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Abstract Flexible manipulator is an emerging tech-
nique in aerospace engineering, especially in the
assembly, testing and maintenance of space stations.
Dynamic analysis of a flexible manipulator with multi-
ple clearance joints and hybrid uncertainties is a great
challenge as compared to traditional flexible manip-
ulator. To solve the problem, a dynamics model for
a simplified flexible manipulator with interval clear-
ance joints and random material properties was estab-
lished. In this model, the Lankarani–Nikravesh con-
tact force model was used to construct the clearance
joint, while a combined feedforward–feedback con-
trol strategy based on a PID controller was applied to
control the flexible manipulator. In addition, the clear-
ance sizes and the Young’s moduli of the flexible parts
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were described by interval variables and random fields,
respectively. To solve the dynamics model, a general
methodology, basedon theKarhunen–Loève expansion
and Kriging model, was presented. Finally, numerical
examples were employed to demonstrate the validity of
the proposed approach. The simulation results indicate
that the joint clearance, the flexibility of the compo-
nents and the uncertainties have great impacts on the
kinematic accuracy and dynamic behaviors of the flex-
ible manipulator, while hybrid uncertainties result in
worse kinematic accuracy and more complex dynamic
behaviors.

Keywords Interval uncertainty · Random field ·
Flexible manipulator · Clearance · Karhunen–Loève
expansion

1 Introduction

With the development of space technologies, large and
lightweight flexible manipulators have been widely
used to assemble, mend and test space station, capture
spacecraft, finish extravehicular work of the astronaut,
etc. The reliabilities of the manipulator are crucial to
the spacemissions. The dynamic analysis of theflexible
manipulator involves solving the problems of clearance
impact during the working process and the uncertain-
ties of the structure parameters. In order to improve the
accuracy of dynamic analysis, these factors should be
carefully considered and analyzed.
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In the past decades, researchers have focused on the
studies of clearance joint. Flores et al. [1] have system-
atically demonstrated the dynamic behaviors of pla-
nar and spatial rigid mechanisms with dry clearance
joints or lubricated clearance joints. The simulation
results illustrated that the clearance affects the dynamic
performance of the mechanisms and reduces the kine-
matic accuracy. Meanwhile, lubricants can eliminate
the influence of the clearance on the dynamic behaviors
and kinematic accuracy of the mechanisms. Erkaya [2]
presented a dynamic model for a welding robot manip-
ulator with clearance joint. Varedi et al. [3,4] inves-
tigated the effects of joint clearances on the dynamic
behaviors of a 3-RRR parallel manipulator, and pre-
sented a method based on the particle swarm opti-
mization to reduce these influences. Considering the
existing of multiple clearance joints, Bai and Sun [5],
and Ma and Qian [6] investigated the dynamic behav-
iors of planar mechanismswithmultiple revolute clear-
ance joints. From the simulation results, they conclude
that multiple clearance joints lead to worse dynamic
behaviors of the mechanisms. Zhang et al. [7] devel-
oped an analytical procedure for dynamic analysis of
a 3-PRR parallel mechanism with multiple clearance
joints. For the flexible model, Abdallah et al. [8] inves-
tigated the dynamic behaviors of flexible planar slider-
crank mechanisms with multiple clearance joints. The
results showed that the flexibility of the components
plays an important role in the dynamic performance
of the mechanisms with clearance joints. Li et al. [9]
established a dynamics model for a large-scale flexible
solar array system with clearance joints and analyzed
the effects of the clearance on the dynamic performance
of the system. Tian et al. [10] investigated the effects of
lubricated cylindrical joint on dynamic behaviors of a
flexible spatial multibody system with large deforma-
tion, established based on the absolute nodal coordinate
formulation (ANCF).

The aforementioned studies mainly focused on the
dynamic analysis of manipulators with deterministic
parameters.However, thewidely existing uncertainties,
such as material imperfection, machining errors and
abrasion, cannot be neglected.Uncertainties are usually
classified to random uncertainty and epistemic uncer-
tainty, respectively. Probability theory is provided for
the representation of the random uncertainty, while evi-
dence theory, possibility theory, interval analysis and
fuzzy set theory are introduced to represent the epis-
temic uncertainty [11,12]. Chaker et al. [13] presented

