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ilNote oil the Drag experienced by a Circular Cylincler

moving in' a Viseous Mnid at Small Beynolds Numbers.

          By

S. Tomotika an<l T. Aoi

 (Received October 1, 1950)

l. Introduetioft

   In txvo reeent papers (1,2) we have obtained the exaet tmi.lytieal
solmbion of Oseen's Iinearized equations of motion t'or the e.ftse of" a

circular cylinder moving througb an incompresfible viscous fiuid at
smtLII Reyno}ds i}unibers, and with the al<'l of this exact sol"tion we
have derive('l the general expression f'o}' tl)e drag experienced by the

eylincler, ma!<ing $peeial i'et'erence to the pressure drag and ft'i(:tional

clrag seÅí)arately. rrhe vtLlues of the (]ra.,o,' eoeMcieBt t'or severai sinall

ft;eynolds numbers have been computed numericaliy and. it has been
'Åí'ound. that the ea}(:ulated vs}lues are in good agreement with the experi-

mentftl vaiueg.. In ealculating the valiies of tl)e clrag coeffieient,

howeve]', {x systen] o'E sin]ultianeoi]s linear algebraic equations has to

be so}ve(l numerieftlly so that the worl< is }'ather cumbersome. It is
therefore desk'abie to derive, iff possibie, an approxin]txte 't'ormula which

may be conveniently use(1 't'or comptiting the values o:f the drag, n.ftmely

an exptu}sion formula• in })owers oÅ}` the Pbeynolds nun]berS". Sueh r.-.".

expan,sion formtiltt h.fts reeently been obtaiBed by ii.g, starting i'rom our

{reneral expression t'or the drag o'L' the eirellIar eylinder, though the
re,gtik is tm}.)ublishe<l yet,.

   Q"ite recently Si(lral<.(4) ha$ made, on the basis oÅ}' Oseen's linearized

e<' luations o'Åí mot2on as ii} our caieulation, a siinilar investigation on

the <]rag on a eireulEtr <;yiinder k) a strean] of vi$cous liquid, at sniall

Reynolds ntinabei'$, :uid has also {ierived an expansion ilrorniuia t'or t]he

{lyag. Althoilgh l}is [uialysis is slis,htly <'lifferent 'l"roin our$, it is llatu-

rtt•IIy expGetecl ti]at t•he e.xpansiiox) t'orn]ula ('ierived b' y hin] should 1.)e

* As Ss well known, a corresponclit}ff expansSon t'ortnula in power.s oÅ}" the I{e.vnol(ls
number for the drag of a sphere was obtained. by (lolci.stein as ear}.v as l929 (3).

t.
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c'ohieicleht with our f.'oi'mula. No agree-n]ent e.ftn be 'founcl between the

tw•o t'ormulae, however. NVe have the}'efore examined caret'ully Sidrak's
analysis and have foimcl out that there are unfortunately some mistal{es

in the cours.e ot' his analysis, whieh gi've rise to an erroneous resuk.
   The ob,ject of the present nete !ies in the derivation oÅí a correet
expansion formula b>r starting i'rom the gener.ftl expression given b:
Sidrak himsel'f. 'for the clrag on a cireular cylinder.

de

2. Sidrak's general expressieR fer the drag on a eircular cylinder

   Fo}' eonvenience ol: ret'erence we fi}'st reprocluce brietly, without c'hange

in notations, the general expression iÅílor the drag on a cireular cylinfler

whieh has be-en obtained by Sidral< by applying lff'ilon's general tmaly-
sis (5) direetly to the motioi} ot'. the (:ireular cylinder.

   NVe assu.me that a cireular cylinder moves with constant ve-Ioeity U
in the positive direetion ot' the axis ot' ,%', ancl Iet 2e an(] v denotei the

rectangular con]ponents o:ff the pe}'tRrbation veloeity. In terms o'i' t}}e

poiar coordina,tes (r, e), these com}]onents are given by

        cos e
ze = -S

s. + nb.. eos(n + 1)e

}?
rn•+1

1
         co-t- ek'o c"s e 2 (t. [If.. (k?•) eosne + I<.+i (k7•) cos (n + 1) e] ,

        nmo

                co. -nd - ."s--i?,e+ IS

                nnt1

nb. sin (n + 1) e
?.n+1

ia)

        co
+ eitr"OSe Za,. [K..i(ko•) sii} <n + 1)e - K.(kr) sinne],

        n=o f
xvhere k == U' !2v, v being tl}e I<inematic eoefllcient o'f" viseosity o'E the

finid, and. J<n is the moclifiecl. Bessel funetion. The eonstants oÅí inte-

gration 6, a. aiid. b. are to be cletermined by the boundai'y conditioiGs
at the surfuce oÅ}' the ey!inder. It' we cl.enote the raclius oÅí` the cylind. er

by a, the said. conditions tu'e

ze == tu U, v== O

at 7' == a. These conclitions give the relations between the constants
8, an and bn, anc]. Å}lit'ther it is foancl that the a.'s ean be determined

