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1. Introduction

Recently, fractional differential and integral equations have been extensively applied to numerous seemingly diverse and
widespread fields of science, engineering and finance. For example, fractional calculus has been extensively and successfully
applied to the problems in system biology [35], physics [2,20,22,38,39], chemistry and biochemistry [34], hydrology [3,12,
13], medicine [5,21] and finance [23,29,32].

The cable equation is one of the most fundamental equations for modeling neuronal dynamics. Langlands and his coau-
thors derived fractional cable equations in [8] as macroscopic models for electrodiffusion of ions in nerve cells when
molecular diffusion is anomalous subdiffusion due to binding, crowding or trapping. They also introduced fractional Nernst-
Planck equations and related fractional cable equations to model electrodiffusion of ions in nerve cells with anomalous
subdiffusion along and across the nerve cells in [9]. Hu and Zhang [6] have studied the implicit compact difference schemes
for the fractional cable equation. Two new implicit numerical methods for the fractional cable equation were considered
by Liu and his coauthors [14]. A novel fully discrete Crank-Nicolson finite element method, which is obtained by finite dif-
ference in time and finite element in space, is presented to approximate the fractional Cable equation in [15]. Besides, in
[31], a Galerkin finite element method combined with second-order time discrete scheme for finding the numerical solu-
tion of nonlinear time fractional Cable equation is studied and discussed. A temporal second-order fully discrete two-grid
finite element scheme, in which the spatial direction is approximated by two-grid finite element method and the integer
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and fractional derivatives in time are discretized by second-order two-step backward difference method and second-order
weighted and shifted Griinwald difference (WSGD) scheme, is presented to solve nonlinear fractional Cable equation in [18].
Recently, concerning the numerical treatment of the two-dimensional fractional cable equation, Yu and Jiang [33] proposed
a fourth-order compact finite difference method.

Block-centered finite differences, sometimes called cell-centered finite differences, can be thought as the lowest order
Raviart-Thomas mixed element method [24], with proper quadrature formulation. The application of the block-centered
finite difference enables us to approximate both the pressure and velocity with second-order accuracy which is obtained
the superconvergence analysis on non-uniform rectangular grids. In [1], Wheeler presented the mixed finite elements for
elliptic problems with tensor coefficients as cell-centered finite differences. And in 2012, a block-centered finite difference
method for the Darcy-Forchheimer model was considered in [27]. Besides, in [10,16,19,26,28] block-centered finite difference
methods were developed to solve linear and nonlinear equations.

As far as we know, the time fractional equations with Neumann boundary condition have recently been studied by many
researchers [7,25,37]. But there is no block-centered finite difference method for the nonlinear fractional cable equation with
the Neumann boundary condition on non-uniform rectangular grids. And in this paper our target is to present the block-
centered finite difference method to solve the nonlinear fractional cable equation with the Neumann boundary condition
on non-uniform rectangular grids. Furthermore, Unconditional stability of the method is proved. Besides, we demonstrate
that the block centered finite difference scheme has «-order accuracy in time increment, where o = min{1 + 1,1 + y»}
and second-order accuracy in space meshsize both for the original unknown, called pressure in porous media flow, and its
derivatives, called velocity in porous media flow, in discrete L* norms on non-uniform rectangular grid. These error esti-
mates are superconvergence. The key step to the superconvergence analysis, is to construct a proper relation between the
velocity u and the difference of the pressure p. Then some numerical examples are carried to show the accuracy of the
presented block-centered finite difference scheme.

The paper is organized as follows. In Sect. 2, we give the problem and some notations. In Sect. 3, we present the
block-centered finite difference method. Then in Sect. 4, we present the analysis of stability and error estimates for the
presented method. Some numerical experiments using the block-centered finite difference scheme are carried out in Sect. 5.

2. The problem and some notations

In this section, we first describe the problem of two-dimensional nonlinear fractional cable equation (see [6,14]) with
the Neumann condition in this paper, and present some notations which will be found helpful in the following analysis.
Find p = p(x, y, t) such that

ap 1— _
a5 = KoDi "Ap— oDt D+ f(, . P, Xy, EQx ],

with Neumann boundary condition
Vp-n=0, (X, y,t)edx ],
and initial condition

P lt=0=po(x, ¥), (X, ¥y)€Q,

o 0
where 2 =(0,1) x (0,1), J = (0, T], n represents the unit exterior normal vector to the boundary of 2, V = (5 @)

po(x, y) is given known function. 0 < y4, ¥2 <1, K >0, u > 0 are constants, and 0Dgfyp is the Rieman-Liouville fractional
partial derivative of order 1 — y defined by

t
1T 9 [pxy1)
Lyyot ) (t—n)'~7
0

oDt T p(x, y, ) = dr, 0<y <l1. (1)

Introduce u = (u*, uY) = —Vp, then the nonlinear system of above equations can be transformed into the following
formulation
0 g plny D} p= Q
50 T KoPe ‘u+ gD p=fxy,pb, &*ytex],

u=-Vp, X y.H)eQx/], (2)
u-n=0, x,y,t)edx],

pli=o=po(x,y), (,¥)€.

In particular, the nonlinear reaction term f(p) satisfies the smoothness assumptions [17]:

Al |f(p)I < Clpl,
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A2: The first-order derivative of f(p) with respect to p is bounded, that is to say, there exists a positive constant C such
that | f'(p)| < C.

