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Abstract The purpose of this work is to investigate the initial value problem for a general
isothermal model of capillary fluids derived by Dunn and Serrin [12], which can be used
as a phase transition model. Motivated by [9], we aim at extending the work by Danchin-
Desjardins [11] to a critical framework which is not related to the energy space. For small
perturbations of a stable equilibrium state in the sense of suitable LP-type Besov norms,
we establish the global existence. As a consequence, like for incompressible flows, one may
exhibit a class of large highly oscillating initial velocity fields for which global existence and
uniqueness holds true.
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1 Introduction

We are interested in the following compressible capillary fluid model, which can be derived
from a Cahn-Hilliard like free energy (see the pioneering works by Dunn and Serrin [12] and

also [1, 4, 13]). The conservation of mass and of momentum write:

Op + div(pu) = 0,

(1.1)
O(pu) + div(pu ® u) — pAu — (u + ' )Vdiv u + VP(p) = kpV Ap.

Here u = u(t,z) € R? (d > 2) stands for the velocity field and p = p(t,z) € R* is the density.
The pressure P is a suitably smooth functions of p. We denote by p and p’ the two Lamé
coefficients of the fluid, which are assumed to satisfy 4 > 0 and 2u + p' > 0. The constant
k > 0 is the capillary coefficient. In this article we investigate the Cauchy problem (1.1) with
the initial condition:

(p, u)le=0 = (o, u0)- (12)
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The formulation of the theory of capillarity with diffuse interfaces was first introduced by
Korteweg a century ago [18], and derived rigorously by Dunn and Serrin [12]. Due to the
the physical importance and mathematical challenges, the study on Navier-Stokes-Korteweg
equstion has attracted many physicists and mathematicians. Many results concerning the
existence and uniqueness of (weak, strong or smooth) solutions can be found in [3, 11, 14-16,
19, 20] and the references cited therein. Among them, we refer to [3, 14] for the global existence
of weak solutions, [19] for the local existence of strong solutions, [15, 16] for the existence of
classical solutions, and [11] for the existence of solutions in the critical Besov spaces.

Here, we want to investigate the well-posedness of the system (1.1)—(1.2) in critical spaces,
that is, in spaces which are invariant by the scaling of Korteweg’s system. This is nowadays
a classical approach for achieving the largest class of data for which well-posedness may be
proved. Let us explain precisely the scaling of Korteweg system. For the compressible Navier-

Stokes-Korteweg equations, let us introduce the following transformation:
ot x) = p(N2t, Ax), uy = (N2t \x).

Then if (p,u) solves (1.1), so does (pa,uy) provided the pressure law has been changed into
A2P. This motivates the following definition:

Definition 1.1 We say that a functional space is critical with respect to the scaling of

the equation if the associated norm is invariant under the transformation:

(pa u) — (p)\a UA)

(up to a constant independent of \).

This suggests us to choose initial data (po, up) in spaces whose norm is invariant by
(Po, o) — (po(A), Aug(\)).

.4
In the homogeneous Besov spaces framework, we are thus led to take pg in B}, (R?) and ug in

.4 _q
Bp2 ., (RY) for some 1 < py, 71, p2, 72 < co. However, owing to the coupling between the density
and the velocity equations, it is nature to take p; = py. In addition, in order to obtain a L*°

control on the density we have to take r; = 1. Finally, as regards the velocity, having ro = 1

1

L (R*; L>(R%)) by means of parabolic regularity estimates,

is the only way to obtain Vu € L
a property which is fundamental to transport the Besov regularity of the density. Because a
global in time approach does not seem to be accessible for general data, we will mainly consider
the global well-posedness problem for initial data close enough to stable equilibria (p, 0), where
p > 0 satisfies P’(p) > 0. After suitable normalization, one may assume that, without loss of
generality that p = 1 and that P’(1) = 1. So finally denoting a := p — 1, the system (1.1)—(1.2)

becomes
Ora+u-Va+ (1+a)divu=0,
Ou+u-Vu —I(a)du+ VG(a) = kVAa, (1.3)
(a,u)|i=0 = (a0, u0) = (po — 1, u0)
with &7 := pA+(u+p')Vdiv, I(a) := 1/1+4a and G, a smooth function (that may be computed
from P) satisfying G’(0) = 1.
€\ Springer
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From now on, let us agree that if f is a tempered distribution over R¢, then f¢ and f"
stand for the low and high frequency parts of f, respectively (the exact definition is given in

(4.3)). The following statement is a consequence of results that have been proved in [11].

. d cd_

Theorem 1.2 Let ag be in B3, and satisfy 1+ ao > 0. Let up € By 1, then there exists

a positive time T such that system (1.3) has a unique solution (a,u) which belongs to Er,
where Er is the set of function which satisfy

. d .dyo
a € C(10,T]; B3,) (L ([0, T): B3 ),

d

— 2 d g
we C(0. T By ) (0. 7%: B3,
with 1 4+ a bounded away from 0.

cd_
If in addition ag € B3, 1, then there exists a constant ¢ depending only on d, i, i’ and P
such that if

llag]l . it lag]l .
21

+ |\U0||B§;1 <e,

da
2
2 1
then the above solution is global and satisfies
Ld_ . d
a' € Co((0. 71 B )V EH(0.71: B3,
. d
a" € Cy((0,T7; B3 ,) () L'([0,T); B3,

we Cy((0,T]; B, )L ([0,T); B2

In the present work, we aim at extending the above statement to Besov spaces related to
LP. The motivation for this is twofold:

(1) showing that a global well-posedness result for small data with critical regularity beyond
energy method;

(2) having larger spaces for which the global well-posedness for small data holds true.

In particular, as pointed out by Cannone in [5] (or more recently in [7]), owing to the fact

that d/p — 1 1s negative if p > d, velocity fields ug with a larger modulus may have a small

norm in Bp prov1ded they have fast enough oscillation.

As in [11], the system has to be handled differently for low and high frequencies. Roughly,
in the low frequency regime, the first order terms predominate so that (1.3) must be treated
by means of hyperbolic energy methods. The influence of the viscous term I(a)</ (u), however,
is decisive as it supplies the parabolic decay estimates for both a and u, they are the key to
global results.

In contrast, in the high frequency regime, two types of modes coexist: the parabolic one
(for the velocity) and the damped one (for the density), and a LP approach may be used. More
explanation will be given in Section 3. For the time being, let us introduce some notation (the
reader is referred to the next section for the definition of spaces 5b(BfW) and El(BfW) and to
(4.3) for the definition of a*, a” and u”.

