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1. Introduction and main results

As we know, Finsler geometry is more diversified than Riemannian geometry because there are many
non-Riemannian quantities on a Finsler manifold besides the Riemannian quantities ([2,1]). One of the
important problems in Finsler geometry is to study and characterize the projectively flat metrics on an
open subset 2 C R™. A Finsler metric defined on an open subset in R™ is called projectively flat if its
geodesics are straight lines. This is the Hilbert’s 4th problem in the regular case [8]. In 1903, Hamel [7]
found a system of partial differential equations
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which can characterize the projectively flat metrics on an open subset 2 C R™. And we know that the flag
curvature in Finsler geometry is a natural extension of the sectional curvature in Riemannian geometry.
The famous Beltrami theorem tells us that a Riemannian metric is projectively flat if and only if it has
constant sectional curvature. However, this is not true in Finsler geometry.

So it is important to construct some projectively flat Finsler metrics with constant flag curvature. For
example, the famous Funk metric on a unit ball B C R™ in [5,6] as the following

oo VP —aPlyPr<zy>?  <azy> 1)

1— |z 1— |z’ '
where z € R, y € T,R", |-| is Euclidean norm, <, > is the standard inner product of R”; and the Berwald’s
metric in [3,4] as the following

2 — |zPlyP+ < z,y >+ <,y >)?
o WP —[2PlyP+ <oy >+ <2y >)* (1.2)

(L= [2[2)2 /]yl = [aPlyP+ < 2,y >

These two kinds of Finsler metrics can be seen as the metrics composed by the Euclidean metric |y|, the
inner product < x,y > and the Euclidean norm |z| of z € R™. More generally, there exist some projectively
flat Finsler metrics composed by |y|, < z,y >, |z|, < a,y > and < a,z >. For example, Z. Shen constructed
a group of projectively flat Finsler metric with constant flag curvature A = 0 in [10] as the following

1— 122
F(ﬂ?7y)={1+<a,x>+ (1—|z]*) <a,y> }

VI = [2PlyP+ < 2,y >+ < 3,y >

(V2 = [2PyP+ < 2,y >2+ < 2,y >)?
X

(1.3)
(1= |2[)2V/1y[? = [z PlyP+ < 2,y >2
By introducing new variables u = |z|?, s = <T17/?|!>’ v=<a,r > t= %, la| < 1, W. Liu and B. Li [9]
rewrote the above metric as
) (1 —u)t (V1—u+s%+s)?
= v .
Y Vi—u+s2+s| (1—u)?Vv1—u+s?
This motivated them to study the following Finsler metric
<zy> <a,y>
F = [ylo(u,s,v,8), u=laf2, s= =702 v =cam >, t = =2, (14)

|yl lyl

where z € R, y € T,R", |a|] < 1, < a,y >= a;y’ is a 1-form, ¢ is a C°° function. Especially, the Finsler
metric F' becomes a spherically symmetric when a = 0, because any spherically symmetric Finsler metric
can be expressed by |z, |y| and < x,y >, which is proved by L. Zhou in [11]. W. Liu and B. Li [9] gave the
equivalent equations of F' being projectively flat.

In this paper, the equivalent PDEs for projectively flat Finsler metrics F' = |y|¢(u, s,v,t) with constant
flag curvature will be given. And by solving these PDEs, we can construct some classes of new projectively
flat Finsler metrics with constant flag curvature. These new metrics will be provided in Sections 4 and 5.

Now we give the main results as follows.

Theorem 1.1. Suppose F(z,y) = |y|o(u, s,v,t) is a projectively flat Finsler metric, then it has constant flag
curvature A if and only if ¢ satisfies the following PDEs
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3427 — 2t 22 — 45922 — 8¢g, — 4N =0
¢ A% — 8dpu A + 49?24 + ANgrp, =0 (1.5)
G1A? — 4dpp, A + 22 %2 + dNGt ¢y = 0,

where A = 28¢, + ¢s + ty,.

The conclusion in Theorem 1.1 gives the equivalent PDEs for projectively flat Finsler metrics F =
ly|g(u, s,v,t) with constant flag curvature. In order to solve these PDEs of (1.5), we introduce variables
2

u=u—s,8=s,v=0v—st t=tand a function

¢(a7 :;7 :J’ t) = ¢(U’a s, U, t)
So we have

Theorem 1.2. ¢ is a solution of (1.5) if and only zfgg has the form

~ /
= (54+g)2+ A% (16)
where the C> functions f = f(u,v,t) and g = (W, ,t) satisfy the PDEs
29; + (9° = M)z = 0, (1.7)
~tgs + 1+ (¢* = M\f?)a =0, (1.8)
fi+(f9)s =0, (1.9)
tfs —2(fg)a = 0. (1.10)

Due to Theorem 1.2, one may find the projectively flat Finsler metrics F' = |y|¢(u, s,v,t) with constant
flag curvature only by solving the PDEs of (1.7)—(1.10), and it will be done in Sections 4 and 5. The readers
can see Corollaries 4.1, 4.3, 5.1 and 5.4 for the further results.

