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Abstract

This paper combines gravity data collected from airborne, shipborne and terrestrial
surveys and those derived from satellite altimetry to determine a high-resolution
gravimetric and hybrid geoid model (on a 30"x 30" grid) in and around Taiwan. Some
6,000 new land gravity values at a 0.03-mGal precision make a notable contribution to
the geoid modeling. Shipborne gravity data in waters 20 km offshore Taiwan were
collected to improve the coastal geoid precision. In a circular area of 50 km around each
of the five major tide gauges in Taiwan, gravity data were measured to improve vertical
datum connections between Taiwan and its four offshore islands. Height anomalies
were computed first and then converted to geoid heights. At >2000 benchmarks, we
obtained measured geoid heights to assess the gravimetric-only geoid and to create a
hybrid geoid. Our assessments and formal errors from least-squares collocation indicate
few cm of standard deviations for both geoid models, but the gravimetric geoid has
mean differences of up to 20 cm with the measured geoidal heights. The hybrid geoid
is used in RTK-VBS orthometric heighting, achieving a 5-cm precision. The
gravimetric geoid is used to determine the relative differences in the ocean’s mean
dynamic topography (MDT) between Taiwan and the four offshore islands, which are
also compared with those from oceanic and altimetric methods for estimating MDT.
Differences in MDT help to identify 41.7 cm and 54.1 cm offsets in the current vertical
datums of Penghu and Lanyu islands. In a low-lying, flood-prone region of southern
Taiwan, the hybrid geoid improves LiDAR mapping of sub-zero elevation zones by 20

cm, corresponding to 70 years of sea level rise at an assumed rate of 0.286 cm/yr.

Keywords: geoid; height modernization; LiDAR; oceanic mean dynamic topography;

Taiwan; vertical datum unification
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1. Introduction

A geoid model comprises a basic national mapping infrastructure for modern
geodetic surveying and has benefited economic developments by providing low-cost,
physical (orthometric) heights needed in most engineering works. Many nations have
invested considerable resources in constructing high-precision and high-resolution
gravimetric geoid or quasi-geoid models. For example, since the 1990s, the National
Geodetic Survey (NGS) of the USA have released several gravimetric and hybrid geoid

models (https://www.ngs.noaa.qov/GEOIDY/). The latest US geoid model is Geoid2012,

and NGS’s geoid modeling is improving with the input of new gravity data from the
Gravity for the Re-definition of the American Vertical Datum (GRAV-D) project
carried out over 2008-2022 (e.g., Johnson, 2009). Mainland China has constructed a
number of quasi-geoid models, which were reported by many Chinese scholars and
agencies such as Chinese Academy of Surveying and Mapping
(http://english.casm.ac.cn/). A new Canadian geoid model was released and
documented by Huang and Véronneau (2013). In Japan, the latest geoid modeling effort
was reported by Miyahara et al. (2014). The latest Australian quasi-geoid model was
released in 2018, featuring error estimates (Featherstone et al., 2018). In addition, there
have been many past and ongoing projects to construct geoid models in the European
Union (Denker et al., 2009), Africa, Southeast Asia, and South America (see
http://www.isgeoid.polimi.it).

A quality geoid model depends on many factors; although one could optimize the
numerical method of geoid modeling, gravity data remain a dominant factor in the
resulting geoid precision. Therefore, much of the effort has been placed on gravity data
collections, e.g., in such a project like GRAV-D initiated by the National Oceanic and
Atmospheric  Administration (NOAA; https://www.ngs.noaa.gov/GRAV-D). The

airborne gravity from GRAV-D has been shown to improve geoid precision over the
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Great Lakes region (Li et al., 2016) and more improved US geoid models are expected
from GRAV-D. However, gravity data alone cannot result in a geoid model that can be
directly used in orthometric heighting using Global Navigation Satellite System (GNSS)
and Light Detection and Ranging (LiDAR) measurements, because the underlying
vertical datum of a gravimetric model can deviate from a local vertical datum that is
typically realized by a network of control points where the orthometric heights are
obtained by precision leveling relative to the zero of the local vertical datum. On the
other hand, observed geoidal heights at these control points can be blended with the
gravimetric geoid model to produce a hybrid geoid model that can be directly used for
orthometric heights. Sample hybrid geoid models for direct orthometric heighting are
the GEOID12B model for the USA, and national models by Featherstone et al. (2018)
for Australia, Huang and VVéronneau (2013) for Canada, Li (2012) for mainland China,
and Denker et al. (2009) for Europe.

Developing a high-resolution geoid model in a region like Taiwan requires a
considerable effort in gravity data collection and numerical techniques. Taiwan is
surrounded by the Pacific Ocean to the east with deep trenches, the South China Sea to
the south, the Taiwan Strait to the west and the East China Sea to the north. The terrain
of Taiwan is mostly rugged (up to 4000 m high), with flat regions only on its coastal
plains. Land-based gravity surveys can only be conducted along mountain treks and
areas suitable for walks or vehicle transportation. Despite these difficulties in geoid
modeling, a precision geoid in Taiwan is needed because of the following issues. First,
three-dimensional, real-time cm-level positioning has been realized by the use of a
continuous GNSS network (see Section 5.1). Real-time precise orthometric heighting
by GNSS is not possible without a geoid model that fits the real-time positioning.
Second, the Kuroshio Current east of Taiwan and the surrounding seas create large

gradients in the dynamic ocean topography around Taiwan that can cause large
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differences in the vertical datums between Taiwan and its offshore islands. The
differences cannot be resolved without a precise geoid model. Finally, the ellipsoidal
heights of the entire Taiwan and most parts of Taiwan’s offshore islands have been
measured by LIiDAR. Converting such ellipsoidal heights to orthometric heights
requires a precise geoid model. In low lying areas and foothills, the accuracy of a geoid
model can be critical to assessing flooded zones and geohazards (landslides) due to
highly sloping terrains.

Despite Taiwan’s difficult terrain, the current gravity data coverage in Taiwan is
relatively dense and uniform, thanks to several land-, sea- and air-borne gravity surveys
(Hwang et al., 2014). In addition, a vertical datum connection project of Taiwan over
2008-2011 was carried out to collect ship-borne gravity data within a 50-km circular
area around each of the five tide gauges in Taiwan and its offshore islands, where the
tidal records defined the current mean sea levels that in turn define their vertical datums.
These dedicated gravity surveys produced gravity anomalies around the tide gauges for
high-precision geoidal heights, which can be used to validate the vertical datums of the
offshore islands and unite with the vertical datum of Taiwan. The objectives of this
paper are (1) to show the development of the new Taiwan geoid models and (2) to show
how the models can benefit real-time orthometric heighting, cross-island vertical datum

connection and LIDAR mapping.

2. Data for geoid modeling and assessment
2.1 Land and airborne gravity measurements
The terrestrial (land and near shore) gravity data used in this paper are classified
into three categories as follows (Fig. 1a-c).
(1) Land gravity data (Fig. 1a)

We classify this dataset into two sub-sets. Sub-set 1 contains point gravity
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measurements collected over 1980-2003 at Taiwan’s horizontal control points and first-
order benchmarks. The point gravity data on the first-order benchmarks were collected
in the 1990s and 2000s. Sub-set 2 contains point gravity measurements collected over
2004-2006. Except gravity measurements made on the horizontal control points, all
gravity values are assigned with standard errors using the results of network
adjustments (Hwang et al., 2003). The standard errors range from tens of pgal to nearly
one mgal. The gravimeters used for data collection were LaCoste and Romberg (LCR)
Model G, Graviton-EG and Scintrex CG-5 gravimeters.

