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PLATE TO OSEEN’S APPROXIMATION
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‘ SUMMARY

A second approximation for the skin friction at small Reynolds numbers of a flat plate
placed edgeways along a steady uniform stream was first obtained by Piercy and Winny
as early as 1933, by pursuing Bairstow, Cave, and Lang’s general] analysis based upon
Oseen’s equations of motion. Their analysis is now extended to a third approximation
and an expansion formula correct to the fourth power of the Reynolds number is derived
for the skin friction of the flat plate. The formula is found to be in perfect agreement
with that obtained recently by Aoi and the present writer by developmg quite a different
analysis on the basis of Oseen’s equations of motion.

1. Introduction

The skin friction at small Reynolds numbers of a flat plate placed edgeways along
a steady uniform stream has been calculated by some writers. In 1933 Piercy and
Winny (1), pursuing Bairstow, Cave, and Lang’s analysis (2) based upon Oseen’s equa-
tions of motion, obtained a second approximation (to the order of R?) for the skin
friction coefficient of a flat plate, where R is the Reynolds number defined in terms
of the uniform-stream velocity U and the length, d, of the plate as R=Ud/v. In
1941 Davies (8), pursuing Lewis’s work (4), also calculated a similar second approxi-
mation for the skin friction of the plate, on the basis of the extended Oseen’s equa-
- tions of motion due originally to Southwell and Squire (5). Recently, Sidrak (6) has
made a study, on the basis of Oseen’s equations, on the steady flow of an incom-
pressible viscous fluid past an elliptic cylinder whose major-axis is parallel to a uniform
stream, and has calculated a second approximation for the drag coefficient of such
an elliptic cylinder. Further, he has derived, as its limiting case, an expansion formula
‘similar to those given by Piercy and Winny, and by Davies for the skm friction
coefficient of the flat plate.

No complete agreement can be found among these three expansion formulae, how-
ever; they differ slightly from each other. Thus, if we denote the skin friction
coefficient of the flat plate by Cp, the three formulae take the following forms:

Piercy and Winny :
47 1 1., 1 R\®

or Tl - i sl + 3o )]
T RA+ 8 T ACEI R 0983 8/ 1’

Davies :

4o 1 1. B\
0”‘R(1+Sl)[1_1+51<281 + S 0'2083>< ”’
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Sidrak :

' N d 1 o L ]_{2
0”“1%(1—%81)[1 1+Sl< S+ b +0. OG4><8>]’

where we have put for convenience?

Si=—7—logisR,

= 057721 being Euler’s constant.

Davies attributes the discrepancy between his own formula and P1ercy and Winny’s
to the difference of Southwell and Squire’s equations of motion, upon which his analysis
is based, from those of Oseen. But, it is seen without difficulty that in a special case
of the flat plate edgeways along the uniform stream, Southwell and Squire’s equations
are qu1te equivalent to Oseen’s equations, and therefore 1t may be expected that the
discrepancy between their formulae might be due to mcompleteness of, or some errors
in, either or both of their analyses.

Quite recently, Yosinobu and the present Wr1ter (7) have exammed carefully

Davies’s analysis and it has been found that an expansion formula in perfect agree-
ment with Piercy and Winny’s can be derived for the skin friction coefficient of the
flat plate by pursuing Davies’s original work, if, in place of Cekn(§) and Sek.(¢) used
by himself, we use Fek.(£&) and Gekd(¢) for solutions of the modified Mathieu equation,
which are expressed in more rapidly convergent series in products of the modified
Bessel functions.
. . Further, a very careful examination on Sldrak’s Work has also been made by Yosi-
nobu and the present writer (8) and it has been found that Sidrak makes several grave
errors in the course of his analysis so that his results cannot be relied on. Developing
correct analysis along the lines of Sidrak’s work, we have shown that an expansion
formula in complete agreement with Piercy and Winny’s is again obtained.

On the other hand, Aoi and the present writer (9) have recently made, indepen-
dently of Sidrak’s work, a detailed study on the slow motion of a viscous liquid past
an elliptic cylinder on the basis of Oseen’s equations, and have obtained a general
expression as well as an expansion formula correct to the fourth power of the Reynolds
number for the drag of the elliptic cylinder. A third approximation for the skin
friction coefficient of a flat plate has also been obtained as a limiting case of the
expansion formula for the drag of the elliptic cylinder, and thus it has been found
that up to the second approximation, our formula is in complete agreement with
Piercy and Winny’s.

Such a third approximation for the skin friction coeﬁimen‘c of the flat plate might
have been alternatively obtained by extending Piercy and Winny’s analysis, and this
enquiry is the subject of the present note..

2. First and second approximations for the skin frietion of the flat plate

Although both the first and second approximations for the skin friction of the flat
plate have been obtained by Piercy and Winny (1), pursuing Bairstow, Cave, and Lang’s
general analysis, we shall first recapitulate their analysis for the sake of reference.