a methodology, based on a stochastic method, for kine-
matic accuracy analysis of a 3-RCC spherical parallel
manipulator with clearance and manufacturing errors.
The simulation results show that the clearance andman-
ufacturing errors have impacts on the kinematic accu-
racy of the manipulator, and the comprehensive influ-
ence cannot be obtained by the linear combination of
the effects of the clearance andmanufacturing errors. It
is concluded that, for a manipulator with clearance and
manufacturing errors, these two factors should be con-
sidered in themodelingprocess. Pandey andZhang [14]
analyzed the reliability of a robotic manipulator with
random clearance joints based on the principle of max-
imum entropy. Li et al. [15] investigated the kinematic
accuracy and dynamic behaviors of a two-link rigid
manipulator with clearance joints and random parame-
ters. Sun [16] established a model for kinematic accu-
racy analysis of a flexible manipulator with an interval
clearance joint. Yan and Guo [17] also investigated the
other mechanisms with clearance joint and uncertainty.

The dynamics of a manipulator with random and
epistemic uncertainties is complex. Wang et al. [18]
are among the few researchers who investigated the
dynamic performance of a 3-RRS flexible parallel
manipulator with hybrid uncertain parameters based
on the ANCF and Chebyshev method. Sun et al. [19]
investigated the dynamic behaviors of a planar mech-
anism with random parameters and an interval clear-
ance joint. In the previous studies, the inhomogeneous
distribution of the materials has not been considered.
However, the inhomogeneity will result in continuous
uncertainties of the material properties. Thus, in many
cases, uncertain fields are used to describe the uncer-
tainty of the material properties. Wu et al. [20,21]
investigated the dynamic behaviors of flexible mech-
anisms and rigid–flexible mechanisms with random
uncertainty. In their work, the flexible mechanism is
constructed based on the ANCF, while random fields
are applied to represent the uncertainty of the material
properties. To our knowledge, no investigations have
been conducted on the dynamic behaviors of a flexi-
ble manipulator with hybrid uncertainties and consid-
ering the inhomogeneous distribution of the material
properties in space. For a flexible manipulator with
hybrid uncertainties and uncertain fields, there exist
three challenges. First, an appropriate mathematical
model should be selected to represent each uncertainty.
Second, the influences of eachuncertainty on the results
should be analyzed separately. Third, due to low com-
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puting efficiency of uncertainty analysis of a flexible
manipulator with hybrid uncertainties, surrogatemodel
needs to be constructed in the uncertainty analysis.
However, the last step has not been reported for a flexi-
blemanipulatorwith hybrid uncertainties and uncertain
fields. To solve this problem, we investigated the kine-
matic accuracy and dynamic behaviors of a simplified
flexible manipulator with interval clearance joints and
random fields, and developed a methodology, based on
theKarhunen–Loève expansion andKrigingmodel, for
dynamic analysis of a flexible manipulator with inter-
val uncertainty and random fields. Finally, the validity
and feasibility of these methods are demonstrated.

2 Modeling of the simplified flexible manipulator
with clearance joints

2.1 Joint clearance model

A revolute clearance joint, as shown in Fig. 1, consisted
of two parts: bearing and journal. The bearing and jour-
nal were fixed to the body i and body j , respectively.
XY is the global coordinate system. Points Pi and Pj

are the centers of the bearing and journal, respectively.
ri and r j are the position vectors of points Pi and Pj ,
respectively. The eccentricity vector between the two
points is expressed as

ei j = r j − ri (1)

The unit eccentricity vector is given by

n = ei j
ei j

(2)

X
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ir
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Fig. 1 The model of the revolute clearance joint

where ei j is the magnitude of the eccentricity vector.
When the bearing and journal contact, the relative pen-
etration depth (δ) can be expressed as

δ = ei j − c (3)

where c is the radial clearance size, c = Ri−R j . Ri and
R j are the radii of the bearing and journal, respectively.

Based on the ANCF, the position vectors of the con-
tact points on body i and j are expressed as

rQk = rk + Rkn (k = i, j) (4)

The velocity vectors of the contact points can be eval-
uated by differentiating Eq. (4) with respect to time,
yielding

ṙQk = ṙk + Rk ṅ (k = i, j) (5)

The relative scalar velocities, normal and tangential to
the plane of collision, are expressed as

vN =
(

ṙQj − ṙQi
)T

n (6)

vT =
(

ṙQj − ṙQi
)T

t (7)

where the tangent vector t can be obtained by rotating
vector n by 90◦ counterclockwise.