(2) Airborne gravity data (Fig. 1b)

Over 2004-2009, three airborne gravity surveys were carried out to collect gravity
data over Taiwan at a mean altitude of 5156 m (Hwang et al., 2007; Campaign 1) and
an area over the Kuroshio Current east of Taiwan, and an area over the eastern half of
the Taiwan Strait, both at an altitude of 1620 m (Hwang et al., 2012; Campaigns 2 and
3). The distributions of gravity data collected in these three campaigns are shown in
Fig. 1b. Details about the gravity data collection and processing have been presented in

Hwang et al. (2014) and will not be repeated here.

2.2 Offshore shipborne gravity measurements (Fig. 1c).

The offshore gravity data in Fig. 1c were collected within 50 km to the five tide
gauges (Fig. 1d) and over waters 20 km offshore Taiwan. The aim of these new coastal
gravity measurements was to improve the geoid height accuracy at offshore islands of
Taiwan for an improved vertical datum connection between Taiwan and these islands,
and for an improved coastal geoid model. The decision to collect such coastal gravity
data was also driven by the increasing need of LIDAR mapping of coastal plains in
Taiwan. Although satellite altimetry can yield offshore gravity anomalies, their

precision is much lower than in the open oceans. The airborne gravity data (Fig. 1b)
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may contribute gravity signals to the offshore and immediate coastal areas (Fig. 1b),
but they are less accurate than the land-based gravity values and they contribute to
geoidal signals only at several km wavelengths, due to altitude attenuation of gravity.

Table 1 shows information about the shipborne gravity surveys from 2006 to 2010
near the five tide gauges where the mean sea levels are the origins of the vertical datums
for Taiwan (the main island), Penghu (PH), Liugiu (LQ), Ludao (LD) and Lanyu (LY)
(Fig. 1c). As stated earlier, the surveyed areas are within 50 km to the five tide gauges.
For the north-south lines, the line spacing is 2~ for lines within 0-20 km to the tide
gauges, and the spacing is 4~ for lines within 20 to 50 km. The line spacings for the
west-east lines are kept at about 17 km, while for the west-east lines, the spacing is 8.5
km for lines 20 km to the tide gauges, and 17 km beyond 20 km. The gravimeters used
are L&R Air-Sea II (LCR, 2003) and ZLS Dynamic Gravity Meter, with a sampling
rate of 1 Hz. The tonnage of the ships carrying the gravimeters is about 16. To avoid
large noise, we carried out surveys only under the condition that oceanic wave heights
were below 1 m. The ship positions were determined by post-processing dual-frequency
carrier phase kinematic GPS using the Bernese software version5.2 (Dach et al., 2015).
The raw gravity measurements were corrected for the effects of solid Earth and ocean
tides. The resulting 1-Hz gravity anomalies were then filtered using a Gaussian filter
with window widths ranging from 120 s to 150 s. The filtering results in a spatial
resolution of about 500 m. The crossover analysis indicates that the precisions of such
shipborne gravity anomalies are about 0.65-1.94 mGal.

Table 2 shows information about the offshore shipborne gravity surveys that were
carried out in 2011-2013. The gravimeters and the ships are similar to the ones shown
in Table 1. The survey lines cover the 20-km shallow waters around the entire Taiwan.
Over some areas of these surveys, the lines are sparse because these areas are

overlapped with areas around tide gauges (Table 1). The same filter and corrections as
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anomaly precisions range from 1.32 mGal to 2.36 mGal.
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Fig. 1: Free-air gravity anomalies around Taiwan from (a) land (point) measurements, (b)

airborne surveys, (c) coastal ship surveys, and (d) satellite altimetry. The gravity
data in Fig. 1c is mainly for improving the geoidal heights at the key tide gauge
stations of main island of Taiwan (KL) and the four offshore islands Penghu (PH),
Ludao (LD), Lanyu (LY) and Liuqiu (LQ).



190
191  Table 1: Information about the shipborne gravity surveys within 50 km to five tide
192  gauges
Tide gauge Keelung Liugiu Ludao Lanyu Penghu
Year 2006 2006 2007-2008 2008-2009 2010
Gravimeter L&R L&R L&R S130 ZLS Dynamic  ZLS Dynamic
S130 S130 Gravimeter Gravimeter
No. of points? 1760 1923 1737 1939 1906
Filter width ~ 120-150 120-150  120-150 120-150 120-150
(second)
Crossover diff. 1.63 1.94 0.65 1.59 0.88
(mGal)
No. of 35 41 42 59 60
Crossovers
193  “?Filtered gravity values at 0.5 km intervals
194
195 Table 2: Information about the coastal gravity surveys in three offshore areas (20
196  km to shores) around Taiwan
Area Southwest coast  Northwest coast East coast
Year 2011 2012 2013
Gravimeter ZLS Dynamic ZLS Dynamic ZLS Dynamic
Gravimeter Gravimeter Gravimeter
No. of points? 2329 2947 2259
Filter width (second) 120-150 120-150 120-150
Crossover diff. 1.32 2.36 2.09
(mGal)
No. of crossovers 41 34 21
197  ?Filtered gravity values at 0.5 km intervals
198
199 2.3 Marine gravity from satellite altimetry (Fig. 1d)
200 In order to fill in the data gaps in the shipborne gravity at sea and along the coasts
201  of Taiwan, we used altimeter-derived sea surface heights (SSHs) to determine marine
202  gravity anomalies around Taiwan. We used SSHs altimeter data from both the repeat
203  and non-repeat missions. The repeat missions include Geosat/ERM, ERS-1/35d, ERS-
204  2/35d, ENVISAT and the T/P—series satellites (TOPEX/Poseidon, Jason-1 and Jason-
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10

2). The SSHs from the repeat missions were averaged (stacked) to reduce errors caused
by noise and systematic errors in environmental corrections such tide model errors and
atmospheric delays. The non-repeat altimeter data are from the missions Geosat / GM,
retracked ERS-1/GM, Jason-1/GM and CRYOSAT-2. Except for CRYOSAT-2, all
waveforms were retracked by the sub-waveform threshold retracker (Yang et al., 2012)
to correct for the errors caused by corrupted waveforms in the shallow waters around
Taiwan. Table 3 shows the altimeter data sets used in this paper.

Around the coastal waters of Taiwan, SSHs from these altimeter missions are prone
to systematic errors (especially tide model errors and waveform-induced errors). It is
possible, but difficult, to remove such errors by a crossover adjustment of SSHs. As
such, we used SSH-derived geoid gradients and the method of the inverse Vening
Meinesz (IVM) (Hwang, 1998) to compute marine gravity anomalies around Taiwan.
In the IVM method, along-track geoid gradients were derived from along-track SSHs,
followed by gridding the gradients on a north-south grid and on an east-west grid, and
finally by one-dimensional (1-D) FFT computations to determine gravity anomalies on
the same grid (Hwang et al., 2006). Fig. 1d shows the marine gravity anomalies around
Taiwan derived from the altimeter data listed in Table 3. The precision of the altimeter-
derived gravity anomalies is at the 8-mGal level (Hwang et al. 2014), depending on the
gravity roughness, water depth, and the data density and quality of the altimeter
measurements.

A band-limited least-squares collocation method (Hwang et al., 2014; Shih et al.,
2015) was used to form a 0.5°x0.57grid of free-air gravity anomalies from the gravity
data described in Section 2.1 and 2.2 and the altimeter-derived marine gravity in Section
2.3. The resulting free-air gravity anomalies and planar complete/refined Bouguer
gravity anomalies are shown in Fig. 2. The planar terrain corrections for the Bouguer

gravity anomalies were computed using the Gaussian quadrature method (see Section
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3.1 and Hwang et al., 2003) and the latest Taiwan digital elevation models (see Section
2.4). For each grid point of the gridded free-air gravity anomalies (Fig. 2a), we selected
gravity data (Table 1) within a 0.5 window around the grid point and carried out the
band-limited least-squares collocation computation using the covariance functions
belonging to the different gravity datasets in Table 1 (Shih et al., 2015). This point-wise

computation avoided inversions of large matrices.
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240  Table 3: Altimeter data for deriving marine gravity anomalies around Taiwan

Satellite Repeat period Height Inclination Spacing at
(day) (km) ©) equator (km)

Geosat/GM No 788 108 4
ERS-1/GM No 781 98.5 8
Jason-1/GM 406 1324 66 7.7
Geosat/ERM 17 788 108 165
ERS-1/35d 35 781 98.5 80
ERS-2/35d 35 785 98.5 80
T/P—series® 10 1336 66 280

Cryosat-2 369 717 92 7.5

241  *TOPEX/Poseidon, Jason-1, and Jason-2
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243 Fig. 2: The (a) free-air gravity anomalies and (b) refined/complete planar Bouguer

244 gravity anomalies around Taiwan from all gravity data sources (Fig. 1a-d).

