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On the Transformation of Spin Functions.

              By

K. Narumi and O. Kawaguchi

   (Reeeivedi December 13, 1950)

                              SUIY{MARY

      In order to determine the states of a systern having several identical par-
    tic}es, each with any spin, we have essentia}ly to consider the transformation
    of the spin functions of the system, and to treat the prob}ern three principal
    methods may be expected. In the present paper we have treated the problem
    by the methoa of. simultaneous reductien of both representations of rotatiom
    and symmetric groups, regarding the spin functions as the bases. The result,q
    ofourcalcu}ation are given in Table I. By adopting these resu]ts k has been
   able to obtain, for exaii)p}e, the transformation of nuelear spin functions of a

   system having idientical nuclei with any spatial symmetry.

1. IntroductioR

    In quantum meehanics, for the purpose of determining the states
            tot' a system ineluding severa! identieal particles, we have essentially
to find the transformation ef the $pin Åíunetions of the set in relation

to the problem of.permutation degeneracy and of statistieal propeTty
sub,jected to the particle itseit'. The problem eoncerning a set of par-
tieles wit,h spin ",- E, e.g. many-eEectvron prob.tem, b.as been d.eait with l.)y

the followin.cr methods : firstly, tlie wave methocl based upon the employ-

ment of explicit wave funetions (1) s secondiy, the method of Dirac's
c}}aracter operator (2), which }]as been extended by Van Vleck (3),
Serber (4), an{1 Cor.gon (5)J ancl finaliy, a rnethocl which makes use ot'

the representation matrices of the symmetric permntation group gi'ven

by Serber (6) and by Yarnanouchi (7). .
  ' In the present paper we have attempted. to find the transformation
of spin funetions of a systern composed of $everal identical pai'ticles,

each lmving a higher spin. And we have treatecl especially along the
line of the iast metho(l, peTforming the simultaneous recluetion of botl}

representation.g of' rotation and syrnmetric groups regarclk}g the spin
Åíunctions as the bases, without having recourse to the construction of
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the representation mfttrices o'Ef the g, ymn]etric group. [I]he resnlts ot' our

ealci)!ation are .criven in Table I.

   By adopting these ret ults we can obtain tl)e tranf formation o't' nRetear

spin 't'unctions ot' a system inclucling identicai nnclei xvitl} any g, patiat

symmetry*. rLI]hen, ton)e applications will be po,gsible to tl]e problem

not only of nuclear spin degeneracy, nuclear quadrupole coupling, and
nuelear spin-spin interaction Lin molecular an(l crystal system,g, btk also

of' nuciear shell sh'ucture,g.

2. General remarks en the simu}taneous reduction of the two
    group representations

   [I]he spin $pace o'f ft. particle xvith spin s (takinf.r E as imit) i's ex-

pressed by the representation EIS>, oiftv rotittion group, (Iiagonalizing the

rotation about the x-axis in i. (2s + i)-dimensional tmitary space. The
spin Å}'u}}ction olf a system inelRding f ,gimilar partic!e,s are rnade up o'Åí`

(g.$ + 1)r independent base,g :

        UÅíi)US-')•••U'Y), "rhere X, fo,•••,v :s,s-1, ''',-$. (l)

I]l}e,ref"ore they make a (2s + 1)f-clin]ensional veetor space Sn, in which

t}]ey are linearly transÅíorinecl. not only by rota'tions oÅí the space, buit

also by permut.ations o/Åí'. these iclentical particle,g. So we have two
representation$ o'Åí the roÅíatioii ancl the symn]etrie gromps in the space
ER at t})e same tin]e: t}}e /t'ormer, [fE),]f, the I<roneckey f-th power oÅí

C•c: >,, and the }atter, 7rf of' clegree f. In the redttetion of E}l the f'ol{()w-

2ng theorem if employecl: the re(IRetion of" either representation can be

carr2ed out simultaneou,31y, sinee the operations o'ff•t}ie$e two groups

are eommutative xvitk each other. This n)eanf, as regards the basis
vectors, that it is possible to divide i}}to a set ot'. rectans.Ies xvith t•he

'Åí'ollowing 't'orm :

              l/7rlit`'')lhe Ytll,''')Vtln'

               • •;• • ; ----- (2)
               -t- t              VA;1s '''1 Vkn ;/iit'1) '''p Vticin,

Every set o'f bat is ve(:tors belong,ing to every row in one off the rectangles

appertains together to a cei'tftin irreducible repre,genÅíation off a gronp.

