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Nongravitational interaction between dark matter and dark energy has been considered in a spatially flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) universe. The interaction rate is assumed to be linear in
the energy densities of dark matter and dark energy and it is also proportional to the Hubble rate of the
FLRW universe. This kind of interaction model leads to an autonomous linear dynamical system, and
depending on the coupling parameters, could be solved analytically by calculating the exponential of the
matrix, defining the system. We show here that such interaction rate has a very deep connection with some
well-known cosmological theories. We then investigate the theoretical bounds on the coupling parameters
of the interaction rate in order that the energy densities of the dark sector remain positive throughout the
evolution of the universe and asymptotically converge to zero at very late times. Our analyses also point out
that such linear interacting model may encounter with finite time future singularities depending on the
coupling parameters as well as the dark energy state parameter.
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I. INTRODUCTION

According to recent observations [1], our Universe is
currently expanding with an acceleration and this accel-
erating phase cannot be described by normal matter within
the context of the general theory of relativity (GR). A
possible approach to explain this accelerating phase of the
universe within this context, i.e., within GR, is to consider
some exotic matter (characterized by negative pressure),
dubbed as dark energy (DE). This dark energy occupies
around 68% of the total energy budget of our Universe, and
this is the largest sector of our Universe [1]. However, the
origin, nature and dynamics of DE are absolutely unknown
even after a series of observational missions running since
the last twenty years. The second largest component of our
Universe is dark matter (DM) which takes nearly 28% of
the total energy density of the universe, and similar to the
DE sector, this sector is also not very well understood.
Thus, the dynamics of our Universe is mainly driven by DE
and DM, the understanding of which has been the central
issue for modern cosmology at present.

In order to understand the dynamics of our Universe,
mainly the dynamics of the dark sector, usually two
different approaches are considered. The first approach
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is very simple in which DM and DE are independently
conserved, that means both DE and DM enjoy their
independent evolution. The second approach is a bit
complicated but offers a wider picture (compared to the
former proposal) where DM and DE might be interacting
nongravitationally with each other. Observations from
many sources have already reported that a simplest cos-
mological model, namely the A-cold dark matter (ACDM),
where A and CDM are independently conserved, is an
excellent cosmological model explaining the late acceler-
ating phase. However, in the present work, we are inter-
ested in the second approach for several reasons that we are
going to describe below. If we consider the ACDM picture
of the universe, then we are unable to explain a biggest
mystery of the universe, namely, the cosmological constant
problem [2]. The theory of interaction may play a very
crucial role to offer a satisfactory problem to the cosmo-
logical constant problem. In [3] the author showed that a
coupled system between gravity and a scalar field with
exponential potential could give rise to a cosmological
constant term that becomes time-dependent. When the DE
era began, a new problem in the name of cosmic coinci-
dence problem appeared. The interaction in the dark sector
again played a crucial role to explain this phenomenon
[4-9]. The explanations for both cosmological constant and
coincidence problems influenced the scientific community
to investigate interacting cosmological models, and con-
sequently, the models in this class soon got massive
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attention due to having their far reaching activities [10-58]
(see also two review articles on interacting DE models
[59,60]). In particular, an interaction or coupling in the dark
sector may naturally push a quintessence DE, characterized
by its equation of state, wpg = ppr/ppe > —1 to enter the
phantom DE phase, wpg = ppr/ppe < —1 [61-63]. Here,
ppe and ppg are respectively the pressure and energy
density of DE. The remarkable point with such phantom
crossing is that the crossing of wpg = —1 actually needs
some scalar field models with negative kinetic term which
automatically invites instabilities both at classical and
quantum levels. But, in interacting models with the choice
of suitable interaction between DE and DM, the instability
problem can be relieved. Later, in the beginning of the
year 2016, other observational evidences reported that
the estimation of the Hubble constant, H, as well as, the
amplitude of the matter power spectrum og (within the
minimal ACDM cosmology) return different values in
different observational missions that are many sigmas apart
from one another. Surprisingly, DE-DM interaction again
proved its potential nature by offering a possible solution to
the H tension [34,37,64-67] and the og tension [66,68—
70]. Certainly, based on the aforementioned limitations of
the noninteracting cosmologies and the solutions coming
from the interacting models, it is clear that interacting
cosmologies should be investigated more elaborately in
light of the above issues.

However, the first and probably the most important
question in the context of interaction cosmologies is related
to the energy exchange rate between the dark sectors, that
means the interaction function. Since there is no globally
accepted theory yet that could justify the choice of the
interaction function, hence, to start with it is assumed that
the interaction function maybe involve the energy densities
of the dark components ranging from the simple linear to
the complicated nonlinear ones. Due to such diverse
choices of the interaction function one could explore a
cluster of interesting possibilities as a result. However, as
we will show in this work, while dealing with any
interaction function, we have to be very careful because
depending on the coupling parameter of interaction rate
which quantifies the interaction rate in every aspect
(whether the interaction rate is mild or not and the direction
of energy flow it allows), the associated cosmological
parameters could be unrealistic. Thus, in the present work,
we show how any interaction rate can be treated leading to
physically viable cosmological scenarios. We start with a
simple interaction model which is linearly related to the
energy densities of DM and DE as well as the Hubble rate
of the Friedmann-Lemaitre-Robertson-Walker universe and
then discuss the theoretical bounds on this scenario and the
physical consequences. The same analysis can be done for
any interaction model irrespective of its linear or nonlinear
functional form and consequently the bounds on such
scenarios can also be imposed. The work has been

