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ON THE EKELAND-HOFER SYMPLECTIC CAPACITIES
OF THE REAL BIDISC

LucA BARACCO, MARTINO FASSINA AND STEFANO PINTON

In C? with the standard symplectic structure we consider the bidisc D> x D?
constructed as the product of two open real discs of radius 1. We compute ex-
plicit values for the first, second and third Ekeland—Hofer symplectic capacity
of D? x D2 We discuss some applications to questions of symplectic rigidity.

1. Introduction and main result

The first striking result about a nontrivial obstruction to the existence of a symplectic
embedding was obtained by Gromov [1985]. He proved that one can symplectically
embed a sphere into a cylinder only if the radius of the sphere is less than or equal
to the radius of the cylinder. Since this celebrated nonsqueezing theorem appeared,
many similar results of symplectic rigidity have been obtained for a variety of
domains. For instance, McDuff [2009; 2011] studied symplectic embeddings of
even-dimensional open ellipsoids into one another (see also [Hutchings 2011a;
2011b; McDuff and Schlenk 2012]), and Guth [2008] gave asymptotic results on
when a complex polydisc can be symplectically embedded into another one. A
useful tool to tackle these questions is given by global symplectic invariants for
symplectic manifolds called capacities.

A symplectic capacity is a functor ¢ that assigns to every symplectic mani-
fold (M, w) of dimension 2n a nonnegative (possibly infinite) number c(M, w) that
satisfies the following conditions:

 (monotonicity) If there exists a symplectic embedding of (M|, w) into (M3, w,),
then ¢(My, w1) < c(M>, w»).

e (conformality) If A > 0, then ¢(M, Aw) = Ac(M, ).

 (local nontriviality) For the open unit ball B C R?" we have ¢(B, wp) > 0.

» (nontriviality) For the open cylinder Z ={z € C" :|z1| < 1} we have ¢(Z, wp) < co.
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Here wq denotes the standard symplectic structure on R?*. The reader can
consult any standard textbook in the subject such as [McDuff and Salamon 2017,
Chapter 12] for an extensive treatment of this topic.

The first nontrivial capacity arose in Gromov’s proof of the nonsqueezing theorem,
and over the years many more such symplectic invariants have been constructed
[Ekeland and Hofer 1989; 1990; Hofer and Zehnder 1990; Floer et al. 1990; Viterbo
1992; Gutt and Hutchings 2018].

In this paper we consider the construction of Ekeland and Hofer (which is recalled
in Section 2C). For any subset of a symplectic vector space, they define an infinite
sequence c, of symplectic capacities. These quantities are notoriously difficult to
compute explicitly, and precise values appear in the literature only for very special
classes of domains, such as ellipsoids and polydiscs [Ekeland and Hofer 1990].
The main purpose of this work is to compute some of these capacities for the real
bidisc D? x D? which we now introduce.

In the complex space C? with coordinates z j=xj+iy;, j=1,2, endowed with
the standard symplectic structure dx; A dy; + dxa A dy,, consider the real bidisc

(1-1) D?>x D*:={(z1,22) € C* | x2 4+ x2 < 1, y? +y3 < 1}.

Our main result is the following (see Theorems 4.2, 4.4 and 4.6).

Main Theorem. For the unit real bidisc D* x D* we have
c1(D*x D*) =4, ¢,(D*x D*) =33, c¢3(D*>x D? =38.

The fact that ¢;(D? x D?) =4 is known [Artstein-Avidan and Ostrover 2014].
The referee pointed out to us that the values of c2(D? x D?) and c3(D?* x D?)
can also be obtained from the work of Ramos [2017], which uses very different
techniques than the ones developed in this paper (see Remarks 4.5 and 4.9).

The Ekeland—Hofer capacities are closely related to the existence of closed
Hamiltonian orbits. The key feature of our computation is the use of Hamiltonians
modeled on the gauge function of the domain, rather than Hamiltonians that are
quadratic at infinity, as in the original definition of Ekeland and Hofer. This same
idea already appears in [Berestycki et al. 1985] in the context of smooth domains,
and in [Fan 1992] for the case of Lipschitz domains. The different choice of
Hamiltonians does not affect the computation of the capacities, provided that no
periodic orbits of period 1 are introduced at infinity. This feature is easily achieved
by rescaling, since the closed periodic orbits of the Hamiltonians in question can
be computed explicitly. The advantage in modeling the Hamiltonians on the gauge
function is that we can then exploit the symmetries of the domain to simplify the
estimates involved in the computations of the capacities.

We remark that our strategy can be easily adapted to compute the Ekeland—Hofer
capacities of other domains. For instance, for the product of two real spheres in C*
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one just needs to repeat the same computations while taking an additional coordinate
into account.

We now point out how the results of this paper are related to recent work of Gutt
and Hutchings [2018]. They use positive S'-equivariant symplectic homology to
introduce a sequence c; of symplectic capacities for star-shaped domains in R>".
Their capacities ¢, share many properties with the Ekeland—-Hofer capacities, and in
particular the remarkable “product property” (see Section 5). Combining the results
of [Gutt and Hutchings 2018] with Ramos’ insight [2017] that the real bidisc is a
toric domain, one can see that the Gutt—Hutchings capacities of D? x D? are the
same as the Ekeland—Hofer capacities that we obtain in our Main Theorem. Our
computations therefore support the conjecture made by Gutt and Hutchings [2018]
that their capacities c; are always equal to the Ekeland—Hofer capacities.

