)=1.
Proof. If X has pmf (7), then clearly (16) holds. Now if (16) holds, then for every y - §j, we have

a 1 2 a 1 2

= 1 eﬂ*’(ﬁ) eT"(ﬂ
[ (k+2) =1 (K)]= Y i —— -1

“ k= e‘rg@ e‘m‘g(mj

or

which, in view of (8), implies that X has pmf (7).

Proposition 3.2.2. Let X: Q— N~ be a random variable. The pmf of X is (10) if and only if its reverse hazard function
satisfies the difference equation

i)
=)

G
)

q

e (k+1)—re (k)=
q q

with the boundary condition r (1)=1.

Proof. Is similar to that of Proposition 3.2.1 and hence is omitted.
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