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1. Introduction '
   As is weil l<nown, tl}e problem of the bending of a rectangular plate

under the aetion oi' surf'aee pressure on one of its faces is one of the

most important problerns in the theory of elasticity. The problern was
alreaCly investiga'5ecl mathematieaily by Ritz(1), I/{encky(2), l[Jove(3),

[I]imoshenko (4) ancl others, using various metl]ods of solution. Ijove's

analysis is very compiicnted, but his methocl off simplifying the boundary

eonditions by means of a coiiformal transfo}'mation seems to be e'ffective

Åíor the treatment o.f the ease of a plate with four elamped edge$. In
the present paper the writer gives an alternative analyEis which is (.le-

veloped along ft similar line to ILove'$, but is more eoncise.

   Now, the interior of a reetangle in the s-pl(trie ean be mappecl into

the interior ot' a cirele in the g--piane by tl)e relation:

                    x=ASi ,/iM 2dr'gg,+g,, (O

where

                                2a                       """ A -- <1 +-i)K, (2)

                   ri eos2(x==.i-2(l-ili-If-9,)2, . (3)

ancl K is the eomplete elliptic inte.crral oÅí the fir$t l{incl with mochdus k.

The eorrespon(lenee of various points is showk in 'the annexed figure,
and the ratio of the two sicles et' ehe rec'tangie is .criven by

                         b/a --- K'/2K. (4)
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2. General soluti.e" .

   XVe consider a small defiection off a
gular plate with altifr'oi'm thickness 2• h xvhich is

pi'essure I' on one ot' i'ts faces. IÅí w be the I`

a poin# in tl}e midclle plane, the equation of equi

  ' a'i'w on-'i2v o'i'zv .l)                   a.z:t' + 2o,xi'ay2 + ofiJ? 4' he- ym.D '

 '           2 Eh3
XVhere D -- mp3 1 ww a,. i$ the fiexiirat urit.ri(1 ity, E

a Poisson's r.fttio.

   Let a particular sohit-iott ot` (et5) be denotecl by

general solution tttl<es the Åíorm :

                                        '
                   ?V == 11.,1 -t- .Z'<Pl + crCZ)L, + Y" ,

"'`t' ]el•e (Pi , Åë2 al}d ZPr al'e .lny h.`wmollic Åíllnetiolls,

is ealled a biharmonie ftn}etion.

   When the t'onr edges of' t}}e piate are elamped,

tions are expre,gseci by

 '                       Oto
              zv :O, al/;.=O at zat-ww--. Å}

                       C"IV
                       ---e.              2V =O,                       ayt ilt y=.+-

   If we introdt]ce t}]e eomplex eonjugate
ff =: x- iy, equation (;">) is transformecl to

   • a'"II. 1)                        O,.20E. ft -- l6D '

and xvhen the pressure {/listribution is tmiform,

1;f

A
b/

Oa l,

1

at

.A

              D
     g"-plane.

homo.cr. elleous isotropie reetan-

        ,gubjeet to a sur.f't}ee

      ttveral dispSacemen+. of'

      libriuni tal<es the 'S'orni :

                      ( or )

       Young's n)oclulus and

         tt.? -ww zvi. Then, the

                      (6)
         '
        an(l xÅëi + ydi2+ rF

        tl}e boundary concli-

        a;
                      (7)
        b.

              t/
   varitrebles :• == x -t- igy ancl

                      ,,)

       'tshis equa'ijion can be
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integrated immediately atkcl we have' ' '

        w = 641'p [x•2:'2+ :'Fi (s) + :• F-i(J.) + I"2 (:•) + -27-e(:')] , (9)

where Zvii (z) and l,"-"(:-) are ai'bitrary analyt2e functions oS' :• .

