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Abstract
To study the well-posedness problem of a hyperbolic–parabolic mixed type equation,
the usual boundary value condition is overdetermined. Since the equation iswith strong
nonlinearity, the optimal partially boundary value condition can not be expressed by
Fichera function. By introducing the weak characteristic function method, a different
but reasonable partial boundary value condition is found first time, basing on it, the
stability of the entropy solutions is established.
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1 Introduction

Consider the hyperbolic–parabolic mixed type equation

∂u

∂t
= �A(u) + div(b(u)), in QT = � × (0, T ), (1.1)

where � ⊂ R
N is an unbounded domain with a C2 boundary, and

A(u) =
∫ u

0
a(s)ds, a(s) ≥ 0. (1.2)

Equation (1.1) arises from reaction diffusion process and many other applied
fields. The Cauchy problem of Eq. (1.1) has been deeply investigated [1–13]. On
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the initial-boundary value problem, there are a lot of papers [14–20] devoting to the
well-posedness of the weak solutions. In general, the initial value condition is always
required

u(x, 0) = u0(x), x ∈ �. (1.3)

But instead of the Dirichlet homogeneous boundary condition

u(x, t) = 0, (x, t) ∈ ∂� × (0, T ), (1.4)

since a(s) ≥ 0 and the equation is degenerate, only a partial boundary value condition

u(x, t) = 0, (x, t) ∈ �p × (0, T ), (1.5)

is needed generally, where �p ⊆ ∂� is a relative open subset. By using the Fechira
function, we have given a conjecture to describe the geometric characteristics of �p

formally in [18,19], but the conjecture still remains open, only when �p = ∂�,
the stability of the solutions had been proved. At the same time, by generalizing the
definition of the trace to a weaker sense, Refs. [14–17] had succeeded to establish the
well-posedness of the solutions of Eq. (1.1) in some special senses. In addition, we
had studied Eq. (1.1) when� = R

N+ is the half space [20]. However, when the domain
� is unbounded, the problem is far to be solved.

Since Eq. (1.1) is with hyperbolic–parabolic mixed type, we should use the entropy
solution to consider the uniqueness problem.Wewill continue to use some ideas in our
previousworks [7,8,18–20] to define the entropy solutions in BVloc(QT ). The essential
improvement lies in that the partial boundary �p ⊆ ∂�, where the homogeneous
boundary value is imposed as (1.5), is depicted out first time. Moreover, the stability
of the entropy solutions can be proved without any boundary value condition in some
special cases.

2 The definition and themain results

For small η > 0, let

Sη(s) =
∫ s

0
hη(τ )dτ, hη(s) = 2

η

(
1 − | s |

η

)
+

. (2.1)

The purpose of Sη is to approximate the sign function. Obviously hη(s) ∈ C(R), and

hη(s) ≥ 0, | shη(s) |≤ 1, | Sη(s) |≤ 1; lim
η→0

Sη(s) = sgns, lim
η→0

sS′
η(s) = 0.

(2.2)

Definition 2.1 A function u is said to be the entropy solution of Eq. (1.1) with the
initial value (1.3) and with the partial boundary value (1.5), if
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1. u satisfies

u ∈ BVloc(QT ) ∩ L∞(QT ),
∂

∂xi

∫ u

0

√
a(s)ds ∈ L2(�R × (0, T )), (2.3)

where �R = {x ∈ � : |x | < R}, for any positive constant R.
2. For any ϕ, ϕ ∈ C2

0 (QT ), ϕ ≥ 0, for any k ∈ R, for any small η > 0, u satisfies

∫∫
QT

[
Iη(u − k)ϕt − Bi

η(u, k)ϕxi

+ Aη(u, k)�ϕ − S′
η(u − k)

∣∣∣∣∇
∫ u

0

√
a(s)ds

∣∣∣∣
2

ϕ

]
dxdt ≥ 0. (2.4)

3. For any positive constant R,

lim
t→0

∫
�R

| u(x, t) − u0(x) | dx = 0. (2.5)

4. The boundary value (1.5) is satisfied in the sense of trace,

γ u |�p= 0. (2.6)

Here and the after, the double indices i represents the sum from 1 to N , and

Bi
η(u, k) =

∫ u

k
b′i (s)Sη(s − k)ds,

Aη(u, k) =
∫ u

k
a(s)Sη(s − k)ds,

Iη(u − k) =
∫ u−k

0
Sη(s)ds.

To explain the reasonableness of Definition 2.1, in one way, if Eq. (1.1) has a
classical solution u, multiplying (1.1) by ϕSη(u − k) and integrating over QT , we are
able to show that u satisfies (2.4). In another way, let η → 0 in (2.4). Then

∫∫
QT

[
|u − k|ϕt − sgn(u − k)(bi (u) − bi (k))ϕxi sgn(u − k)

(A(u) − A(k))�ϕ
]

dxdt ≥ 0.

