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Broadband and narrow-band signal-to-interference ratio
expressions for a doubly spread target®
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Applied Research Laboratory, The Pennsylvania State University, P. O. Box 30, State College, Pennsylvania
16801 :

(Received 14 December 1981; accepted for publication 11 June 1982)

Signal-to-interference ratio (SIR) expressions for a doubly spread target are derived for both
broadband and narrow-band transmit signals. For broadband signals, the SIR is dependent upon
target and reverberation two-frequency correlation functions and upon the transmit and
processing waveforms. For wide-sense stationary uncorrelated spreading (WSSUS)
communication channels (which implies narrow-band transmissions), the SIR is dependent upon
target and reverberation scattering functions and the cross-ambiguity function of the transmit
and processing waveforms. Volume reverberation and target two-frequency correlation functions
and scattering functions are derived. Volume reverberation is modeled as the spatially
uncorrelated scattered field from randomly distributed point scatterers in deterministic plus
random translational motion. A single scattering approximation is used and frequency-dependent
directivity functions and attenuation due to absorption are included. A probability density
function of random Doppler shift due to the random motion of the scatterers is also derived.
Computer plots of the density function are presented as a function of the standard deviation of the
random motion. The target is modeled as a linear array of discrete highlights in deterministic
translational motion. Example scattering function calculations are presented. The volume
reverberation scattering function predicts Doppler spreading as a function of both beam steering
angle and random motion of the scatterers. The target scattering function also predicts a spread in
Doppler values. Both scattering functions predict time spread and/or contraction as a function of

Doppler spread.
PACS numbers: 43.60.Cg, 43.30.Vh,

INTRODUCTION

The detection problem considered in this paper is the
following binary hypothesis testing problem:

Hy: Ht) =yr(t) +Jrlt) +A(t), —oo<t<oo, (1)
Hy Ht)=glt) + ilt), — o <t<o, (2)

where

5y = [ XA+ Ltlexpl + 2 )

and

5at)= [ XOHL+ St lexpl+2mpNlf.

Hypothesis H, states that the complex envelope of the re-
ceived signal /¢ ) is equal to the sum of the complex envelopes
of the target return j (¢ ), the reverberation return j. (¢ ), and
noise 7(¢ ). It is assumed that j,(¢), 5 (¢ ), and 7i( ) are zero
mean, uncorrelated random processes. It is also assumed
that /(¢ }is white. Hypothesis H, states that /¢ ) is equal to the
sum of the reverberation return and noise. The reverberation
return, in general, is a composite of volume, surface, and
bottom returns.

From Egs. (3) and (4) it can be seen that both the target
® This paper is based on Chaps. 3 and 4 of L. J. Ziomek’s Ph.D. dissertation

““A Scattering Function Approach to Underwater Acoustic Detection and
Signal Design,” The Pennsylvania State University (1981).
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and reverberation (ocean medium) are being modeled as lin-
ear, time-varying, random filters. The expressions
H,(f+f.,t)and Hg(f + f.,t ) are the random, time-varying,
target and reverberation transfer functions, respectively.
They are equal to the Fourier transforms, with respect to 7,
of the real, time-varying, random impulse response func-
tions a,(7,t ) and Az (7, ), respectively. The expression 4 (7,¢)
denotes the response of the filter at time ¢ due to the applica-
tion of a unit impulse at time ¢ — 7. The expression X (f) is the
Fourier transform of the input (transmit) complex envelope
X(t), and £, is the center or carrier frequency in hertz. Equa-
tions (3) and (4) are exact relationships which are valid for

both narrow-band and broadband transmit signals.’
A more common input—output relationship frequently

used is

Pt )zf %t — T (7t )dr, (4a)

where / (.t ) is the complex envelope of the real filter 4 (7t ).
Note, however, that Eq. (4a) is an approximate relationship
which is based upon the assumption that both (¢t — 7) and
h (r,t ) are narrow-band signalsin 7. This can be easily verified
by noting that if & (r,t) is in fact time invariant, ie., if
h(r,t)=h(t — [t — 7]) = k (r), then Eq. (4a)reducestothe fa-
miliar convolution integral
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Pt )=£° %t — 1)k (r)dr, (4b)

which is also an approximate expression based upon a nar-
row-band assumption (e.g., see Van Trees? or Whalen?).
Since the form of Eq. (4a) is based upon a narrow-band as-
sumption, it is not used in this paper.

The approach of treating the ocean medium as a linear,
time-varying, random communication channel is well estab-
lished.* '3 This approach has also been applied to target scat-
tering problems in radar astronomy'* and to communication
channels in general.!>'®* However, with respect to target
models, past research efforts have been devoted mainly to
the slowly fluctuating point target problem.'”-* Efforts to
treat more complicated target models were made by Kooij*
and Moose.'® They modeled the target as a linear, time-in-
variant, deterministic filter. The target could then be consi-
dered as a singly spread target rather than as a point target.
The time-invariant assumption implies no relative target
motion, and hence, no target Doppler. Therefore the target
return is spread in round-trip time delay values only. How-
ever, as will be demonstrated later, since the target is being
modeled as a time-varying filter in this paper, we will obtain
target return spreading in both round-trip time delay and
Doppler values. Hence the designation, “doubly spread tar-
get.” The concepts of a slowly fluctuating point target, a
singly spread target, and a doubly spread target are dis-
cussed in Van Trees.2® Green!* also treated radar astronomy
targets (e.g., moons and planets) as linear, time-varying, ran-
dom filters.

Expressions for the signal-to-interference ratio (SIR)
for a doubly spread target will be derived in Sec. I of this
paper for both broadband and narrow-band transmit sig-
nals. It will be shown that in the broadband case, the SIR is
dependent upon target and reverberation two-frequency
correlation functions and upon the transmit and processing
waveforms. For wide-sense stationary uncorrelated spread-
ing (WSSUS) communication channels (which implies nar-
row-band transmissions), the SIR is dependent upon target
and reverberation scattering functions and the cross-ambi-
guity function of the complex envelopes of the transmit and
processing waveforms. In Sec. II, a volume reverberation
two-frequency correlation function and scattering function
are derived. In the past, assumed functional forms for the
reverberation scattering function (clutter density function)
were used in order to evaluate the SIR (e.g., see Refs. 10, 17,
and 19). It is interesting to note that Middleton?’ (see p. 402)
has stated (in the context of his reverberation model) that
when the inherent random Doppler of scatterers is taken
specifically into account, a scattering function cannot be de-
fined. However, it will be demonstrated in Sec. II that for the
volume reverberation model used in this paper, a volume
reverberation scattering function can be defined when ran-
dom motion of scatterers is included. We will restrict our-
selves to volume reverberation only in this paper since deri-
vations of surface reverberation scattering functions have
appeared in the literature.?*-3° In Sec. III, a target two-fre-
quency correlation function and scattering function are also
derived. And finally, in Sec. IV, example calculations of vol-

805 J. Acoust. Soc. Am., Vol. 72, No. 3, September 1982

{0 (Ei) fwdt 4 I |2 L,

ume reverberation and target scattering functions are pre-
sented.

I. THE SIGNAL-TO-INTERFERENCE RATIO FOR A
DOUBLY SPREAD TARGET
A. Broadband transmit signal

The particular receiver structure used to process (¢ ) is
illustrated in Fig. 1. The function g(¢) is referred to as the
“processing waveform.” The receiver performs the follow-
ing test: choose hypothesis H, if
|7 egrierar

2

>y (5)

1> =

and choose H, otherwise. The threshold y is chosen to satisfy
a desired probability of false alarm constraint in a Neyman—
Pearson test.

