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MARTINGALE SOLUTIONS FOR STOCHASTIC
NAVIER-STOKES EQUATIONS DRIVEN BY LEVY NOISE

KUMARASAMY SAKTHIVEL! AND SIVAGURU S. SRITHARAN

Center for Decision, Risk, Controls & Signals Intelligence
Naval Postgraduate School
Monterey, CA-93943, USA

(Communicated by Viorel Barbu)

ABSTRACT. In this paper, we establish the solvability of martingale solutions
for the stochastic Navier-Stokes equations with It6-Lévy noise in bounded and
unbounded domains in R%,d = 2,3. The tightness criteria for the laws of a
sequence of semimartingales is obtained from a theorem of Rebolledo as for-
mulated by Metivier for the Lusin space valued processes. The existence of
martingale solutions (in the sense of Stroock and Varadhan) relies on a gen-
eralization of Minty-Browder technique to stochastic case obtained from the
local monotonicity of the drift term.

1. Introduction. Martingale solutions provide a characterization of the space-
time statistical solutions for stochastic system. The concept of martingale solu-
tions approach for finite dimensional diffusion processes was pioneered in the works
of Stroock and Varadhan [35, 36] while this approach for some class of infinite-
dimensional problems in Lusin spaces was formulated in Metivier [22] (see also, [40]).
The stochastic Navier-Stokes equations (SNSEs) driven by Gaussian noise has been
extensively studied over the past decades (see, for instance, [41, 3, 10, 31, 20, 9, 33]).
For the history of the solvability of the deterministic Navier-Stokes equations, we
refer the reader to Ladyzhenskaya [18]. Stochastic partial differential equations
(SPDEs) driven by Lévy processes whose paths may contain random jump discon-
tinuities of arbitrary size occurring at arbitrary random times are now being used
in many different areas of applied sciences (see, [7, 16, 26]). Some of the earlier
work related to martingale problem and finite dimensional Lévy processes, see, for
example, [34, 14, 15, 12].

In this paper, we establish the existence of martingale solutions supported on
the set of all solutions of the Navier-Stokes equations perturbed by Gaussian and
Lévy noises. This study is motivated by practical engineering scenario where aero-
dynamic flow is often subjected to abrupt external disturbances due to structural
and environmental disturbances. We use the semimartingale formulation involving
the finite dimensional Galerkin approximation given by X™ = A™ + M™ where A" is
a process with finite variation and M™ is a local martingale to obtain the tightness
criteria. From a theorem of Rebolledo as given by Metivier [22] (see, also [13]) for

2000 Mathematics Subject Classification. 35Q30, 60G44, 60H15, 60G15, 60J75.

Key words and phrases. Stochastic Navier-Stokes equations, martingale solutions, Lévy noise.

LCurrent Address: Department of Mathematics, Indian Institute of Space Science and Tech-
nology (IIST), Trivandrum- 695 547, Kerala, India.

355


http://dx.doi.org/10.3934/eect.2012.1.355

356 KUMARASAMY SAKTHIVEL AND SIVAGURU S. SRITHARAN

the Lusin space valued cadlag processes we obtain the tightness of the laws P™ in
terms of the tightness of the processes A™ and <M">. Here <M ™> is the right con-
tinuous increasing process with paths of finite variation (Meyer process) associated
with M™. We use the stochastic Minty-Browder argument to prove the continuity of
the martingale on path space. Similar idea has been used for SPDEs with Gaussian
noise in [22], SNSEs and stochastic magneto-hydrodynamic systems with Gaussian
noise in Sritharan [31], Sritharan and Sundar [32] respectively. Since the sum of
Stokes operator and inertia term are not globally monotone, a local monotonicity
result to prove the existence of strong solutions for 2D stochastic Navier-Stokes
equation perturbed by Gaussian noise has been devised in Menaldi and Sritharan
[20]. By making use of the stochastic Minty-Browder argument involving the lo-
cally monotone operators, we prove the existence of martingale solutions for SNSEs
with multiplicative It6-Lévy noises in bounded and unbounded domains. Using the
classical Yamada-Watanabe construction, we prove the uniqueness of the laws with
suitable moment condition in d = 3. The recent paper Dong and Zhai [6] studies
the existence of martingale solution for SNSEs with multiplicative jump noise co-
efficients in bounded domains. The tightness criteria used for probability measures
in [6] is different from ours in the sense that we have utilized Metivier’s technique
in the Lusin spaces. Since we have applied the Minty stochastic lemma to avoid
the need of compact embeddings in unbounded domain, this paper addresses an
interesting problem even with additive noises in unbounded domain (see, Remark
4.2) in contrast to [6].

The paper is organized as follows. In section 2, we state the main assumptions
of the noise coefficients and prove the local monotonicity of the drift term A + B(-)
for any d > 2. In section 3, we establish higher order moment estimates of order
p > 2 for the Galerkin approximations with approximate laws P™ being defined on
D(0,T; V") and show that these laws converge weakly to a probability measure P. In
section 4, we prove the well-posedness of the martingale problem by first showing
that the weak limit IP is indeed a martingale solution for the SNSEs using the Minty
stochastic lemma. We then analyze these results in unbounded domain and prove
the uniqueness of the laws.

2. Navier-Stokes equations with It6-Lévy noise. Let O C R%.d = 2,3 be
an arbitrary, possibly unbounded, open domain with smooth boundary 9O if the
domain has a boundary. Let u = u(z,t) and p = p(z,t) denote the velocity and
pressure fields and g = g(-,-) : O x (0,T) — R? is an external body force. Let us
consider the Navier-Stokes model perturbed by the Gaussian as well as Lévy type
stochastic forces as follows:

du+ (—vAu+u-Vu+ Vp)dt = gdt + o(t,u)dW

oo

+kz—1/0<2k2<1 P (U(x’t_%Zk)%k(dt’dzk) (2.1)

JrZ/ U (a(z, t—), zp)mi(dt, dzy,) in Ox(0,T)

=1 126lz>1
with the incompressibility condition

V.ou=0 in Ox(0,T), (2.2)



STOCHASTIC NAVIER-STOKES EQUATIONS WITH LEVY NOISE 357

the non-slip boundary condition and the initial condition respectively:
u = 0 on 00 x(0,T), u(z,0) =up(z) in O. (2.3)
One may also require the far-field condition
u(z,t) — 0 as |z| = oo if O is unbounded.

In (2.1), the parameter v is the kinematic viscosity and W(+) represents a space-
time Gaussian noise term modelled as a Hilbert-space valued Wiener process that
is independent of the compensated Poisson measure 7 (dt, dzx) = mi(dt,dzy) —
dtpg(dzy) for all k =1,2--- |, where pug(-) = E(m(1,)) is the intensity measure.

Now we proceed to state the main results of this paper. Let Q= D, T; V') ;N
L*>(0,T;H),- NL2(0,T;V), (see, before section 3.1 for the precise definitions of
the topologies) be the path space with w € Q denoting a generic point in Q, where
D(.;.) is the class of cadlag functions from [0,T] into V'. Cadlag functions are right
continuous and have left limits at any point ¢ € [0,7] (and for more details on
this space, see, [7, 25]). Let Z be the o-algebra of Borel subsets of the Lusin
space Q endowed with supremum of the topologies. Let £ be the mapping from
[0,7] x Q — V' defined by £(t,w) := w(t) and let Z, be the canonical filtration
generated by the functions £(¢,w) on €, that is, F, = o{é(s,w) : 0 < s < t} for
all t € [0,T]. We call the new measure P such that P ou™! = P is the law of the
processes u defined on (S~2, 1//5\:, %)

Definition 2.1 (Martingale Problem). Let Zf(-) be the generator as defined in
(2.17). Then given an initial measure & on H, a solution to .Z f-martingale problem
is a probability measure P : B(€2) — [0,1] on (£, Z, %) such that P{{(0) =up} =1
and the process

M/ = f(&(t))—f(ﬁ(o))—/0 Z[((s))ds, with f e D(Z)

is a R-valued locally square integrable (ﬁ, i % ,IP)-local cadlag martingale.

The following is the first main theorem concerning the existence of martingale
solutions.

Theorem 2.1. Let O be an open domain in R%,d = 2,3. Suppose the noise coeffi-
cients o and ¢y, Y, k = 1,2 satisfy Assumptions 2.1 and 2.2 respectively. Then
for a given initial probability measure &2 on H satisfying fH |z|2d P (x) < oo, there
exists a martingale solution to the equation (2.1)(or the abstract form (2.10)).

The uniqueness of martingale solutions is the uniqueness in the sense of probabil-
ity laws. The solution of (2.1) is unique in the sense of probability law if whenever
u(t) and v(t),t > 0 are two solutions such that the probability laws of uy and vq
are the same, then the laws of u and v are the same. The pathwise uniqueness holds
for (2.1) if U(t) = {u(t),u,Q, mx;t > 0,k > 1} and U’ (¢) = {u'(t), uf, Q' m);t >
0,k > 1} are any two solutions defined on a same probability space (Q,.7, %, P),
then ug = uj, Q = Q' and 7, = 7, imply P{U(t) = U'(¢);¢ > 0,k > 1} = 1.

The existence of a solution to the martingale problem is equivalent to that of
a weak solution to the stochastic differential equations (see, [22]). Hence one may
apply the Yamada-Watanabe construction ([42], see also [16]) to deduce that the
existence of a weak solution together with the pathwise uniqueness property imply
the uniqueness in law.
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Thus, in essence we only need to prove the following result concerning the path-
wise uniqueness of solutions for the system (2.1).

Theorem 2.2. Let O be an open domain in R?, d = 2,3. Let the noise coefficients
o and ¢, Y,k = 1,2+ satisfy Assumptions 2.1 and 2.2 respectively. Let u,v €
D(0, T; VYN L>(0, T; H)N L2(0,T; V) be the two paths defined on a same probability
space (Q,.F,.F, P) with same Q-Wiener process W and Poisson measure i,k =
1,2 satisfying the system (2.1). Then there exist positive constants C, and C
such that

t
B(ju(t) - v exp { - C, [ [[v(o)| ¥4 Vis} ) (2.4
0
< exp(CT)E[u(0) — v(0)*.
If the initial data u(0) = v(0) = ug, then
(i) For d =2, the solution u is pathwise unique, that is, u(t) = v(t), P-a.s.

(i) For d = 3, the solution u is pathwise unique under the additional condition
E [ |[v(s)|[*ds < oo.

The proofs of Theorem 2.1 and 2.2 are given in section 4.