And. in the fame way it }}olds betxveen every colunm in one o'f the

* tl]he spatial syir)metry ot the tixed nuc]el is expre,gsed by the s,iym?7zetry w'oup bl (8),

which is tL finite or continuons sub-group of the three-dimensional full rotation-refieetion

group.
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reetangle$ and another group representation. Consequently ek}]er irre-

duei`ble representation of the two groups corresponds So one of the
reetangles (10).

    According to the above t}ieorem, to eac}) reetangle corresponds an
irreclucible representation $peeified by a certain resultant spin value S

o'E the rotation group altd one oÅí the symmetrie group, takring $nitabie

linear combinations o'6 (1) as the bafes. In our case, howev'er, to all

the eoiumns ot' each rectangle beion.crs noe always an k'redueibie repre-

sentation o'f a group, that is to say, the representation of the symmetrie

group beionging to ft. reetangle is not irreclucible in general. It' the.

representation ot' the rotation group has been cornpletely reduced, eaeh

rectangle has one-to-one correspondenee xvith each S whieh is given by
the reduction ol' the product representtition:

                  [ED,]r =" Ze(S,f) EE>s; S-- fs -g, (3)
                          s
xx'here g == O,1,2,•••,fs, or fs - ..i- for all the possible resultant spin
vakies S',g, and c(S,f) is the number of times of the appearance ot' an
irreducible representation fE)s.

   Now we tal<e
                             (2eSi))g+x(?ls.t>)s-x
                     UÅí`'= -;/(s + )L)! (s - ?L)!' ' (4)

as the unitary base vector oÅí the spin space o'f eaeh particle, where

i=1,2,•••,f anC )L==s,s-1,•••,-s. And i'f we introduee the
eontragradiei}t variables x'i and, .-'2 to 2eiC`) and uS,i), respectively, the

foiiowing invarknt formula• can be estabiishec] :
                                                            s
          II =: 11 (2eSi)?e,,(j) - 2e.(,,`) 2eiO))cr`j fl (ufh')cvi + ?tS."')x,.)"S-gic , ( 5 )

              i<j ic
where a means the pro{]uct with respeet to i le$s than 7', subjeet to
      i<j
the condition that = a•ij-- g, an(l
                  i<j
                    g,. um- 1]IIE]'aij- (for k = i, or 2')

                         KO (t'or lc 4i, an{l ,7'),

=' being the- fummation with respect to all k',a.. rLI)hen it ii easil>r

provecl that the ba$is ve(;tor ot' tl]e represenkytion Sl!)s i$ .given for 0f =:

S,S- 1, •••,- S by tl}e (:oeffieient o'f

                                 S+nt                                       s-- fir                                     .crrt} .                     A'SJif=IJ7a-stt•iFii/fi""?''"'i'ii]'mm;'''''mm:'Tl7a-l'j'l (6)

ff
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in the expan.gion of the invariant i'ormula (5). Thereby we can expltcitly

obtain each column in every rectrangle (2) e.xcept for comrnon numerieal

faetor.

