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Abstract

In this paper, we are concerned with the global existence and convergence rates of strong solutions
for the compressible Navier-Stokes equations without heat conductivity in R3. The global existence and
uniqueness of strong solutions are established by the delicate energy method under the condition that the
initial data are close to the constant equilibrium state in H 2_framework. Furthermore, if additionally the
initial data belong to L!, the optimal convergence rates of the solutions in L2%-norm and convergence rates
of their spatial derivatives in L2-norm are obtained.
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1. Introduction

In this paper, we are interested in the following well-known compressible Navier-Stokes equa-
tions, which describes the motion law of compressible viscous fluid,

pr +div(pou) =0,
(pu); + div(pu @ u) + VP = divT, (1.1)
(&) +div(p€u + Pu) =div(uT) + kA6.

Here p = p(t,x),u = u(t,x), P = P(p,0),0 =0(t, x) stand for the fluid density, velocity, pres-
sure and absolute temperature functions respectively, at time # > 0 and position x € R3. The
specific total energy £ = %|u |> + E, E is the specific internal energy. 7 is the stress tensor given
by

T =u(Vu + Vul) + r(divu) I,

where [ is the identity matrix, i and A are the coefficient of viscosity and second coefficient of
viscosity satisfying

uw>0, 3x+2u>0.

k represents the coefficient of heat conduction. In this paper, we study the case when the coeffi-
cient of heat condition k = 0 and the gas is ideal and polytropic, so that the equations of state for
the fluids are given by

s
P=Rpf, E=c,0, P=Aewp?, (1.2)

where R > 0 and A > 0 are the universal gas constant, y > 1 is the adiabatic exponent, S is the
entropy, and c, is the specific heat at constant volume satisfying ¢, = R/(y — 1).

As one of the most important systems in fluid dynamics, there are many important pro-
gresses on the global existence, stability and large time behavior of solutions to the compress-
ible Navier-Stokes equations, cf. [1-3,5-8,10-23,25,26,30,31,33-35,38—40] and the references
therein. Among them, when the coefficient of heat conduction k > 0, we refer to Kazhikhov et
al. [25,26] for the global existence of smooth solutions with strictly positive initial density in one
dimension. For the multi-dimensional case, the global existence of classical solutions were first
established by Matsumura-Nishida [33-35] for initial data close to a non-vacuum equilibrium
in H¢(R3) with £ > 3. Hoff [14,15], Wen-Zhu [38] and Huang et al. [18,19] proved the global
existence of weak or classical solutions for discontinuous initial data provided the initial energy
is suitably small. Danchin et al. [ 1-3] proved the global existence and uniqueness of strong solu-
tions in the framework of hybrid Besov spaces. For arbitrary data, Lions [30] and Feireisl et al.
[12] proved the global existence of weak solutions for the isentropic flow with suitably large y.
When the coefficient of heat conduction k = 0, (1.1)3 is a hyperbolic equation which makes the
problem much more complicated and has different phenomena (see [39,41,42]). Liu and Zeng
[32] reformulated the original system in the Lagrangian’s coordinates and proved the elaborate
pointwise estimates and large-time behavior of solutions to (1.4) by studying the Green’s func-
tion and the nonlinear interaction of waves in one dimension. For the case of three dimensions,
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Kawashima [24] first announced the global existence solutions of system (1.4). Later, Duan-Ma
[6] and Tan-Wang [36] proved the global existence of small strong solutions under the addi-
tional assumption that the initial data are bounded in the L! space. It is worth to mention that
the decay-in-time estimates on (P, u) is used to establish the uniform bound of S. Tan-Wang
[37] studied the global existence of small strong solutions under the H*-framework with £ > 4.
Wu [39] investigated the global existence and asymptotic behavior to the initial boundary value
problem. Compared to the Cauchy problem, the equilibrium state of pressure is a monotonically
increasing function on time. Xin et al. [41,42] proved the smooth or strong solutions will blow
up in finite time if the initial data have an isolated mass group, no matter how small the initial
data are.