Now, we define some notations. Let N > 0 be a positive integer. Set
At=T/N; tp=nAt, for n<N.
The two dimensional domain € = (0, 1) x (0, 1) is partitioned by 8x x &y, where
5x10=x% <X% <"'<XNX—% <XNX+% =1,
Sy:O:y% <y% <---<yNy_% <yNy+%:1.

Fori=1,.--,Nyand j=1,.--, Ny, define [27,28]

X1 +Xi 1
Xj= —+—>,
2
hi=X,-+1—X,-_1, h= max h;,
2 2 1<i<Ny
P _hi+hig
i+%—Xi+1—Xi—f,
VitV
.VJ_ 2 ’
I<j=y.+l—y.”, k= max kj,
A 1<j<Ny
ki+k;
. ] Jj+1
kipr=yim—yi=——5"—

For functions f(x, y) and g(x, y), define the L? inner products and norms

(f,g)=/f(x,y)g(x,y)dxdy, fll=v(f, ).
Q

Let g; j, 8ivljr 8ijtl denote g(x;, y;), g(xH%,yj) and g(x;, yH%). Define the discrete inner products and norms as
follows:

Nx Ny

(f.®m=Y_> hikjfi g

i=1 j=1
Nx Ny

Foox=) ) i 1kifi1 8 1

i=2 j=1
Ny Ny

fQy=D ) hiki 1 fi; 18 1.

i=1 j=2
.g)rm=(f* 9%+ (7, ")y,
I =(f, i, i=mxy, TM.
Noting that for f, we have || f||m = || f]l, then we define

gi+1,j — &i,j
[dxg]i+l i 5 .
? hiy 1
8i,j+1 — &i,j
L]+3 kj+%
gprl,j _gi,l,]’
[ng]i,j = %,
i

8ij+l ~8ij-1

[Dygli,j= 0
j

’
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gn _ gn—l
degl'=>—°>—,
[d:g] AL
(Degpt! = 38— 48" g
2At '

Next we also give some lemmas which will be used in stability analysis and error estimates. Denote by
2 2 92
hJ 8 ax2 8 9y?)/;; 8 ax2 8 9y? ’

Xit1
~x 1 ; h,'2+1 2 83p
€i11)2,j(P) = —— — (X —Xit1) PPl (%, yj, Ddx

2hit1)2 4
Xi+1/2
Xi
1 h? 5\ @%p
— -t — ¥ _ , ‘,td
2hisi / <4 X =x0)" | =5 (. y . Ddx
Xit+1/2
2 Xi+1 3
j
——(x, yi, t)dx,
8hit1/2 / axayZ( Yi-t

Xi

and

v e, a3p
’e‘{m/z(p)—i / (”—(y—ym)z) ﬁ(m,y,t)dy

2kjiap 4
Yij+1/2
Vi 2
1 / ks ,\ °p
- == =y)7| -5k, y,0Hdy
2kj+1/2 <4 J ay3 !
Yij+1/2
Yij+1
i / a3p2(xi,y,t)dJ/-
8](j+1/2 s 3}/8)(
J

Then we have the following Lemmas 1 and 2 which can be proven similar to the literature [28].

Lemma 1. If p is sufficiently smooth, then there holds
Uir1)2,j = —ldx(p — &)lit1/2,j — €412, j(P),
ul}tj-&-l/z = _[dy(P - 8)]1',]'-4—1/2 - gi}.)j_;,_l/z(p)a

with the following approximate properties
€412, =0 (h2 + k2>, ng},/j-rl/z(p) =0 (h2 +k2) .

and w?

Lemma 2. Let q; j, w P12

X X — X — wY — wY —
i11/2,j be any values such that W12, = Wet1/2.5 = Wi = Winy+12 = 0, then we have

(@, Dxw™)m = —(dxq, W)x,
q, DyWy)m = _(dyq’ Wy)y~

Throughout the paper we use C, with or without subscript, to denote a positive constant, which could have different
values at different appearances.

3. Block-centered finite difference method

The objective of this section is to consider the block-centered finite difference method for equation (2).
Firstly, for the convenience of theoretical analysis, we now denote

Gy =(k+1)" —k. 3)
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Then from the literature [11], it is not difficult to verify that

1=G) >G/>G) > >G> > A"V >0. (4)

The following lemmas will be used in the derivation of the difference scheme.

Lemma 3 ([30]). For 0 <y < 1and g € C2[0, t,], it holds that

g AtY1 o7 y
tn) leld ty) — G 0
F(y)/(tn—r)1 ~Tasy £ kzl( ni-1— G &t — Gy_18(0)
ty (5)
n K
= fLy,n(t)g”(r)dr,
kzltk—l
where for T € (ty_1, ty),
1 A ty— 7
L =—(th—7) = | ——(ta — )" th—t—)? | ).
y.n(T) rd+y) <(n 7) |: At (th —ti)" + At (th — tg—1) :|)
Furthermore, Ly, n(t) > 0, and
n 1
1 )4 2!ty y—1 1+y
g%/LyﬂfMI_Fa+y)[ +1+y-41+2 )| ALY, (6)
k-1