2.2 Mathematical formula of the simplified flexible
manipulator with clearance joints

A simplified flexible manipulator with clearance joints
is shown in Fig. 2, in which the joints O and A are
imperfect joints, respectively. τ1 and τ2 represent con-
trol torques, acting on joints O and A, respectively.

4θ

1θ
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2θ 3θ

3t

2n
3n

1τ

2τ

X

Y

O (Clearance joint)

( )(Clearance joint)i jA A
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Fig. 2 Simplified flexible manipulator with clearance joints

123
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n1−t1, n2−t2 and n3−t3 are local coordinate systems
at points O, Ai and Aj, respectively. θ1 and θ3 denote
the angles of link OAi at points O and Ai, respectively.
θ2 is the angle of link AjPj at points Aj. To describe
the large deformation of the flexible manipulator, the
ANCF was applied to construct the dynamic model of
the manipulator.

In the ANCF, the global position vector of a point
on a beam element is expressed as [22]

r = Sek (8)

where S is the global element shape function associated
with x(x ∈ [0 l

]
), which is given by,

S = [ S1I2 S2I2 S3I2 S4I2
]

(9)

S1 = 1 − 3
( x
l

)2 + 2
( x
l

)3
,

S2 = l

[
x

l
− 2
( x
l

)2 +
( x
l

)3]
,

S3 = 3
( x
l

)2 − 2
( x
l

)3
,

S4 = l

[( x
l

)3 −
( x
l

)2]
(10)

where I2 is the unitmatrix of size 2. l is the initial length
of the beam element. The nodal coordinate vector, ek ,
has the form of

ek =
[

rTm
(

∂rm
∂x

)T
rTn
(

∂rn
∂x

)T ]T
(11)

where ri and ∂ri/∂x are the global displacement and
the global slope of node i (i = m, n), respectively.
Based on the description above, the kinetic energy of
the beam element is calculated by

Te = 1

2

∫

V
ρṙTṙdV = 1

2

(
ėk
)T

Meėk (12)

where V and ρ are the volume and density of the beam
element, respectively. Me is the constant mass matrix
of the element, which is obtained by

Me = 1

2

∫

V
ρSTSdV (13)

The strain energy of the beam element is evaluated as

Ue = 1

2

∫

V
σTεdV (14)

where ε and σ are the strain and stress vectors, respec-
tively.

The virtual work of the control torques is expressed
as

δW = τ1δθ1 + τ2δθ4 = τ1δθ1 + τ2δθ2 − τ2δθ3

(15)

where δθ1 can be expressed by the global slope of node

O,
[
∂r1ox/∂x ∂r1oy/∂x

]T
, as follows

δθ1 =
∂r iox/∂xδ

(
∂r ioy/∂x

)
− ∂r ioy/∂xδ

(
∂r iox/∂x

)

f 21
(16)

where f1 =
√(

∂r1ox/∂x
)2 +
(
∂r1oy/∂x

)2
. The equiva-

lent generalized force for control torque τ1 is expressed
as

Q1 =
[
0 0 −τ1

(
∂r1oy/∂x

)
/ f12 τ1

(
∂r1ox/∂x

)
/ f 2

1
0 0 0 0

]T

(17)

Similarly, the equivalent generalized force for control
torque τ2 also can be obtained. Based on the principle
of the virtual work and Baumgarte method, the dynam-
ics equation of the flexible manipulator with clearance
joints is expressed as[

M �T
q

�q 0

] [
q̈
λ

]
=
[

Bτ − F + Fc

γ − 2α�̇ − β2�

]
(18)

where M is the constant mass matrix of the manipu-
lator, λ denotes the Lagrange multiplier vector, F is
the generalized elastic force, Fc is the generalized con-
tact force, � and �q represent the constraint equation
and its Jacobian matrix with respect to the general-
ized coordinate vector q, respectively, α and β are the
Baumgarte parameters, γ = − (�qq̇

)
q −2�qt q̇−�t t ,

andBτ is the generalized control torque. τ = [τ1 τ2]T

can be obtained by a PID controller, sliding mode con-
trol, feedforward–feedback controller, etc. [23]. In this
work, a combined feedforward–feedback control strat-
egy based on a PID controller was applied to control
the manipulator, which is expressed as[

τ1
τ2

]
= τ d +

[
P1 0
0 P2

] [
θ1d − θ1
θ2d − θ2

]

+
[
D1 0
0 D2

] [
θ̇1d − θ̇1
θ̇2d − θ̇2

]