2. Preliminaries

In this section, we shall recall some necessary notations, definitions and lemmas. Let M be a manifold

of dimension n. Let & = (2!, ,2™) be a local coordinate system on M and y = (y,--- ,y™) be the local
fiber coordinate system defined by the local frame field {8%1, cee 6%} on the tangent bundle TM of M.
So (z,y) = (x',--- ;2™ y*, -+ ,y") is a local coordinate system for T'M.

Definition 2.1. ([1]) A Finsler metric on M is a function F : TM — [0,+00) satisfying the following
properties:

(i) G = F? is smooth on M, where M = TM \ {0};

(ii) F(py) = |p|F(y) for all y € TM and p € R;

(iit) F(y) > 0 for all y € M;

(iv) The fundamental tensor g, defined locally by its components

1 1 0%F?

#7= 5% = 3oy

is positive definite.
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A manifold M endowed with a Finsler metric will be called a Finsler manifold.
In this paper, we only investigate the following form of the Finsler metric F' ([9])

<z,y> <a,y>

F= \y|¢(u,s,v,t), U= |'1:|27 § = |y| , v=<a,Tr >, t= ‘y| ) (21)

where 2z € R", y € T,R", |a| < 1, < a,y >= a;9/° is a 1-form, ¢ is a C°° function.

Remark. When x = 0, W. Liu and B. Li [9] give the conditions of ¢ = ¢(0,0,0,t) such that F =
lyl#(0,0,0,t) is a Finsler metric (see Lemma 2.1 in [9]).

We write
0A 0A
A, = — = —
P oy T oo
A = 782/1 ;= 78214 etc
kj — 8y’f8yj’ ki — aykﬁxi’ )

to denote the differentiations of a function A(z,y) with respect to y*, x%, y7. We also denote the derivatives
of ¢ with respect to u, s, v, t by ¢, ¢s, ¢u, P respectively.
By (2.1), it is easy to check that

Uy = 22", Sy = ‘yau Vi = a',
R I
lyl  |yl* lyl’ lyl  [yl?

And we need two pre-existing lemmas below for later use.

Lemma 2.2. ([9]) Let F(z,y) = |y|¢(u,s,v,t) be a Finsler metric on an open subset Q@ C R™, then F is
projectively flat if and only if ¢ = P(u, s,v,t) satisfies the following PDEs

(2.2)

23¢us + (bss + t¢sv - 2¢u =0
28¢ut + ¢st + t(bvt - (bv =0.

Lemma 2.3. ([4,10]) Suppose F = F(z,y) is a projective flat Finsler metric on an open subset Q C R™.
Then F has constant flag curvature \ if and only if

Pyj, = PP, — A\FFy, (2.3)

F: m y""

where P = o

3. Proofs of Theorems 1.1 and 1.2

In this section, we will derive the equivalent PDEs for projectively flat Finsler metrics F = |y|¢(u, s, v, )
with constant flag curvature .
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3.1. Proof of Theorem 1.1

By Lemma 2.3, F' has constant flag curvature A if and only if Py, = PP, — AF'F};, where P =
Notice that F(x,y) =

ly|d(u, s,v,t), a straightforward calculation shows that

Fon = [Y|(duttim + Gs8:m + do0;m)

= 1y|(20uz™ + 5= + a™ ),

]
Fr = ylxd + |yl(dssk + dstr),
Fo.y™ 1
P= 25¢,, s v
oF ¢( sulyl + dslyl + toulyl),

Py=—

P =-
ik 2

ﬁ(m T Get) 25ulyl + Salyl + tuly])

1
+%[2¢u|y‘3k + 23‘y|(¢ussk + Guttr) + 25¢u|y|k + (Psssk + ¢sttk)|y|

+¢s|y|k + t¢7j|y‘k + t|y|(¢vssk + ¢vttk) + ¢v|y|tk],

1
—2(¢uu;k + ¢ssi + ¢vv;k)(23¢u‘y| + ¢s|y‘ + td)vly')

1
+_[2¢u|y|5;k + 25|y|(¢uuu,k + ¢u33;k + d)uvv;k) + |y|(¢suu,k + QbssS;k + ¢svv;k)

