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We consider the decay π− → lν̄l (l ¼ e−; μ−) in the presence of an arbitrary large uniform magnetic field,
using the symmetric gauge. The consequences of the axial symmetry of the problem and the issue of
angular momentum conservation are discussed in detail. In particular, we analyze the projection of both the
canonical and the mechanical total angular momenta along the direction of the magnetic field. It is found
that while the former is conserved in the symmetric gauge, the latter is not conserved in both the symmetric
and Landau gauges. We derive an expression for the integrated π− → lν̄l width that coincides exactly with
the one we previously found using the Landau gauge, providing an explicit test of the gauge independence
of that result. Such an expression implies that for nonzero magnetic fields the decay width does not vanish
in the limit in which the outgoing charged leptons can be considered as massless, i.e., it does not exhibit the
helicity suppression found in the case of no external field.
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I. INTRODUCTION

Recently, a significant interest has been devoted to the
effect of intensemagnetic fields on the properties of strongly
interacting matter [1–3]. This is mostly motivated by the
realization that strong magnetic fields might play an impor-
tant role in the study of the early Universe [4], in the analysis
of high energy noncentral heavy ion collisions [5], and in the
physics of stellar objects like the magnetars [6]. It is well
known that magnetic fields induce interesting phenomena,
such as the enhancement of the QCD vacuum (the so-called
“magnetic catalysis”) [7] and the decrease of critical temper-
atures for chiral restoration and deconfinement QCD tran-
sitions [8]. More recently, it has also been shown that an
external magnetic field can lead to a significant enhance-
ment of the leptonic decay widths of charged pions [9,10]. It
should be noticed that the hadronic decay rates in external
magnetic fields are important for the stability and equilib-
rium of magnetars. Moreover, their dominant cooling
mechanisms involve (inverse) β-decay, photo-meson inter-
actions and pion decay [11]. Pions radiate energy via inverse
Compton scattering until they decay, imprinting the

spectrum of the subsequently produced neutrinos [12].
Although several studies of weak decays of hadrons under
strong electromagnetic fields have been reported in the
literature [13–16], in most works the effects of the external
fields on the relevant hadronic matrix elements have not
been fully considered. In the case of charged pions, these
effects have been recently analyzed in the context of chiral
perturbation theory [17], effective chiral models [18–21]
and lattice QCD (LQCD) calculations [9]. The most general
form of the relevant hadronic matrix elements for the
processes π− → lν̄l (l ¼ e−; μ−) has been obtained through
a model-independent analysis in Ref. [22], where the effect
of amagnetic field B⃗ on both pion and leptonwave functions
is fully taken into account. In particular, it is found that the
vector and axial vector pion-to-vacuummatrix elements can
be parametrized in general through one and three hadronic
form factors, respectively. Taking into account the expres-
sion for the π− → lν̄l decay width in Ref. [22], quantitative
predictions have been given in Ref. [10] for magnetic fields
up to eB ≃ 1 GeV2. Those results, based on the estimations
given in Ref. [21] for the hadronic form factors and the pion
mass within an effective Nambu–Jona-Lasino model, show
a strong enhancement of the total width with respect to its
value forB ¼ 0. In addition, it is seen that the presence of the
magnetic field affects dramatically the ratio betweenmuonic
and electronic decay rates [10]. This is related to the fact that
the widths do not vanish in the limit of vanishing lepton
masses, as happens to be the case for B ¼ 0.
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For π− → lν̄l decays, the presence of an external
magnetic field has also an important effect on the angular
distribution of outgoing antineutrinos. In Ref. [9], on the
basis of some assumptions related to angular momentum
conservation and chirality, it is claimed that the momen-
tum k⃗ of the antineutrino has to be parallel to the magnetic
field (i.e., the perpendicular component k⃗⊥ has to be zero).
This is in contradiction with the analysis in Ref. [10],
where it is found that k⃗⊥ is in fact the dominant
component of the momentum for magnetic fields larger
than about 0.1 GeV2. According to Ref. [22], conserva-
tion laws do not imply k⃗⊥ ¼ 0, therefore one should
integrate over all possible values of the antineutrino
momentum. At this point it should be noticed that in
Ref. [22] the calculation of the general form of the π− →
lν̄l decay width has been carried out using expressions for
the charged pion and lepton wave functions in the Landau
gauge. Although this is in fact the most widely chosen
gauge to perform this type of calculations, it may be not
the most convenient one when dealing with arguments of
angular momentum conservation, such as those consid-
ered in Ref. [9]. As noticed in Ref. [23], the consequences
of the axial symmetry of the problem, as well as the
physical meaning of angular momenta, can be better
understood if one works in the symmetric gauge.
Having this in mind, the purpose of the present work is
to rederive the expression for the π− → lν̄l decay width
including the most general hadronic matrix elements in
the presence of a uniform magnetic field, now considering
the symmetric gauge. It is shown that this procedure
enables a detailed discussion of angular momentum
conservation issues in decay processes of magnetized
charged particles. In addition, our calculation is found to
confirm the expected gauge independence of the general
expression for the decay width.
This paper is organized as follows. In Sec. II we

present the expressions of the different charged fields
used in our work and discuss in detail angular momen-
tum and chirality properties. In Sec. III we obtain explicit
expressions for the π� leptonic weak decay amplitudes.
We consider both the general case of an arbitrary
magnetic field strength and the limit of strong fields.
Then we obtain the expression for the decay width by
summing and integrating over all possible final states.
Our main conclusions are presented in Sec. IV. We also
include Appendixes A–D to quote some technical details
of our calculations.

II. PRELIMINARIES: CHARGED PARTICLE
FIELDS UNDER A UNIFORM MAGNETIC FIELD

IN THE SYMMETRIC GAUGE

Let us start by quoting the expressions for the different
charged fields considered in our work, written in terms of
particle creation and annihilation operators. We use the

Minkowski metric gμν ¼ diagð1;−1;−1;−1Þ, while for a
space-time coordinate four-vector xμ we adopt the notation
xμ ¼ ðt; r⃗Þ, with r⃗ ¼ ðrx; ry; rzÞ. Assuming the presence

of a uniform magnetic field B⃗, we orientate the spatial
axes in such a way that B⃗ ¼ Br̂z, and consider the sym-
metric gauge, in which Aμ¼ð0;A⃗Þ with A⃗ ¼ r⃗ × B⃗=2 ¼
ð−Bry=2; Brx=2; 0Þ. The expressions for the charged par-
ticle fields can be obtained using the method described
e.g., in Sec. 19 of Ref. [24]. For the reader’s convenience
we quote here these expressions explicitly, since they are
not commonly given in the literature (in comparison to
those corresponding to the Landau gauge). In the last
subsection we discuss some issues related to the quantum
numbers of particle states.

