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REGULARITY OF MAXIMAL FUNCTIONS ASSOCIATED
TO A CRITICAL RADIUS FUNCTION

BRUNO BONGIOANNI, ADRIAN CABRAL, AND ELEONOR HARBOURE

ABSTRACT. In this work we obtain boundedness on BMO and Lipschitz type
spaces in the context of a critical radius function. We deal with a local maximal
operator and a maximal operator of a one parameter family of operators with
certain conditions on its kernels that can be applied to the maximal of the
semi-group in the context of a Schrédinger operator.

1. INTRODUCTION AND PRELIMINARIES

In this work we deal with the boundedness of some maximal operators acting on
BMO and Lipschitz type spaces that come from the localized analysis considering
a critical radius function p, i.e., a function that satisfies

=yl 2 —yl\ ™5
—1 - -
o) (14 220 < gt < oty (14 220) T
g p(x) ! p(x)

for all x,y € RY (see [I] and [2]).

This analysis appears in the context of the Schrodinger operator £L = —A +V
in R, d > 3 (see for example [8], [L3], and references therein).

For z € R, a ball of the form B(x, p(z)) is called critical and a ball B(z,r) with
r < p(x) will be called sub-critical. We denote by B, the family of all sub-critical
balls.

One of the operators we are interested in is the localized maximal operator M,
defined for f € L as

loc

Mof@) = swp o [ 111

ceBes, |Bl
In [5] the authors prove that M, is bounded on LP(w) for 1 < p < oo, where w
belongs to a suitable class larger than classical A, Muckenhoupt weights. Here we
deal with the boundedness of M, in a weighted BMO type space that appears in
[8] for w =1, and in [3] with weighted versions.
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We also deal with some type of maximal operator of a family of operators pre-
sented in Section[5]that is a model to deal with semi-groups appearing in the theory
related to the Schrodinger operator £. Some results concerning this operator in a
more general context can be found in [14] and [16].

In the rest of this section we present some facts about the critical radius function.
Section [2]is devoted to present the classes of weights involved in this work and some
properties of them that will be useful. In Section [3] we present some properties of
BMO? spaces that will be used later. In Section 4/ and Section [5| we state and
prove the main results of this work finding the behavior of maximal operators we
have already talked about, and finally we present some applications to the context
of the Schrodinger operator in Section [6]

Remark 1.1. Inequality (L.1)) implies that if 0 > 0 and z,y € 0@, where Q is a
critical ball, then p(z) ~ p(y), with a constant that depends on o. More precisely,
from (1.1) and the fact that both belong to 0@, we have

p(r) < cop(y), (1.2)

where ¢, = ¢2(1+0) ¥+ and ¢, is the constant appearing in (1.1)). If we change
the role of x and y we obtain p(z) ~ p(y).

As a consequence of (|1.1]), we have the following result, which can be found in
[9], presenting a useful covering of R? by critical balls.

Proposition 1.2. There exists a sequence of points xj, j > 1, in RY, so that the
family Q; = B(zj, p(x;)), j > 1, satisfies

i) Uij =R%

it) For every o > 1 there exist constants C and Ny such that Zj XoQ, < CoM .

Given a ball B we shall also need a particular covering by critical balls with

centers inside B as the following lemma shows.
Lemma 1.3. Let B = B(zo,7) with xg € RY and r > p(xq). There exists a set
of points {x;}N.; C B such that B C UY, B(x;, p(x;)) and Zivzl XB(zip(a:)) < C,
where C' depends only on the constants in (1.1)).
Proof. Consider the family of sets

F={SCB:B(x,yp(x)) N Bly,yp(y)) =0, Y,y € S, x # y},
with a constant v < 1/(c? + 1), where ¢; is the constant in (L.2)). It is clear that
F # () since {zp} € F. Observe that if C is a chain in F endowed with the order
of inclusion, then V' = UgeeS is an upper bound of C. Therefore, there exists a
maximal element Sy,.x in F. The set S.x must be finite. In fact, due to 7

r

p(zo)

—No
plz) > eyt (1 + ) p(xo) =69 > 0,

d
for all x € B, and thus there are no more than N balls in Sy,ax with N > (%) .

Denote 1, ¥, . ..,y the elements of Spay. We shall see that B C UN | B(x;, p(z;))
and the overlapping of the balls B(xz;, p(x;)), ¢ =1,..., N, is finite.
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REGULARITY OF MAXIMAL FUNCTIONS 541

Suppose there exists y € B such that y ¢ UY | B(z;, p(x;)), which means |y —
x;| > p(a;),i=1,...,N. Now let us see that B(y,vp(y)) N B(zi,vp(z;)) is empty.
In fact, suppose z € B(y,vp(y)) N B(xi, vp(x:)), then |y — 2] < |y — 2| + |2 — 2| <
v(p(y) + p(z;)) < v(c? + 1)p(x;), which is a contradiction by the choice of 7. So
Smax U {y} belongs to F and this means the contradiction that Spax is not a
maximal element of F.

Now we see that the overlapping { B(z;, p(z;))}¥, is finite and depends only on

the constants in (|1.1)).
Suppose that m is such that N, B(x;, p(z;)) # 0 for some points x; € S with

N2+2Ng

S e F. Since &p(x1) < p(zi) < Cp(ar), i = 1,...,m, with C = ¢22 fort (see
inequality ([1.2))), we have
Uit B(wi, vp(xi)) € B(w1,3Cp(21)).

Now we use the fact that the balls {B(x;, yp(z;))} 7, are disjoint to conclude
pe)]’ _ -
1
m [ 2E) < Y B o)
i=1
= [ ULy B(xi,yp(x:))] < |B(x1,3Cp(x1))]|
= [3Cp(a1)]",

d~2d
thusmg?’(j; . O
¥

2. WEIGHTS

Following [5], for 1 < p < 0o, we say that a weight w belongs to the class Az’loc
if there exists a constant C' such that

</B “’) (/B “’_”LYI <C|BP, (2.1)

for every ball B = B(z,r) with € R? and r < p(z).

In the case p = 1 we define the class A%

w(B) supw™! < C|B|, (2.2)
B

as those weights w satisfying

for every ball B = B(z,r) with # € R? and r < p(z), for some constant C
independent of B. We denote A%°¢ = Uj,>q A0oC.

