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  On the Excitation of Oiii-ion in 2p2-Configuration

                 by the EIectron Impact

               . by Sh6tar6 Miyamoto .,

      , (Received Apri1 2I, I94r>

       '

                  - Summary ., '•
    g i. In connection with the problem, discussed in the previous
papert on the gas temperature oÅí planetary nebulae, we shall state ln

this paper the calculation of the effective cross-section of tha oxygen
ion 0m for impact excitation by free electron2.

                                         .,,,,,.i ," .P,a g't5•.w,gs'oshsGrLs\t:'}e,.,wa.\g,sig".iti2.",fo,r,.zh?•,,sggig,",..ez.r.':

cording to Born's approximation. In Part II, the ai]gular part of the
ftmction is intcgrated. The integration of the. radial part is given in
?o?Ftcoiiiigionk/nedxcfiiitiaaltl.gniil.sPgairvteinV.' the effective cross-sectiQn oÅí o.

                                  tt t                   '              tt       • I. Formulation ' •
    S2. Pl7Tawe eazdatiofz. 0m consists of two satur'ated shells, is and

2s, each having two electrons and of an unsaturated one, 2p, with
two electrons. We shall denote in the following the first four by I,
II,III,IV, which will be often reptiesented by'latin letters zY etc.;

whereas the }ast two by i ancl 2 and colliding electron by 3.
    The SchrOdinger equation for the wave function gb, which des-
cribes the physical system consisting of an 0m ion and of a collicling

electron is

          [zff,;+p;+crg+v/;- 8""'Z (E- u)]ip==o, (2.i)
                             ll -
whc're the potential U is given by

          U== V+ U,, • (2.2)
                               '          '                             '                  '                                                               t.
  i. These memoirs, 22 (!g39) 249t
  2. Recently, details of the calculatian of the same problem treated by twIalcolm I'I.
FIebb ancl I])onald I-I. Menzel were published in Ap. J. 92 (rg4o> 4o8.,
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          .l/EEie2(;, 7.l, t' rli,• +' rl, - r8,) "' '' ' '' ('2"3)

fepresents the pairt of the potential 'which .comes from the interac-
tion between the colliding e!ectron and the atom, and
    Vo=e2{]l.ll,j fl.j +]ll,]('TI.,'+ ;l,,, -L ill, )-8(Ti, + ;ll,)} (2'4)

the potential of tlie unclistzirbed atom ; e bfv'ing the elementary charge,

f' .b the mutual distance between any two electrons a and b an(i{ r.
that of any eleceron a from the nucleus.
    g3. Dlrect Exc7lation. As-a first approximation, atomic elec-
                  'trons satisfy the wcave equation of the undisturbed .atom :
          (=t7i2+M;+v;') sb (r,, r, ; (r,))+ 8rr2M

           i. .k            Å~(E- 7e)0(ny, r.•; (r,))=o, (3.i)
where heEtvy letters m'ean •vectors as llsual and (ri) stands for ri,rii,

rm,riv, for simplicityls sal<e. Now, we clenote by ip. a solutlon of
this equation, viz., an eigen-function corresponding to state n, of which

energ`y,is E,,. In the following, throughout thi$ paper, we shall use
n for the ii)itial state and•7z' for the excited final state.

    In order tp see the probability Qf direct excitation, by which pro-

cess the impinging. electron 3 is scattered inelastically and the 'atomic

electrons are left in the excited state n',. we have to determine the
                                 ,coefficient .F,.,t(r3) of Åë,v(ri,ro.; (rD) in the expansion of Åë:

          Åë=:(;. +ldn')ip.i(rt, ri; (ri))F..t(r3). (3•2)

