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The geometry of spinning codimension-two branes in anti–de Sitter (AdS) spacetime is analyzed in

three and higher dimensions. The construction of nonextremal solutions is based on identifications in the

covering of AdS space by isometries that have fixed points. The discussion focuses on the cases where

the parameters of spinning states can be related to the velocity of a boosted static codimension-two brane.

The resulting configuration describes a single spinning brane, or a set of intersecting branes, each one

produced by an independent identification. The nature of the singularity is also examined, establishing that

the AdS curvature acquires one in the form of a Dirac delta distribution. The stability of the branes is

studied in the framework of Chern-Simons AdS supergravity. A class of branes, characterized by one free

parameter, is shown to be stable when the Bogomol’nyi-Prasad-Sommerfeld (BPS) conditions are

satisfied. In three dimensions, these stable branes are extremal, while in higher dimensions, the BPS

branes are not the extremal ones.
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I. INTRODUCTION

The study of extended sources in gravitational theories
has a rich literature behind it. A full understanding of the
spectrum is necessary, among other things, to attain a
consistent partition function. A notable example of this
assertion is the case of anti–de Sitter (AdS) gravity in three
dimensions with negative cosmological constant, whose
spectrum contains Bañados-Teitelboim-Zanelli (BTZ)
black holes [1] and conical defects (well-behaved naked
singularities that admit the interpretation of point particles)
[2,3], but no propagating gravitons. Still, the Euclidean
path integral with only smooth manifold contributions does
not lead to a sensible quantum gravity partition function;
seemingly, there may be additional contributions that
require the introduction of pointlike sources [4]. This is
precisely the class of configurations we aim to explore in
the present paper.

Any configuration in three-dimensional AdS gravity that
has constant curvature arises from identifications of AdS
space by a discrete one-parameter subgroup of SOð2; 2Þ
generated by a Killing vector [5]. The construction of black
holes by identifications in AdS space can be extended to
higher dimensions. If the identifications do not have fixed
points, they produce topological AdS black holes. They
have been constructed, for instance, in D ¼ 4 [6], D ¼ 5
[7], and higher dimensions [8]. On the other hand, if the
identifications do have fixed points, they produce conelike

singularities whose consistent interpretation demands the
introduction of explicit source terms in the Lagrangian,
localized at their singular loci. Even in a three-dimensional
theory, these singularities correspond to topological de-
fects at the positions of external current insertions that
couple in a gauge-invariant way to three-dimensional
AdS gravity. The angular deficit at the singularities account
for the negative part of the BTZ mass spectrum [9], filling
the gap between the vacuum and the massless BTZ black
hole.
It may seem surprising that those identifications leading

to conelike or Dirac delta function singularities are par-
ticularly interesting. They describe codimension-two
branes in gravity theories in any dimension and, in par-
ticular, 0-branes in three dimensions. By construction,
these are locally constant curvature geometries except at
isolated codimension-two hypersurfaces whose presence
modifies the topology of loops and closed surfaces in the
ambient spacetime. In all cases, the codimension-two
branes represent localized sources not covered by event
horizons. Since these configurations are built from geo-
metrical considerations that do not rely on dynamics, they
might a priori arise in many different theories.
The introduction of distributions in general relativity

through the metric raises several issues related to products
and inverses of metric components that enter in Einstein’s
equations [10]. Nonetheless, in Chern-Simons (CS) theo-
ries, they can be naturally accommodated because the field
equations contain only exterior products of forms, which
always produce well-defined distributional products.
Furthermore, in CS theories these distributions become
extended sources for gauge theories of gravity [11–13].
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The nature of the conserved charges, as well as the
stability of these branes, do depend on the action, since
the fluctuations of geometry around the solutions depend
on the full set of field equations. Even in the case of CS
theory that has no metric, and hence no unique link to
define the energy-momentum tensor, still the Lie algebra
can be embedded into a superalgebra, which can be used to
find a ground state. Indeed, thanks to the properties of
supersymmetry, there always exist some operator satisfy-

ing a Bogomol’nyi bound Ô � 0, which is saturated for a
stable Bogomol’nyi-Prasad-Sommerfeld (BPS) state.

In order to study the stability of the spinning branes, we
consider CS AdS supergravity actions [14,15]. As we will
discuss in this paper, the framework is possibly broader than
this, though the only explicit realizations we have consid-
ered here are CS theories of (super)gravity [16,17]. The
advantage of these gravitation theories is that they aregauge
theories of gravity and that the interaction between the
external sources (2p-branes) and the gauge connection
can be incorporated in the action in a background-
independent, metric-free, and gauge-invariant way [18].
This coupling between branes and non-Abelian gauge con-
nections generalizes the minimal coupling that describes
the interaction between a point charge (0-brane) and the
Uð1Þ gauge connection [19]. Besides, these theories have
many amenable features such as an off-shell formulation
with the symmetries dictated by the M-algebra [20].

To be more concrete, the kind of gravitational theories
under consideration in the present paper are those that can
be written in terms of a gauge connection. We will use the
first-order formalism, in which the gravitational fields are
the vielbein 1-form, ea, and the spin-connection 1-form,
!ab (a; b ¼ 0; 1; . . . ; D� 1). They can be written alto-
gether as components of the AdS gauge connection

A ¼ 1

‘
eaJa þ 1

2
!abJab; (1)

with the AdS generators JAB ¼ �JBA (A; B ¼ 0; 1; . . . ; D),
where JaD � Ja. The Riemann curvature 2-form, Rab ¼
d!ab þ!a

c ^!cb, and the torsion 2-form, Ta ¼
dea þ!a

b ^ eb, are the components of the AdS curvature

(field strength),

F � dAþA ^A ¼ 1

‘
TaJa þ 1

2

�
Rab þ 1

‘2
ea ^ eb

�
Jab:

(2)

The flat connection, F ¼ 0, corresponds to a torsion-free,
global AdSD spacetime.

We are interested in configurations defined on a
D-dimensional manifold MD described by the equation

F ¼ j; (3)

where the sources j are localized at codimension-two
surfaces embedded in the D-dimensional spacetime.
The 2-form currents must be covariantly conserved,

DðAÞj ¼ 0, and they represent (D� 3)-branes sweeping
codimension-two histories. Since F vanishes almost every-
where, except on some submanifold of measure zero, these
branes produce locally AdS spacetimes, that could be
solutions of any gravitation theory with negative cosmo-
logical constant that admits global AdS solutions. Apart
from CS AdS gravity, these include standard Einstein-
Hilbert AdS gravity, or higher-dimensional generalization
of general relativity described by Lovelock gravities [21].
A similar procedure was employed to obtain locally flat

geometries by identifications of Minkowski space in the
framework of Einstein-Hilbert gravity, leading to station-
ary, axisymmetric solutions with sources in the form of
rods along a line [22] (for a review, see [23]).
As mentioned above, in some gravities it might be

difficult to identify a coupling in the action whose
field equations possess F ¼ j as a particular solution. In
D ¼ 2nþ 1 dimensions, there is at least one gauge-
invariant coupling that gives rise to this kind of interaction
with a codimension-two source [11,18],

Iint ¼ ��
Z
M2nþ1

hC2n�1ðAÞ ^ ji: (4)

Here, � is a coupling constant, h� � �i is the trace taken in the
algebra of some gauge group that contains AdS and
C2n�1ðAÞ is the Chern-Simons form that satisfies
dhC2n�1ðAÞ ^ ji ¼ 1

n hFn ^ ji, where Fn denotes the

wedge product of n field-strength 2-forms. This coupling
can be added, for example, to (2nþ 1)-dimensional CS
AdS gravity,

ICS ¼ �
Z
M2nþ1

hC2nþ1ðAÞi: (5)

The resulting field equations, Fn�1 ^ ðF� jÞ ¼ 0, have
F ¼ j as a particular solution.
For the sake of concreteness, whenever we need to

specify an action (for example, in order to study the
stability of the solution), we shall focus to CS AdS gravity
I½A; j� ¼ ICS þ Iint, coupled to the sources in the form (4).
The paper is organized as follows. Section II deals with

the 0-branes in three-dimensional theories. After reviewing
the static case, a locally AdS spinning 0-brane is con-
structed by a number of methods that use different ap-
proaches. In all cases, the source that corresponds to the CS
coupling has the same form as the one in Refs. [11,18]. It is
also shown that Killing spinors are supported in BPS
0-brane configurations, and thereby they are stable. In
Sec. III, the case of 2-branes in five-dimensional theories
is discussed. All possible identifications in the embedding
space are examined, finding that they lead to 2-brane
solutions with one or two angular momenta. Several in-
equivalent cases that arise are studied in great detail. It is
argued that spinning configurations with angular momen-
tum associated with the internal azimuthal angle in the
brane are generically intersections of several codimension-
two branes, each one produced by one Killing vector field
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identification. Finally, the existence of BPS configurations
is explored. Section IV generalizes these results to higher-
dimensional codimension-two branes. Our conclusions and
avenues for future research are presented in Sec. V.

II. THREE-DIMENSIONAL 0-BRANES

In this section we consider three-dimensional AdS space
and show how a spinning 0-brane can be obtained from
identifications in this space. The construction is analogous
to the one that yields the spinning black hole in three
dimensions [5]. This method was employed to construct
the static 0-brane (point particle) in three dimensions [9],
yielding particle solutions whose mass spectrum extends
the black hole mass parameter to negative values.

The procedure of boosting the static 0-brane, along the
lines of [24], provides a natural physical interpretation of
the parameters that enter in the construction of the spinning
branes.

A. Static 0-brane in brief

Let us start by reviewing the construction of the static 0-
brane. AdS3 space can be seen as a hyperboloid in R2;2,
where the Cartesian coordinates xA ¼ ðx0; x1; x2; x3Þ are
subjected to the constraint x � x � �ABx

AxB ¼ �‘2.
Here, ‘ is the AdS radius and � ¼ diagð�1; 1; 1;�1Þ.
Using the parametrization

x0 ¼ A cos�03; x1 ¼ B cos�12;

x3 ¼ A sin�03; x2 ¼ B sin�12; (6)

the AdS3 space corresponds to the surface

x � x ¼ B2 � A2 ¼ �‘2: (7)

The AdS3 metric then reads

ds2 ¼ ‘2dB2

B2 þ ‘2
� ðB2 þ ‘2Þd�2

03 þ B2d�2
12: (8)

Note that by unwrapping the �03 coordinate, the global
covering of AdS3 in polar coordinates is obtained and
closed timelike curves are eliminated. The static 0-brane
can be constructed as a topological defect in the x1x2-plane
by introducing a deficit in the �12 angle [25,26]

�12 ¼ a0�0; �0 ’ �0 þ 2�; 0< a0 � 1: (9)

The periodicity of �12 is thus 2�a0. The metric, with this
identification, reads

ds20 ¼
dr2

r2

‘2
þ a20

�
�
a20 þ

r2

‘2

�
dt20 þ r2d�2

0; (10)

where r ¼ a0B and t0 ¼ ‘�03=a0. Compared with the
BTZ black hole, the parameter �a20 ¼ M is seen to play

the role of the (negative) mass. The spacetime geometry
given by (10) has constant Riemann curvature and vanish-
ing torsion everywhere, except at r ¼ 0. On the other hand,

the conical singularity at r ¼ 0 is the locus of the static 0-
brane, where infinite curvature is concentrated. This Dirac
delta distribution has support in the center of the r�-plane,
that is the x1x2-plane in the covering space R2;2, and we
shall call it the 2-manifold �12. Including the singular
point, the AdS curvature (2) can then be written as
F ¼ j, where the source is given by the current 2-form

j � �2�a0�ð�12ÞJ12: (11)

We have defined the Dirac delta distribution 2-form that is
coordinate-independent,

�ð�12Þ ¼ �ðx1Þ�ðx2Þdx1 ^ dx2 ¼ 1

2�
�ðrÞdr ^ d�: (12)

B. Spinning 0-brane

In the nonextremal case, the massive spinning 0-brane
can be obtained from the global AdS metric (8) by an
identification produced by a linear combination of the
Killing vectors @�03

and @�12
. This procedure closely fol-

lows the one described in Ref. [5] to construct the BTZ
black hole. Consider two angular deficits in the x0x3- and
x1x2-planes in R2;2,

�03 ’ �03 þ 2�b; �12 ’ �12 þ 2�a: (13)

The choice of real constants a and b is not unique since
these parameters can be shifted by integers. We choose a,
b 2 ð0; 1� and note that a ¼ b ¼ 1 means that there is no
angular deficit. This identification inR2;2 corresponds to an
identification in AdS3 space by some angle �, what can be
made explicit by redefining the coordinates as

�03 ¼ b�þ u1t

‘
; �12 ¼ a�þ u2t

‘
; (14)

where � is periodic with period 2�. The transformation is
invertible if au1 � bu2 � 0. Then, � ’ �þ 2� induces
the following identification in R2;2:

xA ’

cos2�b 0 0 � sin2�b

0 cos2�a � sin2�a 0

0 sin2�a cos2�a 0

sin2�b 0 0 cos2�b

0
BBBBB@

1
CCCCCAxA;

(15)

or, in an infinitesimal form,

xA ’ xA þ �A;

�A ¼ ð�2�bx3;�2�ax2; 2�ax1; 2�bx0Þ: (16)

The identification is produced by the Killing vector

� ¼ �A@A ¼ 2�aJ12 � 2�bJ03 ¼ 2�a@�12
þ 2�b@�03

;

(17)

where JAB ¼ xA@B � xB@A are generators of rotations in
R2;2, and
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@�12
¼ @xA

@�12

@A¼J12; @�03
¼ @xA

@�03

@A¼�J03: (18)

According to the classification given in Ref. [5], this
Killing vector is of the type Ic when a � b (a, b � 0),
and of type IIb when a ¼ b � 0. Thus, this geometry
belongs to a sector topologically different from the BTZ
black hole, produced by identifications of type Ib (rþ �
r�, r� � 0) and type IIa (rþ ¼ r� � 0).