organized in the following way: In Sec. II, we discuss
the field equations of any interaction model and then
introduce our model and provide its justifications. In
Sec. III, we perform a dynamical system analysis of the
original interaction model and its subcases and give the
bounds on the coupling parameters for realistic interaction
scenarios. In Sec. IV, we deal with future singularities,
showing that for some values of the coupling parameters
and the dark energy equation of state, our universe evolves
to a big rip singularity. Finally, in Sec V, we conclude the
main findings of the present article.

II. INTERACTING DARK ENERGY:
MODEL AND JUSTIFICATION

In the large scale, our Universe is almost homogeneous
and isotropic. The geometric configuration of this
homogeneous and isotropic universe is characterized by
the Friedmann-Lemaitre-Robertson-Walker (FLRW) line
element

dr?

ds? = —d* + @(1) | 77 + 1°(d6? + sin’0dg?) |,
—Kr

where (¢, r, 0, ¢) are the comoving coordinates; a(7) is the
expansion scale factor of the universe; K is the curvature
scalar of the universe which represents a closed, open and a
flat universe, respectively for its three distinct values,
namely, K = 1, —1 and 0. Concerning the gravitational
sector of our Universe, we assume that it is described by
GR and the matter distribution is minimally coupled to
gravity. Precisely, we consider that the total energy density
of our Universe is given by, pioi =p,+pPp +pc+px, Where p;
is the energy density of the ith fluid in which i = r, b, ¢, x,
respectively stands for radiation, baryons, pressure-less
DM (also known as cold DM, abbreviated as CDM) and
DE. The total pressure contributed due to the above
components is therefore given by, p=p,+p,+
P+ Px, Where the notations follow same argument as
described above. Lastly, we consider that the dark fluids of
the universe namely CDM and DE are interacting non-
gravitationally with each other, which means that there is a
continuous flow of energy and momentum between these
sectors. Since other components do not interact with each
other, hence, they obey their own conservation equations.

Therefore, focusing on the interacting dark sector,
one can write down the conservation equations of CDM
and DE as

Px +3H(1 +Wx)px = 0,

where —1 <w, = p,/p, < —1/3 (nonphantom fluid), is

the constant equation-of-state (EoS) parameter of the DE
fluid and the quantity Q appearing in the above two
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equations, is the energy transfer function that determines
the rate of energy flow between the fluids as well as the
direction of energy flow depending on its sign.
The conservation equations for the noninteracting radi-
ation and baryonic matter are respectively
pr + 4Hpr = 0’ and bb + 3Hpb = 0’ (2)
and introducing the time variable N =—In(l +z) =
In(a/ay) which is only the number of e-folds starting at

the present time, taking into account that N = H, one gets

pr+4p, =0, and pj, +3p, =0, (3)
where the prime is the derivative with respect the time N.
The solutions have the simple form
Pr = Prege NN and  py = pyoe™N,  (4)
where p, ., is the value of the radiation energy density at the
matter-radiation equality and p, is the present value of
baryonic energy density.
Once again, in terms of the time N the system of
equations in (1) becomes

P+ 3pe = -3
e 31 +w)p, =

Note that, the Hubble parameter H can be found from the
following equation
H? (N) (N=N.,) N)

(pc +px +pr,eqe_4 +ph,06_3

3M7,

K
2,2N° (6)

age

where ay is the present value of the scale factor. Hence,
once the evolution of p,. and p, are determined either
analytically or numerically for some given interaction rate
0, the expansion rate of the universe can be determined and
the modified cosmological parameters can be studied in
terms of their evolution with time. Thus, as one can realize,
the expansion rate of the universe is highly influenced by
the interaction function. That means the expansion rate is
dependent on the choice of Q.

In almost all works, the choice of the interaction function
is motivated from the phenomenological ground. If we
look at the conservation equations in (5), one can realize
that the interaction rate might be the function of the energy
densities of the dark sectors, namely, p. and p,. Therefore,
using that ground as a basis, an infinite number of
interaction rates can be produced by hand and can be
investigated. However, some recent investigations show
that one could justify the choice of the interaction rates

from some field theoretical point of view [71-76]. In
particular, in [76], the authors have explicitly shown
that some very well-known linear and nonlinear interac-
tion models can be deduced from scalar field theory.
Interestingly, in this work we shall show that the inter-
action rates can also be motivated from other well known
cosmological backgrounds. We begin our discussions with
a simplest interaction model of the form

0= 3H(/’lpc + pr)’ (7)

where ¢ and v are dimensionless coupling parameters. As
one can see from (7), this interaction rate recovers some
well known interaction rates as special cases. For instance,
one can recover Q = 3Hup,. under the assumption of
v = 0. Similarly, the model Q = 3Huvp, is obtained when
u=0. Lastly, for y=v=24, one recovers Q = 3HA(p. + p,).
One could further notice that for v = —pu, the interaction
function becomes Q = 3Hu(p. — p,), which has a sign
changeable feature. Let us now try to justify the interaction
rate (7) using the available theories in the next paragraphs.