Summation and integration ln (3.2) are to b'e referred to all the dis-

crete and the continuous states nt. For large f', .F,,., muse have the

asymptotic form :
          F..,(r)--veik"+ e`k' f..(0) for n==n', (3.3)
                       T
                         iL"r                 -v •e ;7f,.,,(0) otherwise,
                 'r
where

          le!!iiknnE!iii 2111il'!7i "d (3'tl')
                 '          k'2i!!E/e;,.,iiE 8:zl,7]l ( l f7z"d""-1.Zlfi'En'l), (3•5)

and eik'"' means the wave oÅí tfie incident' el.ectron of veldcity ev along

z-axis and of unit density, and 0 means the angle of- scattering. In•- k
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serting into the Schr6dinger equation the expressions (2.2-4) and (3.2),

and multiplying it by iptt,(ri, r2 ; (ri)) and then integrating it over the

whole space of ri,pt-. and (ri), we geti
          (rrg'+le'2)F,.,(pt,)= 8Y,!,7i SsL)ti,;t(r,,r"•; (r,))r79E,arz,,arz,,,(clw,). (3.6)

    g4. Exclian.ae ExczZalion. In order to see the probabillty oÅí
exchange excitation, by whlch one of the atomic electrons, e.g. i,
is expellecl and the impinging electron 3 is capttxred by the lon, we
express Åë in another focrm, alternative with (3.2):

          ip=ll' (]Ii,], +ldn')Qn•(r3, r).; (ri))G.t•(r,), (4.!)

with the assumption that G,,,,, has an asymptoti'c form :
                   e'ik"r                       .cr.,v(0) for large r. (4.2)          Gn7t,(r)"'v
                    r
Then, in the same way as in s93, we obtain the equation for G,,n,:
                                       -g' .          (v?+le'2)G,.t(ri)=: .81i,l,7i Sstf,ij (,li, r., ; (rt)) if•"'4,t2rz,3n4.-t,,)(t?r7,D, (4.3)

where
                             '          I7vi!!iEE2(]i.] 7.Ii, + f.l, + b.I, - i,78., )• (4:4)

The exchange effect of higher order has been neg'lectect, which is
connected with electron of saturated shelis, is and 2s.
    gs. [Equations (3.6) and (4.3) determine uLr,.,t and G,,... Wh shall

follow Born's procedure of approximation taking for Åë in the second
side of the equati6ns the wave function of the configuration of the
system before collision, neglecting all the interactions between elec-
tron waves and the ionic field :2
          Åë== 9t,,(rl. r.,; (ri))Ci'k'nor31 <s.I)
where no is the unit vector in the direction of the positive g-axis.
Then by inserting (s.i) into (3.6) and (4..s) and solvingi we get

                         ik'r '                F,,.,(r)"-ve f,,.,(0) . (:).2)
                         r
  ,. G.v(r)".-v eik" klr,.,(e) ' (s.3)
                          i,.

  r. XXTe shall spare with the spin coordinate, as it can easily be seen, when it'is neces-

sary to considier of.
  2. }Iebb (loc. cit.> takes the wave function distorted by the ioniÅë field'for the celliding

electyon insteaed of the plane wave approximation. The final result is largely different from

ours. It seems tkat the crosssection is rniich affected by the starting assamption. Itltor slow

collision, plane wave approximation lias no theoretical warrant, For distortecl wave, per-

turbing term l;'IJnv becomes very large for smali kY. '

                                                      '
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Nvith .. .                                       '   f,.v(o)= irr:e Sci(kne-7"'n)ra(Z, ii + '7i3 -i- ri3•T i )

             Å~ Åë,,(ri, r.•; (ri))ip;i;(ri, r.•; (r,))alz,ta-dny.(d-di)dz,3 (s.4)

    .cromt(0)= i.I:, Sei(imo"uTnynri>(elX 7.i,, + i, + X, -•r8.. )

             x sb,,(eq, r2; (pt,i))sbk;,(r3, r2; .(ri))t?IT3(lw2(tleuDalvi, (s.s)

llVSohheie,s ::aG?.ughg'fUhnCtdiYoegCetnol' in the direction of scattering 7r, and ao tiie

    g6. f-term. -The f-all expression of this term hca$ been given

by (s.4), in which the contribution from 8 and X i vaBishes.
                                 • 7'3 i 9'3i
  tttt

Thus only the contributions from i and' i remain in (,s.4)•

   • 7'i3 7's3    Xntegrating them with respect to "d3, we g'et '
          f'M'(0)='' H.aif.i.,,:, S(.;.,g."<imo-b'n)rct)

