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Abstract }

In this second report on the coast effect, the writer will investigate the develop-
ment of the surface slope (y) and of the current (w) as it is influenced by land.

At the coast itself as soon as the primary cause begins to act the slope instantly
springs up to a finite value y(0), and then approaches gradually to the steady value
% given in our first report on the problem. ‘Whereas § has different values according
to the bottom condition, the value of y(0) is the same without distinction of the
condition of bottom.

The slope thus produced at the coast propagates in the sea off the coast with
a velocity of nearly ¢=3” g7 and consequontly the surface elevation at a distance v
from the coast will be approximately given by

—vpit
L= (ct—p)| 3—{7—1(0)}= "J for y<let
=0 for wy>ct.

The current influenced by the coast may be considered to consist of the primary
current wjy and the secondary slope current zy. The former has already been
described in our previous papers on the current in a boundless sea, and the latter
can be calculated with the above obtained slope. The writer emphasizes here that

both the slope and the secondary current have the form which is the same for every
kind of primary cause, but different only in their final values.

Introduction

The changing state of the current and the sea surface influenced
by land was first treated by Messrs Proudman and Doodson,! but
confining themselves to one-directional motion they neglected Coriolis’
force. They tried to make the current zero at the coast, but for that

1. “Time-relations in Meteorological Effects in the Sea ™, Proc. London Math. Soc.,
Ser. 2, 24, 140 (1924)
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intention their solution can be used only when the wind itself vanishes
at the coast, while it can not be extended to cases where the wind
is not zero at the coast, even to the simplest case of uniform wind
all over the sca.

Horrocks,' by extending the method of the former investigators
to a two-dimensional rotating sea, obtained so complicated a solution
that it is inconvenient for numerical calculations. In reality, Horrocks
gave a numerical example which was shown by Proudman to be
considerably miscalculated.

Recently K. Hidaka® discussed the effect of wind on the surface
slope in his paper ‘‘Non-stationary Ccean-currents”, Chap. VI. He
started, however, from the assumption that the total How perpendicular
to the coast is always nill even in the developing stage, so that his
solution clearly can not be used except at the geometrical line of
coast. Moreover, his result concerns with only the surface slope at
the coast itself but not off the coast, so that the elevation of surface
level and the current in the sea can not be known at all, and thus
his result is of little practical use.

More recently Hidaka® published another paper, about which the
same words may be said as for the paper of Proudman and Doodson,
i. e., it deals with only one-dimensional motion without taking Coriolis’
force into account, and his intention as a boundary problem has not
been accomplished generally, even when the wind is uniform.

In all the above works, the bottom-condition is taken as that no
slip velocity can exist at the sea bed. A different bottom-condition
can be seen in Proudman’s second paper' on the effect of traveling
atmospheric pressurc-wave. IHe assumed here the sea water as an
ideal fluid, which means also that there is no bottom-friction at all.

The present writer intends to solve the changing state of the land
effect upon the surface slope and the current of various kinds with
various bhottom-conditions, Coriolis’ force being taken into consideration.
He will try also to get the solution in as easy and convenient a form
for numerical calculations as possible. The writer confesses that since

1. “Meteorological Perturbations of Tides ete.”, Proc. Roy. Soc. London, 115, 170

(1927)
2. Mem. Imp. Mar. Observatory, Kobe, 5, 255 (1933)
3. “Motion of Lake Water generated by Winds ”, Geophys. Mag., Tokyo, 7, 234

(1933)
4. “The Effects on the Sea of Changes in Atmospheric Pressure”, M. N. R. A. S.

Geophys. Suppl. 2, 197 (1929)
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. he adopts the ordinary equation of motion used by Proudman -and
others, the obtained solution contains the weak point that the current
does not vanish at the coast generally. The writer, however, kept
this fallacy éonsciously because he knew that it is inevitable with the
ordinary form of the cquation of motion which neglects the vertical
currents, and any ecffort must be in vain to make the current zero at
the coast, whatever other method of solving may be used. The reason
for it will be explained in §9, and the correction due to the vertical
motion in the immediate neighbourhood of the coast will bz dealt with
by Mr. Takegami' soon. .

Moreover, since our physical common sense teaches us that the
surface elevation ¢ or slope y will develope most rapidly at the coast
and then propagate gradually off the coast, one of the chicf objects
of the present paper is to find not only the mode of gencration of
surface-slope at a definite place but also its propagation velocity which
has not yet been discussed by any one.

. I. Wind Current
§1. Fundamental equations

First consider a channel limited by two long parallel straight
coasts distant Z from each other and suppose that a constant (but not
necessarily uniform) wind begins to blow suddenly over the sea which
is initially at rest.

Take x-axis along the coast
on the undisturbed sea-surface and ) Y Y
z-axis vertically downwards (Fig. {
1), and denote the elevation of the !
free surface by ¢, the other no- [,

|
[
|
|
|

tations being the same as those
in our previous paper® on the steady
state of the coast effect.

If we neglect the vertical mo- ST T T T T T T L
tion #, compared with the horizon- 0
tal velocity w=w,-+72,, then we have the equation of motion

'087[0 =y (Zg--—zza.‘v-{-zg’p T:—_(%,C“’ - (1)

1. These Memoirs, A, 17, 305 (1934)
2. These Memoirs, A, 17, 93 (1934)
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with the equation of continuity
o as, ::__X” do, 7

or oy o Jy

or (2)
oy _ ()zSy_: V devy~dz
- dz‘ 0/1/2 v ()J’z i

and the initial and the boundary conditions
W=0, y=0 when f=o, (3)

dw . TeT® _
= —y - at z=o,
0z s ' (4)

Sy=0 at y=o and yp=LI.
The bottom-condition may be different according to our assumption.

It should be remembered here that, even when the wind action 7
is constant and uniform all over the sea, the quantities ¢ and y will
be functions of # and y, so that we may write &(y, £) and 7 (1,2).