.
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by soiving the foliowing equations': ' • ' '  '• '  ' '
                                                       '               S.,anctn•-••=" [-'g' [II:'':-'21',,......), .. ,•(2)

                                                   tt.t                                                 tt t ttxxr}}ere '                   an,m == Kn 1'n-?n. + Kn+i ln+m+i e

                                              tttl]e argun]ent of both the modifiecl Bessei functions Kn ancl 1' n being ka.
   As is well k'nown, Filon (5) has discussecl the forces on a cylinder

oÅí any shape and has shown that the clrag is associated with a parti-
cular term in the solution of Oseen's equations, which cox'responcls eo

an inwarcl flow along the tail ancl a compensating outward fiow aeross
a lars,e contour surrouncling the cylincler. In t}}e case o't' the circular
cylinder now under eonsideration, the clrag on t}}e cylinder is given byt

                                     oe                        D== -4Tpa Xa,n,, . (3)
                                    n"mo
                            '                                                        'where sk is the eoeMcient o'E' viseosity of the tluid. [I]he constants a.'s

tftre detern]ined by solvin.cr the above system ot' simultaneous algebraie

equations (2) iln'(l the general expression 'Eor the drag on the ck'cular

(:ylincler ean thus be obtained.

3. Perivation of an expaRsion formu}a for the drag

   We now proeeed. to the derivaCion oÅí an expansion formiila, starting
from the general expression (3) t'or the drag on the cylinder. As men-
tione(l above, the drag is gi'ven by (,3) in terms of the an's which are

to be foim</l by solving (2). Theoretically, the solution ot' (2) is to be

achievecl by means of infinke cleterminants ; practically, however, to find

tl)e solntion numerieally for any given value ot' ka, we solve a finite
number of equations. [l]hus, for the first approximation, we put ai, aL,,

an, and so on, equal to zero, ancl solve the fir$t equation Å}'or ao. For

the seconcl app}'oximation, we put a2, a3,ancl so on, equai to zero, tmd

solve the first tw•o eqiiations for ao ttnd ai, and so on.

   [F'or our pre$ent purpose ot' cleriving {m expansion formula for the
drag, we have first to express the eoeraeients an,m's in power series ef

* ]]hese equations should be compared with the similur equ'ations (37) in our previous

  paper (1). .t lt wi}l be seen that this genera} expression' for the d,Tag 'iso'i' ,a simil:r forJn to ours.

  S.ee, forinula (47) in our previous Paper (1). •
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ka by i}sing the expansions ol' t}}e modified Bessel 'functions Kn and J.*.

   XVriting
                     g == r + ]og(eha.)

for the rnoment w}]ere r=: O.57721••• is Euler's con$tant, Nve get the
t`ollowing resuits :t

          ae,o = KoIb + Kik

       '' :rmllm"Ei7f(ka•)2+,,l,(l(ka)'t'+••••••

                  - 9(1 + -IJ(ka)2+ !.ili3 (ka)'"+ ''''''l,

          cto,i pt Koli + KJ2

             =: mll+ka + /?,(ka)" + •••`,.

                      - 9(mall' iJa + nvl,llr (ka53 + ••••••l ,

          ao,il -- Kelh. + Il iI'ts

             =" l;tt(ka)2+ ''' ww .O. Iilg-(ka.)2 + ••-•••l;

          ati,o : Ki fi + J<L,J2

             xe unk' r igig(ka•)2+ '•• + glk(ka)2+ ••••••l,

          al,1 == K:. 1',+KL, J3 .
                           '             "= ti.,t + Slt; iea• + l`• + gI-2i-ka + ••••••],

                       '                                         '          al,2=: I<, 11 + K, 7'.i

                1
             =i+ '""''"`" ;

          ai2,o m= KL,1'2 + Ke'11s

                5
             =- + •--••--•               12 ,
* [l]hroughout our ealculations the Series (lefinitions t'or the iTiodified Bessel funetions

  Kn , In ftre those a, dopted by G. N'. XVatson's ` Tlteoi'y qf Bessel fi'Qmctions' (Cambridge,

'f rrhe corresponding expressions are not given in Sidrak's ptxper (4).
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                                       .-
            aeq == KL,L + K. ,J"

                   1
                == -+ ---•-••-                  ka. '
            a2,e== K21o + K:Js,,

                    2
                =" (ka,)2+'''••........ ,
               'Assuming ka to be small we ean easily see that the orders o'f ae, ai,
a,L,, ••• are 1, (ka)L', (ka,)"', ••• respectively. [{)herefore om' method of

approximation is ,iustifie(l.

