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On the Balmer Emission of the Planetary Nebulae

By Shétardé Miyamoto

{Received September 6, 1938)

Introduction

§1. Since 1927 when H. Zanstra' put forward the hypothesis of
recombination mechanism to explain the phenomena of the Balmer
Emission in the planetary nebulae, this theory has been discussed from
different aspects and applied on various problems of astrophysics. One
of the most important investigations is that of G. (. Cillié®, who has
attempted to account for the Balmer decrement, assuming the complete
transparency of the nebula with respect to the subordinate lines.  His
theory seemed at first not to he well supported by the observations, so
far as the observed decrement was often steeper than the theoretical
prediction ; but this discrepancy has mostly been removed by the in-
troduction of a correction for the space reddening, as recently proposed
by L. Berman® ' .

So far, the observed hydrogen emissions have been approximately
explained in terms of the recombination theory. Notwithstanding
there seem to exist in such current treatments of the problem certain
very essential defects from the theoretical point of view, which may be
enumerated as follows :—

a) The theoretical decrement is rather insensitive to the variation
of the electron temperature 7. and fails to explain the observed dis-
persion in the decrement; for example, the intensity ratio of the first
two Balmer emissions, /%///; increases only from 2.7 to 2.8 as 7
increases from 5,000° to 10,000, and even for 7Ze= 50,000 it barely
attains to 3.0, while for the nebula N. G. C. 7027, observed decrement
amounts to 3.9, and this seems not to correspond to any reasonable
electron temperature.

b) As has been pointed out by Cillié¢’, the continuous Balmer
emission is in some cases much weaker than would be expected from

H. Zanstra, ZS. f. Astrophysik. 2 (1931)1, 329.
G. G. Cillié, M. N. 92 (1932) 820, 96 (1936) 77I.
L. Berman, Ibid. 96 (1936) 8go.
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174 Shétard Miyamoto

the theory ; i.e. discrete Balmer emission appears too strong compared
with it. Such a discrepancy scems to be untenable, as will easily be
seen, if we remember the fundamental mechanism of the theory that
the continuous part of the Balmer emission is emitted by the direct
capture of free electrons to the second level, while its discrete lines are
caused by the transitions of electrons from the higher levels, to which
‘they were directly captured, or to which they had cascaded down from
still higher ones, having had captured therein.

- ¢) If the free electrons in the nebulac are assumed to have a
velocity distribution obeying the Maxwellian law, we are able to predict
the intensity distribution of the continuous Balmer emission, provided
the probability for capture is given as a function of the velocity of the
impinging clectron. The theory predicts a monotonous diminution of
the emission intensity beyond the Balmer limit 4 3647 A for any value
of 7¢. Observation available to verify this fact is that of T. L. Page',
which is on the whole in line with the theory except that it often
shows a hump at about 23530 A. T his may mean that the distribution
of the eclectron velocities in the nebula does not exactly obey the
Maxwellian law ; or that the analysis of the observed data does not result
in this law. On the other hand, as will be seen later (§7), mutual
collision between electrons occurs in the nebula, much more frequently
than recombination and ionization; therefore we are forced against
Page's observation to conclude that the collision effect must keep the
Maxwellian distribution, smoothing out the tendencies of both the in-
creasing high speed electrons and the decreasing slow ones, caused by
the photoelectric ionization and by the recombination with protons
respectively. In any case, we can, as Page first has done, roughly derive
the electron temperature from the slope of the observed continuous
emission ; but the temperature obtained in such a way seems to be the
lower, the steeper the Balmer decrement, in the sense contrary to that
-resulted from the theory.

d) The method of temperature estimation above mentioned gives'
700°-1,600" and 1,200 —4,000 for N.G.C. 7027 and 7662 respectively ;
these objects belong to a group of nebulae, characterized by intensive
nebulium emission, taking the intensity of /% as standard; 2,700°—4,300°
and 2,200—11,000° for N. G. C. 6572 and 1. C. 4593 belonging to another
group with less intensive nebulium emission. These estimates, although

1. T. L. Page, M. N. 98 (1936) Go4.
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they were unexpectedly low, have been accepted generally without any
detailed discussion. DBut the result seems not to he so trivial. Indeed,
it is well known that the nebulium emission is only explainable by the
excitation due to the eclectron impact’; but cven this effect may be
inadeguate to account for the emission mechanism because in such a
low temperature gas, electrons, which have sufficient kinetic energy to
excite the nebulium elements are too scanty. Ior example, a tempera-
ture of 4,000° or higher seems to be nccessary for electrons to ‘excite
the chief nebulium lines A2 4959 and 5007 of O Incidentally it may
be interesting to remark that the observed temperature seems lower,
as the ncbulium lines appear brighter. -The circumstances ahove stated
are rather to be interpreted as such that the appearance of higher energy
radiations such as A4 3726 and 3729 of Op, and A 3869 and 3968 of
Nenp ete., suggests a considerable order of magnitude for Ze.

§ 2. The effect of self-reversal has often been suggested to explain
the anomalies enumerated in the preceding paragraph®. The reason
consists in the tendency of considerable accumulation of atoms in levels
2S and 2P, in the former case on account of its mietastability and in
the latter on account of the denseness of the radiation of Iyman a’
to which the nebular matter is very opaque; this means that Cillié’s
assumption on the transparency of the nebula to the subordinate lines
must be abandoned. DBut, as will be briefly discussed in §§ 24~26, from
such a line of attack no straight solution of the problem seems to be
obtained with any reasonable assumptions as to the nebular conditions.
The problem, however, seems to be more naturally solved if we take
into account the effect of collision.

~In this paper a general theory will be formulated of the collisional
excitation of the normal hydrogen atom by electron. In Chap. I, the
emission mechanism of Balmer lines is trcated generally, taking into
account hoth the recombination and collision. I‘or the practical appli-
cation of the theory, it is necessary to know quantitatively the cross-
sections for the inelastic collision inducing the excitation of the atom.
For high speed collisions computations are rather simple, and fully
discussed by many authors'; but the case immediately interesting for
the nebular problem is that of the so-called slow collision, especially

1. S. Bowen. Ap.J. 67 (1928) 1.

V. Ambaruzumian. Pulkovo Circ. No. 6 (1935), M. N. 93 (1933) 50.
Cillié, loc. cit.

CF. for instance, H. Bethe, Hb. d. Physik. Bd. XXIV/1. (1933) IIL
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176 ' Shétaré Miyamoto

so slow as to be just above the limit of excitation potential. In such
a’ case, the mathematical expressions become so complicated that it is
practically impossible to carry out numerical computations of them. In
the last chapter of this paper, is a summarized method of approximate
calculation together with results obtained. These results are used in
the application of the theory on the nebulae (Chap. II and III), and it
is shown that the very anomalies stated in § 1 can be explained. It
is also found that a definite idea on the electron temperature of the
nebulae is revealed.