The organization of this paper is as follows. In Section 2 we recall some back-
ground material and set the notation. In Section 3 we show how one can approximate
the bidisc D?> x D? with a sequence of smooth convex domains. The main result
is then proved in Section 4, while in Section 5 we present some applications to
questions of symplectic embedding. It is the authors’ hope that further applications
to symplectic rigidity of these explicit values of the capacities will be found in the
future.

2. Background

2A. Basic definitions and notation. Let C" denote the standard complex vector
space of dimension n with variables z; = x; +iy;. We endow C" with the Euclidean

scalar product "
(z, w) := RC(Z ijj)
j=1

and the standard symplectic form
1 n _ n
W= Zde NdZj = dej Ndyj.
j=1 j=1

All symplectic embeddings considered in this paper will be with respect to the
standard symplectic form.

Let © be a bounded subset of C" with smooth boundary 9$2. We denote by TC"
the (real) tangent bundle of C" and by 7 0<2 the tangent bundle of 92. We write
Y € TC" to mean that Y is a local section of TC". Consider a smooth defining
equation p of 02 such that |dp(z)| # 0 for z € 2. The characteristic vector field
of 92 is the unique vector field X such that

w(X,Y)=Y(p) forallY e TC".

The characteristic vector field X is tangent to d€2 and its restriction to 9€2 does
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not depend on the choice of p. Moreover, X generates the kernel of the restricted
form w|ryq.

Let J denote the standard complex structure on C". For all z € 92 we have
X (z) = JVp(z), where Vp is the Euclidean gradient of p. Hence an integral curve
of X on 92 is the solution of a system

1=JVp(2),

2-1
& z(0) = zo,

where zo € d2. These integral curves are called the characteristics of 0€2.

Of particular interest in symplectic geometry is the study of closed characteristics,
that is, the solutions to (2-1) for which there exists a time fy > 0 such that z(#y) = zg.
Let T be the smallest such 7. The image {z(¢), 0 <t < T} is called an orbit and T
the period of the orbit.

If y : [0, T] — 0€2 is a closed characteristic, the action of y is defined to be

L (T

Apyi==1 [ wpppar
0

If 2 is a bounded convex subset of C" and {y; };<; is the set of closed characteristics

of 02, we can define the action spectrum of Q2 as the set

2(Q2) :={lkA(y)|, keN,iel}.

Following Ekeland and Hofer [1990], we will see how it is possible to choose some
elements of X (£2) called capacities that are symplectic invariants (see Section 2C).
We now describe how to adapt the concepts introduced above to nonsmooth domains.

Let Q € C" be a convex bounded domain and let p € 9€2. We say that a unit
vector n(p) is normal at p for 02 if

(2-2) (n(p),x—p) <0 forallx € Q.

If p is a smooth boundary point, then n(p) is the usual exterior normal vector.
If 92 is not smooth at p, then there could be more than one choice for a normal
vector. In this case, we let n(p) denote the set of all vectors satisfying (2-2).

Definition 2.1. Let Q2 be a convex domain in C". We say that z : R — Q is a
characteristic if z(t) has right and left derivative 2% (¢) for all ¢, and

) e Inz(@)).

Note that, for 2 smooth, this definition coincides with the definition of a charac-
teristic given before.
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2B. The action spectrum of the real bidisc. We now turn our attention to the
domain that is the main object of interest of this paper: the real bidisc D* x D2
Recall that D? x D? was defined in (1-1) as the product of two open real discs of
radius 1. The next proposition, which follows from the work of Artstein-Avidan
and Ostrover [2014], describes the closed characteristics of D? x D? and its action
spectrum X (D? x D?).

Proposition 2.2. The unitary real bidisc D> x D? has infinitely many closed char-
acteristics. The action spectrum is given by the set

(2-3)  Z(D*x D*) ={2ncos(6,) | k,neN, b, € J,}U{2nm|neN},

where J, = {2k — D)n/2n,1 <k < (n — 1)/2} if n is odd, and, if n is even,
Jo=tkn/n, 0<k<n/2-1}

Remark 2.3. The elements of X (D? x D?) are precisely the lengths of all closed
billiard orbits in a circle of radius 1.

Remark 2.4. Note that min £(D? x D?) = 4. Moreover, the second smallest
element in ZJ(D2 X D2) 1S 3\/5.

2C. Ekeland-Hofer symplectic capacities. Following [Ekeland and Hofer 1990],
we recall the definition of these symplectic capacities. We first set up the func-
tional analytical framework. For more details, see also [Ekeland and Hofer 1989,
Section II].

Let E be the Hilbert space of all functions f € L*>(R/Z, C") such that the Fourier
series

fO =Y fie*™ fiec,

keZ

D Ikl fil® < oo

keZ

satisfies

The inner product in E is defined by
(f. 8) = (fo. g0) + 27 > _|kI(fi &)-

keZ

E is the most natural space on which the action functional A can be defined. It is
easy to see that

+00
APy =7 ) kSl =1 f .
k=0

Note that there is a natural action 7 : S' — Aut(E) of S! ~ R/Z on E given by
the phase shift

Tyonio £(1) 1= £(t +6).
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The space E has a natural orthogonal splitting, compatible with the phase shift
action, given by
E=E ®E'@E".

Here we have defined

E-={feE| fi=0fork >0},

E'={feE| fi=0fork#0}=C",

Et={f€E| fi=0fork <0}.
We denote by P, P? and P~ the corresponding orthogonal projections.