A. Charged pion field

The charged pion fields can be written as

ϕs
πσ ðxÞ ¼ ϕs

π−σ ðxÞ†

¼
X∞
l;{¼0

Z
dpz

ð2πÞ32Eπσ

× ½aσðp̆ÞWs
p̄ðxÞ þ a−σðp̆Þ†W−s

p̄ ðxÞ��; ð1Þ

where Qπσ ¼ σjej is the pion charge with σ ¼ �, s ¼
signðQπσBÞ and Be ¼ jQπσBj ¼ jeBj. Note that if B > 0
then s ¼ σ. The pion energy is given by Eπσ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

πσ þ ð2lþ 1ÞBe þ p2
z

p
. We have also defined p̄ ¼

ðEπσ ; p̆Þ and p̆ ¼ ðl; {; pzÞ, where pz is an arbitrary real
number while l and { are non-negative integer numbers.
The functions Ws

p̄ðxÞ are solutions of the eigenvalue
equation

DμDμWs
p̄ðxÞ ¼ −½E2

πσ − ð2lþ 1ÞBe − p2
z �Ws

p̄ðxÞ; ð2Þ

where Dμ¼∂μþisBeðrxδμ2−ryδμ1Þ=2. Introducing polar
coordinates ρ;ϕ in the plane perpendicular to the magnetic
field, their explicit form is given by

Ws
p̄ðxÞ ¼

ffiffiffiffiffiffi
2π

p
e−iðEπσ t−pzrzÞe−isðl−{ÞϕRl;{ðρÞ; ð3Þ

where

Rl;{ðρÞ ¼ Nl;{ξ
ðl−{Þ=2e−ξ=2Ll−{

{ ðξÞ: ð4Þ

Here we have used the definitions Nl;{ ¼ ðBe {!=l!Þ1=2 and
ξ ¼ Be ρ

2=2, while Lα
mðxÞ are the associated Laguerre

polynomials. It can be seen that the functions Ws
p̄ðxÞ

satisfy the orthogonality relations

Z
d3rWs

p̄0 ðxÞ�Ws
p̄ðxÞ ¼ ð2πÞ3δll0δ{{0δðpz − p0

zÞ: ð5Þ
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In addition, the creation and annihilation operators in
Eq. (1) satisfy the commutation relations

½aσðp̆Þ; aσ0 ðp̆0Þ†� ¼ 2Eπσ ð2πÞ3δll0δ{{0δðpz − p0
zÞδσσ0 ;

½aσðp̆Þ; aσ0 ðp̆0Þ� ¼ 0: ð6Þ

Note that with these conventions the operators aσðp̆Þ turn
out to have different dimensions from the creation and
annihilation operators that are usually defined in absence of
the external magnetic field.
It is also useful to calculate the particle number asso-

ciated with the state jπσðp̆Þi ¼ aσðp̆Þ†j0i in a volume V.
Given our gauge choice, it is convenient to consider an
infinite area in the xy plane and a finite length L along the z
axis. We obtain

nπσ ¼
Z
V
d3rhπσðp̆Þji½ϕs

πσ
†∂tϕ

s
πσ − ð∂tϕ

s
πσ

†Þϕs
πσ �jπσðp̆Þi

¼ 2Eπσð2πÞ2L: ð7Þ

Note that we are normalizing to 8π2E particles per
unit length, which differs from the usual normalization
ρ ¼ n=V ¼ 2E.

B. Charged lepton field

Assuming the same conventions for the magnetic field
and considering the symmetric gauge, for the charged
lepton fields we have

ψ s
l ðxÞ ¼

X
τ¼1;2

X∞
n;υ¼0

Z
dqz

ð2πÞ32El

× ½bðq̆; τÞUs
l ðx; q̆; τÞ þ dðq̆; τÞ†V−s

l ðx; q̆; τÞ�; ð8Þ

where q̆ ¼ ðn; υ; qzÞ, El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe þ q2z
q

and s ¼
signðQlBÞ, with Ql ¼ −jej (thus, Be ¼ jQlBj). Here, qz
is an arbitrary real number, while n and υ are non-negative
integer numbers. The creation and annihilation operators
satisfy

fbðq̆; τÞ; bðq̆0; τ0Þ†g ¼ fdðq̆; τÞ; dðq̆0; τ0Þ†g
¼ 2Elð2πÞ3δττ0δnn0δυυ0δðqz − q0zÞ; ð9Þ

fbðq̆; τÞ; dðq̆0; τ0Þ†g ¼ fdðq̆; τÞ†; bðq̆0; τ0Þ†g ¼ 0: ð10Þ

For n > 0 the spinors in Eq. (8) are given, in the Weyl
basis, by

Us
l ðx; q̆; τÞ ¼

ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þml

p e−iðElt−qzrzÞe−isðn−υ−1=2Þϕ

2
666664δτ;1

0
BBBBB@

e−iϕ=2ε−Rnsþ;υðρÞ
iseiϕ=2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rns−;υðρÞ

e−iϕ=2εþRnsþ;υðρÞ
−iseiϕ=2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rns−;υðρÞ

1
CCCCCAþ δτ;2

0
BBBBB@

−ise−iϕ=2
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rnsþ;υðρÞ

eiϕ=2εþRns−;υðρÞ
ise−iϕ=2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rnsþ;υðρÞ

eiϕ=2ε−Rns−;υðρÞ

1
CCCCCA

3
777775;

ð11Þ

V−s
l ðx; q̆; τÞ ¼

ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þml

p eiðElt−qzrzÞe−isðn−υ−1=2Þϕ

2
666664δτ;1

0
BBBBB@

ise−iϕ=2
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rnsþ;υðρÞ

eiϕ=2εþ Rns−;υðρÞ
ise−iϕ=2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rnsþ;υðρÞ

−eiϕ=2ε− Rns−;υðρÞ

1
CCCCCAþ δτ;2

0
BBBBB@

−e−iϕ=2ε− Rnsþ;υðρÞ
iseiϕ=2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rns−;υðρÞ

e−iϕ=2εþ Rnsþ;υðρÞ
iseiϕ=2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Rns−;υðρÞ

1
CCCCCA

3
777775;

ð12Þ

where ε� ¼ El þml � qz. Here the non-negative integer index nsλ is related to the quantum number n by ns� ¼
n − ð1 ∓ sÞ=2.
In the particular case of the lowest Landau level (LLL) n ¼ 0, only one polarization is allowed. Using the notation

q̆LLL ¼ ð0; υ; pzÞ, the explicit form of the spinors in this case are

Us
l ðx; q̆LLLÞ ¼

ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þml

p e−iðElt−qzrzÞeisυϕR0;υðρÞ

2
6664δs;1

0
BBB@

ε−

0

εþ
0

1
CCCAþ δs;−1

0
BBB@

0

εþ
0

ε−

1
CCCA
3
7775; ð13Þ
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V−s
l ðx; q̆LLLÞ ¼

ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þml

p eiðElt−qzrzÞeisυϕR0;υðρÞ

2
6664δs;1

0
BBB@

−ε−
0

εþ
0

1
CCCAþ δs;−1

0
BBB@

0

εþ
0

−ε−

1
CCCA
3
7775: ð14Þ

It can be seen that the spinors satisfy the orthogonality relationsZ
d3rUsðx; q̆; τÞ†Usðx; q̆0; τ0Þ ¼