In the rest of this section we will state and prove some facts about weights in
the classes defined above which will be useful in what follows and are of interest
by themselves.

Proposition 2.1 (See [5, Corollary 1]). If 1 < p < oo and ¢ > 1, then szloc =
Acp,loc'
P

Lemma 2.2. Ifw € Ag*loc and B = B(z,r), withp > 1, x € R and r < cp(z) for
some constant ¢ > 1, then there exists a constant C such that for every measurable
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542 B. BONGIOANNI, A. CABRAL, AND E. HARBOURE

subset E C B, the following inequality holds:
B p
w(B) < Cw(E) <:ED . (2.3)

Proof. In the case p = 1, since w € AP'°° = A"'°° (see Proposition [2.1)) and
FE C B, we have for some constant C,

18|

|E|

and Holder’s inequality we

< i < i <
w(B) < C|B|;Ielf3w(:c) < C|B|;Ielew(:L') < CLw(E)

For the case p > 1, using the condition w € Afj”loc

get, for some constant C,
c|BP |B'\"
w(B) < [w=1/ (=1 (B)]p—1 < Cuw(E) (|E| ' H

Remark 2.3. The constant C in (2.3)) is the constant appearing in (2.1)) (or (2.2)
when p = 1) for the critical radius function cp instead of p.

Given # > 0 and p > 1 we introduce the class Ag’g as those weights w such that

(/Bw> </Bw—p%>p_l < C|B| <1+p(rx))p0, (2.4)

for every ball B = B(z,r). For p = 1 we define A?? as the set of weights w such

that )
/ w < C|B| (1 + T) inf w (2.5)
. o)) b

holds for all balls B = B(z,r). We denote Af = ngoAg’e.

Remark 2.4. Tt follows easily from their definitions that w € Ag’e implies w € Ag’loc,
for every 6 > 0.

Lemma 2.5. Let w € Az’e, withp >1,0 >0, z € RY, and r < R. Then there

exists a constant C' such that

w(B(z, R)) < Cw(B(z,r)) (f)dp (1 + p&)pe.

Proof. The proof follows the same lines as that of Lemma [2.2] with the correspond-
ing modifications. t

3. WEIGHTED BMO TYPE SPACES

Let B > 0, a weight w, f € L. _ and call fg = ‘—}3' [ [ Following [3] we say

loc

that f belongs to the space BMOf (w) if

/B |f — fa] < Cw(B)|B|?/¢, forall B € B, (3.1)

and
/B f| < Cw(B)|BIPY, forall B¢B,, (3.2)
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REGULARITY OF MAXIMAL FUNCTIONS 543

where B, is the family of sub-critical balls defined in the Introduction.
We can give a norm in BMOé3 (w) as the smallest constant that satisfies (3.1)) and

(3.2), and we denote it by ”f”BMof(w)' It is not difficult to see that BMOg(w) C

BMO” (w), where BMO” (w) is the Lipschitz space appearing in [I1] in the classical
context. On the other hand, if @ is a fixed ball in R, we call BMOg(w) the space
of locally integrable functions on ) that satisfy condition for all balls B C Q.
From its definition, it is easy to see that

BMO/ (w) € BMO® (w) € BMO,(w)
and

”fHBMog(w) < Hf”BMOﬁ(w) < 2||fHBMo§(w)‘ (33)

Proposition 3.1. If w € A2!°¢ and B > 0 then BMOf(w) = BMOfp(w) for all
v > 0, with equivalent norms.

Proof. If v > 0, let us observe that «yp is also a critical radius function.

Without loss of generality, we may suppose v > 1 (otherwise, we can start with
~p and then we multiply by 1/v > 1).

Let us start with the inclusion BMOg(w) C BMogp(w). Given f € BMOg(w),
we know that f € BMO(w) and also from we have

£ levos (w) < 211 g0 w)-

In particular,
1
m/B |f = fBl < 2Hf||BMo§(w) |BIP/?, for all B € B,,.
On the other hand, since B, C B,,, if B ¢ B,, then B ¢ B,, and therefore
1
i 11 W lasiogn 1B
Thus, f € BMO? (w) and

£ leno2, oy < 21 a0 () -

Now, we will see the inclusion BMO?/p(w) C BMO?(w). Let f € BMO?/p(w).
From the fact that B, C B,, it follows that

1
— - 8/d
w(B) /B f = fBl < | flpmos, ) |BI7?, for all B € B,

Therefore, it remains to see

1 / p
—— | |f(@)|dz < C|f s oy |BI?4, forall B ¢ B,.
w(B) B\ (2)] 1/l 5n08, (w) | Bl ¢ B,

If B = B(x,r) ¢ B,, there is nothing to prove. On the other hand, if B € B,,
and B ¢ B,, we have p(x) < r < yp(z). Since w € AL there must exist p > 1

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)



544 B. BONGIOANNI, A. CABRAL, AND E. HARBOURE

such that w € Ag’loc. Therefore, from Lemma we get for some constant C,

U g < RBEpE) 1 s
) [, @l < T w(B(mp(x)))/BW(@)'“ )\
< OB 110, 0 B )
| B, yp()) |\ »
< (B g, B

< C'Yﬂ+dp||f”BMo§p(w)|B|ﬂ/p7

and the proof is finished. O

Proposition 3.2. Let w € Ag’loc, for some 1 <p<oo, and f € L . If

loc*

1
4= 4
s w(B(@, p(@))| Bz, ple)| 72 /B@,,,(x)) |£] < oc, (3.4)

then there exists a constant C such that

B,
sup |f| < CA.
z€R,r>p(x) w(B(sz)”B(x?T)W/d B(z,r)

Proof. Suppose (3.4)) holds and consider a ball B = B(z,r), * € RY, and r > p(x)

In the case that there exists y € B such that p(y) > 2r then B C B(y, p(y)).
Therefore, by Lemma,

1
w(B)|BJF/A /B 7

By, p(y))] ) 1
5( |B| ) w(B(y,p(y)))lB(y,p(y))lﬁ/d/B<y,p(y>>|f|

Since = € B(y, p(y)), p(y) = p(x) and thus the last quantity is constant.