2.1. Assumptions and semimartingale formulation. Now we proceed for the
semimartingale framework of the stochastic Navier-Stokes system (2.1)-(2.3) by
making use of the following conventional notations. Let us denote V = {v €
C§°(0) : V-v = 0}. Let H and V be the completion of V in L?(O) and H!(O)
norms respectively. In the case of bounded domains, we then get

H:={vel*(O;R):V-v=0 v-nlpo =0} (2.5)

/

with norm ||v||x := ([, |v\2da:)1 ? = |v|, where n is the outward normal to 9O and

V= {v e H}(O;RY) : V- v =0} (2.6)

with norm ||v|ly := ( [, [Vv[*dz) R | v]|. The inner product in the Hilbert space
H is denoted by (-,-) and the induced duality, for instance between the spaces V
and its dual V', by (-, -).

Let Py : L2(0) — H be the Helmholtz-Hodge (orthogonal) projection, then
define the Stokes operator

A:DA) - H with Av =—PFPgAv, (2.7)

where D(A) = VNH?(0) = {v € H}(O) NH?(O) : V- v = 0} and the nonlinear
operator
B:D(B)CHxV—>H with B(u,v) = Pg(u-Vv). (2.8)

Note that with the use of the Gelfand triple V.C H=H' C V’, we may consider
A as the mapping from V into V’. Besides, setting u = (u;),v = (v;) and w = (w;),
we can write
an
ox;

(Au,w) = Z/Z/ Oyu;0;w;dr, where O;u; =
— Jo
J
Define trilinear form b(-,-,-) : VX V x V — R by the relation

b(u,v,w) = Z/ w0y w;dz
ij 7O
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whence we can define the bilinear operator B(-,-) : V x V — V' such that
(B(u,v),w) =b(u,v,w), Vuv,weV.
Integrating by parts in the previous equality, we also get
b(u,v,w) = —b(u,w,v) and b(u,v,v) =0, Vu,v,weV. (2.9)

According to Helmholtz decomposition L?(O) admits an orthogonal decomposi-
tion of a sum of two non-trivial subspaces such that 1L.2(0) = H(Q) @ H(O), where
the space H* is characterized by H*(O) = {u € L?(O) : u= Vp, p € H(0)}.

Thus, taking into account of all the preceding observations along with the pro-
jection Py applied to the system (2.1), we arrive at

u(t) = ug +/0 ( —vAu(s) — B(u(s)) + g(s) (2.10)

+Z/ wk(u(s),zk)uk(dzk)>ds+Mt in Q
|z |>1

u(0) = wug in H
where B(u) = B(u,u), g € L?(0,T;V’) and the local martingale

M, — /ta( /Of OC/%|<1 5, 2)Fulds, dzr)

/ / 5=, 21;) T (ds, dz). (2.11)
0 m\>1

Let Q be a positive, symmetric and trace class operator on H. Then there is an or-
thonormal basis {ex} of H consisting of eigenvectors of Q such that Qe = Areg, k €
N. Here ), is the eigenvalue corresponding to {ej} which is real and positive with

r(@Q) = M <oo and Qv => /(v er)ex, v €H.
k=1 k=1

Let (Q,.%, P) be a probability space equipped with an increasing family of sub-
sigma fields {# }o<i<r of .Z satisfying (i) %, contains all elements E € . with
P(E) =0 (i1) Ft = Ft = \yo Fs for 0 <t <T. Then

Definition 2.2. A stochastic process {W(t) : 0 < ¢t < T} is said to be a H-
valued {.%; }-adapted Wiener process with covariance operator Q if for each non-

zero h € H, |QY/2h|~1(W(t), h) is a standard one-dimensional Wiener process and
for each h € H, (W(¢),h) is a .#;—martingale.

The stochastic process {W(¢) : 0 < t < T} is a H-valued Wiener process with
covariance Q if and only if for arbitrary ¢, the process W(¢) can be expressed
as W(t) = 307 VAuBx(t)ex, where Bi(t),k € N are independent one dimensional
Brownian motions on (2, .%#, P) and {e;} are the orthonormal basis functions, as ex-
plained above, of H(see, [16], Page 93, Definition 3.2.1 and Theorem 3.2.2). Besides,
the Q-Wiener process W (t) satisfies E(W (¢)) = 0 and Cov(W (¢)) =tQ, t > 0.

We denote by Lpg, the space of all bounded linear operators S : H — H such
that > oo, [SQY2e;|? < 0o, where {e}} is an orthonormal basis in H and || - || 2,4
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be the norm on Lyg which is given by

oo

Z|SQ1/23k|2 _ Z(Q1/2S*SQ1/2€k,€k):tr(Ql/ZS*SQl/Q)

k=1 k=1
= tr(SQS*) := ||SH%HS

The Gaussian noise coefficient mapping o : [0,7] x H — Lgg(H) is measurable
from ([0, 7] x H, B([0,T] x H)) into (Lyxs(H), B(Lxs(H)) satisfies the following:

Assumption 2.1. [H1] For allt € [0,T], there is a positive constant Ny such that
lo(t,a) — o(t,v)[2,. < Niju—v[% Vu,vel (2.12)

[H2] Forallt € [0,T), there is a positive constant N satisfying the growth condition
lo(t,u)|2,,. < Na(1+ [uf?), YueH (2.13)

Next we state the assumptions on the jump noise coefficients. Let Z be a sepa-
rable Banach space and L(t);>o be a Z—valued Lévy process with jump AL(t) :=
L(t) — L(t—) at t > 0, then

m([0,8],T) = #{s € [0,t] : AL(s) € T'}, where I € B(Z\{0})

is the Poisson random measure or jump measure associated with the Lévy process
L(t). Here B(Z2\{0}) is the Borel o-field, my(d¢,dzy) is the random measure de-
fined on (RT x (Z2\{0}), B(R* x (2\{0}))), and px(-) is the intensity measure on
((2\{0}), B(2\{0}).) Then the compensated Poisson random measure is defined
by 7k (dt,dz,) = mp(dt,dz) — dtug(dzyg), for all k = 1,2--- | where dtug(dzy) is
the compensator of the Lévy process L(t) with Lesbegue measure dt. The intensity
measure () on Z satisfies the conditions py({0}) =0, for all k =1,2,--- and

Z/z(l AlzeP)ur(dzr) < +oo  and (2.14)
k=1

Z/ |25 |P p (dzg) < o0, Vp > 1.
k=1 lzxl>1

The process (ﬁzk‘<1 o (a(t—),z,)Tk(t, dzy),t > 0,k > 1) in (2.1) describing the
sum of small jumps of size less than 1 is the compensated Poisson process while the
process (f\zk\zl Ui (u(t—), zi) mi(t, dzi,), t > 0,k > 1) describing the large jumps of
size greater than or equal to 1 in (2.1) is a compound Poisson process (see, [2]).
The jump noise coefficients mappings ¢g, ¥ : Hx Z2 — H k = 1,2,--- are

measurable from (H x Z, B(H x Z)) into (H, B(H)) satisfy the following

Assumption 2.2. [H3] For allt € [0,T], there is a positive constant No such that

Z/ - [on (0, 21) — Pk (v, 2i) |k (dz) (2.15)
zk <

+Z / e, 28) — Ge(v, 20) Ppi(d2) < Nofu — v[2, Vu,v € HL

|z |>1
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[H4] For allp > 1 and t € [0,T], there is a positive constant N3 satisfying the
growth condition

Z/ Ok (u, 20) Pk (dz) (2.16)

k=1 ‘Zk‘<1

+Z/ [Yr(a, 22) [P (dzi) < N3(1 + [uf?), Vu € H.

|zk|>1

Next we state and prove some of the results which are used frequently in the rest
of the paper. If T; is the transition semigroup of the It6-Lévy process u(t) defined
on a complete probability space (€,.%;, P), then the generator £ of u(t) can be
defined on functions f(-) : H — R by

-

ZLf= lgfg / for each f € D(.¥),

where

T;
D(Z) :={f:H— R such that ltifg ! exists }.

However, in the following definition we give the formal generator for some class
of test functions.

Definition 2.3 (Formal Generator). For f € D(.¥), the formal generator .Zf is
given by

Zf(u)=—(vAu+B(u) — g, gf> + ;tr( (t,u)@a*(t,u)%) (2.17)

+Z/| 1 {f(u‘i’wk)(u,Zk)) _f(u)}uk(dzk), VUGD(A)

k=1

Finite dimensional Lévy generator can be found in [29, 2] and for an infinite
dimensional case, see, [26]. Infinite dimensional Lévy- Khintchine ([38]) represen-
tation is an another form of expressing such generators. As an example for the
functions f € D(¥), one may consider the following:

Remark 2.1. The test functions f(-) of the form
f( ) _90(<617 > <€27u>7"' ’<em7u>)’ uecH (2'18)

where ¢(-) : R™ — R is a smooth function with compact support in R™, e €
D(A)7k: 1a25"' , M

Lemma 2.1 (Burkholder-Davis-Gundy, [27, 26]). For every fized p > 1, there is
a constant C, € (0,00) such that for every real-valued square integrable cadlag
martingale My with My = 0, and for every T > 0,

CUEME? <E sup |M|? < C,EM]Y/?, (2.19)
te[0,T]

where M), is the quadratic variation of My and the constant C, does not depend
on the choice of M;.
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Lemma 2.2 (Gagliardo-Nirenberg, [5]). Let O C R? and v € WHP(O),p > 1. Then
for every fized numbers q,r > 1, there exists a constant N > 0 such that

IVller(©) < Napall VI o) IVIiLai), A € [0,1] (2.20)

where the numbers p,q,r and A satisfy the relation
1 1y,/1 1 1\-1
(-G
g r/\d p q
The particular cases of Lemma 2.2 are the well known inequalities, due to La-
dyzhenskaya ([17], Lemmas 1,2 and 3, Page 8-10), which are given below.

Lemma 2.3. For v € C§°(RY),d = 2,3, there erists a constant L such that
IVItsgay < LIVIgzga IVVIEaga), (2.21)
where L = 2,4 respectively for d = 2,3 and
VlZsmsy < 48[IVVIEa(ps)- (2.22)
Note that Lemma 2.3 holds true for all functions v € H}(O). From (2.21), the
nonlinear term B(-) satisfies the estimate
IBMW)llvio) < IVIIEs0) < LIV|Z /2|y (|92, wv eV, d=2,3. (2.23)

Next we prove the local monotonicity of the operator ©(u) + Au, where ©(u) :=
vAu+B(u) and A > 0:

Lemma 2.4. For a given p > 0 and p > d, let B, denote the ball B, = {v €
Vo ||[vlr oy < p} and O(:) be the nonlinear operator as above on V. Then for any
ucV,ve B, andw =u—v, there exists a A > 0 such that the operator ©(u)+ Au
is monotone in B, :

(O(u) = O(v), W) + Alw|* > gHWHz’ (2.24)
where X = Cp 4.,p°P =D and the constant C,, 4, is defined below.