I. General Theory
Lonezation formule

§ 3. Degree of ionization in a hydrogen gas of temperature 7e,
exposed to the diluted high temperature radiation is given by the well-
known formula, in which two balancing processes have been considered :
viz. photoelectric ionization and capture of free electrons. To include
the collision effect, only a slight modification is required to the current
formula. '

Prior to our modified treatment, we may reproduce briefly, after
S. Rosseland!, the derivation of the current formula. ILet N, N: and
. Ve be the concentrations of hydrogen atoms in the normal, in the ionized
state, and of free electrons respectively, neglecting all the intermediate
states. Tor all transitions out of and into the given state, the conser-
vation of energy is expressed by

Nytie= NeNctg, ‘
where a,c and a¢ are the transition probabilities due to the photoelectric
ionization and recombination, multiplied by the energies associated there-
with. Or, assuming Ne=V,, viz. that the nebula is composed mainly
of the hydrogen gas, we have

Nyoie= N, (3. I)

In order to calculate @« and @u, we have to know the atomic
absorption coefficient o, in the ultraviolet region, and the probability of
recombination. But it is sufficient to know one of them, since they
are connected, as is well known, by the thermodynamical relations.
Now in the nebula we have a field of the diluted temperature radiation,
so that its density is

1. S. Rosseland, Theoretical Astrophysics. (1936) Chap. XII, § 116.



where 7y, 7 are the radius of the central star and of the nebulous shell,
7 the effective temperaturc of the nuclear star, and the other notations
~are as usual. On the other hand, we may safely assume that in the
nebula, the velocity distribution of electrons is Maxwellian corresponding
to a temperature 7e¢ generally different from that of the central star.
Thus Rosseland has derived the following expressions, approximating

3

oy by the Kramers’ formula: o,vv™7,

I 8o — | BT,
o= T T e
0 c*
o= 871'0'10/67}:
’ wefe | (
0\,:0'11)“3 V>Vl:Zl/// 3.\))
. 168%
o= S
3V 3inc

So=2(emm eyl
where ¥, means the ionization potential of the hydrogen atom, v, the
frequency of Lyman limit, and @ the ratio of the weight of the ionized
to that of the normal state. THence it follows from (3.1}, the required
formula of ionization ;

_]\76,2 _ 1 2@(2nmfe Ty ) c""]“”/'éT*)/T (3-4)
N b 7 i !

§4. To include the effect of collision in the formula, (3.1) must
be replaced by

N+ N Nelw= N, (4.1)
where T is the term of collisional ionization', which is expressed by
o0 .
1\7e7'w=S T Q2o Ne(v)dw, (4.2)
Uy .
with o=velocity of colliding electron,

7z=equivalent electron velocity of Lyman limit,
New)do=concentration of electrons in interval (7, o + o) per em’,
((v)=effective area for ionization,
/v=energy of the expelled electron.
As to /w, it is admissible, to replace it by /w, in practice. If we put
the mean value of Q(%),

1. The converse process is neglected compared with A% ; it is, indeed, a three body
collision of two electrons and a proton, so that its frequency may be very small compared

with that of simple capture N%a.1, unless its probability is extremely large.
«
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‘ S Q@Yo Ne()do
= : A (4.3)
/U§ o Nol)d

“1

Qi

we get AQTnczlzulQS vy \’g(”')a’zl;
vy
or Tie=/w, QP(72), (4.4)
: ® Nfv)
ith 7 ES LA
with H(7%) 5 ) L dr
or, inserting Maxwell's expression in Ne(#) and integrating,
'/‘ 12 1 a —71// 7F
(72)= 4( > M < + ZJ—) . (4-5)
2min k7

“Now we are able to solve the equation (4.1):

Ne _ 1 [ i )/( 7ic )”’ 4 [ o )]
= + , .6
Ny 2 L oo ot N\ aa (4-6)

which becomes by (3.3) and (4.4),

N e o e e
N, S| _Smon Yo b'm‘l BT N, 0 Ze ,

@efe wefe

(4.7)
When the collisional effect is negligible, it of course degenerates
into the ordinary form (3.4). On the contrary, when it dominates,

Ne — 7 Q(72) . (4.8)
N, ) 87?0'; LT

§5. To carry out numerically the computation of (4.7) or (4.8),
we must know the values of J and N,

First, as to the probabilities of collisional ionization, laborious calcu-
lations have been performed by H.S. W. Massey and C. B. O. Mohr".
At the series limit, it has a vanishing probability and rapidly increases
with the velocity of colliding clectron and attains a maximum of about
nag, where a, means Bohr’s radius of hydrogen. Generally speaking,
O in (4.3) depends on 7%, but for our purpose a good approximation
is obtained, replacing O by its mean value (J=o.2m0.

Secondly, we assume, with Zanstra®, that the ultraviolet radiation
from the central star is almost completely absorbed by its enveloping
hydrogen nebula. The atomic absorption coefficient beyond the Lyman

1. Mott and Massey, The Theory of Atomic Collisions. (1933) Chap. XI § 3.
2. Zanstra, loc. cif.
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limit amounts to 0.54 X 107", so that for the almost complete absorption,
(optical depth unity say), there must be 1/(0.54 X 107") normal atoms
per square cm., which corresponds to Vy=6 for a nebular shell of
thickness 2,000 A.U. at the distance 10,000 A. U. from the nucleus, as
is the case in the typical nebula.

§6. Thus adopting the values (=o.2 775 and V=6, we have
carried out numerical computations, of which the results are reproduced
in Table I.

- v e
Table I. Values of g,: X10~2 (N,=6, J=0.2na,2)
T log & 7 8,000|10,000] 12,500] 15,000 17,500| 20,000| 22,500 25,000| 30,000, 40,000
20,000 13 1.68 | 1.82 | 1.82| 1.95 | 216 | 228
14 0.518] 0.575| 0.58 | 0.620| 0.695/ 0.85
15 0.164, ©0.182| 0.184 0.205| 0.268! 0.456]
16 0.052| 0.058" 0.060 0.075] 0.146] 0.375
30,000 13 8.2 8.6 9.1 0.6 100 |T0.4 |IT.0 |II.8 |I4.2
14 258 | 274 | 2.89 | 3.04 | 3.20| 3.40 | 3.82 | 449 7.00
15 0.815] 0.865/ 0.915| 0.965| 1.05 | 1.21 | 1.59 | 2.36 | 5.40
16 0.258; 0.274] o.z90| 0.313] 0.378] o.550 1.01 | 1.92 | 5.20
40,000 13 16.4 |18.2 |[18.2 |19.2 |202 {206 |21.8 |230 |25.4 {37.0
14 5.18 | 5.75 | 5.75 | 6.1 6,90 | 6.65 | 7.20 | 7.85 (102 ]23.4
15 1.64 ] 1.82 | 182 1.93 | 2.06 | 2.23| 2.62 | 3.32| 6.00 |21.2
16 0.515{ 0.575/ 0.580] 0.625 0.695| 0.850] r.25 | 2.09 | 5.29 |20.9
50,000 13 25.8 27.4 288 [300 304 (324 (339 354 |388 3506
14 815 | 8.65 | 9.1 | 9521 995 |01 |rr.o |18 |1g.2 [200
15 258 | 274 | 288 302 | 319 | 340 382 | 450 | 7.00 |21.6
16 0.815| 0.865| 0.915] 0.99 | f.05 | 1.21 | 1.58 | 2.36 [ 5.40 |20.9
6oooo | 13 408 1434 [44.8 [480 (495 515 |535 [56.5 |59.5 |73.0
T4 12.9 [r37 |141 |150 {157 163 (171 (182 208 |32.6
15 408 | 4.34 | 4.48 | 476 | 5.00 | 530} 575 6.45 | 8.80 22,6
16 129 | 1.37 | 142 | 154 1.62 | 1.80 | 218 289 | 5.60 |21.0

The heavy lines in the table indicate the very limit, of which the
right hand side corresponds to the domain where the ionization is effect-
ed by collision in a perceptible amount—say, half as much as photo-
electrically, or more, and as the electron temperature 7¢ increases, after
passing this line to the right, the degree of ionization increases rapidly
and becomes much higher than that given by the current formula (3.4).
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§ 7. A short note will be added here on a hasal assumption of our
theory.  We have assumed that a local electron temperature 7 exists
at each point within the nebula; or, in detail, that the electron velocities
aré distributed in a Maxwellian form, so that their states are represented
by one parameter 7e, at least in a first approximation and that capturing
processes take place under this condition. The Maxwellian distribution
is in this case disturbed by two functions, viz. the capture and the
photoelectric ionization, and conserved by the mutual collision of elec-
trons (cf. §1 ¢). :

In order to be able to make use of the parameter Ze, the latter
process must be proved to be much powerful than the former. This
is, indeed, the case; for example, in the nebula of ionization degree
100, a rough estimate shows that the mutual collision occurs as fre-
quently as once a day, while the ionization or capture once a year, or less.
Thus the assumption on the existence of the local electron temperature

1,2

seems to work out to seclf-consistent results® *.

