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For the new bivariate Gompertz distribution, the expression for probability density function
(pdf) of r'" order statistics and pdf of concomitant arising from r" order statistics are derived.
The properties of concomitant arising from the corresponding order statistics are used to
derive these results. The exact expression for moment generating function (mgf) of
concomitant of order r™" statistics is derived. Also, the mean of concomitant arising from
r'" order statistics is computed using the mgf of concomitant of r'" order statistics, and the
exact expression for joint density of concomitant of two non-adjacent order statistics are
derived.

Keywords: New bivariate Gompertz distribution, order statistics, concomitant of order
statistics, moment generating function

Introduction

In the theory of concomitant of order statistics by David (1973), the values assumed
by concomitant variable Y are corresponding to each value of variable X, arranged
in some specified order, from a bivariate population (X, Yi); i=1, 2,..., n.
Concomitant of order statistics finds frequent application in selection problems,
where decision of selection is based on the values of two random variables X and
Y. For, e.g., X may be the score of students in preliminary examination and Y may
be the corresponding score in final examination, X may be the height of an
individual and Y may be the body weight of same individual in a certain physical
examination test, etc.
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KUMAR ET AL

El-Sherpieny et al. (2013) discussed a new bivariate Gompertz distribution,
denoted by NBG(a1, a2, a3, ) which has Gompertz marginals. Univariate
Gompertz distribution with parameters «, A has the probability density function
(pdf) is as follows:

e

f(x,oz,}u)=05e’“e_’1 - a, A, x>0

1)

and the cumulative distribution function (cdf) of univariate Gompertz distribution
is given by

—g<e"x—l)

F(x,a,1)=1-¢ ()

Suppose Ui ~ G(ai, 4), i =1, 2, 3, are independently distributed. If we consider the
random variable X =min(Ug, Uz) and Y = min(Uz, Uz), then the random vector
(X, Y) shall follow NBG (a1, a2, a3, 1), a1, o2, a3, 2 > 0, with corresponding joint cdf
can be written as

F(xy); ifO<y<x
F(xy); ifO<x<y
F(xy); ify=x>0

F(x,y) (3)

where
R (X’ y) =1- _e_(%](ezx—l)ef%(eayfl) )
gt e 2
R (X’ Y) =1- e_(%j@“—l)

and the corresponding joint pdf can be obtained as
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f(xy); if0<y<x
f(xy)=4f,(xy); if0O<x<y
f(xy); ify=x>0

where

f(xy)=a,(a+a,)e”e” e’ * e’

f,(xy)=a(a,+a;)e"e” e+ e

fy (X, y) = a,e” {e[a J(e“‘l)}

(4)

Therefore, the marginal pdf and marginal cdf of X can be represented, respectively,

as

Thus, the conditional pdf of Y given X is as follows:

f.(ylx); if0O<y<x

f(ylx)=4f,(ylx); if0<x<y
f,(ylx); ify=x>0

where

% _ %y

f(y|X)=ae’ere +

()

(6)

(7)
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Gto3 )y a, o ax

@, +ay )|y 5 :
fz(y|x):al[uJe“e ) elte
o, +0q

U s

a, +a,

Subsequently, Yang (1977) discussed the general distribution theory of the
concomitants of order statistics. Bhattacharya (1984) also explained the theory and
application of concomitant of order statistics in the name of induced order statistics.
Balasubramanian and Beg (1996, 1997) obtained expressions of concomitant of
order statistics in bivariate exponential distribution of Marshall and Olkin and
concomitant of order statistics in Morgenstern type bivariate exponential
distribution. Balasubramanian and Beg (1998) studied the concomitant of order
statistics arising from Gumbel’s bivariate exponential distribution. Further, Begum
and Khan (2000) and Begum (2003) obtained expressions of concomitant of order
statistics from Marshall and Olkin's bivariate Weibull distribution and bivariate
Pareto Il distribution. In the same sequence of advancements to the theory of
concomitant of order statistics, Thomas and Veena (2011) defined the application
of concomitant of order statistics in characterizing a family of bivariate
distributions. Chacko and Thomas (2011) and Philip and Thomas (2015) extended
the application of concomitant of order statistics in the estimation of parameters of
Morgenstern type bivariate exponential distribution and extended Farlie-Gumbel-
Morgenstern bivariate logistic distribution, respectively. In this study, the
properties of concomitant of r'" order statistics, i.e. Yfrn, are studied if the random
variables (Xi, Yi), i =1, 2,..., n, are iid and follows NBG(a1, a2, a3, ).

