A study of knot projections
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Chapter 1
Regular projections of the knot 69

BN RER 5 AT D knot (Figure 1 @ 0y, 3y, 44, 51, 52) DEZITDWN
T, Z®D knot 2HLY 5 % knot projection DEEGDRAILNABIKIZT X > TIRE
E’S?J/L’Cb\é ([12))s Sl 65 AYELD 5 % knot projection DEES % RIE L 7=
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Figure 1:

R3 12 S MDA E N/ E % knot £\ 5, knot % 2 ¥RITFEHIZST
5 U726 D% knot projection &\ 5, FDER, 3EMXREALLZVKDITT
%, VHIZHERE S %729 Z & T, knot projection % Bk _ETHK>, 22D
ALFEZERD (X, A) 225 (Y, B) ~NOERER f: (X, A) — (Y, B) BEHs
T, TOHELLHEHETHD L &, (X, A) & (V,B) FFEHETH L L0\, =
THKT, T ZTIEFEMIZEL DY knot ¥ knot projection % [A—f L. BEIXX
MLV DET 5,

Definition 1. ([12]) K % knot &9 %,

(1) K 23HLY 5 % knot projection KD EE%E PROJ(K) &7,

(2) K1, Ks 125\ T, PROJ(K,) 5 PROJ(K,) B DD L %, K, 13 K,
@D minor THd LWV, K| < Ky &7,

M % knot projection DEA LT 3, W(/\//\l) % M OEFEO LMD S
7% 54T ® knot projection DESH LT 5,

NN AN A A

H,S,0Q,T:, Z(2p1+1,2p2+1,2ps+1), R(2s,2t) % Figure 2 ® knot pro-
jection £ 9%, T = {T;| i : positive integer}, Z = {Z(2p;+1,2p2+1,2p3+
1)| p1,p2, ps : non-negative integers}, R = {R(2s,2t)| s,t : positive integers}
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Figure 2:

Theorem 1. /I\E %4 CD knot projection N5 REEHLT B,
PROJ(65) = K\W({H,S,Q}UTUZUR).

PROJ(65) \ZE& £ 172\ knot projection OHil& LT, Figure 3 73 5,

Figure 3:

K % knot projection &3 5, K&:ﬁ)ﬁ@i?@‘lﬁ%ﬁ?%iff@%ﬂéé\

TO knot 1572 5%8% KNOT(K) £%$., KNOT(M) = Up. g KNOT(K)
95,

K Z2TOknot 62585835, M % knot DESE LT BH, W(M)
= M DBEZRDHEFENN S B2 TD knot DEEL TS, T=KNOT(T),

-~

Z=KNOT(Z) £ § 3,



Corollary 1. K % knot £ 35, 6, < K THD7-HODBEF4354:1F
MK\ W({63, 815,819,820} UT U Z) DEHETHBZ L ThH 5,

Figure 4 @ hasse diagram 1%, ##72D N HIZH S knot ¥ EHIZH B knot
@D minor THHZ ERKDLLTWD

C@ CJ 2 Cz /U

Figure 4:



Chapter 2
A pre-order of chord diagrams

Z @ Chapter TlX, knot projection P &7,

M EIZAEBUE O SO E X 4, 2 537D chord THEIXN 2 D% chord
diagram &\ 9, knot projection Z. MEDIKEANDIZDAA L Liz& ED
HBRIZEWT, FA—DRMELD 2 DR Z 8L, chord diagram
BE 5N 5, chord diagram 12381} 5 pre-order % &7 L. knot projection
DEE DRHEAT T &2 47 - 72 ([11])s

Definition 2. P HIZEBEO Mz, 2 T OXTIZUTRELZHD %
chord diagram &\ \», CD &FK9, CD OME EDORT D 2 5il&, chord T
FESZ L1295, knot projection P DR miDHiff% chord THEIZ LIZL-
T. P ® chord diagram 23§54, CDp £3K9 (fl : Figure 5), CD %5
B9 5 knot projection WFAET 5 & &, CD ZEH{AIHE & FFI,

P CD,

Figure 5:

Definition 3. CDW, CD®) % chord diagram & 3 %, chord diagram C'Dp
28 ODW % &8 & 572 knot projection P £KDHEASA% PROJ(CDW) &
%3, PROJ(CD™W) > PROJ(CD®) A b roe %, CDE) & CDW
D minor T2 &\, CDW > CDB F72i% CDPB) < CDW KT,

Proposition 1. f£E® chord diagram CD IZBWT, PROJ(CD)#( T
H5,

Proposition 2. CD®W, CD®) % chord diagram & 3 5%,
(1) CDB) R CDW &HATHNIE, PROJ(CDW) > PROJ(CDW®) T

b}



»H5,
(2) CDB) REBIATRET, PROJ(CDW) > PROJ(CD®) ThiuX, CDP)
& CDW 2 H ATV,

Proposition 3. £T® chord diagram 2572 5%E5% ACD &KT, IRD
(1), (2) WO LD728, (ACD, <) & pre-ordered set 12725,

(1) CDYW < CD™ (the reflexive law)

(2) CDW < ODWB) 2D DB < CDO 75l CDW < CDO (the

transitive law)

Proposition 4. £ TDFHEIATEEZ chord diagram 72578 5% 5% ARCD
&% 9, Proposition 2 & D, Proposition 3 ® (1), (2) £iXD (3) ALY 37
D7®. (ARCD, <) % partially ordered set IZ72 %,

(3) DWW < OD®B ho> DB < ODW 751X CDW = CD® (the

antisymmetric law)
PROJ(CDW™)(X € {2,3a,3b}) IZ2WTIX, [9, 3] THEREINhTWS

%lal, PROJ(CD)Y € {4a,4b,4c,4d, de,4f}) 1IZDWT, IROFER%EE
7z (Figure 6 ZIf),

) ) 5

cp  cpBa)  p(3b)

D ) ) 9 O

CcD™a) cp“h)  cplte) cpUd)  cplte) CpAf)

Figure 6:

Theorem 2. CD“) | CDW) @ minor TH 5,

~

Theorem 3. P % prime knot projection &9 % (f, Z, R I Figure 2 %%
H0),
(1) CDp # CD®Y) %45k, CDUD) & FHm\\AS, P T (i >2) TH
%



(2) CDp 73 CDBY %&H, CDW) & CDU) & Fk\\Nes, Plx Z(2p +
1,2]92 + 1,2]93 + 1) TdH I

(3) CDp X CDBY &H/, OCDUD & CDUD % & F N85, Pk R(2s,2t)
Th s,

Theorem 4. CDp 7 CDU) &L 5, CDp 1 CDW, CDW) ¢ DM
DENDEDLRL LD 1DEL,

Proposition 5.
(1) CDp 7 CDGY) % &892 6, CDp & CDW F7-1x DU 25T,
(2) CDp A CDY) %2 &892 6, CDp ik DY) F7-1% CDU) 2ET,

Proposition 2 (1) & Theorem 1 & 0. Figure 7 ® Hasse diagram 731§
LNd, KD LMD chord diagram &, #ED FHID chord diagram @ minor
ThHhHIL2RLTWVWD,

chord diagram CDp % CDW % & & 5 7% prime knot projection P 4
KOEL% P-PROJ(CDW) K9, BLEX D, Figure 8, Figure 9 ® Venn
diagram MEoN s, ) IFZ=EETH 5,
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Figure 7:



P-PROJ(CDG)

P-PROJ(CDYY)  p_PROJ(CDUN)

@ P-PRO.J(CD")

{T3}(={Z(1,1,1)})

Figure 8:

P-PROJ(CDB)

P-PRO.J(CD") P-PRO.J(CD)

P-PRO.J(CD*9) P-PRO.J(CD"4)

Figure 9:

9




Chapter 3

Equivalence relations on knot projec-
tions

Z @ Chapter (&, Ito-Takimura-Taniyama [8]. Ito-Takimura [4, 5, 6, 7]
IZFEOWTEHE T 5,

knot projection {ZH W T, Figure 10 DFFIER ZEET 5,

o (Y g

Figure 10:

RI, RII %= X 51Z/fiH < strong RI, weak RI, strong RII, weak RII & L
T Figure 11 D XS IZEFET 5, mfflE. 2RAID /2R LTW5S