Using the orthonormality of the tangent vectors, @A �
@B ¼ �AB, the norm of the Killing vector � reads

k�k2 ¼ ð2�Þ2½ða2 � b2ÞB2 � b2‘2�; (19)

which is valid for any a and b. However, notice that if a2 �
b2, the norm k�k2 is a timelike vector, and since it iden-
tifies different points in our geometry, it would lead to
closed timelike curves. Therefore, we assume a2 > b2,

k�k2¼ð2�Þ2ða2�b2ÞðB2�B2�Þ; B� ¼ b‘ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�b2

p : (20)

After implementing the identification, the metric (8)
becomes

ds2 ¼ ‘2dB2

B2 þ ‘2
þ ða2 � b2ÞðB2 � B2�Þd�2

�
�
u21 � u22

‘2
B2 þ u21

�
dt2

� 2

�
au2 � bu1

‘
B� u1b‘

�
d�dt: (21)

In sum, the metric (21) is obtained from global AdS by the
transformation (15) and simultaneous identifications of the
embedding angles �03 and �12. Alternatively, this metric
with u1 ¼ a and u2 ¼ b can be reinterpreted as the static
0-brane with angular defect a0, whose spin is introduced
by boosting the azimuthal angle � with the velocity 0 �
v < 1, similarly to the construction in Ref. [24] for the
spinning charged black hole.

Indeed, if b2 < a2, we can always write a2 � b2 � a20 >
0, where a0 2 ð0; 1�, and parametrize the constants a and b
in terms of a hyperbolic angle � as a ¼ a0 cosh� and b ¼
a0 sinh�. Then, � can be reinterpreted as the rapidity of
some Lorentz transformation with velocity v ¼ tanh�,
0 � v < 1, so that the original angular deficits are related
to the boost velocity as

a ¼ a0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ; b ¼ va0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p : (22)

Now, the relations (14) with u1 ¼ a and u2 ¼ b are equiva-
lent to a single Lorentz boost ðt0; �0Þ ! ðt; �Þ acting on
the static 0-brane,

t ¼ t0 � ‘v�0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ; � ¼ �0 � v
‘ t0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p : (23)

Note that this interpretation is possible only for b2 < a2

(v � 1) which means that the brane is not extremal, and

allows for the identification in the t�-plane as ðt; �Þ ’
ðt; �þ 2�Þ. The limit v ¼ 0 recovers the static brane (a ¼
a0, b ¼ 0). Thus, b is related to the angular momentum of
the brane.
Although the original static metric describes a manifold

with a conical singularity, the addition of angular momen-
tum makes the manifold regular, its curvature being con-
stant everywhere [27]. This spacetime, however, has a
causal horizon, the surface B ¼ B�, where the norm of
the Killing vector field (20) vanishes. The component
g�� ¼ k�k2 of the metric also vanishes there, though its

positivity should guarantee that � is an angle.
In the exterior region, B> B�, the vector field � is

spacelike and the causal structure is well-defined. In the
interior region, B< B�, � becomes timelike allowing
closed timelike curves. This region of spacetime can be
removed by introducing a new radial coordinate r, such
that g�� ¼ r2 is always non-negative, or

B2 ¼ r2

a20
þ B2�; (24)

where the above transformation is valid for B � B�. The
removed region corresponds to 0<B< B� and g�� < 0,

where the boundary g�� ¼ r2 ¼ 0 is shrunk to a point in

the r�-plane. Note that the identification B ¼ B� as a
single point in the r�-plane is not produced by the
Killing vector. The region of interest, B> B�, excludes
the original singularity where the static 0-brane lays. In
spite of this, in what follows we shall show that there is a
singular behavior at r ¼ 0 due to the identification of this
circle (at fixed time) with a point. If this identification had
not been performed, the resulting spacetime would have
been regular, but with a geometry similar to the one of the
spinning BTZ black hole at r ¼ 0 (see Appendix B of
Ref. [5]).
Once the region with closed timelike curves has been

removed, the metric can be recast into the Arnowitt-Deser-
Misner (ADM) form

ds2 ¼ �N2dt2 þ dr2

N2
þ r2ðd�þ N�dtÞ2; (25)

where the lapse and shift functions are

N2 ¼ a2 þ b2 þ r2

‘2
þ ‘2a2b2

r2
; N� ¼ �ab‘

r2
: (26)

Note that, with this parametrization, the metric is well-
defined in the limit a2 ¼ b2, although the extremal case is
obtained by a different identification in AdS space [9].
However, this is a peculiarity of the three-dimensional
metric only.
Even though the Lagrangian governing the dynamics of

this 0-brane has not been introduced, the existence of a
nontrivial angular momentum can be established by
calculating the angular velocity, � ¼ �g�t=g��, at the

circle r ¼ const,
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� ¼ �N� ¼ ‘ab

r2
� 0: (27)

The geometry of this asymptotically locally AdS space-
time is an analytic continuation of the 2þ 1 black hole,
where the parameters a, b are continuations of the horizons
r�. By comparison with the 2þ 1 black hole, the real
parameters a and b can be related to the mass, M, and
angular momentum, J, of the BTZ solution as

a� b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�M� J

‘

s
; (28)

even without the knowledge of the Lagrangian. Thus, the
metric (25) describes a BTZ-like 0-brane with a negative
mass parameter, M ¼ �ða2 þ b2Þ< 0, boosted with re-

spect to the static brane as M ¼ 1þv2

1�v2 M0. The parameter

b � 0 is related to the angular momentum, J ¼ 2ab‘.

C. Sources for a spinning 0-brane

Let us summarize what we have done so far. An identi-
fication by a Killing vector of the pseudosphere x � x ¼
�‘2 embedded inR2;2 amounts to a single identification by
� ¼ 2�ða@�12

þ b@�03
Þ in AdS3. The resulting manifold

M0 ¼ AdS3=� is described by the metric (21). Since the
identification is made by an isometry and is properly
discontinuous, except at B ¼ 0, M0 has constant curvature
for B> 0 and thus there is no curvature singularity. This
manifold, however, contains closed timelike curves in the
region B< B� (r < 0). Therefore, in order to have a caus-
ally well-defined spacetime, the region B< B� must be
removed by cutting along the surface B ¼ B�, defined by
k�k ¼ 0. Then all points that satisfy B ¼ B� at fixed time
are identified, producing a new manifold, M, which has a
naked singularity at B ¼ B�.

Another way of constructing the same geometry is the
following. Take the AdS3 spacetime (8) and remove a
portion of space B< B� (for some arbitrary B�). Then
identify the points of the resulting space with (15), where
now a and b satisfy the relation with B� given by (20). In
this way, no closed timelike curves are produced since the
region where they would appear was already cut out from
space, and also there is no singularity. Now, the origin of
the manifold is actually the circle B ¼ B� (r ¼ 0) for fixed
time, so by identifying all those points—which is not done
by a Killing vector—a curvature singularity appears now at
the origin. The question we want to analyze is what hap-
pens with the curvature at the point r ¼ 0 of M after this
last identification.

The position of the source responsible for the singularity
in spacetime is determined by the surface where the norm
of the Killing vector vanishes. In the case at hand, we thus
expect a source with a Dirac deltalike distribution of the
form �ðjj�jjÞ 	 �ðrÞ. As shown below, this is indeed the
case and there are no stronger singularities on the mani-
fold, such as �ðrÞ=r, or @r�ðrÞ, etc.

In general, the singularity appears because the 1-form
d� is not exact on the whole manifold M. Namely, at r ¼
0, where� is not defined, it is not true that dd� ¼ 0. Thus,
we shall assume that dd� ¼ �ðrÞdr ^ d�, where �ðrÞ is
some distribution that is zero when r � 0 and infinite when
r ¼ 0. The static 0-brane, for example, has �ðrÞ ¼ a0�ðrÞ.
In order to identify the source and nature of the singu-

larity, one can construct the AdS connection using the
vielbein and the spin-connection for the metric (21) in
the region of interest B> B� (r > 0),

A ¼ @rBdrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p J13 þ 1

‘
½BðbJ01 þ aJ23Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
ðbJ03 � aJ12Þ�d�þ 1

‘2
½BðaJ01 þ bJ23Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
ðaJ03 � bJ12Þ�dt: (29)

The curvature for r > 0 is

F ¼
�
1

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ‘2a2

a2 � b2

s
ðbJ03 � aJ12Þ

þ 1

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ‘2b2

a2 � b2

s
ðaJ23 þ bJ01Þ

�
�ðrÞdr ^ d�: (30)

This form of F vanishes everywhere, with the possible
exception at r ¼ 0. It has been recently claimed that spin-
ning branes require derivatives of the Dirac delta function
(or �ðrÞ=r) [28,29]. Those arguments rely on the condition
of vanishing torsion everywhere but, as discussed below,
this requirement is not met by the present solution. In fact,
as can be observed from (30), the torsional parts (along J03
and J23) have the same singular behavior as the curvature
parts (along J01 and J12). Thus, the configurations analyzed
in Refs. [28,29], not obtained by identifications, corre-
spond to different solutions compared to the ones consid-
ered here.
Let us assume a generic form for the singularity like

�ðrÞ ¼ Hð1=rÞ�ðrÞ, where H is a power series in 1=r with
coefficients depending on a and b. Then, requiring that the
static 0-brane is recovered in the limit b ! 0 implies that
H can be, at most, a linear combination of �ðrÞ and �ðrÞ=r.
Finally, expanding the expressions in (30) as a series
around r ¼ 0 leads to the source j ¼ F, where

j¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�b2

p ½abðJ03þJ23Þþb2J01�a2J12��ðrÞdr^d�:

(31)

Clearly, this form of the source reproduces the static limit,
but not the extremal one. The distribution �ðrÞ can be
calculated directly using the definition of the Riemann
curvature, i.e., by parallel transport of a Lorentz vector
Va along an infinitesimal contour around the point r ¼ 0.
In this way, the Riemann curvature part of the source can
be evaluated (see the Appendix), with the result
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jcurvature ¼ 2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p ðb2J01 � a2J12Þ�ðrÞdr ^ d�

2�
: (32)

The torsional part of the source (along the generators Ja3)
cannot be obtained by the same parallel transport.
However, comparing (32) with (31), the Jab terms match
only if the distribution is identified as �ðrÞ ¼ �ðrÞ. The
remaining components, along the generators Ja3, corre-
spond to the torsional part of the source,

j torsion ¼ 2�abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p ðJ03 þ J23Þ�ðrÞdr ^ d�

2�
: (33)

It is then plain to see that the source carries no singularities
stronger than �ðrÞ.

The above method to calculate j is not easily general-
ized to higher dimensions because it calculates directly
only the Riemann curvature and the number of differential
equations that need to be solved grows with the dimension.
The most precise way to determine the source is to use the
fact that F is locally ‘‘pure gauge,’’ so the AdS connection
has the form

A ¼ g�1dg; (34)

where g is a group element of AdS. By solving this
equation in g with the AdS connection given by (29), we
obtain

gðt; B;�Þ ¼ g0e
��12J12e�03J03epðBÞJ13 ; (35)

where �12 ¼ a�þ bt=‘, �03 ¼ b�þ at=‘, we denote
pðBÞ ¼ sinh�1ðB=‘Þ, and g0 is a constant element of the
AdS group.

A nontrivial holonomy appears because g is not single-
valued. Indeed, the holonomy gj�¼2�g

�1j�¼0 is generated

by the Killing vector (17) as e��, up to a conjugation by a
constant group element g0. The result does not depend on
the coordinates B and t.

