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Three-Dimensional Ray Acoustics: New
Expressions for the Amplitude,
Eikonal, and Phase Functions

LAWRENCE J. ZIOMEK, MEMBER, IEEE

Abstract—New three-dimensional ray acousties’ expressions for the
amplitude, eikonal, and phase along a ray path are derived.

Keywords—Three-di I ray tics, amplitude, eikonal, and
phase functions.

I. INTRODUCTION

HE main purpose of this paper is to derive new

expressions for the amplitude, eikonal, and phase along a
ray path based on three-dimensional ray acoustics. The new
expressions clearly indicate the numerical calculations that
must be performed in order to evaluate these functions. The
ocean medium is characterized by a three-dimensional random
index of refraction which is decomposed into deterministic and
random components.

II. ANALYSIS

The propagation of small-amplitude acoustic signals in the
ocean can be described by the following linear, homogeneous
wave equation:

2
c3(r) FYE
where ¢(t, r) is the velocity potential in square meters per
second at time ¢ and position r = (x, y, z), and c(r) is the
speed of sound in the ocean in meters per second. If we assume

a time-harmonic dependence for the velocity potential, that is,
if

Vie(t, r)—- e(t, r)=0 M

o(t, r)=¢(r) exp (+/27ft) @
then substituting (2) into (1) yields the following linear,
homogeneous, time-independent Helmholtz wave equation:

V2p(r) + k2n2(F)e(r)=0 3)
where
ko=2wf/co=27/No @)
is the constant, reference wave number in radians per meter,
n(ry=co/c(r) (5)
is the random, three-dimensional dimensionless index of
refraction, and

co=c(ro)=r N
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(©6)

is the constant, reference speed of sound at the source position
ro = (X9, Yo, 20)- Note that the wave number

k(ry=2xf/c(r) )

can be expressed as

k(r)=kon(r) ®

and that k(rg) = k, since n(ry) = 1.
The index of refraction is commonly written as {1}, [2]

n(r)=np(r)+ ng(r)

©)

or

n(ry=np(r)+o(r)nyg(r) (10)
where np(r) is the deterministic component and is sometimes
referred to as the deterministic or background sound channel,
ng(r) is the random, zero-mean component, o(r) is the
standard deviation of ngz(r), and

(1n

is the normalized random component with zero mean and
variance equal to unity. Note that the expected (average) value
of n(r) is equal to np(r).

An approximate solution of the Helmholtz wave equation
given by (3), based on the method of three-dimensional ray
acoustics, is given by

nng(r)=ng(r)/o(r)

e(r)=a(r) exp [—jkoW(r)]=a(r) exp [+j6(r)] (12)

where

) So 172 3
a(r)=a(r

( (ro) nr)S (13)
is the real amplitude function, a(rg) is the amplitude at the
source, and S, and S are the very small wavefront surface
areas at the ends of the ray-tube segment specified by the
position vectors r, and r, respectively [3]-[5]. In addition,

W =W+ | nx, y, 2 ds a4

0

is the eikonal in meters, W(ry) is some initial value of the
eikonal at 7y, and s is the arc length in meters [6], [7]. And
finally,

0(r) = —koW(r)=9(r0)—Sr k(x, y,2)ds (15
0

U.S. Government work not protected by U.S. copyright



ZIOMEK: THREE-DIMENSIONAL RAY ACOUSTICS

is the real phase function in radians, 8(r,) is some initial value
of the phase at ry, and where it is understood that x = x(s), y
= y(s), and z = z(s) in the arguments of the index of
refraction and the wave number in (14) and (15), respectively
[71, [8]). With respect to wave propagation in random media,
the method of ray acoustics is valid only for problems
involving weak scatter and when the scale sizes of the medium
are large compared with the sound wavelength [2], [9].

Equations (13) through (15) are the most common three-
dimensional ray acoustics’ expressions for the amplitude,
eikonal, and phase, respectively. The disadvantage of these
common expressions is that there is no additional information
given on how to actually solve for the cross-sectional areas S,
and S in (13) and how to evaluate the integrals appearing in
(14) and (15). However, new expressions for these quantities
can be derived that clearly indicate the numerical calculations
that must be performed.

A. The Amplitude Function

An alternate, new expression for the amplitude a(r) along a
ray path can be obtained as follows. We begin with the
transport equation as given by [10]

9 1y a(ry= - 22D (16)
ds 2n(r)
The solution of (16) can be expressed as
; V2
n [:((:0))] = —% S'o :(tg’) ds a7
and, as a result [8], [11],
a(r)=a(ry) exp [—% SO Vz::;g') ds] .as)
Equation (18) can be simplified further.
Since [6], [12]
VW (r)=n(r)i(r) (19)
and
VIW(r)=V - VW(r) (20)

substituting (19) into (20) yields [6]

VW (r)=V - n(r)i(ry=n(r)v - fi(r)+a(r) - Va(r)
21

where

A(r)y=u(r)2+v(r)J+w(r)z 22

is the unit vector in the direction of VW (r) and u(r), v(r), and
w(r) are the direction cosines with respect to the X, Y, and Z
axes, respectively. And, since [6]

%n(r)=\7n(r) - A(r) (23)

397
substituting (23) into (21) yields
VW (r 1 d
( )=V © A(r)+—— — n(r).
n(r)

n(r) ds
Substituting (24) into (18) yields
dn(r):l

1 pr
- exp [—EE V- A(r) ds]

=a(ro) exp [In |n(r)/n(ry)|—"2]

1 pr
- exp [—55‘ \ ﬁ(r)ds]
ro

and, noting that the real index of refraction is always positive
and that n(ro) = 1, we obtain the following expression for the
amplitude along a ray path:

24

a(r)=a(ro) exp [—l S"m !