Proof. Let us first note that (Aw,w) = —(Aw, Pgw) = ||w||?. From the bilinear
and trilinear forms defined in (2.9), we have

(B(u),w) = =b(u,w,u) = —b(u,w,w) — b(u,w,v) = —b(u, w, v).
Similarly (B(v),w) = —b(v,w, V) so that
(B(u) —B(v),w) = =b(w,w,v) = —(B(w),v),Yu e Vand v € B,.
If we apply Holder’s inequality with exponents ¢ = 2,7 = 2p/(p — 2) and fixed p,
(B(u) — BOv), w)| < [Wilyzori- (0 [Wl [¥llo o
but the Gagliardo-Nirenberg inequality (2.20) with exponents p = ¢ = 2 and 7 =
2p/(p — 2), further gives
[WlL20/0-20(0y < Na2,2|[wl|4/?w|'=(@/P),

The inequality

b < a™ 4
ad = V? + l(%)l/nb
with [ = 2p/(p — d) and m = 2p/(p + d) leads to

[(B(w) = B(v),w)| < Z|[w[ + Cpa.

for any a,b>0

2 —d
w2V, (2.25)
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where
. (Ngo.2)?P/ =D (p — d) .
v 2p(pV/(p+d))(p+d)/(p_d)
Therefore,
(©(u) —O(v),w) > gIIWII2 — Cpawp™ P~V |w]. (2.26)
This completes the proof. O

The following lemma is useful in proving the main result.
Lemma 2.5. Let C, = 577, [ 5, #(dzr) < oo and u, — u strongly in
L2(0,T;H). Then I, := fOT (>, lek‘Zlwk(un(t),zk)uk(dzk)7un(t))dt converges
to the integral I := fOT (>rey f\ZkIZI U (u(t), zi) e (dzr), u(t))dt.
Proof. Consider the integral
I, = I,-1

T o0
= /0 (> /|2k|>1¢k(un(t)vzk)uk(d2’k),un(t)—U(t))dt

+/OT(

Z/| _, (9an(0) 2) = V(). 7)) (). ()

k=1
= fn—l—fn
Note that
L) < /OT|Z /| el @) 1)) a0 )
PRV PAPST
< ([1x /|  onC 0 =) ) [ e wpar)
k=1"12k|21
< ([ax /| o0 0Ps(az) ([ ) - wioar)

1/2

m(T+/OT |un(t)|2dt>1/2</OT u,(t) ~u()Pdt) -0

as n — oo since the first integral is finite and the second integral tends to zero due
to the strong convergence of u,, — u in L2(0, T; H). Estimating the integral I,,, we
get

~ 1/2
Ll < /OMZ ), ) — ), 200 )

x(/OTu(t)|2dt)1/2
< m(/f an (t) — u(t)|2dt)1/2(/0T |u(t)|2dt)l/2 S0 as n — oo,

due to the similar reasoning as before. Thus, the conclusion of the lemma follows.
O

IA



364 KUMARASAMY SAKTHIVEL AND SIVAGURU S. SRITHARAN

2.2. Quadratic variation and Meyer process of the martingale. Let u be
an adapted process in a stochastic basis (2,.%, P) with paths in D(0,T;V’) N
L>=(0,T;H) NL2(0,T;V). Let .#2,(H) be the class of all locally square integrable
H-valued martingales M; = (M(t),t > 0) with respect to .%;. The following lemma
establishes the quadratic variation of the martingale M given in (2.11). For more
details regarding quadratic variation and Meyer process, one can refer to Chapter
I of [22] and also [26].

Lemma 2.6 (Quadratic Variation Process). Let M; € .#2 (H). Then there
exists an increasing adapted cadlag process [M]y with [M]o = 0 such that

M = / o(s,u(s))Qo”(s,u(s))ds
/0 /||<1¢k®¢k(( —), 2z (dzx, ds)

/0 ~/| 121 Vi @ Yr(u(s—), 2i)m(dzy, ds). (2.27)

Proof. Let {e;} be an orthonormal basis in H. Then the martingale M, has a rep-
resentation My = Y o2, (Mg, €;)e;, V¢ > 0. Setting M} = (M, ¢;), we get that

EIM2 =E Y (M;)* = 3 E(M)?

whence M: € .7 (R), Vi.

Since the quadratic variation process has to satisfy the identity ([[M]]tei, ej) =
[M?, M}, we define the processes [M]; by (see, [22])

M) = > [M', M]ie; @ e, (2.28)
ij=1

(equivalently, ([M];p,q) = dori—1 MY, MY (ei, p)(ej,q),p,q € H), where {e; @
e;},1,7 =1,2--- is an orthonormal basis in H&H which denotes the space H @ H
completed with respect to the Hilbert-Schmidt norm. The relation (2.28) can be
written as

M = > {IMLMIJs + > AML ML e @ ey, (2.29)
i,j=1 0<s<t

where we decomposed the infinite matrix valued process [M?, M7]; into continuous
and jump parts of the martingale M;. Now we note that

MM = Y / (5, 0)Q"2ex, 1) (0(5, WQY2ex, ) [, il

k,l=1

= Z/ ek, (o(s,u)QY/?)* e;) (er, (o (s, u)Q'/?)*e ;) Orids

k=1
t
= /((J(S,u)Ql/z)(a(s,u)Q1/2)*ei7ej)d8, (2.30)
0
where B,k = 1,2,--- are real-valued independent Brownian motions defined on

(Q, #;, P) and the last equality follows from Parseval’s identity.
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Since the quadratic covariation process occur only at points where both processes
have jumps, we have Y ..., A[M!, M), = > ..., AM{AMY.
Noting that L(¢t) is a Z-valued Lévy process, define 2y := {z € Z\{0} : |z| < 1},

X1(8) = X{aLu(s)ezoy and Zo = {z € Z\{0} : [2] > 1}, x2(8) := X{aLy(s)e50}-
Recalling the compensated measure 7y (dt, dz) = 7y (dt, dzy ) — dtpg(dzy), for all k =
1,2---, we define the corresponding compensated integral as

t oo
I, _/ / =), 2k) Tk (ds, dz).
0 Zk|<1

t 0o
Z Al, = / / =), zi)(ds, dzy,)
0 Zk|<1

ZZm $), ALk(s))x1(s)-

0<s<t k=1

Then

Moreover, Y o ; |AL;|* < 0o, P —a.s. Indeed, for m > 0, define the stopping time

t oo
Tm = inf{t >0: /0 Z/l - |¢k(u<8—),zk)|27Tk(de,dS> >m}
k zE <

so that 7,, — oo as m — o0o. Then

E Y JALP = E ) Zm 8), ALk(s))*x1(s)

0<s<tATm 0<s<tATm k=1

t o
/0 /Zk|<1 (@ (s =), 2) [*mk(dzx, ds)

tATm
_ 2
IE/O Z/de |¢r(u(s—), zi) [P (dzi)ds < C,

where the finiteness follows from Assumption 2.2 on ¢, k > 1 and energy estimates
proved in the next section. It shows that P(Y .., |[AL]* > m) < C/m — 0 as
m — 00.

Noting that e; ® e;,4,7 = 1,2--- is an orthonormal basis in H&H, we have

> AMIAMY
0<s<t
- Z [Z dr(u(s), ALx(s))x1(s), e5) (1 (u(s), ALk (s))x1(s), )
+Z Ye(u(s), ALk(s))x2(s ),ei)(wk(u(s),ALk(S))Xg(s),eJ‘)}
- Z Z D @ Ok (u(s), ALk(3))xa(s), : © 5)

+ > > (@ dk(uls), ALk(s)xa(s), e @ e).
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Thus, we rewrite the sum as follows

> AMIAM] (2.31)
0<s<t

t oo
/ / (61 ® d(ul(s—), z1), & ® ¢;)mel(ds, dzx)
0 |z | <1

/ / 1/)k®¢k(( ),zk),ei®ej)7rk(ds,dzk).
0 |z |>1

Combining the equatlons (2.29)-(2.31), one can conclude the proof. O

Since M € .} .(H), it should be noted by the Doob-Meyer decomposition (see,
[21, 26]) that there exits a unique predictable process the so-called Meyer Process
denoted by < M >; such that ([M];— < M >) is a local martingale. Indeed,
we will have the following interesting observation.

Remark 2.2. Since from the Remark 2.1, {e;} is an orthonormal basis in H and
(p,e;) = pi Vi, so we can take f;(p) = p; for some i. Now for f;, f;f; € D(ZL), let
us set

b(p) = ZLf(p), a(p) = Z(f(p) @ f(p)) —2f(p) ® Lf(p) (2.32)

and the stopping time 7, = inf{¢ : |u(¢t)] > m}. Let u be the solution of (2.1).
Applying the Dynkin formula for all f(u) € D(.¥) with the stopping time 7,,, we
get that

tATm
fa(t A7m)) — f(u(0)) — Zf(u(s)ds is alocal martingale.
0
Indeed, taking f(u) = u, we have
tATm
a(t A ) = u(0) + / b(u(s))ds + My, | (2.33)
0

where M-, is a local martingale. Applying the same for u ® u, we get

u@utA1y)
tATm

=u®u(0) + 2/0 u® b(u(s))ds + /0 Tma(u(s))ds + M, (2.34)

where MMM is a local martingale. But the integration by parts formula applied
to u ® u together with (2.33), we also get

UuEAT,) = u®u(0)+2 / T @ b(u(s)ds (2.35)
0

tATm
+2/ u(s) ® dM; + [M]¢nr,,
0

where [M] s, denotes the process [M?, M7];,,, . Thus taking expectation in (2.35)
and comparing it with (2.34), we see that

tATm
M]inr,, — / a(u(s))ds, is alocal martingale. (2.36)
0

Now we calculate the Meyer process associated with the martingale M.
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Lemma 2.7 (Meyer Process). Let M, € .42 (H). Then there exists a uniquely
defined predictable increasing process < M >, with < M >¢= 0 such that

<KM> = / o(s,u(s))Qo*(s,u(s))ds

F0 [ o et st
0 |z |<1

[ 5 ek s aan

Proof. Let {e;} be an orthonormal basis in H with each e¢; € D(A),i =1,2,--- so
that u = ;2 ¢;e;. From (2.36), the Meyer process can be defined as < M >>;=

fot a(u(s))ds. Now for f € D(&) and h € H, note that (af h) =32, g—é(ei,h)
and —(h h) = S27%_ ﬁ(ei,h)(ej, h). Setting F'(u) := vAu + B(u) — g, we

du? 4,J=1 0¢;¢;
write the generator in Definition 2.3 as follows
=L 0f 1 & 0*f .
- ; Fge+3 gzjl e (o(t,u)Qo* (t, u)e;, e;) (2.38)

w3 [ {rcr ) - 10 - Y gh ()
=1 lzKl<1 i1 960

+i/|m>l {FC+ vnuz)) = () fun(dzn),

k=1

where F; = (F(u),e;) and ¢ = (¢r(u(t), 1), ;). In particular, taking f,(¢) = ¢,
and f,(¢) = (4, we obtain that

fQ©Zf() =1, (2.39)

where

J = —C®F+Z/ [¢ @ @r(u, 21)) — ¢ @ bx ] (dzy)

|z |<1
D IRETICE TS
Applying (2.38) to Cqu, we obtain
LU 210) =27+ 3 (60 ) a0
p,q=1
—I—Z/lz”déﬁk@d)k(u 21 ik (dzy) +Z/Zk>1¢k & i (u, zp) i (dzg).

