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scalars. This allows truncation of the set of moments
of the Boltzmann equation after the first two mo-
ments, which are the equation of continuity and the
momentum transfer equation, respectively. These
equations are combined with the plasma equation of
state. Assumption of the azimuthal and longitudinal
forms of the wave behavior allows the resulting
partial differential equation to be reduced to an
ordinary differential equation involving only the
radial behavior. This equation is solved in series form
and yields the dispersion relation when the boundary
condition is inserted.

II. THEORETICAL ASPECTS

The ions and electrons are assumed to move in
phase due to the strong electrostatic restoring forces
so that the instantaneous ion and electron densities
are approximately equal. Although the Coulomb
interaction is the mechanism by which these waves
propagate, there is no macroscopic electric field
associated with the waves.

Since the electron temperature greatly exceeds the
ion temperature and the Debye length is very small,
the number of positive ions capable of causing
Landau damping is negligible.® Similarly, the thermal
speeds of the electrons are much greater than the
phase velocities and as a result the electrons see these
waves as being quasistatic and do not contribute any
Landau damping. Hence Landau damping due to
both ions and electrons can be ignored.

In the following derivation the quantities W, B,,
T,, and T, are assumed to be functions neither of
position nor of time: W is the equilibrium ion drift
velocity, B, is the axial static magnetic field strength,
T, is the electron temperature, and 7', is the ion
temperature.

If the electron and ion pressures are considered to
be scalars, the momentum transfer equation for the
ions under the influence of the perturbation is

1
_HV(Pe +P1+pe +p1)

_ (56; + @+ W)V + m@ + W)

+ (N+n+Wpr— QN +n+W)xz (1)

where P, is the equilibrium electron pressure, P; is
the equilibrium ion pressure, p, is the electron pres-
sure perturbation, p; is the ion pressure perturbation,
v is the ion velocity induced by the wave, N is the

* B. Fried, in Plasma Physics in Theory and Application,

W. Kunkel, Ed. (McGraw-Hill Book Company, New York,
1966), p. 80.
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equilibrium ion density, n is the ion density pertur-
bation, » is the ion-neutral collision frequency, Q is
the ion cyclotron frequency =eB,/M, and % is the
unit vector in the axial direction.

If one subtracts the similar equation for the ions
corresponding to the unperturbed plasma column
and considers the perturbations to be small, the re-
sulting equation can be partially linearized to the
first order of small quantities, yielding

1 ov on
*HV(PG*I-M) =N57+(V+W)5t—

+ (v VIV +n)(v + W)
+ (W-V)(Nv + nv + nW)
+ »(Nv + nW) — QNvxs. (2)
Solutions of this equation in the form
exp [{(uf + kz — wi)]

are sought, and W is assumed to be in the 2 direction
so that W-V — W9/dz. The angular frequency w is
assumed to be real and £ and u, the longitudinal and
azimuthal wavenumbers, respectively, are complex.
The radial form of the density perturbation is not
specified at this point.

If the expression (v-V) (N + n) (v + W) is
linearized to the first order of small quantities, Eq.
(2) can be put into the form

1
_}l/_[ V(pe + pc)
= —iuNV — ionW + Wv,(éﬁ>2”
ar
+ kW(Nv + nW) + v(Nv 4+ nW)
— QN + QNw, 48, 3)

where v = v,f + v + 0,3, #, 8, and 2 being unit
vectors in the 7, 6, and z directions, respectively. By
solving Eq. (3) for the quantities Nv, and Nv, and
taking the divergence of Nv,# — Nv,d, one finds that

. " Q|6 19 2
V - (Nve# — Nv,6) = M[W—F;é; — EP]

(p. + ps) .
e aw e @

If volume recombination and ionization are neg-
lected, the equation of continuity for the ions is
given by

VN A0+ W) = 2V ) =dwn. (9)



ION ACOUSTIC

If use is made of Eqs. (4) and (5) and the relation
V?p = KTV’n, the divergence of Eq. (3) becomes

S N
@+ C){[6r2 + ror 1 n]
[ Go — kW ~)° ]_ 2}
[(iw W — F 2 kT
W oN
N or
‘[ik(an/ar)(z'w — kW — ) + (u/) an]
(1w — kW — v+ @
+ o'n — wkWn — don = 0, (6)

+ €+ )

where

2_KTe
M

KT,
M

¢ , C? =
and radial invariance of T, and T, have been
assumed.