245 2.4 Digital elevation model and observed geoid heights
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2.4.1 Digital elevation model (DEM)

DEMs are used for computing terrain corrections when generating Faye gravity
anomalies (see Section 3.1). The DEMs are from several years of photogrammetric
surveys and are originally available on a 40x40 m grid (Hsiao and Hwang, 2010). We
used this grid to generate a DEM on a 3"x3" grid, which was then filtered to create a
9"x9" DEM. The 3"x3" and 9"x9" DEMs were used to compute the inner and outer
zone contributions of the planar terrain corrections using Gaussian quadrature (Hwang

et al., 2003).

2.4.2 GPS-observed geoidal heights at leveling benchmarks

A GPS-observed geoidal height at a leveling benchmark is the difference between
the ellipsoidal height and the orthometric height. The purpose of the observed geoidal
heights is twofold: (1) assessing the gravimetric geoid model (only selected
benchmarks are used for this assessment, see Section 3.1), and (2) merging with the
gravimetric geoid model to create the hybrid geoid model (Section 3.2). The ellipsoidal
heights were determined by GPS using various session lengths. The orthometric heights
were determined by precision leveling that requires double-run misclosures of 2.5-3
mmvk, where k is the distance (in km) between two neighboring benchmarks. The
orthometric heights are defined in the Taiwan Vertical Datum (TWVD2001) height
system (Yang et al., 2003), for which the zero elevation is at the mean sea level at
Keelung Harbour in northern Taiwan (Keelung in Fig. 1c).

Three groups of observed geoid heights are used and their point distributions are
shown in Figs. 3a-c. The GPS session lengths range from one hour to 24 hours, with
formal height errors at the levels of sub-cm to few cm as provided by Bernese V5.2.
The times of the GPS observations (for ellipsoidal heights) and precision leveling (for

orthometric heights) are different and the observed geoidal heights are affected by
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vertical deformations due to land subsidence and uplift. To compensate for the effect
of vertical land motion, for each point in Fig. 3a-c, we reduced the original GPS-derived
ellipsoidal height to a height corresponding to the measurement time of the orthometric

height, based on the vertical velocity model of Chen et al. (2011).

a b C
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Fig. 3: Distribution of benchmarks with GPS-observed geoidal heights for assessing
the gravimetric geoid and for creating the hybrid geoid model. (a) first-order
leveling benchmarks (1920 points; 1-3 hour GPS session length), (b) coastal and
interior benchmarks (214 points; 12-24 hour GPS session length), (c) 52 eGNSS
Stations (eGNSS is a continuous station for real-time positioning; see Section 5.1).
All such geoid heights are used for creating the hybrid geoid, but only those in
Fig. 3b, ¢ are used for geoid precision assessments (excluding four anomalous
benchmarks in Fig. 3b). The symbols in Fig. 3b are associated with the leveling

routes in Tables 4 and 5.

3. Numerical method for geoid computation
3.1 The gravimetric geoid model

There are several methods for geoid and quasigeoid modelling in the geodetic
literature. The method we choose is presented below. This paper adopts the “modern”
approach that is based on gravity anomalies on the ground and the use of planar terrain
corrections (Section 48, Moritz, 1980). That is, height anomalies are determined first,
followed by conversion to geoidal heights. Fig. 4 shows the flowchart for the

determinations of the gravimetric and hybrid geoid models. This method requires
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Taiwan’s regional gravity values, a global geopotential model and a DEM. The first
product is the gravimetric geoid, which is used to construct the hybrid geoid model
using the observed geoid heights (Section 2.4). The method is divided into four steps
(Fig. 4). In Step 1, all gravity data (Section 2) are merged to create grids of free-air and

Bouguer anomalies (Fig. 2a and b). In Step 2, residual gravity anomalies dAg. are

obtained by subtracting the reference value Ag,, from the full gravity anomaly Ag

as:

dAgF = Ag _Agref (1)

We experimented with different maximum harmonic degrees for EGM2008 (Pavlis et

al., 2012, 2013) to generate a “best” Ag,, in Eqg. 3, and found that degree = 2190

yields the best geoid model precision. Because of the use a degree-2190 reference field,
we do not use the residual terrain model in our geoid modeling (Forsberg, 1984). The
use of EGM2008 is justified by the fact that earlier land gravity (Hwang, 1997) have
been used by the EGM2008 Development Team. In Step 3, the terrain correction (TC)
and Faye gravity anomaly dAgg, . are computed as (Moritz, 1980, p. 415)

GpR® e (H'—H)’
C= 5 J.L B do 2
dAge,. =dAg, +C (3)
where

C: terrain correction
G: gravitational constant

p: rock bulk density (2.7 g/cm?) for Taiwan

R : Earth’s mean radius; 6371 km is used
H': elevation from the DEM (Section 2.4)
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H : elevation at the gravity data point

|, : Horizontal distance between the points with H' and H

do : differential spherical surface area

In Eq. 3, gravity anomalies on the topographic surface are needed and practically
equal to gravity anomalies on the geoid at sea level (see Fig. 2a; for the theory see
Heiskanen and Moritz, 1967, p. 310). In this paper, the planar TC in Eg. 2 was computed
by the method of Gaussian quadrature (Hwang et al., 2003), with the 3"x3" DEM for

the inner zone and the 9"x9" DEM for the outer zone (Section 2.4.1). The Faye gravity
anomalies were used to compute residual height anomalies & using the following

integral (Heiskanen and Moritz, 1967) and 1-D FFT implementation (Haagmans et al.,

1993):

Cros = o .[J. dAQ .Sy (v )do

RA¢A/1 > cos¢> dAGe,,. Sy () @
RAGAL _
_ 4;; F SR {Su () F {dAge,. cosg) |

where , is normal gravity, A¢ and AA are grid intervals along latitude and longitude,

respectively, F, and F* are the forward and inverse 1-D FFT operators for a

latitudinal belt. The Wong and Gore (1969) modified Stokes kernel S,, in Eq. 4 is

Sy (cosy )= Z —11P (cosy) (5)

n=M +1 -
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where M is the degree of truncation and P, is the Legendre polynomial of degree n.

Eq. 5 is used to compensate for the errors in the gravity anomalies and the removal of
the reference gravity. We experimented with several M values and found that M=108
yields the best geoid precision. That is, using M=108 results in the smallest root-mean-
square difference between the gravimetric geoid heights and the GPS-levelling-
observed geoid heights at the benchmarks in Fig. 3b.

The use of the terrain-corrected (Faye) gravity anomalies implies that the telluroid
has been changed (Heiskanen and Moritz, 1967, p. 322). We compensate for this change
using the first-order indirect effect (Moritz, 1980, Eq. 48-29; Sjoberg, 2000, Eq. 7a,
78b).

7GpH?
g = % ®)

where H is the orthometric height. Figure 5 shows the indirect effects around Taiwan.
The effects can be up to 50 cm in high mountains (elevations >3000m). Our numerical
experiments show that, without the indirect effects in the gravimetric modeling, the
errors of the modeled geoidal heights are significantly amplified. In addition, higher-
order indirect effects were given by Sjoberg (2000, Eq. 20) and require numerical
integrations over the entire sphere. Such effects were not investigated in this paper.