+ This S, is equivalent to S in Sidrak’s analysis. Strictly speaking, the figure 0.2083 should
be replaced by 5/24.
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We assume that the motion is two-dimensional and that a flat plate is placed
edgeways along a steady uniform stream of velocity U of infinite extent. For con-
venience the length d of the plate is given the value 2, and ratio of U to v, the kinematic
coefficient of viscosity of the fluid, is denoted by 2k. Then, the Reynolds number,
R, as defined in terms of U and the length d (=2) of the plate, becomes

R=Ud/v = 4k. » (2.1)

Taking the origin at the nose of the plate and the x-axis along the plate in the
downstream direction of the uniform stream, let us denote by E and M two points
which may occupy any positions on the plate and write &g, &x for kxi, kxx respec-
tively, and put &éx — £ = w. ,

The equation obtained by Bairstow, Cave, and Lang (2, equation E (13)) for the
distribution Xz of doublets along the plate appropriate to the ‘problem is

2k

. 0 . : o
Zg‘] = f{ewKo(w) — é% [e"’Ko(w) + élog w“]} 2 (Ep)dés, (2. 2)
0 . .

where ¥'(&x) = 0Xr/0ée and K, is the modified Bessel function. These doublets satisfy
the equation of viscous motion to Oseen’s approximation, i.e.

vy = Uv*(0¢/0),

and ¥r as obtained from (2. 2) satisfies the boundary conditions at the surface of the
plate.

A solution for Yr gives immediately the skin friction D of unit span of the plate
by the relation (2, formula F (8)): ‘

=2

Tg
D=ap [ di, | (@3

=0

where u = pv is the coefficient of viscosity of the fluid.

First approximation

With the origin changed to midway along the plate, equation (2. 2) may be written as:
’ 9
’ 1
U = f{e“’ [Ko(w) — _Ifo(w)J — —} Y(Ep)dEs. (2.4
0w w
—f .

Assuming w small and expanding the kernel, we find, retaining only first terms of
the expansions,

U = f k(1 -7 — 1og§>z'<§—n>deﬁ, (@.5)

where y = 0.57721:-- is Euler’s constant.
To solve this integral equation we assume

2(e) = AV (& — E57). (2.6)

Then, on performing integration we find
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U= A1+ 8, @
where .we have put for brevity
Si=—T7—logthk=—17—logi;R. (2. 8)

Hence (2.6) is a solution of (2.5) if

A=U/1+ 8. (2.9)
In this case the distribution = of doublets along the plate is given by
£E U
L :f Z/(tfs)dfl«: = 1+ 5 < + sin” 'LE) ,' (2- 10)

-k
and the expression for the skin friction D of the plate becomes
' D = 4u(th — %)) =4purU/1 + 8y). (2.11)
If, as usual, we define the skin friction coefficient Cp by

C'D - D/(,OU:d) ’
we obtain
i — Xoq 47

1 L .
=TT TR+ S (2.12)

This is the first approximation for the skin friction coefficient of the ﬁyat plate.
Second approximation

Next, expanding the kernel of (2.4) as before, but retaining squares of small quantities,
the integral equation for determining the distribution X of doublets becomes
k

'n'U=f{ (T + locr;w><1 -+ %w -+ iw2> -+ (1 + 1w + w >} Y (Eg)dEs .

(2.13)

It is now assumed for the form of the solution that

A + BSE + OEEB
Vi — &)

After substitution and reduction, we first obtain, by equating the coefficients of éwm,

Z'(f;;) = (2. 14)

11 1 (1 1Y,
(Z_§SI>A {1 + (12 Sl)k}B'—(4 46‘1>L g, (2. 15)
and next, by equating those of &m*,
5 1 1 o
(19 S:)A “B + { <§ - ;Sl)k }0. (2.16)

Solving B and C from these two equations we find
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B 1 lv B 7,2

A~4_‘261+0<L)’ ‘
{2.17)

C 7 1y e )

2—24%_46’1-}-,0(1,‘).

On the other hand, on equating constant terms and taking account of (2.17), we have,
to the order of %%,

U 1/3 7 -
A—1+SI+8(4+GSI>L' (2. 18)

These values of A, B, C make (2.14) to satisfy the integral equation (2.13) to the
order of #*, and to the same order the distribution Y& of doublets along the plate is
found to be given by ‘

R - - 1 o |7 . o
T = A(% + sin 103»:) — Blyv/(1 — a5%) + 56%‘ {% + sinT'wp — 251/ (1 — 933‘)} :

(2. 19
The skin friction D of the plate now becomes

D=4u(ly — 23) = 4,u7r<A + %Ok;‘) , (2. 20)

and calculating the skin friction coefficient Cp as in the preceding case of the first
approximation, we get finally
1/7 -
1+ “<— -_ S1>k“

™ 8\6
3

OD= .
k 1 7 2
' 1+Sl+8(4+681>k

(2. 21)

This result is due originally to Piercy and Winny.