Let us now compute the output signal-to-interference
power ratio (SIR) for the receiver shown in Fig. 1. The SIR as
used in this paper is defined as

SIRZE (|, 2)/E {|T;]}, (6)
where

L= et o)

L= s 8
and

b(t) = prlt) + Aft). 9)

Using Eqgs. (7)-9), it can b. shown that
“E(|L |2} = J J‘ gH(t)R; (¢, t")g(t \dedt’  (10)
and

B =" 7 &R, e arar

+N [ lgerea (11)
where )
Ry, (6, ) = E [t 3} (12)
and
Ry, (6,¢") = E { el W3], (13)

The parameter N, is the spectral height of the complex white
noise 7(t ), E |-} is the expectation operator, and the asterisk
denotes complex conjugation.

Substituting Egs. (10) and (11) into Eq. (6} yields

xr
-

AV
-

e =3
o

T

§

FIG. 1. Receiver structure for processing ¢ ).
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SIR I-.; I_“, B IR;, (8, (¢ "\t dit

(14)

-]

where the autocorrelation functions of the target and rever-
beration returns are given by

R; (5, 1)
=T [ RORASRS L A L)
Xexpl + 727t — f'tdf df (13
and o
Boltt)= [ [T RURAP Ry, (F Lo 4Lt 1)
Xexp[ +j2a(ft — f't')]df df’, (16)
where
Ru f+fof +For 1)
= E{Hy(f+f S 41t 17
and
Ry (f+ S + oty
= E[Ha(f+f VS + ). (19

Equations (14) through (18) specify the SIR for a doubly
spread target when either a broadband or narrow-band sig-
nal is transmitted. The autocorrelation functions given by
Eqgs. (17) and (18) are referred to as two-frequency correla-
tion functions or two-frequency mutual coherence func-
tions.>! The significance of the two-frequency correlation
function will be discussed in Sec. II. Equation (15) was ob-
tained by substituting Eq. (3) into Eq. (12), and similarly, Eq.
(16) was obtained by substituting Eq. (4} into Eq. (13).

B. Narrow-band transmit signal

If the linear, time-varying, random filters H,(f+ f., t)
and Hy( f+ f., t)are, in fact, wide-sense stationary uncorre-
lated spreading (WSSUS) communication channels, then the
two-frequency correlation functions given by Egs. (17) and
(18) reduce to

Ry (f+/fof' +/ft,t) =Ry (4 f, 4t) (19)
and
Ry (f+/of' +f,t,t')=Ry (A1 4t), (20)

respectively, i.e., the correlation functions are wide-senseI

f“ r R, (7, )| Xsglr> &) d
SIR = ==

= J._: _[: &*(t)R;, (1, t")g(¢"\dt dt’' + N, J‘j - s

I
stationary in both frequency and time* where 4 f=f— f"
and At =t —t'. The expression R(4 f, At) is sometimes
referred to as the time-frequency correlation function.®®

It will be shown in Secs. II and III that in order for the
two-frequency correlation function to be wide-sense station-
ary in frequency, a narrow-band transmit signal must be
used. 32 The condition of wide-sense stationarity in frequency
does not hold for broadband transmissions.®

The two-frequency correlation function R, (4 f, 4t) is
related to the scattering function Rg(r, ¢ ) by the following
two-dimensional Fourier transformations:

RylA f At)

=j°° [ Ritr d1empl —2mid fr — gt 1dr

and (21)

Roird)= [ " Ruasan

Xexp[ +2m(A fr — ¢At)]dA fdAr. (22)

The scattering function can be thought of as an average pow-
er density function which determines the average amount of
spread in round-trip time delay 7 and frequency ¢ that a
signal’s power will undergo as the signal propagates through
a random, time-varying, medium.® Note that Rg(7, ¢ ) is a
real, positive function of 7 and ¢.%°

With the use of Eqs. (19) through (21), the autocorrela-
tion functions of the target and reverberation returns as giv-
en by Eqgs. (15) and (16), respectively, can be rewritten as

N I I MU

Xexp( + j2ndAt )dr dé (23)
and ‘
R; (t,t)= f f %t — 7)Rs, (1, )3Ht' —7)
' X exp( + j2wdAt \dr dp, (24)

where R (7, ¢) and Ry (7, ¢ ) are the target and reverbera-
tion scattering functions. And upon substituting Eqgs. (23)
and (24) into Eq. (14), one obtains

[ |7 Retn 8 xutr 1dras + 8|~ lgto)par

where

Xl )= Jjj(’ — %)é*(t + %)exP( + 2wt )dt (26)
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, (25)

lis the cross-ambiguity function of the complex envelope of
the transmit signal X(¢), and the complex envelope of the
processing waveform g(¢ ). Equation (25) is the SIR for a dou-
bly spread target when a narrow-band signal is transmitted.

L. J. Ziomek and L. H. Sibul: SIR expressions 806



As an example, let us calculate the SIR for a slowly
fluctuating point target when a narrow-band signal is trans-
mitted. The scattering function for a slowly fluctuating point
target can be expressed as'*

E (15} xsslr> ¢ )

Rs,(r, $)=E[|b*}8(r —)5(¢' — ), (27)
where E {|b |2} includes the array gains, propagation losses,
and scattering cross section of the target; and 7" and ¢’ are
known constants. Substituting Eq. (27) into Eq. (25) yields
the desired result (e.g., see DeLong and Hofstetter's):

SIR = —
[ |7 Retn ) xatn p)ar s+ N

DeLong and Hofstetter'® assumed that 7 =0and ¢ ' = O in
their expression for the SIR for a point target. If these values
for 7’ and ¢ ' are substituted into Eq. {28), then

0,017 = | [~ sergeten|

which agrees with their result.

Note, that 7o Gaussian assumptions were made in de-
riving the SIR expressions given by Eqgs. (14) and (25). How-
ever,wheny,(t),7z(t), and /i(t ) are Gaussian, zero mean, and
uncorrelated (statistically independent) and #(¢) is white,
then the error performance of the receiver shown in Fig. 1
(although it is not an optimal receiver for detecting a doubly
spread target?%) is given by

Pp = PY+sI®) (30)

where P,, is the probability of detection and Py is the prob-
ability of false alarm.2%3? Therefore, in the important case of
Gaussian statistics, maximizing the SIR is equivalent to
maximizing the probability of detection for a given probabil-
ity of false alarm in a Neyman-Pearson test.?! The SIR for a
doubly spread target can be maximized via signal design, i.e.,
by designing the transmit signal X(¢ ) and/or the processing

2
’

(29)

TRANSMIT
ARRAY
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" erar

(28)

%vaveform g(z).>

One can see from Eqs. (14) and (25) that in order to
evaluate or maximize the SIR for a doubly spread target for
either a broadband or narrow-band transmit signal, one
must be able to specify either target and reverberation two-
frequency correlation functions or target and reverberation
scattering functions.

Il. VOLUME REVERBERATION
A. Two-frequency correlation function

Volume reverberation is the result of the scattering of
energy by the inherent inhomogeneities in the ocean medium
(e.g., fish, bubbles, zooplankton, etc.) and its changing index
of refraction.!®**3? In the analysis which follows, volume
reverberation is modeled as the spatially uncorrelated scat-
tered field from randomly distributed discrete point scat-
terers.>® It is assumed that the particles are undergoing
translational motion. A single scattering approximation is
used throughout the analysis.

We begin by considering the physical situation depicted
by Fig. 2 and computing the scattered field at the receive

FIG. 2. Bistatic geometry for calcula-
tion of scattered field from a single parti-
cle undergoing translational motion.