The main motivation of this paper is to establish the global existence without the low fre-
quency assumptions of the initial data by an elaborate energy method. To begin with, we note the
fact that all thermodynamics variable p, 6, E, P as well as the entropy S can be represented by
functions of any two of them. To overcome the difficulties arising from the non-dissipation on
0, we will rewrite system (1.1). We select the independent two variables to be P and S. On the
basis of the state equations (1.2), we deduce that

v o __S
p=A a+R PatRe” ok, (1.3)

Thus under the aforementioned assumptions, the system (1.1) in terms of variables P, u and S
reads

P, +yPdivu+u-VP =
ous +pu-Vu+ VP =pAu+ (u+ Ar)Vdivu, (1.4)
Sl +M : VS: #7

Ylu]
-

)

where W[u] = £|Vu + VuT|? + r(divu)? is the classical dissipation function. It is worth noting
that system (1.4) is a hyperbolic-parabolic system and the dissipation property comes from vis-
cosity. We are concerned with the initial value problem to system (1.4) with initial data satisfying

(P, u,8)0,x)=(Py, ug, So)(x) —> (P,0,S), as |x| —> oo. (1.5)

For the global existence and large time behavior of strong solutions to the Cauchy problem
(1.4)-(1.5), we have the following theorem.

Theorem 1.1. Given two constants P > 0 and S. Assume that (Py — P, ug, Sy — S) € H*(R?)

with 8o == ||(Po — P, ug, So — S)||2 small, then the Cauchy problem (1.4)-(1.5) admits a unique
globally strong solution (P, u, S)(t) satisfying

P—P,85—8eC’0,00); HXR*) N C ([0, 00); H (R?)),
u € CY([0, 00); H*(R?)) N C([0, 00); L*(R?)),

t
(P — P,u)(®)|l3 +/ IVP@)1? + IVu()l3de < I(Po— P uo)ll3, (1.6)
0
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18@) = Sll2 S 180 — Sllaexp {Cll(Po — P, uo)ll2}. for anyt > 0. (1.7)

Moreover, if (Py — P up) € LY(R?), then for any t > 0, it holds

- 3 1

I(P—P,u)®)e S+ 2070 2<¢ <6, (1.8)

5
IV(P,w) ) S +0)77, (1.9)

5
13, (P, u, )OI S (1 +1)74. (1.10)

Finally, denote
Py ¢ P 1
(Po,mo)Z(vT— ;e +5Po|u0|2,pouo)

and assume that the Fourier transform (Py, mg) satisfies

Po(€) > co, 1o () =0, for 0 < €] < 1, (1.11)

where cq is a positive constant, then we also have the following lower bound time decay rates

. 5 _3
min{|[(P — PYO, lu@®l} =ci(I+1)"4, (1.12)
where c1 is a positive constant independent of time.

Remark 1.1. The boundedness of ||(Py — P, ug)||r is not used in proving the global existence,
this is different from the previous work [6,36] where the condition on L!'-norm boundedness of
the initial perturbation plays a key role in the proof of the global existence.

Now let us outline the main points of the study and explain some of the major difficulties
and techniques presented in this article. By a continued argument, the global existence of strong
solutions can be proven by combining the local existence and the a priori estimates. The local
well-posedness can be proven by the standard argument of the contracting map theorem as [34].
The key point is to obtain the a priori estimates of the strong solution. More specifically, since
the dissipative variables P and u satisfy (1.4); and (1.4), whose linear parts possess the same
structure as that of the compressible isentropic Navier-Stokes equations, the uniform bound of
(P, u) can be established by a direct energy method as in [34] under a priori assumption that
(P —P,u,S —38)| is sufficiently small. Due to the appearance of the non-dissipative variable
S, the main difficulty lies in the closure of the energy estimates of the variable S. To overcome
this difficulty, we introduce the useful tools of Besov spaces and exploit some delicate energy
estimates to get a L'-decay on the velocity u, which enables us to close the energy estimates of
the non-dissipative variable S.

Notation. In the following part of the paper, V¢ with an integer £ > 0 stands for the usual any
spatial derivatives of order £. For the sake of conciseness, we do not precise in functional space
names when they are concerned with scalar-valued or vector-valued functions, ||( f, g)|l x denotes
I fllx + llgllx. We will employ the notation a < b to mean that a < Cb for some positive con-
stant C which may change from line to line but whose meaning is clear from the paper. We use
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H™(R?) and W™P(R?) to denote the usual Sobolev spaces with norm || - ||, and || - ||, for
m>0and 1 < p <+oco.Ilf m =0, wejustuse||-|| and || - ||z« for convenience. The integration

domain R3 will be always omitted without any ambiguity. (-, -) represents the inner-product in
L2(R3). Finally, §(f) or f denotes the Fourier transform of the function f.

Following that, let us introduce the Littlewood-Paley decomposition. Let ¢(£) be a smooth

function such that ¢ is supported in the shell {¢ € R3, % <& < %} and

Y p@ =1, forall &#0.

qeZ

We denote the space D'(R?) is the dual space of D(R3) = {f € S(R3); D* f(0) =0, for all
multi-index o € N3}, it also can be identified by the quotient space of §"(R*)/P with polynomi-
als space P.

