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                                ABSTRACT

       Numerical tab}es are given for evaluating characteristics of the random force
    or/and its time derivative.

Introduction

    The idea of the random force originated from Holtsmark (!919) was first
applied to the star field by Chandrasekhar and von Neumann (1942, 1943).
According Åío the results of these authors, however, all the moments of the
random force except for its mean do not converge. Such inaptness may be
avoided by considering a test-star to have a non-zero radius, instead of a point
mass, as shown by Camm (1963). Neverthless, even with Camm's formulae
the computed values of the mea'n and the variance turn out unreasonabiy larger
than expected. Hence, the senior author triedi to reformulate the random force
under the following assumptions : (i) the stars with the same mass and radius
are scattered randornly but uniformly in the large, (ii) the frequency distribu-
tion of the field-star's velocity is Maxwellian, and (iii) only the field-stars with
the escape-velocities refered to the test-star can contribute to the random force
on the test-star. Actual treatment to the required theoretical formulae is given
elsewhere (Shimizu, 1969). Because of the last assumption, on which the binary
encounter theory has also been based, the new result comes out reasonable and
seems to be appiicable to the real stellar system. But, the newly obtained theo-
retical formulae are not expressed, in general, by the elementary functioRs.
Hence, we provided here the numerical tables together with the theoretical
formulae for computing characteristics of the random force.

   The following notations are used throughout.
          G : gravkational constant,
          m:mass oE the star,
          Vo: velocity of the test-star,
          6 : effective radius of the test-star,
          n : average star density !n space,
          a : dispersion in one veloclty-cornponent for field-stars, so the dis-
              persion in the space-velocity for field-stars should be -v'-I;a.
          pt==4Gm, Å~=pt/2a2o", y=2Vo2/a2, yi==Vo/V-2-6•
          F== (X, Y, Z) : force acted on the unit mass of the test-star,

                  -i-- - -          F-:iFl, F- (X, Y, Z) -d,Fr/dt, F=-dF/dt==IFI•,
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       i"(v+-5-) : gamma function,

       r(v+-li-, x) : lncomplete gamma function oi the first kind,

       i(.+g, .) ..,(,+g, .)/r(.+g),

       II(O, 3/2) -=e'yi`.\,{ (Y./3/ )" I(v + -;-, x)),

       II(2k2+mm1 , 2k+-i !+1)=e-aJi4 .\,(!t,/4!UL' (v+ 2ki-1 )(v+mZS/<2+L e-).•.•••.••

                    Å~(.+ 21<+221-1-)I(,+ 2k+221+1 , .)].

(A) The moments of the random force acted on the unit mass of the moving
test-star with its velocity Vo in the z-direction due to the escaping field-stars are
given by
   F2=noa2ptC02,
   F`==noffiOpe-'C04(1+no(5pt3C022/3a6C04)),
   F6 - noai 8pt-3C06(1 +no (7p3C02 • C04/a6C06) + no2 (35pt6C023/9ai2C06) ),

   F8=noa26pt"'5C08(1+no(63pt3C042/5o6C08)+no(12pt3C02•C06/a6C08)
                 +ne2(42pt6C022•C04/ai2C08)+no3(35pt3C04`/4ai8C08)),
where C02, C04, C06, C08 are defined as followings.
   C02 - (T/2)Å~(1+ (1/x)II(3/2, 5/2) -II(O,3 /2)),
   C04== (T/10)x5(1+(i/x5)II(3/2, 13/2)-II(e, 3/2)),
   C06=-(rr/18)x9(1+(1/x9)II(3/2, 21/2)-II(O, 3/2)),
   C08=:(z/26)xi3(1+(1/xi3)II(3/2, 29/2)-II(O, 3/2)).
   Throughout in this paper, the numerical vaiues are expressed in the units of
so!ar mass, parsec, and 106 years. As the unit of the velocity, km/s is adopted
but this is nearly equai to pc/106yr.
   Table 1 gives the numerical values of C02, C04, C06, C08 for assigned
values of x and y.
   Table 2 gives !ogC02, logC04, logC06, logC08.
   Table 3 gives El=-5C02/3Ce4, E2-7C02•C04/C06, E3-35C02/9C06, E4===
63C02/5C08, E5 ==12C02•C06/C08, E6-=42C02•C04/C08, E7-=35C02/4C08.
   Table 4 gives logEl, logE2, logE3, logE4, logE5, logE6, logE7.
(B) The moments of the time derivative of the random force are given by
    T    F2=-no(a8/pt)(3D21+1OD22*),