Thus if u is the entropy solution in Definition 2.1, then u is a entropy solution defined
in [1–3] et al.

Since the domain is unbounded, we use some techniques, which had been used in
considering the Cauchy problem of the equation, to prove the existence of the entropy
solutions.
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Theorem 2.2 Suppose that A(s) is C3, bi (s) is C2, u0(x) ∈ L∞(�), Then Eq. (1.1)
with the initial boundary value conditions (1.3), (1.5) has a entropy solution in the
sense of Definition 2.1.

The main aims of the paper are to establish the stability of the entropy solutions.
For simplicity, we assume that the domain � can be depicted out as

� = {x ∈ R
N : g(x) > 0}, ∂� = {x ∈ R

N : g(x) = 0}, (2.7)

where g(x) is a continuous function and is a C2 function when x is near to the
boundary ∂�. By comparing with the usual characteristic function χ(x) of � ⊂ R

N ,
say, χ(x) = 1 when x ∈ �, while χ(x) = 0 if x ∈ R

N \ �, we can call g(x) is a
weak characteristic function of �. Certainly, unlike the usual characteristic function,
g(x) is not unique.

Theorem 2.3 Suppose that A(s) is C2, bi (s) is C1,

|bi ′(s)| ≤ (1 − δ)a(s), (2.8)

|A(s1) − A(s2)| ≤ α|s1 − s2|, |bi (s1) − bi (s2)| ≤ γ i |s1 − s2|. (2.9)

Let u, v be solutions of Eq. (1.1)with the different initial values u0(x), v0(x) ∈ L∞(�)

respectively, but without any boundary value condition. If g(x) ∈ C2(�), and

�g + |∇g| ≤ 0, (2.10)

then
∫

�

|u(x, t) − v(x, t) | νδ(x)g(x)dx

≤
∫

�

|u0(x) − v0(x) | νδ(x)g(x)dx, a.e. t ∈ [0, T ), (2.11)

where

νδ(x) = e−δ
√

1+|x |2 ,

and δ is a small positive constant, α, γ i are constants.

Theorem 2.4 Suppose that A(s) is C2, bi (s) is C1, bi
′
(s) ≥ 0 such that (2.6) is true.

Let u, v be solutions of Eq. (1.1)with the different initial values u0(x), v0(x) ∈ L∞(�)

respectively, and with the same partial homogeneous boundary value condition

u(x, t) = v(x, t) = 0, (x, t) ∈ �p × (0, T ). (2.12)
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Then

∫
�

|u(x, t) − v(x, t) |νδ(x)dx ≤ c
∫

�

| u0(x) − v0(x) | νδ(x)dx . (2.13)

Here

�p = {x ∈ ∂� : �g + |∇g| ≥ 0}. (2.14)

Noticing that �p only depends on the the function g(x), we can call the method
used in this paper as the weak characteristic function method. This method is easily
to be generalized to study the stability of the other degenerate parabolic equations.

3 Proof of Theorem 2.2

Lemma 3.1 [21] Assume that � ⊂ R
N is an open set and let fk, f ∈ Lq(�), as

k → ∞, fk⇀ f weakly in Lq(�), 1 ≤ q < ∞. Then

lim
k→∞ inf ‖ fk ‖qLq (�) ≥ ‖ f ‖qLq (�) . (3.1)

Consider the following regularized problem

∂u

∂t
= �A(u) + 1

n
�u + ∂bi (u)

∂xi
, (x, t) ∈ QnT = �n × (0, T ), (3.2)

with the initial boundary conditions with initial boundary value conditions

u(x, t) = 0, (x, t) ∈ ∂�n × (0, T ), (3.3)

u(x, 0) = u0n(x), x ∈ �n, (3.4)

where for large enough n, �n = {x ∈ � : |x | < n}, and u0n(x) ∈ C∞
0 (�n) such that

u0n(x) locally uniform converges to u0(x).
It is well known that there are classical solutions un ∈ C2(QnT )

⋂
C3(QnT ) of

this problem provided that A, bi satisfy the assumptions in Theorem 2.2, one can refer
to the eighth chapter of [22] for this fact.