§2. Case of no bottom-friction

If we adopt the bottom-condition
Ozw/0z=0 at =7, (5)
then the solution of (1) which satisfies (3,) (4) and (5) is obviously
the sum of already known ‘drift carrent”™ w, due to 7" and the
“slope current’” w, due to y in developing stage with the same

bottom-condition, namely
\

W=Wyp + Wy
t7e7*  cosha(H—~2)

B Mo sinha /A
Te? —iirz{ 1 21 2k af
- e — b 28 o8Bz Bt
/1/6'3['[ 2 proes U +( 72,/2/62)2 f } ] (6)

2
+ Z.';’S dry(y, v)e™ ™
0

a%(1+z)k, /e=l/—‘a.>_/—;, Bo=nm/H, n=1,2,3, J

which will be easily verified by direct substitution into the above
equations. Thus, if y is determined, the current w also can be easily

calculated.

1. These Memoirs, A, 16, 275 (1933), egs. (6), (7) and (9).
2. Ditto, 333 (1933), eq. (9)-
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Let 55, and .S, represent the parts of the total flow perpendicular
to the coast due to the drift- and slope-current respectively.. Then eq.
(6) gives

»Sy= Tsm:;b —sin(2&f+ ¢)
2u7 2
N A i
= [sin(2&f+ ¢) —sing] (7)
2pw
1
oSy =gl godr r(y, T)cos2a(¢ — ).
J

Slope at the coast :— At the coast itself, the total flow perpendicu-
lar to it must of course be zero, i. e,
Sy=pSy+ 15y =o0 at y=o and L.
In the present case this gives
A
‘U(L)

Differentiating this with time #, we have

[sin(20f+ ¢) —sing] + o/7 g:dz'y(r)cosza‘)(t— )=o0. (8)

Ia3

()= —»-;{;%——cos(z&t +¢)+ 2&‘;5;7(7)5111 28(t—1)dr, (9)

which shows that

7] so=— cosd at the coast, (10)

S
and the surface slope at the coast takes this value as soon as the
wind begins to blow.
Eq. (8) or (9) is a Volterra integral equation, but to solve it we
rather prefer to reduce it to a differential equation as below.
Differentiate (g) again with respect to ¢, then we get

¢
gf[[—gj;— — 45‘)'3§ drycos2&(f— r)} = aw'sin(2mf + P),
/ 0

2pw
which, combined with (8), becomes

. T 2msing.
dt op
Integrating this with respect to # and determining the integration con-
stant by (10), we have

]]; (28t sing — cos¢) at the coast.  (11)

7‘:
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Surface slope in the sca :—To obtain the surface slope off the
coast, equation of continuity (2) must be used. From (7) we have

o _ d;? ! [sin(z&t + 4))-—sin¢]
ot dy* z2p& ‘ -
+ tff[{ Mcosz&)(z‘-r)? ; (12)

ay*

on supposition that the wind depends only upon the distance from
the sea coast. We here notice that

0y/0t=0 when f=o. k k(IZa)

Now differentiate eq. (12) with respect to #, then

Py _ 1 AT - [ (s, )
1 P T o/ .
o PR cos(2@f+ P)+ ¢ o7
t %
—-2(7;5 drl)—z-(-'—j—}isinza')(f—%ﬂ, (13)
0 . (),fl’- )
which shows also that, when #=o,
<ar ) _ @7 _cost +gH<_d‘;> (13
05> Jt=0 ay’ p 03* Je=o-

Differentiating (13) once more, we obtain

0y 2 AT

v o , dq sin{2@f + ¢)
% 2
+ [[[ Iy —410"" -—d-L(—L—)-—cosvw(t r)]
@ () v j
which, by substitution of (12), becomes
0% o 0 2msing 427
=gH &L — . 1
ot ()f()_j B P (14)

This is evidently a wave equation and shows that the slope 7
will propagate off from the coast.

Now since any wind stress 7 may be considered as a sum of
(2) part which vanishes at the coast and (b) part that is uniform or
a linear function of y, we shall deal separately with eq. (14) in two
cases corresponding to such wind as (a) and (b).

Commence first with the case (a), then the slope y also vanishes
at the coasts, and we may expand 7, @*7/dy", y and 0% /ds* in Fourier’s
sine series such as:
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7(») ?Efnzsin 7? 7, )
[ig T(J/) :ZT”SiI’I 77T 5 T//: —(_ﬂn-__)ZT
[ZJ/?‘ n L H ne L "y
(15)
(5, 0= ) uldsin "2,
(v, t) Wy T " ( nm >2
—ml = m f)sin—— /y mT T mne
o rusin———y, 7 7))

For a given wind 7, the coefficients 7,, and 7, are all known,
and it remains only to determine the corresponding Tme

For that purpose, we may reduce eq. (12) into Volterra integral
equation, as described later', by substituting (15) in (12) and integrating
with time from o to #; but that method is tedious, and it is far more
convenient to reduce (14) into ordinary differential equations and solve
them. Namely, substitute (15) in (14) and equate the terms in hoth
sides for each 2, then

3 2 " e p 2
Chn . _ [g[-](m—ﬁm ) +4a’] m_ i“L( ki ) Z,sing,  (16)
ar Nz dr o \ L

whose general solutionl is obviously

Tm=M L 2mt sing + Asine,,f + Beoso,.f + C,

go/

where

ﬂ[’—:{l'f"——-——ﬂ——,‘ o
}[( nm >‘ )
SE\TZ

_ mr N, s
U?}z”/\/gH-(T) +4.(_l),

and A4, B, C are arbitrary constants.

(17)

To determine these constants, we use three initial relations (3),
(124), and (13.):
O:{Tmlt=0’ . C:"‘B.