   As usual we introc]Rce liere the non-dimensionai d.rag coeflfieient
0D definecl by

                            UD =: ,.c17rl"} ,i, (4)

where ,o is the density of tl}e Åíuicl anc] (l the dian)eter ot' the eylinder

so that d =: 2a. [lrhen, the general expi'os$ion 'for eD beeomes

                                      oo     za eD -- 3.Tlt Za., (s)
                                     ?I=O
    -
xvhere 7/t = 4ka = eJtl/v is the Reynoids number.

   N?Ve have obtained the first, seeoncl anc] thir(l approximate expres-

sions for 0D respectively. rl:he first approximation gives

                  - 4rr                             aD=ltA, (6)

where we have xvrlti]en A 'ffor -.i- -,9 so that}
                              "
                             '                                .ZD              Ai g- r- log -s == 2.G022 - log R. (7)

                         '
lli"ormula (6) is not;hing but t]}]e well-known result obtained by ILan)b.

   Next, tlie second approxin]ation yiel(]s an expansion 'forn}ula oÅí
the :fforrn :

              o. -k[i - -jlir (A2- t-S--A + 'li%•5,) S,:2]. (,)

   Iff'urtl}er, the third ap?roxiniation f,r.'ives*

* Sidrak has gone as i'ar as the fourdi ftpproxirnation, but it will be seen in tlie sub-

  sequent section tliat the third approxirnation is guite suflicient for eomputing tke
  values of CD provided that the Re.ynolds numl}er Ix' is less than 4.
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          eo =- f,T. [i - iiir(A2 - SA + ift,r) g.g" '

                               '                                                 '
                      - 1,, (A,- -l,t A3 + tt,A- ,2g5,) ,l '-l,] . (g)

It 'is 'flound that this ifiormula is, in accorc]anee xvith that obta'lned by

us previously t'ron] our genertl expressfoi} (47) for the drag in our
'former ptxper (1).*

4. Numerical eemputations
   It xvill be imPortant to estimate the range ot' valaes o't' t}]e Reynolcls

nun]ber in w})iÅël) oiur expans'jon Å}'ornmla (9) just obtained is ttpplieEtble.

Siieh ftn est'imeation can be made by exarnininf.r the (;oiivergeBey o'ff t•he

expansion Å}'orn]ula ancl also by comparing the values o'i' tl}e drag eo-
eMcient ealeulated by tke expansion i'orn]uia (9) xvith tl}ose ealeulate(l

nimiericaliy xvlth the aicl o'Åí`' the general exp}•ession (5).

   As for the (;onverger}cy o'fi our :ffornmla, it is first seen tl)at in the

neighboai'hoo<'l o'ff -ll == 7.4 at whieh A beeon]es zero, our f"orm(Aa is

evic]ent!y (ivergei}t. In TableI the nunierical values ot` the three terms
in the s(iuare b}'ackets 'in tl}e 'lr'ormula (9) are. given Åíoi' various values

o'f the Beynoids m]mbex' .71 le,ss than 7. Tl]e third colunm g'i'ves the
va}ues ol' the second tor'ni:

                                            '
                     - S(Ati - -,i-A + t7) S,,I,2 ,

while the t'ourtii column gives the vaiues ot' the tliird term:

                pt tt.(,.t - -I.liL, A3 + ill'l}, A• - S,",) 5,S'l• • '

              ttt t
N ff"he corresponding expression obtained by Sidrak wi}l be given here, for comparison,

  though it i$ not correct. Thus, , . .
            cD == i2,li.i[i-(;CtlL)2(2.•i+s-9.a-s/ rm i) ,

                     -(:lltl)`("2+4rA-t9,ii7,+III.I-i2-ztr-2-T '

      . -il,i-+6i.ii,-i}9i,+-IIi-)-•••-••••1•,

  r=e.57721••• being as before Eu)er's const[int. ' •,.'.
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It xvill be seen t}}a,t oi)r formtila (9) be.ofins to diverge at R = 4, beiow

whieh, hoxvever, our iEormula (tenverges rather rapidly.