    Z3 =- no (a'5//x3) (D31" - (2/3)D32*) ,

    F` - no (a22/pt 5) (D41 - (1/3)D42* + 8D43*)

                        + 2no2 (a'6/pt2) (D21 + 3D22*) (5D21 + 16D22*) ,

where Z is the component of F along the motion of the test-star or along the
z-axis. Terms marked with * vanish when the test-star is at rest.
   Table 5 gives D21, D22, D31, D32, D41, D42, D43.
   Table 6 gives logD21, logD22, logD31, logD32, logD41, logD42, logD43.
(C) The cross moments of the random force and iÅís time derivative w•hen the
test star is moving in the z-direction are given by

    X2Z=Y2Z ur -no (a9/pt)E12*,

    Z2Z=x2no(a9/pt)E12*,

   F2F2=-n(ai6/pt3)(45E221+70E222*) etc.
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   X and Z are respectively the x- and the z- component of the random force.
Terms marked by * vanish when the test-star is at rest.
    Table 7 gives E12, logE12, E221, logE221, E222, logE222.
(D) Table 8 gives I(v+{5-, x) -r(v+-}, x)/r(v+-lt).

    Table 9 gives G(N)acr(v), logG(N)=logT(v), G(N+S-)ff!!r(v+-}),

logG(N+g)slogr(v+-}).

(E) The probability r(x, yi) that an escaping star occurs at a distance x from
the test-star is given by
        r(x, yi)=i-v4z e-yi2.S.2,{ Yvii/" i(v+-23-, x)}.

   Table le gives T(x, y)fiiffT(x, yi), d'I)/dxE!-Qo:-, ddT/ddx= aO.2T, ,

i(x, y)=--! ooc."x iogxdx, f(x, y)ff::iS-ll- gtx dx•

   Table 11 gives INT. T(x, y)=iT(x, yi)dx, INT. T/xfilmi! T(XkY') dx,

INT. T/x*2=S T(Xl,Yi) dx, INT. T/x*3=-! r(XS,Yi) dx,

INT. T/x*4=i r(Xt,Y') dx, INT. TxxffiEST(x, yi)xdx.

   In the above tables except for Tab!e 8 and Table 9, each value for x=50.0 can
hold still for x>5e.O. And for the conveniency we expressed logO as O.
(F) Table l2 gives the values of x and y for various sets of a, 6 and pt.
(G) Examples for calculations oi the moments of F==-v/x2+y2+z2 and its time
          .derivative F.
   We shall show four examples in the case of 6==4,51Å~10-8 parsec (=2R@).
As regards the frequency distribution function of F we adopted an approximate
formula as follows,

                                 Y+1
                               ap                       W(F) -                                      e-aFP F7,
                             2r(rXi)

where cr, B, r are adjustable constants. Then the k-th moment of F is given
by
                          .,... :#E,' l, ,

or
              iog M, =iog r( r+}+k ) -iogr( rXi ) - -l;-ioga.

              r+1   Fitting with B =1/2 or 1 seems to be most convenient and probable.
The probability that a force less than an assigned value of Fo occurs, or
Pr(F:{{Fo), is then given by the formula
               pr(F,f{ F,) - r( ill i,Bs:il"P) =-i(rxi , .F,p)
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Case (a) no--O.1, a==10, pt==1,8xiO'-2

from table
logF2 =- O.2475

logF`- 13.2894
logFeF= 28.4489
!ogF8-- 44.3725

   '
constants

y== 2, x==2Å~104.