Z
d3rV−sðx; q̆; τÞ†V−sðx; q̆0; τ0Þ ¼ 2Elð2πÞ3δq̆;q̆0δττ0 ;Z

d3rUsðx; q̆; τÞ†V−sðx; q̆0; τ0Þ ¼
Z

d3rV−sðx; q̆; τÞ†Usðx; q̆0; τ0Þ ¼ 0;Z
d3rŪsðx; q̆; τÞUsðx; q̆0; τ0Þ ¼ −

Z
d3rV̄−sðx; q̆; τÞV−sðx; q̆0; τ0Þ ¼ 2mlð2πÞ3δq̆;q̆0δττ0 ;Z

d3rŪsðx; q̆; τÞV−sðx̃; q̆0; τ0Þ ¼
Z

d3rV̄−sðx; q̆; τÞUsðx̃; q̆0; τ0Þ ¼ 0; ð15Þ

which are valid for both n ¼ 0 and n > 0.We have used here
the definitions δq̆;q̆0 ¼ δnn0δυυ0δðqz − q0zÞ and x̃ ¼ ðt;−r⃗Þ.
An alternative representation of the spinors in Eq. (8),

closer to the Ritus representation often used in the Landau
gauge, is given in Appendix A.

C. Commutation relations and quantum numbers
in the symmetric gauge

In this subsection we discuss some properties of the
operators and particle states. We consider first the case of
charged leptons. We recall that, in this case, if a physical
quantity has an associated quantum mechanical operatorO,
the field theoretical realization of this operator is given by

Õ ¼
Z
V
d3r∶ψ s

l ðxÞ†Oψ s
l ðxÞ∶: ð16Þ

Let us recall that the Dirac Hamiltonian for a charged
particle in a uniform magnetic field is given by

H ¼ γ0½γ⃗ · P⃗þm�: ð17Þ

Here P⃗ is the mechanical momentum, related to the

canonical momentum p⃗ ¼ −i∇⃗ by

P⃗ ¼ p⃗ −QlA⃗; ð18Þ

where A⃗ is the vector potential associated to the uniform
magnetic field B⃗. Although the explicit relation between
both momenta depends on the gauge choice, it is seen that
P⃗ is a gauge covariant quantity. For a magnetic field
orientated along the z direction, the relation

½P̃j; P̃k� ¼ iBðδj1δk2 − δj2δk1ÞQ̃ ð19Þ

is found to be satisfied (integer indices 1,2,3 are intended to
be equivalent to x, y, z). Here,

Q̃¼Ql

X
τ¼1;2

X∞
n;υ¼0

Z
dqz
ð2πÞ3 ½bðq̆;τÞ

†bðq̆;τÞ−dðq̆;τÞ†dðq̆;τÞ�:

ð20Þ

Using the spinors defined in the previous subsection, a
straightforward calculation shows that, as expected, in the
symmetric gauge one gets

H̃jlðq̆; τÞi ¼ Eljlðq̆; τÞi; H̃jl̄ðq̆; τÞi ¼ Eljl̄ðq̆; τÞi; ð21Þ

where El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe þ q2z
q

.

We introduce now the canonical orbital angular momen-
tum operator ⃗l ¼ r⃗ × p⃗ and the spin operator S⃗. Given the
fact that the magnetic field breaks the rotational invariance,
only the components of these operators along the z axis are
relevant. Using cylindrical coordinates, the z components lz
and Sz are given by

lz ¼ −i
∂
∂ϕ ; Sz ¼

1

2
diagð1;−1; 1;−1Þ: ð22Þ

Defining the canonical total angular momentum as
jz ¼ lz þ Sz and using the spinors defined in the previous
subsection we obtain

j̃zjlðq̆;τÞi¼ jðlÞz jlðq̆;τÞi; j̃zjl̄ðq̆;τÞi¼−jðlÞz jl̄ðq̆;τÞi; ð23Þ

with

jðlÞz ¼ −sðn − υ − 1=2Þ: ð24Þ
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Thus, as expected, we see that for the charged leptons in the
symmetric gauge one can find energy eigenstates that are
also eigenstates of the z component of the total canonical
angular momentum. Since the energy eigenvalues do not
depend on υ, we see that, in the symmetric gauge, a state of
a given Landau level n is in general a linear combination
of an infinite set of degenerate states with well-defined

quantum number jðlÞz . This is consistent with the fact that, in
this gauge, one has ½j̃z; H̃� ¼ 0, as can be verified from the
previously given expressions for H and jz. We stress here
that jz is not a gauge covariant quantity. In the Landau
gauge, for example, it is not difficult to check that j̃z does
not commute with H̃, therefore in general it is not expected
to be conserved. Turning back to the symmetric gauge, it is
worth noticing that only the canonical total angular
momentum is well defined, i.e., energy eigenstates are
not in general eigenstates of l̃z and S̃z separately.
Associated to the mechanical momentum P⃗ we can

define the mechanical orbital angular momentum L⃗ ¼
r⃗ × P⃗ and the mechanical total angular momentum
J⃗ ¼ L⃗þ S⃗. In the same way as P⃗, J⃗ is a gauge covariant
operator. An explicit calculation shows, however, that for a
magnetic field along the z-axis one has

½J̃z; H̃� ¼ −isBQ

Z
d3rψ̄ðxÞðrxγ1 þ ryγ2ÞψðxÞ; ð25Þ

which is valid in any gauge. Hence, Jz is a gauge covariant
quantity but it is not a conserved quantity. In particular, an
explicit calculation in the symmetric gauge shows that J̃z is
not diagonal in the basis of energy eigenstates.
Let us consider now the limit in which the charged lepton

mass ml vanishes. This is interesting when the magnetic
field is relatively strong, say Be ≫ m2

l . In the limit ml ¼ 0

the chirality operator γ5 becomes equivalent to the helicity
operator P̂ · S⃗, and commutes with H. Consequently, one
can obtain energy eigenstates of well defined chirality/
helicity. For arbitrary n > 0 they can be constructed as
linear combinations of the two polarization states. We get

jlðq̆;LÞich ¼ −i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El − qz

p ffiffiffiffiffiffiffi
2El

p jlðq̆;1Þich þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þ qz

p ffiffiffiffiffiffiffi
2El

p jlðq̆;2Þich;

ð26Þ

jlðq̆; RÞich ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þ qz

p ffiffiffiffiffiffiffi
2El

p jlðq̆; 1Þich þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El − qz

p ffiffiffiffiffiffiffi
2El

p jlðq̆; 2Þich:

ð27Þ

(subindices ch indicate that the chiral limitml → 0 has been
taken). On the other hand, as mentioned above, for the LLL
only one polarization is available. Thus, the states asso-
ciated with the spinors that result from taking ml ¼ 0 in
Eqs. (13) and (14) are already helicity eigenstates. We get

γ̃5jlððq̆LLLÞich ¼ s signðqzÞjlðq̆LLLÞich;
γ̃5jl̄ððq̆LLLÞich ¼ −s signðqzÞjl̄ðq̆LLLÞich: ð28Þ

This implies that for large enough magnetic fields—such
that only the LLL is relevant and ml can be neglected—
a negatively charged lepton (like the muon or the electron)
is lefthanded if B and qz are either both positive or both
negative, and it is righthanded otherwise.
We briefly consider now the pion eingenstates. Their

angular momentum can be analyzed following similar steps
as before. For the canonical orbital angular momentum
we get

l̃zjπσðp̆Þi ¼ lðπ
σÞ

z jπσðp̆Þi; ð29Þ

with

lðπ
σÞ

z ¼ −sðl − {Þ; ð30Þ

where s ¼ signðσBÞ. As in the case of charged leptons, the
mechanical angular momentum Lz is not a conserved
quantity, thus, it is not diagonal in the basis of energy
eigenstates.