In order to calculate the curvature, one can look at the
quantity

H
C� g

�1dg, where C� is a small circle of radius

B ’ B� around the causal horizon at constant t. We obtainI
C�
g�1dg¼�1

‘
ðA�J12�B�J23Þ

I
C�
d�12

þ1

‘
ðB�J01þA�J03Þ

I
C�
d�03þ

I
C�

dB

A

¼�2�a

‘
ðA�J12�B�J23Þþ2�b

‘
ðB�J01þA�J03Þ;

(36)

where A� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2� þ ‘2

p
. On the other hand, if�� is a surface

whose boundary is C�, in a similar fashion it can be shown
that

R
�� A ^A ¼ 0, so that

Z
��

F ¼
Z
��

dA ¼
I
C�
g�1dg: (37)

Note that a nontrivial result in the AdS curvature comes
from F ¼ g�1ddg	 dd� � 0. Thus, due to the holonomy
centered at k�k ¼ 0, or B ¼ B� (r ¼ 0) in the B�-plane,
we have

Z
��
F¼ 2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2�b2
p ðabJ03þabJ23þb2J01�a2J12Þ: (38)

Then, from (30), �ðrÞ ¼ �ðrÞ, and from j ¼ F the source
reads

j¼ 2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�b2

p ½�a2J12þb2J01þabðJ03þJ23Þ��ðrÞdr^d�

2�
;

(39)

in perfect agreement with the result obtained before
by other methods. When b ¼ 0, this current produces the

static brane, jstatic ¼ �2�aJ12�ðrÞdr ^ d�
2� . Also, when

a ¼ 0, the source simply vanishes. (Vanishing a and b
are physically equivalent to a ¼ b ¼ 1 in our choice of
the range of these parameters.)
In the next subsection, we show that three-dimensional

spinning 0-branes can be stable.

D. BPS spinning 0-branes

Locally AdS 0-branes can be constructed in any gravity
theory with negative cosmological constant where global
AdS is an exact solution. In order to study their stability,
one needs to know about the dynamics of the theory, and
analyze fluctuations around the solution. We thus need to
provide a bulk Lagrangian, which we shall take to be CS
AdS supergravity. This is a gauge theory whose supergroup
is OSpðp1j2Þ 
OSpðp2j2Þ, and it contains N ¼ p1 þ p2

supersymmetries. Apart from the vielbein and spin-
connection, the super AdS connection contains additional
bosonic components, that we call the bosonic CS matter.
In Ref. [25], it was shown that a static 0-brane without

bosonic CS matter is possibly unstable since it breaks all
supersymmetries. Inclusion of Uð1Þ matter can stabilize
the brane and turn it into a BPS state by preserving some
supersymmetries in an extremal, charged, static case. Here
we show that an extremal spinning 0-brane can be a BPS
state even without bosonic matter, as first found in
Ref. [30] in the special case of p1 ¼ p2 ¼ 1. In general,
the number of preserved supersymmetries is determined by
the number of Killing spinors ��I , each componentþ or�
transforming as a vector in one copy of OSpðpj2Þ labeled
by the indices I ¼ 1; . . . ; p.
To find these spinors, we will make use of the static case

analyzed in detail in Ref. [25], because both cases (spin-
ning and static) have locally the same form. Thus, in the
background of an uncharged 0-brane and with a suitable
representation of the generators, the Killing spinor
equation for each copy of OSpðpj2Þ has the form
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D�ðAÞ��I ¼
�
d�

�
1

4
�abc!

bc � 1

2‘
ea
�
�a

�
��I ¼ 0; (40)

where �a are three-dimensional matrices satisfying the
Clifford algebra (we consider only one of the two inequi-
valent representations of �-matrices, c ¼ 1 [9,31]). The
vielbein and spin-connection are given in Eq. (29). Then, a
general solution for the Killing spinor is [25]

��I ¼ e�ð1=2ÞpðBÞ�1e�ð1=2Þð�12��03Þ�0��
I ; (41)

where ��
I is a constant spinor fulfilling the chirality

projection

�0�
�
I ¼ i��

I : (42)

This Killing spinor is also globally well-defined if it sat-
isfies periodic or antiperiodic boundary conditions for � ’
�þ 2�, i.e., �12 ’ �12 þ 2�a and �03 ’ �03 þ 2�b. In
consequence, ��I ð�þ 2�Þ ¼ ���I ð�Þ implies the extrem-
ality condition

a� b ¼ n 2 Z: (43)

When b ¼ 0 (static case), the only possibility to have this
condition satisfied is for global AdS (a ¼ 1). For the
spinning 0-brane, a, b 2 ð0; 1Þ, the BPS configuration
can exist even without additional bosonic matter, because
the angular momentum plays the role of a Uð1Þ field. This
is an accident of three dimensions only, where the metric
admits the limit a ! b, even though the brane construc-
tions for a ¼ b and a � b differ [9].

These BPS states preserve N=2 supersymmetries; a half
is projected out by the condition (42). The result can be
generalized to include charged 0-branes, as well.

III. FIVE-DIMENSIONAL 2-BRANES

The construction of 2p-branes by Killing vector identi-
fications outlined above can be extended to higher dimen-
sions by a procedure analogous to the static case [25]. Here
we present an explicit form of that construction in 4þ 1
dimensions.

The idea is to introduce naked singularities by making
identifications with rotational Killing vectors in the
four-dimensional spatial section of AdS in embedding
space. The rotation generator JAB, that leaves invariant
the xAxB-plane, generates a conical singularity at the cen-
ter, xA ¼ xB ¼ 0. Clearly, there are at most two indepen-
dent identifications that can be performed simultaneously,
generated by two commuting rotation generators in the
four-dimensional spatial section, JAB and JCD, with
ðABCDÞ a permutation of (1234).

The resulting branes can also carry angular momentum,
which would be the case if the identification is not re-
stricted to be along the spatial section of AdS space, but is
given by a generic element of the AdS5 group (SOð4; 2Þ),
corresponding to a boost on two planes simultaneously.
More precisely, the AdS5 algebra has three commuting

generators (J12, J34, and J05, say) which allow for the
introduction of three independent parameters in a locally
AdS brane solution: the massM, and two angular momenta
J	 and J�.

A. General setting

We will consider a codimension-two brane in a locally
AdS spacetime, obtained by an identification with a Killing
vector in global AdS5. This brane is by definition the locus
of points where the norm of the Killing vector field
vanishes.
The AdS5 spacetime can be viewed as the pseudosphere

�ðx0Þ2 þ ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2 þ ðx4Þ2 � ðx5Þ2 ¼ �‘2

embedded in R2;4, with metric �AB ¼ diagð�;þ;þ;þ;
þ;�Þ. A coordinate chart that describes this surface is
given by

x0 ¼ A cosh
 cos�05; x1 ¼ B cos�12;

x3 ¼ A sinh
 cos�34; x5 ¼ A cosh
 sin�05;

x2 ¼ B sin�12; x4 ¼ A sinh
 sin�34;

(44)

where A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
and B, 
 2 ½0;1Þ. These coordi-

nates are chosen so that the 2-brane is obtained by an
identification in global AdS5 along the azimuthal angles
�12, �05, and �34. Then B becomes the radial coordinate
outside the brane and 
 is the radial coordinate in the world
volume of the brane. The azimuthal angles �12, �05, and
�34 might have angular deficits in general, as the identi-
fications are performed in the Euclidean planes x1x2, x3x4,
and x0x5, respectively.
In the coordinates (44), the metric takes the form

ds2¼ ‘2

B2þ‘2
dB2þB2d�2

12

þðB2þ‘2Þðd
2�cosh2
d�2
05þsinh2
d�2

34Þ: (45)

This metric corresponds to the covering of AdS5 provided
�05 2 R (the unwrapped time coordinate) and �12, �34 2
½0; 2�� are periodic. Rescalings of these last two angles
introduce angular deficits that characterize a particular
identification. The most general identification, producing
both linear defects and angular momenta in two planes, can
be obtained by a general linear transformation between the
embedding angles ð�12; �05; �34Þ and some new coordi-
nates in AdS5. The new coordinates ðt; �; 	Þ, defined for
t 2 R and �, 	 2 ½0; 2��, are related to the original
embedding coordinates by an invertible matrix U,

�05

�12

�34

0
BB@

1
CCA ¼

u1 b1 b2

u2 a1 a2

u3 c1 c2

0
BB@

1
CCA

t=‘

�

	

0
BB@

1
CCA ¼ U

t=‘

�

	

0
BB@

1
CCA: (46)

The identifications ðt=‘;�; 	Þ ’ ðt=‘;�þ 2�; 	Þ and
ðt=‘;�; 	Þ ’ ðt=‘;�; 	þ 2�Þ are responsible for introduc-
ing angular defects. In the new coordinates, the metric (45)
can be cast in the familiar ADM form,
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ds2 ¼ ‘2dB2

A2
þ A2d
2 � N2dt2 þ �mnðd�m þ NmdtÞ


 ðd�n þ NndtÞ; (47)

where �m ¼ ð�; 	Þ are two independent azimuthal angles.
The lapse N and shift functions Nm � ðN�;N	Þ, as well as
the two-dimensional metric �mn, read

N2 ¼ � 1

‘2
½u22B2 þ A2ð�u21cosh

2
þ u23sinh
2
Þ�

þ �mnN
mNn; (48)

Nm ¼ 1

‘
�mn½u2anB2 þ A2ð�u1bncosh

2
þ u3cnsinh
2
Þ�;
(49)

�mn ¼ amanB
2 þ A2ð�bmbncosh

2
þ cmcnsinh
2
Þ: (50)

The off-diagonal components gt� and gt	 are related to two

possible nontrivial angular velocities of this spacetime. The
components gtt, g��, and g		 are functions of the spacetime

coordinates that might change signs and lead to a noncausal
global structure, with regions containing closed timelike
curves. In that case, those noncausal regions must be re-
moved from the manifold, potentially generating singular-
ities analogous to the central singularity in the 2þ 1 black
hole.�m ¼ ��mnN

n are angular velocities of the points at
B, 
 ¼ const. Thus, the shift functionsNn contain informa-
tion about the nonvanishing angular momenta of these sta-
tionary, locally AdS brane geometries.

In this general setting, the action of the system has not
been specified. Thus, the mass and angular momenta can-
not be determined, as they are conserved charges defined
by the Lagrangian via Noether’s theorem. Furthermore, in

order to obtain finite charges, boundary terms (and coun-
terterms) must be added to the bulk action, that has been
done in five-dimensional CS AdS gravity without torsion
in [32], with torsion in [33], and in higher-dimensional
Lovelock AdS gravities in Ref. [34]. For some branes one
can compare the asymptotic behavior of the metric with
that of solutions in asymptotically AdS spaces with known
mass and angular momenta in some standard theory. If the
metrics match, the mass and angular momenta of the brane
may be identified with those of the known solution.
On the other hand, unlike the angular momenta, the

angular velocities �m of the brane are kinematically de-
termined by the geometry itself.

1. Identifications

The periodicity of the coordinate � in AdS space im-
plies certain identifications of points in the embedding
space,

� ’ �þ 2� , �05 ’ �05 þ 2�b1;

�12 ’ �12 þ 2�a1; �34 ’ �34 þ 2�c1; (51)

and similarly for 	,

	 ’ 	þ 2� , �05 ’ �05 þ 2�b2;

�12 ’ �12 þ 2�a2; �34 ’ �34 þ 2�c2: (52)

The ambiguity of the parametersai, bi, ci under the addition
of integers can be eliminated restricting them to the range
0< ai, bi, ci � 1, where the equality corresponds to the
case with no angular deficit. Using Eq. (44), these identi-
fications, expressed infinitesimally as xA ’ xA þ �A

i , i ¼
1; 2 in the embedding space, take the form

xA ’

cos2�bi 0 0 0 0 � sin2�bi

0 cos2�ai � sin2�ai 0 0 0

0 sin2�ai cos2�ai 0 0 0

0 0 0 cos2�ci � sin2�ci 0

0 0 0 sin2�ci cos2�ci 0

sin2�bi 0 0 0 0 cos2�bi

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
xA: (53)

They are generated by two linearly independent, commut-
ing (in the sense of Lie brackets) Killing vector fields

�i ¼ 2�aiJ12 � 2�biJ05 þ 2�ciJ34; (54)

whose norms are

k�ik2 ¼ 4�2ða2i B2 � b2i A
2cosh2
þ c2i A

2sinh2
Þ: (55)

The Killing vectors (54) act in the same spacetime, but
in different spatial planes. Denoting them by �i ¼
WAB

ðiÞ JAB, the matrices WðiÞAB are antisymmetric, block-
diagonal, and have eigenvalues �iai, �ibi and �ici.