I. p. 261, §4.
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..—{ aTm, — T
o= M- 2msing + Ao,
) ¢ Jimo gpd weing 7
A= 1, M 2wsing.
gof{ o,
LN S S
| 02 e P
B= j:’f; ( i ) cosp ==~ T pr coso.
poy, N L opf

Hence the solution of y,, becomes

r,,LZ——[——’"'——ﬁf[zE)i sing — cosp + cospcose,,f — —— sin(bsinamt}
gepll T
(18)
Thus, finally the required slope y will be given by
7= EJZ sin YZ’T—y [2&1‘ sing — cos® + cospcosa,, ¢
m=1
— 2% sing sincrmz‘], (19)
U?’L
and the surface elevation by
&= Eﬂl 7 cos % y[z&z‘sin(ﬁ—césgS + cospcosa,,t
g0l i L

me=]

2@ sin(bsino,,,fi'. (20)
T

From the above equations, we observe that:

1) When ¢=Fo, i. e., the wind has a component parallel to the
coast, the slope and the eclevation will, by virtue of the first terms,
increase with time so greatly that the vertical motion has to be taken
into account and the equation of motion (1) must be altered.

2} If ¢=o0 and the wind blows perpendicularly to the coast, the
elementary slope 7,, makes an undamped oscillation with period 27/a,,
i e., 2n/y/ gH (mn/ L)+ 4", which is the seiche period of the channel.

§3. Uniform wind all over the sea with no bottom-friction

When the wind is uniform all over the sea or varies linearly
with v only, the method of treating the problem must be modified.
In this case, since &*7/dv*=o, eq. (14) becomes
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J* a
} — 4@, (14)

accompanied by coast condition (11) and initial relations (3) and (12,).
Moreover, the coefficients 7, and 7, in the Fourier series for y and

)t are not in the same relation as expressed in eq. (15). TFor, if
¢ :y“ .

we put
7 :ET,”sin—jfz—”ﬁ% )
n L
L
. T 2 . m
7= ETMSIH Vs Tm™= “‘j- SHl—=y dy, -
a’z . g7 r0 4 ()2 .
7.: = Tmslrl j?ﬂ ¥, T ™ 2 S Tq Sin mr 'l/(l{y,
W 4 L L Jo 0y ' /
then, after Stokes, we have
2 l‘ 02 .
L =§ L sin-T_ 5 gy
. " 2 5
_ i e )" wrr N7 .
=— 7 COS S ysin vy
L L 0 L 0 L

by integration by parts twice. Thus, generally there holds

yl= — 2 (T cos T y]y=ﬁ~( 7 ) (o)
m L’-’ L _L =0 _L Tm' <

Substituting the coast values of y in (11), the above relation
becomes

” 2A7h+17 s 3 T\

Yo = M(ZQ)I‘SIHQ& —‘COS([))-*—Q?—-— —_— (li) Tons (2 I,)

eplt VA L

where 7, and 7} denote the values of 7" at x=o0 and x = Z respective-
ly, and the double sign corresponds to odd or even values of 7z,

Substitute (15/) and (21’) in eq. (14’), and equate the cocfficients
of the #z-th term in both sides, then ‘

&y, l:('“ (o )3 . g] — 2 Zy==77) i 7
A + é[]( 7 + 4@ |7 ———-—P (2&3tsing — cose) T

The solution of this, subjected to the initial conditions (3) and

(12,), is obviously
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+ 7
T ™= (Zi£73) M2 (26tsin$ — cosp + cospcosa,,t
gpt 7
— 22 _singsinet), (18")
0'771.

and accordingly

r= 2 LEYI Y sin 72" y(2wmtsing — cosp + cospoosat
~ gpH i L

2@

singsing,.f), (19’)

[

where A/ and o, are the same as in (1 7).

We notice here that the previous formula (19) includes (197),
because, by the well-known formula for Fourier expansion of a constant
and a linear quantity, we shall have for a uniform wind (7,=7,=17")

Tn=1" 4 , =odd only,

nn
and for a linear wind 7= ]I)+—M°-—y,
Tn=2(7y+ 13) /7w for odd m,
To=2(Tv— 13) [ 12 for even 7.
Propagation of surface slope:— Tn order to get a clear idea of

propagation of the surface slope from the coast, let us first consider,
for the sake of simplicity, an wrolating sea of semi~infinite extent
over which a uniform wind is blowing, so that ®=o0, Z=00 and 7,=
=1

Then, putting

mr _ (en+1)r _
— =g,

m=2zn+1 (odd integer), 7 7

ont/L=ds,

we can write (19/) as:

Z'cosp + ‘Tcos<l> 2 S‘” sinsy cossct s

T T Tl A 7 o s

’

where c=v ?Z—?

But since

<]
5 =
Jo Ky 2 Jo N 2

=0 for y<et
=r/2 for >t

"‘” sinsycosset , 1 &‘ sins(y+ct) oo 1 j',"" sins(y —ct) s

0 Ky
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the above equation becomes

7/:
gL

=0 for y>ct.

_.T cosP for »<ct o
H- (22)

The surface elevation ¢ is obtained from (22) or directly from

(20)

. Tcos¢p .
_ s Cl( —y
¢ ol (ct—y)

=0 for y>ct

for < cti
(23)

Thus, we see that the surface-slope y takes its steady value

— 7[1[(3054) instantly at the coast and propagates off with a constant
2pf _W_- o
velocity ¢=4/g/, and that the surface elevation at a point increases

linearly with time after the slope-

Fig. 2

wave has reached there (Fig. 2).

Next, for a rofating sea also, A < T -
a similar propagation of the slope oé\ﬁg\
will occur, but differing- in its Je 14 et %{ % &\1
final value. For, in an actual 7 | Ei;
sea, 4@ is always very small 2 4 |
compared with ¢/~ ( 7”2 )“, as 5 i

o PTITTTT 77T 7777777577777
exemplified by Proudman'. IHence

we may put approximately M*=1, and o, 7/7L,7r ]/;rr—ﬁ, and we shall

have as the first approximation

o 7 Ztosp 2 j ® sinsycossct
=(20¢ - | S TR
r=(28¢ sing — cos) ok ryz P .
==(2®/ sing — cosP)- r for y<df,
g0
(24)
= 24l sing o7 for y>ct.

Thus if a component wind parallel to the coast exists, the final value
of the slope will become so large that the equation of motion (1)

must be altered.
Current influenced by the coast :— Having determined the slope

1. M.N.R.A.S. Geophys. Supplement 2, 204 (1929)
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7, we can calculate the secondary slope current, and adding it to the
primary pure drift current already known in our previous paper' we
obtain the composite current affected by the coast.