We now need to introduce the notion of the index of a subspace. Let X be a

Hilbert space over C, and let T : S' — Aut(X) be a representation of S' on the
vector space

Aut(X) :={f: X — X | f is a linear isometry}.
A subset A C X is called invariant if T(8)(A) = A for all @ € S'. Let Y be another
Hilbert space, and R : S ' Aut(Y) a representation of § "on Aut(Y). A linear
map f : X — Y is called equivariant if f o T(0) = R(0) o f for all 6 € S'. Let

A C X be an invariant subset. For every k € N, we let (A, k) denote the collection
of functions f : A — C*\ {0} such that

e f is continuous,

« there exists a positive integer n such that £ (7 (0)(x)) = > f(x) for all
6 € S! and for all x € A.

We define the index of A as the quantity
(2-4) a(A) :=min{k e N | F(A, k) # J}.

If (A, k) = @ for every k € N, we set «(A) = +00. Moreover, we set «(2) = 0.
Observe that if F is the set of fixed points of X for 7, that is,

F:={xeX|T®)(x)=x foralld e S'},

then AN F # @ implies o (A) = oo.

In the following paragraph we describe a pseudoindex theory in the sense of
Benci relative to E™. In our exposition we mainly follow [Benci 1982] (see also
[Ekeland and Hofer 1990]).

Consider the group of homeomorphisms

(2-5) Fi={h:E—>E|h=¢" P"+e¢" P"+P'+K}
such that the following conditions are satisfied:

e K is a compact equivariant operator.
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e y*,y7 : E — R* map bounded sets in precompact sets and are invariant.
o There exists a constant ¢ > 0 such that A(x) < 0 or ||x|| > ¢ implies that
yT(x)=y (x)=0and K (x) =0.

Let S:={x € E | |x||g = 1} and let £ C E be an invariant subset of E. We

define the pseudoindex of & as
ind(¢) :=inf{la(h(&)NSNET) |h eT}.

For the basic properties of the pseudoindex we refer to [Ekeland and Hofer 1990].
In particular, the following result is often useful.

Proposition 2.5 [Ekeland and Hofer 1990, Proposition 1]. If Vi € E™ is a finite-
dimensional invariant subspace of E¥of complex dimension k, ind(V;® E°® E ™) =k.

We need to introduce one last concept before defining the symplectic capacities.
We call a smooth function H : C" — (0, +00) an admissible Hamiltonian for a
bounded domain  C C" if

« H is 0 on some open neighborhood of €,

e H(z) = c|z|2 for |z| large enough, where ¢ > 7 and ¢ ¢ Zr.
We denote by H(£2) the set of the admissible Hamiltonians for €2. For j a positive
integer and H € H(£2), we define a number cy,; € (0, +00) U {00} by

cy,j:=inf{sup Ag(§) |E CEis S'-invariant and ind(¢) > j}.
Here Ay : E — R is the action functional associated to a Hamiltonian H defined
by
1
An(h) = A = [ H(F@).
0

Every number ¢y ; is nonnegative and, if finite, is a critical value of Ay [Ekeland

and Hofer 1990, page 559].
We can now define the j-th Ekeland—Hofer symplectic capacity of Q2 as
Cj(Q) = inf CH,j-
HeMH(Q)

Remark 2.6. In our computation of the Ekeland—Hofer symplectic capacities, we
will not use Hamiltonians with quadratic behavior at infinity, as in the definition.
We will use instead Hamiltonians of the form H(z) = f(r(z)), where r is the gauge
function of the domain, and f is linear at infinity (see [Berestycki et al. 1985; Fan
1992]). This choice does not affect the values obtained in the computation of the
capacities, as one can easily prove by combining the following two facts:

o For Hamiltonians H; and H, we have

Hy < Hy = Ap, > A, = cu, k < CH k-
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o For every f linear at infinity there exists H € H(2) such that f(r) < H.
Similarly, for any H € H(S2) there exists f such that H < f(r).

Observe also that if we choose f so that the Hamiltonian f(r) has no periodic
solutions of period 1 at infinity, then Ay satisfies the Palais—Smale condition.
This implies that ¢ ¢ «, if it is finite, is a critical value of A (see [Aebischer
et al. 1994, page 71]).

The next theorem, from [Hofer and Zehnder 1990], characterizes the first sym-
plectic capacity as the infimum of the action spectrum.

Theorem 2.7. Let Q2 be a smoothly bounded convex domain in C" and let « =
min X (2). Then ¢ () = a.

Note that we cannot apply Theorem 2.7 directly to the real bidisc, since its
boundary d(D? x D?) is not smooth. In the next section we show how to overcome
this difficulty by appropriately approximating D*> x D? with smooth domains.

3. Approximation with smooth domains

We start by constructing a decreasing sequence of smooth convex domains D,
converging to D? x D% Let g : R — [0, +00) be a convex, increasing function
such that g(1) =1 and g(s) =0 for s < 0. Consider the following subsets of Cc%

(3-1)  Dyi={zeC’|gnGxi+x3—1))+gn(yi+yi—1)<I1}.

The domains defined in (3-1) are smooth and convex. Moreover, they satisfy the
following properties:

e D, DDy foralln e N.
e N2 Dy =D?x D~
e For all n € N, we have
1

J1+1

In particular, by the properties of the capacities, for any choice of positive integers
k and n, the following double inequality holds:

D, C D* x D>.

cx(Dy) < cx(D* x D?) < ¢4 (Dy).

1+1

n

Proposition 3.2 shows how the closed characteristics of the real bidisc D? x D?
are approximated by the closed characteristics of the approximating domains D,,.
Before stating the result, it is convenient to give the following definition.
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Definition 3.1. For all M > 0 and ¢ > 0 we define
[e.¢]
Zat.e(Da) 1= (Z(Dy) N[0, M\ | [2km — &, 2k +£].
k=1
Here ¥ (D,,) denotes the action spectrum of D,,.