Equation (6) would be directly reducible to
Bessel’s equation of order u if dN/dr were equal to
zero (uniform radial density distribution in the
unperturbed column). This, however, is not the case
in the present investigation. The mean free path for
ion—neutral collisions is greater than 1 m while the
ion gyroradius is of the order of 107m. Up to several
gyroradii away from the beam axis, the analysis
of Pfirsch and Biermann'® predicts that for a Max-
wellian velocity distribution and a Gaussian distribu-
tion of the guiding centers of the charged particles
there will be a Gaussian density profile. Probe
measurements by Gall and Oleson'" have shown that
the radial density profile of N in argon is represented
by a Gaussian, at least to a good approximation.
Thus,

N = Nge 7,
so that

aN_ 2
a —2 87

2[=

and Eq. (6) becomes

g a_n[

28 kW ]
(@ — kW + i)\?

+nE® —u) =0 @

( 1301)3. Pfirsch and L. Biermann, Z. Naturforsch. 15a, 14
1960).

1 D. M. Gall and N. L. Oleson, in Proceedings of the Seventh
International Conference on Phenomena in Ionized Gases, B.
Perovic and D. Tosic, Eds. (Gradevinska Knjiga, Beograd,
Yugoslavia, 1966), p. 31.
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where s = M and
0§ 1
2 = —_— e e
M= [(w e
[k ol — KW + ip)] 4 2w DKW
&+ C (@ — kW + %)

If a solution of the form

(-]
n = nys’ Z a;s’,
i=0

a, # 0

is assumed and inserted into Eq. (7), the following
recursion relation results:
Tl + 3 sl — (1/29)]

22751 (G + D! 3 u] — (1/29)]

24§

and
p = II“I )

where a, has been chosen as (2'*' |u| !)™". Thus, the
solution of Eq. (7) is

n(s) = ny exp [t(ud + kz — wi)]

i gir.(j_l_ b)s[lul+2il
2™ G 4 D! )

®

where
lwlg—1
29 ’

_ 2 8kW
9= @ = kW + io)\°

b

ll

Equation (8) reduces to the Bessel function J, when
g = O (uniform density in the unperturbed column).
For this case the dispersion relation assumes the
simple form Al = 2.405 (« = 0) where the boundary
condition has been imposed that r = I corresponds to
the radial position at which the perturbation becomes
negligibly small. The validity of this type of bound-
ary condition was confirmed by probe measurements
which is discussed in the following section. Conse-
quently, no assumption need be made concerning
the existence of either a pressure or velocity node at
the plasma boundary.

Evidence is also presented in the next section that
only the 4 = 0 mode is excited. For this case the
dispersion relation for g £ 0 is found to be

= Tl — (1/20JF)
2 T =a2g] = ©

where now

2 3’ kW
(w — kW + o)A

il

g
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SCHEMATIC DIAGRAM OF PLASMA FACILITY , TOP VIEW
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2 _ @ _
A= [(w — kW + »)° 1]

.[kz el — ]cW—i—w)]
F 4+ C*

Equation (9) was compared to the experimental data
by a least-squares direct search computer program on
a CDC 1604.

ITII. EXPERIMENTAL ARRANGEMENT

A schematic illustration of the steady-state plasma
facility appears in Fig. 1. The plasma is produced by
a hollow cathode discharge, which has been exten-
sively investigated by Lidsky et al.'”* Neutral argon
gas is supplied through a micrometer valve assembly
to the hollow cathode. An rf voltage is supplied be-
tween the cathode and the first anode in order to
ignite the arc. Once the arc has been struck, the
discharge is self-sustaining, and the rf voltage is
turned off. The plasma so produced drifts through the
hole in the first anode and into the experimental
tube. This section is a 3-m long Pyrex tube of inside
diameter 10 em. It is axially aligned with the confin-
ing magnetic channel to within 1 mm throughout the
length of the experimental region. The magnetic
field is uniform to within 5%, along the machine axis.
To achieve optimum operating conditions, the neu-
tral gas pressure is regulated through the input feed
micrometer valve assembly. Differential pumping of
the neutral atoms by the diffusion pumps maintains
a gas pressure during operation of approximately

2 1,, M. Lidsky, D. J. Rose, S. D. Rothleder, and S. Yoshi-
kawa, J. Appl. Phys. 33, 2940 (1962).