One of the possible justifications of the interaction rate
(7) may appear using the teleparallel gravity (TG), based in
the Weitzenbock spacetime [77], which is equivalent to
general relativity (GR) [78,79] (see also [80] which trans-
lates the early papers of Einstein about teleparalellism).
Effectively, in TG to obtain the field equations the scalar
torsion quantity 7 is used, which for the flat FLRW space-
time is given by 7 = —6H? [81]. Additionally, in TG the
total stress tensor satisfies the conservation equation
VaT; =0 (see for instance [78]), where V denotes the
usual Levi-Civita derivative. Therefore, in this framework
and following [14] we consider the conservation equations
in presence of an interaction as V(,T;’ A= QpaWwithA =c,
x, and

Q[)’.c = _Q/},x =V 7/6(/_4Tgcu/}c + l_/Tg.xu/},x) (8)

where for a perfect fluid T, = P48 + (pa + Pa)ufuga

dx®
V—ds?
Then, since at the background level

in which uf} = being the four-velocity of the fluid.

H _

Q = QO,C = _QO,x = % (/’lpc + V(3Wx - 1))0)6)’ (9)
and VQT; A = —Pa —3H(pa + P,), to recover our energy
density transfer and the system (5), one only has to choose

i _ Bw,—1)p
,u-waandv— NV

On the other hand, following the notation of [14]
the perturbed four-velocity of the B-fluid is given by
u = (1 —¢,1d'vg), where ¢ is the Newtonian potential,
vp 1s the particular velocity and B = r, b, ¢, x. This means
that at the background level the four-velocity, in the
comoving system, becomes u% = (1,0,0,0) for any
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fluid which is the consequence of the isotropy at the
background level. Therefore, at the background level the
scalar ua,BT;;_Bu/} becomes pp, and one can also choose

the energy transfer function

Q[)’,c = _Q/},x =3
(10)

Following this way, and now working in the framework
of GR, we can consider, for example, the scalar V ,u% which
for the flat FLRW metric leads to 3H, and thus one may
consider

— — n 4 v
Q/},c - _Q/},x - vr/uc(ﬂua,cT;f,cuCuﬂ,c + yua,xT?,quuﬁ.x)7

(11)
or

1

Opc=—0p, = quuz (AT ug . +0Tq up,).  (12)

In addition, in GR one could use the Carminati-
McLenaghan invariants [82]

1 1
RZEZR;RQ‘, and R3E—§R;R*;RZ, (13)

whose values for the synchronous comoving observers in
the flat FLRW space-time are given by R, = %Hz and

Rz = —%I:IS. Thus, in such coordinates, one finds that,

H=-2 % and consequently, the scalar curvature, namely
R, takes the relation H? = % + &. Following this, one can
replace V"u'g by the following scalar a

R; R
S B 14
R, 12 (14)

R=3
in the Eqs. (11) and (12). Finally, going beyond GR one
can use a mimetic gravity, based on a mimetic field, namely
@, satisfying V, V% = —1 (see [83,84] for a detailed
description of this theory). Thus, in mimetic gravity the
scalar y = —V*V ¢ in the flat FLRW space-time becomes
3H. Thus, one can see that the present interaction model
can be justified using various well-known cosmological
theories.

Let us note that although the interaction rate (7) is
already existing in the list of some well-known linear
interaction rates, however, below we shall show why we
should reconsider the same model.

To conclude this section we note that the system of first
order differential equations given in (5) depicts a two
dimensional autonomous dynamical system, which could

' Y
7/6(/41"(1,(' T;f.cut‘u/i,c + Dua,xT(yI,qu u[)’,x) .

be solved once one has the values of the corresponding
energy densities at present time.

III. DYNAMICAL SYSTEM ANALYSIS

In this section we shall perform a detailed dynamical
analysis of the interaction model (7) as well as the simple
cases of (7) aiming to provide with the bounds on the
coupling parameters of this interaction model. Let us start
our analysis with the general interaction model (7) for
which the dynamical system becomes

X = AX (15)

where prime, as already mentioned earlier, denotes the
differentiation with respect to N and

A_<_3(§u+1) —3(1:1—v>>’ XZ(Z)' (1e)

Since we are dealing with a non-degenerate linear
dynamical system, the only fixed point is the origin,
and its stability is deduced using the trace-determinant
criterion. Physically, we want that the origin is an attractor,
because in the contrary case we will have future singular
solutions, so we have to impose the condition TrA=
=32+pu—v+w,)<0andDetA =9(u + 1)(1 + w, —v)+
9 pv > 0. These lead to the allowed region in the plane of
parameters (u,v) determined by the linear inequalities

v <24u+w,
{ g (17)

v < (1+w)u+1).

which involves the EoS of DE along with the coupling
parameters. In particular, if the DE is assumed to be the
vacuum energy characterized by w, = —1, the above
domain becomes

D={(pv):p>v—-1,v<0}. (18)

However, the condition that the origin is an attractor is
not enough, because if the origin is an attractor focus, the
orbits will round around (0,0), and thus, the energy
densities will be negative, which has no physical sense.
For this reason we have to demand that the discriminant
A = (TrA)? — 4Det A has to be positive, that means,

A=9((wy—p—-v)>—4 ) >0. (19)

In addition, if we want that the energy densities must
be positive all the time, then we also need to demand that
the eigenvectors of A, namely ¥, = (v, v, ,), have to
stay in the first quadrant, i.e., they have to satisfy
vy vy, > 0. Effectively, since the system is autonomous,
the orbits never cross, then with this condition, the orbits
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{e**NT, } yer and {e*VT_} yer define a sector in the first
quadrant, and all solution with initial conditions in this
sector defines an orbit inside it.