The proof follows from (2.39) and (2.40) and the definition of a(-) in Remark 2.2. O

3. A priori estimates and tightness of measures. In this section, we obtain
moment estimates of order p > 2 by applying the It6 calculus for the finite dimen-
sional Galerkin approximation of the Navier-Stokes systems (2.10). Let {e1,e2,---}
be the orthonormal basis in H included in V with each e; € D(A),i =1,2--- . Let
IT"™ be the orthogonal projection in V onto the space V" := span{ej,es, - ,e,}.
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Then u”(t) := M"u(t) = Y., (u(t),e;)e; solves the following finite dimensional
Navier-Stokes equations

du™(t) = (—vII"Au™(t) — TI"B(u"(t)) + "g(t))dt
+>° / YR (0™ (t), z1) s (dzg ) dt + dM (3.1)
k=1"12K|21

where the local martingale M} with notations ¢” = II"o, W" = II"W, ¢} = 11" ¢y,
and ¥y = "y, is given by

t tn
My = / (5711( de /0 /Zk<1¢k ),Zk)%k(ds,dzk)

of

Since the cadlag process u” solves the system (3.1) in V" with initial condition II"ug
and V" C H C V', the laws P" of these finite dimensional approximations can be
considered as defined on D(0, T; V') satisfying the properties P"{£(0) = II"up} =1
and the process

/ |>1 wk ),zk)%k(ds,dzk). (3.2)

k=1

M/ = f(£(t) — F(E(0) - / Lf(E(s))ds (3.3)

is a R-valued locally square integrable P"-local cadlag martingale, where £ f(-)
stands for the restriction of formal generator (2.17) associated with the finite di-
mensional system (3.1). Then the following theorem gives the uniform bounds for
the measures P™ on (1.

Theorem 3.1. Let g € L*(0,T;V') and E[((0)|”? = [;|z[PdP(z) < oo, Vp >
2. Suppose the noise coefficients o™ and ¢}, Yp, k = 1,2--- satisfy Assumptions
2.1 and 2.2 respectively. Assume that M{ defined in (3.3) is a H"-valued square
integrable P™-local cadlag martingale. Then P™ is supported in Q and

EP"[E(t)[? + vEF" / l€(s)2ds < (1 + &(¢o. ), (3.4)

with C = [1+ exp(NT)(NT + 1)](1V NT),N = (1 + Na + CN3), where

T
8(60.8) = BIEOP + 3, [ lgtt) ot
0

Besides,
t
E™ sup [¢(s)]* + vET / I€(s)[*ds < C(1 + &(€o, 8)); (3.5)
0<s<t 0
where C = 2[1 + exp(18NT)(18NT + 1)](1 V INT). Moreover, for all p > 2
t
BT sup (¢ + /BT [ el e(s)|Pds (3.6)
0<s<t 0

< C(p,T, Ny, N3, v) [1 +E[€(0)[? + (/OT ||g(t)H{i,dt)p/2],
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Proof. Form > 0, define the stopping time 7, = inf{t > 0 : [£(¢)|*+v fot €(s)||%ds >
m}, where by convention, 7, = T if the set is empty. Applying the finite di-
mensional 1t6 formula (see, [27, 2, 26]) to |£(#)[? with a note of (II"B(£),&) =
(B(§),11"¢) =0, P™ — a.s., we get

6t A )2+ 20 / " ()]s = EO)P (3.7)

+2 /0 o <Z

[ ), 20 ) + T8(0)€00) )
k=1"1zkl21

HM 42 [ " (e(s), ).

Here we note that 2(¢, II"g) = 2(I1"¢, g) < v[|¢]|* + L||g||?, and

tATm n
(2
0 ];1 [z |>1

Y (&(s), zi) p(dz), §(5)>ds

tATm tATm n 2
< [ leorass [T [ wle. amiaa] as
< / " e(s)Pds + ¢, / ; /|Zk21|w7:(s<s>,zk)Zuszk)ds
< (CuNs +1) / C1 ()P ds,

0

where C, = Y77, f|zk|>1 ux(dzr). The expectation of the local martingale is zero,
gives

}E[Pm|§(t/\rm)|2 + VIEPH/
0

tATm

le@)Pds <BIEOF + [ lelfds

tATm
HONa+ DB [ (W g6 P)ds + BT M7, (39
0
Since ([M™]iar,, — <M"™>¢ar, )e>0 is a local martingale,
EY [M"inr, =B <M >0y, = B tr < M™ 40,

Besides, from Lemma 2.7, we have

tATm
EF'tr <« M" >0, = ]EW/ tr(o™(s,&(s))Qo*" (s,£(s)))ds
0

- tATm
+E /O (Z

/ 167 (E(5)s 20) Pa ()

k—1"lzKl<1

30 [ el () ).

k=1
Using Assumptions 2.1 and 2.2, we arrive at

tATm
B tr « M S < (o + No)EE" / (1+ JE(s)[?)ds
0

(N3 + N3) (EP" (t A T) + /O Y g |£(s)|2ds). (3.9)
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The last equality follows from the stochastic Fubini theorem. Thus, dropping the
second integral in the left hand side of (3.8) and using Gronwall’s inequality, we get

B [6(t A7) |2 < C1(1+ E(o, 8)), (3.10)

where C; = exp(NT)(1V NT). Also substitutions of (3.9) and (3.10) into (3.8) give
rise to

VE" / " 1e(s)I2ds < Ca(1+ E(60rg)), (3.11)

where Co = (1 + NT exp(NT))(1V NT). But taking supremum up to time ¢ A 7,
in (3.7) and then applying expectation leads to

E sup [€(s)? +VEP"/O " é(s)]Pds < B [e(0) (3.12)

S<tATm
1 tATm

T AT
+7/ EP"Hg(t)H%,,dt—i—(CHN3+1)EW/ (1+[&(s)|*)ds
0

v 0
HEY [M")¢nr,, + 2B sup  [MP],

S<tATm

where M” = fo ), dM?™). Using the Burkholder-Davis-Gundy (BDG) inequality
followed by Lemma 2 7, we have

2B sup M| < 2V2EF (M) = 2v2EF" / 5), d[M"]& ()}
< 2V2EP"{ / Tm £(5)Ptr (0™ (5,£(s)Qo*" (s, £(s)) ) ds} /2
pr tATm ) ) n . o) o 27T ; s
r2vas { [P (X [ toktels) ) Ptz
3 [ o) Pt )}

k=1

Applying Young’s inequality, we further estimate

< QEP”({ sup |g(s)\2}1/2{2/0 Tm ||a”(s,§(s))II%Hst}1/2)

S<tATH

e ({ g koP} e [T ] b s

s<tATm

) / wz(s(sf),zk)\?m(dzk,ds>}”2).

tATm
+ / >
0 —

k—1|zK|>1
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And from Assumptions 2.1 and 2.2, we finally have

. N 1 " tATm N
2" sup M| < LEF sup [€(s)] + 8E° / lo™ (s, ()2, ds
0

S<tATm S<tATm

/ 67 (E(5)s 20) Pa ()

tATm
+8EF” / (Z
0 k=1 |zi|<1

+Z |1hi (€(s), i) uk(de))ds

|zk|>1
1 N . N tATm
< B sup |g(s)\2+8(N2+N3)EP/ (1+|€(s)P)ds.  (3.13)
S<tATm 0

Substitution of (3.9) and (3.13) into (3.12) leads to

E” sup |¢(s)? + 20E" / " lg(s)[12ds < 2E[E(O)P (3.14)

S<tATm

2 4 P" 2 ! P" 2
+= [ E Hg(t)||v,dt—|—18N<T—|— EP" sup |€(r)| ds).
0 0

r<SATm
Again by Gronwall’s inequality
ET sup [¢(s)]* < Cs(1+&(60.8)), (3.15)

S<tATH,
where C5 = 2exp(18NT)(1VINT) and
tATm
B swp Jgo)f 4B [ Jeo)Pds < CiL+ Sug)). (310)
0

S<tATH

where Cy = 2[1+exp(18NT) + 18 NT exp(18NT)]|(1VINT). Now we define the set

O = {w e JE(t)2 +v / €(s)|%ds < m},

then from (3.16), one obtains

t
[ (0P +v [ le)Pds)ar )
O 0
t
[ (P v [ €EIPds) ) < Cul1 + 6. g)
N 0
Here the first integral has bounded integrand and therefore recalling the fact that
t
€07 +v [ (s)1%ds 2 m in 8\,
0
we get PP{Q\Q,,} < C5/m. Besides for any ¢ < T, we note that
t
~ C
Priwe O <) = P {Je) + u/ le()]%ds > m} <
O m

whence limsup,, ,. P"{w € Q : 7,,, < t} = 0. Therefore, 7, — t as m — oo and
hence passing the limit in (3.10), (3.11) and (3.16), one can arrive at (3.4) and (3.5).
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Next we obtain the higher order moment estimates of order p > 2. For fixed
m > 0, define the stopping time

—inf {t >0 ¢(t)F + / €72 €(s)|2ds > ).