                   Å~ Åë,,(eq, ra; (pti))gt ;`i';(ri, r., ; (ri))d, "dialeti..i(dru,) (6.i)

                 fyr/2 =11eno-/etnlL. (6.2)
   . According to our approximation (g 4), gt,,(r,, pt:. ; (ri)) will be of the

form: ' •. ,                                    ....tt.     .s• gt.(rl, %. ; (ri)) == ipt,(ri)"t,(rll)gt ,,.,(rlll)Yth,(rlv) (IJ,,(rl, r.,),. (6.3)

where (l>(ri, r.,) is the iLvave function of two 2p-electi'ons, ancl antisym-

metric with respect to •thein. Their radlal parts must be of the same

form, so that di.(za,ptz) can be w• r'itten acs •
          (p.(r,,r..)= IL)("i) R('r'2) yf,,(n,,n,,), ' ' (6.4)

                     7'i 7'u} ' qn being the angular part, and ni and 7z,, are the unit vector-s in the

directions r! and pt) respectively. Thus (6.i) is reduced to
                         co-          f'M'(0) == ,.-,Kir,2 S,SIL"](f!)`l'"il•?2('r".)tlrL,S(\di<kno--k'n)rct)

                  Å~ q,,(ni, n]) ep'/r;(ni, n2)siilOislnO2ni0idO2diptdÅë2. (6.s)

Tal<ing the posltive g-axis in tke direction of no, anci mal<ing uge of
the polar coordinate, the exponent int (6.s) becomes '

    (1.'ne - le'n) rct = ra(lc' cos 0ct - let cos 0ct cos 0 - le' sln 0ct sin Åëct si n 0) . (6 .6)

    g7. .cr-tferm. The expre$sion eÅí this terra is given by (s.s).
 Contilibutions from terms Yt ;,.l, , 78., and 7.l.. are to vanish, arid
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    .`cr,nt•(0) = 21ii?jlo St/'i(L'nor3-iu'rtri) rl3

             Å~ 9t,,(pti, ri; (ri))9f;Y,(r3, X,; (ri))al7,3dZ,,)(dT,i)al-Ui, (7.i)

er expanding i by I.egendre functions, we obtain
              •7'13
                    '    goirv(e)=: ,i.i, SiSl?('ri)rid'riA'(tr3)r3d7'l7,R:'(7,)alr,,Å~

                  e
           x .:co!]nn,,;;.].l ?Fi;•(n3, n2) IU7t(ni, n2)rct (('.ZI+ iBPl)) i' Å~

           Å~ PLfil(cosO,)PL3i(cos 0,)(ri (tpi-`S'e) Å~

           Å~ 6e'<knora-k'nri) sin ei sin e3tlOidO3dÅëidÅë3 sin 02dO2alÅë2, (7•2)

xvith
    lener3 - le'nri =: l)7'3 cos 03 - fe'ri(sos 0i sos e+ sin 0i sin Åëi sin 0) (7.3)

          ct ct    rct'ru-NE; T/li.ii.i. or rili'i according as f"!x<r3 or 7'i(>r3 . (7.4)

                II. Integration of Angular Part

    sg8. 2pU-•conL,ifig'zdTalion. [For 0m-lon, 2p2-configuration fornis a

group of lowest levels ; levels of other configurations lying far above
it. I-lence from the astrophysical point of view, we may limlt our-
selves to consider the transltions p.ccu'rin.cr within the levels' of this

configuration. The energy levels of this configuration are iSo, iD2 and
3P (cf. fig. ! of our previous paper), and can be characterized fairly

approximately by the Russell-Saunder coupling, In analogy to the
terminology of J. C. Boyce and others" with respect to the fothidden
transitions, we use the words nebidlar exci'lalz'on for the impact ex-
cit.xtion 3PgtD2, a2t7'optal excilatlon for iD,,-tSo, and lptansaebptoral exci-

tati'on for 3.2P-`.Sro.