By restoring the long wavelength contribution to height anomaly ( £ ¢ ) associated

ref

with the reference gravity anomaly Ag,,; , and by adding the indirect effect from Eq. 6,

we obtain the height anomaly

é/ = é/ref + é/res + 5§Ind (7)

which is converted to the gravimetric geoidal height by adding a contribution from the

Bouguer anomaly (Heiskanen and Moritz, 1967, pp. 327-328; Forsberg, 1984; Sjoberg,
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2000):

27Gp
/4

N H 2 8)

/4

geoid

where AQ, is Bouguer gravity anomaly (Fig. 2b). In the second identity in Eq. 8, error

27Gp H? is on the order of AGe
7 7

AQg

in the approximation using H, where AQq is

free-air anomaly. This paper uses H for the conversion.

The gravimetric geoid (and also the hybrid geoid) released in 2014 was computed
on a 30"x 30" grid covering the area over 119.5°E—122.5°E and 21.5°N-25.5°N. In
2018, the coverage of the two geoid models was extended to 118°E—125°E and 21°N—

27°N to include the islands Kinmen and Matzu near mainland China.



19

Stepl
Is:;?i]m ﬁ;g:):'t:e(f:l]:id Preprocess gravity .| Free-air anomaly
P. @ ¢ ¥ and merge by LSC ”| erid
altimetry) -
E Step2 i
i v i
E _ Compute long Remove long i
: EGM2008 to .| wavelength gravity _ | wavelength gravity :
' degree 2190 imomal_\' and geoid (dAg, = Ag-Ag,,) !
: it. !
R E R |
i e e e ;r ----------- |
Compute terrain .| Compute residual Faye
correction (7C) gravity anomaly
Step3 l

Compute residual geoid (..o

from dAg, . by Stokes’
3 and ?

DEM

formula

h 4

Compute full quasigeoid
{ = Cref + (res + afmd

1. Indirect effect (6 ;,q)

2. Quasigeoid effect

v

(6% H) Gravimetric geoidal height
A

{N_qenid ={ +%H)

; Step4
Diff. P
Geoidal ht, by iff. between GPS

GPS (N¢P5)

and gravimetric <

geoidal heights (1)

Y

Hybrid geoidal height
(Nhybrid = Ngenid +n)
- et |
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Fig. 5: Indirect effects according to Eq. 6. The gray triangles show the benchmarks

where the geoid accuracy assessment is made (Section 4.1).

3.2 The hybrid geoid

The hybrid geoid is created in Step 4 (Fig. 4) by adding the “corrections” n to the
gravimetric geoid heights. The gravimetric geoid model in Section 3.1 was derived
solely from gravity data. The precision, accuracy and resolution of the gravimetric
geoid model are highly dependent on the quality and spatial resolution of the gravity
data. The use of a reference field (Eq. 1) and integration only over a limited cap (implied
in Eq. 4), among other factors, can introduce long wavelength errors. In addition,
orthometric heights based on a gravimetric geoid will not be compatible with the
orthometric heights from leveling simply because the latter are defined in a

conventional vertical datum based on one or more mean sea levels, rather than the geoid.
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This compatibility with conventional orthometric heights and the long wavelength
errors in the gravimetric geoid can be reduced by merging the GPS-observed geoid
heights (Fig. 3c) into the gravimetric geoid. The observed geoid heights can also
improve the spatial resolution of the gravimetric geoid by filling gaps where no gravity
data are available for geoid modeling (Milbert, 1995). In this paper, we use the
following procedure to create the hybrid geoid:

(1) Compute the differences between GPS-levelling-observed geoid heights (Fig. 3a—
c) and the gravimetric geoid heights.

(2) Construct a 30" x 30" grid from the differences (herein called a geoid “correction”
grid) using the “surface” command of GMT (Wessel et al., 2013), which is based
on the minimum curvature principle.

(3) Add the geoid “correction” grid () to the grid of the gravimetric geoid to obtain the

hybrid geoid model (on a 30"x 30" grid).

When constructing the “correction” grid in the second step by the minimum
curvature method, it is important that (a) the geoid corrections will not undergo large
oscillations in regions with sparse observed geoid heights (Fig. 3, especially
mountainous areas), and (2) the geoid corrections will not be too smooth; this is to
ensure that the hybrid geoid model captures high-frequency geoidal variations. To meet
these two considerations, we experimented with different tension factors in “surface”.
We decided that a tension factor of 0.25 is the optimal choice, which is also
recommended by the authors of GMT for interpolating potential field data.

Figures 6a, b and ¢ show the hybrid geoid, its difference with the EMG2008 geoid
(full use of all coefficients) and with the gravimetric geoid, respectively. Large hybrid-
EGM2008 geoidal differences occur in the mountainous areas, because here the

EGM2008 geoid uses only gravity anomalies on the first-order benchmarks (Fig. 3a;
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the first author is the data provider). The hybrid-gravimetric geoid differences show
that there are long wavelength differences between the two models. In the western
coastal area (Fig. 6¢), the differences reach 0.1-0.2 m; this area is the most populated
region of Taiwan. In the mountainous regions, we also see differences up to about 0.3-
0.4 m between the hybrid geoid and gravimetric geoid. More discussions on the geoidal

differences are presented in Section 5.3 for LIDAR mapping.



426
427
428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

23

25° 25" % A

24 24

23 23’

22 22

21" | o1l . sy s
1197 1200 121" 122" 123 119" 120" 121" 122" 128" 119" 120" 121" 122" 123"
T 1) T : § T T k T T T T T T T T T T T T T T B T
12 14 16 18 20 22 24 26 28 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 00 01 02 03 04 05
m m m

Fig. 6: (a) The hybrid geoid model of Taiwan, (b) its difference with the geoid model
from EGM2008 to degree 2190 (c) its difference with the gravimetric geoid.

4. Precision assessment and error model
4.1 Precision assessment

In our geoid model assessments, the differences between the observed geoid
heights and those interpolated from the gridded geoid model at these observation points
were computed, followed by computations of the statistics of the differences. To ensure
the assessment result is correct, we used only the ellipsoidal heights on the 214 first-
order benchmarks along 14 leveling routes (Fig. 3b), where the GPS observation
sessions were longer than 12 hours and the orthometric heights at the mm level were
determined by precision leveling. We also used the ellipsoidal heights at 52 eGNSS
continuous stations (Fig. 3c¢) in the assessments. At the 52 eGNSS stations, the
orthometric heights were determined using the same level of precision as the one used
for the first-order leveling benchmarks.

Table 4 shows the statistics of the differences between the observed and modeled
(gravimetric) geoid heights. On the 214 benchmarks, the geoidal differences range from

0.8 cm to 39.7 cm, with a mean of 21.9 cm and a standard deviation of £7.9 cm. The
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mean differences along the 14 leveling routes vary from 11.0 cm to 33.1 cm. The
relatively large standard deviations along several routes are partially caused by the
relatively low geoid precision resulting from sparse gravity data coverage, especially
in high mountainous areas. At the 52 eGNSS stations (Fig. 3c), the point differences
range from 2.6 cm to 29.0 cm, and the mean and the standard deviation of the
differences are 20.0 cm and £6.5 cm, respectively.