The knowledge of three eigenvalues for each matrix is
equivalent to knowing three Casimir invariants: qua-
dratic (WABWAB), cubic (�ABCDEFWABWCDWEF), and
the quartic one (WA

BW
B
CW

C
DW

D
A ) or, in the case at

hand, a2i þ b2i þ c2i , aibici, and a4i þ b4i þ c4i , respec-
tively. The set of parameters is equivalent to the set
of Casimir invariants, where only three are independent.
These parameters are, therefore, gauge-invariant quanti-
ties related to the conserved charges M, J�, and J	,
where the explicit relations depend on the gravity
action.
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In order to provide a geometric interpretation for this
general framework, we consider codimension-two branes
that possess a static limit. These spinning branes can be
obtained from the static ones by a Lorentz boost in a plane
formed by the time coordinate and an azimuthal angle [24].
In five dimensions, there are two such angles, here called�
and 	, so it is possible to do two independent boosts,
introducing two independent angular velocities.

Let us denote the coordinates of a static 2-brane by
ðt0; B;�0; 
; 	0Þ. In Ref. [25], it was shown that a static
2-brane can be produced by an angular deficit 2�ð1� a0Þ
in the x1x2-plane through a rescaling of the angle� and the
time coordinate. In this case, the embedding angles read

�05

�12

�34

0
BB@

1
CCA ¼ U0

t0=‘

�0

	0

0
BB@

1
CCA; (56)

where U0 ¼ diagða0; a0; 1Þ. The static metric has the form

ds20 ¼
‘2dB2

B2 þ ‘2
þ B2a20d�

2
0

þ A2

�
d
2 � a20

‘2
cosh2
dt20 þ sinh2
d	20

�
: (57)

The resulting geometry has a conical (Dirac delta) curva-
ture singularity in the B�0-plane [25]. The coefficient a0 is
related to the mass of the brane, although the precise
relation depends on the particular gravitational action
that is assumed.

2. AdS connection and group element

The described 2-branes are locally AdS, so that the
curvature vanishes locally, F ¼ 0, which means constant
negative Riemann curvature and vanishing torsion (cf.
Eq. (2)). Thus, the AdS connection is ‘‘locally pure gauge’’
and can be expressed in terms of an element of the AdS
group g as A ¼ g�1dg. In order to calculate g for the
metric (45), the vielbein can be chosen as

e0 ¼ A cosh
d�05; e3 ¼ Ad
; e1 ¼ ‘

A
dB;

e4 ¼ A sinh
d�34; e2 ¼ Bd�12: (58)

Since the torsion vanishes, the spin-connection can be
algebraically obtained, and the AdS connection (1) has
the form

A¼g�1dg

¼ 1

A
dBJ15þ1

‘
ðAJ35�BJ13Þd
þ1

‘
ðBJ25�AJ12Þd�12

þ1

‘
ðAcosh
J05þBcosh
J01þ‘sinh
J03Þd�05

þ1

‘
ðAsinh
J45�Bsinh
J14�‘cosh
J34Þd�34: (59)

The group element of AdS5 is

g ¼ g0e
��34J34e�05J05e��12J12e
J35epðBÞJ15 ; (60)

where pðBÞ ¼ lnBþA
‘ and A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
, so that A ¼

‘ coshp and B ¼ ‘ sinhp.
As in the three-dimensional case, the group element g is

not globally defined since gj�m¼2� � gj�m¼0, which is

precisely what gives rise the brane geometry. With the
explicit form of g, we can calculate the corresponding
sources.
So far we have assumed a generic form for the identi-

fication matrix U. In the next subsections we study
particular cases corresponding to interesting brane con-
figurations.

B. Spinning 2-brane

As discussed in the three-dimensional case, the spinning
solution can be obtained by ‘‘boosting’’ the static geome-
try, and this can also be done in five dimensions. We will
first boost the static 2-brane (57) in the (transverse) �
direction, by performing a Lorentz transformation ��ðwÞ
on the t�-plane, with velocity 0 � w< 1,

��ðwÞ: t¼ t0�‘w�0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�w2

p ; �¼�0�w
‘ t0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�w2
p ; 	¼	0; (61)

represented by the matrix

��ðwÞ ¼ e��L02 ¼
cosh� � sinh� 0
� sinh� cosh� 0

0 0 1

0
@

1
A; (62)

where w ¼ tanh� . The extreme case (w ¼ 1) is not in-
cluded in this analysis. The angles in the embedding space
are related to the AdS coordinates via the matrix U ¼
U0�

�1
� , so that

�05

�12

�34

0
BB@

1
CCA ¼

a1 b1 0

b1 a1 0

0 0 1

0
BB@

1
CCA

t=‘

�

	

0
BB@

1
CCA; (63)

where the constants

a1 ¼ a0 cosh�; b1 ¼ a0 sinh�; (64)

satisfy

detU ¼ a21 � b21 ¼ a20 > 0: (65)

From � ’ �þ 2�, the above boost can be seen to be
equivalent to the identification

�12 ’ �12 þ 2�a1; �05 ’ �05 þ 2�b1; (66)

produced by the Killing vector

�1 ¼ 2�a1J12 � 2�b1J05: (67)

The norm of this vector is

k�1k2 ¼ 4�2ða21B2 � b21A
2cosh2
Þ; (68)
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and it is non-negative only if

B � B�ð
Þ; 
 < 
0 � cosh�1 a1
b1

; (69)

where

B�ð
Þ ¼ b1‘ cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � b21cosh

2

q : (70)

The physical region corresponds to that where the norm of
�1 is positive, which requires B> B�. Note that B �
B�ð0Þ ¼ ‘b1=a0 > 0 and hence this region does not con-
tain the point B ¼ 0. The domain of the coordinates B and

, B � B�ð
Þ, for which the spacetime is physical, is shown
in Fig. 1. The horizon B�ð
Þ can be identified with the
origin of the radial direction, a point that shall be called
r ¼ 0, by introducing a new radial coordinate r ¼ B�
B�ð
Þ � 0.

The explicit form of the metric for this solution in the
ADM form (47) is

ds2 ¼ ‘2dB2

B2 þ ‘2
� N2dt2 þ f2ðd�þ N�dtÞ2

þ A2ðd
2 þ sinh2
d	2Þ; (71)

where the lapse and shift functions are

N2 ¼ a40A
2B2cosh2


‘2ða21B2 � b21A
2cosh2
Þ ;

N� ¼ a1b1ðB2 � A2cosh2
Þ
‘ða21B2 � b21A

2cosh2
Þ ; (72)

and we denoted f2 ¼ a21B
2 � b21A

2cosh2
 ¼ k�1k2=4�2.

1. Sources for a spinning 2-brane

The sources can be identified from the flux they produce.
Since the curvature is given by the current (cf. Equation (3)),
the flux can be computed integrating the connection around

the singular points. Thus, starting from the AdS group
element (60) for the angles (63), the source is obtained
from

H
g�1dg. Here, the only nonvanishing contour inte-

grals are

I
d�12 ¼ 2�a1;

I
d�05 ¼ 2�b1; (73)

on infinitesimal loops around the Killing vector horizon
k�1k ¼ 0, given by B ¼ B�ð
Þ,Z
j¼

I
g�1dg

¼ 2�a1
‘

ðB�J25�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2� þ‘2

q
J12Þþ2�b1

‘


ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2� þ‘2

q
cosh
J05þB� cosh
J01þ‘sinh
J03Þ:

(74)

Thus, since the angles �12 and �05 define x1x2- and
x0x5-planes in the embedding space, respectively, the
source can be written as

j ¼ 2�a1
‘

ðB�J25 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2� þ ‘2

q
J12Þ�ð�12Þ

þ 2�b1
‘

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2� þ ‘2

q
cosh
J05 þ B� cosh
J01

þ ‘ sinh
J03Þ�ð�05Þ; (75)

where the Dirac delta 2-forms are

�ð�12Þ ¼ �ðx1Þ�ðx2Þdx1 ^ dx2;

�ð�05Þ ¼ �ðx0Þ�ðx5Þdx0 ^ dx5;
(76)

and should be thought of as projected in AdS5. Therefore,
both deltas are proportional to �ðrÞdr ^ d�, up to the
corresponding Jacobians. The source describes one
codimension-two brane generated by one Killing vector
identification. The angular momentum is associated with
the azimuthal angle � outside the brane.
Next, we construct a brane with angular momentum

associated with the interior azimuthal angle 	, obtained
by boosting this interior angle in the static brane.

C. Intersection of 2-branes

The static 2-brane (57) can be boosted in the 	 direction
by a Lorentz transformation �	ðvÞ in the t0	0-plane, with
velocity 0 � v < 1,

�	ðvÞ: t ¼ t0 � ‘v	0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ; � ¼ �0; 	 ¼ 	0 � v
‘ t0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p :

(77)

Restricted to the space of the coordinates ðt0=‘;�0; 	0Þ,
this transformation has the form

FIG. 1 (color online). The causal horizon B�ð
Þ. The physical
region is the shaded area B � B�ð
Þ.
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�	 ¼ e��L04 ¼
cosh� 0 � sinh�

0 1 0

� sinh� 0 cosh�

0
BB@

1
CCA;

L04 ¼
0 0 1

0 0 0

1 0 0

0
BB@

1
CCA; (78)

where the velocity is related to the hyperbolic angle, or
rapidity, as v ¼ tanh�. The spinning geometry can
be obtained by applying a Lorentz transformation to the
corresponding coordinates of the static brane,
�	: ðt0=‘;�0; 	0Þðt=‘;�; 	Þ.

The boosted geometry is the same as (45) after (51) and
(52), obtained by taking the quotient of the five-
dimensional pseudosphere by a Killing vector. The relation
between the two results can be made explicit by combining
the two steps, (56) and (77), into a single transformation
that expresses the embedding angles in terms of the coor-
dinates of the spinning brane, whereU in (46) is calculated
from

�05

�12

�34

0
BB@

1
CCA ¼ U0�

�1
	

t=‘

�

	

0
BB@

1
CCA ¼

a0c2 0 b2

0 a0 0
b2
a0

0 c2

0
BB@

1
CCA

t=‘

�

	

0
BB@

1
CCA:
(79)

The nonvanishing parameters that define angular deficits
are

b2 ¼ a0 sinh�; c2 ¼ cosh�: (80)

There are only two independent parameters, because
fa0; b2; c2g satisfy

detU ¼ a20c
2
2 � b22 ¼ a20 > 0: (81)

The velocity parameter is related to the angular deficits as

v ¼ b2
a0c2

with jvj< 1 (nonextremal brane), or jb2j<
ja0c2j. The nonextremality condition does not mean that
extremal branes do not exist. It only means that they should
be constructed from a different Killing vector identifica-
tion, not continuously connected to the boost (77).

The periodicity in the angular coordinates of the brane
geometry is related to the magnitude of the identifications
in the embedding space,

� ’ �þ 2� , �12 ’ �12 þ 2�a0; (82)

and

	 ’ 	þ 2� , �05 ’ �05 þ 2�b2;

�34 ’ �34 þ 2�c2: (83)

These correspond to the two linearly independent Killing
vector fields acting on R2;4, given by

�1 ¼ 2�a0J12; �2 ¼ �2�b2J05 þ 2�c2J34: (84)

The identification by �1 produces a static 2-brane in the
x1x2-plane [25], and �2 boosts it in the perpendicular
direction producing a spinning 2-brane if b2 � 0 (see
Sec. II). The corresponding norms are

k�1k2 ¼ 4�2a20B
2; (85)

k�2k2 ¼ 4�2A2ð�b22cosh
2
þ c22sinh

2
Þ: (86)

The manifold formed after the identifications does not
contain closed timelike curves only if both �1 and �2

have positive norms. While k�1k2 is always non-negative,
k�2k2 is non-negative only if c22 � b22 > 0, and


 � 
0 ¼ tanh�1 b2
c2

: (87)

The resulting spacetime requires to cut off the region

 < 
0.