To analyze the truncation error of the Riemann-Liouville fractional derivative, we need the following property. Suppose
that the function g(t) is (m — 1) times continuously differentiable in the interval [0 T] and that g™ (t) is integrable in
[0, T]. Then for every k (0 <k < m) the Riemann-Liouville fractional derivative 0D g(t) exists, and f 0<m—1<k<m,
then for 0 <t < T the following equation holds [36]:

m=1 .G (gyri—k F g
gy 0yt 1 g (1)
Dfgty=) . — (7)
pars rai+j—k Tm—-k J (—7)k—mt
= 0
Then by using Lemma 3 and equation (7), we have the following result.
Lemma 4. Suppose u(x, y, t) € C2(J; C3())?, then it holds that
(o047 V- u) (i v t)
AtY1
Y k Y 0
1—-(1 ) |:Du1] Z(Gn k-1 Gn—k)Dui,j - GnlDui,ji| (8)
y—1
n (0] . .
F()/)Du,,j + (R} j+ (R} j, 1=i<Nx,1<j<Ny,1<n<N,

where Du = (Dxu*, Dyu”) and (Rl)'}’j, (Rz)ﬁj are defined as follows:
(R} ;

. 33uX a3uY
=Z/Ly n(T)< tz(xl 172 + hiX, J/],T)‘i‘ tz(xz»}’] 1/2 +kjA, T)>d)¥df
l<=1tl€71

and
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83)(

=i D77y g tn) + D7 28 (x-—ﬁs L) ) (1 —s5)2ds
= ol 9 TS Yijstn A KT » Yijstn
0

1
1— 83uy k 1— 3 l
f oDt V5 i yj+ st + D, <hu 55t ) (1=9)%ds.
ay 2
0

If we denote

Cly) = (Ji”+ 21+y __(1+_2y—1)>’
ra+py\12 " 1+y
then
83ux 3.,y
|(R1)?j| + |(R2)ﬁj| <C(y) (|| %2 Loy 1oy + == 2o ||L°°(_],L°°(Q))> ALY
3,,x
||0 D, <887L;> Il oo (. 1o (@) h? (9)

1, 1oy (P )
5al0De (8—y3 llzoe (g, Loo () K5 -

Proof. Let v(x, y,t) = ODg_yu(x, y.,t). Then we have

1—
oDt (V- =v.v

Utilizing Taylor expansion with integral remainder, we have

h,2 33vX h; 93vx h; 5
V. v _Dv it 16 ﬁ(xi + Es,yj,tn) + ﬁ(x,- - 3s,yj,tn) (1 —ys)“ds
0
. (10)
k kj a3vy k;j
J J 2
1—/( i, yj+ s th) + ——- PYE (i, yj — 5s,tn)> (1—s)%ds.
0

It follows from equations (5) and (7) that

no_ 1- Yu
vy =[opi 7]
g 1 f ou )
uxi, yj,s _
?]+ / isYj (fn—T)y ldT
TG YT
Aty 1 (11)
V k }/ 0
r(l+y)[ Z(G" k1~ Gnij — Gy ]i|
!
o ,J+Z/Lyn(r)az(x1,yj,r)dr
k= 1fk .
Substituting equation (11) into (10), and using the equation
1
82u 93uX
8t2 Xi, ¥, T) = W(Xi—uz—i-hik,yj,f)dk
’ (12)

a3uY
+faaﬂmmjm+mxww
0

Please cite this article in press as: X. Li, H. Rui, Stability and convergence based on the finite difference method for the nonlinear fractional cable
equation on non-uniform staggered grids, Appl. Numer. Math. (2019), https://doi.org/10.1016/j.apnum.2019.11.013




X. Li, H. Rui / Applied Numerical Mathematics eee (eeee) e0e—eee

we obtain the first statement.
Applying Lemma 3 and noticing that

BBUX a3uy
|/axatz(xi_]/z+hi}“’yf’f)dk+/a Py 5 (X, Yj—172 + kji, T)dA|
0
3yx 3,y
< o0
S el RN IR Pyerel

Loo(J,L>(£2))

we can obtain that for 1 <i <Ny,1<j <Ny

I(Rl)?jl
1 y 21ty uX 93uY
< — ‘1 277] oo o) (o) At1+}’_
_F(l+y)(12+1+y 1+ ) ||8 3t2”L (J,L%® (Q))+||a 8t2||L (J,1°(S2))

On the other hand, it is easy to find that for 1 <i <Ny, 1<j <N,
1 1— 83 X
n 14
|(R2)i,j1 =57 llo D ( a3 ) = 1@phy

1, 1y (3 )
74 loDe (W llzoo g, o0 (k5 -

Thus the proof is completed.

Now, denote by {Z", W*", Wy’”};\’:] the block-centered finite difference approximations to {p", u"’”,uy’"};\]:

tively. Then the scheme is as follows:

Casel: n=0
Atr2 (2! ke !
ezl + 2 azp + B 70 20 (pwx D, w0,
Y T +y2) S Ty Y Ty :

KAth 1
A 14w + D, W] = F(Z0),
F(]+)/l)[ t( X + y )]l,] f( 1’])

Casell: n>1
y2—1 y1—1

n
ut K
D ZIM + GV [dez ! 4 0L 720 4 ML (p WX 4 Dy WY
(D ]l-,] 1"(] Z n— k[ t l] F(VZ) l,1+ I'(y )( + )

r(1 ch i [de(Dx WX+DyWy)]k+1 — ezl -z,

and

Wi =2 L TSisNe=1 1< <Ny,

Wl ==y ZI L 1sisNoT<j<Ny—1.

Set the initial approximation as follows:

Z)i=po;, 1<i<Nx,1<j<Ny.