Applying the finite dimensional It6 formula (see, [2], Page 251, Theorem 4.4.7)
E(@)[P, we get

E(O)P + pr / €2 JE(s) |2ds = / PIE(S)IP2(E(s), T (s5))ds
e + / PIEEIP (0" (5. £(5)). £()) AW™ (5) (3.17)

/{pp () Pe(s) @ E(s) + PIECP M + 3

1=1

where [M"]¢ denotes the quadratic variation process corresponding to the continu-
ous part of the martingale M} and

/ /||>1 |€(sf)+¢2(5(5—),zk)|z’f|§(37)|p}ﬁk(dzk,ds)’
/ /I o<1 |€(S_)+¢Z(£(s_)’zk)|p_‘5(5—)|p}7~rk(dzk,ds),

/o Z/u {l6() + o(e(s), 2001 = lE(s)1”
fp|£( )|p 2( ( )’QSZ(g(S)’Zk))}Mk(dzk)ds

Taking supremum up to time ¢ A 77 and then expectation, we have the following

estimates for the terms on the right hand of (3.17). First applying the Cauchy-
Schwarz inequality followed by Young’s inequality, we get

b [ ol et raas < BE [ e p2lstolas

tATm,
g ) P
A8 (swp (60D [ (o) fuds)
S<tATHm v.Jo

tATy
pv " " _ 1 n
< BE [T Pl s B s (o)
0

S<tATm
T p/2
+Co)( [ I®lfar) (318)
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Using the BDG inequality and Young’s inequality, we get

v s | [P (07 5,000 €)W ) (319)
< oo { [ Tm| (5)/- 1||a”<s,s<s>>|\%mds}”2

< oo ({ s o) (8 [ 0 gmas)”)

< GE sw 6P+ Colp. No, T /Otw<1+|s<s>|p>ds

s<tATm

where we have also used Assumption 2.1. From (2.30), we have

%EW Sup w/up@—2ﬂﬂﬂw_%07®§U)+pKWW“ﬂﬂNWE (3.20)
0

s<tATH,

1 " tATH
< M / €GP l0"(5,€() 12,5

1 " -~ 7 t/\T'ﬁl 7
< GE sw [P+ Crlp (B e ama) - [ BT E)ds).
0

s<tATw,

The basic inequality (a + b)P < 2P~1(a? + bP) for all p > 1 and a,b > 0 leads to

E™"  sup |J1,s]
s<tATHm
< w5 a3 [ Ll ¢ i), el
s<tATR JO 2y Sz >1
n tATm
< » [ Z / NP + W (E(s), 2P ez ds
|>1
. tATH n
< Cslp, Ns) (B (4 A ) + / E7€(s)|Pds). (321)
0

Besides, the integrals Jo; and Js; can be written as

Jo 4+ J3 /
0 k=1

,p|£(8*)‘p*2 (5(3*)7Qs;cl(g(sf),zk))}ﬂ—k(dzk’ds)
/o / PSP (6(), 67 E(—). 200 (e )

= Jgp+ Js,t-

/|<1 1€(s—) + @ (E(s—), 2) [P — [€(s—) [P

For a,b € H", we obtain from Taylor’s formula that

|la+b|” — [a” — pla]’~*(a, b)| < C(p)(Ja]”~*b]* + [b]").
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So, taking a = {(s—) and b = ¢} (&{(s—), k), we get

EF" sup |Ju. < C(p) sup / / |(p 2)
s<tATm s<tATm JO \zk\<1

X |67 (€ =), 20) 2 + I3 (€ -), zm}m(dzk, dr)
< cwE” (sl [T [ e aPmtas)

S<tATm k=1

n tATH T
LO(p)E? / 3 / | IORE), P )

Applying Assumption 2.2, we further estimate the above integral as

o 1o o tAT o P2
B sup | <GB swp )P+ CWET (N [ (14 l(s) s
0

s<tATm s<tATHm

N tATH
+C(p, Ny)E? / (14 |¢(s)]P)ds

1 n " tATR
< BT swp [6()P + Colp, Ny, T)E" / (L+[€(s)P)ds. (3.22)
0

S<tATm

Using the BDG inequality(see, [11]) and Young’s inequality, we obtain

n n n 1/2
B sup |Jssl < CEF < 5ol < COE™ ({ sup Je(s)200}

s<tATHm s<tATm

AN oY I CE AT

k

1 _pn n EATR p/2
<GB sw @P+CEET (N [ s)s)
S<tATHm 0
1 pn pn tATm
<GB sw OP+ Cop N DET [ W €))ds. (323)
s<tATH, 0

Thus, the estimates (3.18)-(3.23) lead to

3 P pv P AT 2 2
B sup [§(s)P + < E / [E()IP71IE(s) P ds (3.24)
8 S<tATHm 2 0

< E[£(0)[” + Cs(p, u)(/o ||g(t)||%,,dt>p/2

t
+Cur(p, T, Noy N3) (1 + / EF sup |¢(r)Pds).
0

r<sATm

By Gronwall’s inequality, we have

n ~ ~ T /
B sup 6P < O T R, Nou0) [1+ EIEOP + ([ ls)ft) "] 3.29)

s<tATm
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where C' = 8exp(C11)(1V Cs V C11). Hence,

3 T t/\TT;L
E” sup |€(8)|p+vaP/0 ()2 1€ ()P ds (3.26)

S<tATHm

< C(p,T,NQ,Ng,Z/)[l—|—]E|§(O)|p+ (/OT ”g(t)”%ﬂdt)ph},

where C' = 8[1 + T exp(C11)](1V C5 V C11). By the argument similar to the case of
p = 2, we also get that 7,5 — t as . — oo and hence passing the limit in (3.26), we
can conclude the proof. O

Now we prove the tightness of the probability measures P"* on Q. Let us recall the
topologies associated with the path space 2. A topological space that is metrizable
as a complete separable metric space is said to be Polish. A topological space is
a Lusin if and only if it is homeomorphic to a topological space which is a Borel
subset of a Polish space (see, [28]). A Radon measure is a measure on the Borel
sigma algebra of a topological space that is locally finite and inner regular. Every
Borel measure on a Lusin space is a Radon measure.

Taking the path space Q = D(0,T;V’); N L>(0,T;H),~ NL%(0,T;V),, into ac-
count, we call 71 :=D(0,T;V’);, where J denotes the extended Skorohod topology
(see, [22]), Ta := L>°(0,T;H),~, where w* denotes the weak-star topology and T3 :=
L2(0,T; V)., where w denotes the weak topology and 7, as the strong topology of
L2(0,T; H). Note that the spaces D(0,T;V’) s, L>=(0,T;H), and L2(0,T;V),, are
completely regular and continuously embedded in IL.?(0, T; V'),,. Let T be the supre-
mum of four topologies, that is, 7 = 71 V T2 V T3 V T4. Then from Proposition 1,
Page 63 of [22], it is clear that the intersection of these three spaces Q endowed
with the topology T is a Lusin space.

Radon probability measures P™ on a completely regular topological space E,
that is, a topological space which is Hausdorff separated and whose topology can
be defined by a set {d,,a € Z} of pseudo-distances, is said to converge weakly to
a Radon probability measure P if lim,,_,o [5 FdP" = [5 FdP, VF € Cb(SNZ).

The tightness condition needed for the Prokhorov-Varadarajan theorem is that
for every € > 0 there exists a compact set K. C E such that sup, P"(F\K,) < ¢
([39, 22, 28]):

Theorem 3.2. If the bounded Radon measures P™ on a completely reqular topolog-
ical space E satisfy sup,, P"(E) < co and P™ are tight, then the measures P™ are
relatively weakly compact in the set of bounded positive Radon measures.

A sufficient condition for tightness of the laws P™ of a semimartingale X™ due
to Rebolledo (see, [22], Page 66, which makes use of the Aldous condition [1]) is
stated below. Let S be a locally convex topological vector space with {d,,« € Z}
a filtering family of semi-norms defining its locally convex structure. Let II, be the
canonical projection S — S,. Assume that the normed space S, associated with
each d, are separable Hilbert spaces. Let X™ be the sequence of S-valued processes
and let X™% = II,X™ denote the S, valued projections. Then

Theorem 3.3. For each «, let X™% be the semimartingale which is of the form
X™m(t) = Hp X (0)+A™ () + M™% (t) where A™* is a process with finite variation
and M™% is a square integrable martingale. If the laws P™ of X™% satisfy the
following two conditions,
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[T] For every t in some denumerable subset Iy of [0,T] and for every e > 0, there
exists a compact subset K. of S and a denumerable subset Z. of Z such that
on K., the families {0n : « € Z} and {04 : « € Z.} of pseudo-distances are
equivalent and

supsup P {w(t) :w(t) ¢ K.} <e
telp n

[A] For each «, the processes A™% and <AM™*> satisfy the Aldous condition,
namely, for each N >0, ¢ >0 and n > 0, there exist r > 0 and ng such that

sup sup P"{da (w(Tn + 5),w(T)) = n} <e,
n>ng 0<s<r
for all stopping times T, with 7, < N,

then the laws P™ of the semimartingale X™< are tight.

For more details of Theorem 3.3, in particular, for the definition of the metric d,
one can refer to [22], Page 64.

3.1. The case of bounded domain. If the domain O is bounded, the embeddings
V — H — V’ are compact and dense, we also have the following compactness result
(see, [22], Page 112, Lemma 2).

Lemma 3.1. Let K be a subset of L2(0,T;H) which is included in a compact set
of L?(0,T; V') and supuex fOT |lu(t)||2dt < co. Then K C L2(0,T;H) is relatively

compact.

We are ready to state and prove the tightness of the measures P" on the Lusin
space (§,.%;) with the topology T.

Proposition 3.1. The sequence of probability measures P™ on (ﬁ, ,}0:,5) having sup-
port in L>=(0, T; H),«NL2(0,T;V),, are tight onD(0,T; V') ; and satisfy the uniform
bound

T
EP" sup [€(t))? +/ EP" |l&(t)|*dt < oc. (3.27)
0<t<T 0
Proof. Tt is easy to see from the a priori estimate (3.5),
T
B (sup e +v [ e(olPdt) <. (3.25)
0<t<T 0

where N > 0 is a constant independent of n, whence the tightness of P" achieved in
L>(0,T;H), and L2(0,T;V),. Indeed for ¢ > 0, taking N. := N/e and considering
Q. = {w € Q:supgeyr [€(t)]* < N.}, we obtain from (3.28) that
[ sw [eOPaE @+ [ sup [e0)PdP(w) < N
Q. 0<t<T O\Q. 0<t<T

whence P*(w € Q : supg<;<7 [£(£)]* > N.) < . At the same time the set K2 = {w €

Q : supg<p [€(1)]* < N.} is relatively compact in L>(0,T; H) for the topology T2
and P"(K2) > 1 — e. Similarly from (3.28) there exists

T
K3 = {we: / I€@)|2dt < N} in O
0

relatively compact in L2(0,77; V) for the topology T3 such that P*(K2) > 1 —e.
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Now we establish the sufficient conditions for tightness of the laws P™ in D(0,T; V') 5
by using Theorem 3.3.

Condition [T]: Note that P o £(t)~! form a tight sequence in V’. In fact, from
the energy estimate (3.4), EF"|£(t)[?> < C and so for each ¢ > 0 there exists a
C. > 0 such that K. = {w € Q : [¢(t)|> < C.} and P*(Q\K.) < ¢ in H,,. Since
the embedding H — V' is compact, the ball K, is relatively compact in V' which
confirms the tightness of marginal distribution of £(¢) in V’. This proves one of the
conditions ([T]) of Theorem 3.3.