We need to make some estimates for un of (3.2). Firstly, by the maximum principle,
we have

|un| ≤ ‖u0n‖L∞ ≤ c. (3.5)

Secondly, we have the following important estimate of the solutions un of (3.2) with
the initial boundary value conditions (3.3), (3.4).
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Lemma 3.2 Let un be the solution of (3.2) with (3.3), (3.4). If the assumptions of
Theorem 2.2 are true, then

∫
�

|gradun|νδ(x)dx ≤ c. (3.6)

where |gradu|2 = ∑N
i=1 | ∂u

∂xi
|2 + | ∂u

∂t |2, c is independent of n. σ is a given positive
constant, and

νδ(x) = exp
(
−σ

√
1 + |x |2

)
.

Proof We generalize the solution un to the whole space RN such that when x ∈ R
N \

�n , un ≡ 0.We denote the generalized function by un , for simplicity, we denote it as u
for the time being. Differentiate (3.2) with respect to xs , s = 1, 2, ·, N , N+1, xN+1 =
t , and sum up for s after multiplying the resulting relation by uxs

Sη(|gradu|)
|gradu| νδ(x), and

integrating over RN yields

d

dt

∫
RN

Iη(|gradu|)νδ(x)dx − 1

n

∫
RN

�uxs uxs
Sη(|gradu|)

|gradu| νδ(x)dx

−
∫
RN

∂

∂xi
(a(u)uxi ux j + a(u)�u)uxs

Sη(|gradu|)
|gradu| νδ(x)dx

−
∫
RN

∂(bi
′
(u)uxs )

∂xi
uxs

Sη(|gradu|)
|gradu| νδ(x)dx

= 0. (3.7)

Here and the after, the double indices such s, p represent the sum from 1 to N + 1,
the double indices i, j represent the sum from 1 to N .

Noticing that, for any ξ = (ξ1, ξ2, ·, ξN , ξN+1),

∂ Iη
∂ξs

= Sη(|ξ |) ξs

|ξ | ,

∂2 Iη
∂ξs∂ξp

=
⎧⎨
⎩

S′
η(|ξ |)|ξ |ξpξs−Sη(|ξ |)ξpξs

|ξ |3 , if s �= p,
S′
η(|ξ |)|ξ |ξpξs−Sη(|ξ |)ξpξs

|ξ |3 + Sη(|ξ |)
|ξ | , if s = p.

Integrating by part, we have

d

dt

∫
RN

Iη(|gradu|)νδ(x)dx − 1

n

∫
RN

∂2 Iη
∂ξs∂ξp

uxs xi uxpxi νδ(x)dx

−
∫
RN

a(u)
∂2 Iη

∂ξs∂ξp
uxs xi uxpxi νδ(x)dx

−
∫
RN

∂a′(u)

∂xi
uxi (|gradu|Sη(|gradu|) − Iη(|gradu|))νδ(x)dx



The well-posedness problem of a hyperbolic–parabolic… 1855

−
∫
RN

∂bi
′
(u)

∂xi
(|gradu|Sη(|gradu|) − Iη(|gradu|))νδ(x)dx

−
∫
RN

a′(u)�u(|gradu|Sη(|gradu|) − Iη(|gradu|))νδ(x)dx

= 0. (3.8)

Letting η → 0, and noticing that

lim
η→0

[|gradu|Sη(|gradu|) − Iη(|gradu|)] = 0,

similar as the proofs of [17,18,20]. We can show that

d

dt

∫
RN

|gradu|νδ(x)dx ≤ c1 + c2

∫
RN

|gradu|νδ(x)dx,

by the well-known Gronwall Lemma, we have

∫
RN

|gradu|νδ(x)dx ≤ c.