Figure 11:
N = {RI, strong RII, weak RI, strong RII, weak R} & L., M % N O

WREGELT D, M OBEREORAERIZ & > THEE SN2 FAEBEGREZ (M}
&7, strong/weak RI Z# £ & T RI £&KT, TNITDNT, ATDFER
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#1137z, DA%, knot projection % P ¥ 3KT,
* {RI, RIT} ([4])

Definition 4. RI, RIiZH W T, 1b, 2b % Figure 12 DX 5 IZE&KT 5, P
% 1b,2b T 1L 20 EETHRELZHEDE P 2 RT,

1b 2b
= =

Figure 12:

Theorem 5 ([4, Theorem 1]). P, & P, 2 RI, RITH D &5 72O DNHE
+a&ME, PP P THEHEZLTHS,

Corollary 2 ([4, Corollary 1]). P IZEWT, P iZ—EWIZE X 5,

#l 21X, Figure 13 12B8\WT P & P’ i {RI, RI} TIXFAMETIXZRW,

L&

Figure 13:

Theorem 5 & ARBEMNZFRRDFERD, Khovanov 2] IZX>THEZHNT
W5 5,

- {RI, strong RII}, {RI, weak RIT} ([6, 8])

Definition 5 (Hanaki [1, Theorem 13]). P IZBWT, {ROEZEFET
% (cf. Figure 6),
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tr(P) = min {CDp IZBWT ODO % 25 ETI— RERE L 5.

Theorem 6 ([8, Theorem 1]).

(1) RLIZBWT., tr(P) IEAETH 5,

(2) weak RILIZBWT, tr(P) IAZETH 5,

(3) strong RITWZHEWT, tr(P) IZARZED £2 24T 5,
FiiZ, {RI, weak RII} (ZBWT  tr(P) IEAETH 5,

Definition 6. Figure 14 O#fE% positive b3 25 & W5, P IZMEZDlF
positive b3 2 &, MEDMIFHIZL ST knot —EHWIZHFSNE, P %
positive {b U TS5 5 knot & KP5(P) &K,

positive \ positive (—‘
— — I
P (P)

pos

Figure 14:

Theorem 7 ([8, Section 3]). knot projection Py, P, #* {RI, weak RIl} T
FETH 57 51X, Kros(P) =2 K (Py)

Definition 7. CDp iZBWT, CD®, CDBY, CDBY) Oz ThZEh
X(P), H(P), T(P) &% (cf. Figure 6),

Theorem 8 ([8, Theorem 2]).

(1) RLIZBWT, X(P) BALETH 2,

(2) weak RILIZEWT, X (P) I& £ 1 £49 5,

(3) strong RIIZHWT, X(P) I& + 3 24T 5,

F#Z. {RI, strong RIT} IZ2HWT X (P) I mod 3 THAZETH B,

1
Theorem 9 ([6, Theorem 1.2]). A\(P) = I {3H(P)-3T(P)+ X(P)} &
T 5, ANP) IFEETH D, RI strong RIl THRZETH 5,
Theorem 10 ([8, Theorem 4]). P 7% Figure 15 @ (a), (b), (c), (d) ®W
(

THhEEET. P & P 2 {R], strong RII} THEZASIE, P IX P I (e),
(f) ZEBEEREFIL 25D TH 5,

12
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Figure 15:

- {RI, weak RIl, weak RII} ([7])

Theorem 11 ([7, Theorem 2]). P DR i# % ¢(P) £3K$, P D canonical
genus & g(P) &&XRL., W(P )—tr(P)—Zg( ) &9 5,

(1) W(P) & {RI, weak RIl, weak RIl} IZEWVWTAETHD, M TH5,
(2) W(P) I$ERERN (= B THREMEAS D 1,

(3) 0 < W(P) < ¢(P) — 1.

(4) W(P)=¢(P)—1THs& &, Pl Figure 15 D (e) TH 5,

Figure 16 ® P, IZEWT, ay, ay (3B a1 > ay >2 &95&, W(P) =

Gy —2 CTHD, P BT, by, by, by BAEL by > by >hy>12F 5L,
W(P) =by+b; —2 TH5,

Figure 16:
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