The Toeplitz algebra on the Bergman space coincides
with its commutator ideal.

Daniel Sudarez

ABSTRACT

Let L2 be the Bergman space of the unit disk and T(L?2) be the Banach algebra gene-
rated by Toeplitz operators Ty, with f € L°. We prove that the closed bilateral ideal
of T(L2) generated by operators of the form T¢T, — T, T coincides with T(L2).

1 Introduction

If0<p<oolet P =LP(D,dA), where D is the open unit disk and dA(z) = (1/7)dzdy
(z = x +iy) is the normalized area measure on D. The Bergman space L? is formed by the
analytic functions in LP. If 1 < p < oo then

fw)
PG = [ T A

is a bounded projection from LP onto LP. This is the usual Bergman projection. For
a € L* let M, : L” — LP be the operator of multiplication by a and P, = PM,. Then
| Pl < Cpllal|oo, where C,, is the norm of P acting on LP. The Toeplitz operator T, : L? — L?
is the restriction of P, to the space L?. If B is a Banach space, we will write £(B) for
the algebra of all bounded operators on B and ¥(L?) for the closed subalgebra of £(L2)
generated by {7}, : a € L>}.

If A is a Banach algebra, its commutator ideal €A is the closed bilateral ideal generated

by elements of the form [z, y] aof xy — yx, with z,y € A. It is clear that €A is the smallest
closed ideal of A such that A/€A is a commutative Banach algebra. There is an extensive
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literature on commutator ideals and abelianizations of Toeplitz algebras acting on the Hardy
space H?. The book of Nikoslkii [5] contains plentiful information and further references.
In contrast with this situation, we only have a handful of results for Toeplitz algebras of
operators on L2. Probably the most relevant papers on the subject are [2], [4] and [1].

If H is a Hilbert space of dimension greater than one then €£(H) = £(H). Although
this situation is very unusual for Toeplitz algebras, the purpose of this paper is to prove the
following

Theorem 1.1 The Toeplitz algebra on L? coincides with its commutator ideal.

In (3] it is shown that if ¢(2) = exp(iloglog|z|~?) then the semicommutator Ty, — T5T, is
a nontrivial scalar multiple of the identity. Analogously, it could happen that there are two
simple functions a,b € L*> such that T, T, — T,T, is easily seen to be invertible. This would
immediately prove Theorem 1.1. Since I was unable to find such functions or even prove
their existence, the proof here is considerably more complicated.

2 Segmentation

For z € D let p,(w) = (2 —w)/(1 — Zw), the special automorphism of D that interchanges 0
and z. The pseudo-hyperbolic metric is defined by p(z,w) = |¢.(w)| for z,w € D. Tt is well
known that p is invariant under the action of Aut(ID). We will also use that

p(Z, U) — p(“? w)

p(z,w) > 1— p(z,u)p(u,w)

for all z,w,u € D.

If0<r <1 write K(z,7) &of {w e D: p(w,z) <r} for the closed ball of center z and radius
r with respect to p. A sequence S = {z,} in D will be called separated if inf;.; p(2;, z;) > 0.
Although I have not found the next result in its present form in the literature, it is a well
known feature of separated sequences. We sketch here a proof.

Lemma 2.1 Let S be a separated sequence and 0 < o < 1. Then there is a finite decom-
position S = Sy U ... U SN such that for every 1 < i < N: p(z,w) > o for all z # w in
S;.