RECEIVE
ARRAY

L. J. Ziomek and L. H. Sibul: SIR expressions 807



array due to a single particle. Note that both the transmit
and receive planar arrays are int a bistatic conﬁguratlon and
both are assumed not to bé iti motion. When transmission in
the direction 7, begins at = 0, the range of the particle
from the transrit array ifi the direction 7, is equal to Ro,
Similarly, the range of the particle from the receive array in
the dlrechon — hip att = 0Ois equal to R, . Both fi; and fi;
are unit vectors. The patticle’s motion is descrlbed by the
time-varyirig transiational velocity vector V(¢ ). Therefore the
range of the particle frorii the transmit array at any time ¢, in
the direction fi; is given by

R.(t)=R, + L Vit )y dt (31)

and similarly, the range of the particle from the receive array
at any time ¢, in the direction — 7, is

Rale) = Ro, + [ VieH( = g (32)

Assume that a unit amplitude, time-harmonic signal is trans-
mitted and that the moving particle is in the farfield region of
both the transmit and receive arrays. At some time instant,
say ¢t =11, the time-harmonic signal transmitted in the di-
rection A, is incident upon the particle and some power is
scattered towards the receive array in the direction 7. The
scattered acoustic pressure field begins to appear at the out-
put of the receive array at time ¢,, where

t,=1t] +Rgplti)ec, (33)
t 1 is the retarded time, and c is the speed of sound (in m/s) in
the medium and is assumed to be constant. The output at
time ¢, is given by
) =Re[H(f, t))exp( + /27 ft))], (34)
where
H(f, t,) = Dylk,,, k, 18(Ar; Air, fIDrlk,,, k,,)
exp[ —jkR(t}
x SRLIRAD] i — art p1Rr1)]
Ry(t7)
—JjkRR (2}
x exp[ —jkRg(t1)] e
Rg(t7)

xp[ — ar(fIRR(£1)]
(35}
wheri the transmit signal x{¢ ) = Re[exp( + j27 ft )]

Equation (35) is the random, time-varying, transfer
]

exp{ —jks [Ro, + R,

+ (ﬁT - ﬁR )'Vt;

function of the communication channel corresponding to
the physical situation of a single particle in translational mo-
tion with respect to a bistatic transmit/receive array geome-
try. The expressions D and Dy are the farfield directivity
pattertis of the transinit and receive arrays, respectively. The
farfield directivity pattern of an acoustic planar array is giv-
en by the two-dimensional Fourier transform of the spatial
distribution of normal driving velocity, say v(x, y); i.e.,

Dk, y)—H oix, ylexp[ +ikex + ky)]dxdy  (36)

when the baffle surrounding the active region R is assumed
to be rigid.>® The x and y components of the wavenumber &
are given by

k, =ksin @ cos ¥ = ku (37)

and

k, = k sin @ sin ¢ = kv, (38)
where

k=2mf/c=2m/A. (39)

The terms # = sin 6 cos ¥ and v = sin 8 sin ¢ are the direc-
tion cosines with respect to the positive X and Y axes, respec-
tively. The expressions a; and a, are the frequency depen-
dent amplitide attenuation coefficients due to sound
absorption, with units of nepers/metets, along the transmit
and receive paths, respectively.

The function g{fiz, i1, f)is referred to as the scattering
amplitude function.° It represents tlie random farfield am-
plitude of the scattered wave in the direction 7i; when the
particle is illuminated (insonified) by a unit amplitude plane
wave propagating in the direction 7.

In order to simplify Eq. (35); assume that the velocity of
the particle is constant during the time it is insonified, i.e.,
V(¢) =V and that

Ry > J:l V(t)-Ar dt (40)
and

Ro,> [ Vit}(— hp)s @)
Also assume that a(f) = ag(f) = a( f). Therefore, upon

using these dssumptions [Eqs. (40) and (41) are only used in
simplifying the denominator], Eq. (35) reduces to

Il 42)

H(f,t)=F(f) R R,
where
t{ =(t,— Ry /c)/(1 — V-ig/c), (43)
F(f)2&Dylk,,, k,, B(Ax, Az, f)D (K, , k,, ) (44)
and k. is the complex effective wavenumber defined by
kg 2k —ja(f). (45)

Since the transfer function given by Eq. (42) is random,

808 J. Acoust. Soc. Am., Vol. 72, No. 3, September 1982

1
it is more dppropriate to charactenze the scattered field by

the two-frequency cotrelation function. If we consider a unit
volume elément d ¥ and assume that the particles occupying
dV are characterized by identical parameters (e.g., scattering
amplitude functions and translational velocity vectors) and
that the fields scattered from these particles are uncorrelat-
ed, then the volume reverberation two-frequency correlation
function corresponding to d¥ is given by

L. J. Ziomek and L. H. Sibul: SIR expressions 808



RH,. (f+f;’f, +f;_-» ts t')
=RH(f+f;:f' +f;:9 tst’)PV dv, (46)

where p,, is the volume density function of the point scat-
terers (number of scatterers per unit volume) and R4 (f+ f,,

f' + /1., t, t')is the correlation function of Eq. (42). With the
]

Ry (f+fof' +/otu 1)

~ [ BFU+ LR+ S E [e] —oa (14

use of Eqgs. (42) through (45) and upon integrating the right-
hand side of Eq. (46) over the scattering volume ¥, which is
common to both the transmit and receive arrays, it can be
shown that the following general bistatic expression for the
volume reverberation two-frequency correlation function is
obtained:

7)o ()bl

Xexp[ +2m(f— ') /f)Ro, /)] exp{ — [a(f+f)t, — Ro, /c) + a(f" + L )t2 — Ro, /¢)] [(Br — AR}V ] ]]

Xexp{ —

where, from Eq. (44),

[alf+f) +alf +/)](Ro, + Rq,)]expf

—27[(Ro, + Ro, Ve ](f =S py/RE, R5,)AV,  (47)

E{F(f+f)F*f' +/.)} = Dylkyur, kwr)D ¥(katiz, ko)
X E (glfig, Az, [1)8*(Ar; firs [5)} Dr(kitg, kl.vR)Dz(k2uR! kyvg), (48)

where

k,=2rf/c; i=1,2, (49)

fi=F+fe (50)
and

L=t/ (51)
and

¢2 fi(Ar — Ag)V/c (52)

is the bistatic Doppler shift where it has been assumed that
|V|/c<1. In general, V can be expressed as the sum of a
deterministic component U, and a random or fluctuating
component V.

The derivation of Eq. (47) was based upon the assump-
tion that the scattered fields from different spatial locations
within V are uncorrelated. For simplicity, all particles within
the common scattering volume ¥ are assumed to be charac-
terized by the same scattering amplitude functiong(fi s, A, f)
and velocity vector V. Otherwise, g(fiz, i, f) and V have to
be shown as functions of position within V. Note, however,
glAg, Ar, f) is still a function of geometry because of its de-
pendence upon 7, and fip.

For a monostatic transmit/receive array geometry, let

R,, =R, =1, ur=up=u, vp=vg=0, (53)

and

Ag = —hr.