Cyelic Eguations

§8. With Zanstra® and Cilli¢!, we assume the following conditions
in the nebula: .

(i) Nebula is mainly composed of hydrogen gas.

(ii) The photoelectric ionization is succeeded by a capture of free
electron ; if the electron is captured in a higher state, it cascades down
till to the lowest state. (But the reverse process can be omitted®).

(iii) Nebula is transparent to the subordinate lines.

(iv) Nebula is so opaque to Lyman radiation that these radiations,
if created in it, are completely reabsorbed and split into a quantum of
Balmer lines and that of Z,, before leaving the nebula.

§9. The equation of quanta is then®,

=1 0
j\CLgAn,r:qu(n)+§]\/;z+r/{1ﬂ+r, k13 (72:3! 47"“") (9'1)

N, means the number of atoms in the #-th state per c.c., A,,, the

£. J. H. Jeans, Dynamical Theory of Gases, (1916) § 353.

2. It would be worth while to remark here, that any start from a non-Maxwellian dis-
tribution will lead one to self-contradiction, even if one takes into account the dissipation of
the kinetic energy induced by the nebulium excitation.

3. Zanstra, loc. cit.

4. Cillié, Zoe. cit.

5. 1t follows from the condition (iii).
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transition probability from the 7-th to the #-th state. By the processes
of recombination and collision, the atom is brought 'to the 7-th state ;
let the number of such atoms be &,(77) per c.c., per sec. The number
of atoms which come down to this state from the higher ones is re-
presented by the second term in the right side of the equation. Thus
the equation balances the number of quanta arriving at this state against
that of leaving there by the downward traunsitions', the complete opagque
of the nebula to the Lyman radiation being introduced in summing up
Ay, from 7=2 to nz—1.

For our purpose, or to evaluate the ratio /& : 78, exhaustive calcu-
lation is unnecessary, and hence we shall neglect states higher than the
fifth. Then (o. I) becomes

nAr=j

'AHZAN = GvL(TF)+ 2 1\711-1 -/lné-r,'n . (”23’ 4, 5)

This is a set of simultaneous equations with respect to N’s, of which
the solution is

168N, =2.28 Gy +1.18¢ G-+ 1.106 G4

10° V= 5.84 Gytz212 Gy, (9.2)
where numerical values of the transition probabilities have been taken
from the work of D. H. Menzel and C. L. Pekeries®. .

§10. It is now convenient to give separate expressions in (7-terms
both for the capture and collision. To see clearly their dependency on
the electron density, we put

G L)=NICATe) + Ne ND,(T7)

or = 1\/e¢V[ Ne L LAT)+D( fe)] ’ (10.1)

x

(i) The part of capture C,,(l ¢) is nothing but that of Cillié¢*, which
he derived from the J. A. Gaunt’s absorption coefficient’ :

et { 972 )3/ * I 711/ 27,
7 T = . s e ]:’b 2, /i [ )
&)= (67) ” S A T8 2 [ 2d= 2/ #721)
=3.22 X 107% M, (7%). . (10.2)

(ii) The collisional term is

D T2)= S Qn( )-lzlﬁ(_o:)

1. The photoelectric ionization from states other than the normal one are negligible,
owing to the smallness of the population therein. Similarly, the same holds as for the excitation
or de-excitation by collision.

2. D. H. Menzel and C. I.. Pekeries, M. N. 98 (1936) 77

3. Cillig, loe. cit.”

4. J. A. Gaunt, Phil. Trans. A, 229 (1929) 200,
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where 7z, =electron - velocity equivalent to the excitation potential
of the 7-th state, ¥ — X
Ne(v)dv=concentration of electrons in the interval (2, o+ dv) per
c.C.,
O,,(?/)zeffective cross-section for the excitation of normal atoms
to the 7-th state and for the collision of #-electron.
If we put, as before,

S Q,L(‘('})Z’jve('("){/z:
(j.’llE Zn o ] (10,3)
g o Ne(#)dw

“n

it becomes

) DATe)= O 72), : ‘ (10.4)
with (]57,( 7‘6) = S AL N e(zl) d.
Dn Ne

Inserting for Ne(z) the Maxwell expression corresponding to 7z, we

have
b 212 oy 2T
b 72)= 4( : ) 7e ( +- A X) 7)/; . (103)

27972 ke
or, ¥’s being expressed in e. V.,

(72)=6.22 X 10" 7' ”’(1 + W)(,~”580 T
€

.

. (x 0.6)

§11.  Q.(2) increases with #, from zero at the excitation limit z,,.* O,

is also a function of 7¢; but as in the case of 0 in the ionization formula,
(cf. §5). we shall approximate it by the following constant values:

n . 3 4 5

[ 0.2 o.1 0,06

ma;=0.88 X 107 cm® being taken as the unit. (J, and J, have been
taken from the data given in the Chap. IV, while J; has been extrapolated
both from those for lower states in our calculations and those for higher
velocity impact computed by many authors®; yet (; is fortunately of
less importance for the calculation of Za/Z73.

Both €, and D, have been computed for some values of 7¢ and
are given tabulated as follows :

1. Cf Chap. IV, Table X.
2. CI. Bethe, Zoc. cit.
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Table II. €(,7%) and D,(7%)

7,,\\Tc 8,000 | 10,000 | 12,500 | 15,000 | 17,500 | 20,000 | 22,500 | 25,000 | 30,000

6,( 7% )10
3 5.04 4.80 4.05 3.5 3.09 2.74 2.49 2.28 1.94
4 3.65 3.04 2.52 2.15 1.88 1.66 1.49 1.35 1.13
3 2.52 2.08 1.70 I.43 1.24 1.09 0.97 0.87 0.725
DT )10t

3 0,000 | 0,015 0.218 1.285 464 | 1198 | 2460 | 433 [104.0
4 0,000 | 0,003 0.059 | 0.388 1.44 4.03 9.06 16.6 49.7
5 0.000 | 0,001 0029 | 0196 | 0781 2.09 4.68 8.82 22.2

Babner Decrement

§12. The population .V, and the Balmer emission /£, associated
with it are connected by
) L= Altvpee Ny, (12.1)
where . represents the probability of spontancous transition from the
72-th to the 2-nd state and v, the frequency of the associated emission.
The intensity ratio of Fa to /B is given by

Ly Ay N . (12.2)
.E4 ,44432)12 A\ri -
[f we use, as one often does, //a//3 instead of %,/F, we have,
Lo . N,
=3.88 x 2, 12.3
s 3 N, (12.3)

Here N’s are given by (g.2) in terms of G’s, which in turn are given
by (10.1). In (10.1), both € and D are functions of 7¢ only ; however,
to construct & by adding them, € must be multiplied by the degree
of jonization Ne/ .V, so that the Balmer decrement depends, in general,
not only on 7: but also on 7}, 0, implicitly through Ne/N,. In a
" special case, where cither € or ® is negligible, relative values of G,
and consequently of A”s, and thetefore // 73, are all dependent solely
on Ze.

II. Applications to the Model Nebulae

§13. In this chapter we wiil apply the result of our theory to the
observed nebulae. For this purpose the objects are in general too remote
and faint to enable us to make sufficient observation thercof, and there-
fore we must satisfy ourselves with some preliminary data.