Proof. Since § is separated, there is some positive integer N depending only on ¢ and
the degree of separation of S, such that K(z,0) NS has no more than N points for every
z € D. Let & C S be a maximal sequence such that p(z,w) > o for every z,w € &
with z # w. The maximality implies that S C (J,cs, K(2,0). If S = S we are done.
Otherwise suppose that n > 2, S1,...,S,_1 are chosen and S\ (S; U ... US,_1) # 0. Let
S, CS\(S1U...US,_1) be a maximal sequence such that p(z,w) > o for every z,w € S,
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with z # w. By the maximality at the previous steps, if z € S,, there is some z; € S; such
that z € K(z;,0) for every 1 < i < mn — 1. Therefore {z,z,...,2,-1} C K(z,0) NS, and
consequently n < N. O

Lemma 2.2 For 1 < k < m let {a?}jzl be sequences in the unit ball of L such that
Suppaf C K(aj,r), where K(aj,r) N K(ay,r) =0 if i # j. Suppose that 1 < p < co and
{R;}j>1 is a bounded sequence in £(LP). If f € LP is such that 37, MynR;f € LP then

I ZPQ; o PanRifllp S O I D ManRif I,
Jj=1 Jj=1
where Cy, is the norm of the projection P acting on LP.

Proof. For every j > 1 write (); = P ... Byma P and S = Zj21Ma}QjMa§nRj- Then
1Q; |l < C'~" and for f € LP we have

ISFIE = 11D MaQiMar Rifll5 = D | M Q;Mar Ry f 1}
jz1 J>1
< Gy IMap Riflly = Ol Y (Mg Ry) - (2.1)
j=1 j>1

If the last quantity is finite then Sf € LP and the partial sums S, f = Z?Zl Ma; QjMa;n R;f
converge to Sf in LP-norm when n—oo. Therefore

1D Pur PanRyfllp = lim | Y Pu. P Rif|l
j>1 j=1

= 1 PSS < G/
The lemma follows combining this equality with (2.1). O

Corollary 2.3 Taking R; = I for every j in Lemma 2.2 we obtain

1D Par - Panlleuny < Gy

Jj>1
Proof. By the lemma,

| ZPajl. e Pa;"pr < C;T | ZMa;"pr < C;T ||M(Zj21 a}”)pr < CITHfHP

g2l j=1

for every f € LP. O

The next result is a particular case of Lemma 4.2.2 in [6].
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Lemma 2.4 If t > —1, ¢ s real and

Fole) = [ 22D i) (em),

L [1 = zw[2ttte

then F.; is bounded when ¢ < 0 and |F.;(z)] < C(1 — |2]?)~¢ when ¢ > 0.

Lemma 2.5 Let 0 <r <1 and {a;};>1 C D such that K(a;,r) N K(az,r) =0 if i # 5. If
r<R<1land0<p <1 then

— lwl?)—°
/ 5 oo U=l T gaw) < R - 1207, 22)

|1 — 2w0]?
where C@(R)—>O when R—1.
Proof. If z € K(«j,r) and w € D\ K(a;, R) then

plw, o) —pley,z)  R—r
>
,O(Wa ’Z) — 1 — p(aj, Z)p(w7 Od]) 1 o RT

where 0 = 0(R)—1 when R—1. Therefore D\ K(a;, R) C D\ K(z,) and

Z XK (aj,r) XD\K (aj,R < Z XK (aj,r) XD\K(Z 6)( )

:5’

Hence, the integral in (2.2) is bounded by

—wl2)-8
ZXK aJr /XD\K(z 6)( )(1|1|—|_)dA(w)

— 2|2
B A Ol
- ;XK(%-,T)( )/|;;>6 |1 _ng dA( )
A=) 28 g
< /| s AW, (2.3)

where the equality comes from the change of variables v = ¢, (w) and the inequality because
K(oj,r) are pairwise disjoint. Pick some p = p(f8) > 1 satisfying simultaneously the
conditions p3 < 1 and p(2 — 3) < 2. If p~! + ¢! = 1, Holder’s inequality gives

1 — |w?) P 1 — lol2)-#8 1
/M % M) = </D % dA<”>) (18211,

Since 2p(1 — 8) = 2 —pB+ [p(2 — B) — 2] < 2 — pf3, then Lemma 2.4 says that the last
expression is bounded by Cj(1 — §2)Y4, where Cs depends only on 3. Going back to (2.3)
we see that the integral in (2.2) is bounded by

Cs(1 = 6(R*)VH (1 — [2]*) 77

proving the lemma. O



Lemma 2.6 Let 0 <r <1 and oj € D (for j > 1) such that K(«;,r) are pairwise disjoint.
Suppose that R € (r,1) and aj, A; € L™ are functions of norm <1 such that

suppa; C K(aj,7) and suppA; C D\ K(aj, R).