III. CALCULATION OF THE π − → lν̄l
DECAY WIDTH IN THE PRESENCE OF

AN EXTERNAL MAGNETIC FIELD USING
THE SYMMETRIC GAUGE

Let us analyze the decay width for the process π− → lν̄l,
with l ¼ μ−; e−, in the presence of a uniform magnetic field
using the symmetric gauge. For definiteness we will take
B > 0, i.e., s ¼ −1. Following the notation introduced in
the previous section, the initial charged pion state is
determined by the quantum numbers p̆ ¼ ðl; {; pzÞ, the
associated energy being Eπ− ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π− þ ð2lþ 1ÞBe þ p2
z

p
.

The quantum numbers corresponding to the outgoing
lepton state are taken to be q̆ ¼ ðn; υ; qzÞ, together with
a polarization index τ. In this case the energy is given

by El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe þ q2z
q

. Finally, being electrically

neutral, the outgoing antineutrino is taken to be in the
cylindrical basis discussed in Appendix B. Thus, the
associated quantum numbers are k̆ ¼ ð|; k⊥; kzÞ, where |
is an integer while k⊥ and kz are real numbers, with k⊥ > 0.
The corresponding energy is Eν̄l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ k2z

p
.

A. The decay amplitude

Using the notation introduced in the previous section, the
transition matrix element for the process we are interested
in is given by
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hlðq̆; τÞν̄lðk̆; RÞjLW jπ−ðp̆Þi

¼ −
GFffiffiffi
2

p cos θc

×
Z

d4xH−;μ
L ðx; p̆ÞŪ−

l ðx; q̆; τÞγμð1 − γ5ÞVνlðx; k̆; RÞ;

ð31Þ
where H−;μ

L ðx; p̆Þ stands for the matrix element of the
hadronic current,

H−;μ
L ðx; p̆Þ ¼ H−;μ

V ðx; p̆Þ −H−;μ
A ðx; p̆Þ

¼ h0jψ̄uðxÞγμð1 − γ5ÞψdðxÞjπ−ðp̆Þi: ð32Þ
Following the definitions and conventions of Ref. [22], the
hadronic matrix elements can be parametrized as

H−;ϵ
k;L ¼ H−;0

L þ ϵH−;3
L

¼
ffiffiffi
2

p
ðϵfðVÞπ− − fðA1Þπ− ÞðD0 þ ϵD3ÞW−

p̄ðxÞ; ð33Þ

H−;ϵ
⊥;L ¼ H−;1

L þ iϵH−;2
L

¼ −
ffiffiffi
2

p
ðfðA1Þπ− þ ϵfðA2Þπ− − fðA3Þπ− ÞðD1 þ iϵD2ÞW−

p̄ðxÞ:
ð34Þ

Rewriting H−;μ
L in terms of the parallel and perpendicular

components one gets

γμð1 − γ5ÞH−;μ
L ðx; p̆Þ ¼

0
BBBBB@

0 0 0 0

0 0 0 0

H−;þ
k;L H−;−

⊥;L 0 0

H−;þ
⊥;L H−;−

k;L 0 0

1
CCCCCA; ð35Þ

with

H−;ϵ
k;L ¼ −i

ffiffiffi
2

p
ðϵfðVÞπ− − fðA1Þπ− ÞðEπ− þ ϵpzÞW−

p̄ðxÞ; ð36Þ

H−;ϵ
⊥;L ¼ −ϵ

ffiffiffi
2

p
ðfðA1Þπ− þ ϵfðA2Þπ− − fðA3Þπ− Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1þ ϵÞBe

p
×W−

p̄þϵðxÞ; ð37Þ

where p̄þ ϵ ¼ ðEπ− ;lþ ϵ; {; pzÞ.
Using these expressions together with the explicit form

of the charged lepton and antineutrino spinors (see Sec. II B
and Appendix B) we get

hlðq̆; τÞν̄lðk̆; RÞjLW jπ−ðp̆Þi
¼ ð2πÞ3δðEπ− − El − Eν̄lÞδðpz − qz − kzÞ
× δl−{;n−υþ|−1Mðp̆; q̆; k̆; τÞ; ð38Þ

where

Mðp̆; q̆; k̆; 1Þ ¼ −
ffiffiffi
2

p
GF cos θc

ð−iÞ|þ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þml

p ½ðEl þml − qzÞAðp̆; q̆; k̆Þ þ
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Bðp̆; q̆; k̆Þ�;

Mðp̆; q̆; k̆; 2Þ ¼
ffiffiffi
2

p
GF cos θc

ð−iÞ|ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þml

p ½
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Aðp̆; q̆; k̆Þ þ ðEl þml þ qzÞBðp̆; q̆; k̆Þ�: ð39Þ

Here we have used the definitions

Aðp̆; q̆; k̆Þ ¼ aπ−ðEπ− þ pzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l − kz

q
I1 − dπ−

ffiffiffiffiffiffiffiffiffiffiffi
2lBe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l þ kz

q
I2;

Bðp̆; q̆; k̆Þ ¼ bπ−ðEπ− − pzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l þ kz

q
I4 − cπ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðlþ 1ÞBe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l − kz

q
I3; ð40Þ

and

aπ− ¼ fðA1Þπ− − fðVÞπ− ; bπ− ¼ fðA1Þπ− þ fðVÞπ− ;

cπ− ¼ fðA1Þπ− þ fðA2Þπ− − fðA3Þπ− ; dπ− ¼ fðA1Þπ− − fðA2Þπ− − fðA3Þπ− ;