Notation For s € R and 1 < p,r < oo, we denote by E, , the set of functions (a,u)
which satisfy

~ =1, s ~ . . %JFQ
a' € Cy(B3,) [\ L'(B51?), o € Co(BsT (B, (]/:1(1321:3)(]13]m1 ),

@ Springer
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1
we Cy(Bs,) (L' (Bs:?), and o' e Cy(Br, )(\L'(B Y
If T'> 0 then we denote by E, ,.(T) the restriction to [0, 7] of functions of E;)T. If r = oo then
we replaced the strong continuity in B§7T or in B;f;l, above, by the weak continuity.
We shall repeatedly use the idea that in the case p > 2, owing to Bernstein’s inequality

(see Lemma belovv)7 the space Ef,)r is a subset of the set of functions (a,u) which satisfy
a€Cy(B7y) (L2 (BE,),a" € Cy(Bs,) [ L*( B;?), a" € Cy(B51) ﬂL (B,
u € @(B;T) ﬂfl(BstQ), and ue Cy(B ﬂ LY(

Let us now state our main result.

Theorem 1.3 Assume that ag € B’)1 1 and ug € B;ll 1 for some p; € [2,2d). Further-

more we make the following addition (lower order) assumption:
af € B2 . ah e B;J;l and ug € B -
for some r € [1,00] and s € R such that
—min(1,d/py) < s<d/2—1 if r>1, (1.4)
—min(l,d/p2) <s<d/2-1 if r > 1, (1.5)

where pa € [p1,2d). Then there exist two constants ¢ and M depending only on d, ps, s and on
the physical parameters of the system such that if

I, + Nabll g + labl_s + llollay -+ bl <
2.1 pail

then system (1.3) has a unique global-in-time solution (a,u) in Ej .. In addition, the norm of
the solution in E; , (i = 1,2) by M times the norm of the data in the corresponding space.

Let us introduce some notations for the use throughout this article. C stands for a “harm-
less” constant and we will sometimes use the notation A < B equivalently to A < CB. The
notation A ~ B means that A < B and B < A. If f: RY — R™ is a differential function then
D f denotes the Jacobean matrix of f, and V f is the transposed matrix of Df.

We conclude this section by stating the arrangement of the rest of this article. In Section
2, we recall some basic facts about Littlewood-Paley decomposition and Besov spaces. Section
3 is devoted to the proof a priori estimates, first for the linearized system and next for the

paralinearized system. The proof of global well-posedness is carried over to the last section.

2 Littlewood-Paley Theory and Functional Spaces

Let us introduce the Littlewood-Paley decomposition. Choose a radial function ¢ € S(R9)
supported in C = {¢ € RY, 3 < [¢| < 2} such that
> (2798 =1, if £#£0.
qE€Z
The frequency localization operator A, and S, are defined by
Agf =927'D)f,  Sof = > Ajf forall g€
J<g—-1

@ Springer
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With our choice of ¢, one can easily verify that
AjA, =0 if |j—k|l>2

and
Aj(Sk-1fArf) =0 if |j -kl >5.

We denote the space Z (R?) by the dual space of Z(R%) = {f € S(R%); D*f(0) = 0;Va €
NV multi-index}, it also can be identified by the quotient space of S'(R%)/P with polynomials

F=Y A

qEL

space P. The formal equality

holds true for f € Z,(]Rd) and is called the homogeneous Littlewood-Paley decomposition.
The operators A help us recall the definition of the Besov space (see also [21]).

Definition 2.1 Let s € R,1 < p,r < +00. The homogeneous Besov space B;T is defined
by
Bl = (S € Z®Y): Sy, < +o0)

where

115, . = 11291 Ag el

Let us now state some basic properties for By . spaces.

Proposition 2.2 The following some basic properties for B;)T hold

e for any p € [1, 00] we have the following chain of continuous embedding:

Bgyl — [P — BY

p,00?

e if p < oo then Bp% , is an algebra continuously embedded in the set of continuous function
decaying to 0 at infinity;
e the following real interpolation property is satisfied for all 1 < p,r1,79,7 < 00, $1 # So
and 6 € (0,1):
(Bt B i) = B0,

P Pp,r2

e for any smooth homogeneous of degree m function F on R4\{0} the operator F (D) maps

B;T in B;‘T’” In particular, as the Leray projector P over divergence free vector-fields and

P+ := Id — P satisfies the above assumptions with m = 0 (for, in Fourier variables, we have

PLu(¢) = —#{ -4(£)), they map B;)T in itself. Note also that the above property implies that
the gradient operator maps B;)T in B;;l.

The following lemma (referred to in what follows as Bernstein’s inequalities) describes the

way derivatives act on spectrally localized functions.

Lemma 2.3 Let 0 < r < R. There exists a constant C' such that, for any nonnegative
integer k, any couple (p, q) in [1,00]? with 1 < p < ¢ and any function u of L?, we have for all
A>0,

1 1

Supp @ C B(0,AR) = || D*ul|pe < CFINFAG=3) ||u| s
Supp @ C {£ € R :r)\ < €| < RA} = Cik*lx\kHuHLp < ||DkuHLp

< CEFFINE ||| 1o

@ Springer
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The first Bernstein’s inequality entails the following embedding result.

Proposition 2.4 Foralls e R,1 <p; <pys <oocand 1l <r; <ry < o0, the space B

P17
is continuously embedded in the space B;; fi v .

In this article, we shall work mainly with functions or distributions depending on both the
time variable ¢ and the space variable x. More often, these functions will be seen as defined
on some time interval I and valued in some Banach space X. We shall denote by C(I; X)
(resp. Cy(I; X)) the set of continuous (resp. continuous bounded) functions on I with values in
X. For p € [1,00], the notation LP(I; X) stands for the set of measurable functions on I with
values in X such that ¢ — ||f(¢)]|x belongs to LP(I). We denote by LV (I; X) the set of those

loc
functions defined on I and valued in X which, restricted to any compact subset J of I, are in

L?(J; X). In the case where I = [0,T], the space L?([0,T]; X) (resp. C([0,T]; X)) will also
be denoted by L%.(X) (resp. Cp(X)). Finally, if I = Rt we shall alternately use the notation
LP(X).
We next introduce the Besov-Chemin-Lerner space which is initiated in [8].
Definition 2.5 For T > 0,s € Rand 1 < p,q,r < 0o0.The space ZqT(B;T) is defined as
the set of all the the distributions f satisfying
171753 < o
where
HfHEqT(B;’T) = ||22ks||Akf(t)||Lq(0,T;LP)||€7‘-
The letter T is omitted for functions defined over RT. We shall also adopt the notation
Or(By,) = L¥ (B, )N C([0,T]; B} ,)
and
Co(B5,) == L>®(Bs,) NCy(RY; BS ).
The spaces E%(BZS,T) may be compared with the spaces L%(BZS,)T) through the Minkowski in-
equality: we have
HfHZ‘?T(Bgm) < H.fHL‘}(B;’T) if r>gq
and
1Pz sy = s ) if 7 <a

The general principle is that all the properties of continuity for the product and composition
which are true in Besov spaces (see blow) remain true in the above spaces. The time exponent
simply behaves according to Holder’s inequality.