Table 5 shows the statistics of the differences between the observed and the hybrid
geoid heights (only on the 214 benchmarks as Table 4). All the observed geoidal heights
(Fig. 3a-c) have been blended into the hybrid geoidal model, thus creating correlations
between the observed and the hybrid geoidal heights. However, it is noted that the
minimum curvature method of blending (Section 3.2) will not result in a hybrid geoid
model that reproduces the observed geoidal heights. On the 214 benchmarks, the
differences range from -22.3 cm to 5.7 cm. As expected, the standard deviations and
the mean values of the differences along the 14 routes are smaller than those from the
gravimetric geoid. The overall mean difference and standard deviation (214
benchmarks) are -0.9 cm and +3.6 cm, respectively. At the 52 eGNSS stations, the mean
difference decreases from 20.0 cm (gravimetric geoid) to 0.0 cm (hybrid geoid), and
the standard deviation from +6.5 cm (gravimetric) to £5.1 cm (hybrid). The point
differences (52 stations, hybrid) now range from -9.7 cm to 8.6 cm, again a substantial
reduction in the geoid differences compared to the case of the gravimetric-only geoid

model.
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467  Table 4: Statisctics of the differences between observed and gravimetric geoid heights
468  (unit: cm)

Route Min Max Mean Std. dev
North? 9.6 19.1 14.1 2.9
Central 2.0 19.0 11.0 6.1
South 27.6 39.7 33.1 4.6
East 24.4 37.0 29.9 4.0
Tai3 18.2 28.9 24.4 2.5
Tai9 13.1 29.5 25.0 4.3
Tail8 10.9 23.0 17.0 34
SW 7.1 28.3 18.5 6.5
NW 0.8 19.0 13.2 4.2
24hr Mountain 53 23.2 13.1 5.8
24hr Ecoast 4.6 36.2 23.7 7.6
12hr_Tai3 21.7 329 26.4 3.0
12hr_Tai8 12.1 36.2 26.9 7.8
12hr_Tai20 11.6 37.3 21.9 7.9
All benchmarks 0.8 39.7 21.9 7.9
eGNSSP 2.6 29.0 20.0 6.5

469  *The route names are shown in Fig. 3b.
470  ° The stations are shown in Fig. 3¢
471
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Table 5: Statisctics of the differences between observed and hybrid geoid heights

(unit: cm)

Route Min Max Mean Std. dev

North 2.2 3.4 -0.4 1.8

Central -21.0 2.1 9.2 7.3

South 23 5.7 3.9 1.2

East -5.9 -0.2 -2.5 1.8

Tai3 -0.2 5.1 1.2 1.2

Tai9 -3.2 4.1 0.8 1.9

Tail8 -8.4 -0.1 -3.8 2.1

SW -4.4 3.3 -0.3 1.8

NW -6.5 2.9 -0.7 2.2

24hr_mountain -22.3 -0.3 -5.1 6.5

24hr_Ecoast -8.0 2.9 -0.4 2.3

12hr_Tai3 -3.5 24 -0.8 1.2

12hr_Tai8 -5.4 5.1 0.0 3.0

12hr_Tai20 2.1 3.2 -0.3 1.5

All benchmarks -22.3 5.7 -0.9 3.6

eGNSS -9.7 8.6 0.0 5.1

4.2 Formal errors in the gravimetric geoid model using least-squares

collocation

The paper uses the theory of least-squares collocation (LSC) to estimate the formal
errors of the Taiwan gravimetric geoid using the gravity data and the geoid differences
in Tables 4 and 5, and those not used in the two tables (Fig. 3a and ¢). This is to answer
a frequentlly asked question of geoid users: how precise is a given geoid model? This
same question is addressed in the recent geoid models of Australia (Featherstone et al.,
2018), which provides grid-wise error estimates propagated from the uncertanties in the
EGM2008 model, gravity anomalies and planar terrain corrections. First, Figs. 7a and
b show the differences between the observed and modeled geoid heights at all the
benchmarks in Fig. 3. Figure 7a shows that the mean difference for the gravimetric
geoid is about 20 cm (observed minus modeled values; see Tables 4 and 5), which is

reduced to almost zero for the hybrid geoid (Fig. 7b).
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Fig. 7: Differences between the gravimetric geoid and the hybrid geoid, which are
computed from (a) the differences between the observed geoidal heights and those
from gravimetric geoid and (b), same but from the hybrid geoid at the benchmarks

in Fig. 3a-c.

To estimate the formal errors of the gravimetric geoid using LSC, first we express
the covariance function of residual gravity anomaly into a series of Legendre

polynomials (Tscherning and Rapp, 1974):

Cugng (P, Q) = 250n s"2 P (cosypy) + Z C, s™? P, (cosypy) 9

n=2 N=Na+1

where N, is the maximum degree of the global gravity model (EGM2008 in this
paper), P, isthe Legendre polynomial of degree n, 0 C, is the error degree variance

and C, isthe modeled signal degree variance (Model 4, Tscherning and Rapp, 1974).
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The needed covariance functions can be derived from the law of covariance propagation
and the detail has been given in Tscherning and Rapp (1974). Each of the gridded values
in the gravimetric geoid model receives a formal error estimated as follows. The error

variance of geoidal undulation at a grid point is computed by LSC as

1

on =y (0)=Cpuy (Cugag * - D) Cla] (10)

where Cy, (0) is the geoid variance (a scalar), C,,, is a row vector containing the

covariance values of geoid undualtion-gravity anomaly, and C,, and D, are

AgAg

matrices containing the covariance values of gravity anomaly-gravity anomaly and
noise variance (squared standard error gravity measurement;Table 1), and « is the

ratio between the variance of the residual gravity anomalies within the data selection

window (see below) and the model variance (o =0 in Eq. 9). The data for

constructing the covariance matrices in Eq. 10 are from the original gravity data

shown in Fig. 1, and the window of data selection is 10'x10" centered at a given grid

point. In addition, the gridded formal geoid errors (squared root of &7 ) are scaled

by a factor computed by
52
S=-N 11
= (11)

where &} isthe variance of the differences between the gravimetric geoid heights and

the observed geoid heights at the benchmarks in Table 4, and &7 is the mean of the

variances (from Eq. 10) over these benchmarks. S can be regarded as the ratio
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between the external variance (&, ) and the internal variance &.. The result shows

that S= 3.3368 (meaning all the internal errors from Eq. 10 are multiplied by about 1.8).

Figure 8 shows that the formal errors (scaled standard errors) of the gravimetric
geoid model are roughly positively correlated with the free-air gravity anomalies (Fig.
2). The errors are relatively small in the western coastal plains. The errors in the
mountainous areas are relatively large because (1) the gravity field here is rough,
causing large scale factors (« ) in Eq. 10, and (2) the land gravity data points here are
sparse (Fig. 1a) and the gravity information is mostly from the airborne gravity values,
which have relatively large standard errors compared to ground-based gravimeter

observations.
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Fig. 8: Scaled standard errors of the gravimetric geoid model

5. Geoid applications
5.1 Height modernization and vertical land motion

Height modernization uses GNSS to determine orthometric heights by differencing
ellipsoidal and geoid heights. The key to this process is a high-precision geoid model.
In this modern method, the orthometric height of a new benchmark, H;, is determined

by (e.g., Zilkoski et al., 2008)

HB = HR +(AhBR _ANBR) (12)
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where H; is the orthometric height at a reference station, Ahg, and ANg, are
the differences in ellipsoidal height and in geoid height between the reference station
and the new benchmark. One can expect that the errors in Ahg; and ANg; will
decrease with the distance between the reference station and the benchmark (cf. Brown
et al., 2018). In Eq. 12, the error associated with H; is at about mm level, while error
of ANy, isat few cm level and error of Ahg; can be as low as 1-2 cm in Taiwan (see
below). Therefore, the error of Hy is governed by ANy (see the size of errors in
Fig. 7a, b). In addition, differencing Ahg, and ANy, can reduce common-mode errors
in GPS-derived ellipsoidal heights and the biases in the geoid model, especially when
the baseline between B and R is short (Kearsley, 1988). Also, as shown in Table 4, the
gravimetric geoid can result in larger mean difference than those from a hybrid geoid.
Thus, for ellipsoidal to orthometric height conversion, a gravimetric geoid can benefit
from the height differencing more than a hybrid geoid. The errors arising from the use
of ANg; have been discussed in many studies, e.g., Featherstone et al. (2001) and
Saleh et al, (2013).