Fig. 3

Wind Current influenced by Land
. (No Bottom-Friction )

o7

Wty

5

=

=

3 2 ¢ 3

ar

t
o t
o D
=z, Z=
o, H=55- 0
2
oH 204
te3
o [ T
m (14
oall e cut D
s
U ) Ll 8 Y
o e 0] B3 e W1 P el o2 e e+ 03 e 41 o = 20 3 q £ 20 ¥

w/! w /!
2
o D . P
H—2 , 2=0
re
Coast

1. These Memoirs, A, 16, 275 (1933)
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‘When the wind blows perpendicularly to the coast, for instance,

a constant slope will be produced after £=y/c¢ and hence the

£p
hodograph of the secondary slope current will be -a circle of radius
v ey _ 1 T _ T 1 (D ) (25
— — - * \ r : 2‘7)
2 @ 2 &pld 72 2 N M

In Fig. 3 the circles in the left-hand quadrants indicate the hodo-
graphs of the sccondary slope current, the numbers representing the
time after the slope-wave has reached, #=7—y/c.

The vector sum of this and the pure drift current in the first
quadrant gives the resultant current required. The composite surface
currents in the neighbourhood of the coast thus obtained are shown
on the figures with thick lines. The current at any distance g can
be obtained in a similar way graphically. We here notice that the
quasi-steady values attained in a few hours in I“ig'. 3 are different
a little from the final steady currents in our previous paper. This
shows that the limit of »&fsing for ¢—o and #-»00 is not zero but
takes a finite value.

§4. Deduction of (19) by integral equation

As stated before, eq. (1g9) can be obtained from (12) by the method
of integral equation also.
Substitution of (15) into (12) gives

“Zt - __< = ) j 2 [sin (25 +$) —sing]

20t
— gfl( 7;:77 > SO rwlT)cos 2a(t — 7)dx. (26)

Integrating with time from o to £ and putting |7.|mme=0, we have

Tm=— (ﬁi>i‘ﬁ[cos¢ —cos{2@f+ ) — 2@¢sind |
L J 4pw*

——gf[( -7zzr )MS: dtg: Tm(t)cOs2&(£—1)dr.

5

o3
But gt d[gt ru{t)cos2&(l —1)dr = S , (ZE&O Tw(7)cos 20( —7)dr
Jo 0

= Sto dr Tm(z')j: cos2&(§— z')df.
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Z
_< 72” )Lgf:f g; dr Tm(r)Si cos2a(§ —1)dE,

Tm™ — ( mr ) Jif:[cosqﬁ —cos(28¢+ @) — 2&tsined]
4p&" _

which is a Volterra equation of the second kind of the form
13
Fu= )+ || 20,7) (27)
where

()= — a-—{:’l"—[cos¢> —cos(2mt+ ¢) — 2@tsing],
opd ,

s Zre
ot 7)== et v ) S cos2@(E—7)dE

= —g]—]( ddad ) sina®(/—7) = —g2msin2&(f —1),

L

,  (28)

2w

=

4&° N L

o ( wer )2
/

Since the kernel of the present integral equation is a sine function,
. the kernel of the solution will be

St )= /Z_Gfl::sim/x +a25<t—r),
VI t+a

and the solution is

(D=l — So S, O gul2)dz.

By actual integration and with notice that /1 +a=2&0,,, we have

: 7, a
— / e T — e e
| ‘gOS W T)P(T)dT il [ - cosp —acos(2&¢+ ¢)

a @

o .
- 2&tsing + S A
@ising TGy

1+a 1+a

cosp cosa,,f— sing sino-mz‘]

and therefore

Tm™ — T i—[cos’ﬁ — 2&f sing — cosp cosa,. L
gpid 1+a

sing sinomz‘:’, (29)
Vvita

which can be reduced to eq. (19) exactly.
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[V
(8]

§5. Case of no bottom-current
If we assume
w=0 at z=/, (50)

then, using my formulae for drift and slope-current with the same
condition, we shall have

0

YV A 2 s ‘ )
i) :_;L&_E COSF’?IZS ({jc“(l’ﬂn'{" 2&)¢
‘ij PE)
P > )" t (w82 2 (e )
228 (—1) cos,B,LzS dry(y, t)e (VB -+ 72) (¢ T)’ ’ (6,)
£ n=0 ‘3" ¢
L ={72+ T T2ZE0, 1, 2, Byeececesss ,
B=( 5 ) = 5 )
and
i (___I)n S yﬁif — — ! /
S, = Pf[ A 5 cos(20t + ¢)dt= T.,.5,(put),
" (72)

wSy= 7[; E ﬁ"’ 3 T(T)E”“”ﬁ" (£-7) Cosvw(z‘——r)(z’r

instead of (6) and (7).

Hence eq. of continuity (2) will become

()T _ d‘_’T 5 2 (__I)n

z a
4 S cBatcos( 2@t + b)dl
0f & pHL .

rt

+ Yt D ottt G2
- A o )y
==

instead of (12).

By the reason stated in p. 254, consider first the case where 77
vanishes at the coast (Case of Horrocks and Proudman). Then 7" and
y can be expanded in sine series as in (13), so that (12,) will give

%z——]’m( e )“' E(“I)"S e=vButcos( 2wt + P)dt
of L P”

2L 71T
LV (D) e Bt =Dcos2@(t—t)dr. (26,
-2 () Mgl eali—e)de. (26
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This may be solved by the method of integral equation similar
to that in §4. Namely, integrating (26,) with time from o to # and
putting |7.|~0=0, we get an integral equation

) t
T?)L: ¢7”«<i) + g‘o ‘Af'ﬂl;(i’ T) T’lﬂ (iz.! (27b)
where
2 = — 2 4 a \
b.(8)=—1,, —2—< i ) 2 (=1) { dz‘S e—vBatcos(2mt+ P)dt
pHAN L T B, o 0
Sl Y;"< 7ZH ‘>2TS;’ )(2871)
3 ¢ Y
Rt )= — 28 (27 D g o=v83l=)cos 23 (E — 7).
g\ LJH @ ;‘

The solution of-this integral equation is
ruO=0(0)= || Sult, 0)7) a,
where .
Sl r):i](,ﬁ?(t, 7). | (200)

KP(, oy=K,(t, ),

t
&= Kt v &8 (4,0) ar.