In the sequel, we will constantly use the Bony’s decomposition from [2] that
wv = Tyv + Tyu + R(u,v) (2.1)

with
T = Z Sq,lquv

q

R(u,r) ::Z Z AuA .

q lg’—ql<1

and

@ Springer
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The above operator T is called the “paraproduct” whereas R is called the “remainder”. We

shall sometimes use the notation
T!v:= T+ R(u,v).

The following properties of continuity for the paraproduct and remainder operators (sometimes
adapted to L7.(Bj ) spaces) will be of constant use in the article.
Proposition 2.6 For any (s,p,7) € R x [1,00]% and t < 0, there exists a constant C' such
that
ITuolls, . < Cllullz=vll,

and
1Tl g0 < Cllull g _Nolls -
For any (s1,p1,71) and (s2, pa,72) in R x [1,00]? there exists a constant C such that
(1) if s14+s2>0,1/p:=1/p1 +1/p2 <land 1/r:=1/r1 +1/ry <1 then

B 0) gares < gz ol
(2) ifs1+82=0,1/p:=1/p1+1/p2<1land 1/ri +1/r9 > 1 then

IR, )y _ < llull 55

l[oll 55
P1,71 B

2 .
P2,7T2
Combining the above proposition with (2.1) yields the following “tame estimate”.
Corollary 2.7 Let f and g be in L™ N B;T for some s > 0 and (p,r) € [1,00]2. Then
there exists a constant C' depending only on d, p and s and such that

1olls, < I Newlollsy + gl 15 -

The following result pertaining to the composition of functions in Besov spaces will be

needed for handling the pressure and the viscosity terms.

Proposition 2.8 Let I be a bounded interval of R and F': I — R be a smooth function
vanishing at 0. Then for all compact subset J of I, all (p,r) € [1,00]? and all positive s with
s<d/pifr>1and s <d/pifr=1, there exists a constant C' such that for all a € B;S),r with
values in J, we have F'(a) € By . and

IF(@)llp, < Cllallg, -

We recall classical estimates for the flow of a smooth vector-field with bounded spatial
derivatives. The following proposition may be easily deduced from Proposition 8 in [9] and
Lemma 2.3.

Proposition 2.9 Let v be a smooth globally Lipschitz time dependent vector-field. Let
V() = [ [IVo(t')]|p=dt’. Let

¢
U, (t,z) =2 —I—/ Sgu(t', (', z))dt’.
0

Then for all t € R, the flow ¥, is a smooth diffeomorphism over R?. Moreover there exists a
constant C' and one has if t > 0,

llgoWyllzr <e“V|gllzs for all function g in L?,

1D | < eV,

@ Springer
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- L S € - 4
DU —1d V-1
| DFTE|| e < 02012V — 1) for k=2,3,4.

3 The Paralinearized System

Let us fix some suitably smooth vector-field v. The key to the proof of Theorem 1.3 is a

new estimate in Besov spaces for the following paralinearization of system (1.3)

Ora + div(Tya) + div u = F,

(3.1)
ou+T, -Vu— u+ Va— rkVAa =G,

with div(Tya) := 9;(Ty,a), and T, - Vu := T,,0;u. Here the summation convention over repeated
indices is used, so does the following article.

We shall make an extensive use of the following notation. For (p,r) € [1,00]? and s € R:

1915, = (S @ 1Ay )" 11

q<N

By, = (Z@‘”IAqullu)T) " (3.2)

q=N

For notational simplicity, the dependence on N is omitted. In the following statements, the
value of N will depend only on the viscosity coefficients pu, u’ and the capillary coefficient «.

Let us first recall a priori estimates for (3.1) in Besov spaces modeled on L?:

Proposition 3.1 Let s € R and N € N. Let (a,u) be a solution of (3.1). There exists a
constant C' depending only on u, p’, k, N,d and s, such that the following estimate holds:

B
Ly (B3 HNLi(B3 1Y)

h
+ lal + .

0
@ e 3y cegr2

< CeVO (a0, o)y, + ol + ol + I(EGIE, s |

Bs ,)NLI(B5T?)

with V(t) == [ |Vo(7)||p=dr.
Proof The case » = 1 has been proved in [11]. The general case r € [1,00] may be

obtained by means of real interpolation. O

The rest of this section is devoted to extending the previous proposition to the LP frame-
work. We first consider the linearized homogeneous system (that is v =0, F =0, and G = 0).
The general case will be treated in the second part of this section.

3.1 Linearized Homogeneous System
We consider the following linear system
Ora + div u = 0,
! (3.3)
Owu — Au+ Va— kVAa =0.

Let v := 2 + p'. Introducing the Leray projector P := Id + V(—A)~!div on divergence-free
vector-fields, and P+ := I'd — P, the above system translates into
Osa + divPtu = 0,
0Pty — vPru + Va — kVAa = 0, (3.4)
0:Pu — uAPu = 0.
€\ Springer
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Note that the equation for Pu reduces to an ordinary equation, independent from the others,
Moreover, if we denote by A® the pseudo differential operator defined by Au = .Z ~1(|¢]*0(€)),
it is equivalent to study Ptu or v := A~'div u and Pu or w := A~ 'curl u (with (curl z)f =

0;z" — 9;27). So we are led to consider:

Ora+ Av =0,
0w — vAv — Aa — kA3a = 0, (3.5)
Orw — pw = 0.

Indeed, as the definition of v and w, and relation © = —A~'Vv — A~'div w involve pseudo-

differential operators of degree zero, the estimates in Besov spaces for the original function u
will be same as for (v, w).

This section is devoted to the proof of the following result.

Lemma 3.2 Let (a,u) satisfy system (3.3) with the initial data (ag,up). Let v :=
A~'div v and w := A~ *curl u. There exist two constants ¢ and C such that

(1) for all j € Z and p € [1, 0], we have
N Aju(t) v < Cl1A wolle; (3.6)
(2) there is M > 0 such that for j > M then for all p € [1, x],

. 2 A .

1Av(t)||r < Ce " ([ AjaollLe + [[Ajvoll o), (3.7)
. et A R .

1Aja(t)|Lr < Ce™27 (|| AjaollLe + (27) 7| Ajvol|r)-

For all m > 1 there exist two constants ¢ and C depending only on m such that if j < m then

1Aja(t), Aju()] 12 < Ce™" || Ajao, Ajvo]| o (3.8)

Proof The estimate for w was proved by Chenmin in [6], so let us focus on the first two
equations of (3.5). Taking the Fourier transform with respect to the space variable yields

=A@ | | with A= 0 I (3.9)

€1+ wlE)P —vig?