a=- 7.1
B-- 2/19
r =- - 17/19

 '

fitted value

logF2=- O.8851

logF`=12.3185
logF6-28.0077
!ogF8 -- 46.4754

               F == 9.0 Å~ 10-3 Pr (F=. F) -= O.9869
              VW,-7.sxlO-i, Pr(FKVfSf,i-e.9991
As for F too, t•he same approximate formulae as above are applicable.
        from table
        D21 == 2.78555 Å~ 102

        D22==5.36165xle IF'ii2..s.exloii
        D41 -= 1.70579 Å~ 10iO                    Vi 2-8.9Å~105
        D42 =- 1.88187 Å~109
        D43 = 6.37439Å~106 F4 - 8.7Å~lesg
Case (b) no==3, a=-1, pt==7.2Å~10-2, y-=2, x--8Å~105

Case

from table
logF2=== O.8376

logF`=- 4.1644
logF6 =- le.1199

logF8 =- 16.8383

constants

a=- 3.0
B- 2/7
r -- 5/7

F-= 2.6Å~1O-i,

      Vi5E,i--2.6,

from table
D21 =- 2.78555 Å~ 102

D22-5.36165Å~10
D41 - 1.70579Å~10iO

D42-:1.88187Å~109

D43 =6.37438Å~106

fitted value

logF2-- e.4024

logF`== 4.34e4

!ogF6-- 9.8083

logFS -- 16.2841

Pr (F sg F) -= O.8672

pr(F:fl;. Vi'iffli2) --o.g7gs

 F2=6.eÅ~102
Vf' i2 ur 2.5Å~ 10

 F4===2.7Å~IOi6

(c) no ==5e, a==5, pt==1.8Å~10-2, y =5, x"=8Å~103

Case (d)

from table
logF2-- 1.9876
logF` == 13.7148

logF6=26.4723
logF8 === 4e,2152

constants

a-- 3.3
B== 2/l3
r -= -11/13

F = 7.5Å~10-i,

      Vl}fi,iTrm-g,9,

 from table
D21-5.e8873Å~102

 D22-2,16950Å~102
 D41=1.26771Å~10ii
 D42 =- 1.81042 Å~ 10iO

 D43 - 1.01546Å~108

nox5e, a=1, pt-1.8Å~10-2

fitted value

logF2=- 2.9943

logF` ==13.0056

logF6=25.9096
logFS-40.7066

Pr (FsF) -O.9588
Pr(FE{! VifSE'!i) -=0,9912

 F2=4.0Å~10ii
VF` 2.-6.3Å~10ts

 F` == 7.9Å~1032

   , y=e.o, x--2Å~los
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         from table constants fitted value
         logF2=== O.3264 logF2--e.4402
         logF`=- 5.4525 cr- 4.8 logF`= 4.7861
         logF6=-12.2818 B-= 1/5 logF6== 12.0237
         logF8--19.92e7 r=--4/5 logF8- 20.7116
                 F-4.8Å~10-'2, Pr(Fg;F)-:O.9261
                VFww-2 =-1.5, 'Pr(FE{ V'iS,) -=O.9942

         from table
         D21 =1.64934xl02 F"2 ..1.4xlOS
         D41 =- 1.65593 Å~ 109                        Vtt,#:1.2Å~103

                         T                         F, == 4.4 Å~ 10ig
   The part of curve ol these approximated distribution function
Pr(FsgFe) is shown in Figure I.