+
[
I1 0
0 I2

] [ ∫ t
0 (θ1d − θ1)dt∫ t
0 (θ2d − θ2)dt

]
(19)

where Pi , Ii and Di (i = 1, 2) are the PID controller
feedback gains, θid (i = 1, 2) is the desired angular tra-
jectory, and τ d is the feedforward control torque,which
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is obtained in the condition of the rigid-body assump-
tion for the manipulator, expressed as,

τ d = Gdes + Vdes + Mdes∗ [ θ̈1d θ̈2d
]T

(20)

where

Mdes =
⎡
⎢⎣
J1 + J2 + m1

(
l1
2

)2 + m2

(
l2
2

)2 + m2l1l2 cos θ2d J2 + m2

(
l2
2

)2 + 1
2m2l1l2 cos θ2d

J2 + m2

(
l2
2

)2 + 1
2m2l1l2 cos θ2d J2 + m2

(
l2
2

)2

⎤
⎥⎦ (21)

Vdes =
[− 1

2m2l1l2 sin θ2d
(
θ̇2d θ̇1d + θ̇22d

)
1
2m2l1l2 sin θ2d θ̇

2
1d

]
(22)

Gdes =
[ 1

2m1gl1 cos θ1d + m2g
(
l1 cos θ1d + 1

2 l2 cos (θ1d + θ2d)
)

1
2m2gl2 cos (θ1d + θ2d)

]
(23)

where J1 and J2 are the moment of inertia of the links
OAi and AjPj, respectively, m1 and m2 are the mass of
the links OAi and AjPj, respectively, l1 and l2 are the
lengths of the two links, θ1d and θ2d are the designed
angles of the links OAi and AjPj, respectively, to track
the trajectory, θ̇1d and θ̇2d are the designed angular
velocities of the two links, and θ̈1d and θ̈2d are the
designed angular accelerations of the two links.

Here, the Lankarani–Nikravesh contact force model
and modified Coulomb friction force model are used to
construct the generalized contact force.TheLankarani–
Nikravesh contact force model [24] is expressed as

FN = K δn

(
1 + 3
(
1 − c2e
)

4

δ̇

δ̇(−)

)
(24)

where K is the generalized stiffness constant, ce is the
restitution coefficient, δ̇(−) is the initial impact velocity,
δ and δ̇ are the relative penetration and relative pene-
tration velocity. The value of n depends on the material
properties of the impact surfaces, which is set to be 1.5
for most metal contacts. For two spherical surfaces in
contact, the generalized stiffness constant is calculated
by

K = 4

3
(
hi + h j

)
(

Ri R j

Ri − R j

) 1
2

(25)

where hi and h j are calculated by Eq. (26)

hk = 1 − v2k

Ek
(k = i, j) (26)

where Ek andvk are theYoung’smodulus andPoisson’s
ratio, respectively.

The modified Coulomb friction force model [25] is
given as

FT = −cfcdFN
vT
vT

(27)

where vT and vT are the relative tangential velocity
and its scalar component, respectively. cf is the friction

coefficient. cd is the dynamic correction coefficient,
which is given by

cd =
⎧⎨
⎩
0 if vT ≤ v0
vT−v0
v1−v0

if v0 ≤ vT ≤ v1

1 if vT ≥ v1

(28)

wherev0 andv1 are the given tolerances for the velocity.

3 Uncertainty analysis of the simplified flexible
manipulator

Due to the asymmetry of the material, machining
errors and abrasion, uncertainties widely exist in flex-
ible manipulator, such as clearance sizes and Young’s
moduli of the components, which seriously affect the
dynamic performance and kinematic accuracy of the
manipulator. In this work, the uncertainties in clear-
ance sizes and Young’s moduli are considered, which
are described by interval variables and random fields,
respectively. Eq. (18) is rewritten as
[

M �̃
T
q

�̃q 0

][ ¨̃q
λ̃

]
=
[

Bτ̃ − F̃ + F̃c

γ̃ − 2α ˙̃
� − β2�̃

]
(29)

where the overtilde “∼” expresses the interval vari-
ables and random fields. By solving this equation, the
dynamic behaviors of the manipulator can be obtained.
However, this equation is a differential-algebraic equa-
tion containing interval variables and random fields,
which is difficult to solve. In this section, a general
methodology was presented to solve this problem.
Before that, an uncertainty quantization technique was
developed to describe the kinematic accuracy of the
manipulator obtained by Eq. (29).
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Fig. 3 The time–domain double-loop MCS approach integrating the Karhunen–Loève expansion and Kriging model