The characteristic polynomial of A(€) is A2 + v[€]2X + |€|* + k|¢|* and has two distinct roots

Q>
Q>

d
dt

>
S

2
Ax(§) = —@(HR(Q) with R(€) = bi_j_ﬁ'

The matrix A(§) is diagonalizable and after computing the associated eigenvalues, we find that

1 1 1

(0.6 = OG0 + Ze)in(®) = (o)
44051 = Zr)in(€) + S ()

(1.6 = €O (e inl©) + 51— ) i0(6))
+e2 O (sl + 51+ ) i0(6))

@ Springer



1648 ACTA MATHEMATICA SCIENTIA Vol.39 Ser.B

2z

Remark that Ay (&) ~ —%ﬁﬁ(l +4/1 =25 ) and that A_ (&) ~ —@(1 — /1= 25 ) when [¢|
goes to infinity. This is reminiscent of parabolic regularization for the high frequency of v and
the damping for the high frequencies of a.

Let us now tackle the proof of (3.7) and (3.8). The proof of (3.8) relies on the energy
method in the Fourier space and the proof of (3.7) relies on the use of explicit expression for
Aja and Ajuv. O

The low frequency regime For all m > 1, let us observe that for all j < m we have

QA a(t &)+ [elA v(t,€) =0,

(3.10)
O jo(t,€) + VIEPPA0(t,€) — 6|Aa(t,€) — KI¢lPA;at, &) = 0.

If we apply the energy method in the Fourier space to (3.10), then there is a time-frequency
Lyapunov functional (A Ja(t £),A; v(t €)) with

E(Aat,€), A,0(1,)) ~ |Aja(t, P + 14,00, )P (3.11)
satisfying that there is ¢ > 0 depend only on m, v and x such that the Lyapunov inequality
d  — — — —
T EBsa(t €, Aju(t, ) + dePE(Aja(t, €), Aju(t, €) < 0. (3.12)

Combing (3.11), (3.12) and Plancherel theorem, we infer that inequality (3.8) holds for j < m.

The high frequency regime To finish, we have to prove inequality (3.7) for j > M
if M is large enough. In the case p # 2, we do not expect the above method to give an L?
estimate. We shall, rather, adapt the approach used in [6] for the heat equation. We divide
into two case:

Casel 1- ﬁ—’; #0. We let ¢p € C°(R?) with suppgy C €' = {¢ € R%, 1 < [¢] < 3}, and
¢o =1 on C. Observing that

1 1 2 2K 1

2Ry T G T remE
we have
(7} NG ¢0(2 5) i 1 /\v
oA (©) _¢0(2‘j§)~’; do(2” 35) L
e O L Aae) + 2+ R@) 0(6)),

which we rewrite into

Aj’l}(t) = hl(t) * (|1/D|_1Aja0) + hg(f) * (|I/D|_2 + V_lz)Ajvo)

—|—h3(t) * (|VD|71AJ‘CL0) + h4(t) * Ajvo (313)
with . fo(2-78)

— iz-¢ Y0 / tA_ (&)
hi(t,x) : G /Rde “RE e d¢,

— 2 iz —j 1 1 A (€)
m@m»——@m,éﬁ “60(279) 7 ~ e

1 e 202778 e
hs(t,z) == @ /Rde 573(5) e+ 8 dg,
h (t ,T) i _#/ eiz-i(b (2-]{)(1 + L)etk+(£)d§
BT e S R(¢) |
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We claim that there exist two positive constants ¢ and C' such that for all ¢ > 0,
5
1ha(£), ha(t), hs(t), ha(t)|| o < Ce™*".

To prove this, we shall study the following functions

hl(t,x) :=/ ei””fLO@_jg)e“\—(i)dg7
Rd

R(E)
R (t,x) = /R , elvé _fé)(g_fl) et -©dg,
R3(t,x) == /Rd eiw'f%eﬂﬂf)d&

Bt ) = / €277 6)e O de.

Rd
We just consider the function h', and the proof works the same for h%, h® and h*. Using the
change of variable ¢ = 27 we obtain that hl(t,z) = 2/¢h,(27x) with

v22J

he(x) ::/ o () A (29 m)e =5 NP B@ My
Rd

with
1 4K 4
2 U2‘E‘2
Note that ||h%(t)||z1 = ||h¢|/z1- In order to estimate the L'-norms, we shall exhibit a suitable

bound for (1 + |z|?)?h(z). By definition of h;, we have
(1+ [2l*) he(w) = /Rd[(fd = Ag)e <o) A(RIg)eF I B gg,
so that, performing integrations by parts:
(1 [al*)*he(x) = / e TE(Id ~ A [po(A@Ie “FIIEEae. (3.1)

From the Leibniz formula, we see that there exist integer numbers C, g so that

(Id— D) po(€) AR e 5 1P B0
= Y Capd®(e BI04y () A(27)).
|a|+|B]<2d

Now, the Leibniz formula gives:

" (do(AR)) = > f 8% o (€) (2 (87 A) (27 ¢),
[v|<18]

and the Fad-Bruno formula yields that the following quantity:
e ZFT I B go (o= 5 B20))

is a sum of terms of the form:

m

> [T,

a1+ Fam=a,|a;]>1 Jj=1
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Once more using the Leibniz formula we obtain:

(g = 3 |V | o) @) 0 B) e,
vi<ay; \ Vi
Recall that in (3.14) integration may be restricted to C’ thanks to the cut-off function ¢g. So it
suffices to bound the integrand on C’. Thanks to the exponential term, we can absorb the the
powers of I/t22j, as the real part of B(27¢) is positive if j large enough. For the powers of 27,
it’s easy to get rid of these term is to take advantage of the following properties of functions A
and B:

Proposition 3.3 There exist two constants C' > 0 and M > 0 such that, for all £ € C’

and 7 > M, and all nonzero multi-index ~y, we have:
|A278)| +B(276)] + (27)"1(1(97A)(27)| + (07 B)(27¢)]) < C.

The above proposition may be easily proved by induction. It is only a matter of com-

puting the derivatives of A and B and using the fact that, for j > M, the terms of the form
1

1—4r ____ 4
v2 2|27 ¢|2

Gathering all this information and using (3.14), we conclude that for all z € R%:

1229 1412 T_4r ___4a___
— =g (bW—i—;—W)dg

can be bounded by a constant if M large enough.

(14 fa)ho(e)] < €14 290 [ e

’

So finally, there exist two constants ¢ and C' such that for all z € R?,
(1+ [21) ()] < Cemo27,

and we can conclude that h' satisfies the desired inequality and the claim is proved.

Now, convolution inequalities enable us to bound the L? norm of all the terms in the
decomposition (3.13). We eventually obtain two positive constants ¢ and C such that for all
i>M, ,

|A70(0)llr < Ce™* (|| Ajanl| o + 1| Ajv0]| r)-

Taking the same method to estimate a we have

||A‘a( )HLP < Ce™ " (|| A aol|r + (29) 1| Ajvol|1r).