Observational data on the Balmer decrement have becn recently
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compiled by Berman'. Ife has classified the observed nebulae in three
groups, according to the relative brightness of the principal nebular line,
N, in comparison with /73, and shown statistically that the brighter the
nebulium emission, the steeper is the decrement and the higher the
temperature 73 of the unclear star. The data required for our purpose
are reproduced from his work in the first six columns of Table IIL*

Table IIT.

Group o, He Hy 7% | 7y t ~in AT ’ 5
I 4.37 3.9 I.00 045 1,000 60,000 40,000 4.0 X101
11 2.97 —  1.00 048 _— 45,000 20,000 3.0, X 101"
TiI 1.81 2.77 I1.00 0.50 2,500 30,000 10,000 1.4 % 101

The values of 7}, in the table have been determined, referring mainly
to Zanstra’s observation.® The radius of nebulae, 7, has been derived
from distance estimation by Berman®, combined with II. D. Curtis’
measurement of the apparent diameter'; although its values show a
considerable dispersion among the individual objects in each group, we
have, for definiteness, adopted the figures as in the table. As to the
dilution factor 0, assuming with Zanstra®, A7, =o0.0™ for the absolute
bolometric magnitude of the nuclear star, we can determine the radius
of the central star », by the well-known formula :
logie 7'-:%/7'6—':8-5 —2.1og 7%,

where 7g is that of the Sun; thus combined with » above adopted, it
determines 6=47%/7¢, of which the values are tabulated in the last
column.

§14. From (12.3), (9.2) and (10.1), by mecans of Tables I and II,
we can now derive the Balmer decrement for each group, taking 7e
as a parameter. Results of calculations are summarized in Tables IV
and V, and illustrated in Fig. 1. V

In Table IV, we have calculated, besides (7, the quantity

RATHN=DAT /D6 (70, .
RATH=D,( )/ D) (14.1)

which indicates, in a certain sense, the relative importance of collision

1. Berman, Joc. cit.

2, As to 7%, which has been estimated by Page from the intensity distribution of the
continuous Balmer emission, some discussions will be deferred to §23.

3. Zanstra, Joc. cit.

4. M. D. Curtis, Publ. Lick Obs. 13 (1918) Part II.
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: Table IV.
Te 8,000 10,000 12,500 15,000 I7,500 20,000 22.500 25,000
Group I | AL/NV, | 0.63 0.68 0.71 0.77 0.80 0.90 1.09 I.44
G, 0814 0804 0775 1.I0 2.05 468 1072 24.2
R, 0,003  0.08 0.48 1.88 4.8 9.0 3.2
G, 0529 0506 0473 0365 0846 1.9 .19 9.61
Ry 0.00I  0.03 0.23 096 2.7 5.6 8.6
Gy 0.360  0.3348 0.320 0.360 0510 0.995  2.25 3.21
Ry 0,001 002 0.18 0.79 2.1 EN 7.0
Group [I| Ve/V; | 1.20 1.31 1.36 1.49 1.80 2.13 2,58 3.96
e 2.96 2.97 2.75 3.48 6.58 1362 288 745
Ry 0.002  0.04 0.25 0.84 2.1 2.8 4.8
[eA 1.9I5 1.08 .71 1.93 3.16 380 120 3.3
Ry 0,001 0,02 0.12 0.42 I'14 2.4 3.I
G 1.305  1.28 I.16 .25 1.93 3.38 6.66 173
Rz, 0.01 0.09 0.35 0.9 1.87 2.6
Group 111} Ve/N; | 2.14 2.28 2.40 2.54 2.76 3.18 4.18 6.20
7y 9.40 8.59 8.40 9.32 130z 237 52,7 1280
£y 0.002 0,02 0.14 0.55 1.37 2.4 3.1
G, 6.1 5.69 5.29 5.35 6.55  10.68 = 230 55.6
2y 0.00I 0.0 0.07 0.28 .76 L.45 2.0
G, 4.16 3.89 3.60 3.49 4.15 6.37 1314 318
R, 0.01 0.0% 0.23 0.60 L.15 1.63
(G’s must be multiplied by 10-3 and M,/V, by 10%)
Table V. /I
7e | 8,000 | 10,000 | 12,500 | 15,000 | 17.500 | 20,000 | 22,500 | 25,000
Group I 2.91 2.98 3.02 3.42 4.02 4.30 4.2T 4.19
h31 2.90 2.96 2.98 3.24 3.74 4.07 4.02 | 400
111 2.90 2.96 2,965 3.16 3.47 377 3.88 3.89

and capture.

In Fig. 1, /a/Hp is represented by thick

ratio A, by sharp ones.
The effect of collision is, as is clearly seen from the figure, practi-

cally negligible in the region 7:< 12,500, so that the

lines and the

current (pure

capture) theory is applicable; the decrement in this region is so-called
 capture-decrement .

Beyond this limit of 7%, the collision becomes effective, and Ha/7%
begins to deviate rapidly from the capture-decrement, increasing till it
reaches very high value, say ca. 4.3, 4.1 and 3.9 respectively for group
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I, II, and III, at about Ze=20,000". Its highest value may or may not
be a maximum, according to the different conditions of the model; but
in either case, it approaches asymptotically to a limiting value 3.9 for
high temperature over 30,000° (cf. §13). -

In the region Z¢=20,000", the decrement depends chiefly upon the
collision ; hence we will call it conventionally “ collision-decrement ” as .
distinguished from the * capture-decrement ”.

§15. We can determine the electron temperature in nebulae from
the observed Balmer decrement. Ifor group I, the observed decrement
is steepest, i.e. /af/ 3= 3.9 (cf. Table III). From Table V or Fig. 1,
it corresponds Z,=17,000 and R,;=o0.8"

Such a determination of 7¢is quite impossible from the pure capture
theory ; for the decrement in this case is so insensitive to the variation
of 7 that it is not accountable at all for the observed high decrement
of group I (cf. §1 a). These circumstances may also be understood,
from the very formula of Cilli¢’, which expresses the dependence of

1. Some remarks as to such a high temperature: cf. §24.
2. Cillié, M. N. 92 (1932) 820, eq. (16).
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the capture probability on the velocity of the incoming electron. Paren-
thetically it may be interesting to refer here to the fact that E. C. G.
Stiickelberg and P. M. Morse!, in their probability calculation of slow
electrons, have come to the conclusion that relative cross-section of
the atom for each state is, .in the first approximation, indifferent to
the electron velocity.

Now the collision effect not only makes’'the decrement itsclf steep
but also its depandency on 7Ze very sensitive, so that the high decre-
ment observed in the nebulae of group I can be accounted for and also
the electron temperature thereof can be determined. This comes from
the fact that, with increasing quantum number 7, the cross-section of
the atom decreases more rapidly in the case of collisional excitation
than in the case of capture, and moreover this tendency is accelerated
by the multiplication of ¢,-factor, which is nearly parallel to the number
of active electrons.

As for the properties of the ' collision-decrement ”, a clear idea
would be obtained if we consider the limiting case where the capture
effect is completely excluded. In this case, the decrement has at 7e~00
a minimum value of 3.9, to which it tends asymptetically, as 7¢ in-
creases, starting from 00 at Ze~o. This fact is due to the circumstances,
that the diminution of ¢, with increasing 7 is gradually relieved as 7%
increases (cf. (10.4)). The curves in Fig. 1 have been obtained by
combining both decrements in this case and in the current theory ; the
relative \Veigpts of this combination being the degree of ionization Ne/ MV,
on which the behaviour of the curves depends.