Suppose now that for all y € B, p(y) < 2r. From Lemma there exist N balls
B; = B(w;, p(x;)), i =1,...,N, such that B C UY,B; and >;_, XB(zsp(a:)) < O,
where N and C' depend only on the constants in and the dimension d. Now
for each ¢ = 1,..., N consider the ball P; = B(z;, p(x;)/4), with z; = 4@(3&1' (v —
7;) + x4, that satisfies P, C BN B; and |B;|/|P;| = 4%.
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REGULARITY OF MAXIMAL FUNCTIONS 545

Therefore,
N N N w(B-)
< 3 [ i< adwmaiB = A wr) LB
. ,. . i:1 1
< AC4PHS Z )| PP/ < C|BIF/Mw(UY., P) < C|BIP/?w(B),

i=1

where C is the constant of Lemma [2:2]and we also have used the bounded overlap-
ping property of the balls B; (see Lemma . O

Following the previous proof, Corollary 1 in [3] may be improved. Actually,
instead of w € Ag’loc we only need to ask for a doubling condition for the weight
w on sub-critical balls.

The following result was proved in [4] for w in the Muckenhoupt class A,. Here
we shall prove an extension of that result for w € AZJOC.

Lemma 3.3. Let0< <1, we Ag’loc, 1<s<p,and f € BMOg(w). Then,

1/s
(L1t S wB) B g (35)
for every ball B = B(x,r) with r > p(x), and

1/s
(L 1r=sslw=) " S w5 oy (36)
for every ball B = B(z,r) with r < p(z).

Proof. First, we will prove that holds. Let us consider the covering {Qy}
of critical balls given by Proposition and a ball B = B(z,r) with r < p(x).
Then, there exists Qx such that z € Qr = B(xyg, p(zk)), and by we have
B C Q. = B(xy,Cp(x)) for a constant C' independent of = and r. If we have a
cube @ and we call BMO%S(w) the space of functions f such that

I llsaor - = 50 7z (o 17— fol’ ) <o (37)

and BMO®**(w) the space of functions when the supremum (3.7)) is considered for
all balls B ¢ R?, according to [], it follows that BMO”*(w) = BMO” (w) with
£ Br0me (w) = 11l BMO# () and also BMO™* (w) € BMOJ® (w) with

||f||BMog‘S(w) < ||f||BMOB‘S(w)-

Therefore, since B C Qy,, we get

S
|B|5/d (w / |f = fBl'w ) < [ fllemoss wy S 1fIIBMO# (w)
and thus is a consequence of inequality ((3.3)).
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From Proposition m it is enough to check (3.5) over a critical ball B =
B(z, p(x)) with © € R. Observe that

[flrw' = 185 | = falwtT 1/S+|f1§|(wl’s(l?))l/s-
(=) <, )

The first term of the right side is bounded following the same argument as before.
For the second term, observe that w!=* € A?!°¢ since w € AF”IOC and p < s’. Then

Bl
e m /|f|

w( ~) B/d
~ 1/87()|B| ”fHBMoB(w)

= w'"* (BB | sn10 (w)- -

(w=(B)) " |15 <

4. THE LOCALIZED MAXIMAL OPERATOR ASSOCIATED TO p

In [5] (see Theorem 1 therein) the behavior of M, is studied, and it is proved
that M), is bounded on weighted Lebesgue spaces for localized weights, as is stated
in the following theorem.

Proposition 4.1. The operator M, is bounded on LP(w), 1 < p < oo, for w €
Aploc and it is of weak type (1,1) for w € AL,

Now we present one of the main results of this work, which tells us about the
behavior of M, in the extreme BMO,(w).

Theorem 4.2. Let w € A'°°. There exists a constant C such that
M, fllBmO, (w) < CllfllBMO, (w),
for every f € BMO,(w).

Proof. Let f € BMO,(w ) We start by proving condition for M,f. For
B e B,, with B = B(mo, , as it is well known it shall be enough to see

5 L oS @) = el < €l fenso, o

for some constant ¢ that depends only on f and B. Before starting, observe that
if z € B is given and P is a ball such that z € P and P € B,,, it follows from (.1

~ No
that P C B = B(xq,cop(xp)), with cg =14 ci2N°+1+W. Therefore, for = € B,
we have
M, f(z) = M, (fxp)(@). (4.1)
On the other hand, there exist a constant C' and a ball Qo = (yg, p(yo)) of the
covering gwen by Proposition [1.2] such that zo € Qo and B C Qo = CQo, with

C=1 +c, 2N0+1co
Therefore for z € B,
M, f(z) < Mg, f(z),
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REGULARITY OF MAXIMAL FUNCTIONS 547

where the maximal operator Mg is defined as

1
M, f@) = s o L1

r€EBCQ

Thus, for any constant c,

1 1
M/B‘Mpf( z) — c|da:<w(B)/ |M, f(z) — Mg, f(z)| dx
+w(1B /' 00 f (@) —cldzx =T+ II.

Since for every x € B we have

M, f(x) < Mg, f(z) < M,f(x) + M, f(z),

where )
@)= s o [ 11wl
zEPCQo P
P¢B,
we get
7/ M, f(z)dx

It is not difficult to deduce from (1.1)) that if P = B(zp,rp), such that P C Qo
and P ¢ B,, then rp ~ p(yo). In fact rp < Cp(yo) and also, rp > p(xp) and
p(zp) =~ p(yo) (since zp € Qo = B(yo,Cp(yo))). Therefore, for every = € B we
obtain

w(Qo)
y)|dy < CHfHBMO (w) 7T& 7 -
IQol ey
Thus,
1B] w(Q o)
I <Ol f o, ()~ 4.2
| fllBMmO,, (w) w(B) [0o] (4.2)
As w € A?™°°, from Lemma and the fact that B C Qo we have
(@) < cw)!Slus). (43)

With (4.2) and (4.3) we can conclude that I < || f]|Bmo, (w)-
In order to deal with I7, we will use the local boundedness of M f on BMO(QO),
a result that appears in [6, Theorem 2.3]. Since f € BMO(w), we have My f < oo

almost everywhere. On the other hand, since w € A2 from Lemma it follows
that w € AY7'°°, and thus there exists a constant C' depending on w such that
w(B) < C|B| i%fw,

whenever B = B(z,r) with r < Cp(z). Tt is clear then that w € A;(Qo). Therefore,
if we choose ¢ = (Mg, f)B, by using [0, Theorem 2.3] applied to the ball Qo, we

obtain II < C|fllzmog, (w) < CllflBMO, (w)-
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Now we are going to prove (3.2)) for M,f. From Proposition it is enough to
check the condition over a critical ball By = B(xo, p(zo)) with z¢ € R.
Let f = fi+ f2, where f1 = fxg;, with Bj = B(zo, ap(z¢)) and o = 22Noc§+2.
We first consider M, fi. By Holder’s inequality
1
w(By)

w(Bo)

< (o /. M) P ) dx)m.