Case 2 1—25=0.If 1 — 25 =0, we rewrite a(t,£) and (¢, &) into

B(t.€) = cos(|§|t)e_V‘ET‘2td0(§) B %Slr1|2||§|t)y|€|2te_uEztdo(é-)
1 sin(|€[t) | .o, _wie2: 1
J— te” T2 —
o e VT g
1 vig?e 1 vt

o(t,6) = = 5 vt Lo ) + coslleloe 5 u(c)
1 24
3 e ulePre o).

Because there exist constants ¢, C' and M such that
- (Sm@ﬁ'” ¢lte (igltye 57| < Ceelel,

if [£] > M. Then discuss just as above, we have (3.7).
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3.2 The Variable Coefficients Case

This section is devoted to the proof of the following result which is the key to obtain
Theorem 1.3.

Proposition 3.4 Let (s s’y € R?, r € [1,00] and (a,u) be a solution of (3.1). Assume
that p € [2,00]. Let V(¢ fo IVu(7)||Leedr. There exists a constant C' depending only on
(u, 1), d and (s, '), and on integer N depending only on v such that under Notation (3.2) the
following estimate holds for all ¢t > O:

||( )Hé s BS )le(Bs +2) + HGHFL ,+1)mL1(BS +3) + HuHhm Bs )mE%(B;jjz)

—+ ||( )HLOO(BSH)OU(BSH + H(U)”QOO(B; 1)mL§(B;+12)
< CeCVO (|| (a0, uo)| %S, + ||(F, G)”Ll(BS + ||£L0||ﬁ§ g ||F||L1(BS/+1)

H1GIE o+ ol e + ol +||F||L1(Bs+l>+||G||L1(BS ).

Proof Owning to the hyperbolic nature of the first equation of (3.1), one cannot expect
to have any estimate for (a,u) by a direct application of Lemma 3.2 treating the convection
terms as source terms. To overcome this difficulty, we shall adapt the method introduced by
Hmidi in [17] for transport-diffusion equations with divergence free vector-fields, and extended
in [10] for general vector-fields.

First, we apply operator Aq to (3.1) in order to obtain a system of equations for (ay, u,) :=
(Aya, Aju). We have

Oiag +vq - Vag +div ug = fq,
Orug + vg - Vug — Huqg + Vag — kVAaq = gq.
with vy := S¢_1v and
fo:= AqF + div(Sq,lqua — Aqua) - Aqadiv Vg,
gg:=A,G+ Sy 1v-VAu— AT, - Vu).

We have the following estimates in [9] for f; and gq:

IV folle < IVAGF|o + ClI Vol Y IVAgall Lo, (3.15)
q'~q
and
l9gllr < 11AGG|Le + ClIVolle > [[Agul|Lo. (3.16)
q'~q

Where ¢ ~ ¢’ means that the summation is restricted over ¢’ € {q —4,---,¢g+4}. Thisis a
consequence of the spectral localization properties of the Littlewood-Paley decomposition.

In order to handle he convection terms, we perform the Lagrangian change of variable
(1,2) = (t,94(t,y)) where tp, stands for the flow of v,. Let ¢y := 1, f = fq 0¥y and
g := gq 0 q. Obviously (aq,Uq) = (aq 0 g, uq © Pq) satisfies

Oraq + div ug = fq + R},

(3.17)
Oyig — g + Vag — kVAGy = gy + R2 + kR + Ry,
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where the remainder terms R}, R2, RS and R} are defined by:

Ry(t, @) := Tr[Vig(t, x) - (Id — Vu(t,1,(t, 2)))),
Ry(t,x) := Vag(t,x) - (Id — Vy(t, ¥4(t,2))),
RY(t, @) := {Tr[VDroq(t,1q(t, ) - VDag(t,z) - Dog(t,1he(t, x))
+ (Voq(t, ¥q(t,2)) — Id) - VDDyag(t, z) - Doy (t, vy(t, x))
+ (Voq(t, ¥q(t, ) — Id) - VDag(t, ) - DDrepg(t, ¢y (t, )
+ VDDyag(t,x) - (Dg(t, vq(t, x)) — Id) + VDay(t, )
*DDypg(t, ¥q(t, x))] + VDraq(t, x) - Adg(t, g(t, z))
+ Vag(t, @) - ADpog(t,1q(t, 2))} - Vog(t,1e(t, z))
+ ADyag(t, 2) (Do) (t, Yy (t, @) — dxd)
and Ry = pRy + (pu + p') RS with
Ry (t, @) = Tr|(Voy(t,1q(t, x)) — 1d) - VDiig(t, ) - Dg(t, 1b4(t, 7))
+ VD (t, x) - (Dg(t,1hg(t, x)) — Id)] + Vg (t, ) - Ady(t, vy (t, ),
Ry (t, @) := Tr[Dig(t, ) - 0; Do (t, the(t, x))]
+ Y Rt w) - il (1 (b, @) - Ok (t, g (L, 7))
7.1, k,j;&k 1#4

+Zafkﬂk (D:g (. vq(t,2)) — Id) - Dty (t, (¢, )

+ (ak(bq (ta "/Jq(tv ,T)) - Id)]'

Now we expect Lemma 3.2 to provide us with the desired estimate for (a4, %g). As the change of
variable destroys the spectral localization of (a4, ugq), this is not so straightforward, though. To
handle frequencies of u, which are very small compare to 29 , we are going to take advantage of
Lemma A.1 in [10], which ensures that there exists a constant C' such that for all No € N;g € N
and t € RT, we have

18- NoTg(8)l|Lr < C27 N0V + (VD — 1))y (1)1

Bounding the low of frequencies of Va, stems from a similar argument; indeed, using the

Bernstein’s inequality, one may write
||‘S’q—NoDaq(t)||Lp < C2q_N0||Sq—Noaq(t)||L?"
Hence, using the aforementioned lemma and the Bernstein’s inequality, one may conclude that
[1S4-50 Dag(t)l|Le < C(272N0eV ) 427 N0 (e —1))|| Day (t)]| o (3.18)

In order to bound the high frequency part of (Day, tg), we shall use a decomposition into dyadic
blocks and bound each block by means of Lemma 3.2. More precisely, if we denote by (etL)tZO

the semi-group with generator L then we may write

Ajaa®) ) _ o [Aidaao®) ) / R’ Aj(falt) + R ar
Ay (1) Aj A ao(t) 0 Aj(Gq(t) + R2+ R + RY)
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Hence combined Lemma 3.2 with Bernstein’s inequality ensures that there exists N1 € Z de-
pending only on v, k and two constants ¢ and C' depending only on (u, 1) and &, such that for

all j > Ny, we have
1A; Dag ()]0 S =24 (||A ;A Daol|1r + ||A;Auo||1r)
t 7 . ~ .
+ / o~ D (| A;D fy ()] |or + |A;DRL(®)] | 1o