3 X 107° Torr throughout the experimental region so
that ionization is between 709, and 909,

In order to excite the waves, a short rf coil was
tightly wrapped around the Pyrex tube as shown in
Fig. 1. The coil was the inductive arm of a parallel
tank circuit which was tuned to resonance at the
applied transmitter frequency. Direct measurement
of the rf magnetic fields produced by this coil yielded
values of from 125 to 195 G, depending on the output
power of the Westinghouse TAB-7 transmitter. This
magnetic perturbation was superimposed on the
static axial magnetic field (which was varied from
800 to 2200 G3).

Once generated, the waves were observed to prop-
agate parallel to the static field in both directions.
Only propagation antiparallel to the static field was
investigated in detail. (One set of parallel propaga-
tion measurements was made for a static axial
magnetic field of 1000 G; this allowed an independent
determination of the ion drift velocity.)

Previous spectroscopic measurements'’’ have es-
tablished that virtually all the light emitted by the
plasma is from excited neutral atoms. Therefore, the
emitted light intensity at any point along the plasma
column is directly dependent on the local electron
density, and a photomultiplier tube can be used to
detect the presence of the waves. The detection
circuit schematic is shown in Fig. 2. The optical
signal was fed to the 1P21 phototube through a 10-ft
flexible optical fiber bundle. After filtering and ampli-
fication a Tektronix dual beam oscilloscope, Type
555, was used to display the detected signal and to

13 R. Booth and R. L. Kelly (private communication).
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DETECTION CIRCUIT SCHEMATIC
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Fia. 2. Schematic of circuit for detecting ion acoustic waves.

compare it with a monitor signal taken directly from
the transmitter. Both signals were subject to various
phase delays (due to coupling into and out of the
plasma, elements in the detector circuit, ete.), but
comparison of the phases of the two signals gave the
relative phase delay of the arriving signal. A mea-
surement of the distance along the positive column
between two axial positions of the optical fiber
corresponding to the same phase of the observed
signal yielded the wavelength of the propagating
wave.

Langmuir type probes were inserted into the
plasma in an attempt to detect the possible presence
of the g = 1, 2, 3 modes. At maximum detection
sensitivity no such waves were detected, consistent
with the fact that the excitation mechanism had
azimuthal symmetry, and modes other than p = 0
should not be present. Confirmation that the de-
tected wave was actually the 4 = 0 mode was made
by moving the probe radially from the plasma axis
outward. The perturbation was observed to have a
maximum at 7 = 0 (on the beam axis), decreasing
monotonically as the probe was moved off the axis.
Such behavior would only be consistent with the
presence of the u = 0 mode as all higher modes would
exhibit a null at » = 0. These measurements revealed
no detectable perturbations beyond a distance of
15 mm from the beam axis. No standing waves were
ever observed.

IV. ANALYSIS OF DATA

For a real angular frequency « and a complex
propagation number & = a + %8, a set of data for a
given axial magnetic field consists of ¢ and 8 as
functions of w. Measurement of the wavelength by
the procedure outlined in the previous section gives
2x/a. The damping increment g is obtainable from
intensity measurement of the wave mode one wave-

WAVE DISPERSION
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Fic. 3. Propagation number versus frequency. The circles
are experimental points and the solid curves represent the
dispersion relation using values of the five parameters (see
text) giving the best fit. The parameter B is the axial magnetic
field in webers per square meter.