APNUM:3704
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(15)

1» Tespec-

(16)

It is easy to see that at each time level, the difference scheme (16)-(19) is a linear system with strictly diagonally

dominant coefficient matrix, thus the approximate solutions exist uniquely.
4. Stability and error analysis

In this section, the analysis of stability and the error estimates of the scheme (16)-(19) are given rigorously.

equation on non-uniform staggered grids, Appl. Numer. Math. (2019), https://doi.org/10.1016/j.apnum.2019.11.013
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4.1. The analysis of stability for discrete scheme

In this subsection, we will give the analysis of stability for the difference scheme (16)-(19).

Theorem 5. For the scheme (16)-(19), the numerical solutions Z" and W" can be bounded by the following inequality

n|2 - k|2 v - 2 v 2 2
[z + (o ac|z] )+ (2ot ) =clipol +C ol
k=1 k=1

where C is a positive constant which is independent of h, k and At.

Proof. Multiplying (17) by Z?'J.Hh,-kj and making summation on i, jfor 1<i<Ny, 1<j<Ny,n>1, we have

,l,LAl'y n ut }/2 1
(thn+1, Zn+1) ZG (dtZkH, Zn+1) 4 D M1 (ZO, Zn+1)
F(l +72) m  T'(y2) m

KAt &

G (d D WX,k+] +D Wy,k+1 ,Zn+1)
F(1+V)Z t(Dx Y ) m
Ke!

n+1 (DXWX’O—i—DyWy’O,Z”Jrl)
L) m

=(f@z"—z"h, M)

Firstly, we estimate the first term in the left hand side of equation (21).

2 112
(D20, 2, = [(|| 2 o 2z =2 ) = (12 + 227 = 2
+zmt —2zn 4 2

Then the second term in the left hand of equation (21) can be transformed as follows:

n
ULALY? chz <dt2k+1 Zn+1)
L1 +y) & ’

m

1 n
:l—,l‘j,lAtVZ 1 ZGIJ:Z (Zn—k-H _ Zn—k’ Zn+1)
I +y2) =

m

TN Vol o |12 n—1 V2 Y2 n—k on+1 V2 (50 n+l
=l“(] +99) GO ||Z ||m_Z(G] Gk+1) (Z ,Z )m_Gn (Z A )m .
k=0

Using Lemma 2, we obtain

(wax,rki’]’ Zn+])m - _ (WX.TIJrl’ den+] )x — ||WX,T1+] 2

llx>

(DyWy'”‘H’ Zn—H)m — _ (Wy,n-t-l ’ dyZn+1)y — ”Wy,n-H ||§/

APNUM:3704

(20)

(21)

(22)

(23)

(24)
(25)

Then similar to the estimate of equation (23), the fourth term in the left of equation (21) can be transformed as follows:

n

KAth
cn (d D WXkl 4 p WK+ 7Zn+1)
F(1+J/1)kZ=O -t \4(Dx y )

n

KA1 _ _
:F(] — J/]) chj:l ((DXWx,k+] + DyWy,kJrl)n k+1 _ (DXWx,k+1 + Dywy,k+])ﬂ k’ ZTI+])
k=0

_ kam—!
r+yn

Kam-1 121
Y1 —k +1
T+ Y1) Z (G Gk“) (Wn LW )m'
k=0

m

m

I:G(})ﬁ W ||§ el (WO7W11+1) ]
m

(26)
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Then combining equation (21) with equations (22)-(26) and multiplying both sides of equation (21) by 4At give that
(I + 2zt = 20) = (12" [+ 22" = 2, ) + 2" =227+ 2 |
A ALY Y2 || pnt1(2 _ni] Ya _ 12 n—k on+1) _ Fv2 (50 ontl
e e B D (e () - (),
AKA T 2 = ( 0 n+1> ] 27)
iy (00 I T =G (w0, W),
AKA 5 71 n—k yyn+1
T +y) g(ck G’<+1) (W W )m
=4At(f@z"—z"h, ")
where G =Gl —yn+ 1)1, 1=1,2.
In particularly, we have
Gl'—-Gll, >0, Gl>0,1=12. (28)
Observing the smoothness assumption A1, equation (28), and using Cauchy-Schwarz inequality [4], we obtain
2 2 2 1112
[l 15 + 2z = 27() = (12 + 22" = 2,
_ 4L ALY? 2 4K At 2
ZMH1 _ggn o gn-1 2] n+1 w1
+ 27 ]+ s 12 s W
2MAtVZ n—1 _k 2 2 2
ST+ LZO(G -G ‘ 4 Hm+ |27 + Ga? ZOHm (29)
2KA [ cn n—k 12 7 [lwoll?
st (S - at e, - w iy o (W,
_1112 2
+eac(|z)n + 12 I+ 127 ]5) -
Consequently, we can obtain
2 2 ZuAt k2
(I s oz = 27) + 23 (1 s S [
2K AN
F(l +») (” w! HTM ZG"“ Hwn k”rM)
_ 2unt 2 2 2uAL” 2 (30)
g Zn 2 zzn_zn 1 2) GVZ Zn k” GVZ ZOH
(” Hm+ ” ”m + T(1+y3) g k m + r'(1+y2) n m
2K ALY Zi ‘ wik[? L 2KAT OH
TTa+m - F+yn " ™
+CAf(HZ"Hm+ [z + 127 3) -
Let
QW =21+ [227 - 2+ 2B g
’ " mTA+y) o m
k=0 (31)