Similarly we can treat the groups II and III. In group II, as /a/ /4
== 3.4 (Table III), we have 7:=16,000" and K;=0.2. The observation for
group III fits the capture decrement, so that 7 must be about 12,500°
or less, the collision playing no essential role. ‘

§16. We have tried in the present chapter, to give the theoretical
interpretation of the high decrement observed in groups [ and II.
Thereby, a method has been found for estimating the electron tempera-
ture of the nebula from the observed decrement. But another method
of 7e-estimation is suggested from our theory ; namely, this can be done
by comparing the intensity of any discrete line with that of continuous
Balmer emission, as the intensity ratio of these two sorts of emission
is intimately connected with &, (cf. § 22).

1. E. C. G. Stiickelberg and P. M. Morse, Phys. Rev. 36 (1930) 10.
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Observed value of this ratio is in some nebulae of group I much
larger than theoretically predicted by Cillié (cf. § 21); this fact may,
however, be reasonably cxplained, if we reflect upon the circumstances
that the collision contributes nothing to the continuous emission, which
always remains in a pure capture spectrum (cf. §1 b). y

II. N.G.C. 7662

§17. In the preceding chapter we have considered the model
nebulae. To be able to apply our theory to the actual nebulae, we must
have thorough knowledge on various properties thereof, of which accu-
rate observations are desirable. But only of the bright nebula N. G. C.
7662, have we any considerable amount of data ; these have been com-
piled by T. 1. Page' and T.. Berman®. It may be interesting to verify
the present theory as applied to this nebula, or to infer some physical
conditions in this object from the theory.

The nebula is an object of vis. mag. 8.4, known as “ Ring nebula
in Andromeda ”; its position for 1900 is: ~R=23" 2171, 0=+41° 59"

It is a somewhat elongated disc of apparent diameter 14" X 177,
surrounded by the fragmentally detached faint outer ring of 28" x 327,
According to Berman (loc. ¢it) its distance is 1,180 parsecs, so that
we get #=10,000 A. U. for the mean diameter of the inner ring:.

The data of spectroscopic observations will be referred to later in
due course.

"~ §18. The effective temperature 73 of the nucleus star is estimated
by various methods; but they are all the same in principle. Among
them, the original ones of Zanstra are based on the condition for the
continuity of quanta and the equation of energy, viz. the method of
hydrogen recombination and that of nebulium excitation. His formu-
lations are as follows':

Method I (hydrogen recombination)
g X x= E“—}———v’-l, (18.1)

x
o C‘x" I Balmer. €71

Method II (nebulium excitation)
2 1

oo 3 A s

X X X ’

S e a’x—-xls ———dx = > ———ud, (18.2)
%, &8 — 1 oy €1 nebulium € 1

K3

Page, loc. cit.
2, Berman, Joc. cit.
Curtis, loc. cit.
4. Zanstra, loc. cit.
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L Jiv
dm—to = P
y oL, kT
ov

where L, and Z, are the intensities of the nebular emission and con-
tinuous nuclear spectrum. To avoid the intensity Z,, which is very
difficult to measure in the technics of observation, R. H. Stoy' has
proposed another method, combining (18.1) and (18.2):

‘ ® 38 ° 2
, S ——-w——dx—xl§ el > L,
Method III  Ja, &*—1 o -1 i (18.3)
(line ratio) o 2 7N 03
I > Z,
Ay 6’1’_ 1 RBelmer })p

where v/ denotes a certain frequency suitably chosen, say, that of /4,
and a’ corresponds to V.

Page has applied these formulae to his observations® the results
are inserted in the second column of Table VI.

Table VI. Nuclear Temperature of N. (. C. 7662,

Method Direct (Page) Corrected for collision
1. Hydrogen recombination 73,0000 70,0002
11. Necbulium excitation 67,000 85,000
1II. Line ratio 32,000 75,000

§19. As is seen from the table, the value derived by the third
method secems to be too small compared with the other two, even if
the difficulty of the observational technic is faken into account. This

discrepancy seems to be removable by introducing a correction for
collisional effect.

i) FEach term under 37 in (18.1) represents the number of Balmer
quanta. This, however, should not be equated to the number of quanta
in the ultraviolet region, if the collision effect is not negligible, viz. we
have not to take Z, itself, but the very fraction of it, which corresponds
to the contribution from capture®. TFor our nebula, it amounts ca. 1/3,
because this contribution appears about half that of collision, as is easily
inferred from the observation of %,/ Ba, (cf. § 22). Usually, the continu-
ous Balmer emission is neglected in the summation of quanta. But

1. R. H. Stoy, M. N. 93 (1933) 588,

2. Page, loc. cit. )

3. 'When the collisional ionization is effective, this fraction must further be reduced to
that part of capture which balances with the photoelectric ionization. But it is not the case
in our nebula.



190 Shétaré Miyamoto

this is not the case in the present consideration ; in fact, it is as large
as about 1/ 2 of the whole discrete Balmer quanta due to capture (cf.
G,y in Table X), and consequently the right hand side of (18.1) must

be multiplied by -L 2. Thus Page’s result is reduced to about 70,000"
3

ii) As for the second method, each term on the left hand side of
(18.2) represents the energy liberated by the spontaneous transition
succeeding to the collisional excitation. Thus in our case, where the
hydrogen emission does not consist purely of capture spectrum, the
summation must be extended to those parts of Balmer and Lyman
emission which come from the collisional excitation'. To see the order
of magnitude of this excitation, we take the contribution from the Balmer

2

emission as 3 X ==3, normalizing the intensity of its whole energy

a

o]
to 5; that of Lyman @ as 3o, taking as ten times that of Balmer?, and
the total nebulium emission as 30, twice that of N, + N, (cf. Table III).
We should then adopt for the total sum of the nebulium emission 33 + 30
instead of 30; that is, the sccond side of the equation (18.2) must be

“doubled. Consequently, Page’s result must be raised to about 83,000,
A discrepancy of 20% may not be so grave, if we remark that 7% is
very sensitive for its high value to the variation of A,.

iii) The value obtained by the third method has been corrected

1

in the same way, multiplying the numerator by x 2 and the de-

a

J
nominator by 2 in the right side of (18.3). The corrected value, 75,000,
seems to lessen the discrepancy.
§ 20. Now we tentatively employ 70,000° for 7%, according to the

Table VIL. Theoretical Balmer Decrement for N. G. C. 7662.

Ze 15,000 17,500 20,000 22,500 25.000 30,000
NN, ' x10~2 3.9 3.78 4.00 4.42 5.02 7.52
Heal H; 3.12 3.36 3.68 3.85 3.95 4.04
Ry ’ 0,09 0.40 1.09 2.24 3.71 7.11
R, 0.05 0.20 0.605 .31 2.40 4.79
R 0.04 0.17 0.48 1.09 1.98 4.07

1. This means that the dissipation of the kinetic energy of the electron is caused by the
inelastic collision not only with nebulium elements but also with hydrogen atom. (also cf.
foot-note 3 of the preceding page.)

2. Contributions from higher series are all neglected, owing to the smallness of their energy.
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discussion in the preced- Fig. 2. XN.G.C. 7662
ing paragraph. Then,
we obtain as the dilution
i 16

— =225 X107,
0

factor

assuming M.=o0."0 as
before (cf. §13). . R 1

Then, we are able ?
to calculate the Balmer
decrement from (12.3),
(9.2), and (10.1), taking
Z¢ as a parameter. The R s
results are given in ~
Table VII and illustrated °

in Fig. 2. 15000

55

T.