Distribution of Order Statistics

Let X1, X2,..., Xn be the n iid random variables from the population having pdf f(x)

and cdf F(x). Then the pdf of r'" order statistics Xr.n is given by (David, 1981):
f.(x)=Co [F(X)] "[1-F(x)]" f(x); —co<x<oo,

where Crn=n!/(r—1)!(n—r)L.
Therefore, the pdf of r'" order statistics Xrn, when X1, Xa, ..., Xn are iid random
variables having pdf and cdf given in (5) and (6), respectively, is given by
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~(n-r Jrl)(L1 ;% je’"x

fr:n (X) = Cr:n (al + a3)(e/1xe

e
atag ) ax [oatag -1 (8)
x{l—e( g je e[‘)} i 0<X<wo
Putting r = 1 in (8), we get the pdf of the first order statistics X1:n as
o (X)=n(a, + o:?,)e“en[lje eHETJ; 0<Xx<o. )

Let Xrn and Xs:n be the two order statistics (1 < r <s < n); then the joint pdf
of two order statistics is given by (David, 1981):

e (%) =Cran [1-F(x) ] [F(x)-F() T [F6)] 7 F(x)F (%),

—00 < X1 < X2 < 00, Where

n!

S D5 (r ) J(n-)

and F(x) = [1 - F(x)].
Therefore, if X1, Xa,..., Xnare n iid random variables having pdf and cdf given
in (5) and (6), respectively, then the joint pdf of X;.n and Xs:n is given by

fr,s:n (X1’ Xz) =

Csn (“1 T, )2 ee isil(_l)m (r ;1](5 _l: _1j (10

1=0 k=0

—@[(Hs—r—k)e‘Xl +(n-s+k+1)e?2 (1 +n—r+l)]

Xe

Distribution of Concomitant of Order Statistics

The pdf of concomitant of first order statistics Y[i:nj is given by (Begum & Khan,
2000)
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O () = [, (Y 1X) i ()b [, (Y 10) iy (X)Wt £ (Y1) i (%)
Consider (7) and (9); the pdf of concomitant of first order statistics Y is given
by

a n(a1+a3) Ay % n(ay+as) o

O (V) =Ne, (o +az)e ‘e eVe 4 je“e A dx

(a2+a3)eﬁy a n(a1+a3)y a3 x 7n(a:l+azg)e/lx

+ney (e, +a,)ee 4 ete 7 Ie* eYe 4 dx
0

n(ag+a3) 7ﬁ( ‘Vfl) 7n(al+a3) 1y

e
+nae * et eMe 4

After some algebraic simplification, we get

m}(l_eiy)

9pun] ()= azelye{ g oy (o, +a) (2 s) 1 o)
In

[n(a1+a3)—a3]e ¢

(11)
eiye{ g }1 " +na3€lye{n(aﬁf)+a3}(leay)

n(ay+as)-a,

ney (o, +ay)

_[n(a1+a3)—a3]

The relation between the pdf of concomitant of first order statistics and
concomitant of r'" order statistics is given by (Balasubramanian & Beg, 1998)

n

9 (V)= 2 (—1)i_n+r_l( ! _1)£?J9[1:i1 (¥)-

i=n—-r+1 n-r

Therefore, the pdf of concomitant of r'" order statistics is given, for 0 <y < co, by
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i=n-r+1

: i-n+r—1 i—-1 1 W#(lfe;”
o1 5 o (o™

iOCl(Olz +a3) e)bye(azz%)(lfely) (12)
[i (e +a3)—a3]
i(og+az)-a, (o +az)+as

o, (a, +a {7} 1) [7}(1-9”)
ACRLD) evel 4 +igee 7

[i(a1+a3)—a3]

Moment Generating Function of Concomitant of Order
Statistics

The moment generating function of concomitant of first order statistics Y[in) IS
defined as

o0

MY[ln] (t) = -[0 ety g[l-n] (Y) dy .

Thus, in view of (11), we have:

”(0‘1*'0!3)*'0!2}0 {n(a1+a3)+a2 }ely
A

(t+2)y
_([e e

My, (t)= aze{ dy

ney (az +a) e 7 T e(t+/1)ye’(0(27+a3)ely d
y
|:n(0.’1+0.’3)—a3:| J.