This solution is perfect formally, but it is nothing but the result
of successive approximation in which ¢,(f) is taken as the first
approximate value, and it is very inconvenient for practical calculations.
The method analogous to the latter part of §2 will give a far more
convenient solution.

Practical formula convenient for numerical calcwlations :—  Start
again from (12,) and notice in it that the term with nz=o0 is far more
predominant compared with any other terms. Ior, even when #=o0
and y=s0, the successive terms are in ratio

2 2 2 1 Lo

1: : : Dl , I i—— =
3%3 779 11X13 3 5 7

5 PRI 3

and when 7 gets a moderate value, the factor ¢—*B«f is vanishingly
small for any finite 7 in comparison with for z=o0. The writer’s experi-
ence has proved it actually in the occasion of his numerical calculations
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for the rising stage of drift current. Moreover this character is conspicu-
ous especially in a sea of continental shelf which is comparatively
shallow and for which the problem of the coast effect will be most
important.

Thus, with sufficient approximation for practical purpose we may
take only the terms with z=o0, and eq. (12,) can be replaced by

O . &7 E{; _ cos(2mt+ P+ o) WW}
oL dy cos(¢ +¢,)
o 14
28 S Pr(3,7) = vpi(e—s Jcos2a(t—1)dr,
85 Jo 0y (125)
where
7 zcos(p+ %) _
= , L= = Py AIC tan -
/30 2 pf]?o“/(vﬂo) + 467 # 1436 /
() Rotating sea (case of Horrocks). To solve (12,), put
r= o8t X(y, £), (30)

then we get

90X — v X= d T yx { B0t — cos(2it+ ¢ + ¢,) }
ot @y cos(¢ + @)

) Q0L ¢ 2 / y ”
+ 58 4 g J X()(J’ i) cos2m(f—7)dr. (125)
0 J/‘

Differentiating (125) twice with respect to # and combining the
result with the original equation, we obtain

2

T

*X ).( - 0X s 8eH X
—_ & _ R — 98 a4
o P or AT = 0d0y
=TT By 4ot (14)
ay*
accompanying with the initial relations
| X|emo=0, [02 ,/0f|z=020,
| *X | _ &7 /R cosp (135)
— = 48—,
| 0F e d ! ph cos($ +¢)
Now if we expand 7 and y in Fourier sine series
I'= Z]’msin——mgr ¥, 7= > 7asin i 9,

7725t

2
X=>1X,sin S, R W
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then (14,) requires

BX, . d*X, ( 2, 8¢\ dX, -
m_ k m + o S =3 <
g T\ g T
- _TZ‘( mz?;r y{(vﬁﬁ)‘# 4 pertie (165)

whose solution is ohviously

o Ln 8 T;, {(BE) + 46‘“’}5"55‘ + ci’"ﬁgf[Bl Ot Byemnt + By ,;:L‘].
Iy,
S

(T 8)

Indices o, o, o, are the roots of Cardin’s cubic equation
3 _—
071L+ sﬁom—}‘ —?'g_o!

8o Hit' 2 37 mmva
—y + e pf ,
73 qo 3( ﬁo) (17,,)

2= -2 grr-s5 -2 Gy},
3 L 9

where 3=

For actual sea, both » and ¢ are usually positive so that the
roots will be one real and two complex; i. e., if we put
VgtV = Y —g—V =y,
the roots will be given by

" 7+s r—=s

7
0',,,_:7'+§, o™ -+ 1 3
2 2
n__ 7+ 7S
Ty = — ol ]/" 3
- 2 2

Further if ¢° is very small compared with p* as in Horrocks’ example,
the above expressions reduce to

=0,  Gn=i/3p, = —0/3p. (175)
Three integration constants 5, B, B; can be determined by three
initial relations (13).
Thus, X,, being determined completely, the elementary slope 7,,
will be given by
Tm = ?m + e—?ijat{Bl g‘fml‘ + -82 gdyzt + -BS 667"t} 3 (I 8”')

where 7, means the final steady value of y,, which is known already
in our prevous paper, I. Steady State.
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This approximate solution is generally quite enough for practical
use. If we want, however, to have more accurate solution, we proceed
to construct successive approximations.

We write 55 for the above first approximate value and substitute
it in the integral sign of eq. (27), then the second approximation will
be

14
1P=g()+ [, Zult, 0
Similarly the sth approximation is
4
1= 00+ || ot o

This expression tends to (2g,) for s—o0, but converges far more
rapidly than (29,) and the second approximation is almost perfect in
any case.

Let us here recalculate the period of Horrocks’ sea of Z=40km.,
H=100m, 2=35" and v=80. As the longest period of the sea (for
m=1), Horrocks' found o.19 day=4.6 hours, while Proudman® stated
that such a figure must be the result of error, and gave himself o.71
hour.

According to our present formulae,

p=2021X107% ¢g=1.807 X107,
and ¢* is negligible compared with p°. Idence we have

periodi= 27 /1 3= 23552 sec.=0.709 hour,

which coincides with Proudman’s result.
(i) Non-rotating sea (case of Proudman). In this case (12p)
becomes

/- ”"d? 20050 (| _ p—opit) 4 28 Sl P72 1) Bz,
ot dyt  pHB i do oy*

Differentiating this with time, we obtain

0% s Oy 28 Oy 2cosp AT
4+ — S = 14 C)
072 )ﬁo of f]ﬂ(:) ()y‘z . pf'[ﬂu (I,’_j/'z s ( 4

which indicates a damped wave motion.