Denoting the eigenvalues of the matrix A by A, =
(TrA £ \/Z) /2, the corresponding eigenvectors are given
by as follows:

(1) For v #0:

By = (1’_PL+’E/3>’ (20)

v
and thus, the condition v, v, , > 0, becomes

. <0. (21)

Then, to have positive energy densities all the
time, the initial condition (p. g, p, ) has to satisfy

9
v 14

(/4+1+/1+/3 u+1+/1_/3>
min | — -

<

POx o (_u+ 1 +/1+/3,_;4+ 1 +/1_/3>'
Po.c v v
(22)

(2) For v =0: The eigenvalues are A, = =3(1 +w,)
and A_ = =3(p + 1), and the corresponding eigen-
vectors are given by

i, =(0,1), b= <1,W ﬂ—u)’ (23)

and thus, the condition v, vy, >0, becomes
w, <u<0.
Then, the condition to have positive energy

densities all the time is

px,O H

> . (24)
P c,0 Wy —H
Taking into account that ;ﬂ = QXE’ and as we will

see, if one disregards the energy of the radiation at the
present time one has Q. = 0.262 and Q, ; = 0.69,
hence, the condition (24) becomes u > 0.72w,,
which means that the parameter u is constrained to
satisfy

0.72w, < u <0. (25)

On the other hand, to know the value of the effective EoS
parameter and thus, to know if the Universe accelerates or
decelerates, we need to calculate explicitly the solutions of
(15) which is given by X(N) = ¢*VX,, X, being the current
value of X with

AN 0
eAN_B<eO M)B-', (26)

e

where, 1, are once again the eigenvalues and the matrix B
is set up with the eigenvectors of A, 7., i.e.,

=)@

Thus, when v # 0, since DetB = ‘/—_ we will have

1 1 3 v_, —1
B:< ) B—1:_”< 2 > (28)
Viyp V-2 VA\-v,5 1

and consequently,
INy., AN _ AN

(29)

’U_.Q —e

N
ANV
e = 2N
VA \ v, v _s(eN -

This could be written in terms of the discriminant as
follows

N 32w —vtu)N <\/Z cosh(@) —6v smh(J_N ) >
e =
VA 6u smh( ) \/»cosh(\/_N)
+3(w,—v—p)sinh (@) Id] , (30)

where Id denotes the identity matrix.
Finally, about the initial conditions it is useful to
introduce the variables p;, = with i =r, b, c, x.

3H§}w§,
Then, in the flat case K = 0, the initial conditions are €; .
We could choose the central value of Q,, o = 0.31 for the
total matter (baryonic and dark) sector of the universe.
Using the observational estimation of k% = 0.0221
and Q. oh? = 0.1206 we see that the percent of baryonic
matter is approximately the 15.5% of the total matter, so
Pro = Q0 =0.048 and p.y = Q.o = 0.262. Since, at the
present time, the energy density of radiation is negligible
compared to other energy densities, one can approximately
take 15)6,0 = Qxyo =1- Qb’o - QC,O =~ 0.69.

To obtain the evolution of the energy density of radia-
tion we take, for example, the redshift at the matter
radiation-equality equal to its central value z,, = 3411
for the PlanckTT + lowE likelihood [85], for which N, =
—8.135, and thus, from the matter-radiation equality,

(Neq) +ﬁc(Neq) :ﬁb.oe_SN"" +Pe (Neq)y

(31)

.br,eq Eﬁr(Neq) =Py

123506-5



PAN, DE HARO, YANG, and AMOROS

PHYS. REV. D 101, 123506 (2020)

once the parameters y, v and w,, are fixed, one obtains
Pr(Noy) = Prege” ™ Nl And when the initial conditions
are obtained one can easily calculate p;(N) and also the
effective equation of state (EoS) parameter defined by

_ Pt WPy (N)+%/_)r (N)
Wet (N) B Plto‘t o Piot(N) ’

A. Special cases

In this section we consider the special cases emerging
from the original interaction (7). For example, one of the
simplest cases that one may consider the case with v =0
in (7) which returns, Q = 3Hpup,.. Similarly, one could
equally consider another case with y = 0, equivalently, the
interaction rate becomes Q = 3Hvp,. The equality y = v is
also interesting. The solutions for all the cases are trivial,
however, there is something that needs to be clarified in
this article for future works. In what follows, we describe
the solutions for each model as well as the bounds on the

1.0 w w —
08 ]
N R / o,
0.6/ S \ | _
g C/ > I,
041 '/ \ o,
p~
02! / ‘\ ~ - / \ ]
/' \
2/ N A \ \
0.0= =
-10 -5 0 5 10
N
FIG. 1. The evolution of the density parameters namely, Q, (red

curve), Q,, (green curve), Q. (blue curve) and Q, (grey curve) for
the interaction rate (7) with v =0, ¢ = 0.1w,, w, = —0.95 has
been shown in this picture.