Since w € AP c ALY it follows that w=' € A2'°°. From [5, Theorem 1], we
know that M, is bounded on L?(v) with v = w™!. Therefore,

| Mapi@lde = s [ M @) @) w o) do
By Bo
(4.4)

) 1/2
- <w<30) /. |f<x>|2w-1<x>dx> -

Since | Bg| = a?|By|, by Lemma [2.2| we have w(Bg) < Cw(Byp) and then

1/2
ﬁ/B | M, fi(z)| de < (w(lB]*;) /B* \f () Pw () dx) .

In this way, considering that B§ ¢ B, and Lemma it follows that the left-
hand side of is bounded by a constant times || f||zmo, (w)-

Now, for « € By we will deal with M, fa(z). It follows from the definition of fo
that it is enough to take the supremum of the averages over those balls B € B,
such that © € B and BN (By)¢ # (0. Let B = B(xp,rp) be one of those balls.
From , it follows easily that p(z¢) ~ p(z) ~ p(xp). More precisely, we have
p(zp) < 2°Noc2p(xp). Then,

lwo — 25| < |xo — 2| + |z — 2B| < p(x0) + 78 < p(x0) + plaB) < (2270 + 1) p(x0).

On the other hand, since B N (B{)°¢ # 0, there exists a point z such that z € B
and z ¢ B; then

B > |z —ap| 2 |z = 20| — |20 — 8| > ap(zo) — (22™°c) + 1)p(x0) = p(z0).
If we denote B§* = 2By, it is clear that By C B§*. Moreover, B C B§*. In fact,
given y € B, it follows that
ly — ol < |y — 2|+ |25 — 0|
< plwp) + (2270 + 1)p(wo)
< (22No+1c§ + 1)p($0)
< 2ap(zg).
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REGULARITY OF MAXIMAL FUNCTIONS 549

Therefore, for all x € By we have

1

Myfa(e) = sup  —— / F)] dy
reBeEB, |B| B
BN(Bg)°#0

c
— d (4.5)
< B /Bs* |f(y)| dy

w(Bg*)
< CllfllBMo, (w) e
p( ) ‘BO |
From the bound of M, f>(z), for every x € By given by (4.5) and Lemma we
get

- [Bol_w(B;")
i L Moo < Ol v oty ey < Ol v o
and this completes the proof. O

5. THE MAXIMAL OPERATOR OF A FAMILY OF OPERATORS

Let {T}}+0 be a family of bounded integral operators on L?(R%) with integrable
kernels {T}(x, y) }+>0. Suppose also that there exist constants C,~, v/, §, o, ¢’ and
€ such that for all t > 0 and =, 79,y € R? with |z — 20| < /2 and p(z¢) ~ p(z) the
following inequalities hold:

()| < Cor ( ! )W( p(@))U? (5.1)

C t\T (lr=wol\ (_e@) \T
Ty (z,y) — Ti(xo,y)| < td + |z — y|d (t+|x—y|> ( 4 0) (t+p($)> 7
(5.2)

and
1= T <0 (o) 53

For that family of operators we define the maximal operator T = sup,s.o |1
We present the following technical lemmas that will be used in the proof of
Theorem [£.31

Lemma 5.1. Let B = B(xg,r) with r < p(xo) and f € BMOg(w) with w € Ab?,
where 5 >0, p>1, and § > 0. Then

d(p—1)+8
n w(B) pisra (P(20)
|fBl <2 C||fHBMO§(w) IB| |B| - ,

where n = p(d + 20) + S+ 1 and C is the constant appearing in (2.4]).
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Proof. Let f € BMOJ(w) and jo € N such that 27071y < p(z) < 2%r. Then

Jo—1
ol < o [ 1f - ol + Yo foon = foal + Vol
Jo—1
< [ 1r- fB|+Z|QJB| sl [0
Jo—1 od
ZWB‘ M tslt g | U]

Jo i
d w(2’B) d
=0

where in the last inequality we have used (3.1]) and (3.2) since 27017 < p(x) < 2Jor-.
From Lemma we get

Jo

|fel < 2d+2p9CHf||BMO§(w)w(B)|B|,B/d—1 S gilrd=i+d)
=0

S 2d+2p9+12j0(d(p—1)+5 C”fHBMOB( ( )|B|B/d 1

w(B) plao)\ Y
< 2P(d+29)+ﬂ+1c||f||BMOp () o B ‘B|B/d ( ) ) 0
r

Lemma 5.2. Let z € R, 0 <r < R, and f € BMOg(w) with w € Ag’e, where
p>1,8>0,and @ >0. Then

R pd+3 R po
— Bz SC p ey W(B(z,7))|B(z,r 'B/d<> <1—|— ) ,
[ 550l S Cllfonioga B 1B (5 e

where C is the constant appearing in (2.4)).

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)



REGULARITY OF MAXIMAL FUNCTIONS 551

Proof. Let jo € N such that 2/0~!y < R < 2Jor. For simplicity, let us denote
B, = B(z,t) for any t > 0.