Then 221 My, PMy, is bounded on LP for every 1 < p < oo, with norm bounded by some
constant k,(R)—0 when R—1.

Proof. Write
1

P(2,w) = Z XK (aj,r) (2)XD\K (a5,R) (W) m

j=1

Let f € LP. Since ||a;]|, [|4jllec <1 for all j, then

R R G
(ZM%PMAJO (2) > a;(2) /D A @ g5

Jj=1 Jj=1

< [ 2 w)lfw)|dA).
D
Taking h(z) = (1 — |2|?)~/?4, where p~* + ¢~' = 1, Lemma 2.5 asserts that

/D@(z,w)h(w)q dA(w) < cp-1(R)h(2)*

and Lemma 2.4 implies that there is some C' > 0 such that
/ O(z,w)h(2)? dA(z) < Ch(w)?.
D

By Schur’s theorem [6, p.42]| the integral operator with kernel ®(z,w) is bounded on L”
1 1
and its norm is bounded by (¢,-1(R))e C? —0 as R—1. O

Let aj,b; € L™ (j > 1) be functions of norm at most 1 supported on K(«;,), where the
pseudo-hyperbolic disks are pairwise disjoint. By Lemma 2.1 for any o € (r, 1) there is some
n =mn(o) > 1 and a partition of the positive integers N = N; U...U N, such that

p(Cki,Oéj)>0' for Z#]a i,J € Ny (1§k§n)
Lemma 2.7 If 1 < p < oo then

Z [(Z Pa}---Pa;"> P(ZieNkbi)] — ZPaJl...Pa;nij (24)

1<k<n L \jeN, j>1

in operator norm when c—1.



Proof. Write B; = ZleNk iz;bi when j € Nj for some 1 < k < n. Since P(ZieNk b)) =
Py, + Pg,, the first term in (2.4) can be decomposed as

il Pa ... PanPy + Y Pa...PanPp| =S+ 5,

j€Ng, JEN}

where

3

and

152/ 1l < Gl Y May Po, flp- (2:5)

j=1

If w € supp B; for j € N; with 1 <k < n, then there is i # j in NNV}, such that w € K(o;, 7).
Then

p(w,@j) 2 1p(aj7ai) _p<w705i) > o—T _ R(U),

- P(Oé]w a;)p(w, a;) 1—or
meaning that supp B; C D\ K(ay, R(0)). Since R(0)—1 when 0—1, (2.5) and Lemma 2.6
prove (2.4). O

Corollary 2.8 Under the conditions of Lemma 2.7,

Z (Z T .. .Ta;,n> TSm0 | = ZTa} - TunTh, (2.6)

1<k<n L \jEN,

and

Do T, o (ZTl-.. am> — ST T Ty (2.7)

1<k<n | JEN

in operator norm when c—1.

Proof. We obtain (2.6) by restricting the operators of (2.4) to L2. To prove (2.7) use (2.6)

with
Z [(Z Ta;" c. Ta}) T(ZieNk bq)]

1<k<n JEN

and then take adjoints. O



Proposition 2.9 Let 1 < p < oo and c}, ey ],aj,bj,d},...,d? € L™ be functions of

norm < 1 supported on K(cj,r) for j > 1, where K(aj,7) N K (o, 7) =0 if i # j. Then

D T Ta(To, Ty, = T, T0,) T . Tap € CS(LE).

j>1

Proof. For r < 0 < 1 decompose N = N; U...U N, as in the paragraph that precedes
Lemma 2.7. By Corollary 2.8,

> [T@jeNk N Sien, )~ TSien, b)T@jeNkaj)] =Y (T,Th, = Ty,T.,)