Ishimaru®! refers to the autocorrelation function of the
random, time-varying transfer function Ry(f, f', ¢
t'y=E [H(f,t)H*(f',t')] asthetwo-frequency correlation
function or the two-frequency mutual coherence function.
The expression Ry ( f,.f', ¢, ¢ ') is equal to the amount of corre-
lation which exists between the output fields H(f, #) and
H (f',t')attwodifferent times (fand ') dueto the application

809 J. Acoust. Soc. Am., Vol. 72, No. 3, September 1982

|

of time-harmonic input fields at two different frequencies ( f
and f*). If two time-harmonic waves are transmitted at the
same frequency f, and the resulting output fields are ob-
served at two different times £ and ¢ ’, the correlation between
the output fields decreases as the time difference Az =t — ¢’
increases.®' The value of the time difference At at which the
correlation function R, (f, £, t,¢t")=E [H(f, t \ H*(f,t')} is
approximately equal to zero or decreases to a specified level
is called the coherence time.>' The reciprocal of the coher-
ence time is equal to the amount of frequency spread a wave
will undergo as it propagates in a random, time-varying me-
dium.*! ‘

Similarly, if two time-harmonic waves are transmitted
at two different frequencies fand f*, and the resulting output
fields are observed at the same time #, the correlation
between the two output fields decreases as the frequency dif-
ference A f=f— f’ increases.>' The value of the frequency
difference 4 f at which the correlation function R ( L5t
t)=E [H(f,t)H*f",t)] is approximately equal to zero or
decreases to a specified level is called the coherence band-
width.*! The reciprocal of the coherence bandwidth is equal
to the amount of spread in round-trip time delay a wave will
undergo as it propagates in a random, time-varying medi-
um.*!

Therefore both the coherence time and the coherence
bandwidth, and hence, the frequency and tinie delay spread-
ing assoclated with our madel of volume reverberation, can
be computed from Eq. (47). With the use of Eq. (47), the
autocorrelation function R;_(¢, ¢ ), which is given by Eq. (16)
and appears in the SIR expression given by Eq. (14), can now
be computed.

B. Scattering function

Since Ry, as given by Eq. (47) is not a function of 4 f
and 4¢, the volume reverberation scattering function cannot

L. J. Ziomek and L. H. Sibul: SIR expressions 809



be obtained from it via the two-dimensional Fourier trans-
formation given by Eq. (22). However, if it is assumed that
the transmit signal is narrow band, it can be shown that Eq.
(47) reduces to a function of 4 f and At. Therefore let us
assume that the transmit signal is indeed narrow band, and
as a result, it is reasonable to assume that | f|<f, and
| £'] € f, so that?

E[F(f+L)F*S +LN=E [|F(L£)*}, 4

a(f+/f)=alf), (55)

and

a(f' +/)=alf.) (56)
Note that the term narrow band is used to describe a trans-
mit signal vis-a-vis broadband whenever the approximations
given by Egs. (54) through (56) are valid. >

Using Egs. (54) through (56) and the assumptions that
| 1/ f.<1 and | f*|/ f. €1, Eq. (47) can now be written as

Ru,@fitwt)= [ EUFILIPIE [exp( —J27T¢At)exp[ +fzrrAf(/1)(R%)]exp{ — al£)[(ts +£2) — 2Ro, /e]

X [(Ar — Ag)V] }]eXP[ — 22(f)Ro, + Ro,)]exp{ —j27[(Ro, + Ro,)/c14 f}py/R5, RG )V,

whered f=f— f' and At = t, — t,. The two-frequency cor-
relation function is still not a function of Az due to the pres-
ence of the term ¢, + ¢, appearing in the third exponential
factor, involving attenuation due to sound absorption.

Now, with regard to the significance of the third expo-
nential factor appearing in the integrand of Eq. (57) to at-
tenuation, consider the following order of magnitude argu-
ment. The time instants ¢, and ¢, correspond to the times at
which reverberation returns are monitored at the receive ar-
ray and are approximately equal to

ti~(R,, + Ry )/c (58)

and
t,~(R,, + Ry, )/c + 6t (59)
] |

R, (47,40)= [ E{IFUPJexp] —2a]ar—(

(57)

gvhere &t is some relatively small time increment since it is
assumed that ¢, > ¢,. Therefore, using Egs. (58) and (59), it
can be shown that
exp{ —alf)[(t; + &) — 2R, /c] [(Ar — fig)-V]}

o~exp{ — a(fJ(2R,, + cbt)[(fir — Ag)-V/c]},  (60)
which is negligible compared to the attenuation due to

exp[ —a(/)2R,, + 2R,, )]

and can therefore be ignored. Making use of this observation
and assuming that V can be expressed as the sum of a deter-
ministic and random component, Eq. (57) finally reduces to
the desired result:

A7) 2o ) o]

XE (exp{ —j2w[4t — (A f/ )R, /¢)]#rnp } ) exp[ — 2a(/.)(Ro, + Ro, )]
Xexp| —j27[(Ro, + Ro,)/c]Af}(py/R3, R, )V, (61)

where ¢, is the deterministic, bistatic Doppler shift defined
as

Pae £ [ folir — Ag)U] /e, (62)
U being the deterministic component of the velocity vector
V; and ¢, is the random, bistatic Doppler shift defined as

Pna & [fc(ﬁr _ﬁR)'Vj‘]/c9 (63)
V, being the fluctuating or random component of V. Note
that the Doppler shifts ¢4, and ¢_,4 are functions of angle
due to the presence of the inner product. For example, in the
spherical coordinate system, ¢,., is a function of the spheri-
cal angles (6, ¥). And since the directivity patterns D, and
Dy are also functions of (6, ¢), different deterministic
Doppler shifts are weighted differently by the beam patterns.
Thus a Doppler spread will result because of the finite extent
of the beamwidths of both the transmit and receive beam
patterns.

Now upon substituting Eq. (61) into Eqg. (22) and inte-
grating, one obtains the following bistatic expression for the
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!'olume reverberation scattering function:
Rs, (7,61 = [ E(IF (L) P8 +Buas [7— 714 )]

xXexp[ —22(f.)Ro, + Ro,)]
X(py/R5 R3,)AV, (64)

which is a function of the time delay 7 (in seconds) and the
Doppler spread ¢ (in hertz), where

m¢)&7 + [(#Ro, V/(fe0)] (65)
To2(R,, + Ro, Ve, (66)
and

E[|F(f)I*} = |Drlkur, ko) E {|glfig, Az, f)|)

X IDR (kuR ’ kvR )|2, (67)

where k = 27 f./cand p,__ () is the probability density func-
tion of the random Doppler shift given by
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p¢m(¢)=(

¢ )3 ® x2
|y — Al feo) mfmle) (6 — )2

Xexp[ - l(;)zxz]dx-
2\|ar —Ag|fo ’

|| <x< o, (68)
where o is the standard deviation of |V,|. Middleton” (see p.
402) has stated (in the context of his reverberation model)
that when the inherent random Doppler of scatterers is tak-
en specifically into account, a scattering function cannot be
defined. However, the volume reverberation scattering func-
tion given by Eq. (64) demonstrates that for the volume re-
verberation model used in this paper, a scattering function
can be defined when random motion of scatterers is includ-
ed.

Note that r(¢ ) as defined by Eq. (65)is not the round-trip
time delay. However, it is shown in Ziomek*"? that the
round-trip time delay can be obtained from 7{¢ ) by dividing
it by the dimensionless scale factor [1 + (¢/ f,)]. Thatis, the
round-trip time delay is a function of the Doppler spread ¢
(which agrees with Middleton’s® observations) and is given
by 7{¢ )/[1 + (¢/ f.)]. This will be demonstrated in Sec. IVB
when a target scattering function is computed. An in-depth
discussion of Doppler effects can be found in Middleton.*?