Proposition 3.2. Let o € X(D? x D?) and suppose that o = A(y), where y is a
nongliding closed characteristic of D* x D% Then there exists a sequence y,, where
each vy, is a closed characteristic of D,, such that vy, converges to y and A(y;)
converges to a. In particular, for all M > 0 and ¢ > 0, we have

d(Ep,e(Dn), Eyg.e (D> x D) — 0 for n — +00,
where d( -, -) is the Hausdorff distance between sets.

Proof. Note that, for every n, we can decompose the boundary 0D,, of D,, into three
components

X, = {(Z1,22)EC2, xi+xy—1 <0,y12+y§=1+%}

(3-2) |
Y2 = {(11,12) eC? yi+y;—1 <0,x12+x%=1—|—;}

and

(3-3) T3 := 3D, \ (X2UY)).

To find the closed characteristics of D,, we consider the system of differential
equations

L -
(3-4) )f— /8 (n(|z| 1))2ny,
y=g'(n(|x|”—1))2nx,

where x = (x1, x2), y = (y1, y2). We first note that det(x, y) = x1y, — x2y; is
constant along the solutions of (3-4). It is convenient to use polar coordinates in
the planes defined by the variables x and y, respectively. We recall the notation
already introduced in the proof of Proposition 2.2:

rie'? i=ri(cos g1, singy) = (x1, x2),
rae'? i=ry(cos g2, sing2) = (y1, y2).
We can now rewrite the system (3-4) as

(F1 +irigne? = —g'(n(ry — 1))2nre'?,

(3-5) , e .
(2 +irg)e'? = g'(n(r? — 1))2nri e,
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from which we obtain the two systems

rig1 = g'(n(ry — 1))2nr; sin(p1 — ¢2),
(3-6) rgy =g (n(r{ — 1))2nry sin(pr — g2),
rir sin(g — @) = det(x, y) = const
and
rirfy = —g'(n(ry — 1))2nrs,
(3-7) rory = g (n(r} — 1)2nr3,
3 =2n(g (n(r{ — )ri — g'(n(ry — D)r3).

Here r3 :=x -y = x1y1 +x2y2 = rirz cos(¢1 — ¢2).

Clearly the characteristics in D,, are straight segments when they lie on X 2 or Yn3.
We now want to understand the behavior of the characteristics at their intersections
with Tn3. Let us consider the Cauchy problem (3-4) with initial data x(0) = (1, 0)
and y(0) = /1 + 1/n(cos 6y, sin6y) for 6y € (0, r/2). The corresponding solution
of (3-4) enters X 3 (this can be seen by inspection of (3-7), since r3(0) > 0 implies
that r; is decreasing and r; is constant). Reasoning as in Proposition 2.2, we see
that the solution reaches the point

(x1, X2) = (cos( +260), sin(r +260)),  (y1. y2) =/ 1+ 2 (cos by, sin bp).

The solution then enters Tn3 at a time #y. From (3-7) we see that r3(fg) < O,
r1 increases and r, decreases. Let T > O be the smallest positive real number
such that r3(to + T) = 0. By symmetry, we see that ri(t) = ry(2T + 2ty — 1),
r(t) =r1(2T + 2ty —t) and r3(t) = r3(2T + 2tg — t). In particular, this tells us
that the solution eventually leaves T>. By the third equation in (3-6), the angle
between x (fo+27) and y(to+2T) is the same as the angle between x (¢y) and y(ty)
but ¢ (t9) # @1(to +27). We want to compute A := @1(tg +2T) — ¢1(ty) =
@a2(to +2T) — ¢a(t0). By (3-6),

2T 7 2
n(rs —1))2nr
Aw=f g (n(r} = 1)2nr;
0 r

2T 7 2_1 2
=/ M,/l—i—%sin@odt.
0 i

Since r3 = x -y =rirycos(¢) — ¢2), (3-7) implies

2sin(p; — @) dt
(3-8)

(7}) = —g'(n(r3 — 1))2nr1r; cos(p1 — ¢2)
(3-9)

=—g'(n(ry — 1))2n\/r12r22 — (1 + 1) sin* 6.
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Using (3-9) inside (3-8) we obtain

1 + - sm(@o)

/1+
1 rl\/”l”z +) sin”(60)

(3-10)

It follows from
g —1))+gmnri—1) =1
that

g ' 1 —gm@i=1))

(3-11) r3=1+
n

Plugging (3-11) into (3-10) we obtain

J 14 % sin6y

141
/1 u\/u(l +g71(1— g —1))/n) — (14 1)sin? 6,

(3-12) Ap=— du.

From (3-12) we see that Ag is small for 6y < /2 and n large. Following the
same reasoning as in Proposition 2.2 we can see that after 2m straight sides the
characteristic hits the point

Py, = ((_1)mei(2m(9+Arp))’ (—1)" /1 4 %ei((2m+1)9+2mA<p)>.

The characteristic is closed if and only if

(3-13) [0+A¢=%f0rk=0»---,%—l if m is even,

0+Ap=2" rfork=1,....,2%1 ifmisodd.

Since Ag depends continuously on 6y and is small if # is large, then the equations
in (3-13) are solvable. In particular, if 6; , € J,, (see Proposition 2.2), for n big
enough there exists 6 close to 6y ;, such that (3-13) is satisfied. The corresponding
characteristics of D, and D? x D? are close to each other and their actions are also
close. Note that there could also be some characteristics that are entirely contained
in Tn3. These characteristics are left out by the description above. If n is large, they
are close to the gliding trajectories of the bidisc D? x D? and their actions are close
to a multiple of 2. O

4. The Ekeland—Hofer symplectic capacities of the real bidisc

In this section we compute the symplectic capacities of the real bidisc D? x D>
The following result will be the main tool for our computations.
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Proposition 4.1. Let Q2 be a smooth convex domain in C" containing 0, and let r
be its gauge function. For all c > 0, let V. : E — R be the functional

1
(4-1 Ye($) =A%) —C/ r(¢(r))dte.
0
If W C E is an invariant subset of pseudoindex at least k such that V.|w <0, then
() <c.
Proof. Let € > 0 and choose a smooth function f; : [0, co) — [0, co) such that

0 ifs <1,

(c+¢e)s ifsis large.