Defining the following the dyadic blocks

Agf =3 '9Q7IE)Ff for geZ.

Then the formal equality

fZZAqf

qeZ
holds true for all f € D’'(R?) which is the homogeneous Littlewood-Paley decomposition.

Definition 1.1. Given s € R, 1 < p,r < 400, then the homogeneous Besov space B‘IY,,,(R3) is
defined by

B, (R ={f € D'®R): |l <-+oo}

here
A
”f”[;.;” 0270 Ag fliee llir.

For 51,52 € R, 1 < p, r < 400, we define the hybrid Besov spaces Els,{’,sz with norm é;‘fz given
by

1 1
1l 2 Q2% A )7 + Q1292 Ag flILp) 7

q=0 q>0

The rest of the paper is structured as follows. In Section 2, we will reformulate the problem
and state the equivalent results, Proposition 2.2. Section 3 is devoted to prove the global existence
part of Proposition 2.2. In Section 4 and Section 5, we will give the decay part of Proposition 2.2.
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2. Reformulated system

In this section, we first reformulate system (1.4). Set

o [(R+cy)P i A+ A
d1= |—/———=, 0= |———, Kl=—, K= ——,
(R+c))pP CvpP P P

where p = ,0(15, ). After the change of variables

_ 1 _
n=P—P,v=—u,c=8-3S8,
o

we rewrite the initial value problem (1.4)-(1.5) in the perturbation form as

n; +azdive = F,
vy +apVn — k1 Av — kpVdive = G,

2.1
or+aiv-Vo=H, 2D

(n,v,0)l=0 = (n0, v0, 00) = (P — P, g-ut0, So — &),

where the nonlinear terms are given by

R v
Fé_ﬂnv.v_aw.vn_km’
Cy Cy
N 1 1 1 1 1 1 .
G=—-av-Vv— —(— — =)V + u(— — =)Av+ (u+ 1) (— — =) Vdiv,
ap P p P p P
and
Hé\P[alv]
n+ P

For any T > 0, we define the solution space by

X0,7)={ (n,v,0):n,0 € C0,T); H*®R*)NC'([0,T); H' (RY)),
v e CO([0, T); H*(RY) N C ([0, T); L*(RY)),
Vne L*((0,T); H'(R%), Vv e L*((0, T); H*(RY)) },

and the solution norm by

T
X(T)= sup [|(n,v,0)(O)3+ f IVa(D)|1? + [ Vu()I3dT.
0

0<t<T

Taking a standard contraction mapping argument as in [34], the local existence result for the
Cauchy problem (2.1) can be stated as the following proposition.
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Proposition 2.1. Suppose that the initial data satisfy (ng, vg, 09) € H 2(R3) and
inf {no(x) + P} > 0.
xeR3

Then there exists a positive constant Ty depending on X (0) such that the Cauchy problem (2.1)
has a unique solution (n,v, o) € X(0, Ty) satisfying

inf  {n(t,x)+ P} >0, and X(Ty) <2X(0).
tel0,Tp],xeR3

It is easy to check that Theorem 1.1 is equivalent to the following proposition.

Proposition 2.2. Assume that || (no, vo, 00) |2 is sufficiently small, then the Cauchy problem (2.1)
has a unique global solution (n,v, o) € X (0, 00) such that for any t € [0, 00),

t

Il (. ) (D113 + / IV} + IVo()l3dT < (o, vo)ll3, (2.2)
0

lo@)ll2 < llooll2exp{Cl(no, vo) 2}, forall t > 0. 2.3)

Moreover, if (ng, vo) € LI(R3), then for any t > 0, it holds

[, v)(D)llza < (1 +n7307D, 2 < q =6, (2.4)
IV, 0Ol S 1 +075, (2.5)
18 (2, v, ) S (14173 (2.6)

Finally, if the Fourier transform (750, mo) satisfies

Po(&) = co, rio(€) =0, for 0 < & < 1,
where cq is a positive constant, then we also have the following lower bound time decay rates
. _3
min{[[n@) I, v} = c2(1+1)74, (2.7)
where c3 is a positive constant independent of time.

For later use, we show some useful analytic tools. First, we recall some Sobolev inequalities
as follows, cf. [9].

Lemma 2.1. If f € H>(R3), then it holds
1 1
(1) | flle < CIVFIZIVEfIZ < CIV fls
2) I flls =CIVLI;
() I fllza =Cliflh, 2<q <6.

