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                                 ABSTRACT

        An extension of Sobolev's dynarnical treatment on the radiation field of extendecl

     stellar envelope is examined. The cyclic equations are solved in connection with
     the escape probabi!ity of photon. A medium Qf hydrogen atoms with seven levels
     is considered. The numerical results give reasonable values of Balmer decrements
     for higher series member, when compared with the observed data on Bc stars.
     However, the dilution factor for the extended envelope of these objects derived by
     fitting the computed Balmer decrements to the observed values is smaller than the
     values obtained from other method. A more detailed consideration on the equation

     of radiative transfer seems to be required. 1'

                              1. Entroduction
                                                                     '
    The radiation field ef the extended envelopes of early type stars, such as Be
stars, has been treated by various approackes. While the method initiated by
Menzel and Baker (cf. Menzel (1)) was applied successfully to the radiation field
of planetary nebulae, it was found to be unsatisfaetory for Be stars, since in the
envelopes of these stars tke ionization frorri excited states may ocÅëur and there
seems to exist the self absorption of spectral lines (Burbidge afid Burbidge (2))
due to the insufficient geometrical dllution. Indeed, the observed Balmer decre-
ments of Be stars, especially, tlte ratio of tke total intensity of H. emlssion line
to that of Hp, show considerable differences among stars (cÅí Rojas and Herman
(3) and Pottasch (4)) and are not eqLial to the theoretical value, which is nearly
independent of the temperatures of the stars and of the dilution factor.
    To overcome this discrepaRcy, one should solve tke appropriate system of
equations, by assuming a steady state of tliese objects. The equations governing
the physical states in these objects are composed of tke so-called cyclic equations
which descrlbes tke balance between the gain and loss ef the population of atoms
in a fixed energy level, and oÅí tke system of equations of radiative transfer cen-
nected to the atomic transition between each energy level. The cl}ange of popula-
tion ef the atoms in a given energy leve! is governed by rad!'ative and collisional
processes. Though the latter pyocess is significant in some physical conditioRs
(Pottasch (4)), here we consider the purely radiative process alone. Even for this
Iirnited problem, it ls dithcult to solve exact}y the system of equations for level
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population and radiation transfer. There are two types of approach to deal with
them. The one, which has static character, is the treatments given by Miyamoto
(5) and Kogure (6), (7), and (8). They aimed to deal with the problem of self
absorpeion by so!vlng the equation o'f transfer, with assumption tkat the atoms
have finite numbers of energy levels. On the other hand, the observaeional evi-
dence that Åíhere should be dlfferences of velecity in the envelepes o'f these objects,

leads to the formulation given by Sobolev (9), where the equation of transfer ls
approxhnated by some parainetricai representation. Recent!y, Doazan (10) and
Lacoarret (11) applied the above mentionecl two sorts of approaches to the real Be
stars. However, their arguments do not lead to satisfactory decision which ap-
proach is better.
    In this paper, we shall examine the theory given by Soboiev. The fundameii-
tal point of this procedure lies in that we can define an escape probability of
photon from the envelope due to the Dopp!er shift caused by the motions of the
absorbing matter in the medium. A simp}e formulation of the escape probability
is given in section 2 for pure absorbing mediuiin. The resultant expression for
the escape probability dlffers frem those witli which Doazan (10) analyzed real Be
stars. The difference between these two formulation gives rise to differences in
Balmer decrements. An llluserative example with the approxirnaeion of 7-level
atoms are considered (sect}on 3). Some comments on the comparison between
observational results and theoretical are given in sectlen 4.