/| 1f = 1
jo—1

< [ A= foul 1B Y 15,0 = F5,0a] + (Bl s, s, — f.
R j=0

Jo—1
s/ 1f = fBal + ) 2‘“*1)/ | = Byl + 2”/ |f — f5,]
Bpr =0 BR/2j B,
Jo—1 4 '
<2)240%Y / | = [y | + 27 / If = f5.|
§=0 Bryai B,
Jo—1 _
< 2||f||BMO‘j(w) Z 2Ul(ij1)|BR/21' |B/dw(BR/23')
j=0

+ QdeHf”BMo[j(w) IBT\ﬁ/dw(Br)-

Again, applying Lemma we obtain

/BR|f—fB,.

do—1 i\ %P N\
, R/2 R/2
<20 fllpsosuwy D 27V 1Bryas P w(By) () (1 e )
=0

R

d
2 (B Wl B3,

R dp+p R PO
< Clflonogme BB (£) 7 (14 5)

Jo
« | 2(d+1D) Z 9—Jldp—1)+5] 4 od
§=0

dp+p3 pl
S CHf”BMO,[j(w)w(BT)|Br|ﬁ/d (7‘) <1 + > . O

Now we state the main result of this section.

Theorem 5.3. Let w € Ag’a withp > 1 and 8 > 0. If 8 > 0 and {Ti}1>0 is a

family of operators satisfying (5.1)), , and (5.3)) with o,v,~" > B+pd+d(p—1),

o' > ph, and ;f:e >d(p— 1)+ B, then there exists a constant C' such that

”T*f”BMOE(w) < CHf”BMog(wy

for every f € BMOE(w).
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Proof. Let f € BMOg (w). We start by proving that condition is satisfied by
T* f. To this end, we shall use the hypothesis on the exponents o > S+ pf+d(p—1)
and v > 8+ pf+d(p+1).

If By = B(xg, p(zp)) then

| switis@lde< [ s (@f@ldet [ sup (2@ - 105 ()| do
B B B

o t>0 o t>p(z) o t<p(x)
+ / sup |T2f(2)|dx =T+ 11 + 111,
By t<p(x)
where, for x € R,
@)= [ Ty
lz—yl<p(z)

Let us start with III. If x € By and 0 < ¢t < p(z), then
7Y f ()] < / T (z, )| f (y)| dy +/ T2 (z, )l f (W)l dy.  (5.4)
lz—y|<t t<|z—y|<p(z)
From (j5.1)) and the definition of M, it follows easily that

1
[ mewlwld sy [ 1wl S M),
lz—y|<t lz—y|<t

For the second term of (5.4), if ko € Ny is such that 2%t < p(x) < 2¥o+1¢ and
we call By, = B(z,2Ft), we get

/ 1T, w) 1 () dy
t<|z—y|<p(z)

<p / \f(y)dl+ dy
t<|z—y|<p(x) |1' - y‘ v
ko—1

/()]
S o,
,;) Brii\By [T — Yl
+ﬂ/ \f(zu)dl+ dy
2kot<|z—y|<p(z) |QL‘ - y‘ K

ki

o 9—ky
< d
Nk; Bl Lo, 1f(y)| dy

p(m))d 2 koy d
+<2k°t |B(@, p())| J B(2,p(x)) W)l dy

ko
SMyf(x)> 27k
k=1

In this way, we have sup, |T? f(x)| uniformly bounded in By by a constant
times M, f(x). Since w € Ag’e, by Remark it also belongs to Ag’loc. Now, if
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1 < s < p, it follows that w € Ag,’loc and then the operator M, is bounded on
LP(w'=*) (see Proposition . Therefore, if By = ¢oBg with ¢y as in (4.1]), from
Holder’s inequality, Lemma [3.3] and Lemma 2.2 we get

IIT < M, f(x)dx = Mp(fxBO)(m)dx
By Bo

1/s
<( Mp(fxBo)Sw”dx> w(Bo)!/*
Bo

w(Bo)|Bol ™| £l a0 ()

S
< u;(Bo)|Bo\B/dHf”BMOff(w)'

Now, we deal with I. Consider z € By and t > p(x). Then,

Ty, w)|1£ ()] dy + / Ty, )17 (v)] dy.

|z—y|>t

T f ()] < /

|lz—y|<t

Bearing in mind that B(z,t) ¢ B, and B(z, p(x)) C B(xo, c1p(x0)) (with ¢; =
N,
1+ 0,32N09r1 ), from (5.1)), Lemma we have

[ melswl

(42) 2 [ sl

plx)\° w(B(a.1)
2) et B0 U oo

A

)\ 7 —Bpo—d(p-1)
< (P( )) w(B(z, p())) p(il?)ﬁdef”BMoﬁ(w)

(B(xg,c1p(0))) P(x)ﬂ_d”fHBMoﬁ(w)’

where in the last inequality we have used the hypothesis o > 4 pf + d(p — 1).
Now, from Lemma and the fact that p(z) ~ p(zg) (see Remark [L.1]), we
obtain that the last expression is bounded by w(Bo)\Bo|ﬂ/d_1Hf||BMOﬂ(w).
P
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On the other hand, if we denote By = B(x,2*t), then By, ¢ B, for any k € N.
Hence, from (5.1)) and the definition of BMOg(w) we obtain

[ m i

S (p(t)>/| =T (|xiy|)7'f(y)dy

S (p(tx)> Zﬂ/ - x|f(5|)d|+v W (5.5)

k>1 z—y|

9~k

<(22) S5 [ e

k>1

P(2)\7 N\~ - -
<oz (57 2 rumlB .
k>1

Moreover, taking into account that p(zo) < ¢,2V0p(z) and 28t > p(z), it follows
that By C B(wo, c22t) with ¢ = 14 2Noc,. Then, applying Lemma we get

(2) S omrum e

k>1

< (p(f))" > 27 M w(B(wo, e22"1))| By

E>1

T dp kg PO
(52 wBy) Y 270 1+ 2% (5.6)
(57) 022 o5 o) Y
o—pB—pb—d(p—1)
< (P(:m)) w(Bo) (o)~ 2~ Hlv-Gp—d(p-1)
t k>1
w(Bo)
< B B/d7
~ |B0| | 0|

where in the last inequality we have used the hypotheses o > 8+ pf+d(p—1) and
v > B+ pb + d(p — 1). Therefore, from (5.5) and (5.6) we get

B
[ e S W sz T

B, |8/
(w) |B0‘ | 0| 3

and thus we have

15 [ sw L@ do S g (B Bl
By t>p(z) °

In order to finish this part, let us see II. Observe that

sup |Tif(x) - TOf(2)] < sup / Ty ()| f(v)] dy.
t<p(z) t<p(z) J |z—y|>p(x)

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)



REGULARITY OF MAXIMAL FUNCTIONS 555

If t < p(z) and By, = B(z,2*p(x)), k € N, then from (5.1)
1 t \"
Tl [ (551) 1wl
/z—y|>p(m) lz—y|>p(z) |1' - y|d |£E - y|
1 p(z) )”
S fy)ldy
Z /r—y|:2p(x) |.’£ - y|d <.’£ - y| | ( |

S (y)| dy
,?;1 |Bk\
N HfHBMOf(w) Z 2_k’yw(Bk)|Bk‘ﬁ/d_l'
k>1

From here, we can proceed as in (5.5) and (5.6]), replacing By and t by By and
p(x), respectively. Therefore,

/ T W S 1 onsog oy T 1Bl
|z—y|>p() | Bo

whenever v > 4+ pf +d(p — 1).