We also need the following tame estimates for Besov spaces, cf. [2,4].
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. 31+sz—%

Lemma 2.2. Let 51, 50 < % suchthat sy +s» >0, u € B;ll andv e B;ZI, then uv € B, | and

vl 3 < Cllull g, 0] g5

2,1

The next two lemmas are about some embedding estimates for the hybrid Besov spaces, cf.
[2,4].

Lemma 2.3. The following embeddings for hybrid Besov spaces hold:
(1) We have B;i = B;,l;
(2)If s <t, then g;a = B;l N Bél Otherwise, E’;ﬁ = BE] + Bél

Lemma 2.4. There exists a positive constant C such that for all s € R, we have

e <l 0 < O e
chsir e = Nulipos = e

For «, B € R, let us define the following characteristic function on Z

if r<O0,

N} _Jo
¢ (r)_{,B, if r>1.

In order to get a L'-decay on the velocity v, we also need the following lemma which is
devoted to estimates for the convection terms, cf. [2,3].

Lemma 2.5. Let F be a homogeneous smooth function of degree m. Suppose that —% <
S1,H,8,0h < % The following two estimates hold:

(F(D)Ay(u - Va), F(D)Aga)| S ¢g279@" 2 @=m) Jull

3
2
2,

||a||g;1]vxz | F(D)Ayall,
1 ,

(F(D)Ay(u-Va), Agb) + (Aq(u - Vb), F(D)Aga)|

S cqllul s
32.1

x (2799 2 b | F(D) Agall + 279920 al . | A b)),

where the operator F (D) is defined by F(D)f :=F 'F(&)Ff and Y cg <1
qezZ

3. The proof of global existence

By the standard continuity argument, the global existence of strong solution for the Cauchy
problem (2.1) follows from Proposition 2.1 and a priori estimate. Suppose that the Cauchy prob-
lem (2.1) has a unique solution (n,v,0) € X(0, T), with some T € (0, +oc], we make a priori
assumption

sup [[(n,v,0)(N)2 <6 K 1. (3.1

0<t<T
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Under the assumption (3.1), we derive the following energy estimates on (n, v, o) which have
been proven in [36], thus we omit the proofs of them for simplicity.

Lemma 3.1. Under the a priori assumption (3.1), there exists a positive constant D1 > 0 suitably
large which is independent of & such that for any t € [0, T],

Dl )OI+ (Vr, ) O} + IV, O S 8IVV@I?, (3:2)

%Hl (@), v(®)) + (IVrOI* + V0 [17) S 81V )OI, (3.3)
and

i||<r(r>||% S (V@ Iz + IVl ) o @)1 + 81 Vo) |3, (34)

here Hi(n,v) = D{|V(n, v)llf—i— > (0%Vn, 3%v) and is equivalent to |V (n, v)||f since D1 >0
la|=1
is large.

In order to close a prior estimate on o, we need to derive a L'-decay on the velocity v.

Lemma 3.2. Under the a priori assumption (3.1), it holds

In®ll 13 + WO fun(r)n 9%df+/l|v(f)|~gg
B, By,

2
(3.5)

S nOI 13 + 1wl

1

3 H+/||w<f)||%dr,
2 21

forany t > 0.

Proof. First step: Low frequencies
Let go = 5 + [log, Kl"‘TZ,Q], then 1 < 240_4% < 2. For any g < qo, applying the operator

A, to the first two equations of (2.1), and taking the L? product of the result equations with Agn
and A, v respectively, we obtain the following two identities:

d .
EEHAanZ + aa(Agdive, Agn) = (A, F, Agn), (3.6)
and

EEHA |2 — aa(Agdive, Agn) it || A Agull? 4 iall Agdivol|> = (A, G, Agv).  (3.7)
We also can obtain an identity involving (A, A~ dive, AA4n). To achieve it, we apply A,V

to (2.1); and A, to (2.1), and take the L? product of the result equations with Agvand A,Vn
respectively, we arrive at
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d 1 . .
E(Aq ATV dive, AAGR) — aall A Agn|® + aal| Agdivol|* + (1 + k2)(AA dive, AAgR)

= (A, F, Aydive) + (A,divG, Agn). (3.8)

