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On the Excitation of O -on in 2p’-Configuration
by the Electron Impact

by Shbtaré Miyamoto

(Received April 21, 1941)

Summary

§ 1. In connection with the problem, discussed in the previous
paper' on the gas temperature of planetary nebulae, we shall state in
this paper the calculation of the effective cross-section of the oxygen
ion O for impact excitation by free clectron®.

In Part I, we construct the wave equation for the system con-
sisting of a Oy ion and of a free electron ; and give its solution ac-
cording to Born’s approximation. In Part II, the angular part of the
function is integrated. The integration of the radial part is given in
Part III.  And finally in part IV, the effective cross-section of Om
for collisienal excitation is given.

I. Formulation

§ 2. Whawe equation. Onr consists of two saturated shells, 1s and
2s, each having two electrons and of an unsaturated one, 2p, with
two clectrons. We shall denote in the following the first four by I,
II, IIT, IV, which will be often represented by latin letters 7,7 etc.;
whereas the last two by 1 and 2 and colliding clectron by 3.

The Schrodinger equation for the wave function ¢, which des-
cribes the physical system consisting of an O ion and of a colliding
clectron is

[S7i+ i+ pitri= 22 (2— U))p=o, (2.1)
where the potential U is given by
U: V+ VO? (2'2)

where

1. These memoirs, 22 (1939) 249.
2. Recenly, details of the calculatian of the same problem treated by Malcolm H.
Hebb and Donald H. Menzel were published in Ap. J. 92 (r940) 408.
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(2.3)
represents the part of the potential ‘which :comes from the interac-
tion between the colliding electron and the atom, and

el B )

bI 7y PN 7y 72 7; 81 72

e I

o7y 713 723 7y

(2.4)

the potential of the undisturbed atom; e being the clementary charge,
75 the mutual distance between any two electrons ¢ and & and 7,
that of any electron ¢ from the nucleus.

§3. Direct Excitation. As a first approximation, atomic elec-
trons satisfy the wave equation of the undisturbed atom:

(Swi+ri+r) ¢ (n s ()+-22
X(E=Vy) ¢ (n,7; (1B)=o, (3.1)

where heavy letters mean -vectors as usual and (#;) stands for #, 71,
#m, 7y, for simplicity’s sake. Now, we denote by ¢, a solution of
this equation, viz., an eigen-function corresponding to state 7, of which
energy is Z,. In the following, throughout this paper, we shall use
72 for the initial state and 7’ for the excited final state.

In order to see the probability of direct excitation, by which pro-
cess the impinging electron 3 is scattered inelastically and the atomic
electrons are left in the excited state 7/, we have to determine the
coefficient (%) of ¢uw(#, %; (1)) in the expansion of ¢ :

¢= (§+Sa’7z’)¢'n«(n, s (7)) Fudms). (3.2)

Summation and integration in (3.2) are to be referred to all the dis-
crete and the continuous states #/. TFor large #, A, must have the
asymptotic form :

ikr
akz ¢
Fond¥)~e"+—f,u(0)  for n=1/, (3.3)
7
eik’r .
~ S0 otherwise,
”
where
b= =222y (3.4)
y/3
e _STm (1 .
= oy == > ("—'7”7} — |E71—Ez’!)y (3.5)
/5 2
and ¢* means the wave of the incident electron of velocity » along

z-axis and of unit density, and ¢ means the angle of scattering. In-
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serting into the Schrodinger equation the expressions (2.2—4) and (3.2),
and multiplying it by ¢#(n, 7 ; () and then integrating it over the
whole space of #,# and (#;), we gett

<V:;'+/e'2>z«:w(n>=§;§§i?—'—j¢i(n, 75 (1) Vodedoldo;). (3.6)

§ 4. Exchange Excitation. In order to see the probability of
exchange excitation, by which one of the atomic electrons, c.g. 1,
is expelled and the impinging electron 3 is capturcd by the ion, we
express ¢ in another form, alternative with (3.2):

=S+ [ )putn, 15 )Gt (40
with the assumption that G, has an asymptotic form :
Sk
Gt ¥)~—— g, (0) for large 7. (4.2)
7

Then, in the same way as in §3, we obtain the equation for G :
, (V?Jr/e’z)GW(ﬂ)=~8—/"—.7,E-S¢i"(r3,rz; #) V'bdvsdon(do,), (4.3)
. L“

where

S S T (0

7y 712 i3 N
The exchange effect of higher order has been neglected, which is
connected with clectron of saturated shells, 1s and 2s.