3.1 Uncertainty quantization technique of the
trajectory accuracy for flexible manipulator with
interval variables and random fields

The kinematic error of the flexible manipulator can be
expressed as,

ỹ (t) = q̃r − qd (30)

where q̃r and qd are the real motion and ideal motion of
the manipulator, respectively. Since the real motion of
the manipulator is obtained by Eq. (29), the results are
influenced by the interval variables and random fields.
Thus, Eq. (30) is rewritten as,

ỹ (t) = f (t, a| eM ) = q̃r (t, a| eM ) − qd (t) (31)

where a = [a1, . . . , anA] contains all the nA ran-
dom fields which is described by mean function
a0 (x) and covariance function Ca (x1, x2), and eM =[
eM1, . . . , eM,nM

]
contains all the nM interval vari-

ables.

For a fixed ekM , the 95% confidence region of the
kinematic error for the manipulator with random fields
is represented as

P
(
t | ekM
)

=
{[

y
(
t | ekM
)
d

y
(
t | ekM
)
u

]
:

ProbA
(
ỹ (t) ≤ y (t)d , ekM

)
= 2.5% and

ProbA(ỹ(t) ≤ y(t)u, ekM ) = 97.5% t ∈ T
}

(32)

where y
(
t | ekM
)
d and y

(
t | ekM
)
u denote the lower and

upper bounds of the confidence region considering ran-
dom fields, respectively. ProbA

(
ỹ (t) ≤ y (t)d , ekM

) =
2.5% represents that the probability of ỹ (t) less
than y (t)d is 2.5% with eM fixed as indicated, and
ProbA
(
ỹ (t) ≤ y (t)u , ekM

) = 97.5% represents that
the probability of ỹ (t) less than y (t)u is 97.5% with
eM fixed as indicated. ProbA

(
ỹ (t) ≤ y (t) , ekM

)
is the

probability that ỹ (t) is less than y (t) with eM fixed,
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and is calculated by Eq. (33).

ProbA
(
ỹ (t) ≤ y (t) , ekM

)

=
∫

	

δy

[
f
(
t, a| ekM

)]
dA (a| (a0,Ca)) d A

∼=
nSA∑
i=1

δy

[
f
(
t, ai | ekM

)]
/nSA (33)

where dA (a| (a0,Ca)) is the density function decided
by the mean function and covariance function of the
randomfields. ai , i = 1, 2, . . . , nSA is a set of random
samples generated from the possible value a with eM
fixed. nSA is the number of the random samples. δy is
calculated by,

δy

[
f
(
t, a| ekM

)]
=
{
1 if f

(
t, a| ekM

) ≤ y
0 otherwise

(34)

Further taking into account the interval uncertainty, the
95% confidence region of the kinematic error can be
expressed as


 (t) = {[y (t)d y (t)u
] : y (t)d

= min
(
y ( t | eM )d

)
and y (t)u

= max
(
y ( t | eM )u

)
t ∈ T and eM ∈ �

}

(35)

where y (t)d and y (t)u denote the lower and upper
bounds of the confidence region considering random
fields and interval variables, respectively. � contains
all possible values for eM .

3.2 The time–domain double-loop MCS approach
integrating the Karhunen–Loève expansion and
Kriging model

To obtain the 95% confidence region of the kine-
matic error for the manipulator, a general methodol-
ogy was developed. Considering the inefficiency of the
uncertainty analysis, a time–domain double-loopMCS
approach integrating the Karhunen–Loève expansion
and Kriging model (TDMSC) is presented in this sec-
tion. The main procedures of the approach are shown
in Fig. 3 with the following steps.

(1) Transform the random field a = [a1, . . . , anA]
into uncorrelated random variables ξ =[[

ξ11 , . . . , ξm1
1

]
, . . . ,
[
ξ1nA, . . . , ξmn

nA

]]
by the

Karhunen–Loève expansion method.

In the Karhunen–Loève expansion method [26,27],
a random field, H (x, θ), can be expanded as the fol-
lowing form,

H (x, θ) = μ (x) +
∞∑
i=1

√
λiϕi (x)ξi (θ) (36)

where μ (x) is the mean function of the random field,
ξi (θ) (i = 1, 2, . . .) is the standard uncorrelated ran-
dom variables, ϕi (x) and λi are the eigenfunctions
and eigenvalues of the covariance function Cov

(
x, x′),

respectively.