2¢
+t|y

26

|(¢vuu;k + (bvss;k + (b'uvv;k)]

2[<4s¢ + 20005 + 2tdude) T Y| + (250uds + O + tduds)y"

(25¢u¢v + PPy + t¢3)ak|y”

T2

[(43¢uu + 2¢su + 2t¢vu) k‘y| + (2¢u + 23¢us + (bss + t¢vs)

(25¢uv + ¢so + t¢vv)ak|y|]

=[-

(4592 + 20y bs + 2tdudy) + . — (48P + 205 + 2tdu)])z" |yl

2¢2 20
1
+-3 ¢2 (25¢uds + 67 + 1906s) + 55 (20u + 20us + dus + 190:)]y"
+[- 2¢2 (25¢ud0 + Gsu +12) + —¢<2s¢>uv + P + thuy)]a" |yl

And furthermore,

PP, =

AFF, = Nylollylkd + |y|(¢ssk + detr)]
= Mpdsz™|y| + (AD? — Aspps — Aoy )y” + Apgra®|yl,

2¢2 [(2s¢u¢ |y| + ¢2|y| + t¢v¢ |y‘)5k + (2$¢u¢t|y‘ + ¢ ¢t|y| + t¢v¢t|y|)tk]

¢ [(2¢u\y| + 25¢0us Y| + Pss|y| + tdus|yl) sk + (25Putly| + dstly]

+t¢vt|y| + GolyDtr + (25¢u + s + 16 [ylk]

-

4¢3 (2560 + 65 +60)(256uds + 65 + tds60)

F;1n y"
2F

(3.1)
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4¢2 (25¢u + G + thu) (204 + 25¢us + Gss + tdus)|2" |y

+—= (2s2¢>u + 8¢5 + t50y ) (250u s + G2 + tdsdy)

4¢3

4¢3 (25t + s + t2¢v)(23¢u¢t + st + tordy)

—4752(25 bu + 505 +1500)(20u + 25Pus + Pss + tdus)

4¢2 (25t¢u + t¢s + t2¢v)(25¢ut + (ybst + t¢vt + ¢v)

+5 ¢2 (2560 + 0 + 60)°]y*

+[= (250y + @5 + tdy)(250uds + Psdr + tdry) +

4¢3

4¢2 (25¢)u + ¢s + t¢v)(23¢ut + ¢st + t¢vt + ¢)v)] k|y| (33)

Since Py = PP, — AFF}, it follows from (3.1)—(3.3) that the coefficients of the terms x*|y|, y* and a*|y|
on both sides of Py = PP, — AF'F}, are equal respectively, i.e., we get the following equations

1
2
2¢2 (45¢ + 20u9s + 2t¢u¢v) 2 (45¢uu + 2¢5u + 2t¢vu)
=7 ¢3 (2500 + G5 + tdy) (25Puds + OF + tdsy)
4;2 (23¢u + ¢s + t¢v)(2¢u + 25¢us + ¢ss + t¢vs) - /\¢¢37 (34)

1¢(2¢u + 23¢u9 + d)ss + t¢vs)

(23 Oy + 8Os + t5¢v>(23¢u¢s + ¢§ + t¢s¢v)

-3 ¢2 (25¢uds + G2 + tdsdy) +

4¢3

+ 7 ¢3 (25tdu + t@s +1700)(250uds + udr + tdrn)

_ ﬁ(l‘i b + 5Ps + t8¢v)(2¢u + 25¢us + ¢ss + t¢vs)

4¢2 (28t¢u + t¢s + t ¢v)(28¢ut + (bst + t¢vt + ¢v)

4;2 (2564 -+ 00 +16,)7 ~ N0(6 — 56, — 1), (35

-5 ¢2 + 55250+ b + t012)

= 4¢3 (25¢u + (bs + t¢v)(28¢u¢t + ¢s¢t + t¢t¢v)

(25¢udy + G5y +td2) +

4¢2 (2S¢u + ¢s + t¢v)(23¢ut + ¢st + t¢vt + ¢v) - )\¢¢t (36)

Recall that A = 25¢,, + ¢ + td,, and then multiply (3.5) by 4¢3, together with (2.2), we get
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s A% — 8pp, A + 4¢ + 4Ap g, = 0.

Similarly, we deduce from (3.6) that

P A® — 4o, A + 2¢ + ANg* ¢y = 0.
It remains to give the first equation of (1.5). By the definition of A and (2.2), it follows from (3.4) that

(8¢5 +tr + @) A% — (43, + 2tdp, — 20¢) A — 8> ¢y — AN (¢ — s¢s — ty) =

which, together with two other equations of (1.5) what we have obtained above, yields the first equation of
(1.5). This completes the proof.