§ 5. Equations (3.6) and (4.3) determine 7, and G,.. We shall
follow Born’s procedure of approximation taking for ¢ in the second
side of the equations the wave function of the configuration of the
system before collision, neglecting all the interactions between elec-
tron waves and the ionic ficld :*

b=gu(n. #y; (#:))cEnrs, (5.1)
where #2, is the unit vector in the direction of the positive z-axis.
Then by inserting (5.1) into (3.6) and (4.5) and solving; we get

Ak
Em’ (r)~"f‘;“"f:m’(0) R (5 . 2)
Ez‘l«:’r .
# G1z7x’("’)~""‘;“““‘g v (0) ( 5 . 3)

I. We shall spare with the spin coordinate, as it can easily be seen when it is neces-
sary to consider of, . .

2, Hebb (loc. cit) takes the wave function distorted by the ionic field for the colliding
electron insteaed of the plane wave approximation. The final result is largely different from
ours. It seems that the crosssection is much affected by the starting assumption. For slow
collision, plane wave approximation has no theoretical warrant, TFor distorted wave, per-
turbing term 7+ becomes very large for small 2'.
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with
SulO)=- "o L g L 8 )
27Ty i Py . 713 7’23' 7y -
X (0, %5 (B)EN, 7o 5 (W) dvido(do)do, (5-4)
P() jef@nnra—ff'nra(z Ll L 8)
27y t 7y 712 713 72
X Sbfn(rh r’. > (7'))9[’7«(1’3, r?. 5 ,(7'@'))‘{"73(5’7/2(@"2’1’)(&7’(71, (5'5)

where #2 is the unit vector in the direction of scattering #, and @, the
Bohr’s radius of hydrogen.

§6. f-term. The full expression of this term has been given

by (5.4), in which the contribution from and >} vanishes.
: 73 LAY
Thus only the contributions from and remain in (5.4).
: 713 )

Integrating them with respect to z;, we get
)= ______S( Egz'(kno—k'n)ra)
204X V4 < 1,9
X g, 1oy )i, 15 (1))dudo(de)  (6.1)
KP=|lny—'nl*. (6.2)
Accmdmo to our approximation (§4), ¢.(n, % ; (7)) will be of the
form :

G, %5 (1) = G i (r) D7), (6:3)
where @(r,#) is the wave function of two zp-electrons, and antisym-
metric with respect to them. Their radial parts must be of the same
form, so that @,(#,#) can be written as

0., 7)=L) KDy (), (6.4)

l 2 -
¥, being the angular part, and 7, and 7, are the unit vectors in the
directions # and # 1‘espectively Thus (6.1) is reduced to

f,,,,(ﬁ)__“_F,_ng\-(mw,]e (ro)dirs f(zu kg ¥ n)re)

X U (n,, ng)ipn,(nl, #,)sin,sinded0,d0:ddd,. (6.5)
Taking the positive s-axis in the direction of #,, and making use of
the polar coordinate, the exponent in (6.5) becomes
(kwtg— E'R)ru=ro/ecosbu— A cosf.cos @ — &' sin by sin pesind). (6.6)
§7. g-term. The expression of this term is given by (5.5).

s 8
Contributions from terms >, and
iy 7 12

are to vanish, and

we have
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Fun (@)= .__—_E__.j’ cbngr,—¥nr)_t
27y 713
X, %a; B, a5 (7)) dvydv(do,)du,, (7.1)
or cxpanding - by ILegendre functions, we obtain '
713 -
g,,{,,(ﬂ) = ——%[Z—HER(/ D@r R(ry)rdrs R3(rs)drs X

(a=1BDY
XZJ;&;;“S n’(”s, n")g{fﬂ(nhn)r (+[ﬂl)'

X Pl?'(cosﬁl)Pﬁ"(cos B)c7 (91— X
X ¢flknr,—&'nn) sin 0, sin 0,060,d0,d$,d$, sin 0,d0.dp;, (7.2)

with
kngry,— k'my, = kry cos 0, — &7 (sos 0, sos 0+ sin 0, sin ¢, sin 6) (7.3)
o o
7 7" .
ye=—ptr or — 21— according as 7, <7y or 7,27y (7.4)
73 71 ‘