20,000 25,000 30,080

§21. The clectron temperature 7¢ can be determined either from
the observed Balmer decrement or from the intensity ratio of the discrete
to the continuous Balmer emission. The observed data are as in Table
VIIL

Table VIII. Observed Balmer Decrement of N. G. C. 7662.

logyy &/ Bae

Balmer
Observational (Page) Theoretical (Cillié)
decrement -

W 49" | E 49" 1,000° | 5,000° | 10,000°| 20,000°| 50,000°
N, 3.66
Hy (39 — — 3.38 3.60 377 398
Hy 1.0 4.02 3.76 2.40 2.95 3.14 . 3.31 3.50
Hy 0.45 3.67 3.41 2.13 2.65 2.84 3.00 . 3.14
5 0.23 3.38 3.02 1.92 2.42 2.60 2.74 2.91

In the table, the values of Balmer decrement are those of Berman’,
which have been corrected by him for space reddening. /% is absent,
but if we judge from the intensities of 74 and /4%, it seems to bear
the character of collisional decrement. Thus we will assume for it the
mean value of the first group (cf. Table I).

Table VIII also contains the intensity ratio of the discrete Balmer
£, to the continuous emission B4, per unit frequency at the series limit.

1. Berman, loc. c/t.
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Here the observed values are not the original ones of Page', who
- observed the continuous emission at 4.¢"” West and Fast of the nucleus,
but those obtained after correcting for space reddening, according to
the Berman’s formula.

Theoretical ratio is due to Cillié’, who derived it as follows . The
energy emitted per sec. per c.c. in a frequency range (v, v+av) beyond
the series limit is given by

/\T s 2671.5 . 510 ( 72 )S/f‘.g(xg__]lu)/kfcdy.
(627  m* i\ ke
At the head of the series limit, it becomes per unit wave number
Ba,=[23902]N &/ T
Combining it mth (12 1) he found
L
Ba,

§ 22. In the case of pure capture spectrum, A, /N¢ is uniquely
determined by (g.2) and (10.1) as a function of Ze. Tor our nebula, the
collision, as will he found later, does not yet affect the degree of ioni-
zation, so that the denominator remains the same as Cilli¢’s value for
it.  Therefore only A, increases with Ze. But the observed ratio is
about 3 times that given by (21.1) for 7:=20,000"; and thus it is sug-
gested V, must be raised by the same factor. THence we may conclude
that the collisional excitation surpasses about twice that of capture®; thus
we may roughly take for 7z=4, ;= 2, which corresponds to 7&=24, 500°
and J/H3=3.93. On the contrary, if we start from the decrement,
its value 3.9 gives Zi¢=23,500 and /;=1.7. The accordance of the
above results may be permitted as satisfactory, if we reflect upon the
approximate nature of our method and various difficulties on the ob-
servational side.

§ 23. The intensity distribution of the continuous Balmer emission
led Page to a conclusion of much lower temperature (1,200°—4,000" for
the present nchula) than ours; it moreover suggests a non-Maxwellian
distribution of the electron velocities in the nebula (cf. §1 ¢ and d).

Aol TS (21.1)

As an approach to the explanation of this anomaly, it is suggested that
slow electrons created by the inelastic collision are captured’, before they
are adjusted to the thermal velocity, disturbing the Maxwellian distri-

Page, loc. ctt.

Cillié, Zoc. cit.

In fact, G, is the main term for AV, (cf. (9.2)).

The capture probability is inversely 'proportional to the kinetic energy of the col-
liding electron.

BN
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bution, They may be effective in the direct vicinity of the series limit
and be able to change the slope of the continuous emission'; though
they can, by no means, affect the whole amount of capture. In other
words, it may happen in the nebula that the velocity distribution ef-
Jective for capture is non-Maxwellian.

§ 24. Metastability of 28 state. In the preceding paragraphs, we
have been concerned only with the principal quantum number 72, neglect-
ing all the finer structure of hydrogen atom. Especially, we have
pretended ignorance on the metastability of 2.5 state, which may have
caused an accumulation of atoms in this level and may therefore have
violated our starting assumption of the transparency of the nebula to
the subordinate lines®

In N. G. C. 7662, for example, there are 500X 6 electrons per c.c.
(cf. Table VIII), but among them only 1% have energy enough to excite
the atom to 2.5 state: thus there are 30 active electrons and 6 normal
atoms per c.c. If we assume 2 X 10°cm. sec.”™ as the mean electron
velocity and wag==10"" cm® as the effective cross-section {(cf. Table X),
we get for the frequency of such excitations, 30X 2 x10°X 107%¥=6 %
107 sec.™ On the other hand, the spontaneous transition occurs once
every several months® or with the frequency of the order 107" sec., a
figure which is rather smaller than the former. Thus if we put aside
for a moment the removal of atoms from 25 state by quantum absorp-
tion, it may be concluded that the population Vs is mainly adjusted
by balancing the excitation 1.5->2.5 against the de-excitation 2.5—1.5
through the collisional processes; that is NV.s obeys Boltzmann’s law :

Nos :g—b()’.x‘“)ﬁz)/ch -
N

the values of which are given in the second row of the following table.

3

e 10,000 15,000 20,000 25,000 30,000
Nag| Mis 7.8 X 10~6 3.9 X 104 2.8 X103 0.91 X 102 2,0 10-2
wag sprVas/ Visl 1.6 ) 7.9X 10 5.6 X 10? 1.8 x10* 40X 10

According to the usual notation, let s, 3» be the ratio of the ab-
sorption coefficient for 2.5-37 of FHe to that of ultraviolet radiation

1. If so, in the comparison of the discrete to the continuous emission (§ 21), it would
not be preferable to make use of the intensity of continuous emission at the series limit. 1t is
best to use the integrated emission beyond the series limit, but may be difficult observationally
as an actual problem.

2. As for the self-reversal, M. Kurihara has exhaustively discussed the natare of this
effect in the case of B, stars; (these Memoirs 21 (1938) 89.)

3. Bethe, loc. cit. § 43.
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beyond the lyman limit. - As it depends slightly on 7, and 7, we will
put “wss, sp=2 X 10°, with M. Kurihara'. In our investigation we
have assumed that the optical depth is unity for the ultraviolet radiation,

Nes

so that wss,sr represents directly the optical depth for 2.5~32 of /.

15

Ves

For 7¢<10,000°, (s, sp <1 as shown in the above table. Therefore

WNyg
the nebula may be considered as transparent to e« in this case. Thus
so far as the nebulae of group IIl are concerned, our assumption of
transparency is justified. But this is not the case for the other groups;
there it seems, indeed, that the absorptions take place from the 2.5 state.

§ 25. So far we have treated the atom as an isolated existence.
But at the same time we have to take account of the influences of the
environment ; its disturbances cause, more or less, the mutual coherences
of pure states, and thus the metastable state has a tendency to lose its
proper character. As for such external influences, there are in our case
powerful mechanisms, which remove the atom from 2.5 state.

i) The transition 2°.Sy,—2°27; is induced by the electron impact.
The effective area for the mechanism can be estimated in the same way
as in Chap. IV; a rough calculation shows: that it amounts to at least
100, perhaps 10" times that of de-excitation (of the orderza;). Thus
the values of N,/ Vis given above may be reduced by the same ratio.

i) There is a sort of Stark effect caused by the electric field due
to the surrounding free electrons and protons. There the disturbed
wave functions are given by the linear combinations of 2%5y,- and 277~
state. Thus 235y -state loses its metastability® the transition probability
to 12.Sye-state becomes in-our case of the order 1 sec.™ Therefore,
if only this effect is considered, the population Vs is given roughly by

;75'35;__6><IO_7 6

; - =107,
Nis 1.
Ny,
Therefore Was, sp——e < 1.
. »[ XS

These circumstances would prevent the accumulation of atoms in that
very state.

§ 26. - Some authors’ have suggested that considerable amount of
atoms may be accumulated to 2/° state, owing to the large density of

M. Kurihara, Zoc. ciz.

Bethe, Joc. cit. § 43.