1<k<n jz1
when o—1. Since the first operators belong to the commutator ideal, so does their limit.
Thus,
> (T, T, - T),T.)) € €I(LY)
jEF
for any subset F' C N. In particular, this hold for F' = Ny, (1 <k <n). Then

Z [(Z (1o, T, — TbjTaj)> T(ZieNk d3)

1<k<n JEN

€ CI(LE),

and since (2.6) says that the above operators converge to
> (T, T, - T, T.,) T
j>1

when o0—1, this operator is also in €Z(LP). Clearly, the same holds if the sum is over any
set F' C N. We can repeat this process m — 1 more times using (2.6) and then [ times using
(2.7) to obtain the desired result. O

3 An invertible operator in ¢%(L?)

Let a € L* be a real-valued function such that a(w) > § > 0 for every w € D. Then T, is
self-adjoint and

(Tuf. f) = / alf[dA > 6 / 2 dA = 8|2

for every f € L2?. Therefore T, is invertible. Theorem 1.1 will be proved by constructing a
function a as above such that T, € €T(L?2).

We need to summarize several basic features of Toeplitz operators. If a,b € L* then
T.T, = T,, whena € H® or b € H®. If z € D then U,f = (f o ,)¢, defines a unitary
self-adjoint operator on L2. Therefore, if a € L™ and f,g € L2,

<UzTasza g> = <Tasz> Uzg> = <a(f o @z)‘:plm (9 © @z)@lz> = <(a © @Z>f> g>7

7



where the last equality comes from changing variables inside the integral. Thus
u.t,, ..1,U,=UT,U... UT,U, ="Thop. - Toop. (3.1)

for a; € L, 1 < j <n. By diagonal operator we always mean diagonal with respect to the
orthonormal basis {vn + 1 2"},>0

A straightforward calculation with polar coordinates shows that if a € L is a radial
function (i.e.: a(z) = a(]z])), then T, is diagonal with n-entry

M(a) = /0 () 0+ 1)t (3.2)

If x, denotes the characteristic function of the ball {|w| < r}, where 0 < r < 1, then (3.2)
yields T, w" = r2n+lgm,

Lemma 3.1 Let a € L™ be a radial function and 0 < r < 1. Then
T To = T w) atw/r):

Proof. The operator T\, (u)a(w/r) is diagonal, and its n-entry is

1 $1/2 vt 412
/ X (t%) a <—> (n+1t"dt = / a (—) (n+ 1)t"dt
0 r 0 T

1
= r2”+2/ a(u’?)(n + 1)u" du,
0

where the last equality comes from the change of variables u = t/r?. By (3.2) T}, T, is also
diagonal and has the same entries. O

A simple calculation shows that (Tpw™, w*) = (W, W) = ((n/n+ w1 wk) if n > 1. A
recursive argument then gives that for every nonnegative integer k,

1—
Torw" = (u) Wi o >k
n+1

and Torw™ = 0 if n < k. Thus

1—k
TTy,w" = 2 ) ny ok Ww"F i >k,
n+1
and since T}, T sw™ = r2(+k+Dyntk then
1
(T Ty, ) (T, T )™ = rdnth+D) (#ZH) W= T T T e, (3.3)
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where the second equality comes from the limit case » = 1 in the first equality and from
Ty W™ = rit e Since Ty, and T, T are diagonal, they commute, and since T2 = Ty,
then

Ty, T T Ty, = T2 T Tge = T T T (3.4)
By (3.3), (3.4) and Lemma 3.1,
Sp & [Tty Tory] = T (TirToe — 1T To)

= Ty Tr T — Ty oo (3.5)

Let Py € £(L?) be the operator Pyf = f(0). Straightforward evaluations on the basis
{z"}n>0 give the following identities

TwTE = T1+1Og‘w|2, Tw2Tw2 = T1+210g‘w‘2 + PO and TXT2 PO == 7‘4P0. (36)
Then
25— 8, MY T, (T Ts — ToeTie) + Ty upi—aiep
by (3.6)