H1A594(O|ze + 1A;RF ()] Le + 145 R (1)]| 2o
HIAR(O)]ze + 1A R (1) 0 )dr, (3.19)

AT ()| < e (|A;AgDaol| e + I|A;Aquo|Lr)

~

t 1 . ~ .
+/0 e (A D fo(t)l|Le + || A; DRY(E)]| 1o

A5, Le + 1A RZOLe + [|A;RE®)|| Lo
AR ()| Lo + [|A; R (t)]| Lo )d T (3.20)

In the final step of the proof, it will be possible to obtain an estimate for a, and u, just by
using the fact

Vag = (S4-noViag o ¢q + Z Ajvaq 0 dq) - Vg

Jj=q—No

Uq = Sq—Nolq © Pq + E Ajtg o dg.
j=q—No

(3.21)

So now we are left with bounding all the terms in the right-hand side of (3.19) and (3.20).
According to [9], we have the following estimates

1A; Dfy(#)l|Le S 2977V O(|A;DF(t)]| 1o + ClIDv(t)][1 Y [|Ag Da(®)]]),
q'~q
145Gl < 2977V (JA; Gy ()] |e + Cl[Du(t)] | > [|Agu(t)]]),

) ‘ 7'~ (3.22)
|A; DRy (t)]| e S 2977 (V) = 1)eV 22| [y | s,

1A Ry (D)|zr S 2979 (VD — 1)eV [ Day| L,
1A RG]z S 2979 (V) — 1)eV 0224y | -
Let us now bound the term RZ’, we use Bernstein’s inequality and write

1A R}l < 277(|A; DR} |-

Therefore, using the chain rule and Holder’s inequality, we obtain
185 B3|z S 277 {IIDagl|Le [|Dg © g — Id]| (1 + || Dy 0 gl | L)
+11D%ag|| 0[] D?@q © gl | ([[Dg 0 gl + 1)
X (14 [¢gllLoe) + 1D?ag] | (11D dg 0 gl
+[[D?¢g 0 Pgl[10) ([1Dbg © Ygllzee +1)*(1 + |ltrg|z=))
+ 11Dl | (||D°dg 0 Wyl ||| Dpg © gl
+[[D?¢g 0 Pgl[Loe ) thg] L}
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So, taking advantage of Proposition 2.9, we conclude that
1A B2le S 2979(eSY = 1)229|| Day oo (3.23)
Now, combining (3.19) and (3.20) with convolution inequalities with respect to time yields
1A Dag, Ajiig|| oo (Ley + 2% [|Aj Daag, Ajig|| Ly (20
S A Ay Dag|e + [|1A;Aguol e + 118D foll ey + 18, DRy 10y
+1[A;9qll L1 (Lry + ||AjR§||L}(LP) + ||AjRZ||L}(LP) + ||AjR3||L§(Lp)-
Hence, inserting inequalities (3.22) and (3.23) in the above inequality, we end up with
1A Dag, Ajig|| oo ey + 2% [|Aj Dag, Ajig| | Ly (10
SIIA;AgDag, AjAguol| e + 277V DA DF, A; G| 13 (10
t
+ 2477 Z / V'eV||(Dag , ug)||Lodr + 2777 (Y — 1)eCVD22(|| Dag, ug|| 11 (10)-
¢~q”°
Let
Uq(t) = ||(Daqvuq)||L§°(LP) + 22q||(Daq=uq)||L}(LP)a
Uy (t) == [|(Daq(0), ug(0)lzs + [[(DAGE, AgG)||Ls (£r)-

From the previous inequality and (3.21), we see that for all ¢ > Ny + N7 and ¢ > 0, we have

t
Uy(t) < CeCVO @3N () + ) / V'Uydr) + C (22N (eCV® — 1) 4 27Ny, (1)).
¢'~q”0
Let us fix some T such that CV(T) < log2 (so that in particular e“V® — 1 < 2CV(t) for
t € [0,T]). Next, choose Ny to be a unique integer such that 202=No € (1/4,1/2). Finally, let
us assume, in addition, that 16C2V (T)23Ne < 1. Then the last term of the above inequality
may be absorbed by the left-hand side. Hence, if 7" has been defined by

T :=sup{t <0:CV(t) <log2 and 16C*V(T)23"° <1} (3.24)

then for all ¢ € [0,T] and ¢ > Ny + Ny, we have

t
Uy(t) < CUS+ ) /O V'Uydr).

q'~q

So multiplying both sides by 2?°) we have

t
21U, (t) < C27°UL + > / V295U, dr). (3.25)
¢~q”°
In order to estimate the Besov norm of the high frequency part of the solution, the natural
next step would be to perform a summation over ¢ < Ny + Np in (3.25) the use the Gronwall
lemma. However, owing to the summation over ¢, the right-hand side involves a finite number
of terms Uy with ¢’ < Ny + Ni. In other words, there is a slight overlap between the low and
high frequency parts of the solution. Here comes into play the L? type assumption on the data.
Indeed, taking N = Ny + N; in (3.2), Proposition 3.1 ensures that for all ¢ < Ny + N7 and
s’ € R, we have for all t € [0, T,

2qs,||(Aqaa Aqu>||Lf‘>(L2) + 2‘1(5/+2)||(Aqa, AQU)HL}(L?)
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< Cllaolly + llaoll g T luollsy, 1N sy + P11 sy THGIL @y )

Owing to the Bernstein’s inequality (recall that p > 2), the above inequality ensures that for
N0—|—N1—4§q<N0—|—N1, we have

20°U,4(t) £ ||a0||€ s/ + ||a0||h e + ||u0||BS’ + ||F||L1(BS + ||F||L1(BS ) T ||G||Z%(B§,T)

So, summing up over ¢ > Ny + N; in (3.25), plugging in the above inequality and bearing in
mind the definition of T" in (3.24), we have for all ¢ € [0,T],

> 27U, (1) S llaolly g T ||a0||Bs rn + ol gy + IFI%s 5
q>No+N1

I ey + Gy ag, + D0 27020
q=No+N1

+ [ Vol YD 27U, (t)dr.
0

Then applying the Gronwall lemma, we conclude that for all ¢ € [0, T7,

||a/||Loo(Bs+l)mL1(Bs+3 +||u||L°°(BS )0L1(Bs+2)

C 0 h
< VO ([Jaol | sy T llaoll g g A IENG sy +IENG

Li(B3 Y
F11G 2 sg + ||ao||3531 T ||U0||h HUFI ey + Gy )
This yields the desired LP type estimate for ¢t € [O, T]. Then a standard bootstrap arguments

leads to the result for all positive time. As for the L? type estimate, it has already been proved

in Proposition 3.1. O

4 Proof of Global Well-posedness

This section is devoted to the proof of Theorem 1.3. In the first paragraph, we establish
new a priori estimates for the solution to (1.3). Global solutions are constructed in the second
paragraph.