The derivation of the probability density function of the
random variable

ema &1 (A7 — Ry )‘Vf/ 4

=f.|fr — x| [V/|cos § /c (69)
can be found in the Appendix and was based upon the as-
sumptions that |V,| was Maxwell distributed, the angle &
was uniformly distributed, and that the random variables
|V,| and cos £ are statistically independent. Figures 3 and 4
are plots of the probability density function given by Eq. (68)
for a monostatic geometry (i = — fiy)foroc =0.1 m/sand
o = 1.0 m/s, respectively. As one might expect, when the
random motion increases (increasing o), the Doppler spread

increases.
The function E {|g(fig, Ar, f.)|*}=0,4(fr, fi.f,)and is

0.0 T T ﬂ T T

§ 0.06— -
2
2
2
E
% 0.04 -
=
E
—t
o
3 0.0 . —
o
o. .

o 1 | J ] L ] ]

-150 -100 -50 0 50 100 150

RANDOM DOPPLER SHIFT, ¢, (Hz)

RND

FIG. 3. Probability density function of the random Doppler shift for a mon-
ostatic transmit/receive array geometry (o = 0.1 m/s).
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FIG. 4. Probability density function of the random Doppler shift for a mon-
ostatic transmit/receive array geometry (o = 1.0 m/s).

referred to as the average differential scattering cross section
of one of the point scatterers and has units of area.*>4*45 The
average bistatic radar cross section is equal to

47E [|g(Ag, ﬁT’j;:)lz] = 4wo,(hg, Ar, [.)-

In the case of a monostatic geometry, the average back-
scatter radar cross section of one of the point scatterers is
equal to

47E (|g( — Az, A, [} = dmoy( — hiy, Rp, L)
The target strength of an individual point scatter is given by*>
IOIOgIO[UJ(_ﬁT’ ﬁT,f;)/Al]dB re:Al, (70)

where A, = 1 m? and re means “relative to.” Thus the target
strength or volume reverberation backscattering strength is a
decibel measure of the differential backscattering cross sec-
tion.**** The volume reverberation backscattering strength
is dependent upon the type and density of scatterers per unit
volume.***> For example, the backscattering strength per
unit volume is given by**

10logo[ pyos( — fir, Ar, f.)R,]dB re: R, (71)

where p,, is the volume density of the scatterers and R, is the
reference distance, ususally chosen to be 1 m.

Asan example, the average received energy (in dB) from
volume reverberation will be computed from the expres-
sion*6

E,=E, J_:J: Rs, (7, ¢ )dr d, (72)

where Ey is the average received energy, E, is the transmit
energy, and R_(7, ¢ )is the volume reverberation scattering
function given by Eq. (64). For simplicity, assume a monos-
tatic transmit/receive array geometry [see Eq. (53)] and no
motion, i.e., Psy = bng =0; and as aresult, p, (¢ + d,..)
=p, (¢ =06 (¢ ). With these assumptions, Eq. (64) reduces
to

Rs, (1, 8)= LE {IF(£)I*}6(8 )5[T— (%Jf%f)]

Xexp[ — da(f.)r](py/r)dV (73)
or
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Rs, (1, 6) =R, (T)6(8), (74)
where .
Rs, = [ E(FLIPIS(7— )
Xexp[ — 4al f.)r](py/r)dV. (75)

and from Egs. (53) and (67),
E(|F(£)I?} = |Drlku, kv)*oy( — fir, Az, f)
X | D (ku, ko). (76)
Now, if Eq. (74) is substituted into Eq. (72), one obtains

E, =E,,r R, (ndr (77)
and substitutin_g;.q (75) into Eq. (77) yields
E—E J-E{|F(fc)|2] ” T—— dr]
Xexp[ — dalf)r](py/r)dV (78)

or

E, =, E(FUIPIew] —4atir)(Sr)ar.  9)

Next, assume a spherical coordinate system so that
dV = 7* sin 6 dr d6 dy, and that p,, is not a function of posi-
tion. In addition, assume that o,( — %, fir, f,) does not de-
pend upon fi, i.e., assume that o,( — i, fir, f,) is omnidir-
ectional and is equal to a constant o,. Therefore, with these
assumptions, Eq. (79) can be expressed as
r +(4r/2) _

exp[ — 4a(f.)r] 2 dr

E =E.pyo,
y (pyvoa) ) A

J‘"” I | Dr(ku, kv)|?| Dy (ku, kv)|? sin 6 46 dy,
(80)

where k = 27 f, /c, u = sin @ cos ¢ and v = sin 8 sin ¢. If it
is further assumed that the range interval 4r is negligible
compared to r, then the integrand of the range integral is
approximately constant so that

I,Hm) exp[ —dalfihr] , .

—(4rr2) rt
~fexp[ — 4a(f,)r]r—*}(*4r) (81)
and as a result, Eq. (80) finally simplifies to
E, =E,(pyo,)exp[ — 4a( £ )r]r *}(P4ArY), - (82)

where

T/2 2T .
W= f |D(ku, kv)|2| Dy (ku, kv)|? sin 6 d6 dp.
6=0Jy=0
(83)

Therefore the average received energy from volume rever-
beration in decibels is

10 log,, E'y
=10log, E, + 1010g,q( py0,) —40log,o 7

+ 101og,o{exp[ — 4a(f.)r]} + 10 log,o(rPAr¥).
(84)

Equation (84) is the sonar equation for volume reverberation
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level (e.g., see Urick*®) since (1) 10 log,, E, is the source lev-
el, (2) 10 log,q( p-0,) is the volume reverberation backscat-
tering strength per unit volume, (3) — 40 log,, 7 is the two-
way transmission loss due to spherical spreading, (4)
10 log,, | exp[ — 4a( £.)r]} is the two-way transmission loss
due to sound absorption, and (5) the expression 74 r¥ corre-
sponds to what Urick** calls the “reverberating volume.”

And finally, for the sole purpose of comparison, an al-
ternate expression for the volume reverberation scattering
function, as is found in Moose,'” will be presented. As
Moose'? indicates, several researchers (e.g., see Refs. 5, 35,
and 47) have modeled the reverberation return as

N(t)

Frlt)= 3 ax(t —7)exp( +j274;t), (85)

i=1

where N (t) is a Poisson random variable which governs the
number of reflections from the discrete point scatterers that
contribute to the sum at time ¢. The g; are random coeffi-
cients which include all such factors as transducer patterns,
propagation loss, and the cross sections of the scatterers. If
thea; are zero mean, statistically independent random varia-
bles, then Moose!? shows that the autocorrelation function
R; (¢, t’) of Eq. (85) is of the same form as Eq. (24) and that
the scattering function is given by

RSR (T:¢)=E”a(75¢)|2]p(7’¢)s (86)

where E {|a(r, ¢)|*} ~E {|a;|?*] for scatterers with ranges
and Doppler shifts near (7, ¢ ), and p(7, ¢ ) is the Poisson pa-
rameter which describes the density of scatterers near (7, ¢ ),
ie.,

[plr, ¢)4744 1"
N!

P(N;7,8)= exp{ — [ plr, ¢ 4744 ]]

(87)

is the probability that exactly N scatterers have Doppler
shifts between ¢ and ¢ + A¢ and time delays between 7 and
7 + A7. The product p(r, ¢ )JA7A¢ is the expected number of
scatterers in the area A7A¢.

The differences between the volume reverberation scat-
tering functions given by Egs. (64) and (86) are obvious.

The scattering function given by Eq. (64) can be substi-
tuted into the SIR expression of Eq. (25).

lil. TARGET
A. Two-frequency correlation function

The target is modeled as a linear array of discrete high-
lights in deterministic translational motion. Each highlight
is characterized by its own average differential scattering
cross section. The scattered acoustic pressure fields from the
individual highlights are assumed to be uncorrelated. Only a
monostatic array geometry will be considered.

In order to derive a monostatic expression for the two-
frequency correlation function for a simple line target com-
posed of discrete point scatterers, start with the following
monostatic form of the volume reverberation two-frequency
correlation function in the spherical coordinate system ob-
tained from Eq. (47):
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Ru (f+fuf +futut) = [ [ ELF(+LIFS +f:nexp[ —m[(l + L) - (1 +£)rz]¢de.]