A linear combination of (3.6), (3.7) and (3.8) we arrive at

d 1 2 1 2
dt{2D2||(Aqn,Aqv)|| (Ag AT dive, ADgn) |+ Dokt || A Ago|l

+ Do Agdivo]® + el A Agn|? — a2 | Agdivol|? — (1 + k2) (AAgdive, Adgn) )
= Dy(A F, Ayn) + Dr(A;G, Ayv) — (A F, Aydive) — (AydivG, Ayn).
Noticing that
3 q 8 q 8 90
12 A fFII<NITAAL I 52 lAg fIl < 52 1Ag £l
for g < go, we have
-1 4 8 q0
(8 A7 divo, ABg) | < 18Vl A Agnll < 321 Agvll Agnll (3.10)
[{(k1AAGv + 12V (divAyv), VA n)| < (k1 + Kk2)]] A2 Ayullll A Agnll
< (K1 +12)270 A Agullll A Agnll. (3.11)

Thus if we choose D; > 0 suitably large, denote for g < qo

H2élD Agn, Agv)|)? — (A, AV dive, AA
4= 75 2[(Agn, Agv) |17 — (Ay ivu, AAyn),

then H, is equivalent to [|(Agn, Ayv)|l. It follows from Cauchy-Schwarz’s inequality, Holder’s
inequality, (3.9), (3.10) and (3.11) that

d
TG 2IH S I(AGF, DGl (Agn, Agv). (3.12)
Let €1 > 0 be a small parameter and denote G, =, /7—[2 + 6%. From (3.12) we get

d
—0q+ 2%71G, S (I(AGF, AgG) || + €12%).

Integrating over [0, ¢] and making €; tend to 0, we arrive at

t t
2%q7iq(r)+f2?%qﬂq(r)dr 52%4H4(0)+/2i4||(AqF, A,G)(D)|ldt, foranyt > 0. (3.13)
0 0
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Second step: High frequencies
. . =+, .
In this subsection, we suppose that ¢ > ¢qq, thus 29 % > 2. Applying the operator AA, to

the first equation of (2.1) and multiplying the result equation by AA,n and integrate over R3,

we get
1d 2 .
37 | A Agnll” + a2 (AAgdive, AAgR) + o (AAG (V- V), ADgn) Gu14)
= (ANAG(F +a1v-Vn), AA4n).
Summing up o +K2 X (3.7)+ (k1 + k2) x (3.14) — ar x (3.8), we get

d az
dt[/c " ||A v|| + = (/q—i-/cz)ll/\A n|| —a(Ag AN™ leU AA n)]

1 2 2 2"20‘2 ) 2 - 2 2
I A Agvll~+ |Agdive]| — a5 || Agdive]| + a5 ]| A Agnl|
K1+ K2 K1+ K2

20{3

K1+ K2

(Agdivy, Agn) +ay(k1 +k2) (ANAG (v - Vi), AAyn)

202
=(—2—A,G, Ayv) + ((k1 +K2) A Ay (F + v - V), AAyn)

K1+ K2
— a2 (AA,(F +ajv-Vn), Ay A~ divo)

— a2 (A (AT VG 4 agv - V(AT dive)), AAn)
+ oo { (AL (v Vi), Ag A dive) + (Ag[v - V(AT dive)], AAgn) ).

Since g > qq, it follows from Cauchy-Schwarz’s inequality and Holder’s inequality that

[{Ag A~ dive, AAGR)| < [[AgIlll A Agnll,

2a; (Agdive, Agn)| < “—2|| A AP+ ——2 | A7 A dive]?
K1+ K2 2 (k1 + K2)?
4~—2
< “—22|| A Agn|? + %n%dimﬁ
< “—2|| A Agn|* + MHA divu|)?
-2 1 9( K2)2
0(2

7|| /\Aqn|| + —||A d1vv||

Thus for g > go, we denote

2

My 2 a4 (K1+K2)II/\A nl? — aa (A Agdive, Adgn),
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then H, is equivalent to ||[(AA4n, Ayv)|. So that straightforward computations and Lemma 2.5
lead to

EHé +H2 SN(8gG. ADG(F +a1v- Vi), Ag(v- V(A dive))) | H,

_2 _3
+Cq||v||B%( MMollzz 1A Agnll +2 3|
2.1

1Aqvll)

3
B2
21

(3.15)
< [||(ch, A (F +a1v - Vi), Ag(v- V(A" divo))) |

Feqlvl s @7l +273 0l 3 ) [Hy.
2

2 1

Let €2 > 0 be a small parameter and denote G, =,/ 7—[2 + e%. By (3.15), we obtain

794+ Cq S 1(AgG, ADG(F +ajv-Vn), Ay(v- V(A dive))) |

) _3
+cqllvll g Mollgz +2 2qllnll 3)te.
21 21

Integrating over [0, ] and making €, tend to 0, we get

t

2599, (1) +/2%qu(r)dr
0

t

/ 239 (A G, AA(F +ayv - V), Ay (v - V(A" dive))) () llde
0

S 2%%(0) + (3.16)

+cq/||v(f)|| g(ffqllv(f)llgz +27 qlln(f)ll 3)dr,
0 2

2 1

for any t > 0.