Cf, Bethe, loc. cit. especially § 43.
Ambarzumian, Cillié, Page, Berman, loc. c#t.

ko

.
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Lqeradiation. But simple estimation shows that this radiation is not so
dense as to cause the self-reversal of Balmer lines. Indeed, Ambar-
zumian', in his order-estimation of this effect, has employed as the dilution
factor 0 =10" for 77 =40,000°-50,000°, which seems, however, to be to>
small (cf. Table IIT). If we adopt our correct value 0=10" the popu-
lation of atoms in 2.2 state is reduced to 1/100 of his value. Thus it be-
Nep

' . =7 . . P
comes Nap/ Nig=35x 107", which makes the optical depth wsp sp
£Vis

smaller than unity.

IV. Excitation of Hydrogen Atom by Slow Electron Impact

The collisional excitation of hydrogen atom immediately interesting
to the nebular condition is the case of slow electron impact; indeed;
clectrons have in the nebula very slow thermal velocity, so that few of
them exceed the limit of Lyman series, 13.53 e. V. The effective cross-
section for excitation can be easily estimated, if the electron velocity
corresponds to 100 e. V. or more. For slow collision, however, we must
treat very complicated expressions, since both the distortion of electron
wave and the exchange effect between colliding and atomic electrons
become large.

In this chapter we will try to make an order-estimation in such a
case, neglecting all but the effect of exchange ; the method is in principle
the same as that of Massey and Mohr.

§ 27.  Lffective cross-scctionn. We treat the problem statically and
start with Schrodinget’s equation for the system of two electrons :

(Pt P20, 2) +2522 (E + 5 ——e[( ! ——‘—)———])w’(n,r,)_o,
V5 712 71 72
(27.1)
where suffixes 1 and 2 are referred to the colliding and atomic electrons
respectively, and e means the clementary charge, and 7, the distance

between two electrons.
As a first approximation, the atomic electron must satisfy the wave

equation of hydrogen :
regon)+ 22, +—) (r)=o. (27.2)

I. Ambarzumian, loc. cit.
2. Mott, Proc. Roy. Soc. 125 (1929) 222.
Massey and Mohr, ibid. 132 (1931) 605, 156 (1932) 289, 139 (1933) 187, 140 (1933)
613, 146 (1934) 880.
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T.et ¢x(#) be a solution of this equation, viz. an eigen-function
corresponding to the energy level ¥y, each quantum state (7, / 72) being
represented by a single letter V.

Suppose now for a moment, two electrons are distinguishable and
seek solution of such a form as

U(r, 1)= 2+ St n(r:) Fm), (27.3)
in which for large 7 holds

. Tl
FyP)~chz + -2 £ (0) for normal state, N=17,
7

Tk
Y £M0)  otherwise. (27.4)

P
By summation and integration in (27.3) are included both all the discrete
and the continuous state V; and

27T o 87 -, | 2mmey \
/‘L—“ms /(N_ - [EI—_(ZN-XI)]_< - 3
Y/ /e .k

(27.5)
thus ¢%* means the incident electron wave of velocity z; along z-axis
and of unit density per c.c. and the scattered electron after the excitation
of the atom in its /V-th state is represented by the spherical wave
7 etkar f3(0), where 0 is the angle of scattering (Fig. 3).

Fig. 3  Direct Excitation Fig. 4 Exchange Effect

exepelle$

oL
2., atomic
clutrfn:

i
i
\
\
\

@ 1. collibing clectron

Then, if the incident beam is such that one electron falls on cm?,
per scc., the number of electrons ]N(ﬁ)n"m, which are scattered with
velocity zy into an angle element dw per sec. is given by

Iy(0)do=

2 (0= A0 (27.8)

“1

Now, we define the total cross-section as

Q= (fN(ﬂ)(z’u): am rfw((]) sin fdg. (27.7)
. Jo
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a

Now, it follows from (27.1) and (27.3), taking account of (27.2),
(S+ ) P+ 2Bt B a0 | Pl

S SN P
V/ 712 7y

multiplying it by 9’);7(7) and integrating over the whole #, space,

(V12+K’§)Fwiﬂ)=,i”%7z-jsg< L )wm, AR e, (27.8)
% le

72 7y

§ 28. Lxchange ¢ffect. When the eigen-function corresponds to
the continuous state, it also gives some information ahout the probability
that the incident electron is captured and the atomic electron ejected
(Fig. 4). But in order to see it more clearly, we expand (27.3) in the
alternative form :

, ¥(n, 1)=+ Ot sln) Ga(r), (28.1)
assuming that Gy has the asymptotic form :
7k N7
Gy~ 0(0)  for large 7 (28.2)

Then, in the same way as before, we obtain the equation for Gy:

(e 1) Galo) =222 (- LV, migil)den. (28.9)

z 712
Equations (27.8) and (28.3) determine the function Zy and Ga.

§29. As ¥(#», ) contains Fy and Gy, the equations (27.8) and
(28.3) are of integro-differential type. They are easily reduced to the
integral equation. But it is still difficult to obtain their strict solutions ;
hence some adequate approximation to ¥'(#, 7;) is required.

The following calculations are based on the Born’s approximation
that is, neglecting all the disturbances of electron waves and of the
atomic field, we take for ¥(#, #) the following form : R

U(n, 1) =chnnd (n), (29.1)
where #2, is the unit vector in the direction of positive z-axis. Then
(27.8) and (28.3) become

(7 i+ R Pl = T2 (o L N mjgitm)des, (2o,

7a

o

)

VA 712 g
(P+ /e;)GN(n)zﬁf‘-;;{fig(-—‘—- ! )eﬂ*xno'ﬁsf}l(m)ﬁfn)dm. (20.3)
: 712 72

In the integration of (29.2), the term coming from 1/7, vanishes owing
to the orthogonality of the wave functions.

The solutions for Fy and Gy are ohtained by applying Green’s
theorem, viz. we get, for large 7,
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. AR NY
F.N{\r)~ £ » fN(d):

gt

Gy¥)~ oa(0),
with
20) = 222 [ [t =N )y )t o, (20.4)
Y/ Py '
gw((’):-zir}:—;—,'eiﬁf(k‘"”r‘_"”"’2)(7} - )sn(r,)y’w ndode,  (29.5)

where 72 is the unit vector in the direction of 7.

§ 30. So far, we have assumed that the two clectrons are dis-
tinguishable. Now we introduce the condition that they are indis-
tinguishable and obey Fermi-Dirac’s statistics ; then, for the unpolarized
beam of the impinging electrons, both the func‘“lous Sy and gy are
‘combined to give the scattering intensity as

L0 dw= ’ZV [ ; | fN(ﬁ)—gN(H)P—i——i—] /a0 + gN(ﬁ)lz]dw, (30.1)
L )
and Qy is given by {(27.7).

Final formulae and Nunertcal results

§31. If the reduction of our formulae is treated in detail, it will
be casily seen that the states with negative magnetic quantum number
(<o) have the same excitation probabilities as the positive ones,
Consequently we restrict ourselves to the case m22>o.

The normalized wave function for hydrogen is'

27 \E ~7lnay o f 27 \ 5 .
90.2\7: S!}nlm = 711711(’_"—) é -L;Llil F ;’l(COS 0) (31 P
72y 720y

)

1 nay (e—I1—1)!
Viar  (n+1)! (n+0)!
where Z’s are Laguerr polynomials and 2’s normalized spherical har-

, (31.1)

1xlm

monics.

Now, we have to insert these expressions in (29.4) and (29.5).