¢det

XCXP[ +2m(f—f ')(

S

) ]eXP[ [+ =2) + atr 44t ) osr00]

Xexp{ —2r[a(f+f,) + alf’ +/f.)11expl — 2a(2r/c)( f— f*)] py(1/P)sin 6 dr d6 dy,

where
baee =2 f 7 U/c (89)

is the deterministic, monostatic Doppler shift since the ve-
locity vector V in Egs. (47) and (52) was set equal to U since it
was assumed that the target, and hence, the scatterers, have
only deterministic translational motion. The problem now is
to mathematically represent the volume density function p,
of the scatterers.

Toward this end, refer to Fig. 5 where the line target is
represented by the vector r, ;. The length of the target is
|r.s| = L m and it has a velocity vector U = |U|#,5, where
7 4p is a unit vector in the direction of r .. Thus all the high-
lights will have the same velocity vector U. Both the transmit
and receive arrays lie in the XY plane. The relative orienta-
tion of the target with respect to the arrays is specified by the
position vectors r, and rg to the endpoints 4 and B of the
target, respectively. Note that r,; =r; —r,. The vector
r=r, +df,p is the position vector to any discrete high-
light along the target. Any particular highlight is designated
by its distance d (in meters) from endpoint 4.

Therefore the volume density function can be expressed
as

PV(", 0,9)= Zl 5(?‘ —Fa )5(0 — 6,04 — ¢.), (90)

where the spherical coordinates (r,, ,, ¥, } of the nth high-
light are given by

RHT(f+j;sf' +f;:’ tl’ t2)

= 3 R+ LIS+ esp| 2 (14 L) - t

(88)

d 2
) |ry |22 +T |l'3|ua]

eeni- I
#[(1= 2 ealon + 2 eyt |

[( > )"A|"’A +_|,B|wB]2]”’ (91)

L
1 d, d,
8, = cos ‘[Z[( 7 )er |w 4 +T IrBst]}, (92)
and
_ 1 d, d,
Y = cos l[r,, sin 0, [(l T )lr‘lu‘ T |r”|u””’
where ®3)
u, =sinf, cosy,, ug=-sinfy cosyy,
v, =sin6, siny,, vp=sin b, sin Yy, (94)

w, =cos @, wp = cos O,

where u, and u, v, and vy, and w, and wj are the direction
cosines of endpoints A and B of the line target with respect to
the positive X, ¥, and Z axes, respectively; and N is the total
number of highlights. The parameter d,, is the distance (in
meters) of the nth highlight from endpoint 4. Equations
(91)94) describe the monostatic geometry at the time in-
stant when transmission begins (i.e., at t = 0).

Substituting Eq. (90) into Eq. (88) yields the following
monostatic expression for the target two-frequency correla-
tion function:

Wl

xexp[ o f— f)(¢}:‘ )(c)]exp[ ~ et s(n = ) +atr s %)](/i)m]

Xexp[ —2r, [a(f+[.) +alf +/)]]exp —1277(

where, from Eq. (48),

EF,(f+ LIRS +£)) = Drlkiun, kv, )D Fkott,, kov, )E {8, ( — Ar, A, filgn( —

et )(f—f’)](%)sin 6., (95)

Ry R, fo)}

XDR (klun’ klvn )D ; (k2un ’ kzl’n ) (96)
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FIG. 5. Orientation of line target with respect to a monostatic transmit/
receive array geometry.

and from Eq. (89),
baet, = (2/o/¢)(|UI/L)[u,(|rz|up

— |rg|uq)

+v,(|r5lvs — |ra|va) + wa(rsws — [ra|wa)]s
97)
where -
u,=sin@, cosy,, v,=sinf,siny,, (98)
and
w, =cos 0, '

are the direction cosines of the nth highlight with respect to
the positive x, y, and z axes, respectively.

The average monostatic (backscatter) radar cross sec-
tion of the nth highlight is given by 4#E {|g,(— #Ar, Air,
L)?)=4mo, (— Ay, A1, f.), where o, ( — Ay, Az, f.)is the
average differential backscattering cross section of the nth
highlight. The target strength of the nth highlight is [see Eq.
(70)]

10logo[ 0y, (— Az, A, f.)/A,]dB re: A, (99)

where 4, = 1 m%

Since the target is being modeled as a linear array of N
highlights (sources) reradiating in random phase (i.e., the N
scattered fields are uncorrelated), the average differential
backscattering cross section of the target is given by

Ud(_nTs nT!f)—z aid (_nT’ nT9f)

i=1

(100)

since intensities add.*® The corresponding target strength
can be obtained by computing

10logo[o4( — A7, Air, f.)/A,]dB re: 4,,

where 4, = 1 m?.

Both the coherence time and the coherence bandwidth,
and hence, the frequency and time delay spreading associat-
ed with our target model, can be computed from Eq. (95).
With the use of Eq. (95), the autocorrelation function
R;, (t, t'), which is given by Eq. (15) and appears in the SIR
expression given by Eq. (14), can now be computed. Since
Eq. (95) pertains to a monostatic geometry, the monostatic
form of the volume reverberation two-frequency correlation

B. Scattering function

(101)

If it is assumed that the transmit signal is narrow band
sothat | f|/ f. <1, | f'|/f. <1, and the approximate relation-
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ships given by Egs. (54) through (56) are valid, then Eq. (95)
reduces to

Ry, @f41)= 3 E(IF,1£IP)expl —2npon, A1)

Xexp{ —j2m(r,/c)[2 — (Puer, / f)]A S}

Xexp[ — 4a(f.)r, (1/r.)sin 6, (102)
where 4 f=f—f', At =t, — t,, and the third exponential
involving attenuation in Eq. (95) was dropped [see Eq. (60)].
Now, upon substituting Eq. (102} into Eq. (22) and integrat-
ing, one obtains the following monostatic expression for the
target scattering function:

N (2= faer. /L)Y
X exp( — da( £ {(er,V/ [2 = (faer,/ )1 ])
X E [|F,(£.)|*}sin 6,8(r — 7,)5(¢ + baet, s
(103)
where
o = (ra/¢)[2 — ($aee, / J2)] (104)

E{|F,(£)*} = |Drlku,, kv,)|E {|g.( — Az, Az, £)I?]
X | Dy ku,, kv,)|?, (105)

and k = 27 f,/c. Note that the time delay parameter 7, giv-
en by Eq. (104} is not the round-trip time delay. However, as
was discussed previously in Sec. IIB with regard to the vol-
ume reverberation scattering function, the round-trip delay
can be computed from 7, by dividing it by [1 — (§,., / f.)],
i.e., the round-trip time delay corresponding to the nth high-
light is given by 7,,/[1 — (#4e, / /.)]- This will be demon-
strated in Sec. IVB when a target scattering function is com-
puted. !

The scattering function given by Eq. (103) can be substi-
tuted into the SIR expression of Eq. (25). Since Eq. (103)
pertains to a monostatic geometry, the monostatic form of
the volume reverberation scattering function must therefore
be used in Eq. (25) also.

IV. EXAMPLE PROBLEM CALCULATIONS
A. Volume rgverberation scattering function

A computer solution of the volume reverberation scat-
tering function will be presented for an example problem
involving a monostatic transmit/receive array geometry.

The following monostatic form of the volume reverber-
ation scattering function in spherical coordinates can be ob-
tained from Eq. (64):

Rt 8) = (FE Y exp] —sat 7 )]

I L o””(2+(¢/fc ’ ’¢)

XE {|F(£)?} Py,.(# + Paee)dif sin 6 d6;

Ry é R, é ol
e f)

where R; and R, are the lower and upper limits of integra-
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tion with respect to range, respectively. It is assumed that the
array lies in the XY plane. Thus the positive Z axis is normal
to the face of the array. In this example problem, both the
transmit and receive directivity functions are identical, i.e.,
D, =Dy = D. As aresult,

E{|F(£.)|?) = |D (ku, kv)|“E {|g( — fir, A7, £},
(107)

where the directivity function actually used is

D (ku, kv) = [ z Q. cos(w uo)) / > Q..]