3.2. Proof of Theorem 1.2

Notice that ¥ = u — s, =15, 0 =v — st, t = t, q?(ﬂ,fs“,'ﬁ,f) = ¢(u, s,v,t) and A = 280, + ¢s + td,, a
direct calculation by the chain rule shows that

bu = bu, bo=5, bs=—230s+ s — o5, ¢ = —5¢5 + ¢,
~ 0A ~ 0A ~
A=ds, Ho =05 5 =

Then (1.5) becomes

302 — 2dss — 430dsu — 8ddu — 4AAP* =0
(2560 + ¢ — 163) 02 — 8bduds + 40 Psu + 4Ad* (— 250 + ¢ — 1dy) = 0 (3.7)
(=35 + dp) % — 4dduds + 20%dss + 4Ad* (—5¢ + ¢7) = 0

Similarly, (2.2) is equivalent to

—23¢33 + 55 — sy = 46q
{N@ + s — sy = 46 58)
—S¢s5 + O57 = 205
It follows from (3.7); and (3.8); that
302 — 2005 — 4M$" = 0. (3.9)

Now we solve (3.9). For fixed @, 0 and 7, let h(¢) = ¢, and then ¢gz = hj—g. So (3.9) can be rewritten as

dn* 3 ~
s (3.10)

It is clear that (3.10) is a linear ordinary differential equation of first order, and its solution is
63 = 0°(n — 429),

which leads to
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f

¢:(§+m2+AF’

where 1, f, g are C™ functions of @, 7, ¢, and f = %.
3

Finally, substituting ¢ = (§+g)++>\f2 into (3.7)2, (3.7)3 and (3.8), and then multiplying all these equations

by [(5+ g)? + Af?]*, we immediately establish (1.7)—(1.10) by a comparison of the homogenous coefficients
of 5. This completes the proof of Theorem 1.2.

4. Two classes of projectively flat Finsler metrics with constant flag curvature A # 0

In this section, we will give two classes of projectively flat Finsler metrics with constant flag curvature
A # 0 by solving the equivalent PDEs (1.7)—(1.10).

4.1. The first class of projectively flat Finsler metrics with constant flag curvature X\ # 0

In virtue of (1.7)—(1.10), it is easy to find that the two unknown functions f and g satisfy

2975 = —tgw (41)
2fp = —tfow-

Inspired by (4.1), in this subsection, we only consider the following special case

295 = _?955 =0 (4.2)
2fm = —tfw =0,

namely, the functions f and g have the form

~—

b(’t“)]§+ c@ +d(®) (4.3)
a0 + (@) + w(t).

Substituting (4.3) into (1.7)—(1.10), one can get a sequence of quadratic equations with respect to the
variable v. Comparing the homogenous coefficients of v, we obtain the following equations

=Ale(@) + b(®)? + [p(@) + a(@B)]* + g:(t) = 0, (4.4)

—Ale(@) + b(@)][e(@) + d()] + [p(@) + aD)[r (@) + w(D)] + wi(t) = 0, (4.5)
1= t[p(@) + (b)) — 2A[e(@) + d(D)]ea (@) + 2[r(@) + w(B)]ra(@) = 0, (4.6)
2[e(@) + b(®)][p(@) + q(B)] + by(t) = 0, (4.7)

[e(@) + dD][p(@) + q(B)] + le(@) + b(B)][r(@) + w(t)] + dg(t) =0, (4.8)
~tle(@) + b(B)] + 2[r(@) +w(b)]ea(@) + 2[e(@) + d(@)]ra(a) = (4.9)

Now we start to solve (4.4)—(4.9).
Firstly, we rewrite (4.4) and (4.7) as

which implies that e(@) + b(t) and p(a) + ¢(t) do not depend on the variable . As a consequence,
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p(@) = po, e(u)= e, (4.10)

where pg and ey are constants.
Differentiating (4.5) and (4.8) with respect to @ and using (4.10), we derive

—A(e(@) + b(B)ca (@) + (p(a) + q(t))ra(@) = 0, (4.11)
(p(@) + q(B))ea(@) + (e(@) + b(E))ra(w) = 0. (4.12)

Next, we are going to solve (4.4)—(4.9) in two different cases, according to whether p(u) + ¢(t) = 0 is
valid or not.