ð41Þ
while Ii, i ¼ 1;…4 are radial integrals given by

I1 ¼ Iðl; {; n − 1; υÞ; I2 ¼ Iðl − 1; {; n − 1; υÞ;
I3 ¼ Iðlþ 1; {; n; υÞ; I4 ¼ Iðl; {; n; υÞ; ð42Þ

where

Iðl; {; n; υÞ

¼ 2π

Z
∞

0

dρ ρRl;{ðρÞRn;υðρÞ Jðl−{Þ−ðn−υÞðk⊥ρÞ: ð43Þ

The evaluation of these integrals for arbitrary particle states
is given in Appendix C.
Note that, due to the δ functions appearing in Eq. (38),

not all the variables in the expressions given in Eqs. (39) are
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independent. While the first two δ functions correspond to
the conservation of the energy and the z component of the
linear momentum, the last one leads to the relation
l − { ¼ n − υ − 1=2þ | − 1=2. Taking into account that

for antineutrinos (in our basis) one has jðν̄lÞz ¼ | − 1=2 (see
Appendix B), using Eqs. (24) and (30), and recalling that
we are considering s ¼ −1, this relation can be written as

jðπ
−Þ

z ¼ jðlÞz þ jðν̄lÞz . Therefore, the last δ function in Eq. (38)
implies that, as expected, the z component of the canonical
total angular momentum is conserved in the decay process
when the symmetric gauge is used.
Now let us concentrate on the situation in which the

decaying pion is in the lowest energy state (LES). This
corresponds to l ¼ 0 and pz ¼ 0, i.e., p̆LES ¼ ð0; {; 0Þ. In
this case the radial integrals Ii get simplified. Introducing
x ¼ k2⊥=ð2BeÞ, we get

Iðl¼0Þ
1 ¼ 2πð−1Þn−1 xðn−1Þ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðn − 1Þ!p F{;υðxÞ;

Iðl¼0Þ
2 ¼ 0;

Iðl¼0Þ
3 ¼ 2πð−1Þn x

ðn−1Þ=2ffiffiffiffiffi
n!

p ðx − nÞF{;υðxÞ;

Iðl¼0Þ
4 ¼ 2πð−1Þn x

n=2ffiffiffiffiffi
n!

p F{;υðxÞ; ð44Þ

where

F{;υðxÞ ¼
ffiffiffiffi
{!
υ!

r
ð−1Þ{þυxðυ−{Þ=2e−xLυ−{

{ ðxÞ: ð45Þ

The decay amplitudes simplify to

Mðp̆LES; q̆; k̆; 1Þ ¼ GF cos θcð−1Þnð−iÞ|þ12π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðEν̄l − kzÞ
El þml

s
xðn−1Þ=2ffiffiffiffiffiffiffiffiffiffiffiffi
n − 1!

p F{;υðxÞ

× ½aπ−Eπ−ðEl þml − qzÞ − bπ−Eπ−ðEν̄l þ kzÞ þ cπ−2Beðx − nÞ�; ð46Þ

Mðp̆LES; q̆; k̆; 2Þ ¼ GF cos θcð−1Þnþ1ð−iÞ|2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l − kz

BeðEl þmlÞ

s
xðn−1Þ=2ffiffiffiffiffi

n!
p F{;υðxÞ

× faπ−Eπ−2nBe − ðEl þml þ qzÞ½bπ−Eπ−ðEν̄l þ kzÞ − cπ−2Beðx − nÞ�g: ð47Þ

It is interesting at this point to consider the situation in
which the magnetic field is large enough so that the
outgoing charged lepton can only be in the lowest
Landau level. As mentioned in the previous section, only
one polarization state is allowed in this case. Since we are
considering s ¼ −1, this corresponds to τ ¼ 2. We get

Mðp̆LES; q̆LLL; k̆Þ

¼ GF cos θcð−iÞ|2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

El þml

s
F{;υðxÞ

× ðEl þml þ qzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eνl þ kz

q
½bπ−Eπ− − cπ−ðEνl − kzÞ�;

ð48Þ

with q̆LLL ¼ ð0; υ; qzÞ. We remark that, due to the δ
functions in Eq. (38), the relations qz ¼ −kz, |¼υ− {þ1

and kz ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE2

π− þ 2Bex −m2
l Þ2 − 8BeE2

π−x
q

=ð2Eπ−Þ are

satisfied. Therefore, recalling that x ¼ k2⊥=ð2BeÞ, we see
that for fixed Eπ− and given definite values of { and υ the
amplitude is a function of k⊥. Contrary to the claim in
Ref. [9], we conclude that by no means angular momentum
conservation implies that k⊥ has to be zero. In fact, one

should integrate over the full range of values of k⊥ from
zero to infinity to calculate the total width.
A final observation concerns the situation in which

Be ≫ m2
l . In this case, we can neglect the charged lepton

mass in Eq. (48), obtaining

Mðp̆LES; q̆LLL; k̆Þch
¼ GF cos θcð−iÞ|2π

ffiffiffiffiffiffiffi
2El

p
F{;υðxÞ

×½1 − signðkzÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eνl þ kz

q
½bπ−Eπ− − cπ−ðEνl − kzÞ�;

ð49Þ

where we have used that in the present case El ¼ jkzj. As
seen, while for kz > 0 the amplitude vanishes, for kz < 0 in
general it does not. This can be understood in terms of
helicity conservation. As discussed in Sec. II C, in the limit
ml → 0 for a charged lepton in the LLL we have (recall
once again that we are considering s ¼ −1)

γ5jlðq̆LLLÞich ¼ −signðqzÞjlðq̆LLLÞich: ð50Þ

Noting that qz ¼ −kz, we see that for kz > 0 the outgoing
charged lepton would be righthanded, which is forbidden

WEAK DECAYS OF MAGNETIZED CHARGED PIONS IN THE … PHYS. REV. D 101, 034003 (2020)

034003-7



by helicity conservation since antineutrinos are always
righthanded. This is very different from what happens in
the absence of a magnetic field. For B ¼ 0, helicity
conservation implies that the total decay amplitude of a
pion at rest must vanish as ml → 0. At large magnetic
field, however, it only implies that the projection of the
antineutrino momentum in the direction of B⃗ must be
opposite to B⃗.

B. Decay width

On general grounds, the decay width for the process we
are interested in is given by

Γ−
l ðBÞ ¼ lim

L;T→∞

X
τ¼1;2

X∞
n;υ;|¼0

Z
dqz

ð2πÞ32El

dkzdk⊥k⊥
ð2πÞ22Eν̄l

×
jhlðq̆; τÞν̄lðk̆; RÞjLW jπ−ðp̆Þij2

2ð2πÞ2Eπ−LT
; ð51Þ

where T and L are the time interval and length on the z-axis
in which the interaction is active. At the end of the
calculation, the limit L; T → ∞ should be taken. Using
Eq. (38) we get

Γ−
l ðBÞ ¼

1

16πEπ−

X∞
n;υ;|¼0

Z
dqzdkzdk⊥k⊥
ð2πÞ2ElEν̄l

× δðEπ− − El − Eν̄lÞ δðpz − qz − kzÞ
× δl−{;n−υ−1þ|jMπ−→lν̄l j2; ð52Þ

where

jMπ−→lν̄l j2 ≡
X
τ¼1;2

jMðp̆; q̆; k̆; τÞj2 ð53Þ

and the amplitudes for τ ¼ 1; 2 are given in Eq. (39).