(2) Generate sample points by using the Latin hyper-
cube sample (LHS) method.

(3) Predict the kinematic error of the manipulator
of each sample point by using the generalized-α
method.

(4) With the sample points and corresponding kine-
matic error, construct a surrogate model by the
Kriging method [28].

(5) Choose the number of samples, nSI, for interval
variables.

(6) Choose the number of samples, nSR, for random
variables obtained by Step 1.

(7) Choose a sample from the interval of each interval
uncertainty by the LHS method.

(8) Choose a sample from the distribution of each ran-
dom uncertainty based on the MCS approach.

(9) With the constructed Kriging model, calculate the
kinematic error of the manipulator by using the
complete array of the sample points.

(10) Test whether all nSR random sample points have
been predicted. If Yes, go to Step 11; if No, return
to Step 8.

(11) Evaluate the confidence region of the kinematic
error of the manipulator by Eq. (32).

(12) Test whether all nSI interval sample points have
been predicted. If Yes, go to Step 13; if No, return
to Step 7.

R=0.2m

O

( )i jA A

jP

Y

X
1 0.4l m= 2 1.6l m=

Fig. 4 Circle trajectory tracking of the two-link flexible manip-
ulator
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Table 1 Parameters for the dynamic analysis of the two-link flexible manipulator

Journal radius for joints O and A 10.0 mm Friction coefficient for joints O and A 0.1

Restitution coefficient for joints O and A 0.9 Young’s modulus for joints O and A 207 GPa

Poisson’s ratio for joints O and A 0.3 Integration step size 0.00001 s

Baumgarte-α, β 250 Integration tolerance 0.000001

Fig. 5 The tip trajectory of the manipulator for different number
of clearance joints

(13) Calculate the confidence region of the kinematic
error of the manipulator with hybrid uncertainties
by Eq. (35).

4 Results and discussion

The two-link flexible manipulator with clearance joints
was controlled to track a circle trajectory, as shown in
Fig. 4, with the designed angular velocity as follows

ω = − 6π

500

(
t2 − 10t

)
(37)

The links OAi and AjPj are made of aluminum alloy.
The initial lengths of links OAi and AjPj are 0.4 m
and 1.6 m, respectively. Links OAi and AjPj were dis-
cretized by four and ten elements, respectively. The
cross-sectional area, the second moment of area, the
Young’s modulus and the mass density of the links OAi

and AjPj are 1.0×10−4 m2, 8.333×10−10 m4, 68 GPa
and 2698.9 kg/m3, respectively. In this work, a com-
bined feedforward–feedback control strategy based on
aPIDcontroller is applied to control the tip trajectory of

(a) X-direction

(b) Y-direction

Fig. 6 Trajectory errors of the manipulator in the X-direction
and Y -direction for different number of clearance joints

the manipulator. The proportional, derivative and inte-
grative gains of the PID controllers for all numerically
simulated cases below are 2000, 30 and 30, respec-
tively. The parameters for the dynamic analysis of the
manipulator are shown in Table 1.

To investigate the influences of the number of clear-
ance joints on the dynamic behaviors and kinematic
accuracy of the two-link flexible manipulator, the
manipulator is simulated for four different cases: (1)
Joints O and A are perfect joints (Perfect joints), (2)
Joint O is a perfect joint, while joint A is an imperfect
joint with 0.2 mm clearance (Clearance joint A), (3)
Joint A is a perfect joint, while joint O is an imperfect
joint with 0.2 mm clearance (Clearance joint O), (4)
Joints O and A are imperfect joints with 0.2 mm clear-
ance (Clearance joints A and O). Figure 5 shows the
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(a) X-direction

(b) Y-direction

Fig. 7 Tip acceleration of themanipulator in theX-direction and
Y -direction for different number of clearance joints

(a) 1τ

(b) 2τ

Fig. 8 Control torques of the manipulator for different number
of clearance joints

tip trajectory of themanipulator for different number of
clearance joints. It is observed that joint clearance can
affect the kinematic accuracy of the manipulator. Fig-

(a) X-direction

(b) Y-direction

Fig. 9 Trajectory errors of the manipulator in the X-direction
and Y -direction for different clearance sizes

(a) X-direction

(b) Y-direction

Fig. 10 Tip acceleration of the manipulator in the X-direction
and Y -direction for different clearance sizes

ure 6a, b shows the trajectory errors of the manipulator
in the X-direction and Y -direction for different num-
ber of clearance joints, respectively. It is seen that the
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(a) 1τ

