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1. Introduction

As is well known, the problem of the bending of a rectangular plate
under the action of surface pressure on one of its faces is one of the
most important problems in the theory of elasticity. The problem was
already investigated mathematically by Ritz (1), Hencky (2), Love (3),
Timoshenko (4) and others, using various methods of solution. Love’s
analysis is very complicated, but his method of simplifying the boundary
conditions by means of a conformal transformation seems to be effective
for the treatment of the case of a plate with four clamped edges. In
the present paper the writer gives an alternative analysis which is de-
veloped along a similar line to Love’s, but is more concise.

Now, the interior of a rectangle in the z-plane can be mapped into
the interior of a circle in the {-plane by the relation:

z=:A§§ I S (1)
V1 — 278 + ¢ ,

where
S o 2
A=T5HE (2)
11—k
= = ._.2 JU— ¢
7 = cos2a = 1 <1+k>’ \ (3)

and K is the complete clliptic integral of the first kind with modulus £.
The correspondence of various points is shown in the annexed figure,
and the ratio of the two sides of the rectangle is given by

b/a = K'/2K . (4)
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2. General solution ;

We consider a small deflection of a homogeneous isotropic rectan-
gular plate with uniform: thickness 2/ which is subject to a surface
pressure I on one of its faces. If w be the lateral displacement of
a point in the middle plane, the equation of equilibrium takes the form :

T Gtw d'w P
~L+2 o B A+ (5)
O 270y~ Oy D
2 En . T . o
where D = FREEERS the flexural rigidity, # Young’s modulus and
-0

o Poisson’s ratio. ,
Let a particular solution of (5) be denoted by w = wi. Then, the
general solution takes the form:

w = wi + ol + ybo+ ¥, ' (6)

where @1, @y and ¥ are any harmonic functions, and 20+ y@.+ ¥
is called a bibarmonic function. _

When the four edges of the plate are clamped, the boundary condi-
tions arc expressed by

ow
w=0, =0 at 2==xa;
Ox
(7)
Bw
w=0, =0 at y==x5b.
oy

If we introduce the complex conjugate variables z = o + iy and
z = m — iy, equation (5) is transformed to
*w P

0702 16D’

(8)

and when the pressure distribution is uniform, this equation can be
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integrated immediately and we have
P N =
Fi(e) + 2F1(2) + Fo(2) + T (3)) (9)

Y7 64D
where Fy(z) and F.(z) are arbitrary analytic functions of

1
l!

A

e

3. A transformed problem

Henceforth we consider the matter in the {-plane. Since z is an
analytic function of ¢, the functions F;{z({)} and F.{z({)} are also
analytic with respect to ¢ . Let these be denoted by fi(£) and fo(&)
respectively. Then, the solution (9) becomes

FErin @+ A@+ LOFRQ). Q0

p =
Y7 64D
Taking account of the conformal character of the transformation
it can readily be seen that the boundary conditions in the &-plane
become (with & = y¢®)
ow
S =0 at r=1, (11)

w =0, P
N
(12)°

or in complex forms

0w Ow
=0, + Y 0 at
w e ¢ ¢ ot 49

Substituting the expression for w as given by (10) in the right-hand
sides of these equations, we have
ofy t fetfelgg-1=0; (13)

o= |, —
Z2" 4+ sf +

az ar df1 af
[m(gdg +ﬂgd§)+ §d§ £
Sopy pdfs _
Cf1+§d§+§d§}$=l—o. (14)

-{- - -
Now, if use is made of Legendre’s polynominal P,(7), the trans-

formation equation (1) can also be expressed in the form of a series

as
’ 2 (15)

n=0




4 K. Munakata.

Let the Taylor series of f1({) and f2({) be respectively
J1(&) =n§an§",
Sf2(8) = 7% bal" .

Since, in the present problem, the deflection of the plate is necessarily
symmetrical with respect to both the =~ and y-axes, it can easily be
seen that all of the as)’s and bansr’s vanish and the remaining co-
efficients are all real. Thus, we have

AO = S 77,
16)
fz(é’\' = 2 bon an .

ne=0

4. Fulfilment of the boundary conditions

Maultiplying (15) and the corresponding conjugate complex expres-
sion side by side and putting & = 1, we obtain

2 = Loy Lpes oo >
] = [+ e e pa s

1% <Po§: + iplgfi + 1 3255_;_ ...... )]
3 5 =1

. 1 ., 1 .
:—‘])54‘;-“])]4“___'1)5'*‘ ......
3 5D

a3

1 1 s, Ta
+ (”.‘Pn])1 + ___P1P:: + T];,.'.Pspzz + > (gd + ‘:d)
'3 3’0 o

+ (%_POPS + L,..Plps + “LPzP-l + >(§4+ El)
5 37 59 ,

which may be written in the form:

[_Z%]“ =Qo+ Q7+ T + QT+ TH + oo , (17)
A g
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where

. 1 1
=Pi4+ —Pi+-—P;+4 - ,
@o © 3301 T 55 s +

Q1=*LPOP1+:‘}?P1P2+_I;P.’P3+ “““ y
3 3-5

57 ° (18)

..........................................