Condition [A]: The Aldous condition ([A]) given in Theorem 3.3 can be estab-
lished in our context using the Chebyshev inequality as follows(see, [13]): For any
given € > 0, there exists § such that for all stopping times 7,,, < T — 4, the following
hold:

" Tm+0
EF / v AE(s) + B(E(s)) +g(s) (3.29)
+Z/ Vi (€(5), 21) ik (d2n) || ds < &
k=1"l2zkl21
Tm+0
EY" / d(tr < M™ >,) <e. (3.30)

m

Let us do the term by term verification of the estimate (3.29) using the energy
estimate (3.28) and the Cauchy-Schwarz inequality. First, we note that

L [Tmtd L [Tmtd
B [ g vds < BT [T eo)las

m m

n Tm+6 2 1/2
< E ([ leeas) )
W [0 /2 -
< v {E? / I +9)Pds} " < F6'/2. (3.31)
0

Then for O C R, d = 2,3, we use Ladyzhenskaya’s inequalities (2.21) to get

Tm+0 Tm+0
EP'/ IB(&(s))lvds < CﬂEP’/ [€(s) P2 g(s) ]| *ds

m m

n Tm+06 d/4
< o (s 0P [ I} )
t€[0,T) Tm
)
< CGEE” (p suwp €O + (1) / €0+ 5)|%ds) < No?, (3.32)
t€[0,T] 0

where p = 1 — (d/4). From Assumption 2.2, we have

Tm+9 n
EP'/ HZ/ W (E(s), 2) () | s
Tm =1 |z |>1
1/2mP" s 2 1/2
< CC,\/N36'/°E {/ (1+(s)] )ds}
- " A2 <
< CC’u\/Ngé{lJrE sup |g(t)|} < N, (3.33)

t€[0,T
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where C,, = (Y}, 2k >1 ,uk(dzk))l/Z. Next we verify the estimate (3.30) using
the Assumptions 2.1, 2.2 and the Meyer process which we obtained in Lemma 2.7
as follows

Tm+0

Tm+0
EP’”/ d(tr < M" > )—Eﬂ“’"/ tr(0™ (5, €(5))Q0*" (s, £(s)) ) ds

m
n

T o
+E / Z/zk|<1 o (€(5), 21) | purs (2 )ds
Tt T
= /Tm I;/ZHZI |5 (€(5), 2) e (dzi)ds

_ " Tm+0
< (N + Na)EF / (1+ |€(s)2)ds

< (Ny+ N3)6(1+E" sup |£(1)]?) < N6. (3.34)
te[0,7)
Eventually, the estimates (3.31)-(3.34) establish the Aldous condition [A] of The-
orem 3.3. Thus conditions [T] and [A] show that there exists K! in Q relatively
compact for the topology 71 := (0,7 V') s such that P*(K!) > 1 —e¢.

Finally, we obtain the tightness of the measures P" in IL?(0, T’; H) for the strong
topology T;. In view of Lemma 3.1, we generate a subset K2 from L2(0,T;
H) N D(0,7T;V’") such that it is bounded in L2(0,7;H) and relatively compact in
L2(0,T; V'). Taking the embedding L2(0,T; V) < L?(0, T; H) into account, we can
use the tightness of P™ in L2(0,T;V) for the topology T3 so that for each ¢ > 0
there exists N, > 0 such that

T
Pwe / lE@)|Pdt < N} > 1— .
0
From the existence of the set K for 7y, define
T
Ki= KIN{E0) e LOT5E) s [ |e(olde < V).
0

Then for each ¢ > 0, the set K2 in L2(0,7;H) N D(0,T;V’) satisfies P*(KZ2) >
2(1 — ¢€). Besides, the embeddings L2(0,7;H) N D(0,7;V’") < L2(0,T;V’) being
compact, we can conclude from Lemma 3.1 that the set K2 is relatively compact in
L2(0, T; H).
Hitherto, we have shown that the Radon measures P™ are tight in the topologies
5,0 = 1,2,3,4. Since the spaces D(0,T;V");, L>(0,T;H),-, L2(0,T;V),, and
IL2(0, T; H) are continuously embedded in L2(0, T; V'),,, it follows from Proposition
1, Page 63 of [22] that the measures P™ are tight in the Lusin space Q endowed with
the topology 7. The proof is thus completed. O

3.2. The case of unbounded domain. When the domain O is unbounded the
embeddings V «— H < V’ are not compact and hence the tightness properties
established in the previous section on the spaces D(0,T; V') and L.2(0,T; H) are no
longer valid. This leads us to prove the tightness of the measures P in the weak
topology of H, namely H,,.

Let T5 be the topology induced by D(0, T; H,,). Since D(0, T; V')NL>(0,T;H) C
D(0, T; H,,)(see, [23]), we can take T = T3 V Tz, where T; is the weak topology of
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LL2(0,T; V). The path space € as a Borel subset of D(0,T;H,) N L2(0,T;V),, it
forms a Lusin space for the topology 7. Then, we have the following result.

Proposition 3.2. The sequence of probability measures P™ on ((NZ, ;@vt) are tight for
the Lusin topology T .

Proof. 1t is easy to see from the arguments of Proposition 3.1 that the measures P™
are tight in L?(0,T’; V),, and the marginal distributions of £(¢),Vt € [0, T] are tight
in H,,.

To complete the tightness in D(0,T;H,,), we need to prove the following weak
form of the Aldous condition (noting that the set V is dense in H) for every v €
V,e > 0, there exists § such that for all stopping times 7,,, < T — 4, the following
hold:

Tm+8 n
‘EP / (vAE&(s) + B(&(s)) + Z/ Ui (&(s), z) e (dzy ), v)ds| < (3.35)
Tm =1 |z |>1
. Tm+0
EF" / (v,d < M" >, v) <e. (3.36)
For every v € V, we obtain from (3.31) that

. [Tmto L, [Tmto -

vE / |(AE(s), v)|ds < VE® / 1AE(s) - dsllvl] < N6'/2|jv]l. (3.37)

Similar estimates hold true for the nonlinear term EF" f:"” [(B(&(s)),v)|ds and
the compensating integral

Tm+0 n
B[ [ ur (e ). o]
Tm k=1 17|21
Besides, from (3.34) note that

Tm+0 Tm+9 "
EP"/ (0,d < M" >, v) < E*" / d(tr < M” >,)[v]? < NoJo].

The preceding estimates prove the tightness of P* in (0, T'; H,,) for 75 and thereby
one can conclude that the measures P™ are tight on §2 for the Lusin topology 7. O

4. Martingale problem for Navier-Stokes equations with Lévy noise. In

the case unbounded domain (see, Remark 4.1), the lack of compact embeddings

affects the continuity of the martingales Mtf on € and hence one cannot conclude

to the martingale property of any limit P of the sequence P™. In order to overcome

this difficulty, we use the so-called Minty stochastic lemma (see, [40, 22, 31]) which

is classical in the case of deterministic evolution equations with monotone operators.
Now we prove the main theorem.

Proof of Theorem 2.1: (The domain O is bounded in R?). First note that the no-
tion of M{ is an (Q,.%;, P)-martingale can be stated equivalently by

EF[@(M] — M) =0, forall t > s (4.1)
and for all & € C’b(ﬁ) such that ® is .%,-measurable. In fact, to make the above

conclusion, we naturally use the fact that for every n

EP [®(M] —MI)] =0, forall t > s. (4.2)
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But the tightness of the measures P on € and P(Q) = 1 (follows from the energy
estimates in Theorem 3.1, see, for example, [22], Page 102) are not sufficient to
conclude (4.1) from (4.2) since Mf is not continuous on €. So we proceed as follows.

The boundedness of O(¢) := vA¢ + B(€) in L2(0,T; V') ensures the continuity
of ©(-) from L2(0,7;V) to L2(0,T;V’),, and so O(-) is Borel measurable from
Q — 1L2(0,T; V'), Now we define the image of P™ under the map & — (£, 0(€)) as
P(S) i=P{w € O; (w, Ow)) € S}, for S € B(Q x L2(0,T;V'),).

On Q= Q x L2 (0,T;V"),, consider the canonical right-continuous filtration G
and canonical processes £(t,w,v) = w(t) and x(¢t,w,v) = v(t). Since the mea-
sures P are tight on Q with Lusin topology, we note from Theorem 3.1 that

EF" fOT 1©(&(t))||12/dt < C, and hence there exists a N. > 0 such that the following
holds:

T
supIP’”{(w,v) € QX L%0,T;V")y; / vt dt > NE} <e
n 0

Since the set {v fo [v(t)]|3, < N.} is compact in L%(0, T} V’)w, the measures

P" are tight on Q. Then the sequence of probability measures P on O satisfy the
following:

[N1] P{(w,v) € Q:O(w) =v} = 1.

[N2] For every (w,v) € Q and for any f € D(Z), the process ﬁf on  defined by
ﬁ{(w,v) = f(&t,w,v))— f(£(0,w,V)) —fot Zf(s,&(s,w,V))ds is a R-valued
locally square integrable ((AZ, G, I@")—local cadlag martingale.

It is easy to show that (ﬁf,@") is square integrable. Let {ex},k =1,2,---,n be

an orthonormal basis in H". Since |M |2 — <M/ >, is a martingale,

EVM? = SEV M/, en)? =Y ET a (M er), (M7, e) >
k=1 k=1

n
= S ET (er, < MF >y 00) = B (tr < MY )
k=1

and so

o gt
EP M2 = EF / o™ (s, ()12, ds

t n
+EF / / o (&(s), 1) [P (dz ) ds
0 zk|<1

t n
N
+E / /| R (€(5), 2) P () ds. (4.3)

< (M N@Eﬂ?’" / (1+€(s)2)ds < C(1 + £(£(0). g)) < oo,

where we used the uniform bound (3.4). For € > 0, making use of (4.3), we obtain

{E@"L(l)p}l/P{E@" ﬁ{|2}(1+€)/2 (44)
14+€)/2

< {C+6E0.e)}" " <o,

E*" M|

IN

A
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where p = 2/(1 — €). By Fatou’s lemma
EP|Mf 1+4+e¢ < {C +g(§ }(1+€)/2

so that EP|Mf |? < co. Thus we have also shown that ( M/ ,I@) is square integrable.
Since the sequence of measures {IP’”} are tight on Q there exist a subsequence

of {IP’"} converging weakly to a measure P. At this point, we need the following
fundamental lemma.

Lemma 4.1 (Minty Stochastic Lemma). Let O be a bounded domain in R?. Let
P" be the sequence of probability measures on Q0 satisfying [N1] and [N2]. Suppose
Assumptions 2.1 and 2.2 hold true. Assume that the measures pr converge weakly
to a measure P on Q such that [N2] holds for P. Then [N1] also holds true for P,
that 1is,

P{(w,v) € Q: 0(¢(w, v)) = x(w,v)} = 1. (4.5)

Proof. Let ((,-,t) be the continuous function of the form (w,v,t) = Zle wi(w,v,
t)e; with e; € V which form a dense set in the space L2(Q;12(0,T;V)), where
©i(+,+, t) are continuous in Q with paths in L2(0,T). Here we restrict to the function
C(w,v,t) = p(w,v,t)eg,ep € V.