Thus
= [ sup [Tf(0) = T27()| do S [ llmpio o (Bo) ol
By t<p(z)
and this finishes the proof that 7™ f satisfies (3.4) and then condition (3.2)) (see
Proposition .

To estimate the oscillation of T* f we consider a ball B = B(zg,r) with 0 < r <

p(xo). We decompose f = fi+ fa+f3, where fi = (f—fB)x2B, f2 = (f—fB)X2B)*>
and f3 = fp, to deal with each one separately.

We start with fi. In this case it is enough to estimate the average sup,~q |73 f1].
For x € B, we have

sup|Ti fi(z)] < sup |T;fi(x) + sup |Ti f1(z)].
t>0 o<t<r t>r

If t < r, since f; is supported on 2B and considering (5.1)), it follows that

1T, f1(2)] < / 1Ty )| 2 ()] dy

|zo—y|<2r
< / Ty (2, 9) 1 f1.(v)] dy

|lz—y|<3r
<l Ifl(y)ldy+t”/ )y
~ ol lz—y|<t t<|z—y|<3r ‘Jf - y|d+’Y

jo ‘ 1

<My i)+ 2 / 1) dy,

P 1( ) Z (2Jt)d |g:—y\<2jt| 1( )|

j=1

where p'(z) = 2Noc,p(z) (see inequality (1.1])) and jo € N is such that 27071t <
3r < 2J0¢. In this way, since € B, we have 2/t < 6p(zo) < 62Noc,p(z), for all
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0 < j < jo. Now, if we denote p(x) = 62Noc,p(z), the second term is bounded by
a constant times Mjfi(x). From the fact that M, < Mj; and applying Holder’s
inequality with exponent s > 1, we obtain

<r

1/s
/ sup | T f1(x)| dx 5/ M;fi(z)de < (/ M fr(z)*w' = dx) w(B)l/S'.
Bt B B

As AP C APlec implies w? € A;}IOC = Ag}loc, setting s = p’ in the last
expression and using Proposition [£.I] we have

, , 1/p’
/ sup|th1(x>|dxs( [ in@r dx) w(B)?
B t<r 2B
, , 1/p
=(/ F(&) = ful w0l dx) w(B)P
2B , (5.7)
1/p

< ( [ 156 = fanlt 0 dx) w(B)'/”

2B

, 1/p’
+ | foB — [B] (/ w'? d$> w(B)YP.
2B

For the first term we use Lemma (having in mind that 2B € B; and
BMOg (w) = BMOg (w)) and we obtain

1/p’
([ 1760 = fant = an) B £ | vy oy wl2) BV (55)

On the other hand, from the fact that | fap — fp| is bounded by a constant times

Hf||BMO§(w) w(2B)|2B|#/?=1 and the condition Abloc we have

1/p'
|f2B — fBl (/23 w' P dm) w(B)YP < ||fHBMo§(w) w(2B) |2B|?/41|2B]
< ||fHBMo§(w) w(2B) [2B|/
S ||fHBMo§j(w) w(B) B[,
(5.9)

where in the last inequality we have used (8.3) and Lemma [2.2}
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Suppose now t > r. From the definition of the space BMO?(w), using (5.1)), and
Lemma [2.2] it follows that

T fi ()] < / Ty, )12 ()] dy

|zo—y|<2r

1
< | 1nwlay

1
S | 1) = faldy (510)

1 d
< ﬁ||f||BMo§(w)w(2B)|2B|ﬁ/

1
S @HfHBMOfJ(w)MBﬂBW/d-

From (5.7), (5.8), (5.9) and (5.10) we conclude that
[ sup i@ do S I flog ) w(B) B
B t>0
To deal with the term with fo, if cg = T* fa(x0) then
|17 1a@) = T fofao)| do < [ sup|1fala) ~ Tufalao)| d
B B t>0

Now, for z € B and t > 0 we have

|Te f2(2) = Tifa(wo)| < / Te(, y) = Te(wo, y)l|f2(y)]| dy. (5.11)

|zo—y|>2r

Suppose first that » < ¢t/2. In this case, we have |z — xo| < t/2. We now divide
the integral in two parts |z —y| < t and |z —y| > t. When |z — y| < t,
we denote by k; the first integer such that 21 ~1r < 2t < 2k, Having in mind
condition and the fact that p(z) =~ p(z¢) we obtain

/Iofy|>2r|Tt(x7y) — Ti(zo, y)l| f2(y)] dy

|lz—y|<t
t 7 1
s(vons) ()l 2wl dy
< p(xo) t td 2r<|zo—y|<2t

i k1
() O X, v - sl
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Applying Lemma [5.2] since 217 ~ ¢ we have

k1 ok po
Z / — faldy S 1 lpyopuw(B)r? 3 2509 <1 N )
2k B

P p(xo)

S o w®) (14

ok(pd+8)
(zo) 2

k=1

, ; PO " pd+8
S ||fHBMOf(w)w<B)T (1 * P(%)) <r) .
Therefore,

/107y|>2r|Tt(x7y) = Ti(wo, y)|[f2(y)| dy

lz—y|<t
—o’+pb _
t == w(B) 4 (5.12)
< (14 _-"_ r .
() O 757" W oo

w(B)
< B
~ |B| r ||f||BMOf(w)’

)