(b) 2τ

Fig. 11 Control torques of the manipulator for different clear-
ance sizes

(a) X-direction

(b) Y-direction

Fig. 12 Trajectory errors of the manipulator in the X-direction
and Y -direction for different Young’s moduli

maximum trajectory error of the manipulator with two
clearance joints is larger than that with single clearance
joint. Comparing case 2 and case 3, it indicates that the

(a) X-direction

(b) Y-direction

Fig. 13 Tip acceleration of the manipulator in the X-direction
and Y -direction for different Young’s moduli

(a) 1τ

(b) 2τ

Fig. 14 Control torques of themanipulator for different Young’s
moduli

position of clearance can affect the trajectory errors of
the manipulator. Figure 7a, b shows the tip acceleration
of themanipulator in theX-direction andY -direction. It
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(a) iOA

(b) j jA P

Fig. 15 Illustrations of random fields

Table 2 Four cases with different uncertainty situations

Parameter Case1 Case2 Case3 Case4

Clearance size (mm) [0.2, 0.3] [0.2, 0.3] 0.25 0.25

Young’s modulus (GPa) 68 E (x, θ) E (x, θ) 68

indicates that joint clearance leads to high acceleration
peaks. There are more pronounced peaks as the num-
ber of clearance joints increases. The peak values are
showed in different times between case 2 (Clearance
joint A) and case 3 (Clearance joint O). Form Fig. 8a,
b, it is seen that themaximum control torques are larger
as the number of clearance joints increases. In addition,
the control torques when the clearance at joint O have
higher peaks as compared to that when the clearance at
joint A.

To further study the influences of the clearance on
the dynamic behaviors and kinematic accuracy of the
manipulator, the clearance size for themanipulatorwith
two clearance joints was selected as 0.02 mm, 0.2 mm
and 0.5 mm, respectively. Figure 9a, b shows that the
trajectory errors of the manipulator with perfect joints
are close to the results for clearance size 0.02 mm in
0–4 s. However, there is obvious difference in 6–10 s.

The peak values of the two curves are close. The differ-
ence is mainly reflected in the movement of the phase.
The effect of the clearance on the kinematic accuracy
of themanipulator is obviouswhen the clearance size is
0.2 mm or 0.5 mm. The effects are reflected in not only
phase but also peak. Themaximum trajectory errors are
larger as the clearance size increases. When the clear-
ance size is 0.02 mm, the vibration of the trajectory
errors is low-frequency vibration. However, when the
clearance size is 0.2 mm or 0.5 mm, due to the violent
collision of clearance, the trajectory errors will appear
as high-frequency vibration. Figure 10a, b shows the tip
acceleration of the manipulator in the X-direction and
Y-direction. It indicates that the tip acceleration of the
manipulator has obviously shaken, and the amplitude
is increased when joint clearance is considered. Fig-
ure 11a, b indicates that the maximum control torques
are larger as the clearance size increases, and large
clearance size leads to more pronounced peaks.

The Young’s modulus of the manipulator with two
clearance joints was assumed to be 34 GPa, 68 GPa
and 136 GPa, respectively, while the clearance size
was 0.2 mm. The trajectory errors of the manipulator
for different Young’s moduli are shown in Fig. 12. It is
obvious that the trajectory errors of the manipulator are
smaller as the Young’s modulus increases. As shown
in Fig. 13, there are less pronounced peaks for the tip
accelerations of the manipulator as the Young’s mod-
ulus increase. Figure 14 shows the control torques of
the manipulator. It indicates that the maximum control
torques are larger as the Young’s modulus increases.

Considering the influence of the clearance and the
flexibility of the components on the dynamic perfor-
mance and kinematic accuracy of the manipulator,
uncertainties of these two parameters were considered.
In this work, interval variables and random fields were
used to represent the uncertainties of the clearance sizes
and Young’s moduli of the flexible parts, respectively.
The interval clearance is given by c ∈ [0.2, 0.3] mm.
Young’s modulus of the flexible parts is the stationary
Gaussian random field of the form,

E (x, θ) = Ē (1 + a (x, θ)) (38)

where Ē = 68GPa. a (x, θ) is the stationary Gaussian
field with zero mean, and its covariance function is
Ca (x1, x2) = σ 2

a e
(|x1−x2|)/μa . σa and μa are the stan-

dard deviation and correlation length, respectively. For
the links OAi and AjPj, the correlation lengths are l1/2
and l2/2, respectively, with the same standard devia-
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(a) X-direction for Case1 and Case4

(b) X-direction for Case2 and Case3

(c) X-direction for Case1 and Case2

(d) Y-direction for Case1 and Case4

(e) Y-direction for Case2 and Case3

(f) Y-direction for Case1 and Case2

Fig. 16 Trajectory errors of the manipulator in the X-direction and Y -direction for different uncertainty situations

tion (σa = 0.2). The illustrations of the random field
are presented in Fig. 15.