    bgg. fll]o inte.grate f,..(0) and .cr,.,(e), we must first express -the

eigen-functlons oÅí the state in terms of the zero-orcler' states u(72, l,

fn.t,m,), charactierized by the set of quanttmi numbers n, l, mt, ms of

individual electrons :

    yi'(fs.tpg)= i/i 3 [(P(o", -i')- v' ,

              Å~ {• ca(i", - i ") + (P(i '", -- i')} + (P(i-, O-')]

  i. Follo"'ing E. U. Condon, we use throughout tl}is paper the word stateasaquantum
state without any degeneration and lewel as an ensemble ot' states which have approximately

the same energy. Cf. CotidoR and Shoytley, The Theory of Atemlc Spectra (rg34) ,2i7•
  2. J. C. I')oyce, I). i-I.]'Ienzel and C, T-I. ]1 ayne, Proc. Nat. Acad, Sci. 19 (zg33) S8i,
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    V(3Pl)= .s/i , [ 1/i , {ip(i+, o-)+(P(i', o+)} -- ca(i+, -i+)]

                                '    Y(3P?)== 1/i, [Åë(i-',o-)-(P(o+, -i+)] .

                                              tt    ca(3p,--i) : ?/i ,ua[(p(,-, -,-)- .,/i', {(p(o+, li--)+(p(o-, -!+)}]

    gp'(3P ,"') =: Ql)(i ",'o") ' •
    lgit("1[)/1))== l/l ,. [ 1/i , {(P(i+,o"-)+(P(i-E,o+)}-t-(1](I+,-i+)]

       '    Yn(;.tPg•)== ,/' 6 [(1](i-',o"')+i/1 , {(1?(i+. -iT)+()O(i-, -i+)}

             + di(O", - I")]
    YJ'(:SP,--i) = ]/i , [(P(i-•, ----i-")+ .I/i , <(P(o+, -i'-)+(1)(o-", ---1")}]

                                                       '    T(3.i!)il"2) = (P(o-, - i -H)

    ep'({D;-) =(P(i+, i-)

    ?V(iDl,)== ,/i,.iy, [(P(i+,o-)-(P(i'-,o")]

    '                                             ,    V(tDOo.)=: v,i 6 [(P(i", --- i-) - (P(i", - i") + 2. (P(O", O-)]

    yr(iD,; i)= 1/i , [di(o", -i-)-(P(o-', -i')]

    ep'(iD;, 2) .. (P(-i+, -i-)

    ?p(tsg)=: ,/i 3 [<p(i+, -i--)-(p(i-, -i+)- <p(o+, o-)] (g.I)

where we Clenote the wave functions as ep' (:'S+iZLet) instead of ?IL,(ni, n2),

and for any two electrons a and b we put '
    gi>(m"•mt")== ,.i ,• x•i((Is:,?) ,zr,?Sile•B• .'' (g•2)

  ../t

where spin components are specified by superscribing signs Å} ; and
(ti(maiÅ}) means the angular part of the wave function zt(n, l, mi. 7ne), viz.

         2i(n, l, 77it, 77i,) : R"i('r) (o(77itÅ}),
                                                     (9•3)
                         r
where
         (O(7711Å}) ==0(l, 7]Zl) <Z>(i171t)a(711,) ,                                                     (9•4)
                     "         e(l, .),..(-),n]p/L 21Ii X-+',IIII -P;'i(COSO) (g.s)

                                         '    e(i,rm)= v/ 2i'gi ((iint+,Zi'.ll .pln(coso) (7n)o)
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                     tt                                tt tt    <Z)(•77•l)= >/i2rr eiMip . . (9.6)
and a(m,), the spin eigen-function. xxXe shag use afterwards tke no-
tation to(mi) dropping the spin factor from (v(mt'), i. e.