In Taiwan, real-time three-dimensional positioning is implemented using a network
of 76 eGNSS stations (Fig. 9) and the technique of real-time kinematic virtual base
stations (RTK-VBS) that minimizes the distance between a virtual reference station and
a roving (new) station (e.g., Hu et al., 2003; Retscher, 2002). At the 76 eGNSS stations
(including the 52 stations in Fig. 3c), the orthometric heights under the TWVD2001
vertical system have been measured using precision leveling and can be used for real-
time orthometric heighting.

The eGNSS system of Taiwan’s National Land Survey Center (NLSC) has been
operational since 2004. It has been shown that eGNSS can achieve 2.5 cm in the three-

dimensional positions for roving stations, suggesting the precision in the vertical
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component (ellipsoidal height) can reach 2 cm (Yeh et al., 2012). However, before the
release of the geoid model in this paper, the eGNSS has not been officially used to
determine orthometric heights in the way new horizontal positions are determined using
RTK-VBS. The concern largely comes from the uncertainty of geoid models.

In collaboration with the NLSC of Taiwan, we assessed the precision of the hybrid
geoid model for height modernization using eGNSS on 86 benchmarks (Fig. 10) at
Hengchun Peninsula, where the observed geoid heights are not used in constructing the
hybrid geoid.

Because a VBS created by eGNSS does not have an observed geoid height (thus
they cannot provide real-time orthometric heighting unless the system is modified), we
use the following post-processing procedure to determine the orthometric heights at any
of the 86 benchmarks (Fig. 10) as follows:

(1) Use the RTK-VBS method to compute the latitude, longitude and ellipsoidal height
of the benchmark.

(2) Compute the ellipsoidal height difference and the geoidal height difference (from
the hybrid geoid) between the benchmark and the nearest eGNSS station, and then

compute the orthometric height (GNSS-derived orthometric height) using Eq. (12).

Table 6 shows the statistics of the differences between the observed orthometric
heights (by precision leveling) and the GNSS-geoid-derived orthometric heights at the
86 benchmarks. In Table 6, we also show the statistics excluding 7 benchmarks where
large differences (those >15 cm in magnitude) exist. Such relatively large differences
occur in areas with rapid vertical land motion, and in the western side of the Hengchun
Peninsula (Fig. 10) where the geoid slopes are larger than elsewhere, creating larger
uncertainties in the interpolated geoid heights. In addition, errors in the ellipsoidal

heights from the RTK-VBS can also contribute to the large differences at the 7
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benchmarks. If only the 79 benchmarks are considered, the RMS difference is 5.3 cm,
which is roughly the accuracy of a GNSS-derived orthometric height one would expect
using the RTK-VBS ellipsoidal height and interpolated geoidal height from the hybrid
geoid.

Here we show a somewhat unexpected application of the hybrid geoid in GNSS
heighting. Because the orthometric heights from our hybrid geoid model are in the
vertical datum of Taiwan (TWVD2001), we can compare the GNSS-derived
orthometric heights with those from precision leveling to determine vertical land
motion. In 2013, NLSC collected GPS data at 408 benchmarks, as shown in Fig. 11.
The GPS data are used to construct third-order GPS control networks in Taiwan. The
precisions of the ellipsoidal heights at these control points are better than one cm. In
addition, most of these control points are near the stations that provide the geoid height
differences for the construction of the hybrid geoid model (Section 3.2). As such, the
geoidal heights from the hybrid geoid at these control points have been well constrained
by the observed geoidal heights.

We differenced the GNSS-derived orthometric heights at the 408 benchmarks
(from 2013) with the orthometric heights measured in 2007 (by precision leveling). The
differences are shown in Fig. 11. The rates of vertical land motions can be computed
using the ratios of height differences in Fig. 11 and the time spans of about 7 years
(from 2007 to 2013). Figure 11 shows land subsidence in western coast areas, which
have been reported in (e.g., Hung et al., 2011). In the central, mountainous region of
Taiwan, the rates are mostly positive, and are the result of plate collision. Here the
vertical rates can reach 4 cm/year. The height changes in Fig. 11 are consistent with
those estimated by Ching et al. (2011) and can be used in an updated vertical
deformation model of Taiwan. The above height change analysis shows the additional

value of the hybrid geoid model in vertical land motion modeling.
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Table 6: Statistics of differences (in m) between the observed (by leveling) orthometric
heights and GNSS-derived orthometric heights at 86 benchmarks

No of Benchmarks Mean Std dev RMS
86 (all) 0.000 0.073 0.073
79 (ex. diff> 15 cm) 0.007 0.053 0.053

120 121° 122

T T T T 3 T T T m
0 500 1000 1500 2000 2500 3000 3500

Fig. 9: The 56 GNSS stations in the eGNSS network for height modernization and
RTK-VBS positioning (including the 52 stations in Fig. 3c for the hybrid geoid

model).
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632 Fig. 10: Benchmarks (circles) at Hengchun Peninsula where the accuracy of the
633 hybrid geoid model is assessed for height modernization. Triangles represent the
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Fig. 11: Height changes at 408 third-order GPS control points derived from the
differences between the orthometric heights in 2013 (from GPS and the hybrid geoid)
and 2007 (from precision levelling). Blue vertical bars show land subsidence while

red bars show uplift.

5.2 Cross-island vertical datum connection

The island of Taiwan uses a vertical datum for which the zero elevation is at the
mean sea level of Keelung (KL) Harbour, located in northern Taiwan. The four offshore
islands—Penghu, Ludao, Lanyu and Liuqgiu (Fig. 1c), and islands not studied in this
paper—use vertical datums whose zero elevations are the mean sea levels of the

individual islands, derived from tidal records at their main tide gauges (Fig. 1d) over
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different time spans. The island of Taiwan and offshore islands are surrounded by one
of the major western boundary currents, the Kuroshio Current, and oceanic currents that
flow through the Taiwan Strait. In addition, the Kuroshio Current intrudes the waters
off northern and southern Taiwan. This complicated ocean circulation system around
Taiwan creates a MDT (also called sea surface topography, SST below) that causes
large differences in the vertical datums between the island of Taiwan and its offshore
islands (Hwang and Kao, 2002; see also Fig. 13 below). The MDT is the vertical
separation between the mean sea surface and the geoid, and its role in creating vertical
datum differences have been discussed in, e.g., Rapp and Balasubramania (1992),
Featherstone and Filmer (2012), Gerlach and Rummel (2013), and Huang (2017).

As stated in Section 2.2, the ship gravity observations were collected within 50 km
of the tide gauges defining the mean sea levels of the islands. The primary objective of
these gravity measurements is to compute high-precision, high-resolution geoidal
heights at the tide gauges, which can be used to determine the SST (MDT) value using

(Fig. 12a)

¢ =hig — Ny (13)

where ¢ is SST, h;g is the ellipsoidal height of the mean sea level near the tide
gauge and N is the geoidal height from the gravimetric geoid. Equation 13 suggests
that the precision and potential systematic errors of ¢ are determined by those of Ny

and N . In practice, to collect field data for determining ¢ in Eq. 13, the following

procedure is used for each of the offshore islands and the island of Taiwan (Fig. 12¢

and 12d for Keelung and Ludao as two examples):
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(1) Set up a temporary benchmark (P or K in Fig. 12a) with a GNSS open view, and it
is as close as possible to the main tide gauge.

(2) Determine the orthometric height of the benchmark by precision leveling from the
nearest benchmark in the first-order vertical control network of Taiwan or an
offshore island (Fig. 6). Note: the orthometric height is in the local vertical datum.

(3) Collect GPS data for 48 hours at the benchmark (P or K) to compute the
benchmark’s ellipsoidal height.