3. Atransforiited problem •                   -•. Henceforth we eonsider the matter in the g-ph lte. Since z is an
.knalyCie ÅíunetioR of g, the .fm}ctioris .Z7'i{s(;)} ancl .FT2{z(g>} are also

analytic with respeet to g. ILet these be cleno'te(/l by fi (g) and f2(;)

respeecively. Then, the solution (9) becomes

         2v == 64PD [z`2;-2+ 7-f, (g) + zj, (g) + f-. (g> + f., (e)] . (lo)

                                  •1
   Tal{ing aeeoimt of the eonformal charae".er of the #ransformation
it ean readiiy be seen thaS the bounclary eonditions in the e-plane
beeome (wish g he- re'ie.)

                    '                           ato                  2e --O, bl. :0 at ?' ==:l, (11)

                                                          ttor in eomplex fom]s
                                                          '             ..,,o, g-g"il20+-e-Ooii' nv-o at gh; --i. a2)''

Subs#ituting the expression foy io as given by (lO) in the right-hand
sicles of these eqt}ation,g, }ve have

                 [:•2."12+ ifi + xf-, +fL• +f--t,]gg-.i=: O; (13)

           [2:-;•(:•gt9i,l+ei,d,-t})+E••e/S+,.g-//f'ii ,,,

                         pm -•             +SggL+ttgghfi+gdd'Åí'"+-geldt72''],-,at,-rmo• (i4)

   Now, if nse is made of Legendre's polynominal I'.(?'), the trans-
formation equation (1) can also be expressed in the form of a series
 .

                            co            '• 'z =AZ 2{lnlr)l g2n+i. (ls)
                            7tpto



.

4 K. M'esnahata.
   Let the Taylor senies of fi(g) and f2(;) be respectively

                       fi (g) x S a.g" ,

                              npte

                               co                       f, (g) =: = b.g'i .
                              nmae

Since, in the present problem, the deflection of the piate is necessarily

symmetrieal wiigh respeet to both the x- and g -axes, it can easily be

seen that all of the a2,,'s and b2n+Ys vanish and the remaining co-
eMcients are all real. Thms, we have

                             ee                     fi (g) -ny X a,.., ;2"+i ,
                            nutO                                                          (16>
                             co                     f2(g) == ]:il b,. g2n.
                            n"e

4. FulfiImeAt of the boundary conditions

   Multiplying (lor) anc] the eorresponding conjri.o'ate coniplex expres-

sion side by side and putting gg -- l, xNre obtaln

   ftr.]gg., =`- [(Pog + t. I'ig3 + f. p,sv'r, + ......)

              Å~ (p,li + S .pigww3 + -llmi'2g-5+ '-'''')]gi.;m,

           ----- -z"g + g.ilg..,3-z'? g- ;.ilili.E-z);' -i- •••••'

                + (-i,ll-i -Z'oJ'i + l/}IIi.si'i-P2 + l.gli;.7-p,}p, + •••)(e2 + e2)

                + (l.i+ PoPL• + tt.,Pil'3 + g,l{}.gJ'22 .i + •••) (;" t 8'`')

                + •-•••-•--••••••••••                                  '

whieh may be writteri in the form:
                             s

           s.         [I2irk] gg .. , : eo + ei (g2 + ?) + e, (g's + s•t) + •••••• , q7)



where

By squaring both sicles of (17) we ge#

where
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 Qo == -p:' + i}l.g. -p: + sl.spg + '''''' ,

       11   1 qi :ww3 -l'o-Pi + E.;:s.sJ'iP2 + g:.77 -PL.P3 + '''''' ,

   11          l Q2 ii=sPoP2 -l- lt;:i;.7?iP3 -l- s:.sgl'21?•k + •••••• ,

 [ttli'llll"]gg-.,,== .}{ro + Ri(g2 + e2) + R2(gt+ gb + ••• ,

  21 :- %,",,2e'i,e,Ze, t",6.l,' '!i ...... , 1

  -lt, -- e? + 2q,Q, + iQie,. + ••••-• , (

   .......-"."."-."."....".... y

         '
[t(:fi + :`7i)]gi.,

-pm

 9" (Peai + SLap, + gl)2ar, + '''''')

 + (-gt-?lal + g.P2a:i + ;: P.gas + ''''''

              '     + Pea3 + -l.lmpiar, + •••-••) (g2 + g2)