Accordingly, denoting back u as un , we have

∫
RN

|gradun|νδ(x)dx ≤ c. (3.9)

By (3.2), (3.9), it is not difficult to show that

∫ T

0

∫
RN

[
a(un) + 1

n

]
|∇un|2dxdt ≤ c. (3.10)

Then, by (3.9)–(3.10), we have

∫
�

|gradūn|νδ(x)dxdt ≤ c. (3.11)

∫ T

0

∫
�

[
a(ūn) + 1

n

]
|∇ūn|2νδ(x)dxdt ≤ c. (3.12)

The proof is complete. ��
Thus there exists a subsequence of {un} (we still denote it as un) and a function

u ∈ BVloc(QT ) ∩L∞(QT ) such that un → u a.e. on QT .

Proof of Theorem 2.2 First of all, by (3.12)

∂

∂xi

∫ un

0

√
a(s)ds⇀

∂

∂xi

∫ u

0

√
a(s)ds weakly in L2(�R × (0, T )), ∀ R > 0,
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∂

∂xi

∫ u

0

√
a(s)ds ∈ L2(�R × (0, T )), ∀ R > 0, i = 1, 2, . . . , N .

Let ϕ ≥ 0, ϕ ∈ C2(QT ). Multiplying (2.2) by ϕSη(un − k), and integrating over
QT , we obtain

∫∫
QT

∂un
∂t

ϕSη(un − k)dxdt =
∫∫

QT

�A(un)ϕSη(un − k)dxdt

+1

n

∫∫
QT

�unϕSη(un − k)dxdt +
∫∫

QT

∂bi (un)

∂xi
ϕSη(un − k)dxdt .

(3.13)

Let’s calculate every term in (3.13).

∫∫
QT

∂un
∂t

ϕSη(un − k)dxdt = −
∫∫

QT

Iη(un − k)ϕt dxdt . (3.14)

1

n

∫∫
QT

�unϕSη(un − k)dxdt

= −1

n

∫∫
QnT

∇un(Sη(un − k)∇ϕ + ϕS′
η(un − k)∇un)dxdt

= −1

n

∫∫
QnT

∇unSη(un − k)∇ϕdxdt − 1

n

∫∫
QT

| ∇un |2 S′
η(un − k)ϕdxdt,

(3.15)∫∫
QT

�A(un)ϕSη(un − k)dxdt

= −
∫∫

QT

∇A(un)(Sη(un − k)∇ϕ + ϕS′
η(un − k)∇un)dxdt

= −
∫∫

QT

∇A(un)Sη(un − k)∇ϕdxdt −
∫∫

QT

a(un) | ∇un |2 S′
η(un − k)ϕdxdt

=
∫∫

QT

Aη(un, k)�ϕdxdt −
∫∫

QT

a(un) | ∇un |2 S′
η(un − k)ϕdxdt, (3.16)

∫∫
QT

∂bi (un)

∂xi
ϕSη(un − k)dxdt

= −
∫∫

QnT

[bi (un) − bi (k)]
[

∂ϕ

∂xi
Sη(un − k) + ϕS′

η(un − k)
∂un
∂xi

]
dxdt

= −
∫∫

QT

Bi
η(un, k)ϕxi dxdt . (3.17)
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From (3.13)–(3.17), we have

∫∫
QnT

Iη(un − k)ϕt dxdt +
∫∫

QT

Aη(un, k)�ϕdxdt −
∫∫

QT

Bi
η(un, k)ϕxi dxdt

−1

n

∫∫
QT

∇un · ∇ϕSη(un − k)dxdt − 1

n

∫∫
QT

| ∇un |2 S′
η(un − k)ϕdxdt

−
∫∫

QT

a(un) | ∇un |2 S′
η(un − k)ϕdxdt

= 0. (3.18)

By that

lim
n→∞

1

n

∫∫
QT

∇un · ∇ϕSη(un − k)dxdt = 0, (3.19)

−1

n

∫∫
QT

| ∇un |2 S′
η(un − k)ϕdxdt ≤ 0, (3.20)

and using Lemma 3.1,

lim inf
n→∞

∫∫
QT

S′
η(un − k)a(un)

∂un
∂xi

∂un
∂xi

ϕdxdt

≥
∫∫

QT

S′
η(u − k)

∣∣∣∣∇
∫ u

0

√
a(s)ds

∣∣∣∣
2

ϕdxdt . (3.21)