Combining (3.13) and (3.16), we conclude after summation over ¢ in Z that

1 1
@133 +IvO1 11 +/||n<r>||g%,%df+/||v<r>||g%%dr
2 2,1 0 2,1 0 2,1

t

21( 3 + [v(0)] %% /ll(G AF +aiv-Vn),v- V(Afldlvv))(t)n zl{%
21 21 0 21

S n Ol

/Ilv(f)ll s (v@llgz, +|In(f)ll 3)dr. (3.17)
2 21
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By Holder’s inequality, Cauchy’s inequality, Lemma 2.1, Lemma 2.2 and Lemma 2.4, the terms
on the right hand side of the above equation can be estimated as follows.

(G, v- V(A" dive))|| 11
( Mo
S o Voll_yy+lv- VA divel +||<———>v I ;T]+||<———>v2v|| .
BZ‘I BZ,] 2,1 21
1 1 1 1 2
Sl 3 IVl gy +l= =<l 0Val s +1= =<l 3 IVl 1,
BZ.I BZ,I p '0 322,12 BZ,I p p 3221 32412
1
SAIVolT+1l= = <l2linll o3 + ||— - —I|2||v|| 95
o B2 B2
<
S IVl +3lnl g 3 +8lvl s s (3.18)
2 2I
and
I(AF+aiv-Vo))ll 11 SIF4aw-Va|| s
3241 2412
SV vl g3 +1IVePl g3
P B’ (3.19)
Sliall 3 1Vell s +||Vv|| 3 IVl 51
B21 24 : 21 24
<
IVollF +8llvll s
2,1
Substituting (3.18) and (3.19) into (3.17) gives
In@l 13+ 1Ol 1 /un(r)né%% /IIU(T)IIE%
2 21 2,1 2,1
(3.20)
S IOy 3+ VOl /uwmnldr
21 21
Third step: Further regularity properties for v
By (3.7) and taking the similar argument to (3.16), we arrive at
IOl 3.4 /nv(r)nﬂs%
2]
t
<
OIN %%-Fflln(f)llégg /uG(r)uB%j (3.21)
21 0 2,1 2,1
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S IO 13+ O] 54 /IIVv(f)II
21

1
Z
2 1

Combining (3.20) and (3.21), we obtain (3.5). The proof of lemma is completed. O

The proof of global existence. Now we are in a position to verify (2.2) and (2.3). From (3.2)
and (3.3), there is a function H;(n, v) which is equivalent to || (n, v) ||% and such that

4 2 2
P Hy(n(t), v()) + C(I1Va@®)|I1 + IVv@)l3) <0, forany ¢ >0, (3.22)

which implies (2.2) since § is sufficiently small. Adding the above inequality to (3.4), then by
Gronwall’s inequality, we obtain

lo ()13 < 11(1(0), v(0), & (0)]* exp / IV0(@ = + V20l 5d . (3.23)

Taking (2.2) into (3.5), we obtain

lnON 13+ Ilv@I 11 /||n(f)|| 9 3d /||U(T)|| 9 s5d
g24 p) 2412 [324 2 [5.24 ) (3.24)
< I7(0), v(0) Iz
Noting that B4 i < L and B 3, substituting (3.24) into (3.23) yields (2.3). Thus the

proof of the global existence result of Proposmon 2.2 is completed. O
4. Decay rates

In this section, we are devoted to prove the decay rates (2.4)-(2.6) in Proposition 2.2. We shall
first obtain the energy inequality for the derivatives which can be controlled by the first order
derivatives. Then a decay-in-time estimate for the first order derivatives is derived by the error
related to the derivatives of the higher order. Combining these estimates we obtain the optimal
decay rates. More specifically, adding ||V (n, v)||* to both sides of (3.3), we arrive at

iH(t)+H(t)+||v3 OII><C|V NI 4.1
M 1 v = ClIV(n, v)@)|”. 4.1)

In order to close the estimate (4.1), we shall establish the decay rates estimate for |V (n, v)(¢)]|.
By Duhamel’s principle, we can represent the solution of the first two equations of (2.1) in term
of the semigroup

t
Ut)=e AU ) + / e~ "DA(F G)(1)dr, 4.2)
0
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where U (t) = (n(t), v(¢t)) and A is a matrix-valued differential operator given by

A 0 ardiv
T \aaV  —k1A —kpVdiv ]

In terms of the Fourier expression A, the solution semigroup e’ A has the following property on
the decay in time, which has been proven in [27-29,31].