II. Integration of Angular Part

§8. 2p*configuration. For Oprion, 2p-configuration forms a
group of lowest levels; levels of other configurations lying far above
it. Hence from the astrophysical point of view, we may limit our-
selves to consider the transitions occuring within the levels' of this
configuration. The cnergy levels of this configuration are 15, *0; and
3P (cf. fig. 1 of our previous paper), and can be characterized fairly
_approximately by the Russell-Saunder coupling, In analogy to the
terminology of J. C. Boyce and others’ with respect to the forbidden
transitions, we use the words ncbular cxcitation for the impact ox-
citation *P—D,, quroral excitatron for *Dy—1S,, and transauroral cxci-
tation for *P--1S,.

§9. To integrate f,..(6) and g..(6), we must first express the
eigen-functions: of the state in terms of the zero-order states (7, Z,
1, 72,), characterized by the set of quantum numbers 7, /, w2, 72, of
individual electrons : ‘ '

3 0N 1 E R S S r
7 0)~-——-—1/7[«><o, )

x{Q(t, — 1)+ 0G, — 1)+ 00, o")]

1. Following E. U. Condon, we use throughout this paper the word sfate as a quantum
state without any degeneration and 7evel as an ensemble of states which have approximately
the same energy. Cf. Condon and Shortley, The Theory of Atomic Spectra (1934) .217.

2. J. C. Boyce, D. H. Menzel and C. H. Payne, Proc. Nat. Acad. Sci. 19 (1933) 581,
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azf(@}):—y‘?[?%{w(ﬂ,o—)w(l-, 01} =0, 1]

PP =— 07, 07) = 00", —

wEP) = (p(I, )= { 0", 1)+ 0o ,ﬂ+)>]
weEry= (p(l

Py = ] /T[ {007, 07) 40017, 0} 07, —1+)]

VES 1/1_6—[(/’(1', o )+v PGt —1T)+ PG, 1))
+¢(O+, _— +>]
{067 =) {0, =)0, =1}

PEP)=d(c™, —17)
V(D) =d(1%, 17)

;p‘(lDl)_____“m[(])(l o) —&(:", ;)+)]

gf(:i P;l) —

U= [0, 1) =07, Y4200, o))

v(D:)= 1/_2{(17(0*, —17)— @0, —17)]
Q/‘(‘D;~):(p(_1+ —17)
W(LSO): W(I —17)—2(17, —1%) = (0¥, 07)] (9-1)

where we denoto the wave functions as ¥(**'L}) instead of ¥, (., ),
and for any two electrons @ and 4 we put

Do, m'§)= ! wlmi)  wmi) (9.2)
E7r w"(m £) w(m'E) T
where spin components are specified by superscribing signs = ; and
(i) means the angular part of the wave function (s, Z, w2, m2,), Viz.

w(92, 2, 12y, 1m2) = 8L Rulr) (i), (9-3)
7
where
&)= 0L, 172,) P (o) o (122,) : (9.4)
I+1 (l—m)! on
Z 1) = — )™ 2 P 0S8 0
O, m)=(—) ; T (cos 0) (0.5)

[—m)! e
Q(Z, — )= ‘/ 2[—;1 EH—ZZ;‘ Pcos ) (m>o0)
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(0(77;)=%e‘"“” ' o (9.6)
Vv oen

and o(#z,), the spin eigen-function. We shall use afterwards the no-
tation (#,) dropping the spin factor from w(z2¥), i. c.
(112,) = O, 122) D12, ' (9.7)
$ 1o. Exchange term. Integrating (7.2) with respect to 7, and
spin coordinates of 1-and 3-electrons, we obtain
Zun(0)= —i[i—g:R(rl)]%(n)rlrgdy'ldmZ(n, '), (10.1)