Let n → ∞ in (3.18). By (3.19)–(3.21), we get (2.4).
At last, we can prove that the initial value (1.3) is satisfies in the sense of Defini-

tion 2.1 in a similar way as [2,8], we omit the details here. Thus, we have accomplished
the proof of Theorem 2.2. ��

4 Proof of Theorem 2.3

Let �u be the set of all jump points of u ∈ BV (QT ), v the normal of �u at X = (x, t),
u+(X) andu−(X) the approximate limits of u at X ∈ �u with respect to (v,Y−X) > 0
and (v,Y−X) < 0 respectively. For continuous function p(u, x, t) and u ∈ BV (QT ),
define

p̂(u, x, t) =
∫ 1

0
p(τu+ + (1 − τ)u−, x, t)dτ,

which is called the composite mean value of p. Moreover, if f (s) ∈ C1(R), u ∈
BV (QT ), then f (u) ∈ BV (QT ) and

∂ f (u)

∂xi
= f̂ ′(u)

∂u

∂xi
, i = 1, 2, . . . , N , N + 1, (4.1)

where xN+1 = t as usual.
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Lemma 4.1 Let u be a solution of (1.1). Then

a(s) = 0, s ∈ I (u+(x, t), u−(x, t)) a.e. on �u, (4.2)

which I (α, β) denote the closed interval with endpoints α and β, and (4.2) is in the
sense of Hausdorff measure HN (�u).

The lemma and its proof can be found in [7].

Proof of Theorem 2.3 Let u, v be two entropy solutions of (1.1) with initial values

u(x, 0) = u0(x), v(x, 0) = v0(x), (4.3)

but without any boundary value condition.
For any η > 0, k, l ∈ R, for any 0 ≤ ϕ ∈ C2

0 (QT ), we have

∫∫
QT

[
Iη(u − k)ϕt − Bi

η(u, k)ϕxi

+ Aη(u, k)�ϕ − S′
η(u − k)

∣∣∣∣∇
∫ u

0

√
a(s)ds

∣∣∣∣
2

ϕ

]
dxdt ≥ 0, (4.4)

∫∫
QT

[
Iη(v − l)ϕτ − Bi

η(v, l)ϕyi

+ Aη(v, l)�ϕ − S′
η(v − l)

∣∣∣∣∇
∫ v

0

√
a(s)ds

∣∣∣∣
2

ϕ

]
dydτ ≥ 0. (4.5)

Letψ(x, t, y, τ ) = φ(x, t) jh(x−y, t−τ). Hereφ(x, t) ≥ 0, φ(x, t) ∈ C∞
0 (QT ),

and

jh(x − y, t − τ) = ωh(t − τ)

N∏
i=1

ωh(xi − yi ), (4.6)

ωh(s) = 1

h
ω

( s

h

)
, ω(s) ∈ ∞

C
0
(R), ω(s) ≥ 0, ω(s) = 0

if |s| > 1,
∫ ∞

−∞
ω(s)ds = 1. (4.7)

We choose k = v(y, τ ), l = u(x, t), ϕ = ψ(x, t, y, τ ) in (4.4) (4.5), integrate
over QT , to obtain

∫∫
QT

∫∫
QT

{ [
Iη(u − v)(ψt + ψτ ) − (Bi

η(u, v)ψxi + Bi
η(v, u)ψyi )

+ Aη(u, v)�xψ + Aη(v, u)�yψ
]
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− S′
η(u − v)

(∣∣∣∣∇
∫ u

0

√
a(s)ds

∣∣∣∣
2

+
∣∣∣∣∇

∫ v

0

√
a(s)ds

∣∣∣∣
2
)

ψ

}
dxdtdydτ ≥ 0. (4.8)

By a complicated calculation (similar as [20]), letting η → 0, h → 0 in (4.8), using
Lemma 4.1, we can deduce that

∫∫
QT

{|u(x, t) − v(x, t)|φt − sgn(u − v)[bi (u)

−bi (v)]φxi + |A(u) − A(v)|�φ
}
dxdt ≥ 0. (4.9)

For 0 < τ < s < T , we choose

η(t) =
∫ s−t

τ−t
αε(σ )dσ, ε < min{τ, T − s},

where αε(t) is the kernel of mollifier with αε(t) = 0 for t /∈ (−ε, ε). Let us chose the
test function