X {sin[(107d /A J1/10 sin[(7d /A Jv]}. (108)

Equation (108) corresponds to a (10X 10) planar array com-
posed of 10-element, amplitude shaded, phase shifted, linear
arrays parallel to the X axis and 10-element, uniformly
shaded, linear arrays parallel to the Y axis where @, = 1.0,
0, =0.8389, Q, =0.5801, Q, = 0.3153, Q5 = 0.1251, and
d /A = 0.4. The parameter d is the uniform spacing (in me-
ters) between elements and A is the wavelength (in meters)
corresponding to the frequency f, (in hertz). The particular
choice of amplitude shading coefficients ensures 40-dB
down side-lobe levels in the XZ plane. The phase shift
uy = sin @, cos ¥, is used for beam tilting in the XZ plane.

Assume that the array is in motion in the positive z
direction and that the relative, deterministic velocity of the
discrete point scatterers with respect to the array is
U= —20.0Zm/s so that

baee = — (40.0 £, /c)cos 6 Hz. (109)

Finally, for simplicity, also assume that the scatterers
are uniformly distributed in space, i.e., p,, = constant; and
that the average differential backscattering cross section of
an individual point scatterer is omnidirectional, i.e.,
E{|g( — Ay, Ay, £.)]*} does not depend upon #, and is,
therefore, equal to a constant 0.

Let us first consider the case of relative, deterministic
motion only. Using the aforementioned assumptions and re-

placing p; (¢ + Baet) by 8 (4 + duet)s Eq. (106) reduces to

2

RSR(T,¢)=KJ. |D (ku, kv)|*dy sin 6, (110)

, ¥=0 ‘
where 8 is such that

(40.0f./c)cos 8 = ¢ Hz; 7/236>0, (111)
and

Ry ¢ R, ¢

Rof, & 112

C( +f¢)>f> c ( +fc) iz

and where

k=G o] ~seti s e
« (113)

Figures 6-8 are normalized Doppler profiles (range
constant) of Eq. (110) for beam tilts of 8,=0°, y,=0°
6, =30, ¢, =0 and 6, = 45°, ¢, = 0°, respectively. The
values of ¢ = 1500 m/s, a(f.) =4.9X 10~* Np/m, and f.

= 25 kHz were used in connection with Figs. 6-8. Note the
increase in Doppler spread, measured at the 3-dB down lev-
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FIG. 6. Normalized Doppler profile of volume reverberation scattering
function. Relative deterministic motion only (6, = 0°, ¥, = 0°).

el, as the beam tilt angle 6, is increased. This is not surprising
since as the beam tilt angle is increased, the beamwidth of the
directivity pattern increases*® which results in an increase in
Doppler spread. Also observe from Fig. 6 that the scattering
function peaks at ¢ = 664 Hz, which corresponds to 6 = 5°,
rather than peaking at ¢ = 667 Hz, which corresponds to
6 = 6, = 0". This is due to the sin 8 dependence of the scat-
tering function. At @ = 0°, the elemental scattering volume
dVis zero; and hence, there is no scattered power. Figures 6—
8 correspond to relative deterministic motion only and dem-
onstrate the effect of tilting a given beam pattern on frequen-
cy spread.

If we now allow the discrete point scatterers to have
random motion, Eq. (106) becomes

27 /2
Rs,(f.¢)=1<j f 1D (K, k)| py._
) Yv=0J0=0

X [¢ — (40.0 £, /c)cos € ]sin 6 dO dy,
(114)

where it was assumed that the relative, deterministic velocity
of the discrete point scatterers with respect to the array is
U= —20.02 m/s [see Eq. (109)], and where X is given by
Eq. (113), the directivity function D by Eq. (108), and p, (-}

o

. '|
T T / T
O=5TTH ~e=8 =%
- FREQUENCY SPREAD = 88 Hz m

SCATTERING FUNCT4ON (dB}
v
!
|

-5 1 1 | | 1 [l
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DOPPLER SHIFT, ¢ (Hz)

FIG. 7. Normalized Doppler profile of volume reverberation scattering
function. Relative deterministic motion only (6, = 30°, ¥, = 0°).
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FIG. 8. Normalized Doppler profile of volume reverberation scattering
function. Relative deterministic motion only (6, = 45°, ¢, = 0°).

by Eq. (68) with 7, = — 7i; and o = 1.0 m/s (see Fig. 4).
Figure 9 is a normalized Doppler profile of Eq. (114). The
values of the parameters used for Fig. 9 are identical with
those used for Fig. 8. By comparing Figs. 8 and 9, it is seen
that an additional frequency spread of 26 Hz is introduced
by the random motion of the scatterers for 0 = 1.0m/s. This
represents an increase of approximately 17%.

B. Target scattering function

The target scattering function given by Eq. (103) is cal-
culated for an example problem using the monostatic trans-
mit/receive array geometry depicted in Fig. 10. In this ex-
ample, the array is not in motion. The magnitude of the
deterministic velocity of the target is |U| = 20.0 m/s. The
location of the endpoints 4 and B of the target with respect to
the array when transmission at ¢ = 0 begins is specified by
the following constants: |r,| = 500 m, 8, = 6, = 5.739",
¥, = 180, and ¢ = 0°. The length of the target is L = 100
m. With this information, |r;| can be calculated. The num-
ber of highlights being considered is N = 10. The first high-
light is located 5 m from point 4 and the spacing between the
remaining highlights thereafter is 10 m. The values 6, = 45°,
Yo =0, ¢ = 1500.342 m/s, & f.) = 49X 10~* Np/m, and

0 T T T |/‘" T T
6 =471 Hz ~0= e°=45°
- FREQUENCY SPREAD =180 Hz ]
Py
= - —
=
=1
=
g
2 -3 _
2
o
E A
5 - .
-5 1 1 1 1 ] 1
100 200 0 20 500 600 700

DOPPLER SHIFT, ¢ (Hz)

FIG. 9. Normalized Doppler profile of volume reverberation scattering
function. Relative deterministic plus random motion (6, = 45°, ¥, = 0°).
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X

FIG. 10. Orientation of line target with respect to a monostatic transmit/
receive array geometry for example target scattering function calculation.

f. =25 kHz are used. It is assumed that D, =Dy =D,
where the directivity function D is given by Eq. (108). It is
also assumed that E {|g,( — iy, fir, f.)|*} is equal to a con-
stant value o, which is the same for all N highlights.

Values for the normalized target scattering function, as
afunction of 7 and ¢, are presented in Table I. Upon inspect-
ing Table I, it can be seen that highlights 1-5 have positive
Doppler shifts which indicate that these five highlights are
approaching the array which is in agreement with the geom-
etry of the problem. Also note that highlights 6-10 have
negative Doppler shifts which indjcate that these five high-
lights are receding from the array which is also physically
correct. Highlights 5 and 6 have Doppler shifts which are
almost equal ta zero since the position vectors rs and r¢ for
these two highlights are nearly perpendicular to the line tar-
get. Note that the magnitude of the scattering function is
larger for highlights 6-10 as compared to highlights 1-5.
And, in fact, the scattering function has its maximum value
at highlight 8. This is also in agreement with the geometry of
the problem since the beam pattern was tilted in the general
direction of highlights 6-10.