   From the fact that the characters oÅí the representations in S{ are

lnvariant for any set oÅí linear eombinations, those characters ot' a trans-

formatlon AP in the spin space can be ealculated by the 'foIIowing two
methods: first, by the bases (2) reclucecl only for the rotation group,
and seeond!y, by the basis veetors ef the type (1); xvhere A means a set

of unitary transfomlations :

           u,=: gsu,, u,-1 == gs-lu,-,, •••, u-, :g-subu,, (7)

on remembering that the representation ll,(g) o/f the rotation (angle g))

about the s-axis with the bases Us,U,-i,-••,U-, ci,n be given by

                              ets9 O
                                 i(s-1)P                    R.(go)= e. . ,
                                   --                               O e-isg

   I' is it set ot' permutations which have variouts c'ycle structures

(cti,aL,,•••,ap), provid,ed. that ai+2aL,+ ••• + pa, ==f (9). Let
Xs(1)) be a•set oi characters ot" the representa,tion oti the pemmSations

.P belonging to a reetangle specified by a given S. Then as both results

must be equal, we can fincl the 'following i'clentities, nainely, Eor aii

integrai vaiue ot' S:

                                  p = x. (.z)) (gs + gs-i + ... + g-s) .,,, ll (gstui -lm g(s-i)at•t + ... + 4-sdii), (s .)

  S. i-:1ancl for a halÅí-integral value ot' S:

 E] x. (p) (g2g + g(2s-2) + ... + g-2s)
  s
                               p                           .., ll (g2scti + g(2s-2)di-i + ... + gin2Sdii) , (8 b)
                             i=,1

respectively, wl}ere = is a summation about ail pos,gible bV -- .1:g - gglii-:O.
                  sTheroupon Xs (jP) ean be obtained as the coeffieknt oÅ}' ga in a polynornial :

                 p                ll (1 um O(g2Sat•i+ e(2g-i)ati -{- ... + 1), (9)
                'irmsl

if both sicles oti (8 a) .ftnd (8 b) are n)lhltipliecl by gSi(1 - g), ancl g2Sr

X (1 nt g2) for s = an integer and a halii'-integer, respectively, ancl g2

is replaeed by g for the latter.
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   Thus we can calcuiate Zs(2)) about every class ot' the symmetric
group over all possible S. The caicuiations ha've been carried, out xvithin

the Iimits oÅí the problem of some part o'Åí' the nuciear f pins and. of f;fih: 6.

It is shoNvn thft the results are equal to t}}ose found ft'om braiiching

diagrams. In addition, a character of the unit element is the degree
oÅí d.imension oÅ}' the i'epresentation matrix ot' the symmetrie group
belonging eo a given S, being ,imst equai to e(S,f) in (;3).
   ill'inally, the comp{ete reduetions o'f 7;-r are given by resolving eveTy

Xs(P) calculated above into simple ch.ftracters of the ,gymmetric gronp
(9). The final resutts oÅí the simultaneous recluetions a}'e lnsertecl in

Tabie I, where in case of s -- 1, f =6, and S ut 2, ehe result is f,,r,iven

by the direct sum:

                  {6} + {5, 1} + 2{4,2} + {3,2, 1}

and every {ai,•••,ap} means an irreclueible representation oi" "dhe sym-

metric group, above all {f} is a{ways an identical ene. In these
i{Iustrations we can find. the ttact that, if 2s + 1 kf, every i}'reclucible

representation is at ieast once 'L'ncluded in the ('lireet sum.

         TA.BLE I. The results oÅí the simultaneous re(luction.
  [Irhe first roxv of each stib-tab}e gives the irreducible representations of each symmetric

group Sr, anrf the first column of them n}eans the resultant spins eharacterizing the
irreducible representations of the rotation group. in case xvhen f=:6, Xi's give {6},

{5,!}, {4,2}, {4,12}, {32}, {3,2,1}, {3,13}, {23}, {22, 12}, {2,1`i}, and {IG} wi"} the order

of i. In case when f =5, they give {5}, {4,1}, {3,2}, {3,12}, {22, 1}, {2,13}, and {13},

respectively. And in case when f=4, Z.n = {3,1}, X3 = {22}, 'X4 == {2,12}, ar}d Xr, = {14}.