By squaring both sides of (17) we get

Zz

F 1; = Rot B+ 1) + BT 4o, (19)

At
where
Ro= Q2 + 2Q¢ + 205 + -+ ,
R = 2Q0Qs + 2G1Qs + 2QuQs + -,

(20)
Ro= QG+ 2QuQa+ 2QuQat e, |

Finally, by combining equations (15) and the first of (16) we have

[Gr+ =]

g1
1 1
=2 P"al + —Plag -+ '—'Pﬁas BT
3 5
+ (?))—Plal + g'])gfl:; + "’}‘_Pﬂ(zs A e

+ Poag + ~31—J>1a.—, SMRERRE ) &+ &

1 1 1 .
A Paay + T Paag + — Ly + oo
5 7 9

B R T R R . (2”
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Substituting (16), (19) and (21) into the first boundary condition
(13) and equating all the terms with equal powers of ¢ to zero, we
obtain the following set of equations: - ‘

1
2A<P()(l1 + "_%"P:{ay; -+ "%‘Pg(l; e AR ) -+ Qbo + A'LR():: 0 ,

A(Tl)lal -+ gpga:; +- ""‘])3(15 I N

7

(22)

Also, by a gimilar analysis, the second boundary condition (14) gives
another set of equations as follows:

4A (.P()(ll + ])](l;; -+ Pg(lv;, i SRRERE T ) -+ gAllT() =0 ,
1 3
ARI + 1%—>P1a1 + {(1 + 3) P, + <1 + 7{) Pg}ag
5 5 1
{1+ D)2+ (1 + 2) Pl o+ 2B+ 24 = 0,
< {
(23)
1 3
Al:(l -+ ‘5‘) 1):_'&1 + (1 -+ “7‘,‘) _P:;(lg.
+{(1 +5>PQ+ (1 +‘§‘>P1}(L;+ """ ]+4b;+ 2AIT3_" s
where To, T4, T-, “+oee+ are given by
T() = Q()SO -+ 2Q1S1 + QQgSg A+ s
Tl = Q()Sl + QUSO + Q]Sg + QQS1 doeeeeee y
(24)

To= QiS1+ QoSs+ QuSo+ Q1S5 + QuSy+ -+ ,

.................................
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with
N T
SO=2(PZ+—.—',PJ-+—P2+ """ );
SR 5
11 11

si=(1+ 5 ok (5 + 2 )Pre+ (5 + F )Pt

o o 5 ) 5 o / (25)
o= (1 + l-)POPw}- (i + 71:-)1’11 + (—1— + 1>P._J>1 b

5 3 7 53 9 ]

5. Results of numerical computations
Elimination of b.,’s from (22) and (23) gives equations for deter-
mining @eps+:’s which can be written in the form:

i 2P() ) 21)1 3 2.1)2 y * ‘\ f’al‘ i —— T()\

1 o . 3 5 ,

-‘;Pl’ 10‘}‘31‘73, P1+'7“‘.P3, M - g _Rl‘ 1

1 3 5 . = /4° .
T P, Pot+—Pu, - || 4 OR, — T, . (26)

-The deflection of the centre of the plate is given by

Wwax = - 2b,

r 1 1
= — =D A| Poay + 7 Prag + —Poaz + -+ A+ A'Rop . (27)
64D{ (“ ER I ) o+ D)
With the purpose of examining the convergence of the present
procedure, numerical calculations have been carried out for the case
of a square plate, by taking two, three and four terms of @ansi’s into

account respectively. The results obtained are
Wans/(Pa*/8D) = 0.1736, 0.1658 and 0.1638.

These results may be compared with Love’s approximate value 0.16597
and also with more accurate values 0.1622 and 0.1617 which were
obtained by Hencky and Timoshenko respectively. ‘
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In conclusion, the writer wishes to express his hearty thanks to
Professor S. Tomotika for his continual guidance throughout this work.
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