(4-2) fe(s) = {

Moreover, we require that 0 < f/(s) < c + 2¢ for all 5, and that f/(s) € () only
for finitely many numbers sy, ..., s,,, which we can assume to be arbitrarily close
to 1. Let f/(s;) = «; € £(2) and define Hy, (z) := f:(r(z)). The periodic orbits
of z=JVHy (z) of period 1 are obtained by scaling. Namely, they are the curves
/5jvj(a;t), where y; is the closed characteristic in €2 such that A(y;) = «;. The
corresponding critical values of Ay, are

4-3) An, (sjviajt) =sja; — fe(s)).

As & — 0, these critical values tend to «j, and each of them is less than c. Note that
1
A © = W)+ [ ler(e) — frcomIar
0

1
=Ve(0) +/ [C —er(§()]dt <W.(5)+ D
0

for some constants C and D. Recalling that |y < 0, then
(4_4) AH/'S |W < C

for some new constant C. Equation (4-4) implies cy,, x < 00. Since there are no
periodic orbits at infinity of period 1, then Ay, satisfies the Palais—Smale condition
and therefore CHy, k is a critical value of AH/'S . Hence cpy, x <c¢ by (4-3). Since
k() <cpy 1o ks the conclusion follows. |

In the next theorem we compute the first Ekeland—Hofer capacity of the real
bidisc. A different proof of the same result appears in [Artstein-Avidan and Ostrover
2014].

Theorem 4.2. For the unit real bidisc D> x D? we have ¢;(D?* x D?) = 4.

Proof. Recall that 4 = min X (D? x D?) (Remark 2.4). Proposition 3.2 then implies
the existence of a sequence of closed characteristics y,, C 3D, with «,, ;== A(y;,,) — 4.
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By Theorem 2.7 we have
n—-+00

Now observe, from the construction of the D, that

1
Vit

The basic properties of the capacities then yield the double inequality

D, C D* x D*> C D,,.

T < c1(D* x D?) < ¢1(Dy).

n
from which we can conclude that ¢ (D? x D?) = 4 by applying (4-5). U
For the next theorem we need the following simple lemma.

Lemma 4.3. Let f(t) =) oy fre® ™ be an L'-convergent series. Then, for
every integer n,

1
/0 | fOldt = | fal.

Proof. For every n we have

/ Zf ekat dt = / ean’t kaeZ(k—n)m’t dt
kez keZ
' f > fine® i dt| = | fy]. O

keZ
Theorem 4.4. For the real bidisc D* x D* we have ¢,(D* x D?) = 34/3.
Proof. Let W be the following invariant subset of E:

3
={<a, ﬂ)e””+y<[a:ﬂ])< o Plap |3) o

a,ﬁec}@EO@E—,

where y : [P’}C — R is a nonnegative continuous function which is nonzero only in a
neighborhood of the two points [1:i] and [1 : —i]. We will specify later how y is
chosen. We now prove that W has pseudoindex 2. First note that

WNSNE™ =

3 _ 3
{(a B +y (la:g] )( e ﬁ|“|3) it

and therefore W NS N E* has index 2. Assume now by contradiction that there
exists 4 € I such that F := h(W)N E* N S has index strictly smaller than 2. Then,

a, BeC, (la*+[B1*) (1+y )—1}
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by the properties of the index, there exists an open neighborhood of U of F in E
such that «(U) = a(F). Let Ex = {f € E | f; =0 for |j| > k} and denote by
QO : E — Ej the corresponding orthogonal projection. We claim, for k large, that

(4-6) Or(h(WNE)NSNET CU.

Assume by contradiction that (4-6) is false. Then there exists a sequence of functions
frx € Ex "W such that Q;(h(fy)) € ET NS and Qy(h(fi)) ¢ U. Recalling the
structure of the homeomorphism 4 (see (2-5)), we have

fR+er U0+ (P~ + PO)OK (fi) =0,

(4-7) .
e U0 £+ PTOvK (f)ll = 1.

Note that f; must be a bounded sequence, otherwise we have K ( f;) = 0, which
together with (4-7) implies || f,:“ |=1and fko = f; =0, thus giving a contradiction.
We can therefore assume that K (f;) and yi( fx) converge. Hence, by (4-7), the
sequences f, and fko also converge. Furthermore, the sequence kar converges
as well, since it lies in a finite-dimensional space. We therefore have that f;
converges to some element fo, € W with h(fs) € ET NS and h( fx) ¢ U, which
is a contradiction.

In order to apply [Fadell et al. 1982, Proposition 3.3] as done in [Ekeland and
Hofer 1990, page 558], we consider the following “truncated” set: for M > 0 let

o PHBPHIF O+
M

Wy = {(a,ﬁ>e2’f”+x( )y([a : B1)

3 3

% O_la—,_a— e47l’il+f0+f—
3" fe]3

oe,,BeC,fOeEO,f_eE_},

where x is a smooth function such that x(r) = 1 for t < 1 and x(¢) = O for
t > % Note that W, coincides with W inside the ball of radius M in E and that
h(Wy)NETNS =h(W)NETNS. Consider now the equivariant map

4-8) ¢:C*@E"®(E NEK) > Wi,
4,(%ﬂ,quk_)zx<|a|2+|ﬂ|2+||f°+f-||2)y([a:m)<& o —a_3)e4m-t

M o3 Jer]?