For each given ((+,-,t) and

27 [*
0= [ KOt oyds
0

T
Vlw,v) = 2/0 =20 ((w, v, 1) — O(C(w, v, 1)), £(w, 1) — C(w, v, 1))t

let us define

T
+ / =P 5(1)[€(w, ) — C(w, v, 1) 2. (4.6)
0
But in view of [N] and Lemma 2.4, we get
/A\I/(w,v)d@"(w,v) > 0. (4.7)
o
We decompose V¥ into ¥, and W, as follows
T T T .
=2 [ e O [ el [ e rab, (143)
0 0 0

and

/
P "ot
) / (O(C()), £t + / POIC()[dt
T o~
| et ewyi+ [ eroam,
0

0
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where M is the local martingale with quadratic variation

M=) = [ o)1, i

t oo
/ / 164 (€(5) 20) [P (dn, ds)
0 Zk|<1

t oo
/ / [Vr (€ Zk)\zﬂk(dzk,ds).
0 Zk|>1

Now we prove the continuity of ¥ (w,v) in the Lusin topology of Q. Applying the
It6 formula for Hilbert space valued local semimartingale (see, [26]) to e~ ?®M)[£(2)|?,
we get

t

IOWE = EOF — [ e Ople(s) s — 2 [ O (x(s). E()ds
0 0

2 / e 86+ Y [ wnlEls) s (d)ds

b1 |zK|>1
t P t P
+2 / e ") (£(s), dM,) + / e P dM];.
0 0

Since ﬁ(w, v) is a local I/P\’-martingale, it has zero averages and therefore taking
R T
Tiw,v) = [6OF = DIDP 42 [ e rOe(s) gl
0

T oo
+2 /O e "), ) / Uk (€(5), 1) px (dzi) ds,

k=1"12kl21

we arrive at
/A U1 (w, v)dP(w, v) = /A Uy (w, v)dP(w, v). (4.10)
Q 9
Besides, 1/\\/I(w, v) is a local P"-martingale ([Ns]), we also note that
/@1(w,v)d@n(w,v) = [ Uy (w, v)dP" (w, V). (4.11)
o 9

From Lemma 2.5, the jump integral in \111 (w,v) is continuous in the Lusin topology

of Q. Moreover, T 1(w,Vv) is upper semicontinuous on Q for the Lusin topology
T (that is, due to the topologleb T3 and Ty)

lim sup / Uy (w, v)dP" (w, v) < / U1 (w, v)dB(w, v). (4.12)
n—oo Q Q

The integral with quadratic variation [M]; in Wy(w,v) is continuous in the Lusin

topology of Q (in particular, due to the strong topology 74) and the integral involv-

ing ©(-) is continuous due to the continuity of ¢(-,-,t) on Q. Therefore,

lim [ Us(w,v)dP"(w,v) = [ Uy (w, v)dP(w, v). (4.13)
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From (4.7), (4.12) and (4.13), we arrive at

0 Slimsup/A\I!(w,v)d@”(w,v) = limsup/A(\f'l(w,v)—|—\I/2(w,v))dHA”"(w,v)
n—oo Q n—r00 Q
< [ @) + Talw B,
Q
Eventually, we have shown that
[ U (w, v)dP(w,v) > 0. (4.14)
Q

Now taking ((w,v,t) = £(w,t)—Aw(w, v,t), where A > 0 and w(w, v, t) is a bounded
continuous mapping from  to L.2(0,T; V), we obtain

2)\/A (/Tep<t><x(w,v,t)@(5(w,t)Aw(w,v,t)),w(w,v,t))dt)d@(w,v)

Q 0

A2 /@ ( / Te—ﬂ<t>p(t)|w(w,v,t)|2dt)d@(w,v) > 0. (4.15)

0
Since © is hemicontinuous, (0(§ — Aw),w) — (0(£),w) as A — 0; indeed,
(O —aw),w) = (B(§),w) — MAw + B(&, W) + B(w, &), w) + X*(B(w), w).

Dividing (4.15) by A, taking A — 0 and applying the dominated convergence theo-
rem, we get

/ﬁ ( /OTe—pm(x(w,v,t)—@(g(w,t)),w(w,v,t)mt)d@(w,v)zo_ (4.16)

Moreover, taking ((w,v,t) = &(w,t) + Aw(w, v, t), we can get the reverse inequality
of (4.16) so that

/SA ( /OTep(t)<x(w,v,t)—@(f(w,t)),w(w,v,t))dt)dHA”(w,v):O. (4.17)

Since (4.17) holds true for each bounded continuous function w, the conclusion (4.5)
is achieved.

OJ

Now we come back to the proof of main theorem. The Lemma 4.1 indeed show
that ®(M/ — M) € C(Q), for any G,-measurable function ® € Cy(€2). In order to
pass the limit, we need the following.

Lemma 4.2 (see, [31]). Let Q be a Lusin space and P" be the sequence of probability
measures on 0 converging weakly to a measure P as n — oo. Let g € C(Q) and
sup,, E¥"[|g|'t€] < C for some € > 0. Then E*"(g) — E¥(g) as n — oo.

Taking the estimate (4.4) and Lemma 4.1 into account, we can conclude from
Lemma 4.2 that

lim EP" [&(M/ — M/)] = EF[3(M/ — M/)] = 0, for all ¢ > s,

n—oo
whence ﬁ{ is a locally square integrable cadlag (ﬁ, gAtJIAD)—local martingale. From
the last equality and disintegration theorem for Radon measures on Lusin spaces,
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we can conclude that

/§<T><w, V)M (w,v) — M (w, )] dB(w, v)

= [ B0 ) - M @)dP(w),
and so EF[®(M{ — M{)] = 0 for any .Z, measurable function ® € C;,(€) and ¢ > s.
This completes the proof for 2D-case. O

Now let us prove Theorem 2.1 for 3D bounded domain.

Proof of Theorem 2.1: (The domain O is bounded in R?). In view of the estimate
(2.23), it appears that Minty Stochastic Lemma 4.1 does not hold for 3D-case.
Indeed, from the energy estimate (Theorem 3.1) and (2.23) for d = 3, it is clear
that ©(-) exists only in the space .*/3(0, T; V') and so it does’t make sense to define
(4.6). In view of 2D-case, we need the following lemma for the continuity of the
martingale Mtf on Q and rest of the proof of existence of martingale solution follows
from the similar arguments of 2D-case. O

Lemma 4.3. Let O be a bounded domain in R3. Let f be the tame function as in
Remark 2.1 with ¢(-) € C°(R™) and 6, € D(A),k=1,--- ,m. Ifu, - u in Q for
the Lusin topology T, then M (u,) — M{ (u) on Q,Vt € [0,T).

Proof. For simplicity, let us restrict the proof to the case f(u(t)) = p({u(t),6p)), 00 €
D(A). Let u,, — u for the Lusin topology 7. By suppressing the time dependence
of u(t), we write

u,) = ¢((un, 00)) — ¢((un(0), o)) (4.18)

/ vAu, + B(u,) — g, ¢’ ((uy, 00))b )ds

\

5 (<un’90>)tr( (Saun)QU*(svun)eo ® 90)d$
/ <y Ll + G, 20), 60}) = ol {ttn, B0))
<¢k(unazk) ¥ (<u",90 00 },Uk dzk ds

[ e ). 60))  lan, ) b ()
k |z 21

Let M/ u,) = 6 I, ; and M/ (u) = 6: I;. Then we need to show that
t 5 t =1

i=1
M (u,,)) — M/ (u)] = 0 as n — oo. The continuity of I,,; and I, 5 follow easily
from the continuity of . Note that

/ <VAun,<p'(<un790>)90>dt:—/ v(un(s), Al ((un, 00))b0) )dt
0 0
T T
== [ v A )it = [ (oA (w0000
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as u,, - u in L2(0, T; H). Observe that
(B(un), ¢ ((un, 00))o) — (B(u), ¢’ ((u,00))bo)
= b(un — u, Uy, ()0/(<un7 00>)60) + b(u7 u-— uy, @/(<un7 90>)60)
+b(u, 1, (¢ ((un, 00)) — ¢'((u, 60)))6o).

From (2.23), we obtain that

T T
/ [b(up — w,up, @' ((an, 00))6o)|dt < / [ ((an, 60))[[b(un — 1, un, Oo)|dt
0 0

IN

T
CIIsD’IILoc(]m|90|1/4||t9o||3/4/0 =, — a4y |dt

IN

T 1/8
Il o 0l U001 ([ o, — P

T 3/8 T 1/2
x(/ ||unfu||2dt) (/ Hun||2dt) 0 asn — 00
0 0

since u,, > u in L2(0, T; H) and last two integrals are uniformly bounded. Making
use of Lemma 2.2 and the embedding H' < L5 of (2.22), we get

T T
/ b, 1w — (1, 60))6o) |t < / 10/ (11, 00)) 1B, B, 1, — )]
0 0

T
< ey [ lulsVolsfan — wlde
0
T
< Ol oo 160l] 2 A |2 / Jullju, — uldt
T 1/2 T 1/2
< ClI oo 100112 A8 / Jufzar) / un—upar)”* S0,
0 0

as n — oo and

T
[ b0 00 — G Gt
_ ‘/OT [/1 %(@’(Mun(t),eo} +(1 —r)<u(t),90>))dr}b(u, eo,u)dt‘

0

IN

T
C”SDH”L‘X’(R)||90||1/2|A90|1/2/O |(w, =, 6o) || ul|[uldt

IN

" 1/2 1/2 g 2 1/2
Clle" Il 0ol 100 /21 &b/ sup Ju()]( [ [uar)
t€[0,7) 0

T 1/2
x(/ \u—un|2dt) — 0 asn — 0.
0

By the argument similar to the above integral, we have
T T
| ot 00) = &' 801 o] < 1m0 | o = o

. T 5 .\ /2 .
since ( Jo ||g(t)||V,dt> < 00, the last integral also tends to zero.



386 KUMARASAMY SAKTHIVEL AND SIVAGURU S. SRITHARAN

Next, we note that

1 T
[Ina = L] < 5/ " ((wn, 00) )|l (t, wn ()17, — ot u())IIZ,, o[t
0

1 T
+§/ " ((un(t),60)) = " ((u(t), 00) |0 (t, u(t))l|Z,, ;dt
0

IA

1 T
§||4PN||L°°(R)/O Nt un(O)Z,s — ot w®)Z,, |dt

1 ~ T 1/2
+§|90|T1/2||90”/||L°°(1R)N2(1 + sup |U(t)|2)(/ lu, — u|2dt) .
t€[0,T] 0

Here both integrals on the right hand side tend to zero due to the continuity [H1]
(in Assumption 2.1) on the first integral while u,, > u in L.?(0, T'; H) on the second
integral.