0
n(a+az)-a,

__Nhay(a, +a) { }ww{n(i
[n(all"';s)jas}e /1 '([etﬂye /1

n(a+az)+a, | o a+as)-a; |

+na3e{ g }Ie(”)ye{n( g }eydy
0

Consider the integral
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and

after simplification, we get

I, = (1t+1) {F(%Hj—y(%ﬂ,@lj},

16,

where I'(.) is the gamma function and y(., .) is the lower incomplete gamma function
defined as

y(a,x):_[ua’le’“du.
0

Thus, using the relationship between lower incomplete gamma function and
Kummer’s confluent hypergeometric function, 1F1(1, s + 1, z), which is given by
¥(s, 2) = s 1% 4Fi(1, s + 1, z), (see Abramowitz and Stegun, 1972, p. 262),

1oty
y[£+1,91J=(%+1j 491(i Je‘ellFl(l,%JrLHl).

A
This implies

t t 7 t
rbﬂj (ﬁﬂj eﬂllFlﬂsz,elj

/wp”j _ 4

I, =

Similarly, denoting

n(eg+a;)-a, and 6, — n(eg+a;)+a,
1 4 — )

A

O, + Q4

6. =
)

)93:
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respectively, and solving the rest of the integrals of (13), we get the mgf of
concomitant of first order statistics given as

t t )" t
r(+1j (+1j eg1lFl(1,+2,91j
ol \2 ) 4 A

MYM (t)=a,e

wl(m 4
_r Lol (Y e E(1l126
nal(a2+a3)eez 2 2 ¢ ,n ’ﬂ, » Uy
+ —=—
I:n(a1+a3)—a3] ﬂg[le A
2

-1
t t _ t
nal (0{2 +a3)693 F(/l-i-lj (ﬂ/—i_lj (¥ Hlel (1,/’1‘{‘2,03)

_[n(al+a3)—a3] /w(%l} - A
3
t _ t " t
r(+1j (+1j e-941F1(1,+2,94j
rnget| ~A LA Z
3 (iﬂj ﬂ
26,7 (14)

Now, mgf of concomitant of r'" order statistics Y{--nj can be obtained by utilizing the
relation by Balasubramanian and Beg (1998):

0= 3 (07 T, 0.

i=n—r+1 n-r I

In view of (14), the mgf of concomitant of r'" order statistics is given as

10
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-1
: 3 L B L e F 1,1+2,¢9l
R I 1 e e
- a,e

ﬂ el[iﬂj /1

-1
t t o g1t
ACRTAL f(341) (30) ea(ii-2a)

2 92(244) B ﬂ

-1
t t _ t
o (e, + ) Fb“) (fl) ”*Fl@w“ﬁsj

lggiﬂj B ﬂ,

t t ) t
r[+1j (+1j e941F1(1,+2,04)
o) \A A A

A

Mean of Concomitant of Order Statistics

The p™ moment about origin of concomitant of first order statistics Yp1:n) can be
obtained as

= e, 0]

Therefore, the first moment about origin i.e. mean for concomitant of first order

statistics can be calculated as
d
[tn] B |:E{MY[j_n] (t)}:|

t=0

Hy

t=0

Using (14), we have

11
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t t )" t
r(+1) [+1j e‘€11F1(1,+2,01)
d ol \ A ) A
— Qe

20" g

-1
t t o gl bt
e (@, +a,)e” f(3+1) (3n) earg2e)

[n(e+a;)-a, ] 192(}1) p)

-1
t t _ t
e, (e, +at,)€* r(l+1j [/1+1j e931F1[1,/1+2,93)

_[n(a1+a3)—a3] /1«9(%1) A
3
t t )" t
r(+1j (+1j eg“lFl(1,+2,94j
+Nnae” A \A Z
t
wgflj A (15)

t=0
Differentiating (15) with respect to t and using the relationships given below:

_drx

I'x'=——=
dx

v(x)Tx,

where y(x) is the digamma function (Prudnikov et al., 1990, p. 442), we have

-7

d —z€
da[ll( a+v Z)] (a+u)222(a+u a+via+v+la+v+1-7)

and setting t =0,

12
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aet| v(l)-logld, @ o ot N
=2 [ ()/wl 1+ﬁ2F2(2,2,3,3,—01)+71F1(1,2,—91)}
6, N
nal(a2+a3)e \V(l) log 6, +&2F2 (2’2;3’3;_02)
An(a+a;)-a, | 26, 41