         (O(77ii) ==e(l, 77Zi) CP(771i) ' (9•7)
   gio. Excltan.cre term. Integrating (7.2) with respect to w2 ancl
spi /icoordi?`;p,2,gfi t- .a.I,dsico-l;liig.fijifeOe,:i.)Y.8d,92;')l'll`(n,n'), (io•i)

where Zls given in Table I.
                        '                         Table I.

trallSltlOll l Z

I. iD2-,iSo

   ttt    iD,Å}, 2, isee

    ]D,Å}, i, isB

    iD2., isg
  '
II. aP-.IS,

    apg, isg

    ,pfi, isg

    up2, isg

    s?eÅ}'2, is,e,

    3p,Å}i, isg

    npg., isg

III. 3P:,iD2•

    sp8, iD,Å}, L'

    spg, ip,Å}i

   '    3Pg, iDSo

   ep lÅ}1, iD,Å}. e

    3P2' iD,th"-

 If7Ci,

 rv/T(CiO-Coi>'

  /-- X'((oo+(-11)
-4 3

I
-<Cio+Cei)
3

   o

   o
  I

2s/-
y(Cio+roi)

   o
         '  r3/T<Cio+Coi)

  I
2i/ -

Ei-4oi

  i 2/T<(OO-C-n-Cn>

v/6-2 cez;,vl g cio

  i2I/TCii

  I2/-7COi

transiti9R

a? iÅ}1, iDzÅ}, 1

3pg, iD.Å},1

splÅ}1, iDe,,

ap?, iD2,

3Prt, JD;

3Pe-2, iDi2

gpL,, tDr,2

3p2-2 , ]D:t,

3P 2Å}1, iD,Å}, 2

3.p2., iD,Å}, L'

G.P;, ID},

3P s- 2, iD.,'" 1

SPrt, iD2'"1

sp,-"- , iDl,

SP gÅ}1, iD,Å}, '

3P!., iD,Å},1

ap,Å}2 , iDg,

sp,Å},i , iDg,

ep2,, tDg,

z

-.Lc,,

4
I

T(Coo-C-ii+Ci])

 •o
 '

IO
\<Ol

T4ei

   o

   o
  Ir2/TS]1
  I•2s/TCOi

  12s/T<C"'ii-Cee)

  I2/T<e--n-g,,)

2/i-2<n

  i 2}/T. Cll'

ITC,io  '
4p/TEir<4oo-Cii-C-,,)

  t
 2x'6m(gCio-<oi)

   o
r

-6-(2Cie'-(oi)
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    Crmimi' is the quantity obtained from the angular part of g,..(0)
on replacing T,l;ur,, by tei(7n•i)(ti3(ml) ;

    Cmimi' = :conm, ,="..-.S(oi(mt)(o3(7n•1)rf [.a-+ ii/9g IB l /)ictfii(cos oi).pLpi(cos e,)

      x ei (ipi-Åë3)ei(knor3-A"nri)sinelsine3al01de3alipialip3. (Io.2)

For transauroral and nebular excitatlons, vlz. for cases II and III in
Table I, sign oÅí 2<n, n') is omitted, since f,..(0) vanishes in these cases,

and the sign of .cr,,.t(0) becomes indifferent to the calculation of the
scattering intensity. (cf. Si7).

    gii. X?SXe have next to evalttate Crmimi'. The result of calcula-

tion is as follows: ,                   •s                                                       '    Ctt =C--i--i " 3n2(ler3)-3/tj'-'(le'7•,)-Y-"S • i

                              ct-1 2(X+I
      Å~ ralct + i,t,)(1?. r,) [R.g.i(cos 0)fa + 3,t..., (7e'ri) + .l ?ct2-. i(cos 0)fct - l,(-, (le'r,)]

  ' Ci-i=:C--ii = '3rr2(lv',)-3iÅí)(letr,)-lt,.:I ] (i(a+I)

                                ctml 2a+I
      Å~ raL,la -l-IS•)(Lv'3)[Pct+i(cos e)fa -t-3/Åí)(le'fi) +]?a..i(cos e)fa-ls.(le'r,)]

    Clot = C;o--i== -3rr2(leT3)-Sit-)(le,7.,)-l:.•.) i{l i
                                        rctfct + lt:, (/vpr,)
                               a=t1 2(x+I
      Å~ [aP.i.i(cos 0)fct+3,t,)(leLr,) +(a + !)Pai-i(cos 0)fq- i,L:)(/e'ri)]

    Crio = tl;-io== -i3rrtt(ler3)-iit:'(let7'!)- ix'2tpao (2ai i).., 7'ct[(a+ i)la+3it.•.)(leT3)

      - alq - }t:,(13r3)][P.i.i(cos O)fa + 3/, (le'ri) + .Pct'-i(cos O)1sc- y.. (le'f'i)]

    goo= 3rr2(kr3)-l`•'-(le'ri)- lrt:'.=co.., (2 ,, t i),, rct[(a+ i Vx+e' f3(lir3) - afct +iit-o (/eT3)].