To avoid potential long wavelength errors in the gravimetric geoid, this paper
determines the relative MDT values between the main island of Taiwan and the four
offshore islands using the geodetic method below. The difference in MDT between an

island P and the island of Taiwan (K, standing for Keelung) is

Agp =(h —H, —N;)—(h, —H, —N,)=SST, —SST, (14)

where
h, and h, : the ellipsoidal heights of P and K

H, and H, : the local orthometric heights of P and K (local because they are based
on the zero elevations at MSL, and MSL, in Fig. 12a)

h, —H, and h, —H, : the ellipsoidal heights of the mean sea levels near P and K (Fig.
12a)

N, and N, : the geoid heights at P and K

Table 7 shows the SST differences from the geodetic method. In Table 7, we estimate

the standard error of Ag,, by

_ 2 2 2
Orge = \/O-Ah kP t O KP + O ANy (15)
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where o, , o, and o,, are the standard errors of the differences in ellipsoidal
KP KP KP

height, local orthometric height and geoidal height, which are derived from the

following error estimates: formal error of vertical component in the GPS positioning

(48-hour GPS sessions for all tide gauges), o, =0 cm (error in precision leveling

is negligible compared to errors in GNSS and the gravimetric geoid model), and

O, =2 cm (the mean precision of the gravimetric geoid in coastal areas of Taiwan).

For comparison with the geodetic MDT, we also determined the MDT differences
by the oceanographic method and the altimetric method. In the oceanographic method,
we obtained the mean MDT values on a 0.125°%0.125° grid over 1982-2005 (24 years)
from the model output of the Princeton Ocean Model (POM) in the western Pacific.
The model set up of POM is described in Wu et al. (2008). Figure 13 shows the POM-
derived relative MDT values. The oceanographic method is affected by the input data
and boundary conditions to the POM model, and the spatial resolution of the model
output. The oceanographic method provides an independent estimate of MDT values to
assess the results from the geodetic method and the altimetric method. The MDT
gradient east of Taiwan (Fig. 13) is largely the result of the oceanic gyre in the northern
Pacific Ocean and the Kuroshio Current. The MDT field in Fig. 13 indicates relatively

large MDT values over waters off the islands of Lanyu and Ludao.

The altimetric method determines MDT values by subtracting geoid heights in the
oceans from mean surface heights from multiple altimeter missions. In this paper, we
obtained two sets of geodetic MDT: (1) values from the DTU10 mean sea surface and
MDT model (Andersen, 2010), and (2) values by subtracting EGM2008 geoid heights
from the mean sea surface heights of DTU15 (from

https://www.space.dtu.dk/english/research/scientific data and models/global mean
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sea_surface). Table 8 compares the relative MDT values from the geodetic,
oceanographic and altimetric methods. Table 8 suggests that the relative MDT values
at Penghu and Lanyu from the geodetic method are much larger than those from the
oceanographic and altimetric methods (both DTU10 and DTU15). It has been reported
by local civil engineers that drainage systems in the coastal area of Matzu (an offshore
island not studied in this paper) were flooded by sea water because the measured

orthometric heights (in the local vertical system) seems to be incorrect (NLSC, private

communication, May 2019). That is, the physical location of MSL, in Fig. 12a could
be not at the mean sea level of the offshore island. This problem is explored below.

In Taiwan, the Central Weather Bureau (CWB) is the agency who used tidal records
to define the physical locations of the mean sea levels around the five tide gauges in the
1990s. This is illustrated in Fig. 12b, in which “reference” is a marker (usually a red

line) at the tide gauge facility. The vertical distance from this marker to the “mean sea

surface” is defined by a number H, (this value was documented by CWB). For any

island, including Taiwan, a tidal record is the height above this mean sea surface. On

the other hand, the mean sea levels in Fig. 12a at K and P can be physically located by

using their H, values and their markers. However, before 2017 there was no
verification that if the current H, values really define the local mean sea levels at

Penghu and Lanyu. Furthermore, in Fig. 12b, h is the height difference between this
marker and a tide gauge benchmark. The orthometric height of this benchmark is

H.; = H,— h . By differential leveling, the height H;. can be propagated to the

heights of the benchmarks in the vertical control network of an offshore island.

We explore the potential problem with the physical location of local mean level by
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using a sensor to measure instantaneous sea level, T, relative to the level of Hqg
(Fig. 12b). The simultaneous tidal measurement is T, (relative to the “reference”

marker). The measurements of T, and T, should satisfy

Hig =Ty =(Hig +0)-To = Ho- Ty (16)

We carried out measurements of T, around tide gauges near Keelung (Taiwan) and
on the four islands (T, are from the tidal records provided by CWB). Our result shows

that the differences between H;; —T and (H.;+h)-T, range from-1.2 cmto 7.5

cm. This suggests that there are no major problems with the current tidal records,

potentially caused by incorrect relative positions defined by H,, h and H;; atthe
five tide gauges.

Next, we investigate the potential MDT problem by computing the mean values

of the tidal heights, whose origins (zero tidal heights) are the positions defined by the

current H, values (relative to “mean sea surface” in Fig. 12b). The mean values at

Penghu and Lanyu are -41.7 cm and -54.1 cm and a few cm at Keelung, Ludao and

Liuqiu tide gauges. This means that the actual local mean sea levels at Penghu and

Lanyu are 41.7 cm and 54.1 cm below the positions defined by the current H, values

and tidal heights; this means the current level MSL, in Fig. 12a (for Penghu and Lanyu)

should be lowered by 41.7 cm and 54.1 cm, and all the orthometric heights in the

vertical network of these two islands should be increased by these two values.

The incorrect physical locations of the mean sea levels at Penghu and Lanyu also
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explain the large relative (and incorrect) MDT values of these two islands (Table 7). If
we remove the offset values of 41.7 cm at Penghu and 54.1 cm at Lanyu, the resulting
MDT values are 2.4 cm (=44.1-41.7 cm) and 51.7c m (=105.8-54.1 cm), respectively,
which are more consistent with the MDT values from the other three methods in Table
8. The examples at Penghu and Lanyu show that the gravimetric geoid can verify
whether an existing vertical datum of an offshore island is based on a correct mean sea
level. On the other hand, if the vertical datums of these two islands are correctly placed
at their local mean sea levels, the gravimetric geoid can be used to determine a reliable
MDT difference between the main island of Taiwan and each of the two islands for a

proper vertical datum connection.
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Fig. 12: (a) The geodetic method for determining vertical datum differences (relative

SST values) between two islands (see the text for the symbols) (b) the H, value.

H =H_+ that defines the mean sea surface at a tide gauge; water level
0 TG gaug

measurements are collected for calibrating tidal record errors (Eq. 13) (¢) GPS field
work at the benchmark near the tide gauge defining the mean sea level of Taiwan

(Keelung Harbour) (d) same as (c), but on Ludao.
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783  Fig. 13: The ocean’s mean dynamic topography (MDT) around Taiwan obtained by
784 averaging the MDT values over 1982-2005 from the POM model output of Wu et
785 al. (2008), with the locations of the five tide gauge stations (star for Taiwan, and
786 triangles for the rest).

787

788  Table 7: Vertical datum differences between Taiwan and four offshore islands using
789  the geodetic method (unit: m)

Geodetic  Std err of

Ah AN AH, AH
SST SST

LQ-KL* 3.140 0.153 2.978° 2.732 0.246 0.021
LD-KL 6.633 3.878 2.745 2.241 0.504 0.023
LY-KL 10.977 4.192 6.773 5.715 1.058 0.022
PH-KL -1.231 -2.014 0.777 0.336 0.441 0.024

790 *LQ MDT minus KL MDT

791  °AH, = Ah—AN (gravimetric geoid), AH = difference between two orthometric
792  heights (defined in the island vertical datum and Taiwan vertical datum)



793
794

795
796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

45

Table 8: Relative MDT between an offshore island and Taiwan from the geodetic

method (Table 7) and three other sources (unit: m)

Island-Taiwan Geodetic MDT  POM MDT DTUI0OMDT DTUI15 MDT

LQ-KL 0.246 0.212 0.279 0.298
LD-KL 0.504 0.284 0.441 0.267
LY-KL 1.058 0.332 0.443 0.489
PH-KL 0.441 0.044 0.072 0.096

5.3 LiDAR mapping of orthometric heights

In Taiwan, there were several LIDAR experimental measurement campaigns in the
early 2000s, e.g., Shih et al. (2005), who reported a 5-cm precision in ellipsoidal heights
in flat areas of Taiwan and precisions greater than 15 cm in mountainous areas. Since
the early 2000s, LiDAR-derived high-resolution DEMs in Taiwan have been used to
characterize faults in northern Taiwan (Chan et al., 2007), assess the effects of
topography on seismic motions (Lee et al., 2009), and detect deep-seated faults in dense
forests (Chen et al., 2015), among other applications.