Lemma 4.1. Let £ > 0 be an integer, 1 < p < g and q > 2. Then for any t > 0, it holds that
IV AU ©O)lle S A+ PEONUO) e + e WU O] (4.3)
where O < ¢ < 1 is a constant and the decay rate is measured by
31 1 Y4
o(p.git)=3(= =)+, (4.4)
p q 2
Moreover, if ny < cg, Vo = 0 for || K 1, then there exists a positive constant ¢, such that

. _3
min{[n ()|, [v@} = c2(1 + 1) 4. (4.5)
The following lemma is concerned with the elementary but useful inequality, see [8].

Lemma 4.2. Let r1 > 1 and r; € [0, r1], then for any t > 0, it holds that
t
/(1 +t—0)"A+1)2dt <C(r1,r)(1 +1)7"2. (4.6)
0

Now we use the LP — LY estimates of the linear problem for the nonlinear problem
(2.1)1-(2.1),. Define the function

N@®) = sup (1+10) 3 H (1),

0<t<t
then
IV, v)(#)I1 SvH1(t)§(1+t)_%vN( )s 4.7

and the time decay rate for the first order derivatives of the solutions is obtained in the following
lemma.

Lemma 4.3. Let (n, v, o) be the solution of the initial value problem (2.1), then it holds

IV, )OI < (1 + t)_%(ll(no, v)ll 1+ 1l (0, vo) Il + 8v/N (1)), 4.8)
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Proof. Applying (4.3) to (4.2) with £ = 1, we obtain
_3
IV @, ) S A+ 073 (ll(ro, vo) I 1 + (0, vo)ll1)

t
+/(1+t—r)’%|I(F, G)(D) | dT
, “4.9)

t
+ / e TIN(F, G) () hdr.
0

By right of Holder’s inequality, Lemma 2.1, (3.1), (4.7) and some tedious but straightforward
calculation, the nonlinear term (F, G) can be estimated as follows

I(F, G0l S 31V )0l S8+~ I (@),
ICF, &Y S 81V, v)(D) 11 + IV @)

<81+~ TN + 81V

Substituting the above inequalities into (4.9), we arrive at
_s
IV, )@l < A+D7% (10, vo)ll 1 + | (20, vo)l1)

t
+5/(1 tr— i1+ T N(@de
0

t
+35 / e~ U= 3y (1) ||dt
0

<A +073 (1m0, v) 21 + 11010, v0) 1)

F8(1+0)" 3N (1)

t
+6 / e~ U= w3y (1) d.
0

(4.10)

We need to estimate last term on the right hand side of (4.10). To begin with, by Holder’s in-
equality and (2.2), we have

I3

2
/e—“”’—f)uv%(r)udr
0
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<

< sr2e~cU+) <51 411,

t
1

12 1
e—20<1+’—f)dr)2(/ ||V3v(t)||2dr>2 4.11)
0

o\awww

Furthermore, (4.1) gives rise to

d

(e @) + (1= e T H @) + e O V()P
T

S TV, v @))%
Integrating the above inequality from % to ¢, we deduce

t t
t
/e—c(l-i-t—r)llv?:v(f)”ZdT SC_C(I—H_%)HI(E) +/e—c(l+t—r)||v(n’ v)(t)||%dr
L L
2 2
t
< §2e—c(+5) 4 / e U+ =D 4 1)73(%7%)71./\/(1)411:
t
2
<82+ L (140 2N (),

which, together with Holder’s inequality give

1 1 t
1

1 1

/C_C(1+t_r)||v3v(f)||df 5 (/e—C(l-l-t—‘E)d_c)Z (/e_C(1+t_T)||V3U(T)||2d‘[)2
: : :

. (.12)

< (5%*“(1*%) ++ z)*%/\/(t))2

SA+073(6 + YN @©).