2 n(rg) r’)

@5

(26)

1 172 1 ¢r R
a(r)=a(ry) [%] exp [_E S vV - A(r) ds] (vx))

o

or, upon substituting (5) into (27),
a(r)=a( )[C(')]"2 [—lj' v A d]
=a(ry or) exp E o A(r)ds| .
(28)

Next, in order to make (27) and (28) more amenable to
numerical calculations, we must try to simplify the integral

5' v - A(r) ds.

o

Since (see (22))

A\ ﬁ(r)ds=% u(r)ds+% v(r)ds+aiz w(r)ds (29)
and [13]
ds=dx/u(r) (30
ds=dy/v(r) €2))
and
ds=dz/w(r) (32)
substituting (30) through (32) into (29) yields
V- ﬁ(r)ds=ﬁ % u(r)dx+$ ;; v(r)dy
%r) 5. W(Ndz. (33)
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Therefore, with the use of (33),

X

a3
——u(§', Ys Z) dg‘

’ 1
V - A(r)ds= _
S’o Alrds Sxo u(f, y, z) 9¢

2 e
Yo U(x, g-’ Z) ag- P2

z a
+ — —wx,y, d 4
Lves 537 W 7 D dr B9
which is the desired result. Therefore, either (27) or (28), in
conjunction with (34), represent new expressions for the
amplitude along a ray path. By comparing (13) and (27), it can
be seen that the task of computing Sp and S is equivalent to
evaluating the integral of the divergence of the unit vector
along a ray path; that is,

[%] v = exp |:——% S:o V- Ar) ds] (35)

where the integral is given by (34). It can be shown that when
the index of refraction (speed of sound) is an arbitrary function
of depth y only, the new amplitude function, which was
derived based on three-dimensional ray acoustics, reduces to
the amplitude function that one obtains via the WKB method;
that is,

a(ry=a(y)=A/\k,(»)|'? (36)
where

A=a(r)| ky(yo)|

and k,(y) is the propagation vector component in the Y
direction [14], [15].

37

B. The Eikonal and Phase Functions

An alternate, new expression for the eikonal can be obtained
as follows. We begin by computing the directional derivative
of the eikonal; that is,

2 win==win %L i
— (r)—af rds— r

dy
_+_
ds dy ds

] W()dz
ry—.
9z ds

(38)

Since [13], [16]

2 W(r)=n(ryu(r) (39)

ox

d

— W(ry=n(r)v(r) (40

dy
and

ad

— W(r)=n(r)w(r) (41)

az
substituting (39) through (41) into the right-hand side of (38)
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yields
d.
= W(ry=n(r)u(r) £+ n(r)v(r) %+ n(ryw(r) %
42
with solution
W =W+ | ag, v, Duts, », ) dt
+ y n(x, §, 2)v(x, § z) d¢
" nx, v, owen, y, 0 d. @3
20

Equation (43) is the new expression for the eikonal and, since
0(r)= —koW(r) (44)

substituting (43) into (44) and using (8) yields the following
new expression for the phase function:

0 =000 - | ks v, de- | Ky, ¢ 2) de
xo Yo

[ ko y 0 a0 @)
k)

where
ki(r)=k(ryu(r) (46)
ky(r)=k(rjv(r) 7
and
ko (r)=k(r)w(r) 48)

are the propagation vector components in the X, Y, and Z
directions, respectively. When the index of refraction (speed
of sound) is an arbitrary function of depth y only, the
propagation vector components k,(r) = k,and k,(r) = k,are
constants and k,(r) = k,(y) [15]. As a result, (45) reduces
to

0(x, y, 2)=0(x0, Yo, 20) — kx(x —x0)
- k@ de-kz-2). @9)
Y0

The phase integral appearing in (49) is identical with the phase
integral obtained via the WKB method [14], [15].

In order to determine the amplitude along a ray path
according to (28) and (34), and in order to determine the phase
along a ray path according to (45) through (48), the direction
cosines u(r), v(r), and w(r) must first be determined by
solving the ray equations [17], [18]. This is not necessarily a
shortcoming, since in order to draw ray diagrams for a three-
dimensional sound-speed profile, the ray equations must be
solved anyway. And, finally, note that if the index of



ZIOMEK: THREE-DIMENSIONAL RAY ACOQUSTICS

refraction is random, the direction cosines will be random as
well. However, for problems dealing with wave propagation
in a random, inhomogeneous medium, amplitude and phase
calculations are performed by carrying out integrations along
deterministic unperturbed ray paths [19], that is, using the
deterministic components of the direction cosines in (34),
(43), and (45) through (48).