(D) p(a) +q() = 0.
In this case, ¢;(t) = 0. By (4.4), (4.5) and (4.8), it is easy to check that e(a) + b(t) = 0, w;(t) = 0 and
dz(t) = 0. Together with (4.10), we have

q(B = —Po, b(?) = —¢€p, U}(:E) = Wo, d(/i:) = dOa (413)
where dy and wq are constants. As a result,
f=c(@)+do, g=r(u)+wo. (4.14)

In virtue of (4.10) and (4.13), one deduces from (4.6) and (4.9) that

{1—2Mdm4w%kdm+ﬂ(()+w@m()—0
(r (@) + wo)ea (@) + (c(@) + do)ra (@) = 0

which indicates

{@Ffﬂh—o (415)

(fg)a =0.

By (4.14) and (4.15), we get the solutions of (1.7)—(1.10) as follows
solution 1

\/ (c1—u) \/(cl u)2+4Xc3
== n L Jeot/ooring
,m)—iJ TR

where ¢c; e Rif A >0and ¢y >0if A <0, c3 € R;
solution 2

£(@,5,7) = \/—(cl—ﬁ)—\/(cl—ﬁ)2+4)\c§
i\/(q u)—\/(cl u)2+4Xc2

g(W,,t) =

where A < 0 and ¢; > 0, ¢ € R;
solution 3

f(a 7, ?) — _\/—(Cl—ﬁ)-l—m
(@5, 1) :l:\/(cl a) m

where ¢c; e Rif A >0and ¢y > 0if A <0, c3 € R;
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solution 4
= \/—(cl—ﬁ)—\/(cl—ﬁ)2+4kc§
2X

f(ﬂv :67 t) = -

where A < 0 and ¢; > 0, c; € R.

(IT) p(u) +q(t) # 0.
By (4.11) and (4.12), we have
(4.16)

[eo + b(1)* + (po + q(F))*]ea (@) = 0.

Based on the equality (4.16), we divide our deduction into two subcases according to whether cz(u) = 0 is

valid or not.
(i) ca(u) =0.
By (4.11) again, rg(u) = 0, and then
(i) = co, r(u)=r0, (4.17)

where ¢y and ry are constants.

Substituting (4.17) into (4.6) and (4.9), one gets
t) t) (4.18)

p@+a(0) = po+ald) = =, e(@)+b(F) = eo +b(D) =0,

Now by (4.5) and (4.8), it indicates that
7 =2 (4.19)

7 =4 o) +d(F) = o +d(F) = =,

r(a) +w(t) =1 +w(t) = =

where ¢; and ¢ are constants.
Together with (4.17)—(4.19), we give a solution of the PDEs (1.7)—(1.10)

solution 5

where c; € R, 3 € R.
(i) ca(@) 0.
In virtue of (4.16), we get
Aeo + (1) + (po + q(£))* = 0. (4.20)

Notice that in this subcase, (4.11) can be rewritten as

eo + b(t) _ Tﬂ(ﬂ)
po+a(t) Aca(w)’

which implies that each side of this equality is a constant. Denote

_etb@® _ @
Po + Q(tN) Aca(u)’

(4.21)

where the constant m will be determined later.
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Substituting (4.21) into (4.20), we have
1+ Am® =0.

From now on, we need A < 0, otherwise there is no solution in this subcase.
By (4.21) and (4.22), we deduce from (4.12) and (4.5), (4.8) respectively that

ca(@) = —mrg (@), di(t) = mwi(t),
which indicates that

(i) = —mra(@) +mj, d(@) = mw(@) +m(k— j),

where k and j are constants.
Multiplying (4.9) by -1, and then along with (4.6), we give

~ 1
+ t:i,
po+alt) =
m
€+bt = =,
o b =

where in the last equality we have used (4.21).
By (4.23)—(4.26), the equations (4.5) and (4.6) can be simplified as

5+ 1) + i) =0
L+ 22r(@) — k)ra (@) = 0,

which, together with (4.24), leads to

r(U) +w(t) = ¥4 4 <

c(@) + d(t) = —m(£ ¥ — 2),

where ¢; > 0, co € R.
By (4.25)—(4.27), we obtain the solution of (1.7)—(1.10) with A < 0
solution 6

f=2y 00 £ T2

_ 1 Vea—u v+c
g=+5—"+ o

where ¢; > 0, co € R, A < 0.
Based on the above results, we have

11

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

Corollary 4.1. Let B, = {x € R" : || <7}, r > 0, and let F = |y|$(ﬂ7 35,7,t), where 5 is given by (1.6)

with A # 0 and f, g are provided by solution 1 or solution 2, then

(1) F is a projectively flat Finsler metric with nonzero constant flag curvature A # 0 on Be if e(> 0) is

small enough.