TABLE I
l

.R

  O.4

  O.6

  O.8

  i
  2
  3
  4

'5
 6
  7

lst term
I

2nd term
l

11/

E

- O.Ol
- C.02
- O.04
- O.05
- O.13
- O.21
- O.31
- O.54
- l.34
- 7.82

3rd term

- o.oo
- o.oo
- o.oo
- o.oo
- O.02
- O.04
- O.02
  O.22
  2.24
 68.21

   [l]he values oÅí the drftg coefficient calculated respectively by t!}e first,

seeon(l ft,nd third approximate 'Åíorn)niae are given in Ttxble IIII ai}cl are

tI]own g}'aphieally in Ng. 1. In the Iast coitmm oi' this tabie are also

shown the values o'Åí' t•he clraf.T eoeMcient ealculated numerically by the

general tlQrnmla (5).* It will be seen that t'or the valmes of the Reynolds

nlln)ber less than 4, our third approximate expansion 'l'Iormula (9) give.g,

with suflicient accuracy, the values ot' the <lrag coeMcient ot' the cirenlar

cylinder.f'

TABLE II Valrtes of aD

fL'

gI
lst approx.

10.76

8.33

 7.e6

 6.28

4.80

4.64

2nd approxv.

10.63

 8.13

 6.80

5.95

4.i7

3.66

3.51

3rd approx.

10.63

 8.13
 6.ptt 8

 5.93

4.e7

3.47

 3.42

Calcu}ated
 bl (5)

10.63

 S.13 •
 6.73

 5.93

4.e4

 ,3.39

 2.92

                                                          e
* [[rhe valuet ot' the dr: g coeUicient ealcu}ated numerically by the general f'ormula (5)

  are exact]y the same as those calcu}atea by formula (48) in our previous p:iper (l).

  See Table i there.

t' It is mere}y raccidental that the values of the drt g coeMeient computecl by Sidra-k by

  his own expansion tbrmu)a diff'er onl.v slightly frorn those ealculated by our third
  a. ppro: irnate formn}a. See [Vuble l in liis paper (4).
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5. Summary and Åëomclusiem
                                            '   Xn the pi'eg, ent iiote tiii exptziis'ioii 'Åí'oi'ii]ulti e.o]'i'ecit to the foii}•th }}oivei•

ot'1 the lleynolds nuniber ll is ('ler'ived by start'IBg l'roni the general
exp'reg, g'i'oi) I'or the dra.g oi). .`t <"ireular ey!'inder obtaine(] creeeRtly by Si(lrak,

an{l it is t/Xoiii}(] tlmt t}Kn. 'fforii•iiikt tiius o})tttir}(}(] iis.vees ivith thtit obtahied

by us previously, whi(rh is not yet publishe{l.

   Si(]ral< hiniself ha$" ftlso (lerive{'I a ,gln]'ilay expansion f(],ixru'ila :foy

t,l}e {lrag cL•oefficie;}t 'p>r n]al<'th'ng ti,se e'i:' h's's f.rei}eral tJormala. Notw'it,h-

staiyl'i'ng that ouy tu}alyf.is is developeA aion.g t,he ,stune l'i-nefi as S'idrak's,

i}('} agreenient 1's l'ouri<' i betxveeii oar e:s'LpanEioi) 'f'orri]ula, t)ind t]he corre-

srepond'i'n.u' Siclyak'$ Åío]'n]ula. By earof'ui e.xtini,lnation ot" SiC rak'$ anaiys'is,

it h{}s been t'oiiiyl that h'ibs yesult 'i,g uni'.ert•unate]y em'oneou,g. It $een]s

that the sour(:e o/{' e}'rei' 2ies :it} his use o'f incerre(tt expanslons t'or the

n]o(lifie{'i. Bes$el /lruinet;ion JC..

                    ij   Sonie nuine}s'lcttl -(l'ig, eus,s'ions are n]ade on tke valries o'ff the <']ra,g co-

effieient by ufinsr onr e.x'/pans'ion fform-la, ,knd the ran.o.'e oÅí va,lues oÅí

the }leynolds niin]ber lt 'i$ efit'iniat•ed in "'h'ieh our expai}sion t'orniula

'is appiieab!e. It 'js khus Å};om}(] that oiir exptu}s'ion iEormula correct to

the orcler o'I.' n'i' e{tn be used "rith saffl(ient aceurac>r, pyovi(lecl that]

the Reyi}oids nun]bei' assumes the vaiues. iess thai} 4.
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