1. loc. cit.
‘2, M. N. R, A, S. Geophys. Suppl. 2, 205 (1929)
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Now if we expand 7 and y in Fourier sine series, then the ele-
mentary slope of zzth order must satisfy

&, 2 AT 20 ( mr )2 - 2 ( e \
+ ) + > 2 mT T ” Z}n 60
Py g N )T T\ (16)

the solution of which is

Tm— "TL‘ __]ln'_ +e %Vﬁgt{ Cl ea'mt + CZg_Gl'lt} ’ (I 86)
2 gph

where

= | 2¢ (maN_ [ F :__J_@LA/ _ 0.533
O N/ f[ﬁé ( L >+( 2 > 2 ! o ’ 076)

This o,, is real or imaginary according as

2 9

in Proudman’s >___ Y N
(" okt = T = (F0.533)
notation g(?/ln/L)‘f[" 5 ’

which is almost coincident with Proudman’s value 0.537.
Two integration constants C; and C, can be determined by the

0
Z [ =0 and eq. (18,) finally takes
2

initial conditions |y|’=o=o0 and

form

;',,,(z‘)———‘f,,,,[l -—c—%”ﬁgl‘{(l +1/1/1—0.533/a ) sinha,/+ e'“%f}], (187)

where 7, denotes the steady value of y,. The present approxima—'

. . _ T 7,
tion gives ;—m::—'— —2__ but more accurately we should use
2 gpld
Fn = 3 ’} as seen in our previous paper on the steady states
2 gold ,

of coast effect.
When «<o.533 and o,, =10, the above equation shall be written

Tm(”t) = Fm[l - 6’_%‘433"‘{ COSU';j + _&—L \
N/ 0.533 __
a

= ;"m[l - N/ _ 0533 8—{;~:B3L‘cos(or:,L5‘ — e)], [ (187)

where

0‘:n=—ﬂ~/M--—1 , tallezJ._i_m.
2 a 0.533—a
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Thus our solution is very simple, while it keeps a quite sufficient

accuracy in practical use. Tor instance, let us recalculate the exam-
ples in Proudman’s paper.

For a given «, the calculation of speed 287 of Proudman is very
tedious, but its approximate value will be given by our simple expression

J

e =2 . .

d 4/ —-2:533 | Table 1 is a comparison of the two methods.
a

Table 1

o 0.473 0.338 0.213 0.128 0.0315| 0.0244 | 0.00936| 0.00268

Proudman’s 0452 | 0947 | 1.52 2.20 3.44 5.67 9.34 17.8

23
Ouws
L ;0533 | 0438 | 0938 | 151 2.19 3.42 5.64 9.24 17.0
- 2533

&

Moreover, for a sea of a=o0.0615, our formula will give (taking
7,
m — I)

gpf

v
el =1.5—1.505¢— 12357t cos(3.42——tf—19.°
Tm=1 5 5935 (3.4 7 9)

instead of Proudman’s result
> o ! - v
Yme1=1.5— 1.613c08(3.435v¢/ H*—22°.8)e—1.272—gz¢

v
—0.014¢— 22 W Zzmt ¢+ ...

These two expressions are represented in Fig. 4. Table 2 and Fig.
4 coutain two other examples, one for an aperiodic case (#=1.969)
and the other for the limiting case of ¢=o0.533.

All the above comparisons show that our first approximate formula
is entirely reliable in practice, while its numerical calculation is ex-
“ceedingly easier than Proudman’s, )

To make our solution perfect from the theoretical stzmdpoint also,
the successive approximation method may be used just as stated for
rotating sea.

1. loc. cit. Proc. London Math, Soc. Ser. 2, 24, 147-148 (1924)
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Fig. 4

Development of the elementary slope Ym—,. Time unit is 0.864./72/v

Coast Effect on the Sea Surface

( Canal)
f
. ® Pmlman's./iemlf, for wand Action
" " v Bagomdric Adion
20
£=0.0615
118 \/
1.0
o5
«=0533
e
ol
Fﬁ ,:’4 *=197
BE|/
G a5 ) 5 20 25 T 35 [} 5 -t
Table 2.
Development of y,, time unit being taken as 0.86477%/v
after Proudman
a==0.001§ =0, —=1.067
.. period=2.126 a==0.533 a=1.957
z T 4 Y1 ¢ T
o o o o o 0
0.648 1.500 0.5 0.149 0.5 0.041
1.060 2.013 1.0 0.434 Lo 0.119
1712 1.500 1.5 0,712 1.5 0.239
2.126 1.333 2.0 0.961 2.0 0.324
2.775% 1.500 3.0 1.244 3.0 0.487
3.189 © 1.553 4.0 1.390 4.0 0.638
3.838 1.500 5.0 1.454 5.0 0.761
4.252 1.483 10.0 1.500 10.0 1.165

§6. Uniforin wind over a sea with no bottom-current

o

z =0, the foregoing solution (18) or (18) holds

5

"

Even when
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good ; but the proof must be altered, because, in Fourier expansion

, the coefficient 7, is not equal to -(ﬂ-> Toan

of y and s
i L

Surface slope at the coast. At the coast itself the total flow .S,
must be zero, i. e.,

)

Sy + 15, = 05, + 25 E z S (’Z‘)/’_"B" YJcos2@(f—7)dr=0, (8,)
7 =) k3

where 5.5, is a known function of ¢ by eq. (7).
As long as # is very small, we can write

VS 27 z (—1) cos - = L COSP_ fcos¢
Pj:[ n=0 ﬂ"
and oS 28 J
][ =0 ﬂ
since (=0 7 and 2“_1..__-_:_”__
Hoant1 4 L (ent1) 8

Thus, if 7(o) denotes the value of y at /—o or immediately after
the wind begins to blow, then condition (8,) gives
Z'cos
Ho)=-Leost (100)
ol
which is first found by Hidaka and coincides with that for no bottom-
friction.
The solution of (8,) at any other time can be formally obtained
by the usual method of Volterra’s integral equation of the first kind,
but the result will be too complicated and useless for practical com-

putation.
Hence let us here make the first approximate solution, taking

only terms of nz=o0 in (8;).
Put H(£)=c—"BtX(4),
then we have from (8,) approximately

]‘E{gVQgt _cos(2mt+d+an) }
: cos(p + ¢n)

+ 2gn S[ (9")(9—) cos2&(f—1)dr=o0,
Hﬂa 0)/‘
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where Z and ¢, are constants given in (12;).
This equation, combined with its second derivative with respect
to ¢, gives

29 ax
R dt

+ TE{ (B + 4&2}5"@31‘"—‘0,
whose solution is

X(t)=—-LLL () 4 4abosies C.
20V

£~

This corresponds to

28V
=7+ {y(0) =7 B (1)

where 7 and jy{(o) denote the final and initial values of 7.

Swurface slope wr the sea :— In the sea off the coast, the equa-
tion of continuity in the case of uniform wind will take the form

dy i 2‘47.7 jt ()‘-_T(J'.’,T) g_x,gg(t_f)cosza(;_f)dr,
ot By o 0yf
instead of (12;).

Subsequently, instead of (14,) or (14.) we shall have

o . O°X 0 . of  PX
X O 0K ey S X

Y ; " ral)
o o0 ot i 0f 047 (141/)

X(p )=y,

or if the sea is a narrow canal, more simply

Fr @ Or . 8¢H 0% /

+ vy = — —. 14,

o PP T T e oy (ra0)
Expanding 7, v and ZT in Fourier sine series as in (15’), and

using the relation (21) and the coast value of y (113), we have

for even m, yn=—(mn/L)ym,

for odd mz, ym=— (/L) 1m ———%——( 72” ) [;‘- +{y(0)—F}e— !’Bgt].
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Substitute this y,, into (14;) and (14;), then there will result equa-
tions identical to (14s) and (14,).

Thus we see that (18,) and (18}) are true even when the wind
is uniform all over the sea. Similary we can prove that the same
solution is also applicable for a linearly varying wind.

Propagation of slope .— TFor an unrotating sea of semi-infinite
extent (L=00), from eq. (187) we have

. mmw
= > 7Sin )
r=2>0r 7 2

o (o SRR (R . R AY A
:7—,[1 _ e_%,,gatj cos{#1/c"s (V;?)o?’ Y+ sm{ 4/ ¢"s* — (ufs) }sinsy ds],
’ Vs = ()’

where we put zn/LZ=s, and ¢ :1/_8 Vv eH -

T

Evaluating the above integral we get

=

y<dt,

T:f{l — g3 ‘4301‘

=7
where /,is a cylindrical function usually indicated with such notation.
This solution is in a similar form as (24), and it is natural because
eq. (14.), by substitution y=Xe—##¢ becomes
*X
o
which is in the same form as (14).
The above solution shows that the slope propagates with a velocity
¢’ as the first approximation, and accurately it will be very near to

——Y, ﬂOX 6/“ H

v Ef? . Thus we may consider practically that the slope (11,) propa-

gates off the coast with a velocity 1/gZ. Then, the elevation of
surface ¢ may be calculated approximately by

e T

=0 for y>ct

§7. Case of finite bottom-friction

Similarly as before, we can solve the coast effect when the
bottom-resistance is proportional to the slip-velocity, but we will
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explain it together with the barometric and density current in the
next chapter.

II. Barometric and Convection Current

§ 8. Surface slope

The coast effect upon the barometric or the convection current
may be dealt with in a way entirely similar as that used for the
wind current.

‘Whatever the causal force may be, either the wind traction 7, the
barometric gradient y, or the density gradient a, denote it generally
by Z Then the primary current @w; due to the motive force can be
represented by

hd LS.
wp=IFe S A, cosf,z{1—e— Bati®)}

=0
where ,B,,Z(»l——!-ﬂ)——n— for no bottom-current,
2 H
=nun|H for no bottom-friction,
Sp . _—
Bntanf, =21t for finite bottom-friction,
fl

and A4, is a complex constant given in our previous papers.'
The total flow due to wr perpendicular to the coast is

Sy= FE v A+ A;;yfglg"i{cos(qS +@.)— e*vBifcos(zz;z‘ +d+ %)},
n=0 n
where A'ﬂz + Z’Aﬂy =A7ly

tang, =4,/ A,,.

The secondary slope-current produced by the influence of the
coast will be

@

t ]
Wy == 2 B,,cos,@,,zg 7(t)e— WBnte28(t~<)cos{ 2&(f — ) + b + ¢, b7,
o ;

n=0
where 5, is a new complex constant such that

- , ‘r
By= B+ 1B, and tang,=B,./B.,

. These Memoirs, A, 16, 161, 203, 2061, 275, 309, 333, 383, 397 (1933)
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‘We must here notice that the secondary current and its total
flow do not differ in form whatever the primary cause may be, and
that the constant .4, only differs according to the kind of primary

current.
Thus all the foregding discussions for the wind current may be
followed exactly for barometric and convection current also.

Surface slope al the coast -~—— By the condition S,=o at the
coast, we shall have
7(0)=|7lio=— Ttosp/gpZ{ for wind current,
= —y,cosp for barometric current,
vAH
28

5 ion curren
acos for convection current,

whatever bottom-condition may be taken.
After a time £,

7=7(0)(x + 2&¢ tand) when the bottom is free,
while r=7—{¥ ——r(o)}e“”ﬁgt when the bottom is not free,

7 being the final steady value of 7 given in our first report on the
present problem of the coast effect.

Swurface slope e the sea:— From the equation of continuity
(2), we get (18), (187, (18,), (18,) and all other results in the fore-
going chapter, the only necessary a]telatlon being that instead of the

letter 7° we must put gp/ih, for the barometric current and /lf[
2

for the convection current.

§9. Composite current

Having determined the slope y, we can calculate the secondary
current w, and subsequently the composite current @ -+ @,
For instance, Table 3 gives the surface current with no bottom-

current corresponding to a varying slope {7—7y(0)}e—"8d, M
w
being taken unity. Tables 4 and 5 give the composite wind current
with no bottom-current for ¢=o0 and z=o, the former representing
the current near the coast and the latter that at a very great
distance from the coast. Figs. 5 and 6 are the hodographs obtained

by the tables.
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Table 3.
Surface slope current due to a slope {7—7(0)}e—?8,
F—rlo . .
gl;—z-(—-—)—— being taken unity.
@
H=D H=D|2 H=D]4 H=D]x0
* .
(p. h) Yx Yy Y Yy U vy
Z Vg Uy
o o o 0 o o o :
I | 00667 | o250 | 0.0065 | 0.245 | 0.030 | 0.112 o o o
2 0.240 0.431 0.189 0.327 0.039 0.068 1 0.0011 | 0.0150
3 | 0.486 0.486 | 0.291 | o0.291 0.028 | o0.027
6 0.860 o 0.265 o 0.002 o 3 0.0008 | 0.0002
9 | 0353 | —0.353 0.060 |~0.0061 0.000 | 0.000 I 0,0001 | 0.0004
1z | o o o o
15 0.239 0.238 0.012 0.012
18 0.392 [ 0.011 ]
21 | 0161 |~0.161 0.003 |—0.003
2 Time is measured in
4 (e} o] o] o
_ pendulum hours.
30 | o179 o 0.000 0
36 o o]
42 0.082 ¢}
Table 4.
. Composite wind-current near a coast with no bottom-current
(¢=o0, z=0).
Hz=D H=D|z H=D[4
14 U vy Ve Uy Uz Uy
o o o o 0 o o
I 0.078 0.483 0.057 0.404. 0.030 0.258
2 0.187 0.594 0.118 0,462 0.036 0.237
3 0.283 0.625 0.170 0.467 0.037 0.212
6 0.440 0.529 0.210 0.381 0.022 0.195
9 0.418 0.426 0.167 0.352 0.021 0.195
12 0.355 0.480 0.142 0.370
15 0.407 0.540 0.148 0:376
18 0.470 0.510 0.150 0.372
21 0.456 0.470 0.147 0.372
24 0.433 0.490 0.147 0.373
30 0.489 0.504
36 0.468 0.494
42 0,502 0.501
3 0.498 0,498 0.147 0.373 0.021 0.195




Coast Effect upon the Ocean Current and the Sea Level, II. 277
Table 3.
Composite wind-current at a great distance from the coast
H=D|z2 H=DJ4

4 Ve vy Vs vy

o 0:545 0.545 ' 0.260 0.657
1 0.493 0.348 0.178 0.299
2 0.371 0.224 0.086 0.199
3 0.239 0.187 0.041 0.184
6 0.062 0.328 0,020 0.193
9 0.133 0.410 0.021 0.195
iz 0.164 0.381

15 0.151 0.374

18 0.143 0.370
21 0.146 0.374
24 0.148 0.372

Fig. 5
Wend Gurrent in sfluenced, bylam[
(Mo Boﬁ‘am—furrenl‘ )
%
[24

s
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Fig. 6
Wend Current influenced by Land
( Mo Bottom-Current )

N
leb

&

% 7
Coasl

2
T3 for off K Gl

At the coast, our cuwrrent formula satisfies .S,=o, but not #z,=o
except when the primary cause itself vanishes there. This weakness,
however, is inevitable as long as we neglect the vertical motion even
in the immediate vicinity of the coast and use the equation of motion
like (1). The reason is as follows.

As the equation of continuity, eq. (2) is necessary but not suffici-
ent. Strictly speaking

dv,
oo

dz, Oz,
+ 8
Ox oy Oz

=0

is necessary and sufficient for incompressible liquid.
In the case where the primary cause is uniform all over the
sea, we must have 0z,/0x=o0, so that
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d7, + 07, —o, and d'y.y __ 0o, .
dy 0z 9y 090z

Now, if z,=o0, then z, must be independent of y. Thus, as long
as we neglect vertical motion, we must get a horizontal velocity equal
everywhere in the same level and not vanishing at the coast. The
assumptions that »,—o and that z,=o0 at the coast are inconsistent
except when the causal force itself vanishes there.

In reality, in the vicinity of the coast, . will not be negligible but

: : Pz d*z,
will be rather more predominant than z,, so that Y =
. ) 0%z, 9y* 090z

is not neccessarily small compared with o Thus, of the origi-

nal expression for viscosity-force u*w, we can not neglect the part

0% . 2y A , .

p 0‘? compared with v~7“,—-, and that part must be restored in the
% )7

equation of motion. With such equation of motion, it will be possible

to make z,=o at the coast.

Summary

From the foregoing discussions we see that :

1) Assoon as the primary causal force begins to act, there appears
at the coast a finite slope y(o) which is equal to — 7 cosp/gpZ for
the wind current, —7y, cos$ for the barometric and —vZacosp/z2¢ for
the convection current, but with no distinction of bottom-conditions.

If y(o) differs from the steady slope 7 the slope at the coast

will change gradually from y(o) to 7 in such a way as

r=7— {7 ~1(o)e="%,
where ¥ should be taken from our first paper on the coast effect.
2) The slope thus produced at the coast propagates in the sea
off the coast with a velocity of approximately c:I/g'_ff for any hottom-

condition.
Consequently the surface elevation ¢ at a given place can be
calculated approximately by

¢=(ct=2) [F~{F=1(0)}em8¥] for y<ef,
=0 for y>ct.

3) When the primary cause is nil at the coast, the surface slope
and elevation will oscillate with a stationary wave type as in Horrocks’
and Proudman’s papers.
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4) The current influenced by the coast may be considered to
consist of the primary current and the secondary slope current. The
former is already known in our previous papers on the current in a
boundless sea, and the latter is nothing but the current due to the
above obtained slope.

Here we notice that the secondary current has the same form,
whatever the primary cause may be, the only difference being in its
general coefficient.

5) As to the secondary current, the part due to the steady slope
is already known in the first report', and the part to be calculated

newly is only that due to the slope {f~r(o)}e~"ﬁgf. The current

corresponding to a simple slope ¢—*B is given in Table 3.

The writer wishes to express his thanks to the Hattori Hokokwai
for the grant given for the present research.

1. These Memoirs, A, 17, 93 (1934)