      Å~ [(a + i)Pe.i(cos O)yrct+B/2(le'ri) - aPct-i(cos' e)fct- y2(le'ri)], (i i .i )

where P and f are Legendre and Bessel functions respectively.
    gi2. Dlrect ifeTm. f,,.,(0) vanishes for intersystem excittttions,

since She initial and the final levels are of opposite symmetry. Thms
this terrn appears only in the auroral excitation, iD2--->tSo.
    The computation of f,,.,(0) of (6.s) is similar to the previous case.

The acngtaar part of f,.,(0) is expressed by the linear combination of

terms such as
    vnzi, vnbt ; mitt, mltt =S(1 ll]gi<k'no-k'n)rct) '

           n      Å~ to1(711i)Wi (V711) tu2(7711tt) tu2(771tttt)Sine!Sine2dOlal02alÅë1alÅë2. ( I 2 .'I )

    T/ vanishes if both rmi+ml and mttt+mirtt differ from zero.
    Integrating it, we obtain fina, 11y,

      fo}n'(0)= ,.i l(;,L, S,co1?2(T)xX-i(n,n')tlr . .' .(i2.2).

                                                            '
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                    '        . xl(tD..Å} -", iS g) = 1/2 3 Tl"; i, -i . ' ' ' .

         x(iD,dii, iSg)=./ "3' (T/i, --i; i,o--Vo,o; o, i) 1 '
                                                         (i 2.3)

         .y(2Dg.,., iSg)= 1/3 2 (vi, -i;i, -i-rpo,o; e, i)

         V"i;"'i=V-"'-i; i, -"i = ' S / r2.zrrkirt Sin2P15/2(f'Z<1 ')

         T/1, -1; 1,e=z71, -1; -1,o== i / 7.i(t;', sinsefa,c)(7'/Sr') .

         'eo,o; o,i =ve,o; o, -i =Fs3i J/ i.}ft ' -

           cosgtsingll/Trs,,t,.(rJ<') ,• . (i2.4) •
                      .if, (AL:)(rlf')+Ra(cosgt)ffi,•t,,(r/tn)) ' ... ,         rp1, -1; 1, -1= Y/

         'oe,o; e,o== 2 y/ ri(il, (fsC.,(fK7')-2P2(cos sb)f,',,i.•.)(T.Z/<"))

           sin di == /e' sin O/If' (i2.s)
                 III. Integration of Radial Part ' -
    g i3. Exclza7z.cre lerm. As is seen from (io.i) and Tabl,e I, .cr,tn.(0)

is given by the linear combination of terms such as ..
   • g'[fnt, mt'](0)= 2 ai, .SR('ri)1?('r3)Cmt, "3i' rir3d'r.id'r3. . ' (i3.i)

gcOalgVObryk pOzV:tttigltiie integrcil, we first transform r and le to the atomic

. .g ",:'g,/,a,oh.,. ,,X2f;li ;,l(,, .) a,",d, X.'.=, 3ga,e,,.. .,,,,,',g .,,.,,[gg'2f).,-

mally from Cnttmi' by replacing T and A) therein by the new variables
6 and x, we get
    .a[,..,.,t](0)== ;.I.aeSk)(g,)jP.(6,)gPm,,m,,(g,x)e,6,ar6,tl6,.' (i3.3)

:'Ll'2.2'll/i'rp,Pi•ilSillfti;9/Tii.:-l,giii/.d••/l.lk',s,l,ll,t,,i"i['.,IS..xJ,e'i,r:;ige:g:reci,?;.,:he

    From (-i3•3), (i3.4) and (ii.i) we obtaln after some calculation,
    bcrci,ij(0)= -,3rr ao.Zcotu, ,,,i+, S,col?(63) (2i,/S),,1. :/1ct+S(xg2)