1. Causal horizon

In the spacetime with more than one Killing vector
identification, we call the causal horizon a unique surface
that separates the outer region, where all k�ik2 are strictly
positive, from the interior region, where at least one of
these norms is negative. Following the procedure estab-
lished in previous sections, the interior must be removed
from the manifold in order to avoid violations of causality
produced by closed timelike curves. This surface should
not be confused with an event horizon which can be
crossed by a geodesic. The causal horizon becomes a
boundary generated by the identification, where the space-
time ceases to be a smooth manifold once all points in this
surface are identified and the surface shrinks the singular
locus, k�ik2 ¼ 0, where the brane sits. This transformation
does not change the curvature of spacetime in the outer
region, but it produces an infinite curvature at the horizon,
that therefore becomes a brane source, F ¼ j [11,18].
In terms of the new coordinates, the metric (45) reads

ds2 ¼ ‘2dB2

A2
þ a20B

2d�2 þ A2d
2

� A2

‘2a20
½b22 � ðb22 � a40c

2
2Þcosh2
�dt2

þ A2½ðc22 � b22Þcosh2
� c22�d	2

þ 2b2c2
‘a0

A2½ð1� a20Þcosh2
� 1�dtd	: (88)

We shall argue now that this metric does not describe one
codimension-two brane, but two intersecting codimension-
two branes.
The first two terms in the metric (88) describe a conical

defect in the center of the B�-plane due to the angular
deficit 2�ð1� a0Þ. Thus, let us first analyze the center by
setting B ¼ 0. This surface is a 2-brane,
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ds2jB¼0 ¼ �½b22 � ðb22 � a40c
2
2Þcosh2
�

dt2

a20

þ ‘2d
2 þ ‘2ða20cosh2
� c22Þd	2

þ 2b2c2‘

a0
½ð1� a20Þcosh2
� 1�dtd	: (89)

Introducing a new radial coordinate, ð
Þ, that identifies
the surface k�2k ¼ 0 with  ¼ 0, and also rescaling the
time coordinate, as

cosh
 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c22 þ 2

‘2

c22 � b22

vuut
; T ¼ a0t

c22 � b22
; (90)

leaves the metric in the ADM form,

ds2jB¼0 ¼ � ~N2dT2 þ d2

~N2
þ 2ðd	þ ~N	dTÞ2; (91)

where

~NðÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 þ c22 þ

2

‘2
þ ‘2b22c

2
2

2

s
; (92)

~N 	ðÞ ¼ b2c2
‘a20

ð1� a20Þ �
b2c2‘

2
: (93)

Comparing with Eqs. (25) and (26), the world volume
geometry (91) describes the three-dimensional spacetime
produced by a spinning 0-brane in anti–de Sitter space.
This is the solution, for example, of Einstein’s equations in
three dimensions with negative cosmological constant in
the presence of a spinning topological defect. The mass of
the brane is M ¼ �ðb22 þ c22Þ< 0 and J ¼ 2‘c2b2 is the
angular momentum, and thus the familiar inequality
‘jMj> jJj follows trivially.

In general, for arbitrary B, the full five-dimensional
metric describes a warped product of a conical defect
and a spinning brane,

ds2 ¼ ‘2dB2

B2 þ ‘2
þ a20B

2d�2 þ B2 þ ‘2

‘2
ds2jB¼0: (94)

Thus, using the coordinates T and  defined above, and
introducing r ¼ a0B, the metric reads

ds2 ¼ dr2

f2ðrÞ þ r2d�2 þ f2ðrÞ
a20

�
� ~N2dT2 þ d2

~N2

þ 2ðd	þ ~N	dTÞ2
�
; (95)

where

f2ðrÞ ¼ a20 þ
r2

‘2
: (96)

Note that the lapse and shift functions defined in Eq. (47),
here correspond to N ¼ f ~N=a0 and N	 ¼ ~N	, written in
the coordinates ðr; ; T;�; 	Þ that cover only the outer
region with respect to the causal horizon.

It is apparent now that the surface r ¼ 0 is a three-
dimensional submanifold with the geometry produced by
a spinning 0-brane. On the other hand, the surface  ¼ 0
(where 	 is not defined) has the geometry of a static
2-brane. The resulting warped geometry (95) is such that
the singularities representing the world volumes of the
branes are, in turn, the three-dimensional spacetime ge-
ometries produced by a static ( ¼ 0) and a spinning
(r ¼ 0) 0-brane, respectively.
This suggests that this configuration might survive

the addition of a further interaction corresponding to
codimension-four objects localized in the world volume
of both 2-branes.Wewill explore this possibility elsewhere.
We expect that the form of the sources keeps this geo-

metrical picture of two intersecting 2-branes.

2. Sources for intersecting 2-branes

Following the steps of Sec. to identify the source, let us
consider a generic Lie group element (60) in the coordi-
nates (79),

gðt; �; 	Þ ¼ g0e
�ððb2t=a0‘Þþc2	ÞJ34


 eðða0c2t=‘Þþb2	ÞJ05e�a0�J12e
J35epðBÞJ15 ; (97)

where g0 is some constant group element. Similarly to the
three-dimensional case, the curvature singularity can be
calculated evaluating the loop integral of g�1dg along an
infinitesimal contour around the Killing vector horizons.
In this case, the source is identified as

j¼�2�a0J12�ð�12Þþ2�b2
‘

ðAcosh
J05
þBcosh
J01þ‘sinh
J03Þ�ð�05Þ
þ2�c2

‘
ðAsinh
J45�Bsinh
J14�‘cosh
J34Þ�ð�34Þ:

(98)

Since j is a sum of various currents whose Dirac deltas are
supported on (at most two) different submanifolds of the
four-dimensional spatial section, it means that we are deal-
ing with (at most two) different independent 2-branes.
Indeed, the first term in the source corresponds to a static
2-brane,

jstatic1 ¼�2�a0�ð�12Þ; �ð�12Þ¼ 1

2�
�ðrÞdr^d�: (99)

Expressing �ð�05Þ and �ð�34Þ in terms of �ðÞ, using the
relation for 
ðÞ given by Eq. (90) and finally evaluating
the current by means of the identity �ðÞ ¼ 0, it can be
shown that the source for the three-dimensional spinning
brane is
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jð3DspinningÞ
2 ¼ 2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c22�b22

q ½�c22J34þb22J03þb2c2ðJ05þJ45Þ�


�ðÞd^ d	

2�
: (100)

This can be confirmed by direct comparison with Eq. (39).
We conclude that an intersection of two 2-branes is a
0-brane (that is, a world line parametrized by the time T)
with nonvanishing angular momentum. In general, when
 � 0, these two branes combine the sources in a more
complicated way, as in Eq. (98).

We shall see below that intersecting codimension-two
branes generically appear when the angular momentum of
the solution is transversal to the original static brane.

D. 2-branes with two angular momenta

In order to boost the static 2-brane in a most general way
in five dimensions, we introduce two Lorentz transforma-
tions with velocities w ¼ tanh� and v ¼ tanh� (0 � v,
w< 1),

e��L02 : t0 ¼ t0 � ‘w�0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� w2

p ; � ¼ �0 � w
‘ t0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� w2
p ; (101)

e��L04 : t ¼ t0 � ‘v	0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ; 	 ¼ 	0 � v
‘ t

0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ; (102)

represented by matrices (62) and (78), where ½L02;L04� ¼
L24. After that double boosting, the mixing of angles given
by U ¼ U0e

�L02e�L04 take the form

U ¼
a0 cosh� cosh� a0 sinh� a0 cosh� sinh�

a0 sinh� cosh� a0 cosh� a0 sinh� sinh�

sinh� 0 cosh�

0
BB@

1
CCA:
(103)

From � ’ �þ 2� and 	 ’ 	þ 2�, we get that angular
momenta are produced by two independent identifications,

�12 ’�12 þ 2�a1; �05 ’�05 þ 2�b1; �34 ’�34;

(104)

and

�12 ’ �12 þ 2�a2; �05 ’ �05 þ 2�b2;

�34 ’ �34 þ 2�c2; (105)

respectively, where the constants are

a1 ¼ a0 cosh�; a2 ¼ a0 sinh� sinh�;

b1 ¼ a0 sinh�; b2 ¼ a0 cosh� sinh�;

c1 ¼ 0; c2 ¼ cosh�: (106)

There are only three independent parameters, because six
constants are subjected to three constraints,

a21 � b21 ¼ a20; a1a2 ¼ b1b2; a21ðc22 � 1Þ ¼ b22:

(107)

The identifications (104) and (105) are produced by two
independent Killing vector fields

�1 ¼ 2�a1J12 � 2�b1J05;

�2 ¼ 2�a2J12 � 2�b2J05 þ 2�c2J34;
(108)

whose norms read

k�1k2 ¼ 4�2ða21B2 � b21A
2cosh2
Þ;

k�2k2 ¼ 4�2ða22B2 � b22A
2cosh2
þ c22A

2sinh2
Þ: (109)

The vector �1 is the same one that brings into existence
a 2-brane with the angular momentum J�, and we know

that its norm is positive when Eqs. (69) and (70) are
satisfied, that is,

B � B1ð
Þ; 
 < 
01; (110)

where

B1ð
Þ � b1‘ cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � b21cosh

2

q ; 
01 � cosh�1 a1

b1
: (111)

On the other hand, sectors with k�2k2 � 0 exist only if
c22 � b22 > 0. Then �2 is a spacelike vector in the region

B�B2ð
Þ�
8><
>:‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�������� b2
2
�ðc2

2
�b2

2
Þsinh2


a22�b22þðc22�b22Þsinh2


��������
s

; if 
02<
� 
03;

0; 
>
03;

(112)

where we have introduced the points


02¼ sinh�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi��������b
2
2�a22

c22�b22

��������
s

; 
03¼ sinh�1 b2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jc22�b22j

q �
02:

(113)

When 
 ¼ 
03 ¼ 
02, the vector �2 is spacelike for any
B, but this 2-brane possesses one angular momentum only,
since a2 ¼ 0. If c22 � b22 < 0, the vector �2 is not spacelike
in any region of the manifold. Regions where a 2-brane is
defined for various angular momenta, are shown in Fig. 2.
Finally, if � , � � 0, a well-defined spacetime corre-

sponds to a region where both �1 and �2 are spacelike
vectors, when the horizons (with vanishing k�1k and k�2k)
are identified with a point. In this procedure, all the sectors
where a norm of at least one of the vectors is negative have
been removed. What remains is nonempty if the curves
B1ð
Þ and B2ð
Þ intersect, that is, if c22 � b22 > 0 and 
01 �

02. The intersection point 
c is a solution of B1ð
cÞ ¼
B2ð
cÞ. The causal horizon B�ð
Þ is the boundary of the
region where both Killing vectors are spacelike, so that it
coincides in parts with the curves B1ð
Þ and B2ð
Þ. In terms
of the parameters, a condition to have a 2-brane is
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c22 � b22 > 0; b21ðb22 � a22Þ � a20ðc22 � b22Þ: (114)

As mentioned above, when the intersection exists, the
causal horizon B�ð
Þ, 
02 � 
 � 
01 is the union of two
surfaces defined by B1ð
Þ, 
c � 
 � 
1 and B2ð
Þ, 
02 �

 � 
c. The radial coordinate outside the brane is defined
for r ¼ B� B�ð
Þ � 0, and the radial coordinate 
 inside
the brane becomes compact, 
02 � 
 � 
01.

Removing the interior region (B� B�ð
Þ< 0) produces
a globally nontrivial identification. Unlike identifications
generated by the action of a Killing vector, this one does
change the curvature, but only at the horizon, whereas for
B> B�ð
Þ (outside the horizon) the equation F ¼ 0 holds,
and the spacetime is locally AdS. On the other hand, the
horizon B� becomes a point after the identifications, and
the curvature there is infinite.

The surfaces B1 and B2 are not joined smoothly at the
point 
c because, as in Sec. III C, this point is an inter-
section of two 2-branes, produced by two distinct Killing
vector identifications. This can be best seen directly from
the source. When the conditions (114) are fulfilled and the
branes exist, the curvature singularity is calculated from

I
g�1dg¼1

‘
ðB�J25�A�J12Þ

I
d�12

þ1

‘
½cosh
ðA�J05þB�J01Þþ‘sinh
J03�

I
d�05

þ1

‘
½sinh
ðA�J45�B�J14Þ�‘cosh
J34�

I
d�34:

(115)

The integral is taken around an infinitesimal path close to
the horizon B�. Note that this path is not smooth, since it is
composed by two curves.

Nonvanishing integrals are due to the presence of
sources, and the total current is a sum of various sources
defined on different planes. Again, these sources are ex-
pressed in terms of only two independent Dirac deltas—the

ones on the B� and 
	-planes, generated by two indepen-
dent Killing vector identifications. This is guaranteed by
construction because the sources appear only at the causal
horizons k�ik ¼ 0.
Because g	� � 0, the angular section �mn in the ADM

metric (47) is not diagonal, the B� and 
	-planes are not
orthogonal to each other. Thus, the coordinates used here
are natural to perform the identifications, but they are not
the best adapted for writing the sources for each brane as an
independent term. A convenient method to deal with this is
the one used in Ref. [22] for locally flat configurations,
where the metric is put in the canonical form that separates
(up to warp factors) submanifolds with different Killing
vector symmetries. This calculation is technically cumber-
some because the coordinate transformation depends also
on B and 
, and is beyond the scope of this paper.