ACKNOWLEDGMENT

Discussions held with Prof. S. M. Flatté of the University of
California at Santa Cruz and several of his graduate students,
and with Prof. J. H. Miller of the Naval Postgraduate School
regarding the content of an earlier version of this paper, were
very helpful and very much appreciated.

REFERENCES

[1]1 B. J. Uscinski, The Elements of Wave Propagation in Random
Media. New York: McGraw-Hill, 1977, p. 2.

[2] L. Brekhovskikh and Y. Lysanov, Fundamentals of Ocean Acous-
tics. Berlin: Springer-Verlag, 1982, pp. 208-209.

[3] L Tolstoy and C. S. Clay, Ocean Acoustics. New York: McGraw~
Hill, 1966, pp. 56-57.

[4]1 A. D. Pierce, Acoustics: An Introduction to Its Physical Principles
and Applications. New York: McGraw-Hill, 1981, p. 400.

[51 L. ). Ziomek, Underwater Acoustics—A Linear Systems Theory
Approach. Orlando, FL: Academic, 1985, pp. 238-240.

[6] L. Brekhovskikh and Y. Lysanov, Fundamentals of Ocean Acous-
tics. Berlin: Springer-Verlag, 1982, pp. 42-44.

[71 L. J. Ziomek, Underwater Acoustics—A Linear Systems Theory
Approach. Orlando, FL: Academic, 1985, p. 228.

[8] A. Ishimaru, Wave Propagation and Scattering in Random Me-
dia. New York: Academic, 1978, vol. 1I, p. 363.

[9] S. M. Flatte, ‘“Wave propagation through random media: Contribu-

tions from ocean acoustics,”’ Proc. [EEE, vol. 71, pp. 1267-1294,

1983.

Yu. A. Kravtsov, ‘“Two new asymptotic methods in the theory of wave

propagation in inhomogeneous media (review),”” Sov. Phys.—

Acoust., vol. 14, pp. 1-17, 1968.

S. Cornbleet, ‘‘Geometrical optics reviewed: A new light on an old

subject,”” Proc. IEEE, vol. 71, pp. 471-502, 1983.

L. J. Ziomek, Underwater Acoustics—A Linear Systems Theory

Approach. Orlando, FL: Academic, 1985, p. 225.

[10]

(1]

(12]

399

[13] ——, Underwater Acoustics—A Linear Systems Theory Ap-
proach. Orlando, FL: Academic, 1985, p. 226.
[14] L. M. Brekhovskikh, Waves in Layered Media. New York:

Academic, 1960, pp. 193-198.

L. ). Ziomek, Underwater Acoustics—A Linear Systems Theory
Approach. Orlando, FL: Academic, 1985, pp. 208-213.

C. B. Officer, Introduction to the Theory of Sound Transmis-
sion. New York: McGraw-Hill, 1958, p. 41.

(15]
[16]

{17

———, Introduction to the Theory of Sound Transmission.
York: McGraw-Hill, 1958, p. 42.

L. J. Ziomek, Underwater Acoustics—A Linear Systems Theory
Approach. Orlando, FL: Academic, 1985, pp. 230-231.

L. Brekhovskikh and Y. Lysanov, Fundamentals of Ocean Acous-
tics.

New
(18]

(191
Berlin: Springer-Verlag, 1982, pp. 208-216.

*

Lawrence J. Ziomek (S’73-M’82) was born in
Chicago, IL, on August 8, 1949. He received the
B.E. degree in electrical engineering from Vil-
lanova University, Villanova, PA, in 1971, the
M.S. degree in electrical engineering from the
University of Rhode Island, Kingston, in 1974, and
the Ph.D. degree in acoustics from The Pennsylva-
nia State University, University Park, in 1981.
; From November 1973 to May 1976 he was a
~ member of the technical staff at TRW Systems
Group, Redondo Beach, CA, and from September
1976 to April 1982 he was a Research Assistant in the Department of Ocean
Technology, Applied Research Laboratory, The Pennsylvania State Univer-
sity, State College. Since May 1982 he has been with the Naval Postgraduate
School, Monterey, CA, where he is currently an Associate Professor in the
Department of Electrical and Computer Engineering. His research interests
are in underwater acoustics, acoustic wave propagation and scattering in
random media, decision and estimation theory, space-time signal processing,
and adaptive signal processing.

Dr. Ziomek is the author of the textbook Underwater Acoustics—A
Linear Systems Theory Approach (Orlando, FL: Academic, 1985). He also
contributed an invited article entitled ‘‘Underwater Acoustics” to The
Encyclopedia of Physical Science and Technology (Orlando, FL: Aca-
demic, 1987). He is a member of the ASA, Eta Kappa Nu, Tau Beta Pi, Sigma
Xi, and Phi Kappa Phi.