0.4

— wu=0.1wy, ¥=0, wy=-0.95
0.2}

0.0¢
.. —02¢}

i

Wefi

~0.4/
~0.6
-0.8]

-1.0

N

-10 0 10 20 30 40 50 60

coupling parameters for which one obtains viable cosmo-
logical solutions.
(1) For the interaction rate, Q = 3Hup,., the condition
(25) requires 0.72w, < u <0, and the solution,
which is non-singular and positive, is given by

Pe(N) = Q0e05V | and

o(N) = Qe o0

_P’Q_Cﬁ(e—3(1+u>N _

—3(l+wx)N)'
H— Wy

e (32)

Finally, with this quantities one easily has the total
pressure and energy density, so we have completely
determined the effective EoS parameter w.g (N). It is
easy to see that wey(N) — w, when N - oo. To
understand the evolution of various components in
terms of their energy densities in Fig. 1, we display
them for a specific choice of the coupling parameter,
u constrained in the region 0.72w, <u <0 and
for a particular choice of the EoS of DE, w,. As
one can see, all the energy densities remain positive
for this choice of the coupling parameter. In Fig. 2,
we also show the evolution of the effective EoS, wg
for the same value of y and w, used to draw Fig. 1.
To be precise, in the left panel of Fig. 2, we show the
evolution of wgy for a wide region where N €
[-10,60] and in the right panel of Fig. 2 we show
the evolution of wgy from the epoch of matter-
radiation equality to present time. One can clearly
visualize from Fig. 2, that w.; crosses from positive
(in the early phase of the universe) to negative values
(at present time) and then asymptotically converges
to w, = —0.95.

(2) For the second case with y = 0, equivalently for the
interaction rate Q = 3Hup,, working in the same
way as above, one obtains A, = —=3(1 +w, —v) and
A_ = =3, and thus,

0.4

0.2F
0.0r
-0.21

Weff

—0.4"

—0.6F
-0.8¢

— wu=0.1wy, ¥=0, wy=—-0.95

-1.0 : :
-10 -8 -6 -4 -2 0

N

FIG. 2. 'We show the evolution of the effective EoS of DE for the interaction scenario with v = 0, y = 0.1w,, w, = —0.95. In the left
panel we see the asymptotic evolution of w for the region N € [—10, 60], and in the right panel we only show its evolution from the
matter-radiation equality to the present time, that means for N € [—10, 0]. One can notice that the effective equation of state parameter

converges to w, = —0.95.
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1%

v, = <1,W"_”) v_=(1,0). (33)

In that case the condition vy jv., > 0 and ZLE <

Wy—U
12

requires 0.27w, <v <0, and the solution is
given by

Pu(N) = Qe 059N and
e (N) — 96706—3N + A0 (6—3(1+WX—V)N _ e_3N).
Wy —v
(34)
Finally, a simple calculation shows that

]\1,11’1’1 Weff(N) = Weff,oo = Wy —V > Wy, (35)

but this does not mean that the universe could
decelerate once again. Effectively, at the present

1.0
0.8 ==/
Al / \
\ \ / — ﬂx
0.6 '/
= \ V —_— — ()
S WA — — g
0.4 ' \ o 1
/" / %
02t /% / \
T T N \ ______
_ - . / «
0.0= —= > :
-10 -5 0 5 10
N
FIG.3. The evolution of the density parameters namely, Q, (red

curve), Q,, (green curve), Q. (blue curve) and Q, (grey curve) for
the interaction rate (7) with 4 = 0, v = 0.1w,, and w, = —0.95
has been displayed.

0.4

— w=0, v=0.1wy, wy=—0.95 |
0.2¢

0.0r
=02

Weff

~0.4/
-0.6]

-0.8¢

-1.0 ‘ ‘ ‘ ‘ ‘ ‘
10 0 10 20 30 40 50 60
N

time we have wegr o = w,£2, ( because the radiation is
negligible. Then, since nowadays our universe is
accelerating, hence, we( has to be less than —1/3
and taking a typical value of the density parameter
for DE as Q, (= 0.69, this means that —1 <w, <
0.483, and thus,

Weff 00 < (1 —027)Wx

=0.73w, <-0.73x0.483>-0.35<-1/3, (36)
meaning that the universe accelerates at late times.
Similarly, for this special case too, we have calcu-
lated the density parameters of different cosmic
fluids as well as the effective EoS of the total fluid.
In Fig. 3, we show the density parameters for a
specific choice of the coupling parameter, v satisfy-
ing the constraint 0.72w, < v < 0 and for a particu-
lar choice of the EoS of DE, w,=-0.95.
Additionally, in Fig. 4, we depict the evolution of
the effective EoS, w,g for the same value of v and w,
used to draw Fig. 3. In the left panel of Fig. 4, we
describe the evolution of wyy for N € [—10,60]
while in the right panel of Fig. 4 we show the
evolution of w.y from the epoch of matter-radiation
equality to present time. A clear transition of we
from its positive values to negative values are found
from Fig. 4.