7 R (L52-6, )}
(16)

€
+

o, _
~ nal (0{2 +a3)e W(l) 10g93 +§2F2 (2, 2,3,3, _93)
Aln(ey+a;)-a, | A0, i

— 63

7 15(1:2;—6’3)}

e

+

. ne,e” [\V(l) —log8,

0 e
2 70, +ﬁ2F2 (2,2;3,3; —94)+71Fl(1;2;—6?4 )}

Now, the expression for p™ moment about origin of concomitant of r' order
statistics Y[r:nj can easily be obtained by using the relation (Siddiqui et al., 2011)

n

i-n+r-1 |_1 n
i S (3

In view of (16), the mean for concomitant of r'" order statistics Y[ can be
obtained as

13
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= 3 () e et

i=n—-r+1

91 - N 6791 -
+EZF2 (2,2;3,3,-60,)+ 71|:l (L2-6)

. 0, ~ o
oy (e, + ) {W(l) 10g92+02e 5 (2,2;3,3,-6,)

+A[i(a1+a3)—a3] 26, 41

. 0 ~
(@ ras)et Jw(l) 28 | % £ (2,2:33-0,)
Ali(ey+a,)-a, | 26, 41

_(93

7 15(1:2:—03)}

H (A _ =0,
1o {“’(1) 1"ge“+%25(2,2;3,3;—494)+‘371F1(1;2;—¢94)H

e

+

A 26,

Similarly, differentiating mgf recursively with respect to t, the higher order
moments may be obtained.

Joint Density of Concomitants of Two Order Statistics

If Y[r:n) and Y{snp are the concomitant of r' and s™ order statistics, respectively, then
the joint pdf of Y[r:nj and Y[s:nj IS given by

o Xy

g[r,s:n] (yl’ yz) = _[ I f(yl | Xl)f (yz | Xz)fr,s:n (Xl’ Xz)dxidxz '

—00 —00

where frs:n(X1, X2) is the joint pdf of two order statistics Xrn and Xs:n and f(y1 | x1),
f(y2 | x2) are the conditional pdf defined in (7).

If the bivariate random variables (X, Y) follow NBG(a1, a2, a3, 4), then the
joint density of concomitants of two order statistics Y[r:nj and Y[s:nj can be obtained
by adding all joint densities existing at various mutually exclusive conditions, i.e.,

14
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g[r,s;n](yl’yz): |1(y1, YZ)"' |2(y1’y2)+ Is(Yv y2)+ |4(y1’y2)

(17)
(Y0 Yo) + 1 (Vi Yo )+ 12 (Y ¥a)

where li(ys, y2),..., l7(y1, y2) are the joint densities under different mutually-
exclusive conditions are and defined below.

Case l: when Y <X

In this case, there are the following three sub-cases:

Sub-Case1: IfO<yi<xi1<y2<xz < oo,
o Yo

Il = '[ J.fl(yl | Xl)fZ(yz | XZ)fr,s:n(Xi’XZ)dxldXZ .

Y2 1

After some algebraic simplification, and in view of (7) and (10), we have

2& _ e 4 ehy2 2 r-ls-rl 1+k r _1 S—r _1
|1 — a22e 2 e&(y1+y2)e /1( )(al +063) Cr’s:n (—1) " | K
1=0 k=0
(er+as)(14n-r+1) 0 ¥, (o +az)(1+s-r—k 1 (ocﬁo@)(n—s+k+1)e;,X2
e 4 [fete 7 ee ¢ dx,dx,

Ya Y1

Solving the above equation,

2a. Ay (4 1 5—r—
2 %2 (et ret2) (=Lt Lk (r=1)(s—-r-1
Cr,s: z (_1) | k
0 k=0

_ 24,20 2 oAntY2)q" 2
l,=A"a,e * 7 7%e .
1=

(0‘1+0‘3)(”—5+k+1)e1x1

(ag+a)(1+n-r+1) e’ 2 { (aﬁas)('*s*"*k)nml (a1+a3)(|+5rk)nzx2}
) e

X e i ) —e 2
(I1+s—-r—k

Sub-Case 2: If0<y1<y;<xi<xz < oo,

= [ (YD) f (¥ 1%)Fr g (%%, ) digdlx,

Y2 Y2

15
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Again, after some algebraic simplification and in view of (7) and (10),

2a. a
2 ——Z(e“1+e"y2)

|, = Aale + e We 4 C

r,s:n

) . 1 1 (0‘1+a3)(|+”—"+1)(1_e;_y2)
= ° & ) r-1y(s—-r- e 4
Xéé( ) ( I j( k J(I+n-r+1)(n—s+k+1)

Sub-Case 3: If0<y,<yi<xi<x2 < oo,

© Xy

|3 = I _[fl(yl | Xl)fz (YZ | Xz)fr,s:n (Xi' Xz)dxidxz :

1
Again, on using (7) and (10) and solving,

20, D (M1, ghY2
_ 24 2.1 a2ntY2)aT A (e +e )
I, =A"a,e * e e rsn

(a1+a3)(|+n_r+l)(1_ely1)

rore (_1)I+k(rl_1](8_lz_lj(l+$1—r+1)(n—s+k+1)

Case ll: when X <Y

Again, the three sub-cases are given as

Sub-Case 1l: IfO0<xi<yi<xp2<yr < co.
Yo Y1

L= [ (01X (3 1) (5%, ),

v 0

Using (7) and (10) and solving,

16
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(a2+a3)(ely1+eiy2) r-1s-r-1

|, =A'af (@, +a,) e’ e > (-1)" [r I—lj(s _|: —1}

1=0 k=0

=~

(ag+ag)(1+n-r+1)

e 4 1
Ts—r—K) (o +a)—at, |[(n—s+k+1) (o + ) —at, |
[ {(+s—r—K)(oq +az)-as) {(I+srk)(a1+a3)a3}nlxl}

x| e A —e A

{(”_5+k+1)(0‘1+0‘3)_a3}bzx1 {(n—s+k+1)(a1+a3)—a3}aix2
e A - —e A

Sub-Case 2: IfO0<xi<x2<y1<yr < oo,

Y1 %o

b= ] [0 D (3216, (0%, ),
00
Again, on using (7) and (10) and solving,

, _
I, =% (a, +a;) g%g¥lg g

(g +az)(1+n-r+1)

SR (T el

{(I+s—r—k)(a1+a3)—a3} {(n—s+k+l)(a1+a3)—a3} {(n—s+k+l)(ozl+oc3)—013}91yl
e
_ 053}

€ ¢ A —e A
{(n—s+k+1)(a, +a,)

1 {(n+l=r+1)( o +a3 )20} {(n+l-r+1)(og +a5)-2a3}
_ e A —e A
{(n+1=r+1) (e, +a;) -2,

X

17
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Sub-Case 3: If0<x1<x2<y2<y1 < oo,

Y2 %

I6 - J. J.fl(yl | Xi)fZ(yZ | X2)fr,s:n (Xi,XZ)dXidxz .

iy
Again, using (7) and (10) and solving,
(ap+ag )(e}“y1 +e™2 )

) _
I, =% (a2 +a3) ene ite 4

(o +ag )(1+n—-r+1)

S (T e

{(1+s—r—k)(ay+a3 )3}

e 2 {(n—s+k+1)(a+a3)-3) {(”*5+k+1)(a1+a3)*0‘3}n4y2
X e A —e A
{(n=-s+k+1)(ay +a,)—at,}
1 {(n+|—r+l)(a1+a3)—2a3} {(n+|—r+1)(a1+a3)—2a3}niyz
_ e A —e A
{(n+1=r+1) (e, + ;) 20,}

Case lll: When X =Y
I? :f3(y1|xl)f3(y2|X2)fr,s:n(X1’X2)'

On using (7) and (10),

203 _93(oM 4 otY2
|7 = 0{;9 4 el(ylﬂb)e l( ) r,sin
ro1 s—r-1 (a+ag)(l+n-r+1)  (ag+ag)(1+s-r—k) , (g +az)(n-s+k+1) ;. -
14k r-1\y(s-r-1 e e™V2
— A A A
S5 (T : :
1=0 k=0

Putting the values of Is,..., I7 in (17), obtain the required joint density of two
concomitant of order statistics.

18
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