                             !igure r

                                  ?r(IEP
                                    1.oo

Pr(lFDffffs
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   Caption of Tables
Table 1. C02,••••••, C08.
Tabie 2. IogC02,••••••, logC08,
Table 3. El-=5C02/3C04,••••••, E7-35C02/4C08.
Table 4. IogEl,•••-••, logE7.
Table 5. D21,••••••, D43.
Table 6. IogD21,••••••, logD43.
Table 7. El2,••••••, logE222.
Table s. i(v+-li-,Å~)-r(v+-S-,x)/r(v+-l;).

Table 9. G(N)ww-r(v),••••••,logG(N+-})EEEIogr(v+S).

Table IO. T(x, y)=-T(x, y,),••••••,1(x, y)!!ES{ll- -gtil-dx•

5

ibg i,,]
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Table 11. INT. T(x, y)iEEST(x, yi)dx,••••••,INT. TXx=!T(x, yi)xdx•

Table 12. x and y.
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Table 12.

Table of x

]= 4.sooE-Os

s 2Re- IAV
if 4.slE-oSpc 4.8sE-o6pc

xlogx xlegx1 4.g88glE+o44.6g8olE+oo 4.6Jg18E+o22.66644E+oo
5 i.99557E+OJJ.JOO07E;OO 1.85567E+oi1.268sOE+oO

10 4.g88glE+o22.6g801E+Oo 4.6Jgi8E+oo6.664UxE-ol
15 2.21729E+022.J4s82E+OO 2.o6186E+ooJ.1#2s8E-OX
20 1.2472JE+Q22.09595E+OO 1.IS97gE+oo6.4J8o8E-o2

IU # 1.800E-o2

8 2Ro IAU
6 4.slE-o8pc g.85E-06pe

xlogx xXegx1 l.99557E+05S.JOO07E+OO i.85s67E+oJJ.268soE+oo
5 7.g82e6E+oJJ.9o2:3E+oo 7.4?268E+ol1.87os6E+OO

io 1.99S57E+OJJ.JOO07E+OOl.8ss67E+oli.e68soE+oo
15 8.86gi8E+o22.g4788E+oo 8.2g742E+oog.16J18E-ol
20 4.g88glE+o22.6g801E+Oo LF.6sg18E+oo6.6644xE-ol

,Sl = 7.200E.o2

s 2Ro IAV

6 #.SIE-08pc t,.8sE-o6pÅë

x legx x legx
1 7.98226E+os 5.90215E+OO 7.42268E+oJ J.87os6E+oo
s J.19290E+o4 4.sogxgE+oo 2.96907E+02 2 .47262E+OO

'

io 7 .gBa26E+oJ J.902iJE+OO 7.g2268E+Ol x .87os6E+oo
15 J.S4767E+oJ }.S4gg4E+oo J.29897E+Ol 1 .518J8E+oo
20 1.99SS7E+05 5.JOO07E+Oo 1.8ss67E+ol 1 .268soE+oo

Table ot y

v.=2.o V.=5.0 v.=lo.o V"x20.0

7Xegy vlogv ylegr yiogr1 8.00000E+OO9.0J090E-Oi s.eOOOOE+Ol1.69897E+OO2.00000E+022.5010)E+OO 8.oooooE+o22.goJ09E+eO
5 J.2oeooE-ol-4.g48soE-oi 2.00000E+OOJ.OiOJOE-OX8.ooOOOE+OO9.0]090E-Ol J.20000E+Ol1.S051SE+OO

10 8.oooooE-oa-1.096gxE+oo 5.00000E-Ol-].OIOJOE-Ol 2.00000E+OOJ.OIOSOE-Ol 8.oOOOOE+OO9.0J090E.Ol
:S s.SSSS6E-02-1.44gogE+oo 2.2e222E-Ol-6.552X5E-OX 8.88889E-ol-S.11525E-02 J.555S6E+OO5.S0907E-Ol

'20 2.oooooE-02-X.69897E+OO i.2SOOOE-Ol•-9.0J090E-•Oi 5.00000E-Ol-J.OIOJOE-Ol 2.00000E+OOJ.OIOJOE-Ol