φ = η(t)ξ(x),

in (4.9), in which ξ(x) ∈ C∞
0 (�). Then

∫
�

|u(x, s) − v(x, s)|ξ(x)dx −
∫

�

|u(x, τ ) − v(x, τ )|ξ(x)dx

≤ −
∫ s

τ

∫
�

sgn(u − v)[bi (u) − bi (v)]ξxi dxdt +
∫ s

τ

∫
�

|A(u) − A(v)|�ξdxdt,

(4.10)

By a process of limit, we can choose

ξ = νδ(x)g(x), (4.11)

where

νδ = e−δ
√

1+|x |2 .

as before.
In the first place, we have the following direct calculations

νδxi = −δνδ

xi√
1 + |x |2 ,

νδxi xi = δ2νδ

x2i
1 + |x |2 − δνδ

1 + ∑N
j=1, j �=i |x j |2

(1 + |x |2) 3
2

. (4.12)
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ξxi = νδxi g(x) + νδgxi (x) = −δνδ

xi g(x)√
1 + |x |2 + νδgxi (x).

�ξ = �νδg(x) + 2νδxi gxi + νδ�g

=
[
δ2νδ

|x |2
1 + |x |2 − δνδ

N + (N − 1)|x |2
(1 + |x |2) 3

2

]
g(x) − 2δνδ

xi gxi√
1 + |x |2 + νδ�g.

(4.13)

Since we assume that 0 ≤ |bi ′(s)| ≤ (1 − δ)a(s) ,

−sgn(u − v)[bi (u) − bi (v)]ξxi + |A(u) − A(v)|�ξ

= −sgn(u − v)(bi (u) − bi (v))

[
−δνδ

xi g(x)√
1 + |x |2 + νδgxi (x)

]

+ |A(u) − A(v)|
[
δ2νδ

|x |2
1 + |x |2 − δνδ

N + (N − 1)|x |2
(1 + |x |2) 3

2

]
g(x)

+ |A(u) − A(v)|
[
−2δνδ

xi gxi√
1 + |x |2 + νδ�g

]

≤ νδ

[
|A(u) − A(v)|�g − δ|A(u) − A(v)| 2xi√

1 + |x |2 gxi + |bi (u) − bi (v)|gxi
]

+ cδ(α + γ i )νδg(x)|u − v|.

= νδ|A(u) − A(v)|
[
�g +

(
δ

2|xi |√
1 + |x |2 + |bi ′(ζ )|

a(ζ )

)
|gxi |

]

+ cδ(α + γ i )νδg(x)|u − v|
≤ νδ|A(u) − A(v)|[�g + (δ + 1 − δ)|gxi |] + cδ(α + γ i )νδg(x)|u − v|
≤ νδ|A(u) − A(v)|(�g + |∇g|) + cδ(α + γ i )νδg(x)|u − v|, (4.14)

where the Cauchy mean value theorem is used,

∣∣∣∣b
i (u) − bi (v)

A(u) − A(v)

∣∣∣∣ = |bi ′(ζ )|
a(ζ )

≤ 1 − δ.

Since �g + |∇g| ≤ 0, by (4.10)–(4.14), we have

∫
�

|u(x, s) − v(x, s)|νδg(x)dx −
∫

�

|u(x, τ ) − v(x, τ )|νδg(x)dx

≤ c
∫ s

τ

∫
�

νδg(x)|u − v|dxdt, (4.15)
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By the Gronwall inequality, we have

∫
�

|u(x, s) − v(x, s)|νδ(x)g(x)dx ≤ c
∫

�

|u(x, τ ) − v(x, τ )|νδ(x)g(x)dx . (4.16)

Let τ → 0. We have the conclusion. ��
Proof of Theorem 2.4 Let u, v be two entropy solutions of (1.1)with the different initial
values u(x, 0), v(x, 0), and with the same partial homogeneous boundary values

u(x, t) = v(x, t) = 0, (x, t) ∈ �p × (0, T ), (4.17)

where

�p = {x ∈ ∂� : �g + |∇g| ≥ 0}.

Similar as the proof of Theorem 2.3, we have (4.10).
For small enough λ, we set

ϕλ(x) =
{

g(x)
λ

, if 0 ≤ g(x) ≤ λ,

1, if g(x) > λ,
(4.18)

let

ξ = ϕλ(x)νδ(x), (4.19)

and denote

�λ = {x ∈ � : g(x) ≤ λ}.