4]
where Z is given in Table L

* Table L.
transition A transition A
41 %1 I
1. 1D,-1S, : Py, 10: 7o
0 £1 X
1D gl /I_S_Cu P1, D; P so—Len1+tn)
+1 0
3p 108 o
'D"il 158 —L"——(cm‘“:o )y e
20 }/ () .'JPO lDO i °
fr— 1y 2
'Dg; ]Sg TN "?" (Koo +L-11) o o I
: 3 ap3, 10§ o
IL 3PS, o 2
3pPs ", 1Dy —
I S 2 2 01
3P3, 158 TR A . R
3 wpl 1p3? °
+1 o |- E
3Py , JSQ ¢} 3P;2, ]D‘_;), ' o
P, 1S% 0 08 | 5=
v
£3 100 I 0 £2 _r
3PFT, 18, ‘2‘}‘/——5‘—(5104-501) 2Pa, 1D 2;/—6—{“
I
npgl’ 1S8 o . "’Pg, lDé _é'/_:;‘“—u )
-2 ] I
ap0 [ 1 P27 D —2——=(t~u"cuo)
a0 ettt ) '/I 2
L *P5ID, P D 5/
2 I
R 1 apyt 1D} el
3Py, 1D5° 2/ 3 Cor ’ 12/ z M
1
P X spFl, 1pF! sz
*Po, LD} 7 o~ tn =) I
- — spy, DF! ey =Ly =) -
ap?  1pl '/Z'C _ 2 4 4vi,3
0 2 5 01 3 10 3}72:!:2, 103 76=(ZC10~C01)
5 I
3P%1a10§b 2,/ 2 M ,,P;tl ’DO )
2, 2
. 1 T
PUDE | s, spl 1l 2 (2o~tar)
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Emm,’ is the quantity obtained from the angular part of g,,.(6)
on replacing ¥X¥, by w(m)ws(m) :

Eomymy! :2} ‘:Z‘iJwl(m,)(03(7;1/})7“——%—:——}“—-—}-%:;—;1)@(005 0,) Pt(cos 0,)

X ¢ (=)t (knory— ¥ nri)sing,sinf,d0,d0,dd, de.. (10.2)
For transauroral and nebular excitations, viz. for cases Il and III in
Table I, sign of Z(n, #') is omitted, since f,..(f) vanishes in these cases,
and the sign of g,,{(f) becomes indifferent to the calculation of the
scattering intensity. (cf. §17).
§11. We have next to evaluate {nyny’. The result of calcula-
tion is as follows:

Cu=Cr-1= 37 (lers) = %2(A'7,) ~ ]’/
a=1 ')a—}— 1

X yafa+v6( A7) [ La(cos 0) Jar35(k'r) + Pis(cos 0) Ja—16(#' )]
L= ln= — 3”2(/57'3)_%(/3/7'1)”l’éi—‘”—““a(a+ )
o=l 201
X 7o Ja+3v6(r ) Pori(cos 0)Ja+36(#'7) + Pes(cos ) Ja—15(%'7)]
Qu={om= — 3 (lry) = %(k'r1)~ SNy Jut 36(k7)
e=1 2041
X [alsyi(cos 0)Jx+36(k'7) + (a+ I)Pail(cos 0)/a—15(%'7,)]

Coo=Con= —23m (fers) = Ye(klr)— %> 2 vl (@ 1) Jat-36(kr)

= (2 + )
— afa—16(krs)|[ 2 +1(005 ) fa+8/,(/b’¢',) + Ply(cos 0) Ja—1s(A'7)]
Coo= 37°(krrg) ~¥2(k'ry)~ 1’, ( + g ——————tal(a+ 1) 35(lry) — tat 10 (/37'3):!

X [(a+ 1) Per(cos 0)/a+%(/e’7'1) — aLy_y(cos 0) Ju—15(£'7)], (11.1)
where 2 and J are Legendre and Bessel functions respectively.

§12. Durect term. ful0) vanishes for intersystem excitations,
since ¢he initial and the final levels are of opposite symmetry. Thus
this term appears only in the auroral excitation, *D,—.S,.

The computation of f,..(6) of (6.5) is similar to the previous case.
The angular part of /,..(0) is expressed by the linear combination of
terms such as

/278 3 o, m! = S(Zéz‘vmo“}"’n)r 0‘)
ar

X wl(772,)wl(71z,’)w2(7;z,’ Nwy(m2!")sinb,sinb,d0,d0,dp,d . (12.1)
y vanishes if both w4+ and 2/ +u/" differ from zero.
Integrating it, we obtain finally,

F0) = ]{/’j R(7) X (o, 0")dr - (12.2)
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X(lpgi‘l, 153):

¥ o
XCDE, 1S3>-—-~,/ 2 (e vinoonod (12.3)

(LDO S)="r= 1/ (771 ~1; 1, =1-%o, 05 0, 1)