§ 32. For f4(0), after some complicated mathematical reductions
we obtain finally

fN(ﬁ) = 1/»;0()'@‘n(0)gnhn/‘5 ;n(cos Sll)[;rl(c)’ (3 2.1 )

1. Cf. Condon and Shortley, The Theory of Atomic Spectra. (£935) Chap. V.
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with cos¢=ly— %, cos 0)/ K
KP=}i+ ki~ 2/, cos O
0,,(0) =(a, &)~ %

m /o (m—d—1)!

L?' 1743 Z[+ e I 2 Z

‘ (4D V2 (n+ D!

C———‘———wﬂj“ K (32.2)

Q= e e B (523)
0

where /’s are Bessel functions. Integrals (32.3) can be evaluated ele-
mentarily and their values are given in Table IX.

Table TX.
() Z40) S (o)
/9 -3 ) I R
(2,0 rorare( 2 g 224 1) T
) ( 7 ) ¥ >( + )
9 L\ Wa ~3
(2,1 ratsi( 2y 2482 —— 42
) (L) (o)
/(202 2 2 wy 3N E o)t
(30) 3OS 4 )4+~ gtl(65t— g2+ 8 X " +e)
4 2 I -—L
(3,1) 5705 2(382 4 g W g 4 5 ~4 144@,’-(4&——{)(—?-}:2)
(3,2) II520%5/2(448%)~1 2880{5/‘—’<L+C >_l
iad 5205 4
o o " 25 L\ . - I A
(4:0) AR(6E 13 4575) (- @) cuz(384% — 6728+ 1682 4 21 )(T+c~>
) | ssoowi(rerr s rag( )| szonisott s ()
w2) | Gorzovrse+ zs)(—z-j~+c2)"° 34560:51-:(4c9_1)(-jr—+c2)_a
-5 I -5
. 838400807/2 442 965768087 /2 — 3-8
(4:3) 453% ( ) 967 ( X )
§ 33. Reduction of gx/¥) is much more complicated. To avoid
p

laborious calculations, we introduce the following approximations :

1) Slow collisivon : Close above the excitation potential, £y is small
compared with £, namely, the colliding electron dissipates most of its
kinetic cnergy in exciting the atom. We may, therefore, neglect 4y in
the exponential factor of (29.5), thus the gy-terms become independent
of the scattering angle § and the excitation probability vanishes owing
to the factor ¢~ except m=o.
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gl’v‘(ﬁ)‘:1’/—7-7_(70‘7*1/2571l/711(v)1 =0 (33'1)
72,
—_— 0 /51
— ) 7 2[4+ 7—0{—1)!
‘:’nlztl / ! * ( ) ¢ (33'2)

+2

(z+)! 2 {n+I)!
Here, the extra term coming from 1/7, in the brackets of (29.5) has been
omitted, though it surpasses the retained term (33.1) in the present case.
Tt is, indeed, as in the case of /x(0), a term, which ought to vanish if
the exact expression was employed for the wave function of incoming
electron instead of plane wave approximation. The- discrepancy may
originate from the circumstances that the neglection of Ay means, in
fact, for this term, complete omission of the phase factor for the second
electron.

i)y  Moderate velocity collisiorn: Though of no direct use, we will
here deal with this case for the sake of completeness. Now, the in-
tegral value of (29.5) comes mainly from the domain where 7 and 7,
are small, so that we may put e—72/%=1 in ¢{»). Then we get

.‘ng(ﬁ) = —l/ T 00.0?1(0)'inmp ?(COSS&)];,(;(C), (3 3' 3)
@g:(ﬂ(\[{)—l/_(aﬂ/en)—‘: (33-—})
Table X. Q) and C,
Qﬂl(w)
¥ C’wl
(12,8) v | 1.9 2.0 2.1 ‘; 2.2 2.3 2.4 2.5
1.5 0.227
1 0.227
2.5 0.14 0.18 0.23 | 026 0.29 0.31 0.32 0.0335
2P 0.46 0.63 0.88 1.07 1.26 1.30 1.38 0.109
2 0.60 0.81 I.IL 1.33 1.55 1.61 1.70 0.143
3S 0,024 | 0041 | 0,051 0.058 0.064 0.0114
3P 0,077 | 0.I3 0.19 0.22 0.26 0.0403
3D 0.0084| 0016 | 0.021 0.024 0.026 0.0520
3 0.109 | 0.187 0.261 0.302 0.350 0.704
45 0,022 0.032 0.039 0.046 0.0053
4P 0.042 0.061 0.072 0.084 0.0190
4D 0,0072| 0,0089 0.011 0.012 0.0318
4. — — e e 0.0254
4 | o071 | ooz o122 0.142 0.0814
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BAO= e L) el O, (33-5)
0

Thus elementary ‘integration is also possible as in (32.3). Final
expressions are shown in Table IX.

§ 34. Numerical resulfs. We can now calculate the cross-section
Oy, integrating 73 8) over all directions, which, in turn, is given by fy
and gy in (29.4) and (29.5), and by /4y in (27.5).

‘Rough calculations were performed and reproduced in Table X.
As for the absolute values, only their orders must be consulted, but
their relative values for different states A" may be rather accurate.

In the table, cross-section Q,,l(v) is given in units of meg, and z in
tooo km. per sec. We have also inserted recombination probabilities,
which have been taken from Stiickelberg and Morse’s paper'. There,
a quantity C,, is defined by the formula of cross-section : ¢,,= C,r107*/ T,
17 being the electron velocity in volts.

Summary

It has been pointed out that the effect of collisional excitation of
normal hydrogen atoms cannot be disregarded in the emission mecha-
nism of the Balmer lines in the planetary nebulae; that it accounts for
the high decrement of Balmer emission and that it givés at the same
time, a definite idea of the electron temperature.

(I) 1) In §§ 3-35, the current formula of jonization is modified in order
to include the collision effect; the modified formula changes slightly
the degree of ionization in the nebular conditions §6).

2) In connection with this, we have discussed the velocity dis-
tribution of the electrons in details, and concluded that it must obey the
Maxwellian law, at least in close approximation (§ 7).

3) Cilli¢’s equation has been modified to include the effect of
collisional excitation in §§8-11.
(IT) 4) Using the formulac above obtained, Balmer decrements have
been derived for model planetary nebulac, which are chosen so as to
correspond to Berman’s classification. Theoretical decrement changes
from 2.9 to 4.3 with electron temperature in agreement with obser-
vations (§513 & 14).

5) Balmer decrement is sensitively connected with the electron

temperature, so that the observed decrement fixes the latter. It falls
between 10,000°-25,000° for most nebulac (§ 14).

I. Stiickelberg and Morse, loc. cit.
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(III) In connection with Page’s observations of the continuous Balmer
emission, detailed discussions have been made about N. G. C. 7662,
especially about various questions which arose about it.

6) Discrete Balmer emission is a mixture of capture and collision
spectra, while the continuous Balmer emission always remains in a pure
capture spectrum. From this point of view, a correction has been made
of the Zanstra and Stoy methods of determination of nuclear tempera-
ture, and applied-to the same nebula N. G. C. 7662 (§§18 & 19). Thus
it seems that the systematic discrepancy between Zanstra’s estimate and
Stoy’s is improved.

7)  That the Balmer contmuous emission appears fainter than has
been expected from the recombination theory has been also explained
from the same point of view (§§16, 21 & 22).

8) Finally our starting assumption that the nebula is transparent

to the subordinate lines has been criticized : (i) the metastability of 2.5
state loses its proper character, owing to the disturbances from the outer
ficlds (§§ 24 & 25); (i) the accumulation of atoms in 2/ state due to
the denseness of Lyman « radiation, seems not to be so large as to
cause the self-reversal.
(IV) In Chap. IV, the excitation of the normal hydrogen atom by slow
electron impact has been treated wave-mechanically ; the method of
approximation has been explained and the final formulae with their
numerical results have been given.
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