Four cases with different uncertainty situations, as
shown inTable 2, are simulated.The confidence regions
of the trajectory errors, tip accelerations and control
torques of the manipulator with different uncertainty
situations are given in Figs. 16, 17 and 18. FromFig. 16,
it is seen that there are obvious differences between the
trajectory errors of the manipulator with determinis-
tic parameters and uncertain parameters. And the dif-
ferences become larger when time increases. The tra-
jectory errors of the manipulator with deterministic
parameters are contained in those with interval uncer-

tainty. The trajectory errors with hybrid uncertainties
are larger than those with interval uncertainty or those
with random uncertainty. The comparison of tip accel-
erations among the deterministicmodel, randomuncer-
tain model, interval uncertain model and hybrid uncer-
tainmodel, as shown in Fig. 17, indicates that the uncer-
tainty significantly affects the tip accelerations of the
manipulator. The tip accelerations of the manipulator
with deterministic parameters are contained in those
with interval uncertainty, while the results considering
randomfields are contained in those considering hybrid
uncertainties. However, due to large pronounced peaks,
the tip accelerations of the manipulator with inter-
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(a) X-direction for Case1 and Case4

(b) X-direction for Case2 and Case3

(c) X-direction for Case1 and Case2

(d) Y-direction for Case1 and Case4

(e) Y-direction for Case2 and Case3

(f) Y-direction for Case1 and Case2

Fig. 17 Tip acceleration of the manipulator in the X-direction and Y -direction for different uncertainty situations

val uncertainty are not contained in those with hybrid
uncertainties. Comparing with the interval method, the
tip accelerations of themanipulator obtainedby thepro-
posed method have less pronounced peaks. Figure 18
indicates that uncertainty significantly affects the con-
trol torques of the manipulator, while the effect is more
serious when the hybrid uncertainties are considered.

5 Conclusions

The current work presented a computational methodol-
ogy for kinematic accuracy and dynamic analysis of a

simplified flexible manipulator with multiple revolute
clearance joints and hybrid uncertainties, considering
the inhomogeneous distribution of the material proper-
ties in space domain. TheLankarani–Nikravesh contact
force model was employed to construct the clearance
joint, while a combined feedforward–feedback con-
trol strategy based on a PID controller was applied
to control the manipulator. Moreover, interval uncer-
tainty and random field were applied to represent the
uncertainty of the clearance size and material proper-
ties, respectively. Due to the complexity of the dynam-
ics model of the manipulator and the challenges to
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(a) 1τ for Case1 and Case4

(b) 1τ for Case2 and Case3

(c) 1τ for Case1 and Case2

(d) 2τ for Case1 and Case4

(e) 2τ for Case2 and Case3

(f) 2τ for Case1 and Case2

Fig. 18 Control torques of the manipulator for different uncertainty situations

solve the problem, a time–domain double-loop MCS
approach integrating the Karhunen–Loève expansion
and Kriging model was developed, which is a general
method for dynamic analysis of a flexible manipulator
with interval uncertainty and random fields. The sim-
ulation results of a two-link flexible manipulator with
clearance joints, controlled to track a circle trajectory,
led to the following observations. The joint clearance
significantly affected the dynamic behaviors, kinematic
accuracy and control torques of the manipulator. And
the effect was more serious as the number of clear-
ance joints increased. Meanwhile, the maximum con-
trol torques are larger as the clearance size increased.
The flexibility of the components has obvious influ-
ences on the dynamic behaviors, kinematic accuracy

and control torques of the manipulator. The maximum
control torques are also larger as the Young’s modulus
increased. Uncertainty reduced the kinematic accuracy
of the manipulator. Hybrid uncertainties resulted in
worse kinematic accuracy and more complex dynamic
behaviors. Uncertainty also can significantly affect the
control torques of the manipulator, while the effect is
more serious when the hybrid uncertainties are consid-
ered.
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