2k >p9 kl

whenever ¢’ > pf and § > d(p — 1) + 8.
In the part | — y| > t, we use again estimate (5.2) to get

S D) = a0 2] d

lz—y|>t
t N7 NG
o) L
,0(1'0) t |z—y|>t |1’ - y| v

’

s(ieots) () aser e [ i falay

E>1 B(z,2kt)
< <1+ t>_a/ (f)é 1 ZQ k(d+v)/ |f(y) — fB|dy.
~ p(o) =

(5.13)

Applying Lemma with R = 2F¢, the sum in the last expression can be
bounded by a constant times

B k(i ok pd+p3 ok PO
1/l 5n0 () 22 = 1+m

k>0 (1‘

t pd+53 t po ldin ; .
S H.f”BMollj(w)w(B)’l"ﬁ <) <1 + ) ZQ* (d+~'—pd—pB—p9)

r p(xo) =
5 t po t pd+p
< w(B)r” [ 1+ ) (> ,
I logeu@r® (1455 ) (2
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whenever 7' > 8+ d(p — 1) + p#.
Getting back to (5.13)) it follows as before that

S i) = T )| 20

le—y[>t
—o'+pb —d(p—1)—
t r\° U= D=F w(B) g (5.14)

() ) g7 " Wlsnozw

w(B)
< B
~ |B| r Hf”BMOﬁ(wV

whenever ¢’ > pf and § > d(p — 1) + 5.
Let us see the case r > t/2. In this case, we estimate the difference by the sum
as follows

/ T ) — Tilwo, )| fo(y) dy
|zo—y|>2r

< / Ty, o)1 foly)] dy + / ITy(z0,9) | fa(y) | dy
|zo—y|>2r |zo—y|>2r

=A+B.

We only deal with A; the term B can be estimated analogously.
Since in the domain of integration we have |zg — y| > 2r > ¢ and also |z —y| >
|zo — y| — | — 20| > r > t/2, using condition (5.1]) and Lemma [5.2| we obtain

[ meliswld
|zo—y|>2r

|lz—y|>r |{E - y‘ v

tY _
S g M [ i)~ faldy

k>1 B(z,2kr)
1
< Q*k(dJr’Y)/ _ d
~ le; 2kB|f(y) fsldy (5.15)
0
w(B) _ o 2kr \?
< B f 5 9—k(d+y—pd—p5) (1+ )
rd H ”BMOP(w)’; /J(-TO)
w(B) _ —pd—f—
S =7 M o gy D 27RO
k>1
w(B)

B
S rd r Hf”BMOf(w)’

whenever v > 8+ d(p — 1) + pé.
Therefore, from (5.12), (5.14)) and (5.15)), we obtain for z € B

w(B
sup [Ty fo(z) — Tt f2(wo)| S (d )TﬁllfHBMO”'
t>0 r B
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Hence, it follows that

[ 1T ) = T* ata) do S w(B) 1 nios

and this finishes the term with fs.

To deal with the term with f3, we shall find a bound for T*f3 = T*fg =
|fB| T*1. We will estimate the oscillation of T* f3 over B subtracting the constant
cp = |fB|T*1(.’L'O).

Observe that

/ (T fa(z) — T* fi (o)) < |15 / sup Ty (x) — Tyl (zo)| da
B B t>0
and
|T;1(z) — Ty1(zo)| g/ T (z,y) — Ti(wo, y)| dy.
Rd

As before, we consider separately the cases t > 2r and t < 2r. We start by
assuming ¢t > 2r and then |z — x¢| < t/2, which allows us to use condition (5.2]).
We also divide the domain as before as

/ |Tt<x,y>—Tt<xo,y>|dys/ +/ _c4pD.
R4 |z—y|<t |z—y|>t

Thus condition (5.2)) implies

’

o ( ) (a2 @)

t —o’ s v 5
pe(t ) 0 s (D)
p(l‘o) t |z—y|>t ‘3? - y‘ Al t

whenever ¢’ > 0.
On the other hand, considering the inequality

|T:1(x) — Til(xo)| < |Tel(x) — 1] + |Tel(zo) — 1], (5.16)
from condition (5.3)) it is clear that

w015 () = (o) < Gg) - 0

where we have used the fact that p(x) ~ p(xg). The same estimate is valid for the
second term.
Therefore, we may bound a convex combination of the previous estimates to get

Ty (2) — Ty1(x0)| < (%)M_a) (p(t)>

Zo

and also

In this way, denoting a = 6/(d + €), we have ea = §(1 — a). Then, for all ¢t > 2r
and x € B we obtain

T1(x) — Til(z0)] < <p(;0)) . (5.18)
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In the case t < 2r, proceeding in the same way as in and (| it follows
that

|Ti1(z) — Til(zo)| < (p(;0)> . (5.19)

Having in mind that a < 1 and r/p(x0) < 1 we obtain from ([5.18) and ( - ) that

sup [T,1(z) — Tyl (o) < <(7")>

>0 p(xo
Finally, from Lemma [5.1] it follows that

/ IT* fa(z) — T* s (o)) < |/] / sup |Ty1(x) — Tyl(zo)| de
B B t>0

d(p—1)+p8 ca
< fllnoenu®r® (222) (o)

r

S Hf”BMof(M)w(B)Tﬁa

whenever EW >d(p—1)+ 5. And this finishes the proof of the theorem. O

Now will will consider the Poisson maximal operator P* = sup,~ |P%|, where

o0 e—s
P, = —T, ds
‘ /0 NALE

and {T}}+>0 is a family of integral operators bounded on LQ(IRd).

Lemma 5.4. Suppose {Ti}+~0 satisfies ., ) (md wz'th constants v, ',
0, o, o', and €. Then, {P;}+~o also satisfies (5.]] and with constants
", ’y{, 5, o, oy, and €, where v, € (0,1+6) N € (0, 1) (0, min{v,~'}],
ol = min{o, o'}, and €1 € (0,1) N (0, €].

Proof. From the inequality

t/s < (145

t/s+a — t+a’

valid for all @ > 0, s > 0, and ¢ > 0, and proceeding as in [I5, Lemma 3.1] we
obtain and with the mentioned constants.