length apart. Then

L oxp (81 — 2,
0

where

27 I 278
oy — 2| ==, or I—;= exp[——;—],

from which 8 can be calculated directly. The entire
set of data (that is, @ and 8 vs w) for a given field
strength are then read into a direct search computa-
tion program which simultaneously adjusts the five
parameters, W, », C, [, and 3§, to find the dispersion
function yielding the least-squares error when com-
pared to the data. ¢ is calculated using T, = 20 eV
as indicated by the data of Gall and Oleson." In
addition to performing this calculation, graphical
displays were obtained for y vs z and z vs x (Figs. 3
and 4) where the variables have been reduced to the
dimensionless quantities

w oC
=§' = —

z Q" and z = %Q
The plotted circles represent the data points, and the
continuous curve represents the dispersion relation
using the values of the five parameters giving the
best fit. The parameter appearing in the figures is the
longitudinal static magnetic field Bo(W/m?).
Figures 5 and 6 show the behavior of the dimen-
sionless phase velocity (1/¢)(w/a) and the dimen-
sionless group velocity (1/¢)(dw/da) vs x for typical
value of the static magnetic field strengths. Again
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the continuous curves represent the wvalues of
(1/¢)(w/a) and (1/¢)(dw/de) as taken from the dis-
persion relation using the values of the five param-
eters appropriate to the value of B,. In Fig. 5 the
circles represent the normalized data points. The
corresponding circles do not appear in Fig. 6 as no
individual measurements of group velocity were
made.

The results of the data analysis for B, = 1 kG is
given in Table I. The measured values are taken from
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Fig. 5. Phase velocity versus frequency. Circles are normal-
ized data points, and continuous curves are taken from the
dispersion relation using values of the five parameters appro-
priate to the particular value of the axial magnetic field B.
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Fig. 6. Group velocity versus frequency. The continuous
curves are taken from the dispersion relation. No experimental
data were obtained for the group velocity.

independent determinations of the parameter®™'®

and the deduced values are the result of the data
reduction.

Table II summarizes the ranges of values for the
listed quantities derived from the present investiga-
tion. For the quantities above the dotted line (mea-
sured values except for group velocity), the limits
are, in all cases, respective to the listed values of z.
For the quantities below the dotted line (derived by
least-squares adjustment of parameters), there is, of
course, only one value for each field strength.

Figures 7-10 represent the general behavior of the
dispersion function throughout the first quadrant of
k, w space. Plots are presented for y = ac/Q vs
z,z = Be/Qvs x, (1/c){w/a) vs z, and (1/¢)(dw/dc)
vs z, respectively. The 1-kG magnetic field setting
was typical, and these plots represent the dispersion

TasLe I. Result of data analysis for By = 1 kG.

Parameter Measured Value Deduced Value
w 95.2 ms™ 85.0 ms™!
v (300 — 500p 480 sec™!
T, < 0.5eVad 0.092 eV
l 15 mm 15.5 mm
) 100 m™! 102 m™!

a Lower value obtained using viscosity data for argon.l¢ Upper value ob-
tained from measurements of Wobschall, Graham, and Malone.1s

1 B, H. Kennard, Kinetic Theory of Gases (McGraw-Hill
Book Company, New York, 1938), p. 149.

1 D, Wobschall, J. R. Graham, Jr., and D. P. Malone,
Phys. Rev. 131, 1565 (1963).
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TabiEe II. Summary of the ranges of values for the listed quantities.

Quantity range 800 G 1600 G 2200 G
=w/Q 6.12-7.96 3.32-4.96 2.48-4.20
Frequency (kHz) 187-243 202-303 208-352
Wavelength (m) 1.19-0.0458 0.341-0.0314 0.145-0.0248
Attenuation distance X (Q/¢) = 1/z (sec™1 20--500 133-1110 455-2500
Phase velocity (msec™1) 189 000-9060 65 500~9090 32 000-8720
Group velocity (msec™) 654-4510 726-5300 726-5810
Ion drift velocity W (msec™!) 90.8 89.4 87.1
Effective ion collision frequency for
momentum loss, » (sec™) 342.0 510.0 431.0
Ion energy, T (eV) 0.05 0.13 0.16
Radial cutoff distance, I, (m) 0.0152 0.0147 0.0152
Racial profile parameter, § (m-!) 0.0100 0.0105 0.0105
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Fia. 7. Theoretical behavior of propagation number versus
frequency for the first quadrant of k, w space (B = 0.1 W/m?).
Experimental data were obtained for the right-hand curve only
and are shown in Fig. 3.