In the following tab}e any eolunm of Zi is omitted, whenever its elements are all zero.
Besides we put the table ofs=: l/2 only as a referenee.

a) s= 1/2.

    fur2 f==3 f==4
            zl X2 xl z.. xl "x.. z.g
     S--O O 1 iSL= 1/2 0 1 ,S' --O O O 1
        1Z O 3/21O 1O 1O                                               21 OO

        f=5 f=6                                                             l               Zl X2 X3 ' '/.I zo- z3 lr, I              .I                                                             '       s--g;:g o, s s-ww?gg ,O 8I-
          s/2 i e o • 2ie i e o l.
                                       3il o o ol

                       ,
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f=4
xl X2 X3 X4

1

o

1

o

1

o

1

1

1

o

1

o

1

o

o

o

1

o

o
o

ii
==s

f=3
Zl Xr, Z3

Ill!i:3exs

b) s=l
 f--2

Zl Z2

gg
'

;=s

f=6
Xl xo. z3 Z4 X.r, Xc, Xs

iaioii'koioili6=s

f==5
7.1 'Zo X3 X4 Xs

ik'i

,

i5=:s

f==4
Xl X2 Z3 Z4 Xs

ifilg

f=3

il=:
;

Zl Z"- X3
     -     -i

16:

 ,s

Zl 7..

c) ,s == 3/Pw

    f==2

ma

sg    -i::s

f==6

x] x2 z3 z.l xr, z6 z7 zs xg

Ali'giiiiki'iiiiiliili

f==5

ili

--s

Xl X2 X3 Z.1 Z.r, X(i

Olli 2 2
1221221211 1 1
OIO100

x l e
lll2101 1 0
1OO•ooooooooe

S -- 1/2

    3/2
    5/2
    ei/2

    9/2
   11/2
   13/2
   15/2
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-

f=4
Xi Ze Z3 X,s Xr,

lgi'li'li=:s

1

.

Zl Ze- Zs

f=3

1",ST = 1/2

   '3/2
    5/2
    7/2
    9/2
   11/2
   13/2
   l5/2

Xl Zo

ii'

k

d) s=5/2
    f=2

ii,=s

f==5
'Zl z2 z.s x.} "z.e ):fi x7

1

1

2

2

3
2
2

2
2

1

1

e
1

2

4

5
6

6
6

5

4
3

2

1

1

o

2

4
6
6

6
5

5

3
2

i

1

o

o

2

4
5
6

5
5

3
3
1

1

o

o
o

2

3

4
4

4
3
2
1

1

e
o

o

o

1

2
2
2
2

1

1

o

o
o

o
o
o

o
e
1

e
e
o

o

o

o
o

e
o
e

S= 1/2
    3/2
    5/2
    vt/2

    9/2
   11/2
   13/2
   15/2
   17/2
   19/2
   21/2
   23/2
   25/2

-

f =6
Zl X2 Z.3 Z4 Xr, 7•fi Z7 Zs Zg Xle Zn
o
2
1

4
2
4
3
4
2
3
2
2
1

1

o
1

2
3
8
7

lg
9

le
8
8
5
5
3
2
1

1

o

o
8

 rvt

13
11
14
}o
il
7
7
3
3
i

1

o
o

3
4
8
9

11
9

le
 rl'

6
4
3
1

1

o
o
o

4
1

6
4
8'

4
7
3
4
2
2
o
1

o
o
o

2
7

11
12
13
13
10
8
6
3
2
1

o
e
c
o

o
4
3
6
4
5
3
3
1

1

o
o
o
o
o
o

o
3
1
5
2
3
2
2
o
l

o
o
o
o
o
0

2
!

5
3
5
2
3
l
o
o
e
o
o
o
o
o

o
1

l

1

1
1

o
e
o
e
o
o
o
c
o
o

1

o
o
e
e
e
o
o
o
o
o
o
o

o
o
e

,s =e
   1
   2
   3
   4
   5
   6
   7
   8
   9
   10
   11
   12
   i3
   14
   15

.
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3. TransformatioR of 'nuclear spin functions

   As an example of,' applications ot' the above result,g, we ct i} obtain

the transformation ot'. nuciear spin fimctions of a systen] ineluding
several identical (i'elatively) fixed nuclei xvith a eertain spatift1 syrn-

metry, each naeleous h.ftvillg a higher spin. [l]he symmetry group e

expressing the,spatial symmetry ol' nuclear arehitecture of a moleeular

system c;an be always }'epresentecl with hon]omorphic correspondenee by
a permntation group Srl, whieh is generaliy a sub-,cr,roup of a symmetrie
s.roup <{5i. It is easity provec], however, that the followings eorrespond

isomorphieally to ea(th other :