=7 Taaslup-2ip) =Py
— TX72(1,|w|2)2 — 7’4P0. (37)

Since 257 — Sy, T, and Py are diagonal operators, they commute. Consequently
PT,,T,="1T,PT,=0,
which together with Lemma 3.1 and (3.7) gives
T5(251 = 92) T = TT, (251 = 52) T, T = Ty 1 fuf2/r)2 of2- (3.8)
If « € D then (3.1), (3.5) and (3.8) yield

T(Xrosooc)%(Q[T(xTosOa)wmT(xrosoa)%] - [T(xrosoa)soi> (xronpa)Ei]) Tixropa)pa
UoTy, (251 — S2)Ty, Uy
= Tix,a000)(1-lgal/r)2[0al?- (3.9)

Suppose that 0 < < 1 and {a;} C D is a sequence such that K(a;,r) N K(oy,r) = 0 for
i # j. Since (x4 0 9a) (W) = XK (a4 (w), the characteristic function of K(c, r*), then

def
AW) F Y x4 (g (@)L = lpa, (@)1 pa; (W) P
i>1
is in L™ with [|A||c < 1. In conjunction with (3.9), Proposition 2.9 tells us that
Ty = ZT(XT4°SDaj)(1—|<Paj\2/T4)2|<Paj\2 € (’:S(Lz). (3.10)

J=1



When w € D satisfies r*/4 < p(w, oj) < (3/4)r* for some «; we have

|00 (W)2) ) 328\ 8 8
(1—]74—4 oy (@2 \1- 553 ) 525

meaning that
A(w) > (r/2)® when w € K(aj, (3/4)r")\ K(aj,7*/4) for some ;. (3.11)

Lemma 3.2 Given 0 < o < 1 there is a separated sequence {a;} in D such that every

zeDisin K(aj, %)\ K(oy, 9) for some a.

Proof. Take a sequence {c;} C D such that p(a;, oj) > /100 if 7 # j and
p{a;j}j>1,w) <o/8 for every w e D. (3.12)

For an arbitrary z € D write 8; = ¢.(c;). The conformal invariance of p implies that
{B;};>1 satisfies (3.12). We claim that there is some ; such that o/4 < |G;| < (3/4)0.
Otherwise
p(0/2,{Bi}iz1) = plo/2,D\{o/4 < |w| < (3/4)0})
= plo/2,{0/4, 30/4})
(0/4)
> o/4.
1= (o/4)(c/2)

This contradicts (3.12) with respect to {8;};>1 for w =0/2. If 6/4 < |5;,| < (3/4)0 then

/0<ajo7 Z) = p(SOZ(O‘jo)? sz(z)) = p(ﬁjm 0) = |ﬁj0| S (0/47 30/4]7

and since z € D is arbitrary, the lemma follows. O

Returning to our construction, fix 0 < » < 1 and suppose that S = {a;};>1 is a sequence
satisfying Lemma 3.2 for ¢ = r*. Since § is separated, by Lemma 2.1 we can decompose
S =8 U...USy, where for each 1 < k < N, K(a,7) N K(aj,r) = 0 if o, 05 € Sy, with
1# 7. For 1 <k < N write

Arw) = D Xt (9a; (W)L = |00, (@) /)] pa, (@)

OchSk
Then ||Agllo <1 and (3.10) says that T4, € €T(L?). Consequently
N
> Taw =Ty 4y € CX(LY).
k=1
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In addition, (3.11) says that for every 1 <k < N,
Ap(w) > (r/2)® when w € K(aj, (3/4)r*)\ K(aj,7*/4) for some «; € Sy,
and since Lemma 3.2 asserts that

D= J U Ky G/ \ E(ay,rt/4)

1<k<N ;€S

then SOV | Ap(w) > (r/2)8 for every w € D. This completes the construction and proves
Theorem 1.1.

Acknowledgement. I am grateful to the referee for pointing out a mistake in the proof of
Lemma 2.6.
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