                         2. Fundamental equations

    The following derivation of the escape probability in a moving medium is
ess3nti'ally the same as the derlvatlon in Sobolev (9) and also in Ambarzumian
(12). Consider a pure hydrogen medium where only radiative process occurs.
In a s`teady state the number of hydrogen atom Ari ln the i-th state per cubic
c2nt-im2tter and the electron concentration Ne can be defined by the cyclic equation,

             t-•1 co             Z (N,Ai,-IVI,B,,J,,) : X (IVI,A,,-IVIiB,,h,)
             kml k-i+1
                      + (A71eAll+ Ci - JZVIiBiekc),

                            i--1, 2---, -•-•---•-•-(1)
and

                         oo                         X(NeAl'+Cin--ZV-,cBkcJx-c)=O, "''''''"''''''''(2)
                         inml
where Ar+ denotes the number o'f hydrogen ion per cubic centimeter aRd fiic, the
mean intensity o'f radiation for the i-fe transition, and the A's and B's are usual
Einstein's coeMcients for spontaneous emission and for absorption, respectively, and
Cic is the recombination coefficient to the levei fe. The sufixcdenotes the con-
tinuum state.
    To solve the syseem of equation, we must refer to the equation ef transfer
for cletermining the f's. Consider a one dimensiena{ medium bounded by x=O and
x= xi, where the surface x==O faces to the central star. We can write the equation
for radiation flux Hiic, as

                      2 dHgin                              =:IVI,A,,.-N,B,",,. •t••••••••••••••••(3)
                     hvits dx
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Now, if we substitute the equations (3) into equation (1), and integrate with
respect to x over (O, xi), we have, assuming fic is coltstant throug}iout the medium,

             ,i#,' h 3,, (Rl, ,. (x,) - H, ,(o) ) = , tt., h 3,, (Hi ic (xi) - ffik (O))

                              V--N N                          +Xi(NeATI+Ci-A]liBicJic),

                            i-ml, 2•-••, •--••••-•••••<4)

where ' '                    zg7,=:lltfoXiNtdx, ••••••••••t•••••..(s)

aRd

                    A--EX"-, Ar. == -kfo"i Are N+dx. ••••••••••-•••••••( 6)

    In a pure absorbing medium, we introduce the quantitles defined as

                        2                          (if,,(x,)-M,,(O))                 b,,,,. h"iic N . .""o."""""(7)
                             AkiArlicxl

In equation (7), the numerator represents the number of photons whlch emerges
from the rr}edium, and tke denominator is the number of photons emitted in the
medium. Tlien B'V's represent tke mean escape probabilities of pbotons emitted in

tkis medium.
    With the aid of these probabilities, the cyclic equations becom:

               iwu1 .. -. co ny -. sk..tN -.               X ArliAi,B,i = Z Atl,A,,B,,+Ail,N.C,-Arl,B,,Ji,,

               ic-#1 k-i+1 •                    • i--1, 2--•, -----•--•-(8)
It should be noted that N's are replaced here by lg7's, the mean value over the
                                        ny --medium. If we have any relations between Ar's and B's, we can solve these equa-
               ny -.tions either for IV's or for B's and can obtain an overall irr}age about the physical
states of the mediam. The Balmer decrements can be written in these notat.ions
as

                            -v "-             H"iiiii,`Ef! iili].S,`[.Xi] - i"ivVi:-IAA:BB-`,2: hh."k`• i--3• 4• 5'''''" ''''''''''''''''''(9)

where we have neglected the incident flux of i-2 radiation, ff2f(O).
                                                              .v -v   In order to have an explicit expression for the relation between Ar's and B's,
we trace the behavior of aphoton emitted at some point in the rnedium. For
simplicity we assume the absorption coefficient has a rectangular profi!e, tkat is,

          ' ev(y) =a, if lv- yolK d2",

                           :o, if [v-yol>d2", -••••-•--•-•••(lo)

where ,/o denotes the frequency at the }ine center and dv is the Iine width defined
by thermal metion of atoms. Then if there is a velocity gradient in the medium,
a photon with frequency v has chance to be absorbed by the medium where the
original frequency y falls in the range of (vo-Ay/2, vo+dy/2) for the local standard
of frequency, shifted by the Doppler effect. If we wrke ldv/dsl for the velocity



202 R. HIRATA and A. UESUGI
gradient in the medium and s(v) for the geometrical distance from the emitted
point to tke point where the photon with frequency y escapes freely from the
medium, we can xvrite the escape probability for this pkoton as