Hence, we only have to prove condition , i.e., that for allt > 0 and =, zg,y €
R? with |z — 20| < t/2 and p(zg) ~ p(z), the following inequality is valid:

P - Blod) < s (i |;—y>% (lxt:co|>5 (ﬁ%))fr{'

We start by observing that |z — xg| < t/(2s) if and only if s < ¢/(2|x — z]).
Then we see that

o0 2
‘Pt(x7y) - Pt(x()vy)‘ 5/ e’ /4|Tt/s(xay) - Tt/s(x07y)| ds
0
— [ +1I,
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with
CE
-/ e~ Ty (. ) — Tiyu (0, ) ds.
0
From (5.2) it follows that

[ e ) () ()
Mz — 2o\ x i
S R (t+|;—y|> <| t0|> (tf(m)w)

X / 6_82/4(1 + s)d"“’/(l + s_%) % ds
0

S () (57 ()
~otd +x —yld \t+ |z -y t t+p(x))

To deal with II, we write

II < / e (T (2, y)| + 1Ty (20, y)|) ds = Iy + 1.
t/(2lz—wol)
Now we use (5.1 to get
[e.e]
m= [ T, ()50 ds
t/(2|lz—wo|

)
<|x_$0|>6/t;:2|g; o) (t/5)6:|/$4 y|? (t/s th/|iy|)7
g (t/spfm )) s
’Yi xr—x J x 7
S ek (t+|;—y> (l t0|> (tﬁ(pgz>>

X / 6_32/4(1 +8) (14 s77) 0 ds
0

s td+|;—y|d (tJrIat:—y>Vi <|x_t%0|>(S <t£(;()$)>g'

The term IT5 can be bounded in the same way as II; using the fact that p(xg) ~
p(z) and that t* + |zg — y|* ~ t* + |z — y|* for all k > 1 (provided that |z — xq| <
t/2). O

As a consequence of Lemma [5.4] we have the following result for the maximal of
the Poisson semigroup.

Theorem 5.5. Letw € Az’e, B >0, and {T; }1>0 be a family of operators satisfying

(5.1), (5.2), and (5.3 with the constants ~y, v', d§, o, o', and €, and let v1, v}, 0,
o, o1, and € be positive constants such that y1 € (0,1) N (0,7], 71 € (0,1 +

§) N (0, min{v,~'}], of = min{o,0'}, and €; € (0,1) N (0,¢]. Then if v1,71,0 >

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)



REGULARITY OF MAXIMAL FUNCTIONS 563

B+pd+dp—1), oy > pb, and 515 >d(p—1)+ B, there exists a constant C such
that

”P*f”BMof(w) < Cllf”BMOff(w)’
for every f € BMOE(w).

6. APPLICATION TO THE CONTEXT OF THE SCHRODINGER OPERATOR

In this section we consider a Schrodinger operator in R¢ with d > 3,
L=—-A+YV,

where V' > 0, not identically zero, is a function that satisfies for ¢ > d/2 the reverse

Holder inequality
: /
V(y)qdy> / V(y) dy,
(IBI B ~ 1B|

for every ball B C R?. The set of functions with the last property is usually
denoted by RH,.

For a given potential V- € RH,, with ¢ > d/2, as in [13], we consider the auxiliary
function p defined for x € R? as

1
p(x):sup{r>0 sz/ Vgl}.
B(xz,r)

Under the above conditions on V' we have 0 < p(z) < oo. Furthermore, according
o [I13] Lemma 1.4], if V' € RH,/, the associated function p verifies .

Let k; be the kernel of e**, t > 0, where {e "%}~ is called the heat semigroup
associated to £. The following estimates for k; are know (see [12] and [10]).

Proposition 6.1. Let V € RH,, ¢ > d/2, N >0, and 0 < A < min {1,2 — g}.

Then there exist positive constants C, C' and Cx such that for all t > 0 and
x,y, 20 € R with |z — xo| < v/t we have

i ViV
|k (z,y)| < (1 e p(y)) : (6.1)
z,y) — ke(x [z = 2ol ’ —d/2 6*‘155‘2 i i
ke (z,y) — ke(2o, y)| SC'N< 7 > t <1+ o ) o )> ;
(6.2)
and iy
lkt(x7y) - ]%t(x7y)| < ét_ | Eyt‘ (1 + pf}?) ' ’ (63)

where k; denotes the kernel of e 2, ¢t > 0.

We end this section with the following result where we apply Theorem 2 to the
maximal operator

T* = sup e *#|.
£>0
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Theorem 6.2. Let V € RH, for some g > d/2, ¢ = 2 — g, 0 < 0 < min{l,¢€},

andw € Ap. If1<p<1+%5 and0< B < k—d(p—1), with k = efé, then there
exists a constant C' such that

1T Flontop ) < CNF a0 oy
for every f € BMOg(w).

Proof. 1t is enough to prove that the family {e’tzc}bo satisfies the hypothesis of

Theorem Let us start by proving that from (6.1) we can get (5.1)). In fact,
given C' > 0 and M > 0, there exists Cj; > 0 such that

==y t? M t M
e o <(C - <4Mc _ .
- M<t2+|z—y2> - M(t+|x—y>
Therefore, if we choose M > d/2, from (6.1) with ¢? instead of ¢, we have

o (t+ = y|)2M (tﬁ(;?m)N

< ! ( t >2M_d<ﬂ(l‘>>N
Y -yl \t+ ey o))

which is (5.1) with y =2M — d and 0 = N.
In the same way we can obtain (5.2) from (6.2) with v/ = 2M —d, ¢’ = N, and
d=A
Now we will see that (6.3)) implies (5.3)) with € =2 —d/qg. It is known (see [7] or
[10] for example), that k42 (1) = 1 for every ¢ > 0, and thus
11— ke (D)(@)] < 1= kez (1) ()] + ke (1) (@) = ez (1) ()]

= [ke(1)(2) = ke (1) (2)].
Therefore from (6.3) we obtain

ki (1) (@) = k2 (1) ()| < /}Rd |kia (2, y) — kez (2, )| dy

th (1‘7 y)

A

.'I:fy2 %_2

S/ t—de—‘Ctzl 1+p($)> d

Rd t

2-4 omyl?
k)
t+p(x) R4

<t Y. 0
~ A\t p(a)
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