1. Inequivalent 2-branes with two angular momenta

Since Lorentz transformations do not commute, one last
question to clarify is what happens if the order of the
boosts applied to a static brane is reversed. Taking
U ¼ U0e

�L04e�L02 , an inequivalent mixing of the angles
is obtained, so that the parameters for the angular deficits
now become

a1¼a0 cosh� a2¼0; b1¼a0 sinh� cosh�;

b2¼a0 sinh�; c1¼ sinh� sinh�; c2¼ cosh�: (116)

The constraints between the parameters are

a20c1c2¼b1b2; a21�
b21
c22

¼a20; b22¼a20ðc22�1Þ: (117)

The norms of Killing vectors that produce identification
read

k�1k2 ¼ 4�2ða21B2 � b21A
2cosh2
þ c21A

2sinh2
Þ;
k�2k2 ¼ 4�2A2ð�b22cosh

2
þ c22sinh
2
Þ: (118)

FIG. 2 (color online). Two cases can be distinguished according to the relative position of 
01 and 
02.
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The vector field �2 is spacelike for 
 � 
01, where 
01 ¼
sinh�1 b2ffiffiffiffiffiffiffiffiffiffi

c22�b22

p exists if c22 � b22 > 0, otherwise �2 is never

spacelike, in which case the spacetime would have ill-
defined causal structure, making those brane solutions
unphysical. On the other hand, if c21 � b21 > 0, the norm
of the �1 can be written as

k�1k2 ¼ 4�2ðc21 � b21Þ½B2ðsinh2
� sinh2
03Þ
þ ‘2ðsinh2
� sinh2
02Þ�; (119)

where 
02 ¼ sinh�1 b1ffiffiffiffiffiffiffiffiffiffi
c2
1
�b2

1

p and 
03 ¼ sinh�1

ffiffiffiffiffiffiffiffiffiffi
b2
1
�a2

1

c2
1
�b2

1

r
. Then,

the regions with non-negative k�1k2 are shown in Fig. 3,
and they are bounded by the horizon Bþð
Þ.

A nonempty intersection of two regions (where both �1

and �2 are spacelike) is what remains after all other sectors
are cut out from the manifold. This truncation produces the
sources, that geometrically describe two intersecting branes.

Compared to the two 2-branes of Sec. III D obtained by
different boosting of the static brane, the configurations
constructed here contain branes with noncompact internal

spacetimes (B and 
 unbounded), as shown in the first two
graphs of Fig. 3.
Note that for a 2-brane whose angular momenta are

defined by the boost e�L02e�L04 , the U matrix can be
written as

U ¼ U0e
�L02þ�L04þ�L24 ; (120)

where the parameters are obtained using the Baker-

Campbell-Hausdorff formula as � ¼ �
� sin�, � ¼ �, and

� ¼ �
� ð1� cos�Þ. Thus, in general, a 2-brane with the

required features can be ‘‘designed’’ by appropriately
choosing the parameters �, �, and �. In order to ensure
that U corresponds to a boost and not a rotation between
the coordinates � and 	, the generator should have real
eigenvalues. The eigenvalues of U squared are

z2 ¼ �2 þ �2 � �2 > 0; (121)

which are, in turn, related to the angular deficits in� and 	
by

FIG. 3 (color online). The doubly shaded area represents the regions where both Killing vectors are spacelike. Three cases can be
distinguished depending on the relative position of 
01 with respect to the pair defined by 
02 and 
03 (whenever they adopt real
values).
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a1 ¼ a0
z2

½�2 þ ð�2 � �2Þ coshz�;

a2 ¼ a0
z2

½�z sinhzþ ��ðcoshz� 1Þ�;

b1 ¼ a0
z2

½�z sinhzþ ��ðcoshz� 1Þ�;

b2 ¼ a0
z2

½�z sinhzþ ��ðcoshz� 1Þ�;

c1 ¼ 1

z2
½��z sinhzþ ��ðcoshz� 1Þ�;

c2 ¼ 1

z2
½�2 þ ð�2 � �2Þ coshz�:

(122)

E. BPS spinning 2-brane configurations

In order to investigate the stability of these p-branes, one
could try to analyze the dynamics of their perturbations.
This requires a previous knowledge of the Lagrangian that
we have not specified so far. We will study stability in the
context of CS AdS supergravity for the super group
SUð2; 2jNÞ, which is the natural supersymmetric extension
of the five-dimensional AdS group. This supergravity has
N supersymmetries and the spinors c s (s ¼ 1; . . . ; N)
transform as SUðNÞ vectors.

A p-brane is stable if it preserves some supersymmetries
described by local spinorial parameters �sðxÞ. These
Killing spinors are solutions of

DðAÞ�s ¼ 0; (123)

in the background given by the AdS connection (59).
Hence, stability will be expected to hold for those configu-
rations that admit globally defined solutions of (123). For
simplicity, we will assume that all other components of A
in the superalgebra vanish. The AdS generators JAB are
represented in terms the five-dimensional gamma matrices,
�a, as Jab ¼ 1

4 ½�a;�b� and Ja5 ¼ 1
2 �a.

Solutions to this equation have been discussed in detail
for static 2-branes in Ref. [25]. Here, we make use of the
fact that a solution for spinning 2-branes has the same local
form as the static solution, where only global (boundary)
conditions are changed. Thus, we write a general solution
for the Killing spinor as

�s ¼ e�ð1=2ÞpðBÞ�1e�ð1=2Þ
�3eð1=2Þð�12þ�34��05Þ�s; (124)

where pðBÞ ¼ sinh�1ðB=‘Þ, and a constant common
eigenspinor �s of the commuting matrices satisfies

�0�s¼ i�s; �1�2�s¼ i�s; �3�4�s¼ i�s: (125)

Only the last two conditions are independent because �0 ¼
�i�1�2�3�4. There are, thus, a priori N=4 independent
spinors �s.

The existence of nontrivial solutions for (123) depends
on the boundary conditions of �sð�; 	Þ. The periodicity of
coordinates �, 	 are determined by the mapping (46)

between these angles and the embedding angles. (Anti)
periodic conditions �sð�þ 2�Þ ¼ ��sð�Þ and �sð	þ
2�Þ ¼ ��sð	Þ imply

ai � bi þ ci ¼ ni 2 Z; ði ¼ 1; 2Þ: (126)

This establishes the BPS condition that relates the pa-
rameters ai, bi, and ci, which are the same for all branes
with equal angular deficits, regardless of the boosts by
which they are spun. In general, these are not the same
as the extremality conditions that match the mass and
angular momentum parameters for the extremal branes
that correspond to the boosted static brane with maximal
velocity. Only in three dimensions these conditions
coincide.
Clearly, in the absence of angular deficits (ai, bi, ci 2 Z)

there exists one stable solution, namely, global AdS. For a
static 2-brane, there is only one nontrivial parameter, which
is not an integer. Hence the extremality conditions (126)
cannot be fulfilled—the static 2-brane without bosonic CS
matter is not stable [25]. If there is a nonvanishing angular
momentum, then two or more parameters are not integers,
and the extremality conditions (126) could in principle be
satisfied by a one-parameter family of configurations.
However, fulfilment of this condition is not guaranteed in
general and must be checked for each particular system of
2-branes. We, therefore, turn to particular cases.
For intersecting 2-branes with one angular momentum

J	, the independent nontrivial parameters are b2 and c2,
given by Eq. (80), and there is a unique extremality con-
dition

c2 � b2 ¼ n2: (127)

This condition clearly constraints only one parameter
while leaving the others arbitrary, and is consistent with
(81), so these stable BPS branes exist.
Similarly, for a massive 2-brane with angular momen-

tum J�, two independent parameters are a1 and b1 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � a20

q
, and a stable BPS 2-brane is obtained when

a1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 � a20

q
¼ n1: (128)

More generally, for intersecting 2-branes with two an-
gular momenta J� and J	, whose angular deficits have the

form (106), the extremality condition reads

a0ðcosh�1 � sinh�1Þ ¼ n1;

cosh�2 � a0n1 sinh�2 ¼ n2: (129)

A solution to these equations always exists, and the ex-
tremal 2-brane labeled by ðn1; n2Þ 2 Z2 is parametrized by
a0 as
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�1;extr ¼ sinh�1

�
a20 � n21 � 2n1a0

a20

�
;

�2;extr ¼ sinh�1

��n1n2a0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a20n

2
1 þ n22 � 1

q
a20n

2
1 � 1

�
:

(130)

Other stable, spinning BPS branes can also be obtained
when the bosonic CS matter is included, as discussed in
Ref. [25].

IV. CODIMENSION-TWO BRANES
IN HIGHER-DIMENSIONS

Configurations similar to the 2-branes discussed inAdS5
can be generalized to higher-dimensional AdS2pþ3 space-

time to obtain 2p-branes. The idea is to introduce suitable
identifications in the Euclidean planes, after embedding the
AdS2pþ3 hypersphere, x � x ¼ �‘2, in the flat space

R2;2pþ2 with Cartesian coordinates xA (A ¼ 0; . . . ; 2pþ
3) and signature ð�;þ; . . . ;þ;�Þ.

A convenient way to obtain a codimension-two brane in
higher odd dimensions is to choose the coordinates x0, x1,
x2, and x2pþ3 to represent a three-dimensional 0-brane (see
Sec. II), parametrized by B � 0, the azimuthal angle �12,
and the time coordinate �0;2pþ3 2 R, thickened by the

introduction of p internal radial coordinates, 
1; . . . ; 
p �
0, and angles �34; . . . ; �2pþ1;2pþ2, so that [25]

x0 ¼ A�1;p cos�0;2pþ3; x1 ¼ B cos�12;

x2pþ3 ¼ A�1;p sin�0;2pþ3; x2 ¼ B sin�12; (131)

and for i ¼ 1; . . . ; p,

x2iþ1 ¼ A�1;i�1 sinh
i cos�2iþ1;2iþ2;

x2iþ2 ¼ A�1;i�1 sinh
i sin�2iþ1;2iþ2:
(132)

Here A2 ¼ B2 þ ‘2 and we introduced, for compactness,
the functions

�l;m � Ym
i¼l

cosh
i; (133)

where �1;0 � 1. We restrict to odd dimensions, but similar

transformation exist in even dimensions, as well.
As a result of this construction that preserves the AdS

constraint, one obtains a spacetime with locally constant
curvature that describes a 2p-brane. The metric takes the
form

ds2 ¼ ‘2

A2
dB2 þ B2d�2

12 � A2�2
1;pd�

2
0;2pþ3

þ A2
Xp
i¼1

�2
1;i�1ðd
2i þ sinh2
id�

2
2iþ1;2iþ2Þ: (134)

In five dimensions (p ¼ 1), this metric matches the one
given by Eq. (45), with 
 ¼ 
1.

Because some azimuthal angles have deficits with re-
spect to global AdS, conical singularities are generated in
the submanifolds that coincide with world volumes of
static branes, and also causal horizons are generated
when the branes are rotating. For example, if only the
angle �12 has a deficit 2�ð1� a0Þ, and other angles
�2iþ1;2iþ2 have period 2�, a static 2p-brane is produced

with conical singularity at the origin, B ¼ 0; the deficit a0
is related to the negative mass parameter of the brane
M [25].
As discussed in the previous section, if more angles have

deficits, then the brane acquires angular momenta as well,
and it might become a system of intersecting p-branes. In
2pþ 3 dimensions, there can be at most pþ 1 indepen-
dent/commuting rotations in Euclidean planes of the
(2pþ 2)-dimensional spatial section in the embedding
space. Therefore, the most general codimension-two brane
is described by pþ 2 parameters related to conserved

charges, i.e., the mass M, and angular momenta, ~J ¼
ðJ1; . . . ; Jpþ1Þ. This counting matches the fact that there

can be at most pþ 2 angular deficits in the angles �0;2pþ3

and �2iþ1;2iþ2, i ¼ 0; . . . ; p.
The isometry group of AdS2pþ3, SOð2; 2pþ 2Þ, is of

rank pþ 2. This means that the brane can be described by
at most pþ 2 independent parameters, each one corre-
sponding to a generator of the Cartan subalgebra.
Similarly to the five-dimensional case, the mass parameter
is directly related to an angular deficit of a static brane, and
pþ 1 angular momenta are related to independent rota-
tions in Euclidean planes.
The angular momenta can be alternatively obtained by

applying pþ 1 independent boosts, or Lorentz transfor-
mations, to the static brane along independent angles. To
be more precise, if JAB are generators of SOð2; 2pþ 2Þ,
then the commuting generators of the Cartan subalgebra
are J0;2pþ3 and J2iþ1;2iþ2, where i ¼ 0; . . . ; p.

Geometrically, the angles �0;2pþ3 and �2iþ1;2iþ2 are azi-

muthal angles in the Euclidean planes x0x2pþ3 and
x2iþ1x2iþ2, respectively.
Furthermore, as in the five-dimensional case, the embed-

ding angles �0;2pþ3 and �2iþ1;2iþ2 are related to the time

coordinate t and pþ 1 periodic angles 	i ¼ ð�; 	; . . .Þ 2
½0; 2�Þ. The relation between the local coordinates in AdS
space and those in the embedding space is captured by the
invertible matrix U that generalizes Eq. (46),

�0;2pþ3

�12

�34

..