L1 L -1, -1 1, -1 ——3—/ 2T _sin W] se(r K7

7K'
7, -1, 0—771 ~1; -1, o——/

—sing/3(7K7)
27
70, 0: 0, 1= 7,05 0, —1————‘ S ‘/___.7’[(,

cos¢gsing/5(rK") (12.4)
-1, —1:/ ;’g’/ (fl/(i‘](v’)-i-/’)(cos D) 5e(r K1)
o 0= -;—/ (s R) =2 Pileos ()

sin ¢g=4"sin 0/ K’ (12.5)

III. Integration of Radial Part.

§13. FExchange term. As is seen from (ro.1) and Table I, g,..(0)
is given by the linear combination of terms such as
—1
. g-[ﬂzl, m,’](ﬂ):"“;TTSR(’}H)R(’)})CMI, ey 7‘17‘3(1’/‘10’7’3. ) (13.1)
Z4 0
To work out this integral, we first transform # and 4 to the atomic
scale by putting :
E=r/a, x=ray and #'=/%a, : (13.2)
If we designate by my, n/(€, x) the expression which is obtained for-
mally from Cwm; by replacing » and £ therein by the new variables
& and z, we get

Emy, 7721'](0) — j[\)(EL)R(&a)‘ZW. m,' (&, *)Exga”gxdf& (13:3)

~For 2p-elu,tron, the radial part Z2(§) is well represented by the
simple exponential function, ;

R(E)=E(ae™+be~®)=ER(8), (13.4)
where @, 0 and ¢, 4 are characteristic constants of the ion.

From (13.3), (13.4) and (11.1) we obtain after some calculation,

son =" 3L ["RE) B ernstet)

e=1 201

(5)3’
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X [5;{10;11(ﬁ)fwlé‘(a)——ffiﬂé@ﬁlﬁ-wa 4+ PE0)
/HE,
/1— (XS[) —a 757 ]oc-}-«'}é(z’fl)
S R v KE 4 dg‘} {P ““(ﬁ)g R(E) vV &,

x g it PO RN LD rvae) | (13.5)
0 ey

ECH-I

and similar expressions.

#¢ is small for the case of astrophysical interest. Hence, this can
be evaluated by the series expansion. Formulae are too complicated
to reproduce here.

§14. Direct term. f,./{(0) is also given by the linear combina-
tion of )

f[ml, ' m{’,m;"’](ﬂ) "'—————]E-/—)—S
Making the transformation (13.2), we have
f[mz, my'; m), m,"’](0>— j Vi (7‘)771):1, ey ey, m/”(f, X)ZZE, (I 4.2)

where

R ()‘)7/7)21, )y nef, iml’”(l’?. (I 4.1)

2 K*

A= K=+ x"*— 221 cos 0. (14‘3)

@y
Yo, ml 5w my"(€, %) is the expression which is obtained from zumy,m/;
mfym" by replacing formally § and A, for » and K’ respectively, al-
though 7 does not alter its value by such substitution in the present
case.
Evaluation of (14.2) is simple. We obtain

S, —U(ﬁ) 71‘ (Io—(z‘-['i:)“_,?—]) (COS ¢).Q("4, )

S - na()=1/ -;a""("z_?}%?— 2Y(cos ¢) Q( 3+ )
Soss o=yt Pieos DG

St -1, -0(0)=1 nﬂo“z—[;?)T[Q 1273)+ Pocos ¢)Q<*~’+‘)]

) 2B 9T ()

where .Q(j) =a’li(2¢, K)+2abl%(c+d, K)+ 8 7(2d, K) (14.5)

Jto,05 0, 03(9)21/ m %o

Ic, K)= g ~ T (KE)EdE.
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IV. Effective Cross Section

§15. Hartree Field for Om. It is well know that a complex
atom is well characterized by the Hartree fields, which is given in a
style of numerical table, But it is incovenient for practical use. J.
C. Slater' has pointed out that they can be reproduced with consider-
able order of accuracy by some simple analytic expressions. In our
calculation, Hartree field for 2p-state appears in the expression of g,..(f)
and f,..(0), as the factor R(£). Hartree Field for On; has been already
obtained by himself and M. M. Black?® so that we are only to deter-
mine the constants in the analytic expression (13.4). Following T. R.
Running's method® we obtain

@=5.00 b=11.5 c=12.03 d=3.98 (15.1) -

8§ 16. Encrgy of 2p*configuration. There are three levels 2, 1D,
and LS, in zp’-configuration. Since they are all of the same sym-
metry, transitions within them are not dipole. E. U. Condon* shows
that even magnetic dipole and quadrupole transition probability vanish
for 'D,—*F, and 1S,—*2, and this is nearly so for LS¢—*2,. . Of re-
maining four transitions, three which are associated with the emission
lines in observable region, are of astrophysical interest. They are
observed in gaseous nebulae : nebular lines M(*D,—*A), N(*D,;~*P,)
of wave length 25007 A and 44959 A respectively, and auroral line
LS—tD, at 24363 A.