4.1 A Priori Estimates

Consider a solution (a,u) to (1.3). In order to take advantage of Proposition 3.4, we rewrite

the system satisfied by (a,u) as follows:

Oa + div(Tya) + div u = F,

(4.1)
ou+T, Vu—Fu+Va—rkVAa=G

with
F:=—divTiu and G:=V(aK(a))— J(a)du—TS

u W,

where J(a) := a/(1+ a) and K is a smooth function vanishing at 0 (recall that P'(1) = 1).

Throughout, we make the following assumption on a:

Y(t,z) € [0,T] x R, |a(t,z)| < (P)

N | =
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and we set for p = p1, po,

Xp(t) = lalls e + [|al|" a +lall" 4
p Lo (B3 )le(BS+2) Z?(B;,t10351 Zl(B*+3rpr+2
h
Hllullze sy ynzasgrs D oy e

L=(B, )NLI(B,, )

Xpo = llaollfy + llaoll”

2,r

+luoll g, + [luoll” 4,

d
3P
p;1 p;1

Let U(t) := fot [|Vu||peed7. Fori = 1,2, according to Proposition 3.4, we have for some constant
C depending only on s,d and p;,

Xp (1) < CeCV (X 0(t) + |Gy 5y, +IFIIG

Li(Bs, LI(B5ThH
+1Glz1 gs y + IIFN" + |G 4, ). 4.2
191355,y + 11, e +1C, ) (42)
If we denoting
=) Ayf and fMi= )" Ayf for fe S'(RY). (4.3)

q<N q=N
Taking the same argument in [9] to estimate F' and G, we have the following result.

Proposition 4.1 Let (a,u) be a solution of (1.3) which belongs to £ . (T) with s,p;
and r satisfying the condition of Theorem 1.3. There exist two constants ¢ and C' depending

only on d, pa, s and r such that if X,, o(T) < ¢ then
Xp,(t) <CX,p 0 foralte[0,T]and i =1,2.

4.2 The Proof of the Global Existence Theorem

For all p > 0, Danchin-Desjardins [11] has shown that uniqueness holds true in the set of

functions (a,u) such that

lall. 4 +|IUI|~ 4, Sc
Les(BP F(BP, )

7 (Bpa)
for some small enough constant ¢ depending only on p and d. So let us proceed to the proof of
global existence under assumptions of Theorem 1.3. To simplify the presentation, we assume
throughout that r < oo. The case r = oo follows from the similar arguments. It is only a
matter of replacing the strong topology in BS)T or B;J;l by weak topology. We proceed in three
steps:

Step 1 smooth solutions

We smooth out the data so as to obtain a sequence (Gg,n, %0o,n)nen such that
. . d . .d_q
aom € B3, N B3, and wn, € B3, N B3,

and that

[ £ Ds h s+1
ag, — agin B3 ., ag, — ao in B ﬂB o110

J4 £ R3s h p1
ug,, — Ug in B3 ., ug, — ul in B]Dl 1

Note that, owing to Bernstein’s inequality, one may merely take
ao,n = Spao and ug, := Sypuo.
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Now, from the Theorem 1.2, for all n € N, we have a maximal solution (a,,u,) over the time
interval [0, 7)) such that for all T < T,* we have
~ . d . d ~ .ad_ . a
a, € Op(B3,) NLA(B3 ) and u, € Cr(By ') N LL(BE ).

We claim that (an,) is in £, (T) (and thus also in Ej (7)) for all T" < Tx. Note that,
because p; > 2, Proposition 2.4 ensures that

2 ps+2 Y e NSNS S
NB;.°) and u, € Cr(B,' )N Lyp(B) ).

d d
~ e . et o
al € Cr(B)!, N B3 )N Ly (B! P11

1 p1,1
So, in order to complete the justification of our claim, it is only a matter of showing that the
low frequencies of a,, and of u,, are in Cyp (BST) (hence also in L%F(BS‘?)) forall T < T}.
For the time being, let us assume for simplicity that, in addition to condition (1.4) or (1.5),
we have

d

In order to establish the property for a,, one may use the fact that
Oray, = —div u, — div(anuy,).

Fix some T € (0,T). As u, is in Z%"(Bf;l) and as a, is in Z%O(Bfl) the product laws in
Besov spaces ensure that d.a,, is in 55’9(B2%;2) Hence 0;a’, is in Z%O(BQ%J), owing to (4.5). As
af, o belongs to Bgm we thus have af, € GT(BE’T)
Let us now check that u, € Cr(B3,). Owing to (4.5), it suffices to establish that JO;un
belongs to LlT(B2%;2) Now, we have
Oy, = (1 = J(an))un — V((1 + K(an))an) — upn, - Vy, — KVAa,.

In the case d > 3, one may use the fact that a, (hence also J(a,) and K(a,)) belongs to
Z%O(Bfl) and that </u,, belongs to LQT(BQ%IQ) to deduce that the first term of the right-hand
side is in L%(Bzgl_2) Next, as a,, is also in L%O(Bil_l), the second term is in LQT(BQ%;2) A
similar argument works for the third term. Finally, as a,, is belong to LlT(BQ% ;rl), the last term
is belong LlT(BQ%;2)

In the case d = 2, owing to the fact that the product only maps B{% X B%l in the larger

-1
2,007

Besov space B we obtain, rather, that d,u,, belongs to L%F(B;io) In any case, as (4.5) is
satisfied and wg y, is in Bir, one may conclude u!, € G'T(B§T) This completes the proof that
(an,un) € E; (T) for all T < T under assumption (4.5).

The case of smaller values of s may be treated by bootstrapping as, from the previous
discussion, we already know that a,, and w, are in Cr (32g - 2). Then one may argue as above
to show that 0,a,, and O,u,, are in L%F(B;fm(s’%_m), and so on.

Step 2 global existence and uniform bounds

According to Proposition 4.1 and (4.4), there exists a constant ¢ such that(with obvious

notation) if X < ¢ then
X)) <CX)o forall neN, te[0,T,) and p = pi,p2. (4.6)

Note that if we suppose that X,,, o < §, then property (4.4) guarantees that the above smallness
condition for the smoothed out date is satisfied for all large enough n.
Taking the standard method in [2, Chap. 10], we have the following continuation criterion.
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Lemma 4.2 Under the hypotheses of Theorem 1.2, assume that the system (1.3) has a
solution (a,u) on [0,T) x R? which belongs to E7+ for all T’ < T and satisfies

r lall 4 <n if d>3,
/ [|Vul||pedt < co and Ly (B31)
0

where 7 is a constant depending only on g and p’. Then there exists some T* > T such that
(a,u) may be continued on [0,7*] x R? to a solution of system (1.3) which belongs to Er-.