Correct to the order of k2(=1—1§R2>, the above formula may also be written in the

4 1 1 s 1 _—§— E 2
U2 = R + 8 {1 1+ &(25‘ N 24><8> } ’ (2.22)

form:

which has been quoted by Sidrak (6) as Piercy and Winny’s second approximate formula.
If, in place of S;, we use S such that '

S=1+8=1—7~logk, (2. 23)

the two formulae (2.12) and (2.22) become respectively
4
RS’

47 1< R 5>R2}
=] 28— = =)= 2,925
Oy S{l g\8* =815 | | (2. 25)

Cp= (2. 24)
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3. A third approximation for the skin friction of the flat plate

In order to extend the preceding analysis to a third approximation, we must retain
terms up to the order of w* in the expans%on of the kernel in (2.4). Then, the integral
equation for determining the distribution Y& of doublets along the plate becomes

L3
_ o ko)(1+ Lo+ Lyt 1 2o 1 )
'rrU-—f{ <7’+10g2w><1+2w+4w +48w + 192w

11 17 71
el = . : *>} ../ o 3 . .
+ <1 T Y T 192" T Te20” /(&’)d& &0

Forvthe form of the solution we assume

A+ BEs + O + DES + Eg:;

Z’ s) = o P 3. 2
(&x) V(I — &%) (8.2)
After substitution and reduction, we find, correct.to the order of %%, that
on equating constant terms,
1 181 7
U= {5+ 98 + (o * 5125
1 Sy + 13 + - Sl i 30720 -+ 51231 1 4
Lo + (L + 2 5w
{48"“ + <96 128&>L B
1 183 N\
+ {(4 * S‘)’“ +<198 * 39 Sl)’” }0
1 3 2 (5 > E - o
+<64 16 ) D+izgsts 35 )1 B3

on equating the coefficients of é&n,

(= (- 55) (o v )14

1 1 N\ (19 | 7 4}
+ {1 + <12 4S‘>]” (1920 + 1288‘)1“

(2o~ e
I\ L T I T L L i

1 T m— p— IL) _3_v ;L(_ . o
+{2 <) 1GS’>L}D <64 1€5> E=0; (3. 4)

on equating the coefficients of &u®,
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29 7 .|
( 4 ) (3840 64 ’>k}‘4

1 /1 1.\, (1 _ 21 4}

+{2 (6 831)L <80“ 25681>L ¢
1, (17 15 } |

+{8L +<256 12881)7“ D

1., 17 3 2l
+{47” <128 325‘>7“IE“ ;

_?L_<39 _5 )}
1152 96°1)% v

1., 137 7 n
+ gk +<384O 1288>LJD

1. (47T 5 4} — 0.
k (1(‘8 12831)1” B=0;

and finally on equating the coefficients of &,

449
(11520 1928‘>A + 192B

1 /659 T }
* {48 (2.3040 381> >’“‘ ¢

(55 s#)D

384

1., 1., <347 T ),}E
Tt ek 15360 51281 v 0.

Solving the four equations (3.4), (3.5), (3.6), and (3.7) we obtain

(8. 5)

(3.6)

3.7
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B_1 1, (7 1, 1.2\, &
A= 1 g™ (192 P >L +0®Y,
c_ 7 1 131 13 . 1 oo\ "
A-2a T <1152o 1287 T 16 >L + 0D,
(8.8
D 11 1 .
=TS T,
E 443 5 o
4" 5760 et 0&).
Substituting these values in (3. 3), we obtain, after some reductions,
U_ 1 1,213 481 g2 s) 4
L1 S 8(4+ SI>L +64( yBLle Y90 g )it (3.9)

144 720 4

These values of A4, B, C, D, E make (3.2) to satisfy the integral equation (3.1) to
the order of &%, and to the same order the distribution X of doublets along the plate
is obtained as:

7.';.; = A (‘;’r‘ -+ Sill-le) — Bk']/<1 - (Z?p;g)
1 0 so—1 Ve 2
-+ "Q‘Ok —2‘ + sin Xy — XV (1 - (271;-‘)

1., o o o
— 3DF {2/(1 = o) + 2/ (1 — )

3. 3 o
+ L’L“{ + —sinTlog — ey (1 — 25°) — zllwl 1/(1 —wr“)f (3.10)

16 8 8

The skin friction coefficient Cp of the plate now becomes

TA 0' 3K
=—=(1+ "8+ .
=0 (1 A’” 8A'“> (3. 11)
and if we substitute the values of C/A, E/A and U/A as given by (3.8) and (3.9),

we ultimately obtain a third approximation for Cp in the form:

47 1 5\ K°
= J— + J
o R(1 + 5 {1 1+ 8 (Sl ‘5 12) 128
1 49 381 "07 301\ R'
B SV PR -
(1—!—81)“( ! 12S‘ + Sl 360S‘ 720/ 128°
(8.12)

If, as before, use is made of S(—~ 1+ S) in place of S;, the formula may be put in
the form:
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O = jzs{l_“@n 5= )1128

1 . 23, 133 )R*
s~(s + S ~91% T 360° T 144/ 108

} . (.13

is in complete agreement with the formula obtained recently by Aoi and the

present writer (9) by developing quite a different analysis.

1. N
2. L
3. T
4. T
5. R
6. S
7. S
8 S
9. S
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