Remark 1: We would like remark that to obtain a viable
cosmological scenario driven by the linear interaction
models prescribed above, one needs to impose the con-
dition 0.27w, < v (oru) <0. However, sometimes this
condition is somehow overlooked and due to arbitrary
choice of the coupling parameters, the energy densities of
the dark sector do not remain positive throughout the
evolution of the universe. Sometimes a negative sign is
considered in the interaction rate which leads to additional
confusions. Thus, we would like to clarify this point in our

0.4

0.2
0.0
-0.2

Weff

-0.4

-0.6
-0.8
—— =0, ¥=0.1wy, wy=—0.95
-1.0 : : : :
-10 -8 -6 -4 -2 0

N

FIG. 4. We display the evolution of the effective EoS of DE for the interaction rate (7) with y = 0, v = 0.1w,, w, = —0.95. In the left
panel we see the asymptotic evolution of w for the region N € [—10, 60], and in the right panel we only show its evolution from the
matter-radiation equality to the present time, that means for N € [—10, 0]. One can notice that the effective equation of state parameter

converges to w, —v = —0.855 in an asymptotic manner.
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notation. For instance, let us select the interaction rate
Q = —¢Hp,, which in our notation implies, £ = —3v. Now,
since 0.27w, < v <0, hence, we need to choose positive
values of £. The energy densities become positive for times
previous to the present time, but as we can see from (34) the
energy density of the dark matter becomes negative at late
times. Alternatively, if we select Q = aHp, which in our
notation y = a/3. Again we need to choose a < 0 because
for positive values of «, the energy density of the dark
energy p, becomes negative at early times, meaning that no
viable cosmic scenario for these parameters.

(3) Another theoretically interesting case might be the
one when the coupling parameters are equal, that
means u = v. In this situation the trace is given by
TrA = -3(2 4+ w,), and it is negative because we
are considering non-phantom fluids. The determi-
nant is given by DetA = 9(1 + w, + pw,), and it is
positive when y < —1 — Wi For the discriminant one
has A = 9w, (w, — 4u), meaning that it is positive
for u>w,/4. So, for the moment we have

10—
0.8 : -
06l - e
o ' / \ / — —
<::04— L >( S
' AN - a
/)0 \\/
02l s/ A
AN
005w = TN .
-10 -5 0 5 10
N
FIG. 5. The evolution of the density parameters, namely, €,

(red curve), Q, (green curve), Q. (blue curve), and Q, (grey
curve) for the interaction rate (7) with y = v = 0.1w, and w, =
—0.95 has been shown.

— wu=r=0.1wy, wy=—0.95 |

Weff

N

10 20 30 40 50 60

we/4 <u < —(we+1)/w,. Now we deal with the
condition (21). Since

C32+wy)

Aj:: )

£ fou—wp a3

the constraint (21) becomes

1

7 (2w V@u—w ) —42) <0, (38)

which is satisfied only for w,/2<p<0. Then, to-
gether with w, /4 <u < —(w,+1)/w,, we will have

w,/4 <pu<0. (39)
Finally, the condition (22) becomes
ST L Y (CYRR CPI
2/[ X X
1
<Prog (2M—Wx+ (ZM—WX)Z—‘W)-
Pco 2/"
(40)
Now since Zi(; = 3‘2 ~2.63 we obtain the following

bound

0.18w, <u<0= -0.18<u <0, (41)
because as already mentioned, we are dealing with non-
phantom fields, i.e., —1 < w, < —1/3. For this interaction
model we have similarly shown the modified density
parameters in Fig. 5 and the effective equation of state
parameter in Fig. 6 taking the choices 4 = nu = 0.1w, with
w, = —0.95. Finally, we have considered a noninteracting
scenario of the universe, equivalently, y =v =0 and
shown the density parameters as well as the effective

0.4
0.2¢
0.0r
=02

Weff

~0.4]

-0.61
-0.8¢

— u=r=0.1wy, wy=—0.95

-1.0 : :
-10 -8 -6 -4 -2 0

N

FIG. 6. We display the evolution of the effective EoS of DE for the interaction rate (7) with 4 = v = 0.1w,, w, = —0.95. In the left
panel we show the asymptotic evolution of w for the region N € [—-10, 60], and in the right panel we only show its evolution from the
matter-radiation equality to the present time, that means for N € [-10,0].
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FIG. 7. We show the evolution of the density parameters,
namely, Q, (red curve), Q,, (green curve), Q. (blue curve), and Q,
(grey curve) for the non-interacting case u =v =0, with
w, = —0.95.

equation of state in Figs. 7 and 8, respectively, taking a
specific value of w, = —0.95. The Figs. 7 and 8 are
motivated to present a comparison between various inter-
acting scenarios with the non-interacting one.