Putting (4.11) and (4.12) into (4.10) we deduce (4.8). The proof of lemma is completed. O

The proof of the time decay rate. In terms of (4.1), (4.8) and Gronwall’s inequality, it is easy
to get

t
Hi(6) S e Hy(0) + f |V (n, ) (1) Pd T
0

t

Se'Hi(0) + f eI+ 1) 3 (00, v0) 121 + [l (no, v0) I3 + %N (0))d e
0
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S A+073 (00, v 121 + [l (no, v0) I3 + 8N (1)),

that is

(1 +D3H (1) S (100, )12, + 110, v0) I3 + 82N (1)) (4.13)

We note that A/(¢) is non-decreasing and § is small enough, then (4.13) implies

N @) S 1100, v0)lI71 + [l (o, vo) 13- (4.14)

Taking (4.7) into (4.14) yields (2.5).
Next, we turn to prove (2.4). Applying (4.3) to (4.2) with £ = 0, we have from (2.5) and (4.5)
that

I )@ S (1 +1)73 (100, vo)ll 1 + Nl (o, vo) )

1
+/(1 +1 —T)_%(II(F, GO+ I(F, G)(0))de
0

<A +073 (1m0, v0)lI 1 + 110, v0) )

t
+5/(1 i —1) 1|V, v)(0)|ldT (4.15)
0

t
S[a+n7i +5/(1 +t—7) 31 41)"id1]
0

(Il(no, vo) Il .1 + 1l (0, vo) lI2)

sa +t)_‘3_‘(||(n0, vo)ll .1 + [l (o, vo)l2).

By the interpolation, it follows from (2.5) and (4.15) that forany 2 < g <6

1. D)D) l12s < 10 DOI T IV )OI T < (4 +072972 (1610, v0) 11 + (1. v0) 1),

which is (2.4).
Finally we turn to prove (2.6). Using (2.4), (2.5) and (2.1), it is easy to get

10: (n, v, )OI SNV + VDIl S (A +t)_%(||(no, v)llz1 + ll(no, vo)l2),

which is (2.6) and this completes the proof of the time decay rate results of Proposition 2.2. O
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5. Lower bound time decay rates
In this section, we investigate the lower bound time decay for global solutions. Define

P ¢, P
P:V v

R R

1 2
+ Eplul , My = POUQ.
Then the second and third equations of system (1.1) can be rewritten as

Pr+ B divm = F,

; . .1)
my+ VP —k1Am — iy Vdivm =G,

where
F = —div(Pu + nu) - Mdiv[(% - %m] T div(uT).
and
G= _div(@) + MA[(% - %)m] +(u+ k)VdiV[(% - %)m] + Z—ZV<p|u|2>.

Denote matrix-valued differential operator

(‘v+R5ﬁ 3
A/ _ 0 LR—ﬁdIV ’
XV -k - Vdiv

then the solution semigroup e~'A" has the following property on the decay in time as the solution

semigroup e~ A in Lemma 4.1.

The proof of lower bound time decay rates. By Duhamel’s principle, Lemma 4.1, and the
condition (1.11), we arrive at

t
min{[| (P, m)(0)|[} > e~ (Py, mo)|| — / e~ DA (F, G) () |ldx
0 (5.2)

t
> 31403 — / le= DA (F, G)(0) .
0

The second term of the right-hand side of the above inequality can be estimated as follows.
On one hand, taking the same argument in (4.15), we get

MO ¢ BV o)) o) e

t
/ ”e—“—f)A ( — div(Pu + nu) + div(T), —div( -
Cy
0
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< /(1+t—1:) i

(Puna )0,

t
< /(1+t—r)_%||(77,u)(r)||%dr 5.3)

5 3
< /(1 +t—1) 4(1+1) 2dt

< (14071

On the other hand, by Lemma 2.2, we have
oA _ @+ BP 11 .1
/ Jemo0 (- LB = Sl — 2]
(0 VdiviE - —_)m])(r)”dr
p P

R , 11
S /(1+t—f) S(IAT3 (= = m]@OI + | A7 [(= — 2)m](T) DdT
o P o P

- 1 s 11
S /(1 1—1) 6[II(———)(T)II fllm(f)ll + IV (;_5)(7)”””1(7”“00

L
12
2,1

v = Lo 1vm@ e + 1 = Dol 1v2m e (5.4)
o P o P
< f(1+t—r>-%(||A% m()| + [Vm()||1)dz
< /(1 1= 1) 6 AT m(D)| + |Vm(D)|)dT
< /(1+t—r)*%(1+r)*%dr
< (1 +1)7 .
Plugging (5.3) and (5.4) to (5.2) gives
min{|(P. m)(1)|[} > ca(1 +1)73. (5.5)
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Thus by the relation between (P, m) and (n, u), (2.4) and (5.5), we get (2.7). Thus The proof of
lower bound time decay rates results of Proposition 2.2 is completed. O
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