Then, when x ∈ �\�λ,

ϕλ(x)xi = 0, �ϕλ(x) = 0. (4.20)

When x ∈ �λ,

ϕλ(x)xi = gxi
λ

, �ϕλ(x) = �g

λ
. (4.21)

Since we assume that 0 ≤ |bi ′(s)| ≤ (1 − δ)a(s), we have

−sgn(u − v)[bi (u) − bi (v)]ξxi + |A(u) − A(v)|�ξ

= −sgn(u − v)(bi (u) − bi (v))

[
−δνδ

xiϕλ(x)√
1 + |x |2 + νδϕλxi (x)

]
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+ |A(u) − A(v)|
[
δ2νδ

|x |2
1 + |x |2 − δνδ

N + (N − 1)|x |2
(1 + |x |2) 3

2

]
ϕλ(x)

+ |A(u) − A(v)|
[
−2δνδ

xiϕλxi√
1 + |x |2 + νδ�ϕλ(x)

]

≤ νδ

[
|A(u) − A(v)|�ϕλ(x) − δ|A(u) − A(v)| 2xi√

1 + |x |2 ϕλxi

+ sgn(u − v)(bi (u) − bi (v))ϕλxi (x)
]

+ cδ(α + γ i )νδϕλ(x)|u − v|

≤ νδ|A(u) − A(v)|
[
�ϕλ(x) + (δ

2|xi |√
1 + |x |2 + |bi ′(ζ )|

a(ζ )
)|ϕλxi |

]

+ cδ(α + γ i )νδϕλ(x)|u − v|
≤ νδ|A(u) − A(v)|[�ϕλ(x) + (δ + 1 − δ)|ϕλxi | + cδ(α + γ i )νδϕλ(x)|u − v|
≤ νδ|A(u) − A(v)|[�ϕλ(x) + |∇ϕλ(x)|] + cδ(α + γ i )νδg(x)|u − v|, (4.22)

where

∣∣∣∣b
i (u) − bi (v)

A(u) − A(v)

∣∣∣∣ = |bi ′(ζ )|
a(ζ )

,

as before.
Noticing (4.19)–(4.21), we have

�ϕλ(x) + |∇ϕλ(x)| = 1

λ
(�g + |∇g|)

only when x ∈ �λ, while x ∈ � \ �λ, it vanishes.
If we denote

�λ1 = {x ∈ �λ : �g + |∇g| > 0},

substituting (4.22) into (4.10),we have

∫
�

|u(x, s) − v(x, s)|ϕλ(x)dx ≤
∫

�

|u(x, τ ) − v(x, τ )|ϕλ(x)dx

+
∫ s

τ

1

λ

∫
�λ1

νδ|A(u) − A(v)|(�g + |∇g|)dxdt

+ c
∫ s

τ

∫
�

νδg(x)|u − v|dxdt . (4.23)
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According to the definition of the trace, by the partial boundary value condition

lim
λ→0

1

λ

∫
�λ1

νδ|A(u) − A(v)|(�g + |∇g|)dx

=
∫

�p

νδ|A(u) − A(v)|(�g + |∇g|)d� = 0. (4.24)

Letting λ → 0 in (4.23), we have

∫
�

|u(x, s) − v(x, s)|νδ(x)dx ≤
∫

�

|u(x, τ ) − v(x, τ )|νδ(x)dx

+ c
∫ s

τ

∫
�

|u − v|νδ(x)dxdt . (4.25)

Then
∫

�

|u(x, s) − v(x, s)|νδ(x)dx ≤
∫

�

|u(x, τ ) − v(x, τ )|νδ(x)dx .

Let τ → 0. We have the conclusion. ��

Compliance with ethical standards

Conflict of interest The author declares that he has no conflict of interest.