Now, as it is usually done, we concentrate on the
situation in which the decaying pion is in the lowest energy
state. This corresponds to l ¼ 0 and pz ¼ 0. Moreover, as
it will be shown below, the decay width will not depend on
the value of {. The expression in Eq. (52) can be worked
out, leading to

Γ−
l ðBÞ ¼

1

16πE2
π−

Xnmax

n¼0

Z
kmax⊥

0

dk⊥k⊥
2π

×
Z

dkz
2πk̄z

½δðkz − k̄zÞþ δðkzþ k̄zÞ�
X∞
υ¼0

jMπ−→lν̄l j2;

ð54Þ

where we have used the definitions

nmax ¼ m2
π− −m2

l þ Be

2Be
; ð55Þ

kmax⊥ ¼ Eπ− −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe

q
; ð56Þ

k̄z¼
1

2Eπ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½E2

π− −2Beðn−xÞ−m2
l �2−8BeE2

π−x
q

: ð57Þ

In the amplitudes we must take qz ¼ −kz and | ¼
υþ 1 − n − {. Using Eqs. (46) and (47) we get

Z
dkz
2π

½δðkz − k̄zÞ þ δðkz þ k̄zÞ�
X∞
υ¼0

jMπ−→lν̄l j2

¼ 16πG2
Fcos

2θc
xn−1

n!
AnðxÞ

X∞
υ¼0

F{;υðxÞ2; ð58Þ

where

AðnÞ
π− ðxÞ ¼ ½E2

π− − 2Beðn − xÞ −m2
l �
�
m2

l

2
ðnjaπ− j2 þ xjbπ− j2Þ þ Beðn − xÞðnjaπ− − cπ− j2 þ xjbπ− − cπ− j2Þ

�
þ 2BexfE2

π− ½njaπ− − bπ− j2 − ðn − xÞjbπ− − cπ− j2� þ ðn − xÞm2
l jcπ− j2g: ð59Þ

To proceed we have to evaluate the sum over the charged
lepton quantum number v on the right-hand side of
Eq. (58). As shown in Appendix D, one gets

X∞
υ¼0

F{;υðxÞ2 ¼ e−x: ð60Þ

Using this result we arrive at the final expression for the
π− → lν̄l decay width, namely

Γ−
l ðBÞ ¼

G2
F cos

2 θc
2πE2

π−
Be

Xnmax

n¼0

Z
xmax

0

dx
1

k̄z

xn−1

n!
e−xAðnÞ

π− ðxÞ:

ð61Þ

Our result agrees exactly with Eq. (52) of Ref. [22], where
the calculation was carried out using the Landau gauge.
This provides an additional and explicit confirmation of the
gauge independence of our expression for the decay width.
It should be noted that, since the sum in Eq. (60) turns out
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to be independent of {, the width does not depend on the

charged pion canonical angular momentum jðπ
−Þ

z . This is to
be expected due to the fact that, as mentioned in Sec. III,

jðπ
−Þ

z is a gauge dependent quantity.

IV. SUMMARY AND CONCLUSIONS

In this work we study the decay width π− → lν̄l in the
presence of an arbitrary large uniform magnetic field. We
use here the symmetric gauge, as an alternative to a
previous analysis carried out in Ref. [22] where the
Landau gauge was considered. The usage of the symmetric
gauge has the advantage of allowing for a better under-
standing of the consequences of the axial symmetry of the
problem, as well as for a better treatment of angular
momenta. In our analysis we introduce charged pion and
lepton wave functions and spinors in this gauge, using
cylindrical coordinates. To study the conservation of
angular momentum, we define the canonical (jz) and
mechanical (Jz) total angular momentum operators. We
find that, as expected, even though jz is not a gauge
covariant quantity, it turns out to be conserved in the
symmetric gauge. On the other hand, Jz is shown to be
gauge covariant but it is not conserved in any gauge. As
shown by explicit calculation [see Eq. (41)], the relevant
matrix element for the process π− → lν̄l turns out to be
proportional to a Kronecker delta which, when expressed in
terms of the jz values of the different fields, clearly reflects
the conservation of the canonical total angular momentum
of the system. Using the symmetric gauge we also obtain an
explicit expression for the decay width π− → lν̄l for the
case in which the decaying pion lies in its state of minimum
energy (i.e., in the lowest Landau level, with zero linear
momentum along the direction of the magnetic field). We
show that the total width does not depend on the charged

pion canonical angular momentum jðπ
−Þ

z , a fact that is to be

expected since jðπ
−Þ

z is a gauge dependent quantity.
Moreover, it is seen that the total width is obtained after
integrating over the perpendicular momenta of the outgoing
antineutrinos, k⊥. This confirms that angular momentum
conservation does not imply, as claimed in Ref. [9], that
the momentum of the antineutrino has to be necessarily
parallel to the magnetic field. In fact, it turns out that—as
showed in Ref. [10] for large magnetic fields—the ratio
k⊥=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ k2z

p
for outgoing antineutrinos tends to be

relatively large. As expected, the derived expression for
the integrated π− → lν̄l width coincides exactly with the
one found using the Landau gauge in Ref. [22]. This
provides an explicit test of the gauge independence of this
result.

It is worth noticing that Eq. (61) implies that for finite
magnetic fields the decay width does not vanish in the limit
ml → 0, i.e., it does not exhibit the helicity suppression
found in the case of no external field. As shown in the
present work, for a sufficiently large magnetic field (so that
the outgoing charged lepton has to be in the LLL, and its
mass can be neglected), helicity conservation only implies
that the projection of the antineutrino momentum in the
direction of the magnetic field should be antiparallel to the
magnetic field. As a consequence, for large values of
B the ratio Γe=Γμ might change dramatically with respect
to the B ¼ 0 value [10]. This could be interesting e.g.,
regarding the expected flavor composition of neutrino
fluxes coming from the cores of magnetars and other
stellar objects. In addition, for large B the angular dis-
tribution of outgoing antineutrinos is expected to be highly
anisotropic, showing a significant suppression in the
direction of the external field.
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APPENDIX A: ALTERNATIVE
REPRESENTATION OF MAGNETIZED

FERMION SPINORS IN THE
SYMMETRIC GAUGE

For completeness, in this Appendix we present an
alternative way to express the charged fermion spinors.
This form follows quite closely the Ritus representation
notation often used in the Landau gauge (see e.g.,
Appendix A.3 of Ref. [22]). In fact, the spinors in
Eq. (8) can also be written as

Us
l ðx; q̆; τÞ ¼ Ns

q̄ðxÞusl ðq̆; τÞ;
V−s
l ðx; q̆; τÞ ¼ Ñ−s

q̄ ðxÞv−sl ðq̆; τÞ; ðA1Þ

where q̄ ¼ ðq0; q̆Þ, with q0 ¼ El. The spinors usl and v−sl
are given in the Weyl basis by

usl ðq̆; τÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEl þmlÞ
p � ðEl þml þ s