2K ALV X}
T &

W,

then we obtain
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2L ALY 2 2K AtM
Q™ W —(znwh < g |20 4 2XAU g fwe|
1+ y2) ra+yn ™ (32)

reac(zln + 12 1+ 125) -

Summing on n, n=1,---M — 1(M < N) and noting ||Z"|2, < Q (Z"), we give

M-1 M—1
2UALY2 2 2KAMN
ZM WMy <0 (21 W) + Gr ZOH + ol 0”
e ) <Q( : F(1+yz)n§ ! r(1+y1),; ! ™
(33)
M NE
+CAtY QZ" WY + CA Hz H
m
n=1
We can choose At such that 1 — CAt > 0, applying Gronwall’s lemma [4] gives that
M-1
AtYV2 2 2
M WMy <coz! WY +C| —— H ~|—AtHZOH
Q( ) <CQ( ) F(HVZ); . .
M—1
AN
Crirym 2 o Wl
FA+y) = ™
AtY2 2 (34)
<cQz',w! +c[7 M” —1 +At] HZOH
Q ) Ir'+y2) ( ) m
At 2
FC—— (M —1) HWOH
r'a+y) ™

1 1 02 02
<CQZ',W)H+C|Zz +C|W
m ™

For the next procedure, we need to consider the estimation of Q (Z!, W'). Similar to the case n > 1, we can easily obtain
that

2 2
Q(z1,wl)5cHz°H +CHWOH : (35)
m ™
Then combining the equation (34) with (35), we get
2 2

Q@M wM)y<c|2°| e W< Clipolly + € lluolify (36)
Note that

Gl =Gl =N" = (N= 1) > yAtt 7, [=1,2. (37)

This completes the proof. O

Remark. Taking notice of equation (20), we can easily obtain that the numerical solutions Z" and W" in discrete norms can
be controlled by the initial condition py and ug under the assumption that A1 holds.

4.2. Optimal error results
In this subsection, error estimates using the given scheme are obtained. Firstly, we quote the following result.

Lemma 6. If p € C>(J; C2(R2)), then we have

n

AtY2
V2 k+1
DGty

F(+y) =
Zﬁ At n Gyz dt <82—p>k+1 +k§ A2 i (82p>k+1
8 [ T+yn & " \ox? ) T +y2) & L4
=0 (h2 +k2) .
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38MHT _45n 4 501

h?a?p  k*ap h?  (9%p ko (92p
dst. =d, [—2 £ .2 22} _Tig —Jd 0 (n2+12)
) t(s 8x2+88y2)i- 8 t<8x2> g t(8y2>i’j ( +‘)

The proof of this lemma can be obtained easily. From equation (2), we have

and

Casel: n=0

1 -1
[ L _par” ][t I iz e 50 Kt Dud
2) Py ™™ T M

ra+y,
KA (38)
th
F(]+ [tu]l]_f(p1])+ZEkl]’
k=1
Casell: n>1
y2—1 yi—1
WAL 2 k1 Mt o Ky o
(D p]n+1 ——— ) G, [dip 0.+ pu’ .
f LA +72) Z LT TRy P T P
B (39)
KA & G 1d.Dultt! 2 gt
1_,(1 Z nk[fu] = f( pi] P,])+Z ki, j’
where
ap 1
E;,i,j = f(pzlj) - f(P?j),
-1
AtVZ MtVZ 1
Enf1'= H GVz d l<+l n+1 0 DY n+
Y 7F(1+V)Z Lldep 13+ e = w[oDE R
KA & kel ! i
Bl = == 36" [dDult! + L pu?, 1<[ D ”Vu] :
ST+ ) ,; LRl T ot ij
8p n+1
+1 +1
L
Egt L =Fith — fep}; - pi7h.
Subtracting equation (38) from (16) and equation (39) from (17), we obtain the error equations.
Casel: n=0
-1 - -1
ALY TS o ket
1+——|[d —2)]; ; —27Z); D(u-W
[ +F(1+7/2)][ t(p— 2+ T P—2);+ r( 3 (u-W)?;
KAtN (40)
t 1 0 0 1
+ —1_,(1 Y [dtD(“'W)]i,j = f(p,',j) - f(Zi,j) + ZE’U,J’
Casell: n>1
N2 utl? ]! ke !
D 7 n+1 M d PA) e i R By 1 pea-wP
De(p = DN} + 5 2>kzo 2 lde(p — D1 Tl P~ D05+ T,y W
Katm
> GY  [dD(u-w)t! (41)

ra+yn) pard

=f@p};-pl;H - f@z};-z}; 1>+ZEZT}--
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Then, in order to simplify the notations, we define

p.n _ n
€ ; —[p—Z—(S]ij,

x,n X

€it1/2,j = [v*—w ]1+1/2 i
y.n _ y _ yn

i j+1/2= [w -w ],;j+1/2»

thus the error equations can be rewritten as follows:

Casel: n=0
WAL 1 KAt" .
1+ —— |[dt€P]; ; + ——— [d;De]; ;
[ +r(1+y2)][t Wit rasy 5 ldiDel
INZ (42)
0 0 1
:f(pi,j) - f(Zi,j) - dta,‘,j F(]—GndtS + ZEk ij
Casell: n>1
At k+1 KAt &
DeeP !+ B2 767 [derFH 4 d;De[} !
(D ]l-J +1‘*(1+y2)z nfk[ t ]1,] +F(-1+y1)k2: n— k[ ]
=f@p};—pi;H - fezl; -z - Dt (43)

n

AtY2
V2 k+1 n+1
- T(1+2) Z Gn—kdtéi,f + Z Ek ij
k=0

Theorem 7. Suppose that p(x, y, t) € C2(J; C*(Q)), then there exists a positive constant C independent of h, k and At such that