(2) For a fized ro > 0, F is a projectively flat Finsler metric with nonzero constant flag curvature A # 0

on By, if the constant c; in solution 1 or solution 2 is large enough.
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Proof. For convenience, we only consider

f(@,v,t) = \/Vlu2+ —(1-9)
PR V(1—u)24+1+(1—a
g(t,v,t) = \/f

In this case, ¢c; = 1, ¢ = %, A = 1. And it is sufficient to prove the conclusion (1). In fact, the general
results of the conclusions (1) (2) can be proved in the same way by introducing the new variable Z = \/Lc_l

Set € < 1. A direct computation shows that on B,

<flw) <1, |fa@|<1, |faw(@)]<1,

RNy

<g(@) <2, Jga(@)] <1, [gaa(w)] <1, (4.28)

N | =

and there exists a positive constant C' independent of € such that

1 ~ ~ ~ ~
5 SP<4 (Bl < 0P, (@)l < O,
(@)s] < CF°, 1(67)ss] < CF, [(¢%)as| < CF° (4.29)
Observe that u = |z|? — <z’y2>2, 5= SBUZ it is easy to check that
[yl [yl
2¢ 4e 4e 8e
‘31‘ < ‘ | |SZ]| > ‘ |27 ‘Uz| > | ‘ ‘Uz]| = |y|2 (4.30)

Notice that

(F2)ij = (W1*6%)i; = ¢*([y*)ij + ()i(lu1); + (@2); (1) + 1> (6)ss

= [(Jy)ij + 224" (0%)a - Tj + 207 (%)a - i + 20 (%) - 55 + 207 (6%)s - i
+yP(0Daa - Wity + (0%)as - Wis; + (0%)as - W% + (0755 - 535

+(6%)a - Tg + (87 55)]-

Now denote M;; = (62):([y|2); + (62);([y12)i + |y[2(¢2)i; and the symmetric matrix M = (M,;). By (4.29)
and (4.30), we get |M;;| < Ce for any ¢ and j, where the constant C' is independent of €. As a result,
(F?);5) = ¢%(2I + M) is positive definite when e is small enough, here the symbol I denotes the unit
matrix. On the other hand, one can immediately verify that F(y) > 0 for any y # 0 and F(ky) = |k|F(y)
for any k € R. Hence, F is indeed a Finsler metric. Due to Theorems 1.1 and 1.2, it is also a projectively
flat Finsler metric with nonzero constant flag curvature A = 1. This completes the proof.

Remark 4.2. We have to remove solutions 3-6, because all these solutions do not guarantee that the metric
F>0.

4.2. The second class of projectively flat Finsler metrics with constant flag curvature A # 0

In this subsection, we will solve (1.7)—(1.10) under the following assumption

(4.31)

{(g? A5 = (% — Az
(f9)s = (f9)a,
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and then give another class of projectively flat Finsler metrics with constant flag curvature A # 0.
By (4.31), it is obvious that f and g have the form

{f = (;1(64‘57?)
g = 52(17—"-’(7,”.

Using (4.31) again and by (1.7)—(1.10), we get

297 +1tg5 —1=0
g5+ (4.32)
2f;i+tfs =0,
together with (1.9) and (1.10), which yields
{(—’ff +2fg); =0
(=tf +2fg)s = 0.
Thus
—tf +2fg=ca, (4.33)
where co € R.
Similarly, by (4.32), we deduce from (1.7) and (1.8) that
W+0—tg+g*>—Af2);=0
(U+7—tg+g>— A2y =0.
Consequently,
U+0—tg+g*> - Mf?=ci, (4.34)
where ¢; € R.
By (4.33) and (4.34), we obtain the solutions of (1.7)—(1.10) as follows
solution 7

F@0,7) = ) A

2

NSV

g<ﬂ75aﬂ: 2 ’

N[+

where [ := I(u, U, )z%—(ﬁ—&—ﬁ)—i—cl,cl eRifA>0and¢; >0if A <0, co € R;
solution 8

J@5,0) = /g

2

2 ’

N[+

9(@,7,7) = £+ /=GR

where [ :=(u,v,t) =

N

—(w+0)+c1,e1 >0, A<0and ¢y €R;
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solution 9
~ ~ X _l+ /l2+A 2
f(u,v,t) = - T%
— o~ ~ g 2
g9(u,0,8) = & Hivlzﬂ%,

where [ :=(u, 7, ):%—(ﬁ—&—ﬂ)—i—cl,cl eRifA>0andec; >0if A <0, cs €R;
solution 10

~ o~ —l— /l2+)\ 2
f(uav,t) = TCQ

~ ~ 7 t I—\/12+)\c3
g(U,U,t) :% %7

where [ := (U, ,t) = % —(U+v)+c, 60 >0, A<0and ¢y €R.
Now, by Theorems 1.1 and 1.2, we conclude that