 + ({]- I'2ai + {l- P3a.a + -ll;-kas 4 •i••••

             x        + Peas + ••••••) (g" + g'")

 + •-••••-••••-••••••••••-•••-••-•-•••• •

5

(18)

(19)

(20)

Finally, by combinin.cr equations (15) and the first oÅí (16) we have

(21)



a

   (

   (
      + "l'ea,a + m!,\s, Pias + '''''') + b2 + AiiRi -- 'O ,

  A({li- -Z'fu + t ?3a:,i +• -li- .Pg as + '••'••

          + -Poas -l- •l••••) + b.t -l- A`R,. -- O,

                .
another set ot' eqRa'tioi}s as follows :

  4A(.Poai + Lafi + -Z)L,as + ''••••) -f- 2A"Te -- O,

A[(1 + 'l.IH3)Lai + ((1 + 3)I'o+ (1 + X9-) 1'g]a,

 +I(1 + gt)1), +(1 + g) .P,l a, + ••••••] + 2b,+ 9A4T, -- O,

A[(1 + -l;) 1',,ai + (1 + S?IH' )J'3a3

 + [(l + 5) ?e + (i + -l51i-) .Z]'.{) as + ''''''] + 4b.i + 2A"T2 -- O,

               'where Te, Ti, T2, ''T''' are given by

    T, == e,s, + 2e,& + 2e,s, + •••-•• ,

   T, == e,s, + e,s, + e, s.o + e,si + •••••• ,

   T,, -- e,s, + e,s,, + Q,s, + e,s, + q,,si + •••••• ,

    ------------ i.------t-i-----t----- J

6 K. Mtmahata.       ' Substi'tuting (16), (19) and (21) into the first bounclary conditiorE
(13) ancl equating .ftll the terms with eqnal poxvers oÅí C; to zero, "re

obtain the following set of equations:• '
  2A -Poai + ;t J'iae + -l)- ny2af + '''''') + 2bo + A'"Ro -- O,

  A -{,}m, .l'iai + nvs-1'2a,s + rmi;1'3ar + ''''''

(22>

Also, by a similar analysis, the second botmdary condition (14) give$

(23>

(24>
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wi'bh '

     . tt /.                       '                    tts, = 2(.zr)g + -ltllr-p?- + -l;- pg '-i- ••••••),

                                   ' s, -- (i + -l.lf3 )p,pi + (-l.ll-. + g)-i'iJ?L•.+ (":l) +, t)?2i"3 +' '''-,. (2s)

 s,= (1 + g).l),.p,+ (S, -. + -;-).l)i p, + ({.i- + -ll;-)-p,-pi + ,.. ,

    .".""."..H".".-"-."m"-.". ]
                                                        '
5. Results ef numerical computations

   EiiminatioR oÅí b2n's from te•2) and (23) gives equa'bions for de'ter-

mining a2n+i's which ean be xvritlen in the form:

  [2P,, 2I),, 2.P,,, •• ra" f -T,

   l3 ,5 1   nltr -l'i , Pe + -g- 1)L• , 1)i + wi;- 1'e , ' ' a•s .2rli- Ti

  jl {I;- p2 , nvi?;- -p3 , po + -I5ive pi , as = A3 2Ra- T2 "- ("g 6)

     Il 1 II Ij I17
•The clefiection of the centre oÅí tl}e plate is given by

           P
   2t'mfix == 64D' `9Jbe

       =" -' 64P.z)I2A(-Peai + -i,ll-3 Pia,g + -l.l-I'L,a.h + ''-•••)•+A"Rol . (27>

   RVith the purpose ot' examining the eonvergence ef the present
proeedure, numerical caleulations have been carried out for the case
of a square plate, by taking two, three ancl four terms of a-"n+"s into;

aceount ,respeetively. The reslilts obtained are

            2v,.../(1'a'i/8D) = O.1736, O.1658 ancl O.1638.

These resuks may be compared with Love's approximate value O.16597
and also with more accurate values O.1622 ancl O.1617 which wel'e
obtained by IE[encky and Timoshenko respeetively.
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