                        B, == i- f,S (')eme fg'exds" •cuds' , ' +•••••-•••:•••••••(11)

where

                     s(") =-dvl ., (v-(vo-A2Y)), '''''''='''''''•-•(12)

                            ds c
denoting the light velocity by c. For tke total line emitted with rectangu!ar

                       E(v)==a if lv-v,Is{g{iV, '

                           =:O, if lv-yel>`21V,                                                            ...........•••••••(13)

the escape probability has the form,

                                ve+gth                      B= E}d, L,m!,.2 E(v)Bvav

                                  2
                       .. 1 nd ts1. LIem"t/id.f,S(v)e-fg'crds" ..d,t .
                                                            .........•••••••••(14)

                                  2
If we assume that ev is constant on the appropriate range in tke medium, we
finally obtain

  , B=l?o[i-exp(nd Bl, )], ''''-''''-''''''''(!5)

where

      ' Bo=:2ui,e [iVs, ------••••-(16)
a.n.,q

                             Ay c                         U= y, i' `'''"''''''''''''(17)

(cf. Ambarzumian (l2)). As Be -> O, it results that

                           B=Bo • ''''''''''''-'''''(18)
    The equation (i8) is the original expression obtained by Sobolev (9) and
applied by Doazan (iO) to tke analysis o'f HD 50138. It should be noted thaÅí the
equation (18) holds only for small So, or when the total optical deptli of the
medium is large, since 1/So is a measure of the optica! thickness of the medium.
We can solve the equation (8) and fix seif-consistently the values ef 3"s, without
any assumption about it. The original expression for B's is noe satisfactory for
this point. An assuinption is necessarily made on some of the values of B's
before solving the equations (8).

              3. Numaerical cornputations for seven level atoms
           '
    It is difflcult to solve equation (8) for infinite leve!s. Here we present some
numerical results for the case where hydrogen atoms are assumed to have 6 dlsc-
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rete levels and 1 continuum }evel. It would be sufficient witl} thls rather crude
assumption to see the effect of the different definition of the escape probability on
the Balmer decrements.
   Reformulating the basic equation given in the last section for the 7-level
atoms, we have,

                  i-1 6                  XAiicEtBici+BicJicEi= = AriciEkBiic+E+Ci,
                  icb-1 icsiti+l
                             ix2, 3, •--•, 6. "r--'"""""(19)
                           66                        E.:c,=: zl B,,k,Ei, -•••••••••••••••••(2o)
                          ian1 i-1
and
                    l?iic= BOiic[1-exp(- B},,, )) , (fe>i), ••••••••••+••-•-•-(21)

where
                          E,.. cllit, .........".......(22)
                              Nf,

                          E.,,,, Ne.N. +, ..•••••••••••t••••(23)
                               Nl
and
                     Bo,,=:(s•:ic,)3iL•:•(ill.lllg,--"E.il', •Bo,,. ••••••••••••••••••(24)

                                    Ngi!
The negative absorption is tal<en into account in the last expression, where g's
denote the statistical weights. For the ionizing radiation from central star, Jic,
we assume that it suffers only geometrical dilution and tke medium is optically
thin for this radiation. Hence, witli dilution factor W, we have

                           Jic==W'Jtc":(T'{`), ''''''''''''''''''(25)
where ficfi:(T'ts) ls the Planck function for the stellar temperature T*. The elect-

ron temperature of the medium is taken to be equal to T*, which defines tiie
recombination coedicient.
   Now the system of equations (19), (20) and (21) should be solved for three
free parameters, the temperature T, dilution factor W, and the escape probability
of Lyman alpha radiation II?i2 or l90iL,. We have computed Rearly 800 cases with
lo40Ks{ ti"f{;5.1040K, 10-6f{gBei2SIOi, and Wf{glOO. The iterative processes are car-
ried out. If we have a set o'f approximate values of E's we can compute the B's
through eqttations (21) and (24). The B's will define the E's through equatiens
(19) and (20). Except a few cases, we have obtained the solutions in 3 digits
accuracy within 10 times of iterations. Tke computations are executed on tlie
electronic computer KDC II, installed at Kyoto University.
   The numerical results are given in the Appendix, and some illustrative exam-
ples are shown in Figures 1 through 10 for the case with T =2.10`OK.
   Figure 1 shows the variation of E+, a measure of ionization degree, againse
the dilution factor rv. The branchiRg of curves at large 9ff is due to the differ-
ence in l90n, which is caused by that the ionization from higher levels occurs there.