1/2 1/2

I
(a3 i, "

1
Jo- o], + (-
n=1 n=1
=C(R+IP+a), VISIN,
where = min{1 + y1, 1 + y»}.

Proof. Multiplying (43) by efy’f'“h,-kj and making summation on i, j for 1 <i <Ny, 1< j <Ny, we have that

A2
(Dtep’”H,eP’"“) At ZG (dtep,k-H, ep,n+1)
F(1 +y2) g

m

n

K ALY
+ o > Gl (1diDef T ePniT)

rad+y) m
k=0
‘ ] (45)
= (r@pl;—ph - f@zl -zl hermt) 30 (B e
k=3
n+1 :u“Atyz - Y2 k+1 _p,n+1
— | Des !+ mZGH_kdfau ,e )
k=0 m
We estimate the first term in the left hand side of the equation (45).
1 2 2 2
N+l Lpntly n+1 n+1 , , , n—1
(e, er1), = 2 [ (Jor o 267751 =) = (e + 2277~ 1) -

b Jernt —epn g epa1j2].

The second term in the left hand side of equation (45) can be transformed into the following:
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n
s St (s o
2

k=0 "
WALY2~1 n
— Z GJ/z (ep,n—k-H _ ep,n—k’ ep,n-H)
I'(1+4y2) k m
k=0 (47)
-1
pAee! [ v 1 1 S % ¥ —k 1
"= |c (ep,n+ ebnt ) _Z(G 2 _ g )(ep,n ebnt )
0 ’ m k k+1 ’
ra+y) o m
,bLAtVZ_]

G,J;Z (ep’o,ep’”+1> )
m

T+
And taking notice of Lemmas 1 and 2, we can get that
(Den—k ep,n-t—]) =_(en—k dep,n-H) _ (dep,n—k dep,n-ﬁ-]) + <Zn*k(p) dep,n-H) (48)
’ m ’ ™ ’ ™ ’ ™
where
— ~x.n— ~yn—
deP ™ = (dyeP " dyeP ™), € (p) = @ (p). &K (p)).

Then the third term in the left hand side of equation (45) can be transformed into the following:

n

KAt"

G)/l d.De k-+1 , p.n+1
rd—+m) g n—k ([ (De[™"". e )m
Katn=1 | !
- p.n+1 gqop.n+1 4l 4l p.n—k g,p,n+1
ke [GO e, 5 (6~ (a e ) (@)
- MGV1 (dep'o dep*”“) KA XH:GW ([d Z(p)]kJrl de”’”“)
ra+m» " ’ ™ T'(1+yp) n—k \L*t ’ ™

k=0

Next we estimate the terms in the right hand side of equation (45). First, using triangle inequality and the smoothness
assumption A2, we obtain that

‘(f(zpﬁj —-pih-fez; - 22;1),ep,n+]>m‘
(50)
<C ([leP 2.+ ePm= o+ €P™ 1) + 0@ + k).
Furthermore, observing Lemmas 3 and 4, we get that
[(E571,erm1) [<cePmtt ) 40 (ackt22). o

‘(EZ+]7 ep,,H_]) ‘ <C ”ep,n—H ”i +0 (At2+2)/1 + h —|—k4) . (52)
m

We use Taylor’s expansion and Cauchy-Schwarz inequality to get the estimates of the following terms in the right hand side
of equation (45).

‘(Eg+l7gn+l)m‘ <C ”$n+1 ”; 1o (At“) 7
‘(Eg-‘r]’gn-&-l)m‘ <C ”SH-H ||r2n 10 (At“).

Recalling Lemma 6 and using Cauchy-Schwarz inequality, the last term in the right hand side of equation (45) can be
estimated as follows:

(53)

MAtVZ

n
n+1 2] k+1 _p.n+1 n+1}2 4, 14
<Dt5i,j *Fatm > Gr diski e ) <Clgm™ )+ 0 (h*+K4). (54)

k=0 m
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Combining equation (45) with equations (46)-(53) and noting G Ggﬂ > 0, we obtain

i L1777 [ 20t = e ) (1027 2677 =2t ) o er et 200 4 enr 1|

A2l KA1
+ GE)/Z ”ep,nJrl ”%1 GV] ”dep,nJrl ”%M
T+ y2) r(+p)

—1 [n-1
- JLALY? Z G _ g ) ep,n—k ePn+1 + G2 (PO ep,n-H)
1+ J/Z) pard k k+1 ’ m n ’ m

_ n—1 (55)
P I (e et et ) (wertaern),
k=0

KAt & ~ kbt
r(1+y1)zc (de(p)] ,de )rm

+C(fePm [+ et + [P ) + 0 (h* + K4+ ac),

where o = min{1 + y1, 1 + y2}. Multiplying both sides of equation (55) by 4At and using Cauchy-Schwarz inequality, we

have
2
m

Hep,n—k

2 2 ZMAtV
e R A (| P, +Zc,ril
TM)

2K AT y
YA (” eP™ |y +ch+1 Hdel’ "

n—1
p.n |2 p.n _ pp.n—1 2) 2uAtr ¥2 ‘ pk|? | 2HALZ P,0H2
<(”e ||m+||2e e ”m +F(1+V2)k§06k e F(1+V2)G” e m (56)

2K ALY i dorn kP L 2KADY ep'OHZ
F(1+y1 ~ ™ T@A+y) " ™
Ky1 At 12 2

+ F(1’/%4”/1)”@"’”+1 7 +C (He"’" I+ et |7, + ePm12)

+ CAt (h4+k4+At2“>,

where the following equation is used.