It is well known that in the noninteracting case the
perturbations grow in a matter-dominated regime, i.e.,
when wg; =0 and the physical scales reenter the
Hubble horizon k% > a®>H? [86] (see also [87] where the
authors, using a matrix approach, show that, in the non-
interacting case, the dominant perturbations become con-
stant in the super-horizon scales during the radiation era,
and for an interacting case, see [88], where the authors,
following the same analysis as in [87], arrive at the same
conclusion). So, a matter-dominated state is necessary after
the radiation domination and before the present time.
Although this is a topic that deserves future investigations,
we hope that the same will happen in the interacting case
for values of the parameters ¢ and v close to zero. For this
reason, comparing the different effective equation of state
parameters studied here, we see that the best case is when
u =0 and v = 0.1lw, with w, = —0.95.

In fact, studies in [14] agree that interacting models may
lead to early time instabilities where the instabilities of the
perturbations are only considered in superhorizon scales
and extrapolated (see for instance Eqs. (63)—(75) of [14]) to
subhorizon scales. However, why one can extrapolate from
superhorizon to subhorizon scales, is not clear, and hence,
the instability problem in this context does not seem
to be conclusive and this deserves further investigations.
Moreover, when obtaining perturbations many orders
greater than the background, it has not been realized that
the linear approximation only holds for perturbations less
or the same order of the background. More interesting are
the conclusions of [89], where the authors state the
difficulty of the study of subhorizon perturbations because
it is impossible, in this regime, to find analytic solutions,
and the only conclusion is that the perturbations grow
slower than in the noninteracting case. The understanding
of early time instabilities appearing in the interacting
DE-DM theories is therefore a key topic that deserves
serious attention. Such instabilities are highly model
dependent since it can be avoided with the proper choice
of the interaction function [88]. So, one may argue that the
instabilities appearing in such theories point toward the
insufficiencies of the phenomenological parametrizations
of the interaction functions. Although the linear interaction
model is the most simplest and convenient choice to
proceed with, however, one may consider suitable para-
metrizations of the interaction functions beyond the linear
parametrizations with an aim to investigate the evolution of
the interacting universe at the level of perturbations.

IV. FUTURE SINGULARITIES

In this section we demonstrate that the interaction
scenarios may lead to finite time singularities. In particular,
we find that our present linear interacting model may also
lead to finite time future singularities. Effectively, if one
takes DetA =9(u+ 1)(1 +w, —v) +9 uv < 0, the ori-
gin becomes a saddle point, and thus, at very late times, the

0.4 ; 0.4
— wu=v=0, wy=-0.95 |
0.2F 0.2¢
0.0f 0.0}
. —0.2} . —02]
= 04 ® 04
-0.6] -0.6/
—0.8} -0.8}
— wu=r=0, wy=—-0.95
-1.0 : : : : : : -1.0 : : : :
-10 0 10 20 30 40 50 60 -10 -8 -6 -4 -2 0
N N
FIG. 8. We display the evolution of the effective EoS of DE for the noninteraction scenario that means with 4 =v =0, and
w, = —0.95. In the left panel we show the asymptotic evolution of w.g for the region N € [—10, 60], and in the right panel we only show

its evolution from the matter-radiation equality to the present time, that means for N € [—10, 0].
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total energy density diverges, meaning that the universe
will enter in a phantom dominated phase finishing in a big
rip singularity. To show that, we choose for example, 4 = 0
which implies 1 + w, — v < 0 and this restriction together
with the condition Z <0 < @ leads to the constraint

Peo
max(0.27w,, 1 +w,) <v <0,

which implies that w, < —1, that means, effectively p,
must be a phantom fluid. Thus, at late times, the solution
(34) becomes

Pe(N) ~ Qoe3HNp (N) — o0, and

Pe(N) ~——p,(N)p(N) — oo,

W, —v

and wegr o = W, — v < —1, which means that, at late times,
the universe enters into a phase dominated by the phan-
tom fluid.

Finally, at very late times, the Raychaudhuri equation for
K = 0 universe becomes

1 3
(1 + Wefr.o0)Prot = — 5 (1 + Wefr 00 H2,

H=—-—+
2M, 2
whose solution is given by
11 3
———==-2(1 r—1
H() H 2( +Weff,oo>< 0)
2 1

3(] + Weff,oo) =1
with t, = t, — m > t,. This means that the uni-
verse has a finite time cosmic singularity in the future,
where the total energy density and pressure diverge, i.e., the
model has a big rip singularity.

On the other hand, when DetA > 0 and TrA > 0, both
the eigenvalues are positive, and the origin of coordinates is
a repeller, which means that one also obtains a big rip
singularity at late times. In order to ensure that the energy
densities of the fluids were always positive, one has to
impose that origin was not a focus, because if so, at early
times the orbits would oscillate around the origin leading to
negative energies. To prevent this behavior, one has to
impose that the discriminant A = (TrA)? —4DetA was
positive, i.e., the origin was a node. In addition, as we
have already explained in Sec. III, for a node, to guarantee
the positive values of the energy densities, both the orbits
following the respective eigenvectors of the matrix A,
(X (N)=e*Nv_ and X_(N) = e*Vv_ being once again
A, and A_ the eigenvalues of the matrix A and, v, =
(v14.v5,) and wv_ = (v;_,v,_) their corresponding
eigenvectors) must belong to the first quadrant, that is,
the condition v, v,. >0 must be satisfied. As a

consequence, all orbits with an initial condition defined
in this region must remain in this region of the first
quadrant, which ensures that the energy densities were
always positive.