By contradiction, we assume that T}¢ is finite. Then applying Proposition 4.1 with Lebesgue
exponents 2 and py ensures that

X3(t) < CX3, forall t€[0,T7).

~ . d ~ .d_

In order words, a, belongs to L. (B3 ;) and u, belongs to L. (B3, 1). Then, from Lemma
4.2, we conclude that (an,u,) may be continued beyond T¥ into a solution (@, uy) of (1.3)
which coincides with (an, u,) on [0,7,) and such that, for some T' > T};,

~ ~ e ~ =~ nE-1 1/ 5541
an € Cr(B3,) and u, € Cr(Bg, )N Lyp(Bs, ).

Then the previous step ensures that (an,u,) € E; ,.(T). This stands in contradiction with the
definition of TF. Hence T¥ = oo and (4.6) holds true globally.

Step 3 passing to the limit

Let us first focus on the convergence of (an)nen. We claim that, up to extraction, (an)nen
converges in the distributional sense to some function a such that

~ . ~ . ~ . ~ . ~ .4 ~ . d 49
a® € L™(Bs )N LY (B51?),a" € L= (B3t N LY(BsI*)n € L>=(B)' 1) N Ll(BIfllj ). (4.7)

The proof relies on an Aubin-lions type argument. Indeed, let us admit for a while that
(D¢an)nen is bounded in L*(Bj ). (4.8)

Then, as (agn)nen is bounded in Bir, we deduce that (an)nen seen as a sequence of BS)T
valued functions, is equicontinuous on R*. In addition, according to the previous step, (an)nen
is bounded in C(R*‘;Bir N B;tl) Let (Xk)ren be a sequence of C5°(R?) cut-off functions
supported in the ball B(0, k+1) of R? and equal to 1 in a neighborhood of B(0, p). Let us observe
now that the application v — X,u is compact from BS)T N B;tl into BST Therefore, Ascoli’s
theorem ensures that there exists some function a* such that, up to extraction, (Xna,)nen
converges to a* in C([0, k]; B;’T) Using the Cantor diagonal extraction process, we can then
find a subsequence (a,)nen (still denoted by (an)nen) such that for all k € N, Xja,, converges
to a* in C(0, k],BST) As X, Xpy1 = A, we have, in addition, a* = Xya**1. From that, we
can easily deduce that there exists some function a such that for (Xa,)nen converges to Xa
in C(R*; B ) for all X € C§°(R"). Then, by using the so-called Fatou property [2,Theorem
2.25] for the Besov spaces, we can conclude that (4.7) is satisfied.

For the sake of completeness, let us now establish (4.8). We write
Oray, = —div u, — div(anuy,).

From the previous step and interpolation, we know that (u,)nen is bounded in EQ(BStl)
Hence the first term of the right-hand side is bounded in L? (BST) Using embedding, (1.4) and
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~ .4 )
(1.5), we see that (an)nen is bounded in L>®(B,!; N B;J;l) and that (up)nen is bounded in
~n .2 . ~ .
LB} N B;)tl). Hence Proposition 2.6 ensures that div(anuy) is bounded in L*(Bs,.).
We now want to prove that (u,)n,en converges up to extraction and, in the distributional
sense, to some function u such that

~ . ~, . ~ L4 ~, .4 1
we L>®(B5,)NLY(B5?) and v € L™(B)', )NLY (B, ). (4.9)

For expository purpose, in what follows we agree that the notation A (B;’;) stands for the
space L= (B;‘TE) for suitably small e. Admit for a while that

(Oytn)nen is bounded in Liy.(Bs,). (4.10)

Then (un)nen is equicontinuous on R with values in BS; By adapting the arguments that
have been used for handling (a,, )nen, one can conclude that (uy,),en converges up to extraction
to some distribution u satisfying (4.9).

Let us now establish (4.10). For the momentum equation, we may write
Oup, = Aup — J(an) un — V(an(l + K(an))) — tn - Vup, — KVAG,. (4.11)

Let us first point out that as (u,)nen is bounded in ZOO(BST) N fl(BStQ) interpolation ensures
~ . ~ . (4 1)~
that (&up)nen is bounded in L1+(B§)T). As (up)nen is bounded in L1+(B§)T N Bl(jffl ) )
~ . .
and as (J(an))nen is bounded in LOO(BS)*;1 N B,!,), we conclude that the second terms of
the right-hand side of (4.11) is bounded in Lﬁ(BS;). In addition, as (an)nen is bounded in
ZOO(B%If ), we see that the third of (4.11) belongs to L*® (BS;)
~ .4 _q

Next, using the fact that (un)nen is bounded in L*>°(B}}, ) and that (Vuy,)nen is bounded
in L1+(B%)t57), owing to (1.4) and (1.5), we see that u,, - Vi, is bounded in L'" (B;’;) Finally,
as (an)nen is bounded in Zw(Bstl) N Zl(B§t3), we conclude that the last term of (4.11) is
bounded in L' (Bs.,).

Note that by interpolating between the local results of convergence that have been proved
so far, and the uniform bounds establish in the previous step, one can obtain stronger results
of convergence so that one may pass to the limit in the system satisfied by (an,u,). As a
conclusion, we discover that (a,u) is, indeed, a solution to (1.3) with data (ag,up). In order
to complete the proof of the existence part of Theorem 1.3, it is only a matter of checking the
continuity properties with respect to time, namely that

. . A
a* € C(R™;Bs,), " € CR"; B3 ' N B )
and ,
. P p—
uwe C(R™;Bs,), u" € CRT; BT ).

In fact, owing to p; > 2 and to Bernstein’s inequality, it is equivalent to establish that

. . .4 . R
o€ CRY; By, MBI N B2 ) and ue C(RY; By, B2,

)T p1,1
As regards a, it suffices to notice that, according to (4.7), (4.9) and to the product laws in the
Besov spaces, we have
~ . . .4
Oa+u-Va=—(1+a)divue L, (Bs, NBstYNnL (B ,).
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. . . 2
As ap € B3, N B;jl N B, , classical results for the transport equation (see for example 2,

. . L4
Chap. 3]) ensures that, indeed, a is in C(R*; B, N B;)tl NBJ ).

To obtain the continuity result for u, one may use the fact

Oup — Fup = —J(an)Au, — Via, (1 + K(ay))) — un - Vu, — kVAay,.

~ . .4

The right-hand of the above equation belongs to L'(Bs )N L*( i1 ), then from the starjdard
. e

properties for the heat equation (see for example [6]), we thus have u € C(R*; B3 . N B, )

Therefore, we complete the proof of the main result of Theorem 1.3 in this article.
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