.

�2pþ1;2pþ2

0
BBBBBBBBB@

1
CCCCCCCCCA
¼

u1 b1 b2 � � � bpþ1

u2 a1 a2 apþ1

u3 c1 c2 cpþ1

..

. . .
. ..

.

upþ2 q1 q2 � � � qpþ1

0
BBBBBBBBBB@

1
CCCCCCCCCCA

t=‘

	1

	2

..

.

	pþ1

0
BBBBBBBBB@

1
CCCCCCCCCA
:

(135)
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In this notation, a static brane is represented by U0 ¼
diagða0; a0; 1; . . . ; 1Þ, where �12 ¼ a0�, �0;2pþ3 ¼
a0t=‘, and all other angles are periodic, with periods 2�.
Static solutions with different transverse planes also exist,
but they simply correspond to different matrices U0 in
which the second eigenvalue a0 is moved along the
diagonal.

A rotating brane is brought to existence from the static
brane by applying at most pþ 1 independent Lorentz
transformations � along the angles 	i, each one introduc-
ing a component Ji. Then, the matrix U in (135) can be
‘‘unboosted’’ to the static brane as U ¼ U0�

�1. Again,
U has at most pþ 2 independent components and
detU ¼ a20.

A. Sources

Angular deficits of the embedding angles �ij, due to

identifications 	i ’ 	i þ 2�, are read-off from the matrix
elements of U as ai; bi; ci; . . . ; qi 2 ð0; 1�. These entries
correspond to the parameters that characterize the Killing
vector fields used to identify points in the embedding space,

�iðxÞ ¼ 2�aiJ12 � 2�biJ0;2nþ1 þ 2�ciJ34 þ � � �
þ 2�qiJ2pþ1;2pþ2: (136)

A rotating brane with angular momenta ~J is the quotient of
AdS2pþ3 space by these identifications. The spacetime

curvature is constant everywhere. However, as in the pre-
vious discussions, the allowed regions of spacetime are
those that do not possess closed timelike curves, that is,
where all the norms

k�ik2 ¼ 2�ðaiB2 � biA
2�2

1;p þ ciA
2sinh2
1

þ � � � þ qiA
2�2

1;p�1sinh
2
pÞ; (137)

are non-negative. As in five dimensions, the causal horizon
B ¼ B�ð
Þ is a boundary of the ‘‘outer’’ region, where all
k�ik2 are strictly positive. The interior is removed from the
manifold by an additional transformation that identifies B�
as a set of points with infinite curvature, that is, a source of a
codimension-two where the brane is.

Explicit expressions for this source can be obtained
using the method of nontrivial holonomies, explained in

previous sections. In order to analyze nontrivial paths
around the horizon, we choose the vielbein as

e0 ¼ A�1;pd�0;2pþ3; e1 ¼ ‘

A
dB;

e2 ¼ Bd�12; e2iþ1 ¼ A�1;i�1d
i;

e2iþ2 ¼ A�1;i�1 sinh
id�2iþ1;2iþ2; (138)

where i ¼ 1; . . . ; p and �l:m has been defined in Eq. (133).
Then the torsionless spin-connection, defined outside the
source, has nonvanishing components

!01 ¼ B

‘A
e0; !12 ¼ �A

‘
d�12;

!1;2iþ1 ¼ � B

‘A
e2iþ1; !1;2iþ2 ¼ � B

‘A
e2iþ2;

!0;2iþ1 ¼ sinh
i�iþ1;pd�0;2pþ3;

and with i < j,

!2iþ1;2iþ2 ¼ � cosh
id�2iþ1;2iþ2;

!2iþ1;2jþ1 ¼ sinh
j�i�1;jþ1d
i;

!2iþ2;2jþ1 ¼ sinh
i sinh
j�i�1;jþ1d�2iþ1;2iþ2:

(139)

The AdS connection A has the form given by Eq. (1). As
discussed above, the integral of F over an infinitesimal
surface that contains the horizon is finite, because the
coordinate definitions (131) and (132) introduce a curva-
ture singularity: the source of the brane j. This source is
located at the causal horizon, that is in general a union of
various surfaces k�ik ¼ 0 coming from different Killing
vectors.
The only contribution to the integral

R
�� F comes from

anAbelian subgroup
R
�� dA ¼ H

C� A. In Euclidean planes,

the loops around the horizon are parametrized by the azi-
muthal angles �ij. When the angles have periods smaller

than 2�, then
H
d�ij ¼ 2��ij, where �ij 2 ð0; 1Þ are the

constants whose form depends on the matrix (135). When
there is no deficit, �ij ¼ 1, and we can drop this term from

the source, as it describes a simple S1 rotation, that is an
ambiguity in a Killing vector that can always be removed.
Writing these contributions to F in the xixj-planes as the

2-forms 2��ij�ð�ijÞ, we obtain the source of a

codimension-two brane in 2nþ 1 dimensions,

j ¼ 2�

‘
ðB�J2;2pþ3 � A�J12Þ�12�ð�12Þ þ 2�

‘

�
�1;pðA�J0;2pþ3 þ B�J01Þ þ

Xp
i¼1

‘ sinh
i�iþ1;pJ0;2iþ1

�
�0;2pþ3�ð�0;2pþ3Þ

þ 2�

‘

Xp
i¼1

�
�1;i�1 sinh
iðA�J2iþ2;2pþ3 � B�J1;2iþ2Þ þ ‘ cosh
iJ2iþ2;2iþ1

þ 1

2

Xp
i;j¼1

‘ sinh
i sinh
j�i�1;jþ1J2iþ2;2jþ1

�
�2iþ1;2iþ2�ð�2iþ1;2iþ2Þ: (140)
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Not all Dirac delta 2-forms �ð�ijÞ are independent sources,
because �ij are Euclidean planes in the embedding space
R2;2pþ2 and �ð�ijÞ has to be expressed in the AdS coor-
dinates. A more explicit form of j depends on the number
of angular momenta and the identification under
consideration.

In the next subsection, we will show that these spinning
2-branes can be stable in the framework of CS
supergravity.

B. Killing spinors

Consider a CS supergravity with N gravitinos for some
super AdS group. The smallest superalgebras that contain
the AdS2pþ3 are constructed and classified in 2pþ 3 di-

mensions in Ref. [15]. A spinor c s (s ¼ 1; . . . ; N) with
2pþ1 components transforms as a vector in some internal
subalgebra soðNÞ, spðNÞ, or suðNÞ, depending on the
dimension of spacetime; generically, the superalgebra
also contains additional bosonic generators required by
its closure.

A 2p-brane solution of the theory is a BPS configuration
if its gauge connection A corresponds to (1), (138), and
(139), with all other fields set to zero, and it admits non-
trivial Killing spinors �s satisfying Eq. (123). As we show
below, in order to satisfy this requirement, the brane
geometry must have at least one nonzero component of
the angular momentum. Killing spinors have been calcu-
lated in Ref. [25], and they have the form

�s ¼ e�ð1=2ÞpðBÞ�1

Yp
i¼1

e�ð1=2Þ
i�2iþ1eð1=2Þ�2iþ1;2iþ2�2iþ1;2iþ2


 eð1=2Þð�12�12��0;2pþ3�0Þ�s: (141)

The function pðBÞ ¼ sinh�1ðB=‘Þ is the same as before,
and �a (a ¼ 0; 1; . . . ; 2pþ 2) are the (2pþ 3)-
dimensional gamma matrices and �s is a constant spinor.
Since the set of matrices �2iþ1;2iþ2 ¼ 1

2 �2iþ1�2iþ2 mutu-

ally commute and have eigenvalues �i, the spinor �s can
be chosen as their common eigenvector,

�2iþ1;2iþ2�s ¼ i�s; ði ¼ 1; . . . ; pÞ: (142)

Furthermore, the matrix �0, proportional to the product
�12 � � ��2pþ1;2pþ2, can be normalized as

�0�s ¼ i�s: (143)

Then, the spinor �s adopts the form

�s ¼ e�ð1=2ÞpðBÞ�1eði=2Þð�12��0;2pþ3Þ


Yp
i¼1

e�ð1=2Þ
i�2iþ1eði=2Þ�2iþ1;2iþ2�s: (144)

In order to have a globally defined �s it is necessary to
impose periodicity conditions in the angles 	i. From the
matrix U with the matrix elements U�

�� in Eq. (135), we

find that a change 	j ! 	j þ 2� of the j-th angle (j ¼
1; . . . ; pþ 1) induces a change in the embedding angles

�12 ! �12 þ 2�aj; �0;2pþ3 ! �0;2pþ3 þ 2�bj;

�2iþ1;2iþ2 ! �2iþ1;2iþ2 þ 2�Uj
2iþ1;2iþ2: (145)

Thus, for fixed B, 
i, and 	i (i � j), the spinor changes as

�sð	j þ 2�Þ ¼ ei�ðaj�bjÞ
Yp
i¼1

ei�U
j
2iþ1;2iþ2�sð	jÞ: (146)

Requiring that the spinor be periodic or antiperiodic func-
tion of the angles, �sð	j þ 2�Þ ¼ ��sð	jÞ, one obtains

pþ 1 independent conditions on the parameters,

aj � bj þ
Xp
i¼1

Uj
2iþ1;2iþ2 ¼ Nj;

ðNj 2 Z; j ¼ 1; . . . ; pþ 1Þ: (147)

These conditions linear in the parameters are always sat-
isfied by the global AdS2pþ3, for which U ¼ 1. Also, these

conditions are never satisfied by static branes, where there
is only one parameter in the interval (0, 1). However, with
at least two independent parameters, above equations
present the extremality conditions between the sets of
parameters that are, as we saw before, related to the
conserved charges M and Ji of the theory. Similarly as in
five dimensions, these linear conditions that define the BPS
states do not coincide for p � 1 with the nonlinear con-
ditions of the extremality of angular momentum.
The extremality conditions (147) applied to five-

dimensional 2-branes, reproduce results discussed in
Sec. III E. The BPS states described here are easily gener-
alized when other forms of CS matter are added as, for
example, a Uð1Þ field. For static codimension-two branes,
this case was analyzed in Ref. [25].

V. CONCLUSIONS AND OUTLOOK

This paper is devoted to the study of codimension-two
branes in AdSD�3 spacetimes. The branes are classified by
a set of parameters fai; bi; ci; . . .g related to their mass and
angular momenta. The construction is based on the intro-
duction of Killing vector identifications in the embedding
space R2;D�1 of global AdSD, where the above parameters
become angular deficits. These identifications have fixed
points and produce configurations that are locally AdS, but
whose global structure is changed and describe a variety of
2p-brane configurations.
In this construction, one is faced with entire regions of

spacetime that admit closed timelike curves. They are
removed by an additional identification of the causal hori-
zon with a point. The last identification, which is not
produced by a Killing vector, keeps the manifold locally
AdS everywhere, except at the point defining the causal
horizon, where the Riemann curvature becomes infinite. In
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the field equations, this is presented as a brane source. The
source generically has the form of a Dirac delta distribu-
tion—without derivatives—contrary to recent reports in
the literature (see, e.g., [28,29]). This is possible on ac-
count of a nonvanishing torsion at the singular locus defin-
ing the position of the brane.

Our construction guarantees that the AdS curvature
satisfies F ¼ j, independently on the form of the action.
This means that, without a source, any action admitting
global AdS as a solution can also have these (spinning)
branes as exact solutions. In order to include the sources, a
suitable interaction also has to be added in the action.

Geometrically, the manifolds obtained in this paper
present one or more (maximally ½ðD� 1Þ=2�) spinning
codimension-two branes that intersect. Thus, the source
is a sum of at most ½ðD� 1Þ=2� independent Dirac delta
distributions, each one associated with one (D� 3)-brane,
or one Killing vector identification in AdSD space.

This discussion is restricted to the branes that possess a
static limit, i.e., that reduce to the static (D� 3)-brane in
the absence of angular momenta. A construction of this
class of spinning branes is shown to be equivalent to a
boosting along an azimuthal angle of the static brane, in the
spirit of Ref. [24], where a similar analysis has been done
for the BTZ black hole [1,5].

Our approach to obtain a higher-dimensional (D� 3)-
brane from the three-dimensional 0-brane is to thicken it
(by introducing further internal coordinates), thus it is
natural to expect that there exist more than one inequiva-
lent ways to do this kind of embedding. Furthermore, since
identifications of AdS space with or without fixed points
produce branes or black holes, respectively, it would be
quite interesting to study combined identifications where
both branes and black holes are formed. All those cases
that lead to nontrivial global geometries are left for future
discussion. In particular, a general analysis like the one
performed in [5] seems as necessary as cumbersome.