41<ArV1+1

O : KAt - i
G ([d ,deP "t < ————||deP ™" CAt(h* + k).
ey 2 O ([P e ™) = e s 1de ™y + otk

Summing onn,n=1,--- ,M —1 (M < N) gives that

M-1 M-

2LALY? 2 2K AN

QM. derM) <Qer! derh) + T S 6 [erd| 4 Z ae»|’
r(+y) ~ T +y) = ™
M M-1
Ky (57)

p,n p,n p.n+1

+cmn;Q(e ,de )Jrir(1 ZAtHde 124

2
+ CAt eP’OH + O(h* +k* + AL,
m

For the next estimation, we have to give error analysis for Q (eP-1, deP-1). Multiplying (42) by 2e

h ikjAt, making summa-
tionon i, jfor 1 <i <Ny, 1< j<Ny and using Cauchy-Schwarz inequality, we have that
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ALY P12 KAth P12
(14 0 )P i g 191

2L ALY 2 2KAM KAt
< (14 m el + Eo e e s+ ey 19
T+ T +p) 41+ y) (58)
1 2
0 2 2 2 1
sCler?]” +ca (12 +1E03) + 5 e
+0 (h4 e At2°‘) ,
ie.
QP! deP ) < — AL 1ger 12, 40 (h4 +k 4 Atz"‘) (59)
“TA+y) ™
By equations (57) and (59), we have that
M-1 M-1
2L ALY 2K At
QePM, dePM) < ZEZ_ § g eP’OH Z G [ der OH
Fd+y2) — T(1+y1)
M
CAt ePn deP™y 4+ —— At||deP-mH!
+ ; Q( )+ T (1 Z I 1701

2
+CAt eP»OH £ O K+ AL,
m

Taking notice of the equation (37), choosing At sufficiently small and applying Gronwall’s inequality, we obtain

M M
leP M2+ 3 AtlleP ™2+ Y At[ldeP ™2, < 0 (h“ o At2°‘) . (60)

n=1 n=1

Noting that deP = —(e" 4+ &' (p)) and the definition of §, we can obtain equation (44). O

5. Numerical tests

In this section, some numerical experiments using the block-centered finite difference method have been carried out.

We test Examples 1 and 2 to verify the convergence rates where Q2 = (0,1) x (0,1) and K = n = 1. In Example 1,
the initial spatial partition is a 5 x 5 grid. Then the grid is refined by dividing each edge into two equal parts and the
nonuniform meshes are used which are generated from the corresponding uniform mesh by adding a random in both x
and y directions (cf. Fig. 1). The numerical results are listed in Tables 1 and 3, where Table 1 is given to show the space
convergence rate and Table 3 is presented in order to show the time convergence rate. And in Example 2, the domain is
uniformly divided by the rectangles decomposition. The numerical results are listed in Tables 2 and 4, where Table 2 is given
to show the space convergence rate and Table 4 is presented in order to show the time convergence rate. In these tables,

we choose the optimal step size M = NZ% |, where M is the spatial partition and N is the temporal partition. Moreover, as

to report the features of the block-centered finite difference method vividly, we give the scalar and flux solution figures of
Example 2. Here, just as observed that u*(x, y,t) =uY(y, x, t), thus only the exact and numerical solutions of p and uy are
presented. They are shown in Figs. 2 and 3 at T =1 with the mesh size M =20, T =1 for Example 2.

For simplicity, we define

1Z = pllgoo 2y = 1rﬁlr}lafgw{ll(z = p)"lm},

1 172
I1Z = pll2q2) = (At 21 |z"—p" ”rzn) )
n=

l 1/2
IW —ull 22y = (At ) lw" —u”||?M> :
n=

Example 1. The initial condition and the right side of the equation are computed according to the analytic solution given as
below.

p(x,y.t) = —t3cos(2mx)cos(2my),
fxy.t.p)=gkxy.0),
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0.9F Bl

0.8

0.7F =

0.6 B

05F B

0.4F B

0.3F s

0.2fF =

0.1

0 L A A L L A A A
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1. The non-uniform mesh generated from the 20 x 20 uniform mesh.

x107° x107°

0 0 0 0

Fig. 2. The scalar solution figures. (a): the exact solution p, (b): the numerical solution Z. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

0.015 0.015
0.01 0.01 Y.
i O
0005 0.00 ’ot’l’iiilll“j' :“f N
SSSELIHIRON

-0.005 -0.005 s S Il,,""‘:‘:“‘“‘
-0.01 -0.01 “I/{;’,Igf“
-0.015 -0.015

1 1

—0.01 05 s
00 0 o0

Fig. 3. The flux solution figures. (a): the exact solution u*, (b): the numerical solution W*.

where
6t2tr2 ) 6t2tn
— 8
rG+y2) re+yn

g(x,y.t) = (-3t* - ) cos(27X) Cos (27T Y).