All these conditions lead to the following constraints that
the parameters ¢ and v need to satisfy:

24+pu—v+w, < 0
I+l +w)—v > 0 (42)
(Wy—pu—v)?—du > 0

’

where the first equation implies that TrA > 0, the second
implies DetA > 0 and the third ensures A > 0. Moreover,
as we know, the eigenvalues of A are given by A, =
(TrA + v/A)/2 and the corresponding eigenvectors can be
classified for v # 0 and v = 0 as follows:

(1) For v # 0, the eigenvectors are given by

v. = <1,—M). (43)

(2) Forv = 0, the eigenvalues are 1, = —3(1 + w, ) and
A_ = =3(1 + u), which implies that w, < —1 (phan-
tom fluid) and also 4 < —1. The eigenvectors are
then given by

7
=(0,1), _=11, . (44
o= o= (1) @
Now, the condition v; v, > 0 gives

v#0

”7“*/*/3 >0 for (45)
v=0.

w, <u<0 for

Thus, in order that the initial condition was in the region
defined by the orbits X, (N) and X_(N), and thus, the
energy densities were always positive, we get the following
restrictions:

min(v, 4,0, _) <Px0 < max(vy . ,v,_), forv#0, (46)
Peco
and
Pe o K fory=o. (47)
Pco Wy —H

Then, considering the simple case v = 0, and taking into
account that p, o/p.o = .0/, and using, once again,
the following observational values at present time, namely,
Q.0 =0.262and Q, ( = 0.69, from (47) we deduce that the
parameter x4 must satisfy the condition
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0.72w, < u <0, (48)

and from (42) we conclude that, to have a future big rip
singularity, the value of the parameter y has to satisfy
0.72w, <pu < -1, with w, < —1.38. (49)
With the analysis presented above, it is clear that the
linear interaction models may encounter with finite time
future singularities (here the big rip singularity) depending
on the model parameters, in particular, for some specific
regions of the coupling parameter(s) of the interaction
function and the dark energy equation of state. Similar to
the early time instability problems in the interaction
models, as discussed in Sec. III, one can clearly understand
that the appearance of finite time future singularities is also
related to the choice of interaction function. Since one can
construct a number of phenomenological parametrizations
of the interaction functions, thus, it is possible to have an
interaction model with no finite time singularities in the
future. In this connection, we refer to an appealing
interacting DE-DM theories where DE acts as a scalar
field and the mass of the DM particles has a direct
dependence on the scalar field itself [90,91]. In such
theories, if the potential and kinetic term of the scalar
are well behaved, no future singularity will appear.

V. CONCLUSIONS

The theory of nongravitational interaction between DM
and DE is one of the fantastic areas of modern cosmology
and this is the main theme of this work. Existing articles
demand that interacting DE models are one of the prom-
ising cosmological models that could explain many theo-
retical and observational issues related to the evolution of
the universe. Being recognized for its ability to soften the
cosmological constant problem it came into the limelight
for providing with a possible solution to the cosmic
coincidence problem. Now, if we concentrate on the recent
investigations focused on the tensions in the cosmological
parameters arising from local and global measurements,
this area has taken a serious role. The readers have already
witnessed how the tensions in both H, and og can be
alleviated/solved if an interaction in the dark sector is
considered. Therefore, there are enough reasons to select
the interacting models as the theme of the present work. In
the present article we consider an interacting cosmic
scenario between DM and DE driven by a simple inter-
action rate which is linear in the energy densities of DM and
DE. Here, DM has been taken to be pressureless and DE
has a constant barotropic equation of state. By performing a
systematic dynamical analysis we show explicitly that the
inclusion of an interaction in the background may lead to
unphysical behaviour in terms of negative energy densities.

To obtain viable cosmic scenarios, one needs to impose
additional conditions on the parameter space consisting of
the coupling parameters of the interaction rates as well as
the DE equation of state. Although the linear interaction
models have been investigated widely in the past due to
their simplest mathematical structure, but the current article
raises some important points that are essential to under-
stand the actual parameter space of the underlying cosmo-
logical model.

It is important to mention that the linear interaction
models can also lead to finite time future cosmic singu-
larities depending on the model parameters. In particular,
we find that for the present interaction model our universe
may encounter with a big rip singularity for some specific
values of the model parameters. Although the present study
focuses on the linear interacting models, but the same can
be performed with the nonlinear interaction models.
Moreover, we here focus on the simplest case in which
DE has a constant barotropic state parameter, however, one
could extend the case with dynamical state parameter. In
connection with the present interaction model we would
like to emphasize on a broad class of interacting DM-DE
theories in which DE acts as a scalar field and DM particle
has a mass which is directly dependent on the scalar field
itself [90,91]. This class of interaction theories are very
appealing for their far reaching possibilities. In particular,
concerning the singularity problem that we faced with the
present interaction model can be avoided in the aforemen-
tioned theories if the potential and kinetic term of the scalar
are well behaved. Thus, it will be interesting to perform a
dynamical system analysis of the above interaction models
following the similar approach as in the present article, in
order to look for viable scenarios both from theoretical and
observational grounds. Such investigations will be very
enchanting and we believe that, other investigators includ-
ing us, might be interested to explore the deeper physical
insights with such models.
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