_i_(a’ﬁ)eZﬂil_i_fO_i_fk*.

By [Fadell et al. 1982, Proposition 3.3] applied to the map Q/(¢), we obtain
a(Qk(Wy)NETNS) > 2.

The conclusion that ind(W) = 2 is achieved by taking M large enough.
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Now, let 7 be the gauge function of D? x D? and ¥, : E — R the functional
defined in (4-1):

1
Wo(0) = AQ) — ¢ fo r (1)) dt.

We recall that 5 5
lz1P+1z21*  IRe(z} +25)|

2 2

We will prove that .|y < 0 for ¢ = 4:/2.
Let v = (¢1, &) € W. Then

r(z1,22) =

+o00
v = vleant + vze4mt + § :w_ke—kat’
k=0

where vy = (o, B) and v» = ya3/|a* (@, B) for some «, B € C. We have

+00
49) Wew) = (7= 5w+ (27 = 5 ) o2 = Y ke
k=1

+00 1
—S3 z_zf
—kl
24 2 Jo

To estimate the integral on the right side of (4-9) we compute the Fourier coefficients
of order 4 and 6 of Re(é‘ lz(t) + {22 (t)). We denote them respectively by I and /.

Re(¢7 (1) + &5 (1))| dt.

(4-10) 214 = v} +2(v2-wo) + (W—_1)2 +2(w_2-wo) +2(w_3-v1) +2(W_4-v2),
(4-11) 216 =2(v2-v1) +2(w—1 - w-2) + 2(wo - w-3) + 2(v1 - w—4) + 2(v2- w-5).

By Lemma 4.3 applied to /¢ and (4-11) we get

1
(4-12) f
0

Since all the functionals on the right side of (4-12), which we are going to estimate,
are homogeneous, it is not restrictive to assume that |«|> +|8|> = 1. In particular,
|vp - v1| = |y|. Applying the Cauchy—Schwarz inequality we obtain the estimates

Re(¢2(t) + ¢2(n)| dt

> Il = [va-vi| — lw_y - w_a| — |wo - w_3] — vy - w_4| — vz - wW_5].

4-13) |w_y-woo| < S(woi* +w_o*) and |wo-w_3| < 3 (Jwol* + [w_3]?).

For the terms |v; - w_4| and |v, - w_s5| we give small and large constants to obtain

vy -w_q] < 2 P

[v] - w_y4| < c |w_4] <yan
(4-14) . .

20vy-ws| < 2 lw_s|* + —+—y2,

4

B 5+5m
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where we have used that |v;| = 1 and |v,|? = 2 Combining the estimate for the
integral in (4-12) with (4-13) and (4-14) and plugging into (4-9), we see that

o)

)2
4-15) W _c_c¢ 4 2 — & L 24 ...
(4-15) C(v)<<n 2 2y+§+4n>+<ﬂ 2+§+5n yote

where the dots stand for negative terms that arise after absorbing the terms that
involve w_4 and w_s on the right side of (4-14) with the terms (—47 —§)|w_4|* and
(=57 — 5)lw—s|* on the right side of (4-9). The right side of (4-15) is negative if

(&) &)

(4-16) (2n—%+%_iﬁ)y2—§y+(n—g+%_:ﬁ><0.
For ¢ = 4+/2 the inequality in (4-16) is satisfied by the solutions to

0.44 —2.82y +3.56y2 < 0.
In particular, ¥.(v) < O for
4-17) 0.22 <y <0.58.
Using 14 in place of I, we get that
(4-18) /O 1|Re(§12(t)+§22(t))|dt

lw_|?
PR

2, 22
> |14] = [a”™+B7|—=|v2-wo| —|wo-w 2| —|vi-w_3|=|v2-W_4|—
We first estimate

1

3e4+4n E Stom

2|vy - wol| < lwol” + ,
§+2m %c+4ny
2|wp - woa| < F——|w_*+ - 42 lwol?,
(4-19) o it i
< 37-[ [
20v; - w_3| < 2 w_s|> 4+ —+—,
lvy 3l < ¢ lw_3| <ian
5+4 2 i 2
2vy - w_y| < w_y4|”+ .
[va 4l < c lw_4] Crdn 12

We have used again that |v{|> = I and |v;|*> = y% Combining (4-19) with (4-18)
and replacing inside (4-9) we obtain

c 2 C c

i 5+2m 7
U< |7=C—C1a2+82 & Syl 2 4 24
C(v)_(n 2 4|a A |+§+3n G 2+4 %c+47‘[+%+47t v
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Once again, the dots indicate negative terms which come after absorption with the
negative terms involving |wg|? for k =0, —2, —3, —4. Hence W.(v) < 0 if

()? c of 5+27 g )
4-20) | =St 21824 2n—E4E + <0.
(4-20) ( 437 ) 4| B ( 2 i\ 3etan )T oran 14

For ¢ = 4+/2, the inequality (4-20) is satisfied by the solutions to

(4-21) 0.477 — 1.41|a* + % +4.352y2 < 0.

Letting yp = 0.23 by (4-17) and solving the corresponding equation to (4-21), we
can define 8y := (0.47 +4.22 - 0.232)/1.41 = 0.496. We then choose a continuous
function y such that 0 < y < yy and

vo if Ja?+ B2 < 8y =0.502,

4-22 (B =
(422 yle:pl {o if |oa? + 8% > 0.6.