As W becomes smaller, the ion population is governed wholly by the ionizatkon
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from ground level and is independent of SOi2. In Figures 2 and 3 similar curves
for E2 and E3 are shown respectively. (The populations of the higher levels have
similar trends as E3). The ionization frem higher levels has an effect on the curve
at large W, or at the neighbor of the central star. At small va, the behavior of
E2-curve is different from that of E3. While E3 becomes proportional to PV as W
goes to O, E2 tends to be proportlonal to fiOi2/W for small Bgi2 and W, because the
population of the higher level is governed mainly by recombination and subsequent
cascade transitioiis, but the optical thickness of Lyman a radiat!on has effect on the
population of the second }evei. The dashed }ines in Figures 2 and 3 represent the
resules with equation (18) (Doazan (le)), which are adjusted to fit the curve with
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BOi2==10"5. Departure at small W is clearly seen for E3, where BO's tend to be
large. The values of Baimer decrements, ff./fls, H,/Hp, and lls/Els are plotted
against logX!=-log3en/W, in Figures 4 through 6. The cttrves given by Doazan
(10) are shown by dashed lines and in the righe side of tlte figures, the corres-
poiiding va!ues for nebular case are shown (cf. Menzel (1)). Characteristic differen-
ces can be seen in that there are a maximum for H./Hp, and minima for Hr/Hs
and HIs/Hp in present results, while the curves are raonotonlc in Doazan's. This is
due to tlte fact that the exact escape probabiiity can not become greater tlian i.
In Flgures 7 and 8, the reiations between Bi., and W are skown for constant H./Hp
and H,/lltp, respectively. There seems to exist }oci for each maxima and minima
nearly along the line logBi2/log VPr=constant. These are the region where B's
deviate. froin BO's.

                               4. Discussiolls

    If we iimit ourselves to the problem of radlative recombination spectra, the
success of the theory depends on the treatment of equation of transfer. Kogure's
wor!<s ((6), (7), and (8)) mainly consist of cletai!ed solution of equation of trans'fer,