References

1. Vol’pert, A.I., Hudjaev, S.I.: On the problem for quasilinear degenerate parabolic equations of second
order. Mat. Sb. 3, 374–396 (1967). (Russian)

2. Wu, Z., Zhao, J., Yin, J., Li, H.: Nonlinear Diffusion Equations. Word Scientific Publishing, Singapore
(2001)

3. Zhao, J.: Uniqueness of solutions of quasilinear degenerate parabolic equations. Northeast. Math. J.
1(2), 153–165 (1985)

4. Volpert, A.I., Hudjave, S.I.: Analysis of Class of Discontinuous Functions and the Equations of Math-
ematical Physics. Nauka Moskwa, Martinus Nijhoff Publishers, Moscow, Izda (1975). (in Russian)

5. Wu, J., Yin, J.: Some properties of functions inBVx and their applications to the uniqueness of solutions
for degenerate quasilinear parabolic equations. Northeast. Math. J. 5(4), 395–422 (1989)

6. Carrillo, J.: Entropy solutions for nonlinear degenerate problems. Arch. Ration. Mech. Anal. 147,
269–361 (1999)

7. Zhao, J., Zhan, H.: Uniqueness and stability of solution for Cauchy problem of degenerate quasilinear
parabolic equations. Sci. China Math. 48, 583–593 (2005)

8. Zhan, H.: The study of the Cauchy problem of a second order quasilinear degenerate parabolic equation
and the parallelism of a Riemannian manifold. Doctoral Thesis, Xiamen University, China (2004)

9. Cockburn, B., Gripenberg, G.: Continuous dependence on the nonlinearities of solutions of degenerate
parabolic equations. J. Differ. Equ. 151, 231–251 (1999)

10. Chen,G.Q.,DiBendetto, E.: Stability of entropy solutions to theCauchy problem for a class of nonlinear
hyperbolic–parabolic equations. SIAM J. Math. Anal. 33(4), 751–762 (2001)

11. Chen, G.Q., Perthame, B.: Well–Posedness for non-isotropic degenerate parabolic–hyperbolic equa-
tions. Ann. Inst. Henri Poincare AN 20(4), 645–668 (2003)



1864 H. Zhan

12. Karlsen, K.H., Risebro, N.H.: On the uniqueness of entropy solutions of nonlinear degenerate parabolic
equations with rough coefficient. Discrete Contain. Dye. Syst. 9(5), 1081–1104 (2003)

13. Bendahamane, M., Karlsen, K.H.: Reharmonized entropy solutions for quasilinear anisotropic degen-
erate parabolic equations. SIAM J. Math. Anal. 36(2), 405–422 (2004)

14. Li, Y., Wang, Q.: Homogeneous Dirichlet problems for quasilinear anisotropic degenerate parabolic-
hyperbolic equations. J. Differ. Equ. 252, 4719–4741 (2012)

15. Lions, P.L., Perthame, B., Tadmor, E.: A kinetic formation of multidimensional conservation laws and
related equations. J. Am. Math. Soc. 7, 169–191 (1994)

16. Kobayashi, K., Ohwa, H.: Uniqueness and existence for anisotropic degenerate parabolic equations
with boundary conditions on a bounded rectangle. J. Differ. Equ. 252, 137–167 (2012)

17. Wu, Z., Zhao, J.: The first boundary value problem for quasilinear degenerate parabolic equations of
second order in several variables. Chin. Annal. Math. 4B(1), 57–76 (1983)

18. Zhan, H.: On a hyperbolic–parabolic mixed type equation. Discrete Contin. Dyn. Syst. Ser. S 10(3),
605C624 (2017)

19. Zhan, H.: The boundary degeneracy theory of a strongly degenerate parabolic equation. Bound. Value
Probl. 2016, 15 (2016). https://doi.org/10.1186/s13661-015-0516-0

20. Zhan, H.: The solutions of a hyperbolic-parabolic mixed type equation on half-space domain. J. Differ.
Equ. 259, 1449–1481 (2015)

21. Evans, L.C.: Weak Convergence Methods for Nonlinear Partial Differential Equations. Conference
Board of the Mathematical Sciences, Regional Conferences Series in Mathematics, vol. 74. American
Mathematical Society, Providence (1998)

22. Gu, L.: Second Order Parabolic Partial Differential Equations. Xiamen University Press, Xiamen
(2004)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

https://doi.org/10.1186/s13661-015-0516-0

	The well-posedness problem of a hyperbolic–parabolic mixed type equation on an unbounded domain
	Abstract
	1 Introduction
	2 The definition and the main results
	3 Proof of Theorem 2.2
	4 Proof of Theorem 2.3
	References