With this choice, we conclude that W.|w < 0. The conclusion remain valid even
if we choose a constant ¢ slightly smaller than 4+/2.

Now let D, be the approximating sets for D? x D? constructed in Proposition 3.2.
Note that

Dy

(4-23) C D*x D*C D,.

1+1

7

The first inclusion in (4-23) implies
'n

(4-24)
1+1

Zr7

where 7, is the gauge function of the set D,. For each n, let W be defined as

1
W) = AQ) —c f W ek
o 1+

n

By (4-24), we have ¥ < W, <0. Propositions 4.1 and 3.2 then imply

Dy,
im 2P _ 3.3

n—+00 1+l
n

This is because X (D, N[0, 42 —¢] = {af, a5} for & > 0 and n large, where of
and oy are two sequences converging to 4 and 34/3, respectively (Proposition 3.2).
Together with the fact that ¢,(D,) /(1 + %) < 44/2 we have that either ¢, (D) =af
or c2(Dy) = ;. It cannot be ¢2(D,) = af = c¢1(D,), otherwise the set of charac-
teristics of D, of action o} would have index 2, and this is not the case. Hence
2(Dp) =af — 34/3, and this gives the conclusion. O
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Remark 4.5. One can deduce that c,(D? x D?) = 34/3 from the work of Ramos
[2017]. Let E(a, b) denote the ellipsoid
2 2
n_<|Zl| . |z2] ) < 1}'
a b

It follows from [Ramos 2017, Corollary 9] that E(4—e, 44§) embeds symplectically
into the bidisc D? x D? for some ¢, § > 0. Hence

445§ < cy(D* x D?) <3+/3.

(4-25) E(a,b) = {(11, 2)eC?

Since 3+/3 is the only number in the spectrum X (D? x D?) with this property, we
conclude that ¢, (D? x D?) = 34/3.

Theorem 4.6. For the unit real bidisc D*> x D? we have c3(D* x D?) = 8.

Proof. Let W be the subspace of E defined by
Wi=E-@E @ (", 0), (0,e), (", 0)).

By [Ekeland and Hofer 1990, Proposition 1] the pseudoindex of W is equal to 3.
We now prove that for some constant ¢ we have W, |y <0, where W, is the functional
defined in (4-1). For an element (¢, &) = (ae®™ ' +y e B2 +w™+uw' e W,
witha, B,y €C, w™€E™, w? e E° we have

(4-26) Wo((@e™ +ye*™, B +w™ + ')

1
=A(0) —C/O r(g(n)dt

= =Sl + 18P + 1y ) = lw ™l = Sw’ +w

1
—gfo Re(¢} (1) + &3 (1)) di + 7 (ol + 18I + 2y ).

To give an estimate of the last integral in (4-26), we compute the coefficient /g of
e8! in the Fourier expansion of Re(g“lz(t) + ;22 (1)):

Is=y>+2(a, B) - ws +2(y,0) - wg +2w - w; +2w; - w; +w; -w; .
We want to find a constant ¢ such that
@-27) w(jo* + 181> +2ly )
=S UaP+ 1B+ 1y ) = lw™lle = S w’ + w7, — S 1s| <0.

Applying the Cauchy—Schwarz inequality, we get

_ 1 _ 1
5] > ly1* —ai|ws > — —|(a, B)I* —azlwg | — —|y|?
a ap

02 -2 -2 -2 -2
_|w| _|w4| _|w1| _|w3| _|w2| .
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Choosing a; such that 7a; = 5+ 57 and ay such that Fa, = 5 +6m, (4-27) becomes

© (5)°

4-28 2 2 _&__ 2om —C_C 4 _ e
( )<|a|+|ﬁ|>(n : %+5n)+|y| T it Trer)

where the dots indicate other negative terms not involving «, 8 or . The expression
in (4-28) is negative if

C
n_§_£+5n <0,
(4_29) 2 (2)2
r—c_¢ 4
T3 4+g+6n<0

Considering the approximating domains D,, and reasoning as in the last part of the
proof of Theorem 4.4, we conclude that

V109 —7
(4-30) c3(D?* x D) < 4nT.

Moreover, Proposition 4.8 implies

(4-31) c3(D* x D*) > ¢3(B*) = 27.

Looking at the spectrum X (D? x D?) computed in Proposition 2.2, we see that
(4-30) and (4-31) imply c3(D? x D?) =8. 0

Note that in the proof of Theorem 4.6 we have used the fact that the capacity c3
of the real bidisc is strictly greater than the corresponding capacity for the unit
ball B2 This inequality is proved below in Proposition 4.8 for every capacity c.
The proof relies on the following lemma.

Lemma 4.7. Let D C D; be two convex smooth subdomains of C" such that for
some k we have c; (D) = c; (D7) =: c. Assume also that c is isolated in ¥.(Dy)
and X (D). Then there exists a closed characteristic y C dD N d D, such that
Aly) =c.

Proof. Let r| and r, be the gauge functions of D and D;, respectively. Let f be
an increasing positive function such that

Cs if s is large,

0 ifs<l,
(4-32) fls)= {

and f’(so) = c only for one so > 1. We will specify later how sy and C are chosen.
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Let Hif = for; fori =1, 2. Note that

(4-33) c(D1) =inflc, } = inflch,} = c(Da),

where each infimum is taken over all possible admissible Hamiltonians H; for D;.
Equation (4-33) together with the fact that c is isolated in the spectra X (D) and
3 (D,) implies that, choosing a function f with C sufficiently large, we obtain

k k
="
H/ HY

Let A ' be the corresponding Hamiltonian actions. Since D; C D, then r| > r
andA f <AHj Let

k
We=( € E| Ay (0) <ch +e).
W, is a closed equivariant set of pseudoindex at least k. We have

¢y < sup (A, (©)) < sup (A, () =) s e
Hl ceW, ceW,

We now claim that there exist two sequences ¢, — 0 and ¢, € W,, such that
. , k
VEAHlj (&) 0 and AHlf &n) — cHlf.