Corollary 4.3. Let B, = {x € R" : |z| <1}, r > 0, and F = |y|¢(u,3,7,t), where ¢ is given by (1.6) with
A#£0 and f, g are presented by solution 7 or solution 8, then

(1) F is a projectively flat Finsler metric with nonzero constant flag curvature X # 0 on B. if (> 0) and
|a| are small enough.

(2) For a fized ro > 0, F is a projectively flat Finsler metric with nonzero constant flag curvature A # 0
on B, if the constant c; in solution 7 or solution 8 is large enough.

The proof is completely similar to that of Corollary 4.1, we omit it.
Remark 4.4. We discard solutions 9, 10 since they do not assure that the metric F' > 0.

In a word, by Corollaries 4.1 and 4.3, we have constructed two classes of new projectively flat Finsler
metrics with nonzero constant flag curvature.

5. Two classes of projectively flat Finsler metrics with constant flag curvature A = 0
When A =0, (1.6)—(1.10) in Theorem 1.2 are reduced to

-~ f
¢ = Gto? (5.1)

where the functions f and g satisfy

297+ (¢*)5 =0
~lgs + 1+ (¢%)a
fi+(f9)s=0
tfs—2(fg)a =0.

0

(5.2)

In this section, using an argument similar to that in Section 4, we will give two classes of projectively
flat Finsler metrics with constant flag curvature A = 0 by solving the PDEs (5.2).
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5.1. The first class of projectively flat Finsler metric with constant flag curvature A =0

In this subsection, we are going to present a class of projectively flat Finsler metric with constant flag
curvature A = 0 by the method applied in Subsection 4.1.

By (5.2), we still have
297 = —1gs
2fp = —tfow

And now we only discuss (5.2) under the assumption as follows

{QQzu = ~tgw = 0 (5.3)
2fm = —tfw =0,
which implies that f and g have the form
{f(a, 0,1) = [e(@) + b(DJT + (@) + d() (5.4)
9(@,3,7) = [p(@) + a5 + (@) + w(d). '

Substituting (5.3) to (5.2), we obtain the following equations by a comparison of the homogeneous
coefficients of v

[p(@) + q(H)]” + ¢;(t) = 0, (5.5)

[p(@) + q(D)][r () + w()] + wi(£) = 0, (5.6)

1 —t[p(a) + q()] + 2[r(u) + w(®)]ra(a@) = 0, (5.7)

2[e(w) + b(1)][p() + q(£)] + by(t) =0, (5.8)

[e(@) + d(0)][p(@) + q(B)] + [e(@) + b(D)][r (@) + w(t)] + di(t) = 0, (5.9)
—tle(@) + b(B)] + 2[r(u) + w(B)]ca(w) + 2[c(w) + d(B)]ra(@) = (5.10)

In order to solve (5.5)—(5.10), just as what we have done in Subsection 4.1, we still start with (5.5) and
(5.8), which can be rewritten as

(p(@) +q(8)* = — g (1), 5.11)
2(e(u) +0(t))(p(u) + q(t)) = —bz(t) (5.12)

It follows from (5.11) that
p(t) = po, (5.13)

where pg is a constant. However, one can not conclude from (5.12) that e(%) must be a constant since
p(W) 4 q(t) maybe be zero. This is different from (4.11) and (4.12) in Subsection 4.1.
Differentiating (5.6) with respect to @ and by (5.13), we derive

(p(@) + q(t))ra (@) = 0. (5.14)

Now we divide our discussion into two cases.
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() p(u) +q(t) = 0. ~ - -
In this case, by (5.5) (5.6) and (5.8), it is obvious that ¢;(t) = 0, wi(t) = 0, bz(t) = 0, and then

Q(?) = —Do, b(t) = bO, w(?) = Wo, (515)

where by, wy € R.
By (5.13) and (5.15), equations (5.7) (5.9) and (5.10) are simplified as

1+ 2(r(u) + wo)ry(u) = 0, (5.16)
(e(@) + bo) (r (@) + wo) = —dz(?), (5.17)
—t(e(@) + bo) + 2(r (@) 4+ wo)cz () + 2(c(@) + d(t))rgz (@) = 0. (5.18)
We deduce from (5.16) that
(@) +w(t) = (@) + wo = +\/c1 — 1, (5.19)

where ¢; > 0.