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 − qzτ3ÞϕðτÞ

ðEl þml − s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 þ qzτ3ÞϕðτÞ

�
; ðA2Þ
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v−sl ðq̆; τÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðEl þmlÞ

p � ðEl þml − s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 − qzτ3Þϕ̃ðτÞ

−ðEl þml þ s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 þ qzτ3Þϕ̃ðτÞ

�
; ðA3Þ

where τi are the Pauli matrices while ϕð1Þ† ¼ −ϕ̃ð2Þ† ¼
ð1; 0Þ and ϕð2Þ† ¼ ϕ̃ð1Þ† ¼ ð0; 1Þ. They satisfy the relations

X
τ¼1;2

usl ðq̆; τÞūsl ðq̆; τÞ ¼ =̂qs þml;

X
τ¼1;2

v−sl ðq̆; τÞv̄−sl ðq̆; τÞ ¼ =̂q−s −ml; ðA4Þ

where q̂μs ¼ ðEl; 0;−s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
; qzÞ. In Eq. (A1), Ns

q̄ðxÞ and
Ñ−s
q̄ ðxÞ are the symmetric gauge equivalents of the Landau

gauge Ritus functions. They are solutions of the eigenvalue
equation

=D2Ns
q̄ðxÞ ¼ −½E2

l − 2nBe − q2z �Ns
q̄ðxÞ; ðA5Þ

where =D ¼ ∂ − isBeðrxγ2 − ryγ1Þ. The explicit form of
these functions is

Ns
q̄ðxÞ¼

X
λ¼�

Ns
q̄;λðxÞΔλ; Ñ−s

q̄ ðxÞ¼
X
λ¼�

N−s
q̄;−λðxÞ�Δλ; ðA6Þ

where Δ� ¼ ð1� iγ1γ2Þ=2 and

Ns
q̄;λðxÞ ¼ Ws

ðEl;nsλ;υ;qzÞðxÞ; ðA7Þ

Ws
q̄ðxÞ being given by Eq. (3). Here the non-negative

integer index nsλ is related to the quantum number n by
ns� ¼ n − ð1 ∓ sÞ=2.

APPENDIX B: NEUTRINO FIELD
IN A CYLINDRICAL BASIS

It is usual to write the neutrino field as a linear
combination of operators of well-defined linear momentum
k⃗. However, this is not very convenient for the purpose of
the present work. As mentioned in the main text, we are
interested in dealing with the decay of charged pions in the
presence of an external field using the symmetric gauge.
Thus, as in the case of charged pions and leptons, it is more
convenient to introduce an expansion of the neutrino field
using cylindrical coordinates ρ, ϕ and z, where z is a spacial
axis parallel to the magnetic field. We can then expand the
usual plane wave functions in terms of eigenfunctions of
the z component of the orbital momentum, lz. Next, we can
couple these wave functions to the eigenstates of Sz
(z component of the spin operator), and write the neutrino

field in terms of operators with “good” total angular
momentum jz ¼ lz þ Sz. The resulting expansion reads

ψνlðxÞ ¼
X∞
|¼−∞

Z
dkzdk⊥k⊥
ð2πÞ22Eνl

½bðk̆; LÞUνlðx; k̆; LÞ

þ dðk̆; RÞ†Vνlðx; k̆; RÞ�; ðB1Þ

where k̆ ¼ ð|; k⊥; kzÞ and Eνl ¼ Eν̄l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ k2z

p
. Here, |

is an integer number, while k⊥ and kz are real numbers,
with k⊥ > 0. In the Weyl basis, the spinors Uνl and Vνl are
given by

Uνlðx; k̆;LÞ ¼ −i|e−iðEν̄l
t−kzrzÞ

× e−i|ϕ

0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l − kz

p
J|ðk⊥ρÞ

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l þ kz

p
eiϕJ|−1ðk⊥ρÞ
0

0

1
CCCA; ðB2Þ

Vνlðx; k̆;RÞ¼−ð−iÞ|eiðEν̄l
t−kzrzÞ

×e−i|ϕ

0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l −kz

p
J|ðk⊥ρÞ

−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eν̄l þkz

p
eiϕJ|−1ðk⊥ρÞ
0

0

1
CCCA: ðB3Þ

Note that, as it is clear from the explicit form of the spinors,
in the expansion we have already taken into account that
neutrinos (antineutrinos) are lefthanded (righthanded). The
creation and annihilation operators satisfy

fbðk̆;LÞ;bðk̆0;LÞ†g¼fdðk̆;RÞ;dðk̆0;RÞ†g¼ 2Eν̄lð2πÞ2δk̆;k̆0 ;
fbðk̆;LÞ;dðk̆0;RÞ†g¼fdðk̆;LÞ†;bðk̆0;RÞ†g¼ 0; ðB4Þ

where

δk̆;k̆0 ¼ δ||0
δðk⊥ − k0⊥Þ

k⊥
δðkz − k0zÞ: ðB5Þ

It can be seen that the spinors in Eqs. (B2) and (B3) satisfy
the orthogonality relations
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Z
d3rUðx; k̆;LÞ†Uðx; k̆0;LÞ ¼

Z
d3rVðx; k̆;RÞ†Vðx; k̆0;RÞ

¼ 2Eν̄lð2πÞ2δk̆;k̆0 ; ðB6Þ
Z

d3rUðx; k̆;LÞ†Vðx; k̆0;RÞ ¼
Z

d3rVðx; k̆;RÞ†Uðx; k̆0;LÞ

¼ 0: ðB7Þ

Using methods similar to those mentioned in Sec. II C it
can be shown that, given a set of quantum numbers
ð|; k⊥; kzÞ, the eigenvalue of the total angular momentum

operator j̃z acting on a neutrino state is jðνlÞz ¼ −ð| − 1=2Þ,
while for an antineutrino state one has jðν̄lÞz ¼ | − 1=2.

APPENDIX C: THE RADIAL INTEGRAL

In this Appendix we quote the result for the radial
integral appearing in Eq. (43). It can be calculated using the
relation (see Eq. (5) of Ref. [25])Z

dx xνþ1e−αx
2

Lν−σ
m ðαx2ÞLσ

nðαx2ÞJνðxyÞ

¼ ð−1Þmþn

2α

�
y
2α

�
ν

exp

�
−
y2

4α

�

×Lσ−mþn
m

�
y2

4α

�
Lν−σþm−n
n

�
y2

4α

�
× ½y > 0;Reα > 0;Reν > −1�; ðC1Þ

together with (see Eq. (3.6.2) of Ref. [26])

Ln−υ
υ ðxÞ ¼ n!