The energy differences within these levels, expressed in terms
of equivalent electron velocity, #, are as.follows,

Table II.

3P, —1D), sp,—1D, 1D,—15, 8p LS, BP,—1S

2 in 10* cm/sec 0.936 0,932 0.998 1.368 1.365

These 2 are just the threshold value for each excitation. For instance,
the colliding electron must have the velocity larger than 0.936 X 10°
cm/scc to excite the ion from 32 to LD,. '
S17. LBfective cross section. As has been stated in §4, we
assume that the elctrons of saturated shells are concerned only with

. C. Slater, Phys. Rev. 42 (1932) 33.

. R. Hartree and M. M. Black, Proc. Roy. Soc. A. 139 (1933) 311,
T. R. Running, Empirical Formulas (1917) § 17.

E. U. Condon, Ap. J. 79 (1934) 217.

]
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the average atomic field, and that the 2p-and the impinging electons
obey Fermi statistics. Then, for the unpolarized beam of the imping-
ing electron, both /() and g,.(6) are to be combined with to give
the scattering intensity as

’ .
],l,y(ﬁ)dw = '-/;‘e“' lfnn’(a) "'gvm’(ﬂ) l *do, (1 7-1 )

where dw means clementary solid angle.
The effective cross section of the excitedation z—7’ is then
given by . ,
o E !
On0)= znj 7,,(0) sin 6d6. ‘ (17.2)
0
Q.w between states 22 and #' are combined- to give the cross sec-
tion between levels 1S, D; and *P as follows :

Auroral dxcitation Ops(v)= ——;—-% O _5Y(w)
Transauroral excitation Qrs(v) = %‘g’ QO rY1s3(v)
Nebular excitation Qrepv)= —;——J ;M, O PY DY (2).

Summation must be extended to all possible values of A /, M; ],
M, M. There, 5 and ¢ are the statistical weight of level ', and
3P respectively. ’

§ 18. Preliminary results of the numerical computation are given
in Table III. We have restricted onr computation within the velo-
city range z=3 X 10° cxp/sec, which is sufficient for astrophysical ap-

plication.
Table III. Q(v) for Oz in unit of ma?,
‘ "
Transition W.IO‘T 1.0 1.25 1.5 1.7% 2.0 2.5 3.0
Aur, lpr,l,gg 0,086 4.2 6.4 7.2 6.7 6.7 (8.2)
Tr, Aur. *P->'S) 0.0026 0014 0.027 0072 (0.089)
Neb. 3P0, 0.14 0.18 0,23 0.28 0.32 0.54 (0.92)

TFor v=2x 10* cm/sec, the exchange term is easily computed by the
series expansion. With increasing #, convergence of the series be-
comes worse. In the present calculation, z for 3X10% is much un-
certain, , ’

Though we have not extended our calculation to larger o, it
seems that for most of Q) their maxima lie between v=(32=1 X 10"



On the Excitation of Onrion in 2p™-Configuration etc. 479

It is also clear from the general consideration that (Q(¢) decreases
rapidly for larger #. And especially so for nebular and transauroral
cases, where f(f)-term vanishes leaving g(6). ‘

Targe cross section for auroral excitation comes from its f(f)-terms
which is very large for small §. In other words, the dominant pro-
cess in this case is the direct excitation resulting in the small deflec-
tion. On the contrary, exchange excitation shows a much more uni-
form distribution of the scattering electron,

To evaluate the cross sections among states of the level 27, more
accurate treatment than ours is necessary.

As has been noted in §4, theorctical cross section seems to be
much affected by the starting assumption. Exact solution will give
larger cross scction than our plane wave approximation. More ac-
curate treatment is desirable. :

In conclusion I wish to express my decpest thanks to Prof. Dr.
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of the present work. My thanks are also due to Dr. M. Kurihara for
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gratitude to Jfwaelar? Fund for financial support.
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