Please cite this article in press as: X. Li, H. Rui, Stability and convergence based on the finite difference method for the nonlinear fractional cable
equation on non-uniform staggered grids, Appl. Numer. Math. (2019), https://doi.org/10.1016/j.apnum.2019.11.013




APNUM:3704

X. Li, H. Rui / Applied Numerical Mathematics eee (eeee) e0e—eee 17
Table 1
Errors and convergence rates in space of Example 1 with y; = % Y2 = ‘11.
Mx M Hi*PHLm(Lz, Rate 1Z=pll2 2, Rate IW—ull,2,2, Rate
Pllco 2y 1pl;2 g2, lull;2 2,
5x5 1.45E-1 - 1.49E-1 - 1.25E-1 —
10x10 3.86E-2 1.91 3.95E-2 1.92 3.13E-2 2.00
20x20 9.18E-3 2.07 9.36E-3 2.08 7.27E-3 211
40x40 2.28E-3 2.01 2.31E-3 2.02 1.76E-3 2.05
80x80 5.56E-4 2.03 5.62E-4 2.04 4.23E-4 2.06
Table 2
Errors and convergence rates in space of Example 2 with y; = % V2= }1.
Z—pll,00 zZ— \=
M x M 1Z=pll o0 12, Rate 1Z—plij2 2, Rate IW=ul;2 2, Rate
plljo0 g2, pl22) lull;2 2,
5x5 5.52E-1 - 5.37E-1 - 6.12E-2 -
10x10 1.34E-1 2.05 1.29E-1 2.06 1.34E-2 219
20%20 3.32E-2 2.01 3.18E-2 2.02 3.04E-3 214
40x40 8.27E-3 2.00 7.92E-3 2.01 6.94E-4 213
80x80 2.07E-3 2.00 1.98E-3 2.00 1.61E-4 211
Table 3
Errors and convergence rates in time of Example 1 with o =y = y».
1Z=pll 02, 1Z—=pll;2 2, IW-ull;2 2
o At TPlmqz, Rate T2z, Rate Tl 22, Rate
1/10 3.10E-1 — 3.22E-1 - 2.70E-1 —
025 1/20 9.93E-2 1.64 1.05E-1 1.62 9.70E-2 1.48
’ 1/40 4.56E-2 112 4.82E-2 113 4.40E-2 114
1/80 1.97E-2 1.21 2.09E-2 1.21 1.91E-2 1.21
1/10 1.27E-1 — 1.32E-1 - 1.16E-1 —
050 1/20 5.10E-2 132 5.34E-2 131 4.55E-2 135
’ 1/40 1.64E-2 1.64 1.73E-2 1.63 1.53E-2 157
1/80 5.75E-3 1.51 6.12E-3 1.50 5.45E-3 149
1/10 7.62E-2 - 7.80E-2 - 5.98E-2 -
075 1/20 2.10E-2 1.86 2.13E-2 1.87 1.68E-2 1.83
’ 1/40 5.97E-3 1.81 6.22E-3 1.78 5.06E-3 173
1/80 1.77E-3 175 1.86E-3 1.74 1.53E-3 173

Example 2. The initial condition and the right side of the equation are computed according to the analytic solution given as
below.

p(x, y,0) = 3% (x — 1)2y%(y — 1)2,
fxy.t,p)=—p*+p>) +gx y.0),

where
80 3.0 = 3R (= 1292 — D2 4R D22y — 12O
e FG+y2)
+ (R = D22 = DD+ - D22 - DD — (282 = 17 + 222 (y — 1)
62+
+22 (= D2y = D? + 20— D22y = DD +8xy2x = Dy = D? +82y(y = Dix = D) 2.
LG+

From Tables 1-4 and Figs. 2-3, we can see that the block-centered finite difference approximations for the pressure and
velocity have the (h% 4+ k? 4+ At%) accuracy in discrete norms, where o = min{1+ y1, 1+ y;}. These results are in consistent
with the error estimates in Theorem 7.

6. Conclusions
In this article, we develop a block-centered finite difference method for the fractional cable equation. Unconditional

stability of the method is proved. Moreover, we demonstrate that the block centered finite difference scheme has «-order
accuracy in time increment, where o = min{1 + )1, 1 4+ y»} and second-order accuracy in x- and y-direction. We verify
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Table 4
Errors and convergence rates in time of Example 2 with o = y1 = y».
1Z=pll oo g2, 1Z-pl2 42, W= 52,
o At a2, Rate Tl2az, Rate Tl 22, Rate
1/10 1.20E-0 — 1.20E-0 - 1.62E-1 —
025 1/20 3.83E-1 1.65 3.80E-1 1.66 6.33E-2 135
’ 1/40 1.84E-1 1.05 1.82E-1 1.06 2.80E-2 118
1/80 8.15E-2 118 8.04E-2 118 1.20E-2 122
1/10 4.34E-1 — 4.27E-1 — 6.55E-2 —
050 1/20 1.87E-1 1.21 1.82E-1 1.23 2.59E-2 1.34
’ 1/40 5.90E-2 1.67 5.72E-2 1.67 9.18E-3 150
1/80 2.07E-2 1.51 2.00E-2 152 3.32E-3 147
1/10 2.52E-1 — 2.44E-1 - 2.82E-2 —
075 1/20 6.24E-2 2.02 5.99E-2 2.03 8.24E-3 1.78
’ 1/40 1.94E-2 1.69 1.84E-2 1.70 2.63E-3 1.65
1/80 5.70E-3 177 5.40E-3 177 8.10E-4 1.70

the applicability and accuracy of the scheme by numerical experiments. In our future work, we will consider two-grid
block-centered finite difference method for the nonlinear fractional cable equation.
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