          Et) :.1: s =- a,-, a,, 0L,, U3., Dg, a•t, a•iv, Va, Ds, D6, ) (lo)

           . 1', Ta,O ,Oh, ete. i
[l]}iere'f'ore, t}ie i'rreducible }'epre,sentations olf the grovp Sf are not

aiways irredueib!e t'or the representations o't' El3, oi' isomorphica•liy
repre,sented group (S, and so by coi},gidering. the spatial s,ymmetry oi'

ecjuivalent nuclear system the irrec]"Åëible representations oti <i5r can be

redueed in general #o thog,e e'f' (5}. I'ff gP is homon)orphic to (SS, the

re(]uction n]u$t be carrieC ovit In regar(] to the elass elements corres-
ponding to t}}e permvitation$ o'ff equiv.ftient nuÅëlei. And. in the ease o:f

wr ii.T Sr, the reduc;tion is not nece,gsary. "urhe corre$pondence ot' the

irreducible representftt'ion$ o'Åí" <Sf to the typi(;stl S is given by the f"olloNv-

in/g Tttbie ll. '

a> g2.

TA}gl.];) II.

          b) S,.
as I-il: GVt

l
ty• :

C's

At
At,

eY2

Alill

GV2vi .i7)L}v

2dl xkg
11So.e

J) eeh ot ii! C3v, P3

'3.g l.

/l li
D3

Aig

Ea
x12g

c) @.i•

os E'i!: Ugv, P4, Vd

i"   Al
B, -l- E

fll+Bl
x{2+ IIt

  .6>1

   'D4h

  Aw
-lgig + -1? ite

Aia+ B2a
A2g+ Jt'1.

  B2a

Td

./ii:
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d) S6.
aj EiE D6v :

X) = t`11g, X2 "" Blu+ Ejg+ -IZT2u, X'3 = 2Ala+ B2 ca + 2Elg+ E2u,
X4 pt 2A2e + Bta + .B2tt + .Zl'lg+ 2E2ti , Xs : fl2g + 2Blu + E2u,

X6 " Aia+ "tl2g -F BJu+ B2u+ 3rng+3Egu,
(7 = Aig + AL,g -l- 2B"-u -t- 2ET)g + EL,u,

Xs = 2Alg+ Eig+ B. 2tt, Xg : A2g + 2Blu+ ft"ig+ 2E2u,
Xio == J4ig + Eig+ -IIT2u, Xii "" Biu.

bl =- Oh :

Xi =" rilg, X2 =Ea vi- Tlu, X3 "a41g+Ea+T2g+T2u,
Xe : x12g+ Tig+ Tiu-i- T2u, Xs = A• 2g+ tt2ta+ Tne,
X6 : EIa+E2, -F T.ig+ Ti2s -}- abo -F T2u, X7= Ait`+Tig`F T2g+ T2u,
Xs == Aw -i- Aiu+ T2a, Xg == A2te -l- Eu+ Tiu+ T]g,
Xie= IZIu+ T2g, X" =: A2sc.

  By makring use ot' the above relation$, the transformation ot' nuclear

spin functions ls given in terms ot' a direct sHm o'Åí irredneible repre-
sentations I"j ot' S : the results are generally obtainecl by the formula :

                 :iE] (2S+1)Zr(7', bb l"j, (11)
                 sj
where the factor (2S + i) is the nueiear $pin multiplicity cerreq.pondin,cr.

to a given resultant spin S, and r(j',S) are aiways positive integer,
or the number of times in which each iyredueible represei}tation ot' QS

spee,ified by 2' appearg..

  In conekision, the aiithoi's ,ghoul{l Iike to expret s his dcep gratitucle

to Prof"essor I'I. Yukawa t'or }}is kind interest and eneouragement.
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