υ!
ð−xÞυ−nLυ−n

n ðxÞ; ðC2Þ

which is valid for all the values of n and υ we are interested
in. We get

Iðl; {; n; υÞ ¼ 2πð−1Þ{þυ

ffiffiffiffiffiffiffiffiffi
{!n!
l!υ!

r �
k2⊥
2Be

�ðl−{Þ−ðn−υÞ
2

× e−
k2⊥
2BeLυ−{

{

�
k2⊥
2Be

�
Ll−n
n

�
k2⊥
2Be

�
: ðC3Þ

APPENDIX D: SUM OVER THE
QUANTUM NUMBER υ OF THE
OUTGOING CHARGED LEPTONS

In this Appendix we will prove the validity of Eq. (60).
From the definition of F{;υðxÞ in Eq. (45) we have

X∞
υ¼0

F{;υðxÞ2 ¼ e−2xS{ðxÞ; ðD1Þ

where

S{ðxÞ ¼
X∞
υ¼0

{!
υ!
xυ−{Lυ−{

{ ðxÞ2: ðD2Þ

We want to show that S{ðxÞ ¼ ex, for all {ϵN. For { ¼ 0 one
has Lυ

0ðxÞ ¼ 1, therefore the relation is clearly satisfied. For
{ ¼ 1, using Lυ−1

1 ðxÞ ¼ υ − x, one has

S1ðxÞ ¼ xþ
X∞
υ¼1

xυ−1

υ!
ðυ − xÞ2

¼ xþ
X∞
υ¼1

�
xυþ1

υ!
þ υxυ−1

ðυ − 1Þ! −
2xυ

ðυ − 1Þ!
�
; ðD3Þ

from which S1ðxÞ ¼ ex easily follows. For { ≥ 2, let us
calculate the derivative of S{ðxÞ with respect to x. Using
Eq. (C2) one can write

S{ðxÞ ¼
X{−1
υ¼0

υ!

{!
x{−υL{−υ

υ ðxÞ2 þ
X∞
υ¼{

{!
υ!
xυ−{Lυ−{

{ ðxÞ2: ðD4Þ

In this way, using the general relation

dLα
nðxÞ
dx

¼ −Lαþ1
n−1ðxÞ; ðD5Þ

one has

dS{ðxÞ
dx

¼ x{−1

ð{−1Þ!þSð1Þ{ ðxÞ−2L{ðxÞL1
{−1ðxÞþSð2Þ{ ðxÞ; ðD6Þ

where

Sð1Þ{ ðxÞ ¼
X{−1
υ¼1

υ!

{!
½ð{ − υÞx{−υ−1L{−υ

υ ðxÞ2

− 2x{−υL{−υ
υ ðxÞL{−υþ1

υ−1 ðxÞ�;

Sð2Þ{ ðxÞ ¼
X∞
υ¼{þ1

{!
υ!
½ðυ − {Þxυ−{−1Lυ−{

{ ðxÞ2

− 2xυ−{Lυ−{
{ ðxÞLυ−{þ1

{−1 ðxÞ�: ðD7Þ

The sums in Eqs. (D7) can be worked out using the
relations

αLα
nðxÞ ¼ xLαþ1

n ðxÞ þ ðnþ 1ÞLα−1
nþ1ðxÞ ðD8Þ

and

Lα
nþ1ðxÞ ¼ Lαþ1

nþ1ðxÞ − Lαþ1
n ðxÞ: ðD9Þ

For the first sum one has
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Sð1Þ{ ðxÞ ¼
X{−1
υ¼1

½ð{ − υÞL{−υ
υ ðxÞ − 2xL{−υþ1

υ−1 ðxÞ� υ!
{!
x{−υ−1L{−υ

υ ðxÞ ðD10Þ

¼
X{−1
υ¼1

�
υ!

{!
x{−υL{−υ

υ ðxÞ2 þ ðυþ 1Þ!
{!

x{−υ−1L{−υ−1
υþ1 ðxÞL{−υ

υ ðxÞ − υ!

{!
x{−υL{−υ

υ ðxÞL{−υþ1
υ−1 ðxÞ

�
ðD11Þ

¼ L{ðxÞL1
{−1ðxÞ − ð{ − xÞ x

{−1

{!
þ
X{−1
υ¼1

υ!

{!
x{−υL{−υ

υ ðxÞ2; ðD12Þ

where we have used L{
0ðxÞ ¼ 1, L{−1

1 ðxÞ ¼ { − x. The second sum is given by

Sð2Þ{ ðxÞ ¼
X∞
υ¼{þ1

�
{!
υ!
xυ−{Lυ−{

{ ðxÞ2 þ ð{þ 1Þ!
υ!

xυ−{−1Lυ−{−1
{þ1 ðxÞLυ−{

{ ðxÞ − {!
υ!
xυ−{Lυ−{

{ ðxÞLυ−{þ1
{−1 ðxÞ

�

¼
X∞
υ¼{þ1

{!
υ!
xυ−{Lυ−{

{ ðxÞ2 þ L{þ1ðxÞL1
{ ðxÞ þ

X∞
υ¼{þ2

{!
υ!
xυ−{−1½ð{þ 1ÞLυ−{−1

{þ1 ðxÞLυ−{
{ ðxÞ − υLυ−{

{−1ðxÞLυ−{−1
{ ðxÞ�: ðD13Þ

Here one can use the relation

ðnþ 1ÞLα
nþ1ðxÞ ¼ ðnþ αþ 1ÞLα

nðxÞ − xLαþ1
n ðxÞ ðD14Þ

together with Eq. (D9) to obtain

ð{þ 1ÞLυ−{−1
{þ1 ðxÞLυ−{

{ ðxÞ − υLυ−{
{−1ðxÞLυ−{−1

{ ðxÞ ¼ υLυ−{−1
{ ðxÞ2 − xLυ−{

{ ðxÞ2: ðD15Þ

Replacing into Eq. (D13) and performing an adequate change in the index of the sum it is easy to arrive at

Sð2Þ{ ðxÞ ¼
X∞
υ¼{þ1

{!
υ!
xυ−{Lυ−{

{ ðxÞ2 þ L{þ1ðxÞL1
{ ðxÞ þ

x
{þ 1

L1
{ ðxÞ2: ðD16Þ

Now replacing the expressions for Sð1Þ{ ðxÞ and Sð2Þ{ ðxÞ in Eqs. (D12) and (D13) into Eq. (D6), and using Eq. (D9), one
obtains

dS{ðxÞ
dx

¼
X{−1
υ¼0

υ!

{!
x{−υL{−υ

υ ðxÞ2 þ
X∞
υ¼{

{!
υ!
xυ−{Lυ−{

{ ðxÞ2 þ L1
{ ðxÞ

�
L{þ1ðxÞ − L{ðxÞ þ

x
{þ 1

L1
{ ðxÞ

�
; ðD17Þ

where the last term on the right-hand side vanishes, according to Eq. (D14). Thus, taking into account the definition of S{ðxÞ
in Eq. (D4), it is seen that dS{ðxÞ=dx ¼ S{ðxÞ. Since, in addition, for all { one has S{ð0Þ ¼ L{ð0Þ2 ¼ 1, one obtains
S{ðxÞ ¼ ex. From Eq. (D1) one has finally

X∞
υ¼0

F{;υðxÞ2 ¼ e−x:
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