Finally, since ¢ € C§°(R), we have for any p,q € R

B(p,q) == p(p +0) — 0(p) — &' ()g = ¢ / (1— )¢ (p + rq)dr

so that for any p1,ps € R

[@(p1,q) — ®(p2,9)| = 1612/0 (1=n)¢"(p1 +rq) — " (p2 + rq)]dr|

IN

" || o Ry 4% P1 — P2l
Besides, for any ¢q1, g2 € R, one can also obtain that
[2(p,q1) — 2(p, @2)| < 0" () (la] + la2D)|ar — g2l

Taking p1 = (un,60),q¢ = q1 = (dx(Wn,2x),00) and p = p> = (u,6p) and go =
(oK (u, z1), 6p), we can obtain that

T oo
Ls— T < / Z /| {1000, (@t 20,00

), (D (W, 21), 00))] F e (dze ) dt

/0 / |<1 {12 (¢, 6o), (#x(n, 21), 60))
_(I)(<u, 0>7 <¢k(u,Zk),90>)|},uk(dzk)dt.
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From the preceding estimates and Assumption 2.2, we have

T o0
Los — Is| < " |1 |60 / T /| |81 (n 22) ()t
0 k=1

zi|<1

T oo

i - 9 2 s
+le = oléol* | ;/l (16w, 20)]
ok (w, 21)]) |dr (Un, 2) — Gr(w, 25) | pr(dzy ) dt

<

ll¢""[| e ()00 N3 (1 + sup \un(t)\z)ﬁJr2T||90"|\L00(R)|90|2

t€[0,T]
T 1/2
(/ |u,, fu|2dt) .
0

Thus, |I,5 — Is] = 0 as n — oo due to the strong convergence of u,, — u
in L?(0,T;H). We can similarly establish the continuity of the integral I,, ¢ and
conclude the proof. O

/2

T 1
X \/N2N3<2T+/ (|u|2+|un|2)dt)
0

4.1. Existence of martingale solutions in unbounded domain. As we noticed
in section 3.3 that in the case of unbounded O, we have the tightness of measures
only in D(0,7T;H,,) and it is not sufficient to obtain the tightness in the strong
topology Ty of L2(0,T; H)). But in order to prove the Minty Stochastic Lemma 4.1,
we need the tightness in 7y, in particular, to validate the continuity of the noise
terms. The existence of martingale solutions for the SNSEs (2.1) in unbounded
domain O, at least, in R? without any compactness argument may be addressed as
follows.

Remark 4.1. If the noise terms are additive, that is, the noise coefficients are of
the form o(t,u) = o(t), dr(u, zk) = dr(zk) and Vi (u, zx) = Y(2k), bk = 1,2, -,
the proof of Lemma 4.1, and hence the existence of martingale solutions in 2D-case,
still hold since we have handled the nonlinearity coming from the drift term by
using the local monotonicity argument.

If the noise terms are multiplicative (once again for the case of unbounded O) to
get the stochastic Minty-Browder technique to work, we need to assume that the
mapping u — [lo(t,u)||Z, . is continuous for the weak topology of H along with
assumptions for the jump noise coefficients (see, for instance, [22]).

Remark 4.2. We note however that the existence of strong solutions for 2D sto-
chastic Navier-Stokes equations with multiplicative Gaussian noise (see, [33]) and
It6-Lévy noise (see, [8]) in unbounded domain can be handled by local monotonicity
method without any weak continuity assumptions on the noise coeflicients.

We solve the unbounded case by extending Theorem 2.1 for bounded O as follows.
We cut the unbounded domain O into a sequence of bounded domains O;,i = 1,2 - -
and construct martingale solutions P;,i = 1,2,--- for the SNSEs (2.1) in each of
these bounded domains O; and then show that in the limit the martingale solution
P for O exists. The construction we use here is a standard procedure and can be
found for example in [17] for various fluid flow problems in unbounded domain and
in [30] to prove the existence of generalized solutions for Navier-Stokes equations in
unbounded channel like domains.



388 KUMARASAMY SAKTHIVEL AND SIVAGURU S. SRITHARAN

Proof of Theorem 2.1: (The domain O is unbounded). Let O;,i = 1,2--- be the
nested, open bounded subsets O C O3 C -+ of O and U2, 0; = O. We may take
O; as ON{|z| < r;}. In each of these subdomains, we solve the following problem
(u;,pi) : O; x [0,T] — R% x R such that

du; + (—vAw;+u;-Vu; + Vp;)dt = gdt + o(t, u;)dW
+Z/ ¢k % t ui(t*)a Zk)%k(dta de) (419)

0<]zr|z<1
.S [ atue) ) mdtda) w05 x 0.1)
|zk|z>1

with
V-u;, = 0 in O; x(0,7),
u, = 0 on 00;x(0,T), u;i(z,0) =ug(z) in O,.

This leads to a semimartingale formulation analogous to (2.10) and then by the
Galerkin approximation, we get the finite dimensional system similar to (3.1) in
each of these subdomains O;. Let P! be the measures on D(0,7;V’) associated
with the finite dimensional processes u}. In view of the proof of Theorem 3.1, there
exist constants C' and C' independent of the size of the domains O; satisfying

t
E" sup [¢(s)]? + vEF / I€(s) 2ds (4.20)

0<s<t

T
< O(T. Fo, Mo, BIEO)P, | o)),

and for all p > 2

n n t
¥ sup |€(s)P? + vEF: / E()P 2 1€(s) [ 2ds (4.21)

0<s<t

N T
< C(nT X Mo BEOP. ([ le®lfpa)?).

Following the proof of Proposition 3.1, we can show that the measures P} are tight
in the Lusin space Q endowed with the topology T by extending the flow field to
zero outside O;. In order to conclude that any limit measure P of the sequence P}
is a solution of the martingale problem on O, it is sufficient show that M{ (&) is
continuous on  and this follows from similar arguments we used earlier. O

4.2. Pathwise uniqueness of solutions and uniqueness of the martingale
solutions.

Proof of Theorem 2.2. Let u and v be the two solutions of (2.10). For m > 0,
define

=inf{t < T;u(t)]* >m} and 72 =inf{t < T;|v(t)|* > m}.

Let us take 7, = 7}, A 72,. Define the set Q,, = {w € Q : |u(t)|> < m}. Then we
obtain from the energy estimate that

/ [u(t) PdP(w) + / [u(t)PdP(w) < C,
Qi N\Q,
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for some constant C' > 0. So P(N\Qy,) = P{w € Q : |u(t)> > m} < <. This
further leads to

C
P{r, <T} < P{lu(t)]> >m} v P{|v(t)]> >m} < —.
m

Hence limsup,,, ,.. P{7m < T} =0 and so 7, = T as m — oo, a.s. For notation

Simplidty, define w = u-—v, o= U(tv u)io—(ta V)v gk = (bk(u(t*)v Zk)f(rbk(v(t*)v Zk)
and ¢ = Yr(u(t—), zx) — Yr(v(t—),2zk), k =1,2--- . Then, we have

w(t) =w(0) — /Ot ([@(u(s)) —O(v(s))] - kf‘; /Zkz1 Jkuk(dzk))ds + My,

where O(u) = vAu + B(u) and the local martingale

Mt :/ O'dW / / sz%k(ds,dzk)—‘rz:/ Jk%k(ds,dzknds.
—1 7/ lzkl<1 =1 12zK>1

Applying the Itd formula (see, [26]) to |w(t)|?, we get

lw(t)]? = [w(0)* — 2/0 (O(u(s)) — O(v(s)), w(s))ds

+2/Ot<z

k=1

/ %Mwmw@wmmmﬁz/W@@MJ
|z |>1 0

Using the estimate (2.21), note that
[(B(w) = B(v),w)| = [b(w,v,w)| < [[w|Zso)llV]
Clw| =2 lw |92 v |

%lleQ+Ou||v||4/<4*d>|w|27 for d=2,3.

IN

IN

So from Assumption 2.2, we arrive at

w(t)|? w 2y twszs v tvs 4/(47d)w{925
w(t)]? < [w(0) AH <wd«+%7éwwun [w(s)[2d
—|—(1+C#N2)/O |w(s)|2ds+tr[[1\_/l]]t+2/0 (w(s),dM,),

where C), = > 12, f\Zk|>1 pr(dzy). Taking p(t) = 2C, fo [v(s)|*“Dds,d = 2,3
the Tto formula again applied to e=?®)|w(t)|?
give

along with the preceding estimate

t t
efp(t)\w(t)\Z—H// eiP(S)HW(s)szs < |w(0)]* + (1 + CHNQ)/ e*p(s)|w(s)\2d8
0 0

te—P(S) vV te—p(S) wis \/
+/O dt [[M]]s)+2/ (w(s), dML,). (4.22)

0
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Let 7,,, be the stopping time localizing the martingale fot e ") (w(s),dMy). From
Assumptions 2.1, 2.2 and Lemma 2.7, we note that

tATm 3 tATm _
B[ e =& [ e < M)
0 0
tATm
_ / ()t (FQF ) ds
0
tATm
e [ e Z/ |¢|ukd2k+2/
0 [zr|<1 Iz

tATm
< (M +N2)E/ e P |lw(s)|ds.
0

[ a0 (dz) ) ds
k|>1

Taking into account that the expectation of the local martingale is zero, we have

w(s /\Tm)|2]d8,

t
E[e ) |w (t A7 )[?] < E|w(0)]? + C / E[e=P(s/™m)
0

where C' = (1 + Ni + Ny + C,N3). Therefore, by Gronwall’s inequality, we deduce
that

E[e "m0 |w (t A 7 ) |?] < exp(CT)E|w(0)]2.

Eventually taking the conditions (i) and (ii) into account, the data w(0) = 0 leads
to w(t A 7,) = 0 a.s. But the fact that 7,,, = T as m — oo gives w(t) =0 =
u(t) = v(t) for all t € [0,7] a.s. Hence the proof. O

5. Concluding remarks. We remark here that mathematically similar problems
such as MHD equations (Chandrasekhar [4], Sritharan and Sundar [32]), regularized
Navier-Stokes equations (Ou and Sritharan [24]), tamed Navier-Stokes equations
(Leray [19], Sritharan and Sundar [33]) and combustion models (Temam [37]) etc.
can fit in the abstract mathematical model (2.10) and hence this paper establishes
the solvability of martingale problems for all these classes of problems subjected to
Lévy noise.
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