Next, (5.17) indicates that di(t) is always a constant —c,, that is,
d(t) = —cot +m, (5.20)

where co,m € R.
Substituting (5.19) and (5.20) into (5.17), we get

~ ~ Co
+b(f) =+ . 5.21
o() + (1) = 22— 6:21)
where ¢y is a constant.
Multiplying (5.18) by r(%) 4+ wo, and by (5.16), (5.17), (5.19), we have
2(c1 — u)cg(w) — c(u) = m,
which leads to
—~ C3
c(u) =—m+ (5.22)

vV C1 —ﬂ,

where c¢3 is a constant.
Together with (5.19)—(5.22), we obtain the following solutions of (5.2)
solution 1#

_ c2v c ng
f=Tamtvam ot
g= V017ﬂ7

where ¢; > 0,¢2,c3 € R;
solution 2#
f=—Fs+yis ot
g=—Ver—1u,

where ¢; > 0, ¢, c3 € R.
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(L) p(u) + q(t) # 0.
By (5.14), rz(u) = 0, and then

r(u) = ro. (5.23)

Consequently, we deduce from (5.7) that

p(u) +q(t) = % (5.24)

Substituting (5.23) (5.24) into (5.8) and (5.9), we find that
e(u) = eg, c(u) = co, (5.25)

where ¢g, eg € R. And further, we deduce from (5.10) that

e(@) + b(T) = 0. (5.26)

Applying all the results above to (5.6) and (5.9), by a direct computation, we derive
) +wd) =4
{r(u) wll) = 5 (527)

Together with (5.23)—-(5.27), we get the following solution of (5.2)
solution 3#

——
Q
(Il
i~k

°

where c1,co € R.
Now, by Theorems 1.1 and 1.2, we have

Corollary 5.1. Let B, = {x € R" : || <7}, r > 0, and let F = |y|6(a, 5,7, 1), where ¢ is given by (5.1) and
f, g are provided by solution 1# with cs > 0 or solution 2# with c3 > 0, then

(1) F is a projectively flat Finsler metric with zero flag curvature on Be if (> 0) and |a| are small
enough.

(2) For a fized ro > 0, F is a projectively flat Finsler metric with zero flag curvature on B, if the
constant ¢y in solution 1# or solution 2# is large enough and |a| is small enough.

The proof is analogous to that of Corollary 4.1, so we omit it too.
Remark 5.2. Solution 3# have to be removed because it does not guarantee that the metric F' > 0.
Remark 5.3. The metric F' determined by solution 1# with the constants co = 0 and c3 = 1 has been given

by L. Zhou in [12]. Z. Shen [10] has found the metric F' derived by solution 2# with the constants ¢; = 1,
Co = —1, C3 = 1.
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5.2. The second class of projectively flat Finsler metric with constant flag curvature A =0

In this subsection, we give another class of projectively flat Finsler metric with constant flag curvature
A = 0 under the assumption

{(g% = () (5.28)

which shows that the functions f and g have the form
f=6d1(@+7,)
9= ¢2 (7’Z + :53 ~)
Combining (5.2); and (5.2)y with (5.28), we have

(> —gt+u+70);=0
(> — gt +u+7)z =0.

Then
9> — gt =—(u+70)+c1,

where ¢; € R.
Hence

g= 5 . (5.29)

{(ff ~2fg); =0
which implies that
’tvf - 2fg = C2,
where co € R. Namely, f = 22225;'
By (5.29), it yields
f= @ , (5.30)

VB — 4@ +7) + ey

where ¢; € R, ¢z € R. So we obtain one of the solutions of (5.2) again
solution 44

f= =t
12 —4(U+0)+4cy
T4 /12 —4(TU+D)+4cy

9= P
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where ¢; > 0, co € R.
Now, due to Theorems 1.1 and 1.2 again, we conclude

Corollary 5.4. Let B, = {z € R™ : |z| <1}, r > 0, and let F = |y|$(4, 3,0, 1), where ¢ is given by (5.1) and
f, g are provided by solution 4# with co > 0, then

(1) F is a projectively flat Finsler metric with zero flag curvature on Be if (> 0) and |a| are small
enough.

(2) For a fized ro > 0, F is a projectively flat Finsler metric with zero flag curvature on By, if the
constant ¢1 in solution 4# is large enough.

We still omit the proof since it is also similar to that of Corollary 4.1.
In summary, by Corollaries 5.1 and 5.4, we have also obtained two classes of new projectively flat Finsler
metrics with zero flag curvature.
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