                                              .
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   • Å~[8X{Pti2+i(0)S,co,i?(6,) fsti/B"',(i'5i) k"-ctde,+/).e-,(e)

       Å~S,co,f?(ei) '/X,'."'.(ill'il4'-) ec-"dei}+ gs,i., {p.S.,(e)Sia/?(O /at t"]ti,iii-')

       Å~ 6ict"3d8i + Pa2.- i(0)j:'nl?(6i) IX i/"2,(,Xe'fi) gi "3dgi}]alg3 (i3•s)

and similar expressions.

    x'6 is small for the case of astrophysical interest. I-Ience, this can

be evaluated by the series expanslon. IFor;nulae are too compl{cqted

to reproduce here.
    gi4. .Z)ifect term. f,.,(0) is alse given by the linear combina-

tien of '                       '' f["et' f'tt': 7'lt"'71Zl"'](0) " 2ailSt2 SecoR2(pt)71"'tb 'iil; f'Zl", 'IZI"'dfl (I4'I)

Making the transformation (i3.2), we have
    f[mi, iiili; m,i', fnlt"](0) == 2-lfa,fi, Soce1.l?2(T)vni,, mt; mti,,m,,,,(e, x)4r6, (I4.2)

                                                             '        'where

          k'2= i Ki2 :x2+xt2-2xxtcosO. (i4.3)
                ao
vmt, intt;mli,mt"t(6, x) is the expression which is obtained from v7nhmt';

mtt' ,mt'i' by replacing Åíormally e and k', for 7' and Ki respectively, al-

though v does not alter its value by such substitution in the present

    Evaluation oÅí (i4.2) is sirnple. We obtain
                                             '    fciti;i, --i3(0)=:}/Tao (,li),/, PZ,(cos Åë)9(g.'L.+i)

                                           '    fci, -i; i,e](0) "i/Tao (,7ci),/, Ai(cos ip)Sl(,3'tt,+2)

    fce,e;Q,i](0)== z/1 ao ,(,ff)lj,". -P2i(cos e)9<:",,rt:+r)

    fci• -i; i, -i](e) =T/Tao (,7/rg,.,,,.. [.?(l`tL.+3) +.R,(cos sb)g(2.,,nts}+r)]

                       '    fce,o; e,o3(0) =T/"II-"a•e (,lilfl i),,,-. [S2(l'/"-',+3)-2"P2(cos gr)s2(g,K,2.+X)], (i4.4)

                                           . tt.where 2(:) =a24(2c, K)+2abl:(c+al;1T)+b2r, ;(2al, K) (i4..s)

          l:(c, K) =S,coe-c"1, (/<e)gxd6. . "
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                 inIV. Effective Cross Section

    gis. -arlptee .Flelalfopt 0m. It is well know that a complex
atom is well characterized by the Hartree fielcls, which is given ip a
style of numerical table. IBut it is incovenient for practical use. J.
C. .Slateri has pointed out that they can be reproduced with consider-

able order oÅí accuracy by some simple canalytic expressions. In our
calculation, IÅÄIartree field for 2p-state appears in the expression oÅí' g,.,t(e)

and f,.t(0), as the factor R(e). Hartree Field for 0ni has been already

obtained by himself and M. M. Black2, so that we are only to deter-
mine the constants in the analytic expression (i3.4). Following T. IR,

Running's method3 we obtain
          a=s.oo b=II.s c:2.o3 a=3.g8 (!s.I)'
    g i6. Efzergy of 2Pe-conL,llgzdTalion. There are three levels "P, tD2,

and iSe in 2p2-configuratioR. Since they are all of the same sym-
metry, transitions within them are not dipo!e. E. U. Condon` shows
that even magnetic dipole and quadrupole transition probability vanish
for iD2->2Po and iSo--",3Pe and this is nearly so for iSo--3P2. 0f re-

maining four transitlons, three which are associated with the emission

lines in observab!e region, are of astrophysical interest. They are
observed in gaseous nebulae : nebular .lines .ZVIi(iD2-->3Pi), IV12(iD2-->3P2)

of wave length 2soo7A and R4gsgA respectively, and auroral line
'SesbiD2 at l4363 A•

    The energy dffereRces within these levels, expressed in terms
of equivalent electron velocity, cr, are as follows.