Indeed, assume that this is not true. Then there exist g9 > 0 and §y > 0 such that for
& <¢gp and for all ¢ € W, such that |AHf(§) — f| <¢ggwehave | VA f(§)||E > 0.
Following [Ekeland and Hofer 1990 Lemma 1] and [Ekeland and 'Hofer 1989,
Proposition 2], we denote by &, the flow at the time ¢ in E of the vector field
—VA, s with a suitable cut-off. Choosing & small enough we have, for 1 > ¢/82,
that

sup  A,r(¢) < ck e
L@ (We) i
which gives a contradiction.

We have thus proved that there exists a subsequence of ;n converging in E to ¢y,
which is a critical point for A H! and such that A u! (&) =c Hf If the image of ¢y is
notin d D Nd Dy, then r| (& (t)) > rz(g“o (1)) and the 1nequa11ty is strict in some open
interval. This implies that .4 1! (&) >c Hzf and in turn A, g (&) > ¢ Hzf + ¢ for some
¢ > 0 not depending on n, but this is in contradiction with the definition of W, . [J

Proposition 4.8. For the real bidisc D* x D?* and the unit ball B> in C%, we have
ck(D? x D?) > ¢ (B?) for every positive integer k.

Proof. Since the unit ball B2 centered at 0 is contained in D> x D? we have, for
any k, that cx(D? x D?) > ¢;(B?). Choose a smooth domain W containing B
and contained in D? x D? with a discrete action spectrum and having the same
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intersection at the boundary with D?* x D? and B2 If ¢y (D? x D?) = c;(B?) for
some k, then Lemma 4.7 implies that there exists a characteristic contained in

aW NB? = 9(D*> x D*) NB?
= {(x1, x2) € C* |x{ +x3 = 1} U{(iy1, iy2) € C*| y§ +y3 = 1}.

Since there are no characteristics in the intersection of the boundaries, then we must
have ¢;(D? x D?) > ¢ (B?). O

Remark 4.9. Let B(a) = E(a, a), thatis, B(a) is the Euclidean ball of radius v/a /7.
It follows from [Ramos 2017] that the real bidisc D> x D? can be symplectically
embedded into the ellipsoid E (4, 34/3) and that the ball B(4) can be symplectically
embedded into D? x D% This implies that c3(D? x D?) = 8. Proposition 4.8
can also be obtained from [Ramos 2017]. Indeed, B? = B(x) has strictly smaller
Ekeland-Hofer capacities than B(4), which embeds into D? x D>

5. Applications

We now exploit our computations of the capacities of D? x D? to prove some results
of symplectic rigidity. First recall that the complex bidisc A% C C? is defined by

A?:={(z1,22) €C*| x}+y? <1, x5+ y3 <1}

Sukhov and Tumanov [2012] applied techniques from classical complex analysis
to prove that there exists no symplectic embedding of D? x D? into A% Using
symplectic capacities we can easily show that no symplectic embedding is possible
in the other direction.

Corollary 5.1. There is no symplectic embedding of A* into D* x D>
Proof. Assume by contradiction that there is such an embedding
v : A = D? x D%

By the extension after restriction principle, for any ¢ > 0 there exists a symplectic
map with compact support 7, : C> — C? such that | A= v A2 - Therefore,
3r(1-e)’ = c3(AT_,) = c3(Ye (A1) < c3(D* x D) =8,
which gives a contradiction. U

Note that the proof of Corollary 5.1 implies that the complex bidisc cannot be
embedded even in a slightly larger real bidisc.

Remark 5.2. Corollary 5.1 can also be obtained without using the Ekeland—Hofer
capacities. By [Ramos 2017], the bidisc D? x D? is a concave toric domain. One
can then apply [Gutt and Hutchings 2018, Theorem 1.18] to conclude that the cube
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capacity cg of D? x D? is equal to 2. By the very definition of the cube capacity
[Gutt and Hutchings 2018, Definition 1.17], Corollary 5.1 follows.

To prove the next rigidity result we need to recall a product property of the
Ekeland—Hofer capacities: if A C C" and B C C™, then

(A x B) = min {c;(A)+c;(B)).
i+j=k

Here we use the convention that the zero-th capacity is equal to 0, that is, cg(A) =
co(B) = 0. We denote by Ag the standard complex disc of radius R.

Corollary 5.3. The product D* x D? x Ay is not symplectomorphic to A*> x Ag
for R > v/3/3/2.

Proof. The case R > 1 is known [Wong 2018, Theorem 4.1], hence let R < 1. We
have
c2(A? x Ag) =27 R%

On the other hand,
c2(D? x D* x Ag) = min{3+/3, 4+ 7 R?, 27 R?}.

The two capacities are different if R > v/ 34/3/27. (]

Remark 5.4. The bound in Corollary 5.3 can be improved to /2/7 using Ekeland—
Hofer symplectic capacities of higher order. More precisely, one has to show, for
each positive integer n, that ¢, (D? x D?) = 4n. This can be achieved by arguing
in a similar way as in Theorem 4.6, where we computed the value of c3(D? x D?).
Vinicius Gripp Barros Ramos has informed the authors that the bound /2/7 can
also be obtained using the results in [Gutt and Hutchings 2018].
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