while Sobolev (9) introduced a new idea of escape probability, without solving the
equation directly. In applying to nmnerica! work, both authors assumed the trans-
parency or the opaqueness of the inedium for radiation arising from tke transit!on
between higher energy levels. Withoue this assumption, Kogure's treatment beco-
mes awfully cumbersome, and if one use the equation (18) for the escape probabi-
lity, one cannot have logical consistency. In tke present treatment, this rather
artificiai assumption is automatically avoided. A consistent measure of transpar-
ency for spectral lines is given by the escape probability wkh given parameter,
T, W, and Bi2. With B's defined in the equation (15), one can obtain the Baliner
decrements in nebular cases (cC Menzel (1)). Indeed in Figures 4 through 6, we
have a relevant value of Ba!mer decrements, when W goes to zero and Bi2=:1 for
tlie case A, fii2<1 fer the case B.
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    Comparing with the observation, we may obtaln following results. When we
compare the results witk observed H./llp, we find that the dilution factor derived
to fit is too small, which was criticized by Kogure (8). As 3ei2 becomes small,
the Balmer decrements compueed here coincide with those given by Doazan, and
the Iatter forms an enveiope o'f our curves with various values of BOi2.
    Hence the defect that for observed "lil./llp the theory tends to give smaller
value of dilution factor remains even with this exact expression of B's.
    Next we consider the higher member of Balrner series. In figures 9 and 10,
ll./Hp and Hs/Hp are plotted against Hr/ffp, respectively. The observed values
given by various authors ((2), (3), (4), (10), (13), (14), and (15)) are plotted by
fi11ed circles (later type Be) and by open circles (early type). The theoreÅíical cur-
ves are shown for temperature Tcr2.10`OK by various approaches. (Hence the direct
cemparison with observation sliould be done for later type Be stars.) In Figure 9,
the curve Iabeled by fa is the result given by Kogure (7) with the assumptlon
that tke envelope is opaque for line radiation The curve Vis the result from
the soiution of the equation of transfer for Balrner lines with transparent Paschen
aRd higher lines (6). These are the representatives of the static approach to the
problem. Tke dithculty with tkis approach is to interprete the observed H./Hp,
and H,/Hp consistently. To overcome this point, Kogure revised rather empiri-
cally the case V and Ia to give better coincidence wlth the observed results (the
curve iabeled by VII) (7). From the figure, it is obvious that the treatment
after Sobolev (unlabeled curves) has better coincidence with the observation (espe-
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         o as I.o
9. Comparison of the various theoretical curves with observed values
 in a-7 plane (T= 20,eOOOI<). The observed values are represented
 by fi11ed circles (for late type Be) and by open circles (for early
 type Be). The pairs connected by broken line represent that for
 these stars different observers have given different results. Theo-
 retical curves with la, V, and Yll are reproduced from Kogure (6
 and 7), unlabeled curves are the results in the present computation.
 The arrows indicate the direction of decreasing PTr. The dashed
 portions represent for W<10-3. "'
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cially in Figure 10). (H,-)lits relations obeained for T=30,OOOOK neariy coincide
with those for T==20,OOOOK i'f SOi2 in the laeter raised by order 1. Hence, the
observed values for early type stars may compared with tke curves shown in the
figure.) This might come frem the fact that this treatment takes antomatically
the problein of radiatien transfer into account and does not require any assumption
on the transparency or opaqueness for the higher seties line radiation.
    The conclusions given in this paper are as follows:
    1. With the concept of the escape probabi!ity given by Sobolev, we can for-
mulate a consistent system of equations whlch gov,erns the radiation recomblnation
spectra. This treatment gives Balmer decremenÅís which fit the case A and Case
B given by Menzel and Baker for planetary nebulae, with Suitable iimitting proces-

    2. The observed H,/.lltp and .Efs/Lrp may be reproduced by dynamical approach.
It rnay be due to the circumstances that here the transfer problem ls considered
for hlgher series member.
    3. To interprete the observed Balmer decrement in Be stars, Sobolev's treat-
ment gives rather smaller value of dilution factor (in the present computation,
W falls in 10m`--iO-2), which seems to be inconsistent. with the radius of emitting
regions obtained by Boyarchuk (16) consldering the rotational veiecity and the
conservation of angular momentum.
    The above difficulty suggests that it is desirable to treat the equation of tran-
sfer more exactly, or in higher approximation. For example, we might have to
formulate tke escape probabiiity for scattering mechanism.
    The authors wish to express their cordial tkanks to Professor S. Ueno and to
Dr. T. Kogure for their kind suggestions and he!pfull discussions on this subject.

                    • /•/] ta
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                                   APPENDIX

   The computational results are tabulated in the following tables. The parameters T ancl
pei2 are given in the first line. The dilutien factor log rv and logX are given in 2nd and 3rd
lines, respectively. For these parameters, the relative populations of atoms in the i-th level,
the usual b,$ factors, the escape probability Bij, and the Balmer decrements are given. 7 entries

in the block LOG E(I), logEt, i=1, ••••••, 6, and logE+ are arranged in erder. The second
block labeled LOG BN(I), contains logbb i--1, ••••-•, 6, in their order. IogB's are given in 5
blocks under the heading LOG BETA (I, J). The first block gives logpt6, i=1, ••••••, 5, the
second block, logpis, i=1, ••••••, 4, and so on. The Balmer decrements, log JEIa!Hp,' log HplHfi,
log HrlHB, and log Ho-1"lllp are given in the last block after the heading LOG F(I)IF(4). /
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