function with the five parameters having values
appropriate to that setting. Since the 1-kG data
points have already been presented in some of the
previous curves, these data are omitted in Figs.
7-10. Figures 7-9 are for the complete quadrant, but
the group velocity is depicted only for the regions in
which the damping is small, that is, where ion
acoustic waves might be useful for communication
purposes. These are the regions where dw/da > 0.
In the regions of anomalous dispersion (dw/da < 0),
the concept of group velocity becomes vague since it
no longer represents the velocity of propagation of
the signal.’®

In the experiment the wave frequency was mea-
sured in the laboratory frame while the wavelength
was measured in the plasma as it drifted antiparallel
to the direction of propagation. Thus, W introduced
a Doppler shift due to the moving medium, and the

1 J, A. Stratton, Eleciromagnetic Theory (McGraw-Hill
Book Company, New York, 1941), p. 339.

phase velocities were all slightly reduced by this
effect.

Ton acoustic waves are produced by the Coulomb
interaction (a long-range interaction). Propagation
is possible only when the ion—neutral collision fre-
quency is small compared with the wave frequency.
The few collisions present tend to disrupt the long-
range ordering, and damping increases with increas-
ing collision frequency. Typical ion—neutral collision
frequencies for this investigation were less than
500 sec™", so the condition of heavy damping would
be encountered only at frequencies much less than
those studied.

Jon-neutral collision decreased the wave phase
velocity very slightly, but the more important effect
was simply the introduction of a damping mechanism
(and thus wave attenuation).

The effect of ion temperature is easily understood.

B
7}

10.0 F

80—
60—
40 —

20

DIMENSIONLESS ATTENUATION CONSTANT, z

<
(e}

L0 20 30 40 50
DIMENSIONLESS FREQUENCY,F%

Fia. 8. Theoretical behavior of attenuation number versus
frequency for the first quadrant of &, w space (B = 0.1 W /m?).
It should be observed that the ordinate scale is much larger
than that of Fig. 4 with the result that the attenuation number
appears to go to zero for large values of z. Figure 4 gives the
actual behavior for larger values of =.
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Fia. 9. Theoretical behavior of phase velocity versus fre-
quency for the first quadrant of k, « space (B = 0.10 W/m?).
The behavior for large values of z is in agreement with avail-
able experimental data. See Fig. 5.

Since ion acoustic waves are density perturbations,
they propagate at a velocity proportional to (pres-
sure term/inertia term)!. Passing from the case of
cold ions to warm ions will increase the pressure term
by a small amount equal to the ion pressure. Thus,
the phase velocity will be slightly higher for a given
frequency.

The primary effect of 8 is to alter the form of the
radial perturbation from J, to a more rapidly de-
creasing function of r. The effect of d on y and zis a
complicated second-order process; it will not be
discussed further.

V. CONCLUSIONS

For the propagation of ion acoustic waves under
conditions of negligible Landau damping, the disper-
sion relation derived in this paper is capable of
predicting the propagation characteristics of the
waves to within 109, (this is the greatest departure
found between measured data and theory). The close
agreement is probably attributable to the use of the
unambiguous boundary condition that the perturba-
tion extends a finite, measurable distance from the
axis, rather than assuming the existence of a velocity
or pressure node at the plasma boundary.

When damping processes other than ion-neutral
collisions occur, the effective ion collision rate for
momentum loss may be generalized to include these
processes (such as the collision rate of ions with the
walls of the container). In this case the effective
collision frequency » would be the sum of the individ-
ual collision rates for all processes. Electron momen-
tum loss mechanisms may be ignored without appre-
ciable error since negligible momentum is carried by
the electrons.

R. R. LEVIN AND N. L. OLESON
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F1c. 10. Theoretical behavior of group velocity versus fre-
quency for first quadrant of k, w space (B = 0.10 W/m?). The
group velocity is depicted only where the damping is small,
that is, where ion acoustic waves might be useful for communi-
cation purposes. See Fig. 8.

The good agreement between measured and
deduced values of the parameters W, [, and 8 and the
reasonable deduced values obtained for » and T,
suggest the possibility that the externally accom-
plished excitation and dispersion measurements
herein described could be a valuable diagnostic tool
for the investigation of plasma characteristics, partic-
ularly when internal measurements (such as probe
diagnostics) are impractical.
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