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A Theory of the Rising Stage of Drift
Current in the Ocean

II. The Case of No Bottom-Friction
By
Takaharu Nomitsu

(Received June 23, 1933)

Atstract

Practical measurements of current in real scas, especially in shallow waters, as
well as in rivers, generally show that it is more appropriate in reality to consider
some “slip velocity  ut the bottom than to assume “no bottom-carrent ™. Moreover,
there are many phenomena, such as long waves or seiche motion, which may be practi-
cally explained even by the hydrodynamics of an Zdeal jfhuid that can slide freely on
solid boundaries. ’

Hence the writer treats here again the rising stage of drift current on the sup-
position that the water is uniformly viscous but there is no friction for slipping on
the bottom. Comparing the resulfs obtained thus with those in the previous case of
“on bottom-current ”’, we sec that:

1) For a very deep sea, the current coincides exactly with that in the previous
case.

2) The shallower the sea, the stronger is the current and the larger becomes
the angle of deflection from the direction of the wind, just contrary to the previous
case.

3) “The velocity of the current oscillates around the steady value with a period
of 12 pendulum howrs as before, but it docs not attain a definite value cven when
(== o0, and the hodograph has an assymptotic circle whose radius is inversely propor-
tional to the depth of the sea. '

4) The time required for the current to attain a quasi-steady state is about
one-third the time vequired for it to become steady in the previous case.

The real sea of course must lie between the two extreme cases of “ no bottom-

velocity ® and “no bottom-friction .
3
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I. Introduction

In the hydrodynamics of a viscous fluid, it is customary to as-
sume that no motion can exist at a solid wall, and so in discussing
a sea motion most oceanographers take the sea to be motionless at
the bottom. Such an assumption may be right for a laminar motion,
but the oceanic motion is of course‘turbulent,'and practical measure-
ments in real seas, especially in shallow waters, show that the as-
sumption does not generally hold. For instance, the currents obscrv-
ed on 2-3 July, 1931

by J.N.S. “Yodo " Fg.

in the Yellow Sea at e q (Cazent) AT
37" 37/ N., (22° 47 ° of I 15 okt 0 o5 1 15 ,2'“‘2
E., were as shown 5 K

in Table 1 and Fig.

1. The depth of the ” Noa NO.

sea was 38 metres, l 51 l J51 43

and cven at only 3 2 z . Mo,

metres  above the 65

bottom the current = ] gg

was entirely compar- 321 * 3o

able with or some- 5 354

times rather greater LT — BT NN | W E—

than at the surface.

Table 1

Current observed in the Yellow Sea
(Lotal depth==38m; Dir. angles are measured from N. towards 1)

z==3 4L =10 i 5=20 712 s==35 2
Current Current Current Current
No. Time |~——————-] Time Time Time .
Speed Lir. Specd  Dir. Speed Dir. Speed Dir.
b omin] Kkt b omin| At o omin: At o oming ke

4 I1 32 |L.ug 154° 11 39 1.6o 166° 11 45 |1.75 163° 11 54 {1.14 183°
17 |18 20358 341118 8 logg o|18 12 |1.24 32018 19 |1.00 340
29 o 1 (ray 145 o 7i1y7 1yo| o 12159 160| O 19 {140 171
43 7 088 332 7 7i104 330} 7 12 |1.35 330 7 20 |1.I2 320
553 12 2 (1a8 162 )12 71148 177 |12 12 147 205 |12 19 096 172
65 | 18 o.72 0|18 6088 320|118 12 098 341} 18 18 1.06 330
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In such cases it is obviously unnatural to take the bottom velocity as
nil. In the case of rivers and canals also, early engineers' commonly
assumed that no slip could happen at the bed; but modern hydro-
logists® have many observation-data which oblige them to consider a
“bed current” at the water-bottom, and now they put much impor-
tance upon the slip velocity at the bottom as the direct cause of the
transportation of sand and gravel and scouring of the bed. Fig. 2 is

taken from Jasmund’s book® on Fig. 2
rivers, as a good example to
show such slipping over solid
boundaries. The currents ob-
served on the North-Siberian
shelf, which Sverdrup® and
Fjeldstad® utilized to determine
the coefficient of viscosity of
a shallow sea, seem to me also
to indicate some slip-velocity
at the bottom, though it would
not be so very absurd to assume
the bottom velocity to be zero.

On the other hand, in any
treatise on pure hydrodynamics |

e SR e

also, the greater part is taken oo ' .

up with the treatment of an : P
ideal fluid and consequently = { : ‘
water particles in a long wave o ‘:’ ;

or a seiche motion are consider- numm dohse rzwza%i\z‘

ed to skde freely on the bottom ° e wo o

with a horizontal velocity equal to that at the surface, and the results
obtained with such an assumption hold good in many practical phe-
nomena. This is in reality because the effect of viscosity will not
appear even for a very viscous water, if the water basin is shallow
and the bottom-friction is slight, so that the whole water moves almost

1. Such as Beyerhaus, Ringel, Lorenz.

2. Boussinesq, Bazin, Humphrey and Abbot, Hagen, Gerstner, Lippke, Jasmund, and
many others.

3. Jasmund, R., Fliessende Gewisser. Handb d. Ing. Wiss. IIT, Wasseibau (1929), S. 463.

4. Sverdrup, H. U., The Water on the North-Siberian Shelf. The Norw. N. Polar Exp.
“ Maud.,” Scientific Results, Vol. IV. No. 2 (1929).

5. Fjeldstad, J. E., Ein Beitrag z. Theorie d. Winderzeugten Meeresstromungen. Ger-
lands Beitr. z. Geophysik, 23, 237 (1929).
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equally from surface to bottom. Kaplan' showed by precise measure-
ment of a stream in a rectangular wooden channel with Pitot-tubes
that the bottom resistance in reality was very small compared with
the internal viscosity.

The present writer published a paper® on the rising stage of drift
current in the ocean assuming, as is commonly done, that no motion
can exist at the sea-bottom. But the above considerations led him
to think it very desirable to solve the same problem on the supposition
that there is no friction at the sea bottom, so that slipping. is free.
The real sea, of course, will lie between the above two extreme cases,
Moreover, the solution of the present case is very useful, because a
steady current of any kind will be the sum of (1) a current of the same
kind with ““ no bottom-friction ” and (2) a drift current of the present
case which would be produced by a tracting force acting at the bottom.

2. Rising Stage of Current under Constant Wind.

In the present case we must solve the differential equation

% L8 —isom, (1)
with the conditions

Ow/0z=—2:T/p -at  z=o, (2)

dw/dz=0 at  z=H, (3)
and w=0 when Z=o. (4)

Divide w, as before, into two parts: a steady part w;, and a vary-
ing part w, such that

U= 70; — Wa. (5)

Steady part w, This part must satisfy the equations

a*z .
o=v~—2§}—~~—42wwl, (1a)
, dan/de=—:T/p  at z=o, (22)
and dw,/dz=0 at z=/H. (30)

The solution of Eq. (1.) under the condition (3.) is obviously

1. Kaplan, V., .Die Gesetze der Fliissigkeitsstromung usw., Zeits. d. Ver.- Deut. Ing,
§6, 1578 (1912).
2. These Memoirs, A, 16, 161 (1933).
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w0, = K cosh a( /- z),

: T r—— 6
where a=(1+ )k, /L:N/_E_:A/_E_‘S’_ﬂ, (6)
v 7

and condition {2,) gives

K= I — (I + Z)T B
(== . - : (7)
apsinha/l  2kpsinh (1 + )k H

Thus writing in real forms we get

‘=1 cosh k2 cos ke — B sinh k2’ sin &2/ l
(67

7= sinh £’ sin bz’ + 5 cosh £z’ cos kg’ J

where
gl = —z,
and A= VA . _sinh £/ cos k/{+ cosh kA sin 277
kg cosh 2k//—cos 2k ()
B 7" sinh k7 cos kH—cosh £/sin kI
S kp cosh 2k/1—cos 27T '

2

79

In order to understand concretely the mode of vertical distribu-
tion of the steady current, we calculated the values of 72, and #, at

every tenth of the total depth for the four cases 1=D/10, D/4, D/2

and 1.25D. The results are shown in Table 2 and in four curves of

Fig. 3, 7/pk being taken as unity as before. Next, to facilitate the

estimation of current in a sea of any depth, we evaluated the surface
and the hottom current according to the depth of the sea by the

following formulae :
For surface current

=

7 [ 1 ,_sinh 2£/7+sin 2/6][]

kpt L 2 cosh 24/ cos 2k
5 =L (1, sinh 2£/7—sin 2/e['[]
' kp U 2 cosh 2kH—cos 2k )

and for bottom current

m=4, o=20.

Table 3 and the upper and the lower curve in IFig. 3 represent the
result. The current anywhere in a sea_of any depth can be approxi-
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mately obtained by combining this set of two curves and the former

S

et of four curves,

Table 2

Vertical distribution of drift-carrent,
No bottom-friction.

H=D/10 =2 H=D|2 H= x—;D H=D
4
sl H | I’ 2, kN 2, 7, 7, ) 7% 7,

o] 1.5954 o.rogd 0.6578  0.259410.4586] 0.4586] 0.5006] 0.5006] o0.5019] ©0.5019
o1 |1.5945 0.0752|0.6565 0.185110.4486| 0.3128] 0.4420, 0.1828
0.2 |1.5036] 0.0484]0.6527| o©.1095/0.4243] o0.1903] 0.3293 o©

0.3 |1.5927] 0.0214{0.6485| 0.0604]0.3880, 0.0864] ©.2022| —0.0831
0.4 |1.5921] 0.0002}0.6416| 0.0098]0.3486] 0.0024] o0.1050| —0.1031
0.5 |1.5916; —0.0128}0.6355 —0.0326 0.3098) —0,0636] 0.0388 —0.0900] 0.0996! —0.0996
0.6 |1.5911} —0.0270}0,6286| —0.0672| 0,2726] —0.1156] © —0.,0642]
0.7 }1.5908 —0.0378} 0.6250 —0.0940} 0.2419| —0.1535] —0.0190| —0.0379
0.8 11.5905 —0.0498] 0.6214] —0.1132} 0.2187| —0.1793| —0.0261| —0,0172]
0.9 |1.5904! —0.0504] 0.6150] —0.1246] 0,2042| —0.1944| —0.0278] —0.0043]
L0 |1.5903! —0.0521}0.6182] —0.1284{ 0.1993| —0.1993| —0.0279| © —0.0433] —0.0433

Fig. 3

Vertical distribution of steady current; and the surface and the bottom current
according to the values of kIH.
(No bottom-friction)

A

8
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Table 3
The surface and the bottom values of the steady cuarrent
(No bottom-friction)
Surface current Bottom current

V74

i, 7, % ke
o] _K.’E[-‘T‘z o .?ij_zoo [¢]
0.1 5.0000 0.0334 " 5.0000 —0,0075
0.2 2.5003 0.0666 2.5000 —0.0338
0.3 1.6676 0.1000 1.6656 —0.0500
0.4 1.2529 0.1333 1.2475 —0.0667
0.5 1.0055 0,1664 0.995T —0.0831
0.6 0.8429 0.1994 0.8250 —0.0994
0.7 0.7294 0.2320 0.7011 —O0.II51T
0.8 0.,6474 0.2640 0.6016 —0.1308
0.9 0.5872 0.2052 0.5280 —0.1452
1.0 0.5428 0.3252 0.4627 —0.1586
I.I 0.5106 0.3538 0.4059 —0.1706
L.2 0.4879 0.3806 0.3545 —0.1814
.3 0.4728 0.4052 0.3083 —0.1896
1.4 0.4637 0.4273 0.2655% —0.1952
1.5 0.4594 0.4466 0.2205 —0,1990
1.6 0.4625 0.4631 0.188¢ -—0,2023
1.7 0.4609 0.4769 0.1545 —0.1970
1.8 0.4644 0.4875 o.1225 —0.1922
1.9 0.4692 0.4957 0.0940 —0.1854.
2.0 0.4748 0.5019 0.0682 —0.1762
2.2 0.4845% 0.5077 0.0260 —0.1535
2.4 0.4925 0.5089 —0.0046 —0,1281
2.6 0.4977 0.5075 —0.0249 —0.1022
2.8 0.5055 0.5052 —0.0368 —0.0779
3.0 0.5017 0.5031 —0.0423 ~0.0565
3.5 —0.0389 —0.,0177
4.0 -0.0258 +4-0.0019
4.5 —0.0132 -+0.0085
5.0 —0.0045 +0.0083
6.0 +0.0034 +0.0061
o 0.5000 0.5000 o o

Comparing the results with those obtained in the case of “no

bottom-current ”’, we notice here the following points :
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1) The shallower the sea of “ no bottom-friction ”, the stronger
is the drift current and the larger becomes the deviation-angle from
the wind, just contrary to the previous case.

2) In very shallow water, the current will be nearly uniform
from surface to bottom, and it deviates almost go° from the wind.

3) The deeper the sea, the nearer the current approaches to
that in the case of “no bottom-current”; and if the sea is infinite-
ly deep, the currents in both cases are rcduced to exactly the same,

namely
7T e T A - '
W= e ke COSs! L ks )+ sinl —— ks )y
Py 2 2 2

4) The current in the bottom layer always has a component
velocity o, opposite to the direction of wind, while in the previous
case it is directed always leeward if the sea is shallower than D/,
This is probably of great importance in connection with the trans-
portation of bottom materials.

Varving part w. This part must satisfy the equations

Ow, 0%y

=y — 1280, ’ Th
o7 0z* > (1)
Omws/0z==0 at z=o and z=/H, (2u) and (3v)
and w,=t, when 7¢=o. (4v)

A solution of the differential equation (1,) under the surface con-

dition (2,) is as in the previous paper

— (B2 723
2wy = C cos fze ¢~ F BN,

But the bottom condition (3,) in the present case requires

or

SO

Ei

sin BAH=o0

B=nn/H, 72=0,1,2, 3p.0ecunun.
(8)

o ¢ .
— 25
that Wy — E“ C"Il- coSs ﬂﬂz ¢ ('ﬁ7z+7 w) .

n=0,

nally, the initial condition (4,) requires

ST, cos Buz=tn= K cosh (1 + 2 ) H—z),

()
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i. e., the coefficients C, are nothing but the coefficients of Fourier’s
cosine series for A cosh (1 +2)k(H~—z).
Hence for #==0, we have

2K

" . VA 1
= { cosh(1 + 2)e(//—z) cos Bzdz=1———-
] JO

pH 2B+

Cu=

T . 1t/ ok
plt 1+(3 /24 )

b

and for 7=o,
1 VAR | r
Cr=——m—— e = —————,
: 2 plt 2 plwsink
Thus we get for the varying part

- T (3—7'2(:3;‘{ LI ) I+ll-j;‘—/—2—/—b"—4-00319,‘3'(3—v6;‘t}, (9)

’2"‘ /1/€:H 2 v} I+(ﬂi/2k2)2
or i
0 N B \
Us== T . D ‘ cos Zat{....l_. + Zm—-&——;}——*—;—TCOS[gnZO g— Bn t}
/1/\3 nld 2 n=l | +(ﬂ,‘, /2/6')“
. _ w0 2 /d'.! i —-Vﬁgt
+sin 2o/ b/ ;—Cos 2o ]
H CHE S,
7 @ 2 2 2 (I o)
W:Z - [ . D [COSZG;Z ‘Bﬂ {2/6 s COS/3,.2* L)—Vﬁ"t
/l/e 77.'}] n=1 T + (/3;/2/63)‘
—sin2a{ L+ 53] cospere~ ¢ )]
g A )

It is here to be noticed that, on account of the term correspond-
ing to 7z=o, the part @, does not generally vanish even when /=00,
but finally becomes a circular motion which is entirely the same from
surface to bottom; that is to say, its hodograph has an asymptotic
circle of radius

7 D T _ T (11)

2 H T 2 nk ) pk  2pHwsind

for the whole water of the sea.

The circle will be very large when the sea is very shallow, and
it becomes zero only when the sea is infinitely deep.

Table 4 and the curves indicated by the letter w, in Iig. 4 are
the results as calculated by Eq. (10), 7/p# being taken as unity.



Table

4

Decaying part @@, (No bottom-friction)

H=D H=D_ =2
2 4
\ iz Hfz2 o H2
z iy Uy 7y Uy 2, Uy 72 Uy 2%y Uy 2y Uy
ot ! 405019 | +0.5019 | 400996 | —0.0996 | +04586 | +0.4586 | +0.3008 | —0.0636 { +0.6578 | +0.2504 | 40.6355 | —0.0326
1 +0.4032 | —0,0599 +o.6965 —0.1064 | +0.3509 | —0.1030 | +0.2750 | —0.1601 | +0.5528 | —0,3164 | -+0.5514 | —0.3184
2 +0.2375 | —o0.2292 | 400621 | —0.1389 | +0.1942 | —0.2736 | +0.1592 | —o.2757 | +0.3184 | —o0.5514 | +0.3184 | —o0.5514
3 +0.0629 | ~0.2777 | —0.0060 | —0.1567 | +0.0119 | —0.3239 | —0.0000 ~0.3184 | +0.0000 | —0.6366 | —0.0000 | —0.6366
6 —0.2122 | —0.0267 | —0.1591 | —0.0003 | —0.3187 | —0.0005
9 —0.0121 +0.1833 | —0.0000 | +0.1592 | —o0.0000 | +0.3184
iz 40,1702 | 40,0055
15 +0.0025 | —0.1642
18 —0.1615 | —0.0011
21 —0,000%5 | +4-0.1603
24 | -+0.1597 | 40,0003
36 | +0.1504 | --0.0001 »
48 +0.1592 | -+0.0000 |

tge

NSPUION] RADYDYD,],
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v

Rising stage of drift current

H=D

Fig.

o

£
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)

(No bottom-friction)

H=D
Z=HA
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Fig. 4 (continued)

@a/.wu‘g ,S'fa'/fé ZF @%A—@W.’w/ﬁ utﬁicﬂm .

w H-DF
o WA

Dewveloping stage of current w. Having obtained the values of
and w, we can at once calculate numerically the value w with the
relation

w= 'ZU[ - LUZ,

which is represented in the curves marked by the letter w in Fig. 4.

From these hodographs we see that :

i) The velocity of the current oscillates around the steady value
7w, with a period of 12 pendulum hours as before, but. it does not
attain the value w; itself even when £=00, except for an infinitely
deep ocean.

ii) The hodograph has an asymptotic circle of radius

v DT 7
2wl pk apHwsin 2

with center at the arrow-head of. tw,, so that water particles will finally
describe cyclotdal paths. The circle of the hodograph is very large
for a shallow sea, and becomes indefinitely small for an infinitely deep
sea.

iii) The time required for the current to attain the quasi-steady
state is considerably shorter (about one-third) than the time required
to become steady in the previous case.
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Depth of sea Dj/1o D/4 D/z D

Time required (pendulum hows) 1/4 2 6 15

iv) The shallower the sea, the stronger is the current and the
larger becomes the angle of deviation from the direction of the wind.

v) The deeper the sea, the nearer the current approaches to that
in the case of “no bottom-current” ; and if the sea is infinitely deep,
the mode of development of the cwrrent is exactly the same in both
cases, as is shown below. '

Lufinitely deep oceare.  The mathematical formula of w may be
written in the form:

W= ial cos f3, g{ [ — o= (¥6n +2'26‘>)f}

n=0

=1 7 (1- _Z"mj—f‘z. ZCOS ﬂ,,us dtse— 'F3n+12u>)t (12)
2 ,o[{@ ] a=1
Now, when the depth is infinite, the ﬁrst term corresponding to
72=0 is of course zero; and for the remaining terms we put

Bu=nn/H=p, dB=nr/lH,

then we get
=2

Z

7 w £ 9 Ny {3 . -
w=s2L y B cos ﬁf dbr o= izt = 1L X PR LTy
T Jo Jo , 1 rpp Jo 1t
(13)

which is nothing but IFFredholm’s formula.

3. Development of Current by a Varying Wind

When the wind varies with the time and 7 is a function of ¢
-such that 7= 7"(¢), we get from eq. (12) in a similar way as in the
previous case

TN IR 2 A
W= {——S dr 7(t)c—72eli—7)
p 2 Jo

[ Z a
+ >lcos ﬂ,,.zj dr 7(z)e—Bn +f2€>)(t~7)}.
0

n=1

If 71¢) is linearly increasing, or exponentially or harmonically vary-
ing, the above integration (14) can be easily executed just as in the
previous case'.

1. loc. cit. p. 172,