Note that the values for 7, appearing in Table I do not
correspond to round-trip time delays.

Table II presents values for the range 7,, the simple
round-trip time delay 27, /c, and the actual round-trip time
delay 7,,/[1 — (4., / f.)], for the ten highlights. The simple
round-trip time delay does not depend upon Doppler shift
while the actual round-trip time delay does. The range val-
ues 7, (at =0 when transmission begins) were computed
from Eq. (91). Upon inspecting Table II, it can be seen that
the actual round-trip time delays for highlights 1-5 are
smaller than the corresponding simple round-trip time de-

TABLE I. Normalized target scattering function.

Highlight =", $= = bo, Rsp(n8)

n (s} (Hz) (dB)
1 0.666 680 59.851 —0.376 S07E 02
2 0.665 438 46.579 —0.243 289E 02
3 0.664 461 33.255 —0.107 524E 02
4 0.663 752 19.888 —0.592 028E 01
5 0.663 310 6.481 —0.686 279E 01
6 0.663 137 —6.858 —0Q.511047E 01
7 0663231  —20.276 —0.328 704E Q0
8 0.663592  —33.638 — 0.000 00OE 00
9 0.664220  —46.960 —0.294 615E 01

10 0665115  —60.229 —0.109 380E 02
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TABLE II. Round-trip time delay calculations.

Highlight r, 2r,/c T/ [ 1 — (Ber, / Je )]

n (m) (s) (s)
1 499.526 0.665 882 8 0.665 087 7
2 498.728 0.664 819 0.664 200 5
3 498.128 0.664 019 2 0.663 578 3
4 497.730 0.663 488 7 0.663 224 4
5 497.531 0.663 223 4 0.663 138 1
6 497.534 0.663 227 4 0.663 3189
7 497.738 0.663 499 3 0.663 769 3
8 498.143 0.664 039 2 0.664 486
9 498.747 0.664 844 4 0.665 47

10 499.552 0.665917 5 0.666 721 1

lays since these five highlights have positive Doppler shifts
and are therefore approaching the array. Similarly, the actu-
al round-trip time delays for highlights 6-10 are /arger than
the corresponding simple round-trip time delays since these
five highlights have negative Doppler shifts and are there-
fore receding from the array.

V. SUMMARY

This paper considered the problem of detecting a dou-
bly spread target return in the presence of reverberation and
noise. Both the target and reverberation returns were mo-
deled as the outputs from linear, time-varying, random
filters.

Signal-to-interference ratio (SIR) expressions for a dou-
bly spread target were derived for both broadband and nar-
row-band transmit signals. It was shown that in the broad-
band case, the SIR is dependent upon target and
reverberation two-frequency correlation functions and upon
the transmit and processing waveforms. For WSSUS com-
munication channels, the narrow-band case, the SIR is de-
pendent upon the target and reverberation scattering func-
tions and the cross-ambiguity function of the transmit and
processing waveforms. The term “narrow band” was used to
describe a transmit signal vis-a-vis “broadband” whenever
the values of the frequency dependent functions such as di-
rectivity patterns, differential scattering cross sections, and
attenuation coefficients due to sound absorption could be
approximated by their values at the center or carrier fre-
quency. '

Both volume reverberation and target two-frequency
correlation functions and scattering functions were derived.
In the past, assumed functional forms for the reverberation
(clutter) scattering function were used in order to calculate
the SIR.

' Volume reverberation was modeled as the spatially un-
correlated scattered acoustic pressure field from randomly
distributed discrete point scatterers in deterministic plus
random translational motion. The point scatterers were dis-
tributed in space according to an aribtrary volume density
function with dimensions of number of scatterers per unit
volume.

The two-frequency correlation function representing
the volume reverberation communication channel was der-

ived for a bistatic transmit/receive planar array geometry. A’

single séattering approximation was used and frequency de-
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pendent attenuation of sound pressure amplitude due to ab-
sorption was included. General, frequency dependent trans-
mit and receive directivity patterns were also included. The
scattered fields from different regions within the scattering
volume were assumed to be uncorrelated.

Using a narrow-band assumption, a bistatic expression
for the volume reverberation scattering function was ob-
tained from the two-frequency correlation function via a
two-dimensional Fourier transformation. It was shown to
include explicitly all the important system functions and
physical parameters as opposed to having them lumped to-
gether and accounted for by a single random variable as has
been done in the past. A probability density function of ran-
dom Doppler shift due to the random motion of the scat-
terers was also derived. Computer plots of the density func-
tion were presented for a monostatic geometry as a function
of the standard deviation of the random motion of the scat-
terers. In addition, the average received energy from volume
reverberation was computed from the monostatic form of
the volume reverberation scattering function. Using several
simplifying assumptions, it was shown to reduce to the sonar
equation for the reverberation level.

The doubly spread target was modeled as a linear array
of discrete highlights in deterministic translational motion
with respect to a monostatic transmit/receive array geome-

- try. The target two-frequency correlation function was ob-

tained from the monostatic form of the volume reverbera-
tion two-frequency correlation function by appropriately
specifying the volume density function of the highlights.

Using a narrow-band assumption, a monostatic expres-
sion for the target scattering function was obtained from the
two-frequency correlation function via a two-dimensional
Fourier transformation.

Computer simulation results for both the volume rever-
beration and target scattering functions were presented for
example problems involving a monostatic transmit/receive
array geometry. The volume reverberation scattering func-
tion predicted frequency spreading as a function of both
beam tilt angle and random motion of the discrete point scat-
terers. As one might expect, frequency spread increased as
both beam tilt angle and random motion increased. Also
predicted was time spread and/or contraction as a function
of Doppler shift. Similarly, the target scattering function
predicted a spread in Doppler values and a time spread and/
or contraction as a function of Doppler shift.
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APPENDIX

Consider the random variable [Eq. (69)]

Brna £ folfiy — Ar)V/c = f iy — Ag| |V|cos £ /c,
where it is assumed that |V/| is Maxwell distributed, the
angle £ is uniformly distributed, and that the random varia-

bles |V,| and cos £ are statistically independent. In order for
[V =(V% + V% + V%)"? to be Maxwell distributed, the
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three components ¥V, , ¥, , and ¥, must be statistically inde-
pendent Gaussian random variables, each with zero mean
and variance o2 (e.g., see Papoulis®).

In order to derive the probability density function of
&.na, first rewrite Eq. (69) as

s = XY, (A1)
where

X=a|V,|, (A2)

Y=cos§¢, (A3)
and

a=f. |y — Ag|/e. (Ad)

NotethatE {4} =E[X]E[Y] =O0sinceE [cos£} =0
when £ is uniformly distributed.’' Since X and Y are statisti-
cally independent random variables, the probability density
function of ¢4 is given by’>

I 4
potp)= | preeteor(£) (as)
where®®
pls) = (1/1a) By, (/a) (a9

o (2)- [ O -2 =0

0; x <0,
_ (A7)
and51.54
8\ _ [VIx[1—(¢/x71"%);  |8/x] <1,
(%)=1s /x)>1. A8

Note that the probability that (¢ /x) = + 1 is zero.>* Substi-
tuting Eqs. (A6){A8) into Eq. (AS) yields

Py..18)= (lﬁT —;R|fca)3 ﬂ:}?

R | 1 2
XL:W [I— @/
Xexp| — W)[e/(|Ar — Ag| f.0)] %%} dx;

x>0, |¢/x|<1, (A9)
or
_ c 3 v2 (® x?
‘"‘*"“’““"(lfzr—mm) 7 Do =g
xexpl — WIe/llAr — Ax| fu0)]X}dx;
|¢|<x< o0, (A10)

which is the probability density function of the random
Doppler shift ¢, .
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