                            Table II.

v in IOS cm!sec

uPl -- ID2 Sp2-1D2

o.g36 O,932

ID2-ISo

o.gg8

epz-lse ap2-lso

!•368 !•36s

The$e w are just the threshold value for each excitation. [For instance,

the colliding electron must have the ve!ocity larger than o.g36Å~ioS
cm/sec to excite the ion from 3R to 'D2.
    sgi7. Elffecli've cross seclz'on. As has been stated in sg4, we
assume that the elctrons of saturated shells are concerned only with

'

1. L. C. Slater, Phys. R.ev. 42 (l932) 33•

2. D. R. Hartree and rvI. M. Black', Proc. R.oy• Soc• A• 139 (!g33> 3ir.
3• T. R.. R.unning, Empirical Formulas (igr7> g i7•

4. E. U. Condon, Ap• J. 79 (ig34> 2i7•
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the average atomic fiel.d,. and that the 2p-and the impinging electons

obey Fermi statistics. Then, for the unpolarized beam of the irnping-
:2.ggZCt[er21elff.),20i:h.;z//•i't}'Sll),.,i,iff,i;:'`2.,a,2:,:,o,,)eco.mbinfd-if?,:;.f:ve

                                              '                                                'where d(o means 'elementary solid an.crle.

givenTr6ey effeCtive cross se//,tion of the eicitedation n-->nt is then

                                                      '                          t tttt          e,,.t(w) =2rrS:.2r,,.•(0) sin Oale.'. ..' ' (i7.2)

    0,.t beÅíween states fz and 7zt are cornbined•to give the cross'sec-

tion between lewels iS8,'D2 and 3P as follows: •
    Auroral dxcitation eps(w)== i XeiD,,iC.,isg(z,)
                   ' 5fit
    Transau':ofal ex. citation 0.ps("a)=: i X a3z)S'-.isg(z,)

     ' 9J,N       . ./ ..    INIebular excitation '.'' ei}D(zi)== g .,li,l],,.,enpi'-iD,"."(w).

Summation must be extended to all possible values of M; f, M; f,
,Ap4' rje4s'secT/Laeeirye: 5 and9 are the statisticai weight of ievei tD, and

    s9 i8. Preliminary results of the numerical computation are given

in Table III. We have restricted onr computation within the velo-
city range vi:ii3 Å~ ioS cin/sec, which is sufl}clent for astrophysical ap-
                     1plication.

   .' '' Table lll. e(w) for Olli in unit of sca2,,

Transition
pmt.'oL

z,o 1.25 1.5 r•7S 2.0 2•S 3.o

Aur. iD2-"iSg
Tr. . Aur. ' SP-,iSeo

Neb. aP-IDf

68o9

4,Io

.24

8,Io

6.4

o.oo26

O.23

7.2

o.O14

o.28

6.7

o.027

O.32

6.7 <8.2>
o.o72 (o.o8g)

O•54 (O•92)

For vE2Å~iog" cm/sec, the exchange term is easily computed by the
series expansion. With increasing T, cpnve"rgence of the series be-
comes worse. In the present calculation, T for 3Å~ioS is much un-

    .
    Thou.crh we have not extended our calculatiQn to 1arger ed, it
seems that for most of e('d) their maximallebetween v=(3 Å} iÅ~ioS.

                '

tt di
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                                      'It is also cleay from the general consideration that Q(T) decreases
rapidly for larger "ti. And especialjy so for nebular and transauroral
cases, where f(e)-term vanishes leaving g(e).
    Large cross sectlon for aurora! excitation comes from itsf(e)-terms

which is very large for small ff. In other words, the dominant pro-
cess in this case is the direct excitation resulting in the smaE deflec-

tion. On the contrary, exchange excitation shows a much more uni-
form clistribution of the scattering electron,

    To evaluate the crgss sections among states of the level 3P, more

accurate treatment than ours is necessary.
    As has been noted in S4, theoretical cross section seems to be
much affected by the startlng assumption. Exact solution will give
jarger cross section than our plane wave approximatidn. More ac-

curate treatment is desirable. '
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