After the disaster of Typhoon Morakot in August 2009 that caused several
hundreds of deaths by landslides, the government of Taiwan decided to map the whole
of Taiwan by LiDAR to identity locations prone to landslides and other geohazards. As
a result, Taiwan has been surveyed with LiDAR by 2012 (Hou et al., 2014). The unique
role of a geoid model in LiDAR mapping is for converting LiDAR ellipsoidal heights
to orthometric heights. Earlier, there was no standard geoid model of Taiwan to serve
this need. Thus, for the same LiDAR data, different geoid models can result in different
DEMSs. The current 5-m DEMs (orthometric heights) from LiDAR over Taiwan (Hou
et al., 2014) are based on the hybrid geoid in this paper (area of Taiwan: 36,000 km?).
In 2015, 52578 frames of LiDAR-generated maps (containing orthometric heights and
other spatial information) were requested by 40 organizations in Taiwan. In 2016, the

numbers of requesting organizations and approved map frames increase to 79 and
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78607, respectively, showing the increased importance of LiDAR-generated DEMs and
the hybrid geoid.

Here we show an example of LiDAR mapping of orthometric heights and a
potential problem with different geoid models in a low-lying, coastal area in southern
Taiwan. Recent climate change has created extreme rainfalls that flooded several low-
lying areas in southern Taiwan. For example, on August 23-25, 2018, southwestern
Taiwan received a cumulative rainfall of 500 mm, which created major floods in several
coastal townships of Chiayi and Tainan County. The floods were unprecedented and
were not predicted by flood models. Since precise orthometric heights in low-lying
areas are important for flood modeling (e.g., Merwade et al., 2008; Webster et al., 2004),
the failures in predicting the floods over August 23-25, 2018 could be partly due to
incorrect orthometric heights (from LiDAR measurements and an earlier geoid model)
and partly due to neglecting elevation changes caused by the rapid land subsidence in
these areas (subsiding rates up to 4.5 cm/year; Hung et al., 2011; Hung et al., 2018). In
addition to rain, storm surges and high-tide water could also flood low-lying areas.

In a flood-prone area, the zero elevations from LiDAR-derived orthometric
heights should be at about the local mean sea level for a realistic flood modeling. This
can be achieved only when the hybrid geoid is used in the conversion from ellipsoidal
heights to orthometric heights (see Section 3.2). As an example, Fig. 14a and b show
the orthometric heights in two low-lying townships, Linbian and Jiadong, in Pingtung
County (southern Taiwan), computed separately from LiDAR-derived ellipsoidal
heights and the gravimetric and the hybrid geoid models. These two townships have
long suffered from land subsidence and flooding. As shown in Fig. 14a and b, the zero
elevations from the two geoid models are different. Figure 14c compares the areas of
sub-zero elevations defined by the two geoid models. The orthometric heights from the

gravimetric geoid are larger than those from the hybrid geoid by about 20 cm, resulting
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in underestimated flood-prone areas and a larger dry intertidal zone on the areas west
of the seawalls. In contrast, the hybrid geoid results in more realistic sub-zero elevations
and intertidal zone. If the zero elevation contours are used to assess the potential flood
risk-prone areas in these townships, then two geoid models will lead to two different
results and may affect governmental funds that are allocated to protect these lands.

A final note is given to the link between a geoid model and relative sea level rise
in Taiwan (Hung et al., 2018), which is the relative motion of coastal land with respect
to the sea. Because the rate of sea level rise is about 3 mm/year (Chen et al., 2013), a
geoid model error of 20 cm (in the case of coastal Taiwan, Fig. 7a) corresponds to 70
years of sea level rise in mapping the risk of flooding using LiDAR-derived orthometric

heights.
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Fig. 14: (a) Orthometric heights (color scale in meter) from LiDAR-derived ellipsoidal
heights and the geoidal heights from the gravimetric geoid in a low-lying, flood-
prone area of Pingtung County in southern Taiwan; sub-zero elevations are red-
shaded, (b) same as (a), but from the hybrid geoid, sub-zero elevations are blue-
shaded (c¢) comparison of sub-zero elevations in the yellow box (Linbian Township)

of (a) and (b) from the two geoid models.

5.4 Economic and societal impacts of the geoid models

In addition to the three applications given in Section 5.1-5.3, numerous other
applications of the geoid models were conducted that have economic and societal
impacts. According to a survey by the Ministry of the Interior, Taiwan, more than 40
organizations (up to early 2019) in Taiwan have used the models in various applications.
A sample study using the new Taiwan hybrid geoid developed in this paper is given by
Li and Ning (2019).

These geoid applications include, but are not limited to (reported by Ministry of
the Interior, Taiwan): GPS orthometric heights conducted by military units, topographic
surveys for railway construction, production of rectified photogrammetric images,
geophysical surveys over landslide-prone slopes, updates of digital maps, geodetic
teaching, course work on integration of geospatial information, surveys of wastewater
distribution and polluted soils, control surveys for the Taiwan High Speed Rail (THSR),
construction work of landslide-hit areas, UAV (unmanned aerial vehicles) topographic
measurements, height surveys of public pipelines, height surveys for high-voltage
power towers and lines, aviation accident investigations, studies of creeping slopes,
assessment of flood risks due to tsunamis, geothermal studies, drainage system designs,
mapping fragile terrains, analysis of pandemic diseases, urban-look analysis, aviation

safety and soil and water conservations.

6. Conclusion



883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

900

901

902

903

904

905

906

907

908

50

In this paper, we constructed gravimetric-only and hybrid geoid models of Taiwan
and show how such models can benefit works in height modernization, cross-island
vertical datum connection and mapping orthometric heights with LiDAR. The high-
resolution, high-quality gravity anomalies and the dense, accurate GPS-observed
geoidal heights are two essential datasets for building these two geoid models,
particularly over a rugged terrain like Taiwan, which is surrounded by oceans with
rough gravity fields.

The gravimetric geoid, together with the GPS and the tidal records, helped us to
identify errors of about 40—-50 cm in the current vertical datums of Penghu and Lanyu
islands offshore mainland Taiwan. That is, the gravimetric geoid model helps to
improve the definition of an orthometric height at a benchmark related to a correct local
mean sea level. This is important for engineering works that require accurate heights
relative to sea level, such as construction of a coastal drainage system.

The hybrid geoid is used to directly determine cm-level orthometric heights under
the conventional vertical datum of Taiwan (TWVD2001) from the eGNSS network.
This practice will greatly improve the efficiency of land surveyor’s orthometric
heighting in Taiwan. An example in southern Taiwan shows that the hybrid geoid, rather
than the gravimetric geoid, is needed for a more correct estimate of the flood-affected
area from the LiDAR measurements because the hybrid geoid can yield orthometric
heights relative to local mean sea level. This improvement of 20 cm for LiDAR
mapping of flood-zone heights corresponds to 70 years of sea level rise. In view of the
ever-advancing geodetic technologies, precise geoid modeling has become an

increasingly important task for national mapping agencies around the world.
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