Extremal spinning branes are not included in this analy-
sis, because they would correspond to a boost whose
velocity is equal to the speed of light. Coordinate trans-
formations that exhibit this Killing vector identification are
not well-defined in the extremal limit either. The nonex-
tremality condition, however, does not mean that extremal
spinning branes do not exist, but that they should be con-
structed from a different Killing vector identification.
Indeed, in three dimensions, extremal spinning branes
have been obtained from identifications in AdS3 in
Ref. [9]. This extremal spinning 0-brane should be thick-
ened and embedded in higher dimensions similarly as in
the nonextremal case, in order to give rise to the extremal
codimension-two brane in D dimensions.

To understand the geometry of spinning branes that
satisfy F ¼ 0, one does not need to know an action—all
actions that have as particular solution F ¼ 0 will do the
job. This could be, for example, any action from the class

of Lovelock actions that generalize general relativity in
higher dimensions. In particular, Einstein-Hilbert action
with negative cosmological constant has described spin-
ning branes as solutions in any dimension.
Without knowing the action, one cannot calculate con-

served charges in the theory, but one can relate the free
parameters fai; bi; ci; . . .g of the configuration to its mass
and angular momenta by their comparison to some known
asymptotically AdS solution, for example, the BTZ black
hole. This is possible because the set of independent pa-
rameters is equivalent to the set of Casimir invariants, thus
equivalent to the gauge-invariant charges.
One question that naturally comes to mind in the pres-

ence of these p-branes which do not affect the local curva-
ture, but modify the topology, is about the experimental
tests that could be performed to detect them. A related
problem is how would one distinguish these solutions from
other configurations by looking at them from far away. It
has been recently shown that black holes and naked singu-
larities can be observationally distinguished through their
gravitational lensing properties. When used as gravita-
tional lenses, a black hole and a naked singularity of the
same mass and symmetries give rise to a different number
of images of the same light source. They also possess
different orientations, magnification, and time delays of
images. For more, see, e.g., Refs. [35,36].
Analyzing the stability of the brane solutions discussed

here requires knowing the full theory, as it involves per-
turbing the fields in the vicinity of the solution F ¼ 0, and
studying their dynamics from the equations of motion. We
have performed this analysis in the case of CS super-
gravity, where we showed that there are BPS states that
preserve a fraction of the original supersymmetry.
Sources can be incorporated in a theory by adding to the

action the couplings between the external currents j and
gravitational and matter fields. We are interested in CS AdS
supergravity in odd dimensions, where the AdS connection
is a fundamental field. As discussed in [11,18,25,26],
gauge-invariant and background-independent couplings
between a 2p-brane and a connection is provided by the
generalization of the minimal coupling, where the role of
the vector potential is played by the (2pþ 1)-CS form. The
bosonic sector of this supergravity is of the Lovelock type
and it has the unique AdS vacuum F ¼ 0. This vacuum is a
degenerate zero of the CS field equations; that means that
linear perturbation analysis is not well-defined in this back-
ground. This problem is circumvented in the supersymmet-
ric case by showing that the solution F ¼ 0 preserves some
supersymmetries and, using symmetry arguments, that
it must be a stable state whose charges saturate the
Bogomol’nyi bound in this background. The fact that there
are no configurations into which these states can decay
implies that this supergravity theory should not present a
turbulent instability of the type recently observed in general
relativity [37,38].
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The situation in which there is no well-defined linear
approximation around some very symmetric background is
typical for higher-dimensional CS theories [39]. The prob-
lem is originated in the so-called irregular sectors of the
phase space, where the canonical Hamiltonian analysis is
not applicable. In these sectors, local symmetry increases
and the number of physical degrees of freedom decreases
[40]. These sectors are not open sets in phase space, they
are submanifolds of measure zero, and one can avoid them
by adding to the background a suitable bosonic CS matter
[41,42]. In that way, one can work in the AdS background
in CS gravity even without involving supersymmetry.

Recently, another solution involving Chern-Simons cou-
pling has been discussed in the context of electric-
magnetic duality [43]. This magnetically charged solution
is geometrically like a Dirac string, but it might be also
electrically charged.
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APPENDIX: THREE-DIMENSIONAL CURVATURE
FROM PARALLEL TRANSPORT OFAVECTOR

The Riemann curvature of three-dimensional 0-brane
described in Sec. II B can be obtained from parallel trans-

port of a Lorentz vector Va around the point r ¼ 0. The
equation of parallel transport along BðrÞ ¼ const reads

DVc ¼ ð@�Vc þ!cd
� VdÞd� ¼ 0; (A1)

or in components

0 ¼ @�V
0 þ bB

‘
V1;

0 ¼ @�V
1 þ bB

‘
V0 � a

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
V2;

0 ¼ @�V
2 þ a

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
V1:

(A2)

General solution of these equations has the form

V0ð�Þ¼ Bb

‘�
ð�cos����sin��Þþ a

bB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þ‘2

p
�;

V1ð�Þ¼�cos��þ�sin��;

V2ð�Þ¼ a

‘�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þ‘2

p
ð�cos����sin��Þþ�; (A3)

where the angular frequency is

�2ðrÞ ¼ a2 � b2

‘2
B2 þ a2 ¼ r2

‘2
þ a2 þ b2: (A4)

If the transport starts in the point� ¼ 0with the vector �Va,
the integration constants are

� ¼ �V1; � ¼ 1

‘�
ð�bB �V0 þ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
�V2Þ;

� ¼ bB

‘2�2
ða

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p
�V0 � bB �V2Þ:

(A5)

After moving along the circle and returning to the initial
point, the vector becomes

Vcð2�Þ ¼ Scd
�Vd; (A6)

where the transformation matrix, in the limit r ! 0, reads

S ¼
1þ b4

a4�b4
ð1� cos	Þ � b2ffiffiffiffiffiffiffiffiffiffi

a4�b4
p sin	 � a2b2

a4�b4
ð1� cos	Þ

� b2ffiffiffiffiffiffiffiffiffiffi
a4�b4

p sin	 cos	 a2ffiffiffiffiffiffiffiffiffiffi
a4�b4

p sin	

a2b2

a4�b4
ð1� cos	Þ � a2ffiffiffiffiffiffiffiffiffiffi

a4�b4
p sin	 1

a4�b4
ð�b4 þ a4 cos	Þ

0
BBBB@

1
CCCCA: (A7)

We have introduced the angle

	 ¼ lim
r!0

2�� ¼ 2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
: (A8)

In the static case (b ¼ 0), we have 	0 ¼ 2�a0 and

Sstatic ¼
1 0 0

0 cos	0 sin	0

0 � sin	0 cos	0

0
BB@

1
CCA ¼ e	0J12 : (A9)
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Nontrivial curvature is due to the current

Sstatic ¼ e�
R

jstatic ;
Z

jstatic ¼ �2�a0J12: (A10)

In the rotating case (b � 0), we can rewrite the matrix S
as a composition of the 12-rotation and 02-boost,

S ¼ e�J02e	J12e��J02 ; (A11)

with the angles

	 ¼ lim
r!0

2�� ¼ 2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
; (A12)

tanh� ¼ lim
r!0

bB

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ ‘2

p ¼ b2

a2
: (A13)

Again, a spinning brane is obtained from the static one
after applying the Lorentz boost,

e�J02 ¼
cosh� 0 sinh�

0 1 0

sinh� 0 cosh�

0
BB@

1
CCA: (A14)

Nontrivial curvature (S � 1) is due to the source,

S ¼ e�
R

jcurvature : (A15)

Because the generators J12 and J02 do not commute,
½J12; J02� ¼ J01, we apply the Baker-Campbell-Hausdorff
formula,

e�J02e	J12e��J02 ¼ e	ðJ12 cosh��J01 sinh�Þ; (A16)

and we obtain the source as

Z
jcurvature ¼ 	ð�J12 cosh�þ J01 sinh�Þ

¼ 2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p ð�a2J12 þ b2J01Þ: (A17)

This analysis is incomplete because the full source con-
tains a torsional part as well, j ¼ jcurvature þ jtorsion.
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(2008).
[30] J.M. Izquierdo and P.K. Townsend, Classical Quantum

Gravity 12, 895 (1995).
[31] O. Coussaert and M. Henneaux, Phys. Rev. Lett. 72, 183

(1994).
[32] M. Banados, R. Olea, and S. Theisen, J. High Energy

Phys. 10 (2005) 067.
[33] M. Banados, O. Miskovic, and S. Theisen, J. High Energy

Phys. 06 (2006) 025.
[34] G. Kofinas and R. Olea, J. High Energy Phys. 11 (2007)

069.
[35] K. S. Virbhadra and G. F. R. Ellis, Phys. Rev. D 65, 103004

(2002).

EDELSTEIN et al. PHYSICAL REVIEW D 84, 104046 (2011)

104046-22

http://dx.doi.org/10.1103/PhysRevLett.69.1849
http://dx.doi.org/10.1103/PhysRevLett.69.1849
http://dx.doi.org/10.1016/0003-4916(84)90085-X
http://dx.doi.org/10.1016/0003-4916(84)90085-X
http://dx.doi.org/10.1007/JHEP02(2010)029
http://dx.doi.org/10.1007/JHEP02(2010)029
http://dx.doi.org/10.1103/PhysRevD.48.1506
http://dx.doi.org/10.1088/0264-9381/13/10/010
http://dx.doi.org/10.1088/0264-9381/15/11/018
http://dx.doi.org/10.1088/0264-9381/15/11/018
http://dx.doi.org/10.1103/PhysRevD.57.1068
http://dx.doi.org/10.1103/PhysRevD.79.105011
http://dx.doi.org/10.1103/PhysRevD.36.1017
http://dx.doi.org/10.1103/PhysRevD.36.1017
http://dx.doi.org/10.1016/S0370-2693(00)00535-9
http://dx.doi.org/10.1016/S0550-3213(00)00649-0
http://dx.doi.org/10.1103/PhysRevD.58.101703
http://dx.doi.org/10.1103/PhysRevD.58.101703
http://dx.doi.org/10.1023/A:1026614631617
http://dx.doi.org/10.1023/A:1026614631617
http://arXiv.org/abs/hep-th/0502193
http://dx.doi.org/10.1088/1742-6596/33/1/008
http://dx.doi.org/10.1088/1742-6596/33/1/008
http://dx.doi.org/10.1103/PhysRevD.80.044003
http://dx.doi.org/10.1103/PhysRevD.80.044003
http://dx.doi.org/10.1063/1.2971999
http://dx.doi.org/10.1016/j.physletb.2004.06.067
http://dx.doi.org/10.1016/j.physletb.2004.06.067
http://dx.doi.org/10.1063/1.1665613
http://dx.doi.org/10.1103/PhysRevD.70.124002
http://dx.doi.org/10.1023/A:1022862309863
http://dx.doi.org/10.1023/A:1022862309863
http://dx.doi.org/10.1103/PhysRevD.61.104013
http://dx.doi.org/10.1103/PhysRevD.61.104013
http://dx.doi.org/10.1103/PhysRevD.82.044053
http://dx.doi.org/10.1142/S0218271811019177
http://dx.doi.org/10.1088/1126-6708/2002/12/055
http://dx.doi.org/10.1088/1126-6708/2002/12/055
http://dx.doi.org/10.1088/1126-6708/2007/07/028
http://dx.doi.org/10.1088/1126-6708/2007/07/028
http://dx.doi.org/10.1103/PhysRevD.78.104002
http://dx.doi.org/10.1103/PhysRevD.78.104002
http://dx.doi.org/10.1088/0264-9381/12/4/003
http://dx.doi.org/10.1088/0264-9381/12/4/003
http://dx.doi.org/10.1103/PhysRevLett.72.183
http://dx.doi.org/10.1103/PhysRevLett.72.183
http://dx.doi.org/10.1088/1126-6708/2005/10/067
http://dx.doi.org/10.1088/1126-6708/2005/10/067
http://dx.doi.org/10.1088/1126-6708/2006/06/025
http://dx.doi.org/10.1088/1126-6708/2006/06/025
http://dx.doi.org/10.1088/1126-6708/2007/11/069
http://dx.doi.org/10.1088/1126-6708/2007/11/069
http://dx.doi.org/10.1103/PhysRevD.65.103004
http://dx.doi.org/10.1103/PhysRevD.65.103004


[36] K. S. Virbhadra and C. R. Keeton, Phys. Rev. D 77,
124014 (2008).

[37] P. Bizon and A. Rostworowski, Phys. Rev. Lett. 107,
031102 (2011).

[38] O. J. C. Dias, G. T. Horowitz, and J. E. Santos,
arXiv:1109.1825.

[39] O. Chandı́a, R. Troncoso, and J. Zanelli, in Trends in
Theoretical Physics (American Institute of Physics